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Abstract

Unburied subsea pipelines operating under high temperature and high pressure (HT/HP) conditions tend to relieve their
axial compressive force by forming lateral buckles in an uncontrolled manner. In order to control lateral buckling, a distributed
buoyancy section is often employed. In this study, analytical solutions are deduced for lateral buckling of unburied subsea
pipelines with a distributed buoyancy section. An energy analysis is employed to investigate the stability of the buckled
pipeline. The influence of the length and weight of the distributed buoyancy section on pipeline buckled configurations,
typical lateral buckling behaviour and the minimum critical temperature difference is illustrated and analysed. The results are
shown to be in good agreement with experimental data in the literature. The effect of imperfections is also discussed and an
error analysis is conducted for one of the main assumptions of the proposed analytical method. The results show that
increasing the length or decreasing the weight of the distributed buoyancy section can both be used to decrease the minimum
critical temperature difference. The maximum compressive stress will decrease with decreasing weight of the distributed
buoyancy section. However, the influence of the length of the distributed buoyancy section on the maximum compressive
stress is complicated.
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Nomenclature

P, is the axial compressive force, induced by high temperature and high pressure, in sections of the pipeline where no axial
expansion occurs,

P is the axial compressive force within the buckled section,

P, is the axial compressive force at the virtual anchors between two buckles,

EI is the flexural rigidity of the pipeline (E is Young’s modulus, I is the moment of inertia of the cross-section),

A is an equivalent axial compressive force,

wy, Wy, Wy are the lateral deflections of the buckled pipeline,

o~

1 1s the half-length of the primary lobe of the buckled section,
l, is the half-length of the buckled section,
I, is the half-length of the distributed buoyancy section,

o~

s 1s the half-length of the feed-in zone,

x is the longitudinal coordinate along the pipeline,

W, 1is the submerged weight per unit length of the pipeline with distributed buoyancy section,

W, is the submerged weight per unit length of the pipeline without distributed buoyancy section,

k =W, /W, is a weight ratio coefficient,

fo and fy, are the lateral and axial soil resistance per unit length for pipeline with distributed buoyancy section,
respectively,

fi and f4; are the lateral and axial soil resistance per unit length for pipeline without distributed buoyancy section,
respectively,

u;, 1s the coefficient of lateral friction between pipeline and seabed,

Wy is the coefficient of axial friction between pipeline and seabed,

A is the cross-sectional area of the pipeline,



D is the external diameter of the pipeline,

t is the wall thickness of the pipeline,

a is the coefficient of linear thermal expansion,

T, is the temperature difference between the pipeline and its surroundings,

u; (i =1 - 3)is the axial deformation of the pipeline,

u, is the length of axial thermal expansion within the feed-in region 0 < x < [ due to high pressure and high temperature,
u, is the geometric shortening, which allows for the additional length introduced by the lateral displacement,
Wy, is the lateral displacement amplitude along the pipeline,

M,,, is the maximum bending moment along the pipeline,

oy 1s the bending stress along the buckled pipeline,

Oy, 18 the maximum axial compressive stress along the pipeline,

A, — Ay, and B; — By, are constant coefficients,

Case a represents the case [, <[,

Case b represents the case [y < [, <[,

V' is the total potential energy relating to the buckled pipeline (in the feed-in region 0 < x < [y),
V1 is the bending strain energy,

V, is the energy loss due to lateral soil resistance,

V5 is the energy loss due to axial soil resistance,

V, is the axial compressive strain energy due to the axial compressive force,

V; is the total potential energy of the straight pipeline, namely before buckling,

U, 1s the geometric shortening induced by initial imperfection.

1 Introduction

For the exploitation and transportation of energy resources, subsea pipelines are increasingly being required to operate
under high-temperature conditions to ease flow and prevent solidification of the wax fraction in deep water, leading to
excessive axial compressive force along the pipeline. Long unburied subsea pipelines tend to relieve their axial compressive
force by forming lateral buckles. Such lateral deformations are uncontrolled and may lead to undesirable stresses and strains
along the pipeline potentially destroying its integrity [1]. Moreover, the locations of lateral buckles are very uncertain due to
complicated breakout soil resistance induced by partial embedment [2, 3].

An appropriate method is to introduce some man-made facilities to trigger pipeline to buckle laterally at several planned
locations in a controlled manner, rather than to allow it to suffer an uncontrolled, large buckle at one location only [4, 5]. At
these planned locations, a sufficient number of lateral buckles should be triggered at a sufficiently low axial compressive
force, namely low operating temperature difference. Several buckle initiation techniques, reviewed by Sinclair et al. [6], have
recently been employed to ensure that regular buckles form along the pipeline, such as snake-lay, vertical upset and local
weight reduction through a distributed buoyancy section [7].

Much of the past work on pipeline buckling is based on Hobbs's work [8, 9], which itself is based on the very similar work
on the buckling of railway tracks. In this work the whole pipeline is divided into three separate zones, a central buckled region
and two adjoining straight regions. Based on this approach, Taylor derived an analytical solution to lateral and upheaval
buckling for pipelines with initial imperfection [10-12] and analytical solutions for ideal submarine pipelines by considering
a deformation-dependent resistance force model [13, 14]. A consistent theory is also developed for the analysis of vertical
buckling for imperfect heated pipelines by Pedersen and Jensen [15].

More recently, Hobbs’s method has been adopted by several other studies. Wang and Shi [16, 17] investigated the upheaval
buckling for ideal straight pipelines and for pipelines with prop imperfection on a plastic soft seabed. Also, analytical solutions
were proposed and compared with finite-element simulations for high-order buckling modes of ideal pipelines and subsea
pipelines with a single-arch initial imperfection [ 18, 19], which were all based on the classical lateral buckling modes proposed
by Hobbs. Karampour and co-workers investigated the interaction between upheaval or lateral buckling and propagation
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buckling of subsea pipelines [20-22]. Zhu [23] and Wang [24] proposed a new approach for determining the lateral buckling
behaviour of pipelines under thermal loading without the assumption of lateral configuration. In addition, many finite-element
analyses have been performed to investigate lateral and upheaval buckling [25-29]. All these studies focussed on lateral
buckling or vertical buckling behaviour rather than on how to control this behaviour.

