CONSEQUENCES OF STRONG STABILITY OF MINIMAL
SUBMANIFOLDS
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ABSTRACT. In this note we show that the recent dynamical stability result for
small Cl-perturbations of strongly stable minimal submanifolds of C.-J. Tsai
and M.-T. Wang [12] directly extends to the enhanced Brakke flows of Ilma-
nen [5]. We illustrate applications of this result, including a local uniqueness
statement for strongly stable minimal submanifolds amongst stationary vari-
folds, and a mechanism to flow through some singularities of Lagrangian mean
curvature flow which are proved to occur by Neves [7].

1. INTRODUCTION

Recently, Tsai and Wang [12] considered n-dimensional minimal submanifolds ¥ C
M where (M, g) is an (n + m)-dimensional ambient Riemannian manifold. They
consider the partial Ricci operator on the normal bundle N3:

R(V) = trs(R(-, V))*,

where R is the Riemann curvature tensor of (M, g). They call ¥ strongly stable if
R — A is a (pointwise) positive operator on NX, where A is a quadratic expression
in the second fundamental form of ¥ in (M,g). In coordinates this condition is
equivalent to asking that there exists a constant ¢y > 0 such that, for any p € X:
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for any V' =3 _ v%és € NpX, where (&;)i=1,....n and (€q)a=1,...,m are orthonormal
bases of 1,2 and N,X respectively and (hqi;) are the coefficients of A. Note that
strong stability implies the integrand in the second variation formula for the volume
functional is pointwise positive along X, and so X is strictly stable in the usual sense.

Tsai and Wang show that there are many examples of strongly stable minimal
submanifolds, see [12, Proposition A]. Moreover, they show that strong stability
implies local uniqueness of ¥ as a minimal submanifold as follows.

Theorem 1.1 (Theorem A, [12]). Let X" C (M, g) be a compact, oriented minimal
submanifold which is strongly stable. There exists a tubular neighbourhood U of 3
such that 3 is the only compact minimal submanifold in U of dimension at least n.

A further consequence is a dynamical stability result.

Theorem 1.2 (Theorem B, [12]). Let X" C (M, g) be a compact, oriented minimal
submanifold which is strongly stable. If T" is an n-dimensional submanifold that is
1
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close to X in C*, then the mean curvature flow T'y with Ty =T exists for all time,
and I'y converges to X smoothly as t — oo.

We first note the local uniqueness result extends to a considerable weaker setting.

Theorem 1.3. Let ¥ C (M,g) be a compact minimal submanifold which is
strongly stable. There exists a tubular neighbourhood U of ¥ such that, up to higher
multiples of X, there is no other stationary integral varifold with support in U of
dimension greater than or equal to n.

We also show that dynamical stability extends to much weaker initial conditions.

Theorem 1.4. Let X" C (M, g) be a compact, oriented minimal submanifold which
is strongly stable. Then there ezists a tubular neighbourhood U of % such that the
following holds. Let T' be an integral n-current in U which is in the same homology
class (as currents) as ¥ in U such that M[I'] < 2|X|. Furthermore, let {u:}i>0 be
an enhanced Brakke flow starting at I'. Then u; is non-vanishing for any t > 0 and
for t = oo converges smoothly to X.

Here || denotes the volume of ¥ and M] - | the mass of a current. For the definition
of an enhanced Brakke flow see Theorem 2.1. We shall deduce Theorem 1.3 from
Theorem 1.4: both are proved in Section 2.

Remark 1.5. One can drop the assumption that ¥ is orientable by working with
flat chains mod 2 instead of integral currents. Then the same results hold true.

We shall apply our results to show that we can, in some important cases of interest,
flow through the singularities of Lagrangian mean curvature flow which are proved
to occur in the groundbreaking work of Neves [7]. We also obtain global long-
time existence and smooth convergence of an enhanced Brakke flow starting from
weak initial conditions in key examples of complete Ricci-flat manifolds with special
holonomy. See Section 3 for these applications.

Acknowledgements. This research was supported by an HIMR, Focused Research
Grant and Leverhulme Trust Research Project Grant RPG-2016-174.

