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Abstract

The main theme of this thesis is on the push-forward construction of motivic cohomology classes for
Shimura varieties. This strategy was successfully employed in work of Lei-Loeffler-Zerbes et al to
construct new Euler systems for Galois representations attached to certain cohomological automor-
phic forms, which have been used to prove new cases of the Bloch-Kato conjecture. In this thesis,
we describe two new push-forward constructions for Shimura varieties associated to the symplectic
group GSpg and the unitary group GU(2,2), and their distribution relations.

First, we describe the joint work with Joaquin Rodrigues Jacinto on the construction of classes
in the seventh cohomology group of the Shimura variety for GSpg; these classes have coefficients in
a local system associated to an irreducible algebraic representation of GSpg of arbitrary weight. The
classes are defined as push-forward of elements in the cohomology of a triple product of modular
curves. We prove a trace compatibility result for these classes and use it to deduce Euler system
norm relations in the cyclotomic tower at any rational prime p.

Secondly, we explain the construction of classes in the fifth motivic cohomology group of the
Shimura variety for GU(2,2). They are obtained as the push-forward of GSp,-Eisenstein classes
along the Gysin morphisms of a closed immersion of the Shimura variety for GSp, inside the one for
GU(2,2). By perturbing the aforementioned immersion, we construct a two variable family of push-
forward classes that satisfies certain norm relations. To derive these, we first prove, more generally,
some distribution relations for the GSp,,-Eisenstein classes and then translate them into those for

the push-forward classes.



Impact Statement

In 2012, Lei, Loeffler and Zerbes initiated a program devoted to proving new cases of the Birch
and Swinnerton-Dyer conjecture, which is listed as one of the Millennium Prize Problems by the
Clay Institute, and generalisations, such as the Bloch-Kato conjecture. Their strategy consists in
constructing new Euler systems. The main contribution of this thesis to the programme is promising
supporting evidence to the construction of a new Euler system, which will lead to the proof of new
cases of the Bloch-Kato conjecture. We intend to come back to these points in the near future.

We expect that the results of this thesis will have impact in various areas of Mathematics. In-
deed, we have been using tools from Number Theory, Geometry, and Representation theory. Thus,
we believe that our work will influence and generate new research in these areas. To achieve this im-
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research in various occasions around Europe; the list of hosting institutions includes EPFL (Switzer-
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Chapter 1

Introduction

The construction of special elements in the cohomology of Shimura varieties constitutes one of
the main tools to study the arithmetic of Galois representations appearing in the cohomology of
Shimura varieties and their relation to special L-values. It has played a crucial role in proving
cases of Beilinson’s conjecture (e.g. [Bei86], [Kin98], [Lem17] etc.), and in studying the structure
of Selmer groups of those Galois representations (e.g. [Kat04], [BDR15b], [LLZ14], [KLZ17],
[DR17], [LSZ17] etc.). In the latter situation, the method of bounding Selmer groups often relies on

the theory of Euler systems.

1.1 Euler Systems

The theory of Euler systems is a powerful tool to prove cases of the Birch and Swinnerton-Dyer
conjecture and generalisations, such as the Bloch-Kato conjecture, and constitutes one of the only
few known approaches to tackle those questions down. In the 1960s, Birch and Swinnerton-Dyer
conjectured a mysterious relation between the rank of the group of Q-rational points of an elliptic
curve E over the field of rational numbers Q and the behaviour at the central critical value s = 1 of
its complex Hasse-Weil L-function L(E,s), which was not known to be defined at s = 1. (Thanks
to the pioneering work of Wiles and successive refinements of Breuil, Conrad, Diamond and Taylor,
we now know that the Hasse-Weil L-function of elliptic curves over Q extends to an entire function
on C). Based on work of Gross and Zagier, in the late 1980s Kolyvagin proved special cases of the
conjecture for modular elliptic curves over Q in [Kol90], by giving a bound of their Selmer group.
Kolyvagin’s method was based on the construction of a system of Galois cohomology classes for
the p-adic Galois representation of the elliptic curve, defined over anticyclotomic extensions of an
imaginary quadratic field. These classes are constructed from a particular family of points of the
elliptic curve, called Heegner points, which are images under the modular parametrisation of CM
points in the modular curve.

Inspired by this construction and Thaine’s method to bound ideal class groups of real abelian
extensions of Q using cyclotomic units, in [Rub00] Karl Rubin proposed a general machinery to

bound Selmer groups associated to p-adic representations V of Gal(Q/K), for K number field.
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His method is subject to the existence of an Euler system for V, which is a collection of Galois
cohomology classes for V defined over abelian extensions of K satisfying certain relations under the
corestriction maps, with non-zero bottom class (i.e. the class defined over K). Rubin showed that
the existence of such an Euler system has important I[wasawa-theoretic applications.

Independently, in [Kat04] Kato discovered similar techniques to bound Selmer groups using
Euler systems, and he constructed an Euler system for the p-adic representation V,,(f) of Gal(Q/Q),
for a normalised cuspidal eigenform f of weight k > 2 and level N: his starting point are objects
of geometric nature, namely cup products of Siegel units in K> of modular curves. Siegel units
are algebraic realisations of meromorphic functions on complex elliptic curves. The values of their
logarithmic derivatives at torsion points are related to Eisenstein series and values of the Hasse-
Weil L-function (by the so-called “Kroenecker’s second limit formula™). Kato proves an explicit
reciprocity law, by relating the non-vanishing of the bottom class to the non-vanishing of the L-
function of the modular form f at the point s = 1. In the case when this value is non-zero, he obtains
bounds on Selmer groups, giving a different proof of some cases of the Birch and Swinnerton-
Dyer conjecture proved by Kolyvagin, and he proves partial results on the Iwasawa Main conjecture
for modular elliptic curves over Q. The construction of Kato relies on the fact that the p-adic
representation attached to f “comes from geometry”, in the sense that its dual (V,, f)* can be realised
as a quotient of the first étale cohomology group of the modular curve over Q with coefficients in an
opportune étale local system.

Despite the differences between the construction of Kolyvagin and the one of Kato, both fam-
ilies of Galois cohomology classes have the property that they arise in a geometric fashion from
objects (points, resp. units) on the modular curve which already satisfy distribution relations in the
“geometric world” (as elements of group of rational points, resp. as elements of the étale/motivic
cohomology of the modular curve). Thus, these constructions suggest that a good starting point for
constructing new Euler systems is the case of p-adic Galois representations which can be realised as
subquotients of (a twist of) étale cohomology groups of schemes Y defined over number fields with
a rich supply of geometric objects on them.

Because of their incredible applications, it turns out that Euler systems are extremely difficult
to construct, and soon after the construction of Kato there was little progress in this direction for
about ten years. Building upon the seminal work of Bertolini, Darmon and Rotger ([BDR15a],
[BDR15b]) on Beilinson-Flach classes in the étale cohomology of a product of modular curves,
Lei, Loeffler and Zerbes constructed in [LLZ14] the Euler system of Beilinson-Flach elements for
a certain twist of the tensor product of p-adic representations associated to two modular forms of
weights bigger or equal than 2. These p-adic representations are realised as subquotients of a suitable
étale cohomology group of a product of modular curves, and the Euler system construction relies
again on the existence of Siegel units. The Beilinson-Flach classes are obtained as pushforward

along perturbations of the diagonal embedding of a Siegel unit, which can be regarded as an element
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in the cohomology of one modular curve. Remarkably, in [KLZ17] Kings, Loeffler and Zerbes
studied the variation of the Euler system in p-adic families of modular forms and were able to
establish an explicity reciprocity law; thus, they deduced certain cases of a refined version of the
Birch and Swinnerton-Dyer conjecture ([KLZ17], [KLZ15]). Building on these new ideas, new
Euler systems have been recently constructed in the case of Hilbert modular forms (see [LLZ16])
and genus 2 Siegel forms ([LSZ17]), and this strategy has also successfully been applied in various
contexts (e.g [LZ16]).

Independently, in [Jet14], [BBJ15], progress has been made in building Euler systems for Ga-
lois representations of cohomological automorphic representations of certain products of unitary
groups from special cycles, which fit in the context of Gross-Zagier type conjectures (e.g. [Zhal7,
Conjectures 2.3 and 3.4]) and are the natural higher dimensional analogue of the Euler system of

Heegner points.

1.1.1 An orientative definition

Fix a prime number p and let V be a finite dimensional Q,-vector space with a continuous action
of Go = Gal(Q/Q), which is unramified outside a finite set of primes ¥ containing p. Denote
by V*(1) the Q,-dual of V twisted by the cyclotomic character, and by Selgk (V) its Bloch-Kato
Selmer group, which is a subgroup of H'(Q,V*(1)) cut out by local conditions (cf. [BK90]). By
H'(Q,V*(1)) we denote continuous group cohomology of the absolute Galois group of Q acting on

V*(1). The (weak) Bloch-Kato conjecture predicts that
ords— L(V,s) = dimg, (Selgk (V)) — dimq, (H°(Q,V*(1))).

Non-trivial Euler systems are used to give bounds of Bloch-Kato Selmer groups which, if in possess
of information on the behaviour of L(V,s) around s = 0, are used to prove cases of this conjec-
ture. The construction of Euler systems amounts to showing the existence of a family of Galois
cohomology classes satisfying precise distribution relations.

Following the definition of Rubin in [Rub00, §1], an Euler system ES for a G-stable Z,-lattice
T of V is a collection of Galois cohomology classes {ES,,; }>1, where ES,, € H'(Q(&,),T*(1)) and

ES,., if¢|mortex;

Q(Cm/) —
coresy 2 ES,, =

P,(Frob,")ES,, otherwise,
where Py(X) :=det(1 - F rob[lX |V) € Z,[X] is the characteristic polynomial of the inverse of the
arithmetic Frobenius Frob,.
We remark that the Euler system of Heegner points are excluded from this definition. It is also
worth mentioning that there are cases (e.g. [DR14], [DR17]) where only the “bottom” class z; is

used to bound the Selmer group by an argument using Hida Theory.
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1.1.2 The push-forward construction

Suppose that a twist of 7*(1) appears as a sub-quotient of
Hét(ShG(U)Q,.i”(j)), for some i, j >0

where Shg(U) denotes the canonical model over Q of a Shimura variety associated to a reductive
group G of level U C G(Ay) and .Z is an étale Z,-sheaf. This is not a restrictive condition; such
condition will indeed be satisfied in the cases discussed.

In this setting, we can try to build an Euler system as follows. Consider the projection map
prr : Hy(Sha(U)g, £ (j) — T*(1).

We want to construct classes in H'(Q(&), H (Sha(U) g, £ (j))) satisfying the Euler system norm
relations; the Euler system for 7%(1) will be the images of these classes under the projection
prr. By using the Hochschild-Serre spectral sequence (and eventually killing the Galois in-
variant classes in Hé:“ Y(Shg(U )a,-Z(j))), we reduce the problem to the construction of classes
zm € H ' (Shg(U )Q(&n)»-Z (J)), satisfying the norm relations under trace maps.

Suppose there exists a sub-variety 1 : ¥ < Shg(U) with the following properties:

1. If we let d be the codimension of Y in Shg(U), then we have k +2d = i+ 1, so that the

pushforward along t gives
L Hy (Y, 0 Z(j—d)) — Hg (Sha(U), £(j);

2. There exists a supply of geometric classes in HX (Y,1*.Z(j — d)).

We then define the class z; as the image under 1, of a suitable geometric class in HX (Y, 1*.Z(j —d)).
To construct classes over Q((,,), we use the right-translation action of G(A y) on the Shimura variety

Shg to perturb the embedding t. Precisely, we define maps {1, }m>1, where

lm = l/lm otL: YQ(Cm) — ShG(U)Q(C'")’

for certain u,, € G(Ay) such that Shg(U)q(z,) =~ She (uy,'Uny) as Q-schemes. We then take the
push-forward along 1, of the appropriate class in Héf[(YQ< ¢ U2 (j—d)). Notice that the choice of
uy, is very delicate and ensures that the class constructed is not a simple base-change to Q({,,) of z;.