In recent years, lateral buckling of subsea pipelines with buoyancy sections has been studied by several researchers. In the
distributed buoyancy method discrete lengths of typically 60 m to 200 m of pipeline are installed with additional buoyancy
on them; these lengths are intended as buckle initiation sites. The buoyancy is chosen so that the operational submerged weight
is a small fraction (typically 10% to 15%) of the submerged weight of the normal pipe. This method also reduces the restraint
provided by the soil, reducing loads in operation [6]. Simple analytical solutions were given for triggering lateral buckles by
applying buoyancy to the pipeline by Peek and Yun, which are valid for a single-point buoyancy load, two-point buoyancy
load and distributed buoyancy load over a specified length [30]. They assumed that the pipeline was uplifted over a certain
length within the buckled section. The lateral soil resistance was taken to be zero over this uplifted section and the bifurcation
load to initiate lateral buckling was derived. However, in some cases, the pipeline is not fully uplifted off the seabed. Thus,
the effect of buoyancy section is partially to reduce lateral soil resistance, which is not reduced to zero. This situation was not
considered by Peek and Yun. The single buoyancy load required to trigger lateral buckles along a pipeline was investigated
through analytical methods by Shi and Wang [4]. The pipeline was divided into three zones in the horizontal plane: the span
zone, in which the pipeline is uplifted by the buoyancy force, and two contacting zones, in which the pipeline contacts the
seabed. The lateral soil resistance within the span zone was taken zero, while the lateral soil resistance within the contacting
zones was assumed elastic, which is not realistic in practice. Analytical solutions based on the third lateral buckling mode (in
Hobbs’s classification) for a pipeline with a distributed buoyancy section were derived by Antunes [31], which could be
employed in the preliminary design to assess the effect of a buoyancy section. An analytical solution was derived for the
lateral buckling of the pipeline with buoyancy section by Li [32] and Wang [33]. Compared to their study, one improvement
made in this paper is that the assumption of a constant axial compressive force is only employed in the calculation of the
lateral deformation and not in the calculation of axial force balance and axial thermal expansion.

In this paper an analytical solution for the lateral buckling of subsea pipelines with a distributed buoyancy section is derived.
The solution is used to study the influence of properties of the buoyancy section on lateral buckling. First, the stability of a
typical buckling path is analysed by computing the total energy of the pipeline. Then, the influence of the length and weight
of the distributed buoyancy section on pipeline buckled configurations and typical lateral buckling behaviour is presented and
analysed. The minimum critical temperature difference, lateral displacement amplitude and maximum axial compressive
stress are illustrated and discussed in detail. The effect of imperfections is also analysed. Finally, an error analysis is presented
and the analytical model is validated by comparison of its predictions with the experimental data reported in [34]. Good

agreement is found.
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Fig. 1 Axial compressive force distribution.
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Fig. 2 Configuration and loads distribution of the third lateral buckling mode (case a for [, < l;). The buoyancy
section, of length 21, is indicated by the thick line.
2. Analytical solution

Before buckling, the axial compressive force, P, along the whole pipeline is induced by thermal expansion. In the process
of thermal buckling within a pipeline section that is initially immobilised by axial soil resistance against the seabed a small
central segment of pipeline will mobilise. As pipe feeds into the buckle the compressive force in the pipe drops, pulling more
pipe into the buckle. If the soil resistance for axial movement is constant, say f, then a compressive force will build up in
the pipe, increasing linearly with the distance from the centre of the pipeline. At some point this compressive force is sufficient
to satisfy the requirement of additional length introduced by the lateral displacement. The end points of this segment are called
virtual anchor points. Fig. 1 shows this feed-in region, of length 2[,, within the larger immobilised section of the pipeline
together with the typical compressive force variation. I is sometimes called the slip-length. The axial compressive force at
the virtual anchor points is P,.

The pipeline is more likely to buckle at the locations where the buoyancy is applied due to the following combined
advantages. The initiation method of buoyancy works in two ways. First, during lay the section of pipe with buoyancy will
be positively buoyant. This means that it tends to form vertical imperfections as it is laid down. This is further exaggerated
by the increase in outside diameter and the reduction in vertical load associated with the buoyancy modules. These vertical
imperfections, coupled with the effect of hydrodynamic loading, will tend to produce a natural out-of-straightness at the
chosen location. Second, because the operational submerged weight is so low, the lateral frictional restraint is reduced.
Consequently, the buckle initiation force is also reduced. So an assumption is made that buckling happens at the buoyancy
section, symmetric about the centre of this section. Another assumption is that there is no uplift of the pipeline and therefore
take the lateral friction coefficient y; to be the same for the buoyancy section and the normal sections of the pipeline.

In practice multiple (independent) localised buckles may form in the immobilised pipe section if multiple buoyancy sections
are employed. In the following a theory is presented for a single localised buckle that applies to each such buckle individually.
Fig. 2 illustrates the configuration and load distribution of the third lateral buckling mode for unburied subsea pipelines with
a distributed buoyancy section. W;, and W, are the submerged weight per unit length of the buoyancy and normal sections
of the pipeline, respectively. Let Wj, = kW,,; k is a dimensionless ratio. f, and f; are the lateral soil resistance of the
buoyancy and normal sections, respectively, and f;; and f;; are the axial soil resistance of the buoyancy and normal
sections, respectively. [, is the half-length of the buoyancy section. l; is the half-length of the primary lobe. [, is the half-
length of whole buckled section. In the analytical formulations of this mode presented in this section the pipeline is modelled
using linear beam-column theory valid for small deflections.



With reference to Fig. 1, the axial compressive force distribution P(x) can be expressed as

5 P+ fapx 0<x<l,
P(x) = { 1
() P+ faply + far(x — 1) L <x<I 1)
The axial soil resistance (a force per unit length) can be written as
fap = baWyp, fa1 = UaWy )

where P is the axial compressive force at the centre of the buckle. u, is the coefficient of axial friction between pipeline
and seabed.

Now the assumption is made that the axial compressive force is constant in the buckled region and equal to the force at the
centre of the buckle, i.e., P. The same approximation was made by Hobbs [9]. The lateral soil resistance is also assumed
constant. Two situations are considered in this paper, namely case a for [, <!l; and case b for [; <[, < l,. Thus, the
governing equations that determine the configuration of the buckled pipeline are

Forcase a (I, <ly)

51‘””1 =—f, (0<x<1)
E,de 2= —f, Uy <x <L) (3)
Eldw3 Yofi, (L<x<l)

Forcase b (I; <1, <l,)
fEIdwl Y= —f, (0<x <L)
4 EIdWZ Y= fy (LS x < 1y) (4)
kEIdW3+Pd2 =fi (Uy<x<l)

where wy, w,, ws are the lateral deflections, E is the elastic modulus and [ is the moment of inertia of the pipe’s cross-
section.