2. EXTENSION TO ENHANCED BRAKKE FLOWS

Recall that a family of Radon measures (p;)¢>0 on M is called an integral n-Brakke
flow, provided, given any ¢ € C?(M;R™"), the following inequality holds for every
t>0

(2.1) Dupue() < / —p[HP + (Vo, H) dpr,

where D, denotes the upper derivative at time ¢, and H is the weak mean curvature
vector. We take the right-hand side to be —oo if p; is not the mass measure of an
integral n-varifold which carries a weak mean curvature which is summable in L2.
Note that in the case p; corresponds to a smooth motion by mean curvature flow,
Dy is just the usual derivative and we have equality in (2.1). For more details we
refer the reader to [5].
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We recall Ilmanen’s existence result for enhanced Brakke flows, which is proven
using an elliptic regularisation scheme.

Theorem 2.1 ([5], §8.1). Let Ty be a local integral n-current in (M™T™, g) with
0Ty = 0, finite mass M[Ty] < oo and compact support. There exists a local integral
(n+ 1)-current T in M x [0,00) and a family {p}i>0 of Radon measures on M
such that

(1) (a) 0T =Ty

(b) M[Tg], where Tg =T L (M x B), B C [0,00), is absolutely continuous
with respect to L1(B).

(i1) (@) po = pr,, Mpe] < Mpo] for ¢ > 0.
(b) {1t }e>0 is an integral n-Brakke flow.

(#11) pe > piry, () for each t > 0, where Ty is the slice O(T L (M™4F x [t,00))
and w: M x R — M is the projection on the first factor.

Ilmanen calls ({}+>0,7) with the above properties an enhanced Brakke motion.
We will instead call this an enhanced Brakke flow.

Tsai-Wang’s local uniqueness and long-time convergence results (Theorems 1.1-1.2)
hinge on the following estimate for the squared distance function ¥ to 3, which we
reformulate slightly for our purposes. Note, although stated there, orientability of
Y. is not needed for the proof.

Proposition 2.2 (Proposition 4.1, [12]). Let ™ C (M, g) be a compact minimal
submanifold which is strongly stable. There exist positive constants €1 and c1, which
depend on the geometry of M and X, such that on the tubular neighbourhood U,
of ¥ we have:

trnvz’d} > 01’¢ )

where V21 is the Hessian of 1, and tr, is the sum of the smallest n eigenvalues.

We now show how Proposition 2.2 together with White’s barrier theorem, Theorem
A1, yields the proof of Theorem 1.4.

Let X" C (M, g) be a compact, oriented minimal submanifold which is strongly
stable and consider the tubular neighbourhood U = U, given by Proposition 2.2.
Let {u¢}i>0 be an integral n-Brakke flow in (M, g) such that spt ug C U. Recall
c1 > 0 given by Proposition 2.2 and consider for any £ > 0 the function

(2.2) u(p,t) = eah — et .

Then we see that

0
8—1: —tr,Vu< — <0,
and thus by Theorem A.1 that
u(z,t) < &2
on spt ps. Letting € — 0 this implies that
P < e te?

on spt p; and thus
(2.3) spt gy C Up—cye/z,, -
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Proof of Theorem 1.4. Continuing to use the notation above, by making £; smaller
if necessary we can assume that [3]y # 0, where [X]y denotes the homology class
of ¥ in U with respect to integral currents. This implies that the infimum of M[S],
where S represents the same homology class as % in U, is positive, i.e.

(2.4) §:= inf M[S]>0.

SeS)y
Consider now an enhanced Brakke flow ({; }1>0,T') starting at I" such that spt ug C
U. By (2.3) and by Theorem 2.1 (4i7) we have that

SPY fry (1,) C Upmertrag,
and thus spt 7" C U x [0, 00). Since 9(Tjo4) = I' — T; we obain

Oy (To,g) =T — 7y (Ty)
and thus 74 (T;) € [X]y for all t > 0. By (2.4) and Theorem 2.1 (4ii) we obtain
(2.5) (M) = M(my (1)) 26> 0

for all ¢ > 0, and thus the flow is non-vanishing. Observe that the definition of
Brakke flow implies that that for any 0 < ¢; < t5 one has the estimate

(2.6) / 2 / (2 dpuy dt < pug, (M) — iy (M)

where H is the mean curvature vector. Combining this with (2.5) implies that
for any sequence t; — oo there is a subsequence t; — oo such that the flows
{#ete;}—t;<t<co converge to a mon-vanishing Brakke flow {fi;}ier. By (2.3) we
have spt fi; C X for all ¢ € R and by (2.6) we have that fi; is the mass measure of
a stationary varifold for almost all ¢ € R. Thus by the constancy theorem, see for
example [8], we have for any such ¢ that

for some constant multiplicity # € N. By assumption we have M[I'] < 2|X| and thus
the monotonicity of total measure for Brakke flows implies that the multiplicity 6
has to be one. Thus {fi+ }+cr is the static Brakke flow corresponding to 3. Brakke’s
regularity theorem, see [1] or [0, 10], now implies that the convergence is smooth.
This implies that as t — oo the Brakke flow {11 }+>0 converges smoothly to . O