In many cases in the literature, one constructs classes
U i+1 .
2 € Hy ' (Sha(U)g(g,),-Z (1)),

which are compatible under push-forwards as U varies in a certain family of level subgroups of
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G(Ay). This is achieved by taking push-forward along 1y : Yy — Shg(U) of classes, each in
H¥

et

(Yu, 15,2 (j —d)), which are compatible under push-forward of morphisms ¢, : Yy — Yy
for U’/U finite étale. The family of subvarieties {Yy }y is required to satisfy the following: if

Y, - Shg(U) — Shg(U') is finite étale, we have a commutative diagram

Yy ———— Shg(U)

o0 l lng,

Yo —— Y she(U).

The push-forward compatibility of zJ as U varies follows immediately from the fact that
Tcg/,* Olyx =y’ « O¢llJ]’,*’

and the compatibility of the geometric classes under ¢g, Y
These push-forward relations are used in the proof of Euler system norm relations and are employed

in a crucial way in the study of variation of Euler systems in p-adic families.

1.1.3 Some examples

Finding suitable subvarieties with a rich supply of cohomology classes is quite a hard task to accom-
plish in general and it is usually dictated by properties of the underlying L-function of the represen-
tation. At present, the majority of cases where this strategy has been successful are characterised
either by having Y a modular curve or a fibre product of modular curves and as associated cohomol-
ogy classes étale realisations of Siegel units and Eisenstein classes of the modular curve, pull-back
or cup-product of them ([Kat04], [BDR15b], [LLZ14], [LLZ16], [LSZ17] etc.), or by taking the
étale realisation of special cycles ([DR17], [Jet14] etc.).

For instance, the motivic class underlying the construction in [LLZ14] of the Euler system
of Beilinson-Flach elements (studied in [Bei85], [Fla92], [BDR15a], [BDR15b] etc.) is given by
the push-forward to H3 ,(Shgr, (K1 (N))?,Z(3)) along the diagonal embedding Shgy,, < Sh%;L2 of
a Siegel unit .gy € O(Shgr,(K1(N)))*. The image under the Beilinson regulator rp to Deligne
cohomology of this class is intimately connected to values of the Rankin-Selberg L-function of the
convolution of two modular forms ([Bei85, §6]).

On the other hand, the use of the étale realisation of cycles coming from subvarieties of ap-
propriate co-dimension has given extraordinary results towards the Bloch-Kato conjecture of the
corresponding representation. These cases give Kolyvagin type Euler systems, which consist of
a collection of Galois cohomology classes with distribution relations over a tower of ramified ex-
tensions of the base field which differs from the cyclotomic one. Examples are given by Heegner
points, i.e. CM points of the modular curve Shgr,, (Ko(N)), as in [Kol90], [Gro91], or by special CM

cycles (e.g. [Jetl4], [BBJ15], [Cor09]). In [Jetl4], distribution relations over the anti-cyclotomic
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tower of a CM field E of certain cycles on a unitary Shimura variety for U(2,1) x U(1,1) of re-
flex field E are taken under observation. For instance, if [E : Q] = 2, the motivic bottom class in
Hy} o (ShG(K) /g, Z(2)) is the push-forward of the cycle 1y € Hp\((Shy 11y (KNU(1,1)) /g, Z) cor-
responding to the identity connected component Y of the Shimura variety Shy;(; 1) under a diagonal
embedding Shy(1,1) < Shy(2,1) X Shy(y,1). This cycle appears naturally in the setting of the arith-
metic Gan-Gross-Prasad conjecture (e.g. [Zhal7, §3.1, 3.2]).

Finally, it is worth mentioning the work of Darmon and Rotger, who intensively studied (e.g. in
[DR14], [DR17]) the arithmetic significance of diagonal cycles constructed as the push-forward A
of Lshgy, € Hyot(Sher,,Z) to Hp o (Sh¢y,, Z(2)) along the diagonal embedding Shgr, < Shgyy ..
These elements do not satisfy distribution relations as in the previous cases, but, by Hida theoretic
methods, are used to prove new cases of the equivariant Birch and Swinnerton-Dyer conjecture. If
f,&, h are three modular forms of weight 2, the height of the (f, g,h)-isotypic component of A can be
related to the first derivative of the triple product L-function L(f x g x h,s) at s =2 ([YZZ], building
on the integral formula of [Ich08]).

All these constructions are supported by an intimate connection to special values of the cor-
responding L-function. This should be seen as a sort of guideline to whether expect interesting

arithmetic applications from the construction in exam.

1.1.4 New constructions

The main theme of this thesis is testing the push-forward construction in two new cases:

1. The first construction arises from Siegel units and gives classes in the motivic cohomology
of the Shimura variety for the symplectic similitude group GSpg. Via the étale regulator, we
obtain Galois cohomology classes for representations appearing in the middle degree étale
cohomology of the Shimura variety. There is evidence that suggests that our motivic class
is related to values of the spin L-function for certain cuspidal automorphic representations of

GSps ([PS18b]).

2. The second one uses the push-forward of GSp, Eisenstein classes ([Kin98], [Wil06], and
[Fal05]) to the cohomology of a Shimura variety associated to the unitary group GU(2,2).
The relation of this motivic class with values of the exterior square L-function of certain
automorphic representations of GU(2,2) is yet unknown. We intend to investigate it in a

future project.

Before describing the two constructions, we would like to stress the importance of exploring
the technique for Eisenstein classes attached to symplectic groups larger than GL;. Unfortunately,
there are cases where either the construction of an Euler system from Eisenstein classes for GL; or
special cycles might not be possible, or where results from the theory of automorphic forms would

suggest that we might expect different and conceptually more suitable constructions. For instance,
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there are integral representations of automorphic L-functions which use Eisenstein series associated

to higher rank groups:

* In [BG92] the integral representation of Bump and Ginzburg of the spin L-function of auto-
morphic forms of GSp, is obtained by integrating over GSp, X GSp¢ a Siegel Eisenstein

series for GSpg;

* The integral in [PSR87] of Piatetski-Shapiro and Rallis gives a representation of the (triple
product) L-function associated to the natural 8-dimensional representation of GL, XIGL, X

GL; by restricting a Siegel Eisenstein series for GSpg.

We would like to remark that the construction of motivic classes in the cohomology of symplec-
tic Shimura varieties, whose realisation under the Beilinson regulator is related to Siegel Eisenstein
series is still an open problem. Moreover, at present little is known on the range of possible appli-
cations of the Eisenstein classes for GSp,, of [Kin99] to the study of the arithmetic of automorphic
forms. Nevertheless, Lemma has proved that the motivic Eisenstein classes for GSp,, are non-zero,
by studying their residue to the dimension zero component of the Baily-Borel-Satake compactifica-
tion of Shgsng (see [Lem16]). The p-adic theory of these classes has been extensively explored by

Kings in [Kin15c], extending previous results of [Kin15a] in the GL;-setting.

1.2 Towards an Euler system for GSpq

Together with Joaquin Rodrigues Jacinto, we construct elements in the cohomology of the Shimura
variety of the symplectic similitude group G = GSpg. These classes are defined over cyclotomic
extensions of Q and satisfy norm compatibility relations in the cyclotomic tower at p, which differ
from the Euler system norm relations because a Hecke operator appears. This phenomenon is present
in the constructions of [LLZ14], [LLZ16], and [LSZ17], and it has a conjectural explanation ([LZ17,
§5D.

1.2.1 Setting

We consider the subgroup
H = GL; x4t GL X4t GL2 = {(A,B,C) : A,B,C € GL;,detA = detB = detC} C G,

which, after a suitable choice of maps from the Deligne torus to Hgr, denoted by Xy, induces an em-
bedding 1 : Shg = Sh(H, Xy) < Sh(G,Xg) = Shg. By pulling back Beilinson’s Eisenstein symbol
in the motivic cohomology of the modular curve associated to the first GL,-copy of H, we get ele-
ments in the first motivic cohomology group of Shy. Their push-forward along 1 thus gives elements
in the seventh motivic cohomology group of Shg. One then uses the natural action of G(A ) on the
Shimura variety Shg to perturb these classes and obtain a whole compatible system of cohomology

classes defined over ramified extensions of the base field.
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1.2.2 Motivation

Let w be a cohomological automorphic cuspidal representation of G(Ay). After projecting to the
T-isotypic component, the motivic classes that we construct are expected, according to Beilinson’s
conjectures, to be related to special values of the degree eight spin L-function L(s, 7, spin) associated
to . This is motivated by recent work of Pollack and Shah ([PS18b]), who have given (under certain
hypotheses on 7) an integral representation of the (partial) spin L-function of 7, by integrating over

H a GL,-Eisenstein series against a cusp form ¢ in the space of 7.

1.2.3 Main results

By applying the étale regulator map and employing the action of the Hecke algebra of G, we prove

the following.

Theorem 1.2.1. Let 47, be the Z-local system associated to the irreducible algebraic representa-
tion of G of highest weight . = (A > A, > A3). For each integer k such that |Ay — Ay — A3 < k <

M—A+ A3 and Y ; A = k (mod 2), there exists a family of étale cohomology classes

ke H;t(ShG(Kn,o)/Q@pm)7«»2”2,, (4+4q)),

forq= %’%", which satisfies the following norm relations:

K, 2z, Z,
1. Forn>1, (erZ;l’O)*(ZnJF’]f’m) = Zn,mk;

Q(épm+l)( Pk )= U Lk

2. Forn,m > 1, noer(CpM Zymi1) = o3 Znm

where @/If is the Hecke operator associated to the double coset of diag(p=3,p~2,p~%,p~ ,p~1,1) €
G(Qp) C G(Ay), and o), is the image of p~! under the Artin map Q) — A} — Gal(Q(&pm)/Q).

By K, o we mean a tower of sufficiently small level subgroups of G(i) defined by certain
congruences modulo powers of p (cf. §4.2.3). The proof of the Theorem 1.2.1 is an adaptation of
the methods used in [LLZ14].

By using the theory of A-adic Eisenstein classes developed in [Kinl5b], we also show that
the classes vary p-adically in families as the local system %%, varies. We thus obtain a universal
class interpolating them all. Taking specialisations of this universal class, one obtains further étale
cohomology classes which do not a priori come from a geometric construction. These aspects will
appear in [CRJ18].

Let us briefly mention some immediate applications of our theorem. Using results from

[MTO02], one can project our classes to the groups

H'(Q(Em),Va(9)),

where 7 is a suitable automorphic representation of G(A¢), Vy is the p-adic Galois representation
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associated to 7w ([KS16, §8]), and g is as in Theorem 1.2.1. After imposing a ?/p’ -ordinarity condition
on Vy, in Theorem 4.3.3 we modify the classes above constructed to define Galois cohomology
classes in the Iwasawa cohomology of V. Applying the general machinery of Perrin-Riou, this

allows to define a p-adic spin L-function for this automorphic representation.

1.2.4 Towards new Euler systems

We finally mention that this work should be seen as a starting point and that there are still many
unsolved questions about these classes. The crux is the proof of the so-called tame norm relations,
comparing classes over fields Q(,,¢) and Q({,,) where ¢ does not divide m. At the moment, it seems
very hard to adapt the technique introduced in [LSZ17], which relies on the local Gan-Gross-Prasad
conjecture for the pair (SO4,SOs). This is due to the fact that, if 7 is an unramified principal series
representation of G(Qy) and p is a principal series representation of GL2(Qy), the space of bilinear
forms

HomH(QA)((pﬁ 11X IL) ®7T,C)

fails to be one dimensional. It also seems to be very difficult to show that these classes are non-zero.

The relation between the special values of the p-adic spin L-function and the complex L-
function are still mysterious. We expect an explicit reciprocity law to hold, relating values of Bloch-
Kato’s dual exponential maps of our Iwasawa class to certain values of the complex spin L-function.
One should also be able to calculate the complex regulator of the motivic classes in terms of the
complex spin L-function using the techniques of [Kin98] and [Lem17]. We are at the moment work-
ing on some of these points and we expect this work to be the first one of a series devoted to the

study of the arithmetic of automorphic forms for the group G.

1.3 Norm compatible elements for GU(2,2)

In Chapter 5, we construct a two variable family of cohomology classes in the fifth degree motivic
and étale cohomology of the Shimura variety Shgy ;2 attached to a similitude unitary group G =

GU(2,2) of signature (2,2), which satisfy certain compatibility relations.