The lateral soil resistance (a force per unit length) can be written as

fo=uWy, f1= uLWy, (5
where p; is lateral friction coefficient.
Let
2_F
2= (6)

The general solutions of Eq. (3) and Eq. (4) are

Forcase a (0 <, <)
fpx®

(Wl(x) = A; cosAx + Ay sindx + Azx + Ay — 2= 0<sx<1
4w2(x) = As cos Ax + AgsinAx + A,x + Ag _Zf;_;c; (Up<x< 1) @)
lw3(x) = AgcosAx + AjpsinAx + Ay x + Ay, + 2@—;‘; (Lsx<l)
Forcase b (I, <l <)
(Wl(x)=Blcoslx+stinAx+ng+B4—;§—;zz 0<x<l)
4 w,(x) = Bs cos Ax + Bg sinAx + B,x + Bg + ;;—;; L <x<1) ®)
w3(x) = Bgcos Ax + BygsinAx + Byyx + By, + Zf;—f; (p<=x<1y)

By symmetry, the slope of the deflection and the shear force at x = 0 must be zero. In addition, the displacement, slope
and moment at x = [, must be zero too. So the boundary conditions at X =0 and x = [, are



( % 0)=0
0

$ws(ly) =0 ©)
) =0

L% (lz) =0

In addition, the displacement, slope, moment and shear force must be continuous at x = [; and x = [l;,, while the
displacement at x = [; must be zero. So the following matching conditions at x = l; and x = [, are imposed.
Forcase a (0 <[, <)

[ wy(ly) = ws(ly)

d d
% (11) = % (11)
d? d?
— L) =—2 W) (10)
d3 d3
d;;z (11) = d;? (11)
\owy () =0

wi(lp) = wy(ly)

dwq _dw,
E (lb) - E (lb)

d?w, _d?*w, (1)
dx? (lb) - dx2 (lb)

d3w, _d?w,

(L2 ) = L2y,

Forcase b (I; <l <l,)
wy (1) = wy(ly)

d d
% (11) = % (11)
d? a2

(=2 ) =2 () (12)
d3 d3
d:l;l (11) = d::;z (11)

Vo owy () =0

wo(lp) = w3 (lp)

dw dw.
d—xz (Ilp) = d—; (Ip)

N

I
a d? 13

{ dy‘:;z L) = dy‘:;s Y (13)
d3 d3

lda‘:;z () = az;‘:;3 ()

The overall lateral force balance is
£, = {fl(lz =2l + 1) — fpl, forcasea (14
27 AU, = 1) + fi (I, — 21,) forcaseb

for the point force at x = [,. This f, is required to prevent a lobe forming in the horizontal plane. (The pipeline is not
constrained in the horizontal plane in practice, only resisted by lateral soil resistance, so in general further oscillations or lobes
may form. By assuming that these do not form, i.e., that a third mode of lateral buckling is formed, the immobilised part of
the pipeline for x > [, is effectively considered to provide a rigid support against which the buckled part of the pipeline
pushes. This requires the point force f, at x = l,. However, the deformed shape and the buckling path can be predicted
accurately by using the assumption of a third mode [24], so this assumption is employed in this paper.)
Axial deformation of the pipeline within the section [, < x < [ is governed by the equation
d?u,

EA— = fu1 (b=sx<ly) (15)

where A is the cross-sectional area of the pipeline. Eq. (15) is solved subject to the slip-length boundary conditions [10]
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() =0
{‘1— (1) =0 (1o

giving for the axial displacement
000 =2 (x—1)> (L<x<) (17)

Based on Eq. (17), the axial displacement at x = [, is
— f
() = 222 1, - 1,2 (18)

Axial deformation of the pipeline within the buckled section 0 < x < [, is governed by the equation

d?u,
EA :fAb (OSxSlb)
5 1
with two boundary conditions
u,(0) =0
_ _ 20
leu() = 1) 20
and two matching conditions at [},
{ Uy (ly) = us(lp) an
ay ) ) _ 4
B2 (Iy) = 22 (1y)
The general solutions of Eq. (19) are obtained as follows:
— — 2 — — 2 2
ﬁz(X) — (=fa1(l2—lp) +fAblz(EAzliz+lb)+fA1(lz ls)*)x f;;z (0 <x< lb)
22
5 (x) = GarSapo” | Ganly’—far(e’ +o )4 (o =l9Dx | farx” Uy < x <1, @2)

2EA 2EAL, 2EA
i1 (x), ty(x) and uz(x) will be used later when computing the total potential energy of a pipeline buckling solution.
The axial force balance is also noted:
Py =P+ faply + far (Is = Ip) (23)
Now the compatibility between axial and lateral deformation in the feed-in region 0 < x <[, 1is used to derive a
relationship between the axial compressive force P at the centre of the pipeline and the temperature difference T .
Compatibility can be expressed as
U = U, (24)
where u; is the length of axial thermal expansion within the feed-in region 0 < x < I; due to high pressure and high
temperature. u, is the geometric shortening, which allows for the additional length introduced by the lateral displacement.
Eq. (24) simply states that, since there are virtual anchor points at distance [ from the centre of the pipe, the extra length of
pipe in the buckle must come from axial expansion of the mobilised section of pipeline.
The length of axial thermal expansion u; can be obtained by

I, AP
w = [ dy (25)

where AP(x) is the amount of decrease of axial compressive force along the pipeline after the pipeline buckles, given by

- Py — P — fapx 0<x<ly
AP(x ={ 0 26
O =y~ P~ Faplo ~ fur e = 1) Ly <x <l 20
Thus, u, is expressed as
1
U =5 (far (G = 1) + fanl}) (27)

and by combining Eq. (24) and Eq. (27) [l can be written as



(fa1—Fap)li+2AEu,
l. = 2
s J o (28)

Meanwhile, u, can be obtained as

2 2 2
1 rlp (dwl) d 1 ply (dwz) 1 ply (dws
1 i) dx + = —2) dx += —) dx  forcasea
2 fo dx 27, \dx 2 fl1 dx

u2=111%2d +1 lb%Zd +1 12%2(1 f b @
Zfo (dX) x 2fl1(dx) x 2 lb(dx) x orcase
Combining Eq. (23) and Eq. (28), finally the following relationship is obtained:
_ 2
Po =P+ faply + fa (—lb + J(fAl fA;)lerZAEuZ) (30)
A1l

Within the range of linear elastic response this compressive force P, can be written as
Py = EAaT, 31
where a is the coefficient of linear thermal expansion. Ty is the total temperature difference, which is composed of the initial
temperature difference and the equivalent temperature difference generated by internal pressure [35].

Given Ty, Eq. (30) (with Eq. (29) and Eq. (31) inserted) is solved in conjunction with Eq. (9) and Eq. (10) and Eq. (11)
(for case a)) or Eq. (12) and Eq. (13) (for case b) to obtain P, l;, I, and the coefficients A; — A, (case a)or B; — By,
(case b) (i.e., 15 equations for 15 unknowns) and hence the lateral deflections w;, w, and ws. The solutions of A; — 44,
and B; — By, interms of P,l;, [, and the physical parameters of the problem are given in the appendix.