Proof of Theorem 1.53. One can use Proposition 2.2 and the first variation formula
for stationary varifolds to deduce Theorem 1.3. For convenience we use Theorem
1.4. We choose U = U., as above. Assume I'"** is a stationary integral varifold
with sptI' C U. Note first that the barrier (2.2) works for all Brakke flows of
dimension n + k > n. We can thus treat "% as a stationary Brakke flow. The
proof of Theorem 1.4 yields that sptI' C 3. Thus £k = 0 and even more I' is the
varifold associated to ¥ up to a constant multiplicity. ([l
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3. APPLICATIONS

3.1. Singularities of Lagrangian mean curvature flow. Consider a compact
special Lagrangian L in a Calabi—Yau manifold. Suppose that L is strongly sta-
ble. For example, we could assume L has positive Ricci curvature, such as the
zero section in T*S™ with the Stenzel metric [J], since L is then strongly stable
by [12, Proposition A]: this is a consequence of the Gauss equation and the spe-
cial Lagrangian condition, which in particular imposes symmetries on the second
fundamental form of L. It is worth noting that, by the work of Hein—Sun [4], spe-
cial Lagrangian n-spheres with positive Ricci curvature are now known to exist in
certain compact Calabi—Yau n-folds.

Using the work of Neves in [7] we may construct a Lagrangian L’ Hamiltonian
isotopic to L which is arbitrarily C° close to L but Lagrangian mean curvature flow
L} starting at L’ will develop a finite-time singularity. Thus, L’ cannot satisfy the
conditions of Tsai—-Wang’s result, Theorem 1.2.

However, we can choose L’ so that M[L'] < 2|L|, and L’ is homologous to L since
it is Hamiltonian isotopic to L. Moreover, we can ensure that L’ lies in the tubular
neighbourhood U provided by Theorem 1.4, as L’ is C° close to L. Hence, applying
Theorem 1.4 gives that the enhanced Brakke flow starting at L’ exists for all time
and converges smoothly to L.

For all times before the first singular time of Lj, the enhanced Brakke flow will
agree with L}. Hence the enhanced Brakke flow enables us to flow through the
singularity of L} and still converge smoothly to the special Lagrangian L.

It would be useful to study this situation further, to see if this sheds light on the
problem of long-time existence and converge of Lagrangian mean curvature flow.

3.2. Non-compact manifolds with special holonomy. There are several well-
known examples of manifolds M with complete Ricci-flat metrics with special ho-
lonomy and maximal volume growth, which have the structure of a vector bundle
over a compact base:

o T*S™ (n > 2) and T*CP" (Calabi-Yau, i.e. holonomy SU(n), metrics [3, 9]);
e A2T*S* A2 T*CP? and the spinor bundle of S® (holonomy Go metrics [2]);
e the negative spinor bundle of S* (holonomy Spin(7) metric [2]).

In each case the zero section X" of the bundle is volume-minimizing (since it is cal-
ibrated) and strongly stable by [12, Proposition A]. Moreover, the squared distance
function to ¥ is strictly convex away from 0 [11], so we can take U = M in our
Theorems 1.3-1.4 in all of these cases.

We deduce that we get global uniqueness of ¥ amongst stationary integral varifolds
in M with support of dimension at least n, up to multiplicity, and long-time smooth
convergence to ¥ of an enhanced Brakke flow starting at any I' € [X] with mass
strictly less than twice the volume of 3.

Notice in particular in the Calabi—Yau cases that we do not have to start with a
Lagrangian and yet we still get convergence of an enhanced Brakke flow to the spe-
cial Lagrangian base. As the results of Neves indicate [7], one expects singularities
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to develop along the flow, even starting with a smooth Lagrangian initial condition,
and so the enhanced Brakke flow gives a flow through singularities in these cases.
We would similarly expect the mean curvature flow in the Go and Spin(7) cases to
develop singularities in general, yet we can still obtain a flow through singularities
to the volume-minimising base.

APPENDIX A. AVOIDANCE PRINCIPLE IN HIGHER CODIMENSION.

We recall White’s barrier theorem for mean curvature flow, see [13, Theorem 14.1].
We include the proof for completeness.