1.3.1 Setting

We consider the subgroup H := GSp, C G (via the natural map H C GL4) and an embedding of
Shimura data (H,Xg) — (G,X¢). It induces an embedding of the corresponding Shimura varieties
1 : Shg < Shg of co-dimension 1. The motivic constituents of our family are the push-forward
along 1 of Eisenstein classes for H, as defined by [Kin99] and [Fal05]. By using the action of G(A f)
on Shg, we obtain a compatible system of cohomology classes over a certain two variable tower of
level subgroups.

This constitutes the first example in literature where Eisenstein classes for H are employed

in a push-forward construction, and it presents an unexpected behaviour, which we believe to be
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always present in any push-forward construction of this kind, that obstructs the method employed
in [KLZ17], [LLZ16], [CRJ18], [LZ18] to give a norm-compatible system of cohomology classes

defined over ramified extensions of the base field.

1.3.2 Main results

Fix a prime p, which is either split or inert in the imaginary quadratic field defining G. By employing
the action of the Hecke algebra of G and the étale regulator, we define a family of cohomology
classes

Znm € Hést(ShG (Un,m) 5 Zp (3)) .

By U, ,» we mean a sufficiently small open compact subgroup of G(Z) formed by elements whose
reduction modulo p” is in a mirabolic subgroup of the Klingen subgroup of G (Definition 5.1.6),
and whose reduction modulo p™ lies in a one dimensional subgroup of the maximal torus of G. We

show the following.

Theorem 1.3.1. There exists a family of cohomology classes znm € H3,(Shg (Unm),Zy(3)), which

satisfies the norm relations

U,
~n+l‘m)* (Zn+1,m) = Zn,m>
n,m

(pry
ljn.m+ 1

(pr[/nm )*(Zn7m+]) = %p/ *Zn,m,

whenever m > 1 and n > 3m+ 3; %p’ is the Hecke operator associated to the double coset of

diag(p—3,p~2,p~",1) € G(Q,) C G(Ay).

The compatibility with respect to n follows from the analogous statement for the Eisenstein
classes for H. This is the subject of §3.4, where we show, more generally, that the Eisenstein
classes for GSp,, are compatible in the mira-Klingen tower (Proposition 3.4.8) and then deduce
compatibility relations for any push-forward of them (Corollaries 3.4.11 and 3.4.12). Proposition
3.4.8 generalises a method used in [Sch98] for the g = 1 case. As a direct consequence of these
compatibility relations, we can construct A-adic Eisenstein classes for Gszg , which arise from
the integral construction of [Fal05, §3], and compare them with the Eisenstein-Iwasawa classes
introduced in [Kin15c].

The proof of Theorem 1.3.1 for the compatibility with respect to m is more elaborate and it is
based on ideas which have been employed in the proof of [KLZ17, Theorem 5.4.1] for the vertical

Euler system norm relation of the Beilinson-Flach classes.

1.3.3 Cyclotomic norm relations
In §5.4 we discuss the obstruction we face when trying to deduce from Theorem 1.3.1 an Euler
system norm compatibility of these classes in the cyclotomic tower at p and discuss a few similar

cases where the same obstruction appears.
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Finally, we would like to remark that one expects to prove a relation between our classes and values
of the exterior square L-function of automorphic representations of G appearing in the middle degree

cohomology of Shg.

1.4 Future directions

We intend to generalise the work of this thesis in many different directions; in this section, we briefly

describe some of the questions we intend to tackle in the near future.

1.4.1 Tame norm relations for GSpg

In Chapter 4, we construct a system of cohomology classes compatible in the cyclotomic tower at p
for p-adic Galois representations appearing in the middle degree cohomology of Shgsy,. However,
in order to apply the Euler system machine of [Rub00] and, thus, obtain bounds (under standard
assumptions) on Bloch-Kato Selmer groups of these Galois representations, we need to establish
the cyclotomic norm relations of our cohomology classes at tame primes. We are currently working
on these relations, by exploring two different directions. On the one hand, we are analysing a very
interesting approach, suggested by Dimitar Jetchev, based on adapting techniques used in the case of
special cycles on unitary Shimura varieties in [Jet14] and [BBJ15]. On the other hand, we intend to
understand how to reduce the problem to a local statement involving the unramified calculations in
[PS18b], thus modelling techniques [LSZ17] for a setting which lacks of a local Gan-Gross-Prasad

conjecture.

1.4.2 Vertical norm relations for GSpégg2

Constructing non-trivial elements in the Iwasawa cohomology of Galois representations has highly
sophisticated arithmetic consequences, such as the construction of p-adic L-functions (e.g. [Kat04],
[Col00]); the method introduced in [KLZ17] and axiomatised in [LZ18] gives a recipe for building
classes in the Iwasawa cohomology of Galois representations appearing in the étale cohomology of
Shimura varieties.

Recently, we have been investigating a new push-forward construction involving Siegel units
for representations appearing in the middle degree étale cohomology of GSpéEjgz. At present, we can
construct classes defined over cyclotomic fields, and use the method of loc.cit. to show the Euler
system norm relation in the cyclotomic tower at p for small g cases. We are working on extending

the result in general.

143 Archimedean regulator formula for GU(2,2)

There are various aspects of the theory of Eisenstein classes that are still unexplored. For example,
it would be very useful to explicitly calculate the residue at the boundary of the Baily-Borel-Satake
compactification of the motivic Eisenstein classes for GSp,, , extending Lemma’s recent results in
[Lem16]. This would possibly lead to an Archimedean regulator formula for the motivic classes of

Chapter 5, by generalising methods used in [Lem17] and [PS18a]. As a first step towards it, we
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intend to give a representation for the exterior square L-function of certain automorphic representa-
tions 7 of GU(2,2), integrating a cusp form in the space of 7 with a GSp,-Klingen Eisenstein series

over the automorphic quotient Zgsp, (A)\[GSpy].

1.4.4 Euler Systems for GU(2,2)

At present, the classes constructed in Chapter 5 from push-forward of GSp,-Eisenstein classes do not
give norm compatible elements over cyclotomic extensions of Q. Nevertheless, we aim to construct
an Euler system for Galois representations appearing in the middle degree étale cohomology group
of Shgy(2,2)- Similarly to the case of GSpg treated in this thesis, the construction is based on taking
pull-back and push-forward of Siegel units and Eisenstein classes for modular curves. Precisely, we
have an embedding of H := GL, X GL; — GSp, — GU(2,2) =: G which induces a morphism of
Shimura varieties 17 : Shy(U N"H) — Shg (U) of codimension 2 for sufficiently small U C G(Ay).
Then, we can construct classes in the fifth degree cohomology group of Shg by first pulling back
Beilinson’s Eisenstein symbol for Shgy,, to Shy and then taking the push-forward under the Gysin

morphism of 1. This construction is motivated by the following facts.

» Recent (yet unpublished) work of Aaron Pollack and Shrenik Shah on an Archimedean reg-
ulator formula for the corresponding motivic classes by giving a representation of the exte-
rior square L-function of cuspidal automorphic representations 7 (supporting the appropriate
Fourier coefficient) of G by integrating a GL;-Eisenstein series against a cusp form ¢ € @

over the automorphic quotient Zg(A)\ [H].

» The technique of [LZ18] applies to this setting and enables us to construct classes defined over
cyclotomic extensions, which satisfy the Euler system norm relations in the cyclotomic tower

at p.
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1.5 General Notation

For the readers’ convenience, we collect here some of the notation used in the thesis.

We fix an algebraic closure Q of the field of rational numbers Q. For a rational prime p, we
denote by Q,, the p-adic completion of Q and by Z, the ring of p-adic integers; we also fix an
embedding Q — Q ». We denote by Q(,,) the m-th cyclotomic extension of Q, where ,, denotes
a primitive m-th root of unity. Let f,, denote the subgroup of the m-th roots of unity in Q*. We
denote the inverse limit Lillln Uy by Z,(1) and for any Z,-module 7 and integer j, we denote T @z »
(Z,(1)®7) by T(j). We also fix a basis of Z,(1), by choosing a system of compatible p"-th roots
of unity { = (), for any rational prime p. For a finite or empty set S of finite primes, we denote
Z° =Tl,¢sZp and Zs = [1pes Zp-

For a number field E, we denote by Galg = Gal(Q/E) its absolute Galois group and by Ag
the ring of adeles of E. Moreover, Gal%b is the Galois group of the maximal abelian extension of
E. In the case of E = Q, we will simply denote by A and A the adeles and the finite adeles of Q,
respectively.

For an integer n, we denote by GL,, the general linear group over Z; in the case of n = 1, we
identify GL; with the multiplicative group Gy,. For a ring homomorphism R — S and a scheme
X over S, we denote by Resg/r(X) the R-scheme given by the restriction of scalars of X/S. In
particular, we denote by S the Deligne torus Resc /R(Gm). For a reductive group G over Z, we

denote by K;(N) or K(N) the kernel of the reduction modulo an integer N:
KG(N) = G(Z) — G(Z/NZ) — 0.

For two reductive groups G, G, with multiplier maps V; : G; — Gy, we sometimes denote by G| X
G>, their fibre product G| Xy, v, G2.

By an abelian scheme A over a base S, we mean a proper, smooth S-scheme with geomet-
rically connected fibres. For an abelian scheme 7 : A — S, we denote by A[N] the kernel of the
multiplication-by-N morphism and by T,,A or .z, its p-adic Tate module (Rlnr*Zp)V. We some-
times denote by wy /S the S-scheme of primitive N-th roots of unity.

For a commutative ring R and an R-module M, we denote by Sym*(M) the module of X;-
coinvariants of the k-fold tensor product of M and by TSym¥ (M) the module of Z-invariants of the
k-fold tensor product of M, where X; denotes the symmetric group on k elements. There is a natural

morphism Sym* (M) — TSym* (M), which becomes an isomorphism after inverting k!.



Chapter 2

Preliminaries

In this chapter, we recall results on Shimura varieties and on the motivic and étale cohomology
theories, which will be extensively used in the later chapters.

In particular, in §2.1.5, we study a certain tower of level structures for symplectic Shimura varieties,
which is crucially needed for proving distribution relations of Eisenstein classes in the cohomology

of symplectic Shimura varieties in §3.4.

2.1 Shimura varieties

In the following, we give a very brief introduction to some aspects of the theory of Shimura varieties.
We mainly follow [Del71], [Mil05], and [Mo0098].

2.1.1 Definitions

Let S denote the Deligne torus Resc /R(Gm,c) and denote by G the adjoint group of a group G.
A Shimura datum is a pair (G, X ), consisting of a reductive group G/Q and a G(R)-orbit Xg

in the set of morphisms of R-algebraic groups Hom(S, Gr), such that, for all 4 € X, we have:
SV1. Lie(G)R is of type {(—1,1),(0,0),(1,—1)};

SV2. Inn(h(i)) is a Cartan involution of G&';

SV3. for every Q-factor H of G, the composition of 4 with Gr — Hp is non-trivial.

Remark 2.1.1. These conditions imply that connected components of X are Hermitian symmetric
domains and that X has a unique structure of a complex manifold such that every faithful represen-

tation p : G — GL(V) induces a variation (V,p o h),ex,, of polarisable Q-Hodge structures.

All the Shimura data we work with are of PEL-type.

Definition 2.1.2. A PEL-datum is a tuple (B,*,V,(, ),h), where B is a semi-simple Q-algebra, x
is a positive involution on B, (V,(, }) is a finite dimensional symplectic B-module with a Q-valued
pairing (, ) such that

(bu,v) = (u,b*v), forb € Band u,v €V,
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and & : C — Endp, (VR) is an R-algebra homomorphism such that
1. (h(2u,v) = (u,h(Z)v), forz € C, u,v €V,
2. The pairing (u,v) — (u, h(i)v) is positive definite.

Let G denote the subgroup of GL(V'), which preserves the pairing ( , ) up to scaling; (G,h)
defines a Shimura datum (cf. Proposition [Mil05, Proposition 8.14]). Any Shimura datum arising
from a PEL-datum in this fashion is said to be of PEL-type.

Given a Shimura datum (G,X¢) and an open compact subgroup K of G(Ay), we make G(Q)
act on the left on X x G(Ay) by left multiplication on both factors and K act on the second one by
right multiplication on G(Af). Thus, we can consider the double coset space G(Q)\X x G(Af)/K.

Recall that an element g € G(Q) is neat if the subgroup of Q generated by the eigenvalues
of G with respect to some faithful representation of G is torsion free, while a subgroup of G(Q) is
defined to be neat if all its elements are. One can extend this notion to subgroups G(Ay), as follows

(see [Pin90], p.12).