The bending moment M,, along the buckled pipeline can be computed as

2
My, = EI (32)
and the corresponding bending stress o, along the buckled pipeline is given by
My, D
Om =~ (33)

The maximum stress a,,, along the pipeline induced by axial compressive force P and bending moment M, can be
obtained through the following expression:

O = =+ =22 (34)

>

3 Results

3.1 Energy analysis
The typical relationship between lateral buckling amplitude w,, (in this study always w,, = w(0)) and total temperature
difference T, for a typical solution with distributed buoyancy section is shown in Fig. 3. k = 1 in Fig. 3 represents the case
for pipeline without distributed buoyancy section. The significant point m along the post-buckling path corresponds to the
minimum critical temperature difference T,,. T, = 20.49 °C for this case (discussed below). For T, > T,,, two solution
branches exist, which will be referred to as m-b and m-c, as shown in Fig. 3. The energies of these two branches are
compared to assess the stability of these two branches.
The total potential energy relating to the buckled pipeline (in the feed-in region 0 < x < L) is given by
V=V+V,+V;+V, (3%5)

The bending strain energy V; can be expressed as

2 2 2
2EI folb (ﬂ) dx +=EI flil (dzwz) dx+%E1 flllz (dzw3) dx for casea

)2 dx? 2 dx? dx?
h= 1 1, (d?wq\2 1 Ly (d2wy\2 1 L, (d%ws)2 (36)
SEI], (de) dx +3ZEI [ (de) dx+EEIfzb (de) dx for case b

The energy loss V, due to lateral soil resistance is
l l l
Jo 1 fowsldx + flbllflwzldx + f112|f1W3|dx for case a

27 (M1 fawsldx + [P fow,ldx + [21fiwsldx £ b .
Jo' fowsldx + [ *lfpwaldx + [ *|fiwsldx for case
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The energy loss V3 due to axial soil resistance is
Vs = folb|fAbﬁ2|dx + flizlfAlﬁ3|dx + fllslfAlﬁlldx for both case a and case b (38)
2

The axial compressive strain energy V, due to the axial compressive force is

V, = ﬁ 01513(x)2dx for both case a and case b (39)

while the total potential energy of the straight pipeline, namely before buckling, is given by

_ 1 rlspo
vV, = 220 P5dx (40)
8_
—k=1.0
®1 |- -k=0s6
= ol
E
£
2
24
O oy
-2 T T T T Y T T T T 1
0 10 20Tm Tm1 30 40 50

To (°C)
Fig. 3 Typical buckling path. [, = 25 m.

In Fig. 3, when T, is lower than T, only the trivial state (w,,, = 0) exists and no lateral buckling occurs for k = 0.6.
However, when T, is larger than T,,, two lateral buckling states exist. Take T, = 21.64 °C, for example. When T, reaches
21.64 °C, the pipeline will remain unbuckled in the absence of a disturbance or imperfection, corresponding to point d in
Fig. 3. However, the deformed states b and c are available as well and a sufficiently large disturbance may cause a jump from
d to one of these buckled states. Thus a jump occurs from d to either b or ¢ in Fig. 3. The total energy is calculated
through Eq. (35) to determine the relative stability of the two branches.

The total energy of branches m-b and m-c for the lateral post-buckling state are denoted by V,, and V,, respectively.
Vip and V;. are the total potential energies of the unbuckled pipeline with distributed buoyancy section of corresponding
length ;. V,/Vy, and V. /V;. are illustrated in Fig. 4. k = 1 in Fig. 4 represents the case of a pipeline without distributed
buoyancy section.

All the values of V},/V;;, are less than those of V./V;., which means that the branch m-b is more stable than branch m-
c. In addition, the value of V_/V;. first increases slightly and then decreases with increasing temperature difference, while all
the values of V./V;. are larger than 1, which means that branch m-c is less stable than the trivial solution. The value of
Vp/Vip decreases with increasing temperature difference, which means that the branch m-b becomes more stable with
increasing temperature difference. V,,/V;;, =1 when the temperature difference reaches T, = 21.50°C. For T, < T,,
Vyp/Vip is bigger than 1, which means that the trivial solution is more stable. For Ty > T,, V;,/V;;, is smaller than 1, which
means that the branch m-b is more stable than the trivial state.

Fig. 3 also displays the buckling curve for the same pipeline without distributed buoyancy section. For Ty > T,y two
deformed states are available and an energy analysis shows that again the upper branch contains solutions with lower energy
than the trivial state. A pipeline without distributed buoyancy section, therefore, would likely jump into a buckled state under
a sufficiently large disturbance when T, becomes larger than T,,;. This buckling would be sudden, without any warning
signs, and could happen at any point of a long immobilised pipeline. This potentially dangerous scenario is avoided by using

a distributed buoyancy section, which forces the pipeline into a deformed state at a specific point and at lower T, before the
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critical temperature T,,; is reached. In Fig. 3 the amplitude of lateral deflection will be larger in the case of a distributed
buoyancy section (at the same temperature difference Tj). The effect of the distributed buoyancy section will be investigated
in more detail in Section 3.2.

In Fig. 5 the composition of the total potential energy of the stable buckled pipeline is analysed, namely branch m-b. Both
V1/V and V,/V first increase slightly and then reduce to less than 10% with increasing temperature difference. However,
V3/V increases rapidly with temperature. The conclusion can be drawn that for large temperature difference the main energy
loss is due to axial soil resistance. V,/V decreases rapidly to 50% at about 25 °C first and then decreases slightly with
increasing temperature difference. Thus, the total potential energy of the buckled pipeline at large T, consists mainly of V3
and V.

1.2+
—-—- V/Vi for k=1
114 [T~ ~W/Vibfork=0.6
’ — Vc/Vic for k=0.6
mN.
o 10 \
= el
© \
14 . N
voN
0.9 N N,
AN N
N .\
~ ’\
N Vi ‘\,\~
0.8 SO
0.7 . . : r . : . . . ;
0 10 20 Te 30 40 50
To (°C)

Fig. 4 Ratio of the energy between the buckled state and the pre-buckling state. [, = 25 m.
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Fig. 5 Composition of the total potential energy of the buckled pipeline. [, = 25 m.

3.2 Parameter study

In this section, a typical pipeline with distributed buoyancy section resting on the seabed is analysed in the third lateral
buckling mode. The deformed shapes and bending stresses along the pipeline with different [, and k under the same
temperature are analysed and discussed first. Then the properties of pipeline lateral buckling, such as the lateral buckling
amplitude w,,, the axial compressive force P, the length of axial thermal expansion u; and the maximum axial compressive
stress a,,, are presented and analysed. Finally, the influence of [, and k on the minimum critical temperature difference
T,

m»
formulation developed in Section 2 taking the parameters in Table 1 as a realistic case study. In this section, all the analysis

w,, and o, is discussed. The effect of the distributed buoyancy section is demonstrated by employing the analytical

is based on branch m-b, namely the stable branch. The case [, = 0m and k =1 represents the situation of a pipeline
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without distributed buoyancy section, the results for which are similar to Hobbs’s and Liu’s results [9, 19].

Table 1. Design parameters.