Theorem A.1 (White). Suppose M is the space-time support of an n-dimensional
integral Brakke flow {ps}tier in Q@ C M. Let u: Q x R = R be a smooth function,

so that at (zo,to),

ou
e < tr,Vu,

where V2u is the spatial ambient Hessian, and tr, is the sum of the smallest n
eigenvalues. Then

u‘Mﬁ{tSto}
cannot have a local maximum at (xg,to).

Proof. Suppose otherwise, for a contradiction. We may assume M = MN{t < ty}
and that u|x¢ has a strict local maximum at (zg,tp). (Otherwise we could replace
u by u— d(x,z0)* — |t — t]?).

Let P(r) = B,(wg) x (to —r?,t0]. Choose r > 0 small enough so that ¢y —r? is past

the initial time of the flow, r is smaller than the injectivity radius at z, ul MAB()

has a maximum at (zg, to) and nowhere else and %1; < tr,V2u on P(r). By adding
a constant we can furthermore assume that Upn(p\P) < 0 < u(zg,tg). We let
u? := max{u, 0} and insert (u)* into the definition of Brakke flow. Thus

0< / (u+)4 d/”'to = / (’U,+)4 d:uto _/ (u+)4 d/’(‘tD*T‘Q
B B

T r

to
< [ (G V) — )" ) duea
to—r2
to a
< / / <at(u+)4 — divy (V(u+)4)> dppdt
to—’r'2
to a
= / /4<(u+)38tu+ —3(u)HVMuT? — (uh)3diva (V(u+))> dpedt
to—r?
Ot(] a
< / /4(u+)3 <u+ - trnV2u+> dpdt <0,
tO*"‘Q 6t
which is a contradiction. (]

REFERENCES

[1] Kenneth Brakke, The motion of a surface by its mean curvature, Princeton Univ. Press,
1978.

[2] Robert L. Bryant and Simon M. Salamon, On the construction of some complete metrics
with exceptional holonomy, Duke Math. J. 58 (1989), no. 3, 829-850.



(3]
(4]
(5]
(6]
7]
(8]
(9
[10]
(11]
(12]

(13]

CONSEQUENCES OF STRONG STABILITY OF MINIMAL SUBMANIFOLDS 7

E. Calabi, Métriques kdhlériennes et fibrés holomorphes, Ann. Sci. Ecole Norm. Sup. (4) 12
(1979), no. 2, 269-294.

Hans-Joachim Hein and Song Sun, Calabi-Yau manifolds with isolated conical singularities,
2016, arXiv:1607.02940.

Tom Ilmanen, Elliptic regularization and partial reqularity for motion by mean curvature,
Mem. Amer. Math. Soc. 108 (1994), no. 520, x+90.

Kota Kasai and Yoshihiro Tonegawa, A general reqularity theory for weak mean curvature
flow, Calc. Var. Partial Differential Equations 50 (2014), no. 1-2, 1-68.

André Neves, Finite time singularities for Lagrangian mean curvature flow, Ann. of Math.
(2) 177 (2013), no. 3, 1029-1076.

Leon Simon, Lectures on geometric measure theory, Centre for Mathematical Analysis, Aus-
tralian National Unversity, 1983.

Matthew B. Stenzel, Ricci-flat metrics on the complexification of a compact rank one sym-
metric space, Manuscripta Math. 80 (1993), no. 2, 151-163.

Yoshihiro Tonegawa, A second derivative Holder estimate for weak mean curvature flow,
Adv. Calc. Var. 7 (2014), no. 1, 91-138.

Chung-Jun Tsai and Mu-Tao Wang, The stability of the mean curvature flow in manifolds of
special holonomy, 2016, to appear in J. Differential Geom., available at arXiv:1605.03645.
, A strong stability condition on minimal submanifolds and its tmplications, 2017,
arXiv:1710.00433.

Brian White, Topics in mean curvature flow, 2015, notes by O. Chodosh, available at https:
//web.math.princeton.edu/~ochodosh/notes.html.

DEPARTMENT OF MATHEMATICS, UNIVERSITY COLLEGE LONDON, 25 GORDON ST, LONDON WCI1E
6BT, UK

E-mail address: j.lotay@ucl.ac.uk, f.schulze@ucl.ac.uk


https://web.math.princeton.edu/~ochodosh/notes.html
https://web.math.princeton.edu/~ochodosh/notes.html

	1. Introduction
	2. Extension to enhanced Brakke flows
	3. Applications
	3.1. Singularities of Lagrangian mean curvature flow
	3.2. Non-compact manifolds with special holonomy

	Appendix A. Avoidance principle in higher codimension.
	References