Definition 2.1.3. For each g = (g,), € G(Ay), denote by I',, the subgroup of 6; generated by the
eigenvalues of g, w.r.t. some faithful representation of G; for each p, fix an embedding Q — 61,.
Then, g € G(Ay) is neat if

QN p)iors = 1,

p

where (®);,- denotes the torsion part of . A subgroup of G(Ay) is called neat if all its elements are.

Definition 2.1.3 does not depend on either the choice of representation of G or the embeddings

Q— Gp (cf. [Pin90]). The kernel K (d) of reduction modulo d > 3, i.e. the subgroup defined by

~

Ke(d) — G(Z) — G(Z/dZ) — 0

is neat (e.g. [Pin90, p.13]). Indeed, a large family of neat subgroups of G(A ) is given by congruent

sufficiently small open compact subgroups:

Definition 2.1.4. A compact open subgroup K C G(Ay) is said to be sufficiently small if it acts
faithfully on G(Q)\Xg x G(Ay).

Whenever K is neat or sufficiently small, G(Q)\Xs x G(Ay)/K has a unique structure of a
quasi-projective complex algebraic variety, which we denote by Shg(K). As a matter of convention,
in the sequel we work with sufficiently small level subgroups rather than neat ones.

Right multiplication by g € G(Af) induces a morphism

g:Shg(K) — Sh(;((gfll('g)7 [h,m] — [h,mg].
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Thus, we define the Shimura variety Shg of infinite level to be the projective system of varieties
(Shg(K))k (under the natural projections), where K runs through sufficiently small compact open
subgroups. It has a natural right action of G(Ay) induced at each finite level K by the morphisms
g:Shg(K) — Shg(g 'Kg), foreach g € G(Ay).

Definition 2.1.5. A morphism of Shimura data (H,Xy) — (G, X¢) is a morphism H — G of groups

sending Xy to Xg.

In the following chapters, we will repeatedly use that morphisms of Shimura data induce mor-

phisms of the corresponding Shimura varieties.

Theorem 2.1.6 ([Mil05], Theorem 5.16). A morphism of Shimura data (H,Xp) — (G,Xg) defines

a morphism Shy — Shg of Shimura varieties, which is a closed immersion if H — G is injective.

2.1.2 Canonical models
The arithmetic significance of Shimura varieties is supported by the existence of canonical models
for them over number fields. We refer to [Mil05, §14] and [Mo098, §2].

To a Shimura datum (G, X), one can associate a number field E = E(G,Xg), which is called

the reflex field. It is defined as follows. For each i € X, we define a co-character of G¢ by
Pu: Gm — Sc — Ge, 2+ he(z,1).
Since two different i, h’ € X are conjugate, X defines an element

(Un)nexg € G(C)\Hom(Gm, Gc).

We can regard (i;)nex, as an element of G(Q)\Hom(Gm,G@) (c.f. [Mil05, p. 344]).Thus, we
define the reflex field E of (G,Xg) to be the fixed field of the subgroup of Gal(Q/Q) which fixes

(Mp)nex,;- In several occasions, we will use the following:

Remark 2.1.7 ((Mil05], Remark 12.3(c)). Let (H,Xy) — (G,Xg) be a morphism of Shimura data
with injective H — G. Then, E(H,Xy) D E(G,Xg).

2.1.2.1 The case of tori

Before discussing the general case, it is useful to analyse the case of tori. Let 7/Q be a torus and
h:S — T be any morphism of tori, then (7,{h}) is a Shimura datum. For every compact open
subgroup K C T'(Ay), Shr(K) consists of finitely many points. To define a model of Shz(K) over
E = E(T,{h}), it suffices to give an action of Galg = Gal(Q/E). Since T is commutative, it is
enough to describe an action of the Galois group Galfgb of the maximal abelian Galois extension of

E. Recall that, by Class field theory, we have a surjective and continuous homomorphism

Artg 1 Ay — Gal®
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such that, for every finite abelian extension L/E, we have a commutative diagram

Al
EN\AL — o Gald

l iwL

E*\A}/Normk(A;) — = Gal(L/E).
On the other hand, the co-character u;, defines

R NormZ
F(Th) : ResE/Q(Gm) M ResE/Q(TE) a—Ny 2.1

We define a model of Shr (K)g, by choosing the action of ¢ € Galg, given by sending [, g] € Shr(K)
to [, (7 (a) - g], for a € Af such that Artg(a) = Ol - Thus, we define the canonical model of
YE

Shy /g to be the inverse limit of these models as K varies.

2.1.2.2  Canonical models
We are now ready to treat the general case. For a Shimura datum (G, X¢) and for each sufficiently
small open compact K, Shg(K) admits a canonical model over E (e.g. [M0098, Theorem 2.18]), i.e.

there exists an E-scheme Shg(K)g such that
1. Sh(;(K) = Sh(;(K)E XE C;

2. the right-multiplication action of G(A ) on Shg descends to E, i.e. we have E-morphisms

g:Shg(K)g — Shg(g~'Kg)e, forany g € G(Ay);

3. itis canonical, i.e. for every injective morphism (7, {h}) — (G,Xg) of Shimura data, where T
is a torus, the induced C-morphism Shy(KNT) — Shg(K) descends to a morphism between
the canonical model of Shy (K NT) over E(T,{h}) and Shg(K)g xg E(T,{h}).

Remark 2.1.8.

* The existence of the (canonical) model is proved by showing that the variety is defined over
Q and then by descending it to E, using the (continuous) action of Gal(Q/E) on the variety
determined by 3. above. Indeed, recall that the functor S — S xg Q defines an equivalence of

categories (cf. [M0098, §2.15.1])

{ quasi-projective schemes S/E} — { quasi-pr. schemes §/Q } .

with a continuous semi-linear action of Gal(Q/E)

* One of the key advantages of working with this Deligne-Shimura formalism of Shimura vari-
eties is that Shg(K) has a canonical model over E, which does not depend on the level group

K.
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In the sequel, we will denote this canonical model by Shg(K) without explicit reference to the
field E. Finally, the Shimura variety Shg at infinite level admits a unique canonical model over
E, being the projective limit of canonical models at finite levels. In other words, the canonical
models of (Shg(K))k, for each sufficiently small open compact K, are constructed in such a way
that the Hecke action of G(A ) and the Galois action commute, endowing Shg g with an action of
G(Ay) x Gal(Q/E).

2.1.3 Symplectic Shimura varieties
In this thesis, we will mainly work with Shimura varieties associated to similitude symplectic groups,
which we now define.

2.1.3.1 Symplectic groups

Denote by Ig the g x g anti-diagonal matrix with all entries 1 and J = (_ v & ) Let GSp,, be the
g

group scheme over Z defined by
GSpy,(R) = {(h,my) € (GLag X Gr)(R) : h' Th = myJ },
for any commutative ring R with 1. Define the symplectic multiplier to be the homomorphism
v:GSpy, — Gm, h+—>my.

It has kernel the symplectic group Sp,,. Denote by ZGsp,, the center of GSp,,.

2.1.3.2 Shimura datum

Define h: S — GSp,, R3S follows. Let
X :={M € Spy(R) : M*=—1I, (u,Mv):=u'JMv is +-definite }

be the set of positive or negative definite symplectic complex structures on the real vector space
given by the standard representation of GSp,, R The set X can be identified with the set of homo-
morphisms

hiS— GSpy .

by sending M € X to h such that h(a+ib) = al +bM. Every GSp,, (R)-conjugacy class in X defines a
Shimura datum and, since two symplectic complex structures are GSp,, (R)-conjugate, we conclude
that X consists of a single Gszg(R)-conjugacy class. In what follows, we “twist” X by considering

the GSp,, (R)-conjugacy class of

h:S— GSpyg , atib phla+ib),
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for h € X. This has the effect of changing a sign on the Galois action on the connected components
(cf. [LSZ17, Remark 5.1.2]).

The pair (GSp,,,X) defines a Shimura datum with reflex field Q. The attached Shimura variety
is a moduli space of polarised abelian schemes of relative dimension g with extra level structures, as
we discuss below. Note that this Shimura datum naturally arises from a PEL-datum of type C (e.g.

see [Mil05], Definition 8.15 and Example 8.6).

2.1.3.3 Galois action on connected components

A canonical model over Q of Sh(;sng defines an action of Galf(‘zb on the connected components
no(Sthng), as described in [Mil05, p. 349]; since the derived subgroup Spa, is simply connected,
the space no(ShGszg) admits the following description. Note that the multiplier map v : GSp,, —
G induces a map of Shimura data (GSpy,, X) — (Gm,y), where y is the G (R)-conjugacy class of
voh. Denote by Gp,(Q) the intersection of Gy, (Q) with Im(Zgsp,,(R) = Gm(R)), then [Mil05,

Theorem 5.17] gives the following

Proposition 2.1.9. Let U be a sufficiently small level subgroup; the map

GSp1, (Q)\X X GSpy,(Af) /U = Gn(Q) \Gm(Ay) /v (V)

induces an isomorphism
7o (Shsp,, (U))(C€) =~ G (Q)"\Gm(Af)/v(U).

It follows that 7m(Shgsp,,)(C) = Q%,\A} = Z*; thus, if we normalise the Artin reciprocity
map

Art: Q%)\A} — Galy,

such that Art(x), for x € Z* C A%, acts on roots of unity by § — {*, we have the following (cf.
[LSZ17, Proposition 5.4.2]).

Proposition 2.1.10. The right-multiplication action of u € GSp,4(A¢) on T(Shesp,, ) (C) coincides

with the action of Art(v(u)~").

2.1.3.4  Moduli of abelian schemes for GSp,,

~

For any open compact subgroup U of GSng(Z), we can associate the set-valued functor Fyy from the
category Sch/Q of schemes over Q, which parametrises (isomorphism classes of) abelian schemes of
relative dimension g with principal polarisation and U-level structure (whose definition is discussed
in §2.1.4). Recall that if U is sufficiently small, then F; is known to be representable by a smooth

quasi-projective scheme S, (U) over Q (for instance, see [Lan13] Theorem 1.4.1.11)

Remark 2.1.11.
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* The very existence of S;(U) gives a model of Shgsp,, (U) over Q; by using the main theorem
of complex multiplication of abelian varieties ([Mil05, Theorem 11.2]), one shows that this is

a canonical model, thus S, (U) is isomorphic to the previously defined Shgsp,, (U)/Q.

» Every Shimura variety of PEL-type admits a similar description as moduli of abelian schemes
with extra structure ([Mil05, Theorem 8.17]). For instance, in Chapter 5, we discuss properties

of a unitary Shimura variety of PEL-type.

2.1.4 Integral symplectic level structures

In the following, we review the definition of level structures for any open compact subgroup U of
Gszg(i). We closely follow [Lan13]. We will denote these structures as symplectic level structures
simply to remark that we are dealing with the symplectic group GSp,,. Consider an abelian scheme

A of relative dimension g over a locally Noetherian Q-scheme S and fix a principal polarisation A on

it; a “naive” candidate for the definition of a full level N-structure is the following.

Definition 2.1.12. A naive symplectic full level N structure on (A, 1) s is an isomorphism
ay : (Z/NZ)7¥ — AIN],

which respects the symplectic forms defined by J on (Z/NZ)?¢ and the one induced by the Weil
pairing e, and A on A[N].

Remark 2.1.13. The isomorphism oy respects the two symplectic forms in the following sense.

There exists an isomorphism fy : (Z/NZ),, — Uy, which makes the diagram

J
(Z/NZ)Fxs(Z/NZ)}¥ ——— (Z/NZ),
(XNXQN\L ﬁN
A[N]xsA[N] : U8

commutative.

For each geometric point § of S, define the Tate module (at §) of A to be the Z-module

—

Ti(4) =

limA[N](5).
N

Since S is a Q-scheme, T5(A) is a free Z-module of rank 2g. There is another way to define sym-
plectic full level N structures, at the level of Tate modules (after passing to geometric fibres of A/S),

which is equivalent to the one of Definition 2.1.12, due to the following classical result.

Lemma 2.1.14. Let S be a connected locally Noetherian scheme and fix a geometric point § —

S, there is an equivalence between the category of locally constant constructible étale sheaves of
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abelian groups over S and the one of finite continuous m,(S,3)-modules, given by sending G to its

geometric fibre Gjs.