Parameter Value Unit

External diameter D 3239 mm

Wall thickness ¢t 12.7 mm

Elastic modulus E 206 GPa
Steel density p 7850 kg/m3

Coefficient of thermal expansion « 1.1x107° /°C
Lateral friction coefficient p; 0.5 -
Axial friction coefficient 4 0.5 -

3.2.1 Buckled configuration
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Fig. 6 Influence of [, on deformed shapes. (a) case a. (b)case b. k = 0.6. T, = 40 °C. The dots indicate the boundary

of the distributed buoyancy section.
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Fig. 7 Influence of [;, on the bending stress. (a) case a.(b)case b. k = 0.6. Ty = 40 °C.
The deformed shapes and corresponding bending stresses o, along the buckled pipeline at different values of [;, under
the same operating temperature difference T, are presented in Fig. 6 and Fig. 7, respectively. In Fig. 6, it is seen that a
localised buckled shape is formed within a limited region in the middle of the pipeline due to the axial compressive force

11



induced by the temperature difference. This shape consists of half a primary lobe in the positive direction (w > 0) and a
secondary lobe in the negative direction (w < 0) for half a buckled pipeline. In Fig. 6 (a), it is seen that the three cases with
k = 0.6 have [ <l; and therefore belong to case a. By contrast, the cases in Fig. 6 (b) have [; < [, <[, and therefore
belong to case b. The lateral displacement amplitude is attained at x = 0 m for each case. It is clear that [, has great
influence on the deformed shapes of lateral buckling. The primary lobe for the case of [, = 0 m is smaller than that for all
the cases of I, > 0 m, for both case a and case b. For case a, the primary lobe increases with increasing [}, while the
secondary lobe decreases with increasing [,,. However, for case b, the primary lobe decreases with increasing [}, while the
secondary lobe increases with increasing 1,.

In Fig. 7 it is seen that there are three maxima of bending stress in either the positive or negative direction. The maximum
bending stress is attained at x = 0 m, so the integrity of the pipeline will be lost first at the location x = 0 m. The amplitude
of bending stress at x = 0 m for the case l, = 10 m is larger than that for the case [, = 0 m, which will decrease with
further increase of [, for case a, as shown in Fig. 7 (a). For the cases [, = 51 m and [;, = 70 m, the maximum bending
stress at x = 0 m stays almost the same, which is smaller than that for [, = 0 m and bigger than that for I, = 90 m. This

variation of the maximum bending stress at x = 0 m is complicated. Since it is important in practice, its variation with [

is analysed further in Section 3.2.2 below.
6~ 8

o 20 4 e 8 100 o 20 4 e 8 100
x (m) X (m)
(a) (b)
Fig. 8 Influence of k on deformed shapes. (a) case a. [, = 30 m. (b) case b. [, =70 m. Ty = 40 °C. The dots
indicate the boundary of the distributed buoyancy section.
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Fig. 9 Influence of k on the bending stress. (a) case a. I, = 30 m. (b) case b. I, =70 m. T, = 40 °C.
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The deformed shapes and the corresponding bending stresses o, along the buckled pipeline at different values of k under
the same operating temperature difference are presented in Fig. 8 and Fig. 9, respectively. It is clear that k has great influence
on the deformed shapes of lateral buckling. The maximum displacement is attained at x = 0 m for each value of k. In Fig.
8, the primary lobe for the case of k = 1 is smaller than that for all the cases of k < 1, for both case a and case b, while
the secondary lobe is larger. Under decreasing k, both the buckled region and the lateral deflection of the primary lobe
increase. However, the secondary lobe shrinks with decreasing k, as shown in Fig. 8. In Fig. 9 it is seen that the maximum
bending stress is attained at x = 0 m for each value of k, so the integrity of the pipeline will be lost first at the location x =
0 m. For case a, the value of k does not have much influence on the distribution of the bending stress, as shown in Fig. 9
(a). However, for case b, in Fig. 9 (b), the location of maximum bending stress moves away from the centre of the buckled
pipeline with decreasing k. All local maxima of bending stress decrease with decreasing k for both case a and case b, but
the amount of decrease for case a is smaller than that for case b.

3.2.2 Typical buckling behaviour

In this section, typical buckling behaviour for pipelines with distributed buoyancy section is analysed. All the analysis is

based on the stable branch m-b.

5 —— Mode 1
- — —Mode 2
----- Mode 3 ,
4
E
s 34
E
24
1 ad
0 T T T T 1
0 10 20Tm 30 40 50

To (°C)
Fig. 10 Comparison between different lateral buckling modes.

A comparison between different lateral buckling modes is shown in Fig. 10. It is observed that the minimum critical
temperature difference Ty, for mode 3 is the smallest. This is the reason why the third mode is selected as the basis to derive
the analytical solution in this paper. The minimum critical temperature difference for mode 1 is slightly larger than that for
mode 3, while the minimum critical temperature difference for mode 2 is the largest. However, the lateral displacement
amplitude in the post-buckling stage for mode 2 is the smallest under the same temperature difference.

8 8
6 6
E E
E 4 £ 4
2 2
24 24
0 0
0 0
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Fig. 11 Lateral displacement amplitude w,,. (a) case a. (b) case b. k = 0.6.
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Fig. 12 Length of the axial thermal expansion u;. (a) case a.(b)case b. k = 0.6.

The relationships between lateral buckling amplitude w,, and total temperature difference T, at different values of [,
are shown in Fig. 11, while the relationships between the length of axial thermal expansion u; and total temperature
difference T, at different [, are shown in Fig. 12. In Fig. 11 the minimum critical temperature difference T, decreases
with increasing [, for both case a and case b, which means that it will be easier for pipelines to have lateral buckling with
larger ;. But the decreased amount of T,, for case b is smaller than that for case a with the same increase in [, which
will be analysed in more detail in Section 3.2.3 below. After lateral buckling happens, namely for branch m-b, the lateral
buckling amplitude w,, increases under increasing total temperature difference at a specific [, for both case a and case
b, as shown in Fig. 11. This is because the length of the axial thermal expansion u; increases with increasing total
temperature difference (see Fig. 12), which means that more u; will feed into the buckled region, leading to a more
significant lateral buckle. The rate of increase of w;,, for case a stays almost the same, as shown in Fig. 12 (a). However,
for case b, in Fig. 12 (b), the rate of increase of w,, decreases with increasing [,. Also, w,, increases with increasing [,
for case a with the same total temperature difference. The reason is that the primary lobe grows and the secondary lobe
shrinks under increasing [, (see Fig. 6 (a)) and u; increases with increasing [, (see Fig. 12 (a)) at the same total
temperature difference for case a. By contrast, w,, decreases with increasing [, for case b at the same total temperature
difference: according to Fig. 6 (b), the primary lobe shrinks and the secondary lobe grows under increasing [, for case b,
so with almost the same axial thermal expansion (see Fig. 12 (b)), the rate of increase of w;,, decreases with increasing [,

for case b.
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1b=0 m b=0 m
0.8 4 - = =b=10m 0.8 - — —1b=50 m
..... =20 m - b=60 m
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o o
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Fig. 13 Axial compressive force P. (a)case a.(b)case b. k = 0.6.
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Fig. 14 Maximum axial compressive stress d,,. (a) case a.(b)case b. k = 0.6.