In particular, since A[N] is a locally constant constructible étale sheaf on S, A[N](5) has the
structure of a 7; (S, §)-module. The Z-module T(A) acquires an action of 7, (S, ) from the one of
each group of N-torsion points.

Let K(N) := Kgsp,, (N) C Gszg(i) be the kernel of reduction modulo N. In view of Lemma
2.1.14, we can translate the information given by a naive symplectic full level N structure oy in
terms of a (S, §)-equivariant isomorphism at the geometric fibre, say ou;. Note that oy is the

reduction modulo K(N) of a symplectic isomorphism

o5 : 2% — TH(A),

~

and such a lift is unique up to the action of K(N). We assume that the element 1 € GSp,,(Z) acts on
the isomorphism oz by o0 h, while o € m;(S,5) acts on the left. Hence, we can give the following

definition.

Definition 2.1.15. A symplectic full level N-structure on (A, 1) /¢ (at3) is a 7 (S, §)-invariant K (N)-
orbit of a symplectic isomorphism

O - Z2g — T;‘(A)

Thus, a symplectic level N-structure on (A,1) , is a collection of symplectic full level N-structures
at each geometric point {0}5, such that if two geometric points §,7 are in the same connected
component, then

O = Of.

In Definition 2.1.15, the 7 (S, §)-invariance of the K (N)-orbit of o is equivalent to asking the
symplectic full level N structure in the sense of Definition 2.1.12 to be defined over S and hence it is

an essential ingredient to compare the two definitions, as the next proposition shows.

Proposition 2.1.16 ([Lan13] 1.3.6.5-1.3.6.6). Let (A,A)/; be as above; a symplectic level N-

structure on (A, 1), is equivalent to a tower
(ZM . SM — S)N\M

of finite étale surjective maps such that:

1. Sy = S and for any N|M|L there are finite étale surjective maps
gLm SL—> Su

such that tp = ty o 81 m;
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2. Over each Sy, we have a symplectic isomorphism

o (Z/MZ)};'M — AM]q

S
such that, if N|L|M, the pullback of o, under gy 1. is the reduction modulo L of o -

The proposition above suggests an alternative (and more convenient to us) way to define level

structures for general open compact subgroups of Gszg(i).

-~

Definition 2.1.17. Let U be an open compact subgroup of GSp,,(Z) and for any integer M such that
K(M) C U denote by Uy the quotient U /K (M). Then, a symplectic level U-structure of (A, 1) /g
is a collection { oy, }ar, where M varies among the integers such that K(M) C U, of elements oy,

such that
1. ay, is alocally étale defined Uy-orbit of a naive symplectic full level M-structure;
2. If LM, oy, corresponds to the reduction modulo L of ay,,.

We finally note that passing to geometric fibres, a symplectic level U-structure gives a 7 (S, 5)-

invariant U-orbit of a symplectic isomorphism
o Z% — T(A),

at each geometric point.

2.1.5 Tower of symplectic level structures at p

The main result of Chapter 3 involves the computation of distribution relations for Eisenstein classes
attached to moduli of abelian schemes with certain level structures at a prime p. Here, we define and
study these level structures in order to prepare the territory for proving Lemma 3.4.3.

For representability issues, we work with open compact subgroups U which decompose
as U,-UW) C GSng(i), where U, C GSpy,(Z)) and ur) c Gszg@(p)). We suppose that
U=U (”)Gszg(Zp) is sufficiently small, thus Shgsp,, (U)/Q is a moduli which parametrises (iso.
classes of) p.p. abelian schemes of rel. dim. g with U-level structure. Let &/ = 7,(U) denote

— Sets,

its universal abelian scheme and consider the following functor G;(p™) : Sch —
D2g

defined by
S/ Shgsp,, (U) + {points of exact order p" of &/ X Shasp, (U) S/S}.
8

Remark 2.1.18. Since we are working in characteristic zero, by point of exact order p™ of A/S, we

simply mean a section § — A whose pull-back to each geometric fibre is a point of exact order p".

Lemma 2.1.19. The functor Gi(p™)/Shgsp,,(U) is representable by a finite étale Shgsp, (U)-

scheme.
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Proof. The question boils down to show that Gi(p™) is an étale sheaf on Shgsp, (U). Indeed,
if this is the case, G|(p™) is a lcc (i.e. locally constant constructible) sub-sheaf of the lcc étale
sheaf o7 [p™] (the natural transformation between the two sheaves is given by the obvious inclusion).
Hence, Gy(p™) is representable by a finite étale Shgsp,, (U)-scheme 41 (p™)/ Shgsp,, (U), by the
characterisation of étale Icc sheaves as the ones representable by finite étale schemes. The fact that
G1(p™) is an étale sheaf follows by observing that, since we are working in characteristic zero,
points of exact order p™ of o can’t have “many exact orders”. Indeed, G| (p™) is an étale sheaf if

for any étale § — Shgsp,, (U) and any étale covering {S;}ies of S, the diagram
Gi(p")(S) ——IL:G1(p™)(Si)) =—=TI1(i,j) G1 (P")(Si X5 5})

is exact, i.e. the left map is an injection onto the set of I-tuples (c;) € [T; G1(p™)(S;) such that

Cilsjgs; = Cllsixgs;

for all i, j € I. Note that such a I-tuple comes from an element ¢ € </s[p"](S) such that ¢ is a point
of exact order p™ of .o7;,. Therefore, since {S;} is an étale covering of S, all geometric points of s

factor through one of the S; so that ¢ must have exact order p™, i.e. ¢ € G;(p™)(S). O

We now compare G| (p™) with the sheaf induced by the following open compact subgroups of

GSng (ZP ) .

Definition 2.1.20. For any integer m > 1, define the subgroup U (p™) C GSp,,(Z),) as follows:

U] (pm) = {M € GSng(ZP)|R2g(M) = (07 : a07 1) mod pm} (22)

~

where R;(M) denotes the i-th row of M. For any integer N, then U; (N) C GSpy,(Z) is defined to be

the subgroup of elements (g,), such that g, € U; (p*»™)).

Remark 2.1.21. Recall that the Klingen parabolic of GSp,, is the parabolic associated to the flag
variety of lines in the symplectic vector space defining GSp,,. Then, U;(p™) is the subgroup of
Gszg(Zp) of elements whose reduction modulo p™ are in the mirabolic subgroup of the Klingen

parabolic of the form

R
* K K K X
* K K K ¥
—_ % % ¥ %

Lemma 2.1.22. Let A/S be an abelian scheme of relative dimension g over a Q-scheme S, with a
fixed principal polarisation on it. Then, there is a bijection between points of exact order p™ of A

and symplectic level Uy (p™)-structures.

Proof. Denote by U, the image of U, (p) under reduction mod p™. Since A is of finite presentation
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over S, we can reduce to work over a locally Noetherian base S ([FC13, 1.1.2(a)]); thus, since now §
is the disjoint union of its connected components and étale sheaves send co-products into products,
it is sufficient to work over a connected locally Noetherian S. Finally, by replacing S by an étale

finite surjective cover of it if necessary, we can assume
2
Alp") = (Z/p"2)%.

A point 1 € A(S) of exact order p™ lifts to a symplectic naive” level p™-structure and such a lift is

unique up to action of Upn. Indeed, t defines a monomorphism over S
t:(Z/p"2) s — Alp"],
and it can be completed to a full isomorphism
(2/p"2)5 — Alp"]

uniquely up to the action of Upm.

After passing to a suitable étale cover of S, we can lift ¢ to a point of exact order p"*! of A,
which is mapped to 7 under (the abstract group homomorphism) reduction modulo p™. Repeating
this procedure for any / > m uniquely defines a level U; (p™)-structure of A. The converse is proved

similarly. O
This result directly implies the following.

Corollary 2.1.23. The scheme %, (p™) which represents G1(p™) is isomorphic to
Shgsp,, (UWPU(p™)) as a covering of Shgsp,, (U(p>GSp2g(Z,,)).

This generalises a well-known result for modular curves (e.g. [KLZ17, Theorem 4.3.3]), which
plays an important role in the study of the pushforward relations of Eisenstein classes for GL,. As
in loc. cit., we use Corollary 2.1.23 to prove push-forward relations of the Eisenstein classes for

GSp,, in Proposition 3.4.6.

Remark 2.1.24. As a consequence of the Chinese Remainder Theorem, if N = []i_, p{’,
Shgsp,, (U My (N)) parametrises p.p. abelian schemes of relative dimension g with level structure

U™) and r different points each of exact order pi

2.1.5.1 Integral models

In the following, we recall the existence of integral models for the symplectic Shimura variety
ShGszg of level U (p>U1 (p"). We refer to [Mo098, Section 3] or [Hid04, Section 6.4.1] for further

details.
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By [MFK94, Theorem 7.10], there exists a (fine) moduli space over Z[#}, for an auxiliary in-
teger d > 3 coprime to p, of isomorphism classes of principally polarised abelian schemes with sym-
plectic level U(p") :=U (P)Kgsng (p")-structure, which we (again) denote by Shgsp,, (U(p")) /2|
Let ShGszg(U(m U (pr))/Z[#] be its quotient by U1 (p") /Kasp,, (P")-

Similarly to the previous subsection, let ¢ (p") be the finite étale sheaf over Shgsp,, (U () Jz[]
P

17.
&l

associated to points of exact order p” of the universal abelian scheme of ShGszg (U (P )) JzZ[L] Then,
dp

Corollary 2.1.23 is still true in this setting.

Lemma 2.1.25. The scheme %, (p") is isomorphic to Sthng(U(mU] (pr))/z[i] as a covering of
dp
(p)
Sthng(U )/z[ﬁ-
Proof. Since p is invertible in Sthng(U (")) JZ[L]> the proof is identical to the one of Corollary
dp

2.1.23. O

2.2 Cohomology theories

In this text, we will often work with motivic and étale cohomology groups with non-trivial coeffi-
cients of Shimura varieties. In what follows, we quickly list some of the definitions and properties,

which we make use of in the upcoming chapters.

2.2.1 Continuous étale cohomology

In this section, we recall the definition of continuous étale cohomology for schemes over a general

base, introduced by Jannsen in [Jan88].

Definition 2.2.1. For an inverse system (.%,) of constructible étale Z/p"-sheaves over a scheme X,
define H. (X, (%,)) to be the i-th derived functor of (.%,) — lim HY(X,.Z,). In particular, for p

invertible on X and an integer j, we define
Hy (X, Z,(j)) = Hy (X, (Z/ P"Z())))-
Note that if Hé:l (X,.Z#,) is finite for all n, then
Hiy(X, (7)) = T%nHét(Xﬁn)-

Remark 2.2.2. For instance, this last condition is satisfied whenever X is a scheme over S, where the

base S is an algebraically closed field or it is a scheme of finite type over Z.

Finally, for ﬁzp = (#,)n as in Definition 2.2.1, we denote ﬁzp ®z, Q) by ﬁQp and define

HéI(X7 ng) = Hét(X7 y) ®Zp Qp'
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2.2.2 Ktale coefficient sheaves on Shimura varieties

Let (G,Xg) be a Shimura datum, where G is a reductive group G over Q, and denote by Repg(G)
the category of representations of G over Q.

For any prime p, to V € Ob(Repg(G)) we can associate a p-adic étale sheaf 77, (cf. [Pin90] or
[LLZ16]) on Shg(U)/E, where E denotes the reflex field of (G,Xg) and U is any sufficiently small
level subgroup of G(Af). The construction is motivated by the fact that if S is a finite set with a
continuous left action of U, we can define a finite étale covering . of Shg(U) by taking any open

normal subgroup V of U which acts trivially on S and defining . to be
(U/V)\(Shg(V) x 5)

w.r.t. the left action given by /- (x,s) = (xh~!, hs). This construction extends to representations of
U on finite-rank Z,-modules (cf. [LSZ17, §6.1]) and is functorial in the sense that if we have an
injection t : (H,Xy) < (G,X¢) of Shimura data, the pull-back on étale sheaves over the associated

Shimura varieties corresponds to restriction of algebraic representation from G to H (cf. loc.cit.).

2.2.3 Relative Chow motives and Ancona’s functor
Let us briefly recall the main properties of the functor defined in [Anc15]. For a reductive group G
over Q, recall we have denoted by Repg (G) the category of representations of G over Q.

For a smooth quasi-projective scheme S over a field of characteristic zero, let CHMq(S) denote
the Q-linear tensor pseudo-abelian category of relative Chow motives over S. Recall that there is a
functor M from the category of smooth projective schemes over S to CHMq(S); let 15 := M(S), and
denote by Lg the Lefschetz motive appearing in the decomposition of M (IP’;) as 1@ Lg. For any
positive integer m and " € Ob(CHMg(S)), we denote by ¥ (—m) and ¥ (m) the tensor products of

¥ with Lg"™ and (L)®™. In order to define Ancona’s functor, recall the following.

Proposition 2.2.3 ((DM91]). Let w: A — S be an abelian scheme of relative dimension g; there

exists a decomposition in CHMgq(S)
2g )
M(A) =D h'(4),
i=0

where [n]* acts on h'(A) as multiplication by n' and the (-adic realisation of hi(A) is R'7.Qy.

Now, consider a Shimura datum (G, X) of PEL-type. For any sufficiently small level subgroup
U C G(Ay) there is a Shimura variety Shg(U ), which admits a model over the reflex field of (G,X),

and a universal abelian scheme ./ / Shg(U) with PEL structure.

Proposition 2.2.4 ([Anc15]). There is a tensor functor

1G : Repg(G) — CHMq(Sha(U)),
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which respect duals and satisfies the following:
1. IfV is the standard representation of G, then uS (V) = h'(</);
2. If v: G — Gy, is the multiplier; then uS(v) = Lshg(v)s

3. for any prime p, the p-adic étale realisation of ,LL,C]; (V) is the étale sheaf associated to' V ®Q,,
with U acting on the left via U — G(Af) — G(Q)).

Remark 2.2.5. We have adopted conventions used in [LSZ17]. This is coherent with the fact that, in
the case of GLo, the p-adic Tate module 7,,& of the universal elliptic curve & corresponds to the dual
of the standard representation of GL2(Z,,). Thus, 7,,& gives a lattice in the p-adic étale realisation
of K (&)V.

As explained in [LSZ17], there is a canonical G(A y)-equivariant structure on uS (V') for every
V in Repq(G), which is compatible with the G(A s)-equivariant structure on the corresponding p-

adic étale realisations. Thus, we have a functor
1% : Repo(G) — CHMg(Shg) 97,

where Shg = @U Shg(U). Now, let 1 : H C G induce a morphism of Shimura data of PEL type.

Then, Ancona’s functor satisfies the following:
Proposition 2.2.6. There is a commutative diagram of functors

G

Repg(G) ——————> CHMg(Shg) A7)

T

Repq (H) —————> CHMg(Shy) (A1),

where 1* denotes pull-back.

Proof. This is stated in [LSZ17, Proposition 6.2.5] and a proof will appear in forthcoming work of
Alex Torzewski.

O

2.2.4 Motivic cohomology

We now recall the definition of the motivic cohomology group associated to a scheme X. We re-
strict to the case where X is a smooth quasi-projective scheme over a characteristic zero field. Let
DMp (X)) be the triangulated category of constructible Beilinson motives over X with Q-coefficients

as defined in [CD12, Definition 15.1.1]; then, one can define the following.

Definition 2.2.7.
Hyo (X, Q(x)) :=Hompyy, (x)(Lx, Lx (x)[e]).
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This is compatible with the definition of motivic cohomology by using Quillen’s K-groups (see

[Qui73, §7]). Recall that Quillen’s K-groups admit a y-filtration (cf. [Weil3, IV.5])

Proposition 2.2.8 ([CD12], Corollary 14.2.14). We have
Hyot(X,Q(x)) = GryKs,—o (X) ®Q,

where GryKa,—«(X) denotes the x-th graded piece of the y-filtration on Kp,—e(X).

In Chapter 4, we will work with motivic cohomology groups with coefficients given by relative
Chow motives. These cohomology groups can be defined similarly to the trivial case. First, notice
that an element % € Ob(CHMq(X)) is a constructible Beilinson motive; indeed, we have a fully
faithful embedding CHMq(X) < DMp (X) (e.g. [CD12, Corollary 16.1.6] and [CD12, 11.3.8], or
[CD12, Proposition 15.2.3]). Thus, it makes sense to define

Definition 2.2.9. Let ¥ € Ob(CHMq(X)); define
Hio(X, 7Q(#)) := Hompy, (x) (1x, Y () [e])-

2.2.5 Operations

The triangulated category of constructible Beilinson motives satisfies the Grothendieck 6 functor
formalism and duality (in the sense of [CD12, §A.5]), thus, by [CD12, Theorem 7], we have the
following operations in cohomology. Let f : X — Y be a morphism of schemes, with X,Y smooth,
quasi-projective over a characteristic zero field, and let ¥ and % be relative Chow motives for X

and Y respectively.
* Pullbacks: /* : Hiy, (Y, (/) — Hip (X, f* (), for any f.

» Gysin morphisms: £, : H. (X, f*#q(j)) — HL2(Y, #o(j +¢)), for a closed immersion

f:X —Y of co-dimension c.
* Traces:
. e . )
fe: Hyot (X, 7Q()) = Hunot X, " 70 ()))
= H!

mot(va*f*WQ(j))

Tr .
L HL (Y Ao (),

for a finite étale f and a morphism ¢ : Yo — f*#q.

» Cup-products: U : Hiyo (X, %o (j)) X Hingt (X, 7 (7)) = Hish (X, Yo @ ¥ (j+ 1))
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* Projection formula: Cup-products and traces satisfy the following
felaU f (b)) = fu(a) Ub.

* Compatibility in Cartesian diagrams: Suppose we have a Cartesian diagram

f

X ———7Y

)

X/ -7 o Y/7
where f, f’ are closed immersions and 7,7’ are finite étale, then
f*oﬂ:* :ﬂiof/*
T Of* :fxi oﬂ/*'
Remark 2.2.10.

* We use the same notation for push-forwards and Gysin morphisms since, by construction, they

commute with each other.

* The same (opportunely translated) properties are true in étale cohomology.

2.2.6 Gysin morphisms and branching laws

In this section, we consider two Shimura data (H,Xy ) and (G,X¢) of PEL-type and the correspond-

ing Shimura varieties Shy and Shg such that 1 : H — G induces a closed embedding
1:Shy < Shg.

By functoriality of Ancona’s functor u ( Proposition 2.2.6), we have the following.
Take an irreducible algebraic representation W of G over Q and consider it as an H-representation
W, (using 1). The H-representation W}, might not be irreducible anymore, but it admits a decom-

position as sum of its H-irreducible constituents, i.e.
VV|H - EBi‘/ia

where V; are irreducible algebraic representations for H. Thus, we have morphisms ¢; : V; — W,
in Repq (H). After applying Ancona’s functor and Proposition 2.2.6, we get morphisms of relative
Chow motives

Q;: 'V,'AQ — I*WQ.
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Thus, by composing the corresponding map in cohomology with the Gysin morphism associated to

1y (for U a sufficiently small open compact of G(A r)), we have morphisms

ot (Shat (U NH), %0 (1)) 2+ Hipot(Shar (U N H), U # ()

W .
—5 Hih2 (Sh (U), #o(j+¢)).

Remark 2.2.11. Exactly the same story applies in p-adic étale cohomology, so that we have mor-
phisms

HE (Shy (UNH), ¥iz,(j)) = HE > (Sha(U), #7,(j + ).

This observation has been crucially used to construct push-forward classes in the cohomology

with non-trivial coefficients in several circumstances ([LLZ16], [Lem17], [LSZ17] etc.).



Chapter 3

Siegel units and Eisenstein classes

The construction of motivic classes in the cohomology of Shimura varieties has played a funda-
mental role in understanding the arithmetic of zeta values. Siegel units and Eisenstein classes are a
fascinating source of such cohomology classes, due to their connection to Eisenstein series and their
distribution relations.

In this chapter, we discuss their properties and prove a distribution relation for Eisenstein classes in
the cohomology of the Shimura variety for GSp,,, generalising a result known in the case of g = 1,
which has found various applications in the theory of Euler systems. Notably, these distribution
relations are used for proving the norm relations of Kato’s Euler system (e.g. [Kat04], [Sch98]).
We proceed as follows.

First, we give a brief account of the properties of Siegel units in §3.1, mainly following [Kat04];
then, we discuss the construction of their higher weight and dimension analogues in motivic coho-
mology of general abelian schemes, as in [Kin99], [KR17], and [HK15].

In §3.3, we discuss two constructions in the étale cohomology with integral coefficients, appearing
in [Fal05] and [Kin15c], and compare them.

Finally, in §3.4, we prove distribution relations for Eisenstein classes in the cohomology of the
Shimura variety for GSp,,, by generalising the method adopted in [Sch98], and discuss some im-

mediate consequences.

3.1 Siegel units

Let : E — S be an elliptic curve over a scheme S of characteristic coprime to 2, 3. For any integer c,
consider 7, : E \ E[c] — S. In [Kat04], Kato defines Siegel units as the evaluation at torsion points of
certain canonical functions in & (E \ E|[c])*. The motivation behind this construction is of analytic
nature and it relies on the more classic study of modular units and their relations to Eisenstein series
and values of L-functions.

Siegel units are constructed from Cartier divisors which are invariant under norm maps. Recall

we have the following.
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Theorem 3.1.1 ([Kat04], Proposition 1.3). Let E be an elliptic curve over a scheme S and fix an

integer ¢ prime to 6. Then, there exists a unique element .0 € O(E \ E|c])* such that:

1. g has divisor ¢*(0) — E[c] on E, where the zero-section (0) of E and the kernel of the

multiplication-by-c morphism E|c| are regarded as Cartier divisors;

2. for any integer a coprime to ¢, .0 is compatible under the norm map N, : O(E \ Elac])* —
O (E \ E|[c])* associated to the pullback of the multiplication-by-a map E \ Elac] — E \ E|[c],
ie.

Na(CGE) = L‘GE'

Proof. Uniqueness. Suppose that f and g are two distinct elements of &(E \ E[c])* satisfying (1)
and (2), then
g=uf, forue 0(S)".

Hence, by (2), for any a coprime to ¢

2

uf =g =Na(g) = Na(uf) = Na(u)f =u" f.

This is necessary to force u to be 1. Indeed, for @ = 2,3 (which is coprime to ¢ by hypothesis) we
have that > — 1 = 0 and u® — 1 = 0, conditions that imply u = 1.

Existence. Once uniqueness is proved, we can verify the existence locally and then glue the
local pieces to obtain the required unit. The proof essentially relies on Abel’s isomorphism, which
explains how to give the group structure to E /S ([KM85], Theorem 2.1.2). In particular, we use the

isomorphism on the S-rational points
PicO(E/S)—>E(S),

which reads as
{invertible sheaves of degree 0 divisors on E}

{pullback of ones on S}

—SE(S).

Fix now an integer a coprime to c; then, the image of ¢?(0) — E[c| under multiplication by a is

c%(0) — E|c] itself. Note that for a = 2, this means that
L2(0)-£1e @ L2(0) £l = ZLo2(0) £ 0 Pic O (E/S),

where %, denotes the invertible sheaf associated to the divisor e. Under Abel’s isomorphism, this
means that the image of ¢?(0) — E[c] in E(S) is 0. In other words, this implies that ¢?(0) — E[c] is
locally principal on S ( note that we have that ¢?(0) — E[c] is locally principal on E by definition, but

this is a much stronger result), so locally on S there exists f € &'(E \ E|c])*, with divisor ¢?(0) — E|c].
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Similarly as above, the divisor of N,(f) is ¢?(0) — E|[c], hence
Nu(f) = uaf, for u, € O(S)*.

In order to get units invariant under the norm maps N,, we simply take g := u, Sus f. This function

. . 2 2 . .
has the required property, since u? ~! = uj, !'for a, b coprime to ¢ (the equality comes from the fact

that N, oN, = N, o Np):

a2 2
Na(g) =" u taf
2113 2o _
= s ) ud  ug(u5 us f)

-9 8
=u, U8 =g

The local existence and uniqueness guarantee the global existence of 6. O

Remark 3.1.2. Let E be an elliptic curve over a field K of characteristic 0. Then, the invariance under

the norm map N,(.0g) = .0 explicitly tells us that for any point Q € E(K) which is not [c]-torsion,

0:0) = T 0s(1).