The relationships between axial compressive force P and total temperature difference T, at different values of [, are
shown in Fig. 13. It is seen in Fig. 13 that the axial compressive force P decreases with increasing total temperature
difference T, for each specific [;. This shows that the process of lateral buckling results in an axial compressive force
reduction under increasing T,. The axial compressive force P decreases with increasing [, for both case a and case b
under the same total temperature difference. But the influence of [, on P is very small for case b, as shown in Fig. 13 (b).
Thus, the pipeline will be more stable, because of smaller axial compressive force P in the post-buckling stage, if [, is
larger.

The relationships between the maximum axial compressive stress o, and the total temperature difference T, at different
values of [, are shown in Fig. 14. It is seen that the maximum axial compressive stress o0, increases (in absolute value)
with increasing total temperature difference T, for given [,. The rate of increase decreases with increasing [, for case a,
while the rate of increase stays almost the same under varying [, forcase b.Taking T, = 40 °C for example, the maximum
axial compressive stress o, first increases for [, = 10 m, then decreases with increasing [, for case a under the same
total temperature difference. Meanwhile, the influence of [, forcase b issmaller than that for case a for the same increase
of 1. So the selection of the length [, is very important. The influence of [, on o, is complicated and will be discussed

in Section 3.2.4 below.
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Fig. 15 Lateral displacement amplitude w,,. (a) case a. I, = 25 m. (b) case b.l, = 65 m.
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Fig. 16 Length of axial thermal expansion u;.(a) case a. l, = 25 m. (b) case b.l, = 65m.

The relationships between the lateral buckling amplitude w,, and the total temperature difference T, at different values
of k are shown in Fig. 15, while the relationships between the length of the axial thermal expansion u; and the total
temperature difference T, at different values of k are shown in Fig. 16. In Fig. 15 the minimum critical temperature
difference T,, decreases with decreasing k for both case a and case b, which means that it will be easier for pipelines to
have lateral buckling if k is smaller. After lateral buckling happens, namely for branch m-b, the lateral buckling amplitude
Wy, increases under increasing total temperature difference at given k for both case a and case b, as shown in Fig. 15.
This is because the length of axial thermal expansion u; increases with increasing total temperature difference (see Fig. 16),
which means that more u,; will feed into the buckled region. The rate of increase of w,, for case a stays almost the same,
while for case b it increases with decreasing k. Meanwhile, w,, increases with decreasing k at the same total temperature
difference for both case a and case b. The reason is that the primary lobe grows and the secondary lobe shrinks under
decreasing k (see Fig. 8) and u, increases with decreasing k (see Fig. 16) at the same total temperature difference for both

case a and case b.
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Fig. 17 Axial compressive force P.(a)case a. [, = 25 m. (b) case b.l, = 65 m.
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Fig. 18 Maximum axial compressive stress a,,. (a) case a. [, = 25 m. (b) case b. [, = 65 m.

The relationships between axial compressive force P and total temperature difference T, at different values of k are
shown in Fig. 17. It is seen that the axial compressive force P decreases with increasing total temperature difference T, for
each specific k. This shows that the process of lateral buckling results in an axial compressive force reduction under
increasing T,. The axial compressive force P decreases with decreasing k for both case a and case b at the same total
temperature difference. Thus, the pipeline will be more stable, because of smaller axial compressive force P in the post-
buckling stage, if k is smaller.

The relationships between the maximum axial compressive stress o, and the total temperature difference T, at different
values of k are shown in Fig. 18. It is seen that the maximum axial compressive stress @, increases (in absolute value)
with increasing total temperature difference T, for given k. The rate of increase of ¢, stays almost the same for different
values of k for case a, as shown in Fig. 18 (a). However, the rate of increase of a,,, decreases with decreasing k for case
b (see Fig. 18 (b)). For both case a and case b, g, decreases with decreasing k at the same total temperature difference,
but the influence of k for case b is larger than that for case a for the same decrease of k.

3.2.3 Minimum critical temperature difference
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Fig. 19 Minimum critical temperature difference Ty,. (a) Influence of [, at k = 0.6. (b) Influence of k at [, =25m
(case a)and l, = 65 m (case b).
The influence of the distributed buoyancy section on the minimum critical temperature difference T, is illustrated in Fig.

19, while the influence of the distributed buoyancy section on the lengths [; and [, corresponding to Ty, is presented in
17



Fig. 20. The result in Fig. 20 is used to judge whether the solution belongs to case a or case b. In Fig. 19 (a) and Fig. 20 (a)
two important points, namely a; and a,, represent the boundary of case a and case b. In Fig. 19 (a), for [, < l,(a;) we
have [, <[, so the solution belongs to case a, while for [, (a;) <, <l,(a;), we have |y <[, <, so the solution
belongs to case b. When [, increases from 0 m to 30 m, Ty, decreases from 23.97 °C to 20.21 °C (a rate of decrease of
0.1253 °C/m). When [, increases from 30 m to 40 m, T, decreases from 20.21 °C to 20.17 °C (a rate of decrease of
0.0040 °C/m). When [, increases from 40 m to 70 m, T, decreases from 20.17 °C to 19.47 °C (a rate of decrease of
0.0233 °C/m). So it can be concluded that increasing I, has a more favourable effect on the decrease of Ty, forcase a than
for case b. From Fig. 20 (b) it can be deduced that for [, = 25 m we have [, <l; forall k such that 0.1 < k < 0.9. So
the case [, = 25 m in Fig. 19 (b) belongs to case a. On the other hand, for [, = 65 m we have [; <[, <, for all k
such that 0.1 < k < 0.9, so the case [, = 65 m in Fig. 19 (b) belongs to case b. Fig. 19 (b) shows that T, decreases with
decreasing k for both [, = 25 m and [, = 65 m, with the rate of decrease larger for [, = 65 m than for [, = 25 m.
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Fig. 20 Lengths l; and I, corresponding to Tp,. (a) k = 0.6. (b) I, = 25m (case a)and [, = 65 m (case b).