TeE(K)
[dT=0

The following result states some of the fundamental properties of these functions, which will

be relevant later.

Proposition 3.1.3 ([Kat04] Proposition 1.3(2)-(4); [Sch98] Theorem 1.2.1 (iv), (ii), (iii)). Let d be

an integer prime to 6 and let E /S, c be as in Theorem 3.1.1, then we have the following properties:

1. In O(E\E[cd])*,
(a66) ([c]*(a6E)) ™" = (c66)" ([d]*(6k)) "

2. The functions .0 are invariant under base-change, i.e. for any morphism S’ — S and g : E' =
E xg S — E,

8 Ok = :Opr.

3. Ifh: E — E' is an isogeny between elliptic curves over S with degree prime to c, then the norm

map Ny, sends .0 to 0.

Proof. 1. Note that the divisor of (dGE)Cz([c}* (40g))"is
c*(d?*(0) — E[d]) — (d*E|c] — Elcd]) = (¢d)?*(0) 4 E[cd] — (¢*E[d] +d*E|c]).

Of course, (091;)"2([d]*(CGE))‘l has the same divisor, hence their ratio is an element u €
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O (S)*. We now conclude the proof using Theorem 3.1.1 (i), which tells us that

In particular, for a = 2,3, we get

2. In order to prove the result, recall that points of order exact ¢ of E are sent under base-change
to points of exact order ¢ in E’ ([KMS85] (1.4)). Thus, the pullback of the Cartier divisor
c2(0) — E[c] is ¢*(0') — E'[c] and g* O satisfies the properties of Theorem 3.1.1.

3. Let us consider any integer a prime to c; then, since % is an isogeny

Na(Nh(ceE)) = Nh(Na(ceE)) = Nh(ceE)7

by Theorem 3.1.1(ii). In course of the proof of the existence of Siegel units, we showed that,
for any integer a coprime to c, the image of the divisor ¢?(0) — E[c] under multiplication by
ais ¢*(0) — E[c] itself. Since the degree of / is prime to ¢, the same argument applies in this

case, i.e.

div(Ny(0g)) = 2(0) — E'[].

Hence, N;,(.0g) satisfies the qualifying properties of .0z and, by uniqueness of such a func-
tion, we have

Nh(ceE) - CGE/.
O

Kato defines Siegel units as pullback by torsion sections of the units .0, associated to the

universal elliptic curve &/ Shgr, (K(N)).

Definition 3.1.4. Fix an integer N > 3 and an integer ¢ coprime to 6N and let (o, 8) = (4, %) €

(%Z/Z)*> ~{(0,0)}, for a,b € Z. Let (&,e1,e>) be the universal elliptic curve over the modular

curve Shgr, (K(N)) with full level N structure. We define the Siegel unit
c8ap = l;B (Ceg) S ﬁ(ShGL2 (K(N)))*, for lo,p =ae;+ be;.

Moreover, consider an integer r > 1 such that
e (n6)=1,

e r=1 (mod N),
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and define the element g, g € O (ShgL,(K(N)))* ®z Q as

1
r2—1

r8a,p ®

Lemma 3.1.5. Keep the same notation of Definition 3.1.4, then
1. gq.p is independent of the choice of such an r;

2. For any integer c such that (¢,6N) = 1, then
2 *
c8ap = (8ap) /8cacp € O(ShaL,(K(N)))" ®zQ.

Proof. 1. The proof relies on Proposition 3.1.3(1). Indeed, fix r,s # +1 integers coprime to 6

and congruent to 1 modulo N. Then,

1 s —1 2 1
bap Oy = bap S e~ e O e
- (sga,ﬁ)r2i27ﬁ([s]*<r9<§’)> @ 1 () (sgoc.,/i)rzrgoc.ﬁ ® 1
B rga,ﬁizﬁﬁ([r]*(seﬁ)) (rP=1)(s*=1) B r8a,Bs8a.B (rr=1)(s>=1)
21 1
= (s8ap) ~ ® () =s8ap® F 7

Note that we crucially use that ,s = 1 (mod N) for (x). Indeed, since the sections e, e, are

killed by N, then [s]oiq g = ig g and [r]oig g =igp -

2. In a similar manner, we prove (ii). Let r be as before, then by Proposition 3.1.3(1), we have

8ca,cB r8co,cB r2—1
(c8ap) i 5[] (0)) 1
(cga,ﬁ)(rgca,cﬁ) r—1

2

o (cgaﬁ)r (rgcoc,cﬁ) 1

= ® =
(cga,ﬁ)(rgcoc,cﬁ) r-—1

(goc,ﬁ)cz (rga,ﬁ)cz ® 1

2 1
:(cga.ﬁ) I®H:c‘ga.ﬁ'

Implicitly, we used that [c] 0ig g = icq -

O

Before discussing further properties of Siegel units, we wish to make a remark towards the
construction of motivic and étale cohomology classes associated to general abelian schemes. The
idea behind Theorem 3.1.1 relies on the fact that a Cartier divisor, which by definition is locally

principal, that satisfies the rigid condition given by Theorem 3.1.1(2) is globally principal. Once
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we work with an abelian scheme A of dimension g higher than 1, this strategy does not apply since
¢%(0) — Alc] is not a Cartier divisor. We can state Theorem 3.1.1 in a more convenient way for our

purposes.

Notation 3.1.6. The motivic residue map for E /S is the map

.l
res : H

(E~E[c],Z(1)) — H?

mot

(Elc), )%=,

which comes from the long exact (Gysin) sequence associated to the triple E \ E[c] < E < E|c|,
where deg denotes the map

deg : Hpo (E[c],Z) — Hy

mot

(E,Z(1)).

Recall that H} . (E \ E[c],Z(1)) = O(E ~ E[c])* and that H,(E[c],Z)%¢=° is identified with
the group of degree 0 divisors supported in E|c], i.e. formal linear combinations of points in E[c]

with coefficients in Z.

We can re-interpret Theorem 3.1.1 as follows.

Theorem 3.1.7. Let E be an elliptic curve over S and let ¢ be an integer prime to 6. The divisor
c%(0) — E|c] lifts canonically under the residue map

paa!
res:H, .

(E~E[c],Z(1)) — HY

mot

(E[c], Z)%s=°
to an element .0 € H) ,(E \ E[c],Z(1)) such that, for any integer a coprime to c,

Nu(ceE) = CGE'

This cohomological interpretation extends to other cohomology theories and, as we will see

below, to higher dimension abelian varieties.

3.1.1 Distribution relations

In the following section, we describe some of the compatibility relations that the Siegel units satisfy.
For more details, we refer to [Kat04] §2.11-13. These are used essentially in the proof of the norm
relations of the Euler Systems constructed from Siegel units. In §3.4, we will give a proof of Propo-
sition 3.1.9, following [Sch98, Lemma 2.3.1], which generalises to the case of Eisenstein classes for

arbitrary symplectic Shimura varieties.

Proposition 3.1.8 ([Kat04] 1.7(2)). Let (at, B) € (v Z/Z)*~{(0,0)} and let a be a non-zero integer:
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Then

cSa,p = H c8a/ B’

(X’,ﬁ,
8ap= [ 8w p
a/’ﬁ/
where c is an integer prime to 6Na and o/ , B’ run through all the elements of Q/Z such that ao/ = o
and af}’ = B.

Proof. The distribution relations can be seen as a consequence of how the norm map attached to
multiplication-by-a morphism is defined. Indeed, consider the universal elliptic curve (&, €;,¢&,) of
Shgr, (K(N)) and take any geometric point p : Spec(F) — Shgr,(K(N)), for F an algebraically
closed field. By universality of the triple (&£, &1,&), the section iy g : ShgL, (K(N)) — & is base-
changed to an N-torsion point p, g of the elliptic curve E = & x, Spec(F) over the field F. More
precisely, if we denote by e; and e the pull-backs by p of € and &, then p, g can be written in the

form me| + ney, for certain m,n € Z/NZ. By Remark 3.1.2, we have

Oe(pap)= [l cO=(T). (3.1)
TEE(F)
[a]T:Poc_ﬁ
Note that T is a torsion point which is killed by aN since it is mapped to py g by [a], i.e. it can be

written as

m/tl + n/tz,

where 11,1, € E(F) form a basis of E[aN], and m’,n’ € Z/aNZ such that
[a](m't) +n'ty) = me| + ney.
Denote the point m't) +-n'ta by po g, for (o', B') = (%, %) € (Q/Z)*. Then, (3.1) is

CGE(poc,ﬁ) = H CGE(pOC/,ﬂ/)7
o ,B'eQ/Z
ad'=qa
ap'=p
which is what we are looking for. Since the formula is true for all the Q-points of Shgr, (K(N)), it

is true globally:

cSa,p = iz,ﬁ(ceﬁ) = H i:;’_ﬁ'(ceﬁ)'
o B’

Similarly, one gets the formula for g4 5. O

We now describe the norm relations of the elements (g, 1 € &(Shgr,(U1(N)))*, where the
"N
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integer c is chosen to be coprime with 6N; recall that, for any N | N’, we have a natural projection

7'L7NISl’lGLz(U](]V/))*>Sh(;LZ(U1(1\7))7 (E,E])H(E, 61).

N
The morphism 7y induces a norm map Ny, : &(Shgr, (Ui (N')))* — € (Shgr, (U1 (N)))*, which can
be described as follows. For any f € &(Shgr, (U1 (N')))*,

Nﬂ'}v(f) = H G*(f)v

oes

where the finite set S consists of a system of coset representatives for U;(N)/U;(N'). We have the

following.

Proposition 3.1.9 ([Kat04], [Sch98]). Let p be prime number. We have

8o, L ifp|N;
NﬂN(cg()?NLp) = N . .
0807% *dp(cgo’%) lfp+N;

where d), € GLz(i) is any matrix congruent to () 2) modulo N.

For a proof, see Proposition 3.4.6 with g = 1.

3.1.2 The étale realisation

Fix a prime ¢ which is invertible in S. In the following, we recall how to construct étale cohomology

classes from Theorem 3.1.1. There are elements
08 e HY (EE[c],Z,(1)),

which satisfy the following:

P1. For any r prime to c, CG,ii‘ is invariant under trace maps associated to multiplication by , i.e.
(:68) = o0

P2. They are invariant under base-change.

Remark 3.1.10. Recall that the trace map associated to multiplication by r prime to ¢ is the compo-

sition of
(1« HY(E N E[e], Z4(1)) —> HY(E < Elre], Z(1)) — HY(E~E[c], Zo(1),

where the first map is just restriction to E \ E[rc| and the second is the trace map associated to [r].
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The étale cohomology classes associated to elliptic curves are the étale realisation of the units

of Theorem 3.1.1: using the connecting homomorphism
dp : O(E~NE[c]))* — H)\(E~E[c],Z/0'Z(1))

of the Kummer exact sequence of étale sheaves

0 U Gm Gm 0

we get the element Jy (-0g) € HY(E \El[c],Z/0'Z(1)).

Proposition 3.1.11. The class .0f := Jim, 9y (:6r) € HL(E \E|[c],Z¢(1)) satisfies the properties
P1, P2 listed above.

Proof. Tt is enough to show the statement at finite levels. The units .0 are invariant under norm
maps N, associated to multiplication by r, for r coprime to c¢. Hence, property P1 follows from the

commutativity of the diagram

O(E~Elc])" —~ HL(E~ E[c],Z/0Z(1))

er i [l

O(E~E[])* —~ HL(E < E[c],Z/0Z(1)),

where N, is the obtained by composing N, on the right by the restriction map ¢'(E \ E|c])* —
O(E \ E[rc])*. Now, let §'/S be any S-scheme and consider g: E' = E x5S — E. Property P2 is a

direct consequence of Proposition 3.1.3(2) and the commutative diagram

8ﬂ

O(ENE[c])" —— H)(ENE[c],Z/0'Z(1))

g l g
oy

M HM(E'E'[c],Z/0'Z(1)).
0

The étale Eisenstein classes are obtained as pull-back under torsion sections of these étale

cohomology classes associated to the universal elliptic curve of Shgr, (K(N)).