3.2.4 Influence of distributed buoyancy section on w,, and o,
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Fig. 21 Influence of [,. (a) Normalised lateral displacement amplitude w,,. (b) Normalised maximum axial compressive
stress g,,. k = 0.6. Ty = 40 °C.
The influence of [, on the normalised lateral displacement amplitude w,, and the normalised maximum axial
compressive stress g, for Ty = 40°C and k = 0.6 is illustrated in Fig. 21, while the influence of [, on the lengths [;

and [, is presented in Fig. 22. The values of wy, and o, presented in Fig. 21 are normalised against the corresponding
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values of w,, and o, for pipelines without buoyancy section. The result in Fig. 22 is used to judge whether the solution
belongs to case a orcase b.In Fig. 21 and Fig. 22 a key point, namely a;, represents the boundary of case a and case b.
In Fig. 22 (a) it is seen that for [, < I, (a3) we have [, <[, so the solution belongs to case a, while for 1, > [, (a;) we
have l; <1, < l;, so the solution belongs to case b. It is clear in Fig. 21 (a) that w,,, increases with increasing [, for case
a, while w,, decreases with increasing [, for case b. From Fig. 21 (b), for case a, o,, increases slightly when [,
increases from 0 m to 8 m, while ¢, decreases when [, increases from 8 m to 50.64 m. For case b, g, also increases

first and then decreases with increasing [j,.
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Fig. 22 Influence of [, on the lengths l; and I,.(a) ;. (b) L. k =0.6. Ty = 40 °C.
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Fig. 23 Influence of k. (a) Normalised lateral displacement amplitude wy,. (b) Normalised maximum axial compressive

stress a,,. To = 40 °C.

The influence of k on the normalised lateral displacement amplitude w,, and the normalised maximum axial
compressive stress o0y, for Ty = 40°C is illustrated in Fig. 23, while the influence of k on the lengths [; and [, is
presented in Fig. 24. The values of wy, and gy, presented in Fig. 23 are normalised against the corresponding values of wy,
and oy, for pipelines without buoyancy section. The result in Fig. 24 is used to judge whether the solution belongs to case
a orcase b.From Fig. 24 (a) and Fig. 24 (b), for [, = 30 m, [; > 30 m, so the solution belongs to case a, while for [, =
70 m, [; <70 m < [,, so the solution belongs to case b. It is clear in Fig. 23 that w,, increases with decreasing k, while
o, decreases with decreasing k, for both [, = 30 m and [, = 70 m. The rate of increase of w,, and the rate of decrease

of o, are almost constant with decreasing k for [, = 30 m, but increase with decreasing k for [, = 70 m.
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Fig. 24 Influence of k on the lengths [; and [,. (a) l;. (b) ;. T, =40 °C.

3.4 Imperfection effect

The analysis so far has assumed that the profile of the unbuckled pipeline is perfectly straight in the horizontal plane,
namely no horizontal offset. Deviations from a straight profile for pipelines are introduced by the pipe-laying vessel’s sway
motion during the installation process. Large lateral offsets may be difficult to implement during installation; only very small
offsets are likely during normal installation [36, 37]. The out of-straightness or initial lateral imperfection can lower the safe
temperature difference and affect the post-buckling behaviour. Therefore, it is important to investigate the effect of
imperfections on the lateral buckling behaviour of pipelines with distributed buoyancy section. In this analysis, a lateral
deflection imperfection is imposed around the location of the buoyancy section, the configuration of which is the configuration
obtained in this paper, namely w;, w, and ws. So only the amplitude of the initial imperfection w,,, should be applied.
There are two possible states for a pipeline initial imperfection: unstressed or stressed pipe. The unstressed pipe corresponds
to a local imperfection in the pipe itself, which means the initial state of the pipeline with such an imperfection is unstressed.
The stressed pipe represents the case where the unstressed pipeline is straight and where it forms an initial curvature due to
the pipe-laying vessel’s sway motion or foundation irregularities. So the imperfection included here is the stressed case. For
this case, the equations governing the horizontal deflection will not be affected. The effect of the initial imperfection is that
an initial geometric shortening u,, exists. This shortening u,, can be calculated by Eq. (29) when the amplitude of initial

imperfection w,,, is given. So, Eq. (30) should be rewritten as
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Fig. 25 The effect of imperfections on the load-deflection behavior. Arrows indicate dynamic jumps under increasing (to
the right) or decreasing (to the left) Tj.

The effect of imperfections on the load-deflection behaviour of the pipeline is illustrated in Fig. 25, which shows an
enlargement of the region of interest in Fig. 3 with some typical imperfection curves added. It is seen that for smaller values
of the imperfection amplitude, such as wy,, = 0.4 m, the load-deflection curves have folds where dynamic jumps of the
structure may occur under both increasing and decreasing temperature. Taking w,,, = 0.4 m as an example, when the
temperature difference increases to Ty(a), the pipeline will jump from point a to point b if some disturbance occurs. With
further increasing temperature difference, the pipeline will follow the post-buckling path. When the temperature difference
decreases from T, (b) to Ty(c), the pipeline will follow the post-buckling path from point b to point c. Then, the pipeline
will jump from point ¢ back to point d. For larger values of the imperfection amplitude, such as w,,, = 0.7 m, this snap-
through phenomenon disappears.

3.5 Error analysis and validation

The main approximation made in the theory is that the lateral buckling solution is calculated under the assumption of a
constant compressive force P (cf. Eq. (3) and Eq. (4)), an approximation generally made in the literature (e.g., [9]). In doing
this the extra contributions to the pressure for 0 < x <[, in Eq. (1) are ignored. However, it is good to stress that this
approximation is only made in calculating the shape of the lateral buckling solution and not in the computation of the
corresponding temperature difference (based on deformational compatibility) and not in the energy analysis in Section 3.1.

In order to investigate the error incurred by this constant-P approximation, the lateral buckling solution with constant
compressive force Py = P + fypl, + f41(l; — lp) is also calculated, and denoted by case a-l,. P; is the actual axial
compressive force at x = [,. Since P; is the maximum compressive force attained in the buckled configuration, case a-l,
will give an upper bound to the error. The lateral displacement amplitude and maximum axial compressive stress of case a-
[, are denoted by wy,;, and o, respectively. The two cases are compared in Fig. 26 and Fig. 27. Fig. 26 shows that the
difference between case a and case a-l, is very small, the critical temperatures being 20.48 °C and 19.64 °C, respectively
(an error of 4.1 %). In Fig. 27 it is seen that the error of lateral displacement amplitude and maximum axial compressive stress
between case a and case a-l, is large around the critical temperature, but decreases rapidly to —5 % - 5 % away from the
critical temperature. The large relative error near criticality is natural since the lateral deflection is so small. It causes no

problems in practice as the absolute stress levels involved are very low (see Fig. 26).
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Fig. 26 Comparison of case a and case a-l,. (a) Lateral displacement amplitude. (b) Maximum axial compressive
stress. I, =25m. k = 0.6.
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Fig. 28 Pipeline with three distributed buoyancy sections and the corresponding axial compressive force distribution.
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To validate the analytical results proposed in this paper, another case is calculated by using the test parameters listed in
Table 2. These parameters are the same as those used in the reduced-scale model in [34]. The total pipe length in [34] was

195 m. Three distributed buoyancy sections

shown in Fig. 28. [, represents the maximum possible axial feed-in length. P, is the axial compressive force at the virtual
anchors between two buckles. By symmetry, the axial feed-in displacement at the midpoint between two buoyancy sections,

namely at the virtual anchor between two buckles, is zero. So, for comparison with our model, a pipeline section with one

Fig. 29 Validation with test data.

with equal spacing of 21, = 65 m were installed to trigger lateral buckling, as
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buoyancy section, and of length L= 65 m, is considered here. For this case, the maximum axial feed-in length [, is 32.5 m.
When the feed-in length [ is smaller than this maximum value [, then two adjacent buckles triggered by two adjacent
buoyancy sections are independent and all the formulae derived in this paper can be applied. When [ is larger than [, the
formula for axial compressive force should be modified due to the limit of axial feed-in length. In that case, by axial force
balance, the following equation can be obtained [38]

Po=P+ fu(la — bp) + faply (42)
and the length of axial expansion within the pipeline section 0 < x <[, should be modified to

I, AP
w =, E;") dx (43)

where
— PO_P_fAbx 0<x<lb
AP(x ={
OV =Py =P = faly — fun e =) Iy <x <1
Then, given Ty and [l,, Eq. (24), Eq. (29), Eq. (31), Eq. (43) and Eq. (44) can be solved in conjunction with Eq. (9), Eq.
(10) and Eq. (11) (with Eq. (7) inserted) for case a, or with Eq. (9), Eq. (12) and Eq. (13) (with Eq. (8) inserted) for case b,
to obtain P, l;, I, and the coefficients A; — A;, forcase a,or B; — By, forcase b, and hence the lateral deflections wy,

(44)

w, and ws.

The results from model test and analytical method are compared in Fig. 29. The present analytical results appear to agree
well with the test data for 10.5 °C < T, < 27.5 °C. For T, = 10.5 °C, the error between analytical result and test data is 7.2 %.
For Ty = 27.5 °C, the error between analytical result and test data is 5.5 %. The errors are smaller than these two errors for
10.5°C < Ty < 27.5 °C. For comparison, results (labelled ‘Pipe length=infinite’) obtained by assuming that always [5 < [,
i.e., that the required feed-in length [ is always available, are also included in Fig. 29. It is noted that the lateral displacement
amplitude w,, for a pipe of length 65 m is much smaller than that for a pipe of ‘infinite length’. This explains why multiple
buoyancy sections should be installed at regular intervals to trigger less severe pipeline buckling at multiple planned locations.

Table 2. Test parameters

Parameter Value Unit

External diameter D 15 mm

Wall thickness t 0.9 mm

Elastic modulus E 191 GPa

Pipeline submerged weight 3.94 N/m
Coefficient of thermal expansion « 1.73x 107> /°C
Lateral friction coefficient p; 0.7 -
Axial friction coefficient iy, 0.7 -
Half-length of buoyancy section [, 1.5 m
Weight ratio k 0 -
Pipe length L 65 m

4 Discussion and Conclusions

Analytical solutions for the lateral buckling of unburied subsea pipelines with distributed buoyancy section have been
derived. The solutions are based on small-deflection (beam) theory, but take exact account of the compatibility between axial
and lateral deformation to obtain curves of lateral deflection and axial compressive stress against temperature difference T,.

From our parameter studies the following conclusions can be drawn:

(i) An energy analysis reveals several critical temperatures for pipelines with and without distributed buoyancy section (see
Fig. 3). No lateral buckling solutions exist for temperatures less than the minimum critical temperature difference, which
therefore represents an upper bound to safe operating temperatures for the pipeline. For temperatures larger than the minimum
critical temperature difference, two solutions with distributed buoyancy section are available. Initially these have larger energy
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than the unbuckled pipe. However, typically, for only slightly higher temperatures (T > T,) one of the solutions acquires an
energy lower than that of the trivial solution (see Fig. 4). For such temperatures, the unbuckled pipe with distributed buoyancy
section can therefore be considered unstable under sufficiently large perturbations (e.g., dynamic disturbances due to irregular
fluid flow through the pipe or earthquakes). Meanwhile, the pipeline without distributed buoyancy section becomes similarly
unstable under large perturbations at the higher temperature Tp,; (it was shown in [24] that the trivial solution becomes
eventually unstable under small perturbations in a Hamiltonian-Hopf bifurcation at much larger temperature difference). This
instability, however, is sudden and may occur anywhere along the pipe. Thus, by introducing a controlled deformation at a
specific location, a distributed buoyancy section causes the pipeline to buckle laterally at lower temperature difference,
thereby avoiding a potentially hazardous instability.

(i1) For pipelines with distributed buoyancy section, under the same operating temperature difference, the primary lobe
increases while the secondary lobe decreases with increasing length of buoyancy section for case a. However, for case b,
the primary lobe decreases while the secondary lobe increases with increasing length of buoyancy section. For both case a
and case b, the primary lobe grows and the secondary lobe shrinks with decreasing weight ratio.

(iii) The minimum critical temperature difference decreases with increasing length of buoyancy section and decreasing
weight ratio for both case a and case b. However, for a given weight ratio, the rate of decrease of minimum critical
temperature difference for case a is much larger than that for case b. For a given length of buoyancy section, the rate of
decrease of minimum critical temperature difference for case a is smaller than that for case b.

(iv) Under the same operating temperature difference, for a given weight ratio, lateral displacement amplitude increases
with increasing length of buoyancy section for case a, while lateral displacement amplitude decreases with increasing length
of buoyancy section for case b. Also, for both case a and case b, the maximum axial compressive stress increases slightly
first and then decreases with increasing length of the buoyancy section. For a given length of the buoyancy section, the lateral
displacement amplitude increases while the maximum axial compressive stress decreases with decreasing weight ratio for
both case a and case b. The rate of increase of the lateral displacement amplitude and the rate of decrease of the maximum
axial compressive stress are almost constant with decreasing weight ratio for case a, but increase with decreasing weight
ratio for case b.

(v) An imperfection analysis shows that a snap-through instability occurs for relatively small values of the imperfection
amplitude. For sufficiently large imperfection amplitude this snap-through instability disappears.

(vi) An error analysis shows that the assumption of constant axial compressive force for the calculation of lateral deflection
is acceptable. A comparison between the analytical solution and test data shows good agreement.

(vii) In this paper the case of a single buoyancy section is considered, but in Section 3.5 it is indicated how the model can
be extended to multiple buoyancy sections, which may be employed to significantly reduce lateral buckling amplitudes.
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Appendix A.
4, = SeC(Mz)((f1-fb)COS(A(le;;l:))‘Zflcos(’l(ll_ZZ))+f1) Eq. (A.1)
A; =0 Eq. (A.2)
A;=0 Eq. (A.3)
_ 22 2_ 2 72 —
4, = o2iied 4lllz+;z£izlb )+ blo(p=22)) Eq. (A4)
As = (f1—fb)tanwz)sinwb)+;f1e;£uz)(f1—2f1cos(ﬂ(ll-lz))) Eq. (A.5)
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