3.1.2.1 The étale Gysin sequence

From what we discussed above, the reader might expect that the étale residue of CGg‘ coincides
with the étale characteristic class of ¢?(0) — E [c], and, indeed, this is correct and follows from the
compatibility of the motivic and étale Gysin sequence under the étale regulator map. We explicit

this in the case where E /K is an elliptic curve over an algebraically closed field K; in particular, we
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characterise ch‘ as the only class which satisfies the property P1 and with étale residue rg (c?(0) —
E[c]). Note that Theorem 3.1.1 allows us to canonically choose a class in H) (E \ E|c],Z,(1)) with
the desired properties; however, it is possible to do some reverse engineering and lift canonically a
suitable multiple of r¢(c?(0) — E[c]). This is the approach taken by Faltings in the case of higher
dimensional abelian varieties (see Theorem 3.3.6).

Consider the étale Gysin exact sequence for E[c] — E <= E \ E|[c]. It gives

0 0 HY(E,Z/I"Z(1)) —— HY(E \E[c|,Z/{"Z(1))

/ 0 HY(E,Z/0'Z(1))—— HL(E <\ E[c],Z/'Z(1))

L) HO(E[c], Z/0'Z) — H2(E,Z/0'Z(1) — >0

Notation 3.1.12. Let res¢ denote the edge map of the étale Gysin sequence (with Z,-coefficients)

Hélt(E \E[C],Z[(l)) — Hgt(E[C]azf)'

Lemma 3.1.13. The étale cohomology class 691? is the unique class fixed by [rl, for r prime to c,
such that

rese't(ceét) = ré,(cz(O) —E[c]).
Proof. The étale residue map res¢ can be explicitly described as follows. Note that the quotient
Qs = Hy(E N E[c],Z/0'Z(1)) /Hy (E, Z/'Z(1))

can be seen as the group of degree 0 divisors with coefficients in Z/¢'Z and supported on E|c].

Indeed, recall that H}(E,Z/¢'Z(1)) ~ Pic°(E)[¢'], while

HY(EE[],2/02(1) ~ {(£,1)|.Z € Pie(E~E[e]). f: 2% = Op g}/ =

~{(2.D,.)1 2 € Pi(E), £ 27" =5 0(D)} /(00,6 1°")).

where D and D' are degree 0 divisors supported on E|c] (e.g. [Stal7, Tag 03RR]). Hence, to each
element of Q;, we can associate a divisor with coefficients in Z/¢'Z supported on the c-torsion points,

and the étale residue map is described as
reseq: HY(ENE[c],Z/0'Z(1)) — Q; — HY(E[c],Z/0'Z), (Z,D,f)+ D.

Passing to the limit, we get a similar description for the quotient with Z,-coefficients. By Theorem
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3.1.1, as an element of Q, the class dy (.0f) is the one associated to the degree 0 divisor ¢?(0) — E|c]
(i.e. the associated class in the kernel of H)(E|[c],Z/{'Z) — HZ(E,Z/¢"Z(1)). Thus, we conclude
that

resa(c05") = ra(c*(0) — E[c]).

To prove uniqueness, we use the fact that the Gysin sequence is equivariant for the action of [r]s.
Suppose that there is d. € H,(E \ E[c],Z,(1))!"*=", for an integer r prime to ¢, such that res¢(d.) =
rei(c?(0) — E|c]); then, the difference .05 — d, is fixed by [r]. and lies in H}(E,Z(1)). Since [r].

acts as multiplication by r on H}(E,Z,(1)), we conclude that .88 —d, = 0. O

Remark 3.1.14. As briefly mentioned above, the explicit description in Lemma 3.1.13 of the étale
residue map

rese : Hy(E~ E[c), Z¢(1)) — Hg(E[c], Zy)

builds a direct analogy with the motivic residue map of Notation 3.1.6. Indeed, we have the commu-
tative diagram

H! (E~E[d,Z(1)) —— > HO (E[c],Z)%=0

mot mot

lglt % \L e J{

H)(E N E[c],Z(1)) “ HO/(E[c], Z)%s=0,

where H)(E[c],Z,)¢=0 := Ker (HY(E|c],Z¢) — HZ(E,Z(1))), and rg (D) is the étale characteris-
tic class of D, which is defined by sending the divisor D to itself (now seen as a formal combination

of points in E[c] with coefficients in Zj).

3.1.3 Relation to Eisenstein series

Here, we follow [Kat04, §3]. We explain how to relate the value of the logarithmic derivative of
Siegel units to certain Eisenstein series. This should serve as a motivation for the definition of

Beilinson’s Eisenstein Symbol.
3.1.3.1 Analytic formulae of Siegel units

LetE=C/(Zt+Z) for T € b.

Proposition 3.1.15 ([Kat04], Proposition 1.3(3), [Sch98] Theorem 1.2.1 (v)). Ler z € C

c N (ZT+Z), g=&*™7, and t = e*™=. Then, the value of .0 at 7 is given by

L'*Cz

('2*
0:(2) =T (—1)3

n —q"1)" n —q'h)”

n>0 1_qntc n>1 1_qnt—c

Proof. The proof consists of checking that our candidate has the required properties described in

Theorem 3.1.1, which determine uniquely 0. O

Proposition 3.1.15 is used to give analytic formulae for Siegel units g, g. Let I'(N) C SL(Z)



3.1. Siegel units 52

be the kernel of reduction modulo N; consider the connected component of Shgy,, (K(N))

J:T(N)\b — Shgr, (K(N))(C),

which is given, at the level of moduli, by 7 +— (C/(Zt+Z),7/N,1/N); moreover, the action of
SLy(Z) on b and the one of GL»(Z/NZ) on Shgy,(K(N))(C) are compatible under f. We would
like to consider Siegel units as holomorphic functions on the upper half-plane h. In order to do it, we
need to fix a N"-root of unity {y and, consequently, the g-expansion of Siegel units has coefficients
in Q({y) and not Q. First, note that the pull-back of g4 g under f is .0 (a7 + B mod Z7 +Z),
where T € by and E; = C/(Z7 +Z). Using the formula of Proposition 3.1.15, we have the following.

Proposition 3.1.16 ([Kat04] 1.9). Let g := ¢>™* and (y := eV, then

1 _ _a o
Sap=q7 = 2N2H —q"gv ) [T —a"a ¥ &),

n>0 n>1
where (0, ) = (£, %) € (+2/Z)*~.{0,0}.

3.1.3.2 Eisenstein series

In the following two subsections, we give a brief overview of the realisation of Siegel units in de
Rham cohomology, under the image of the Chern character dlog. Following Section 3 of [Kat04],
one shows that these are Eisenstein series, which can be seen as an additive avatar of the Eisenstein
symbols. This section serves as a motivation for the construction of higher weight Eisenstein classes
in motivic and étale cohomology.

Denote Y = Shgr, (K(N)) and let QL /y be the sheaf of relative differentials for the universal elliptic

curve & /Y. We can construct modular forms of weight one and two as follows.

1. Consider the logarithmic derivative of .0,
dlogey (c0s) € T(E N éa[C],Qév/y),
and pull it back by iy 5; we obtain a weight 1 modular form
i p(dlogey(c0s)) € T(Y, i’&,ﬁ%/y) =T(Y, 05)y),
where the last equality follows from the fact that, since Q}Dp ¥ is free on the fibresof 7: & — Y,
Wg jy = n*gjg/y = o*gjf/y

is isomorphic to X*QL@/Y’ for any section x € &(Y).
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2. We can take the logarithmic derivative
dlogy jq(cga.p) € T(Y,Qy q)-
Note that the Kodaira-Spencer map, i.e. the Oy-linear morphism
KS: a)?/zy — Q},/Q

is an isomorphism (see [Sch98] 1.1), hence

dlogy /q (c8ap) €T(Y, a)?/zy)

gives a weight 2 modular form.

Kato explicitly describes these modular forms, using the analytic formulae for .0 and (g4 g-

Definition 3.1.17. Fix an integer k > 1; define the function £ *) on h x C by

EW(1,2) = (=1)!(k—1)!(2mi) *E (k. 7,2,0),

where
1
E(k,T,z,5) = .
(k,7,2,5) (m_§elz (z+mT+n)kz+mt+n]
Furthermore, if (a, B) = (i, ) # (0,0) in (Q/Z)*, define Ea]i)ﬁ on b, by
k) (k) ﬁ é
Easﬁ(r) =E (T’NT—FN).

In the case of (¢, ) = (0,0) € (Q/Z)?, define E(()kg on b, by

(1) = (=) (k— 1)1(27i) FEgo(k, T,0),

(
EO,O
where
1
E(k,T,s) = .
( ) (m%:ezz (mT+n)k|mt + n|*
(mn)#(0,0)
In particular, note that for k > 3
a b 1 1
E(k,t,—t+—,0) = =Nk
N N (m,§€Z2 (&7+ L +mr+n)k (m,%‘éZZ ((a+Nm)T+b+Nn)*
1
— Nk S
(m%‘ézl (mT+n)k

(m,n)=(a,p) mod N
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which is a level N Eisenstein series. An account of their properties and the calculation of their
g-expansion can be found in [Kob12], Chapter III, Section 3.

The Eisenstein series defined above are related to the derivatives of dlog(.0.(z)):

Proposition 3.1.18 ( [Kat04] (3.8.1), [Sch98] §1.3 ). Let k > 1. The (k — 1)-th derivative of

dlog(.0:(z)) with respect to z is

@ri)*(2EW (1,2) — *EW (1, c2)).

3.1.3.3 De Rham Eisenstein Classes

We briefly introduce the algebraic avatar of the Eisenstein series defined above, following Section 3
of [Kat04]. We keep the notation adopted in §3.1.3.2. For an integer k > 1 and (a, ) € (§Z/Z)>,

we define elements

1. E®

ap € M (T'(N)), where k > 1, k £ 2;

2. E%) e My(T(N));

3. p®

wp € M (T'(N)), where k > 1 and (a, ) # (0,0) if k = 2,

where T'(N) is the kernel of reduction modulo N of SLy(Z). One has to keep in mind that their
analytic descriptions are given in terms of the functions of Definition 3.1.17. First, we introduce the

following operator.

Definition 3.1.19. For the integer k > 1, define the map

. @k @(k+1)
D: a)g/y — a)g/y

which locally is

where f € 04 and o is a local basis of 71:*939@ Jy» SO that % € Og is the function appearing in

df =4 o.
Consider the following.

Definition 3.1.20. Let N > 3 be an integer such that Noo = N = 0 in Q/Z and write (¢,) =

(&,%2) € (§Z/Z)*~{(0,0)}, for a,b € Z. Then, for ¢ > 1 integer prime to 6N, define

k =k -
g0 . in5 (D" 'dlogs v (cBs)) € T(Y,07,).

“Cap -

These forms satisfy similar properties to Siegel units, such as distribution and norm relations
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([Sch98]). Moreover, Proposition 3.1.3 translates into

E® k gk _ g2 plk) k pk)
c? ocﬁ CdEoc,ﬁ*d wp —d, aﬁ’
k

for integers c,d coprime to 6N. Hence, it makes sense to define E ;3 as follows.

a,

k. 1 (k)
afB T 2k rEOt,ﬁ’

Definition 3.1.21. Let k # 2, then define E
that r =1 (mod N).

for an integer r > 1 coprime to 6 such

As in Lemma 3.1.5, for any integer ¢ coprime to 6N and k # 2, we have

k) _ 2p(k) k()
"Eoc,ﬁ =¢ Eoc,ﬁ - Eaa B

2
a,

Thus, in the case of kK = 2, we can opportunely define }3 with the property that

2) _ 252 _ 2502
Eop=CEqp=Eqep
Finally, starting from E ak_;; and E((x ;3, we can define the elements F 23 € My(T'(N)), as described in

[Kat04] 3.6.

Definition 3.1.22. Let (o, ) = (%, %) € (1Z/Z)?. Then, define

Fiy =N+ EW, = fork £2;
’ x,y€Z/NZ NN
FG=N? Y B Gt () 00
xyez/NZz NV

We now restrict to the case of (o,B) = (0,6/N) and give a comparison between

dlogy /Q(gg_’,, /N) and FO( b>/N,, which consists in comparing the two g-expansions. First, recall.

Proposition 3.1.23. Ler {y = ¢*™/N and q = ¢*™7. For k> —1 and b € Z/NZ not zero, then

g =1k + Y g X d (G + (-0,

n>0 dd'=n
d,d'>0
Proof. The analytic formulae of O(kb-;f/) are extensively studied in [Kat76] Sections 3.2-3.3. O

By explicit calculation, we have the following.

Proposition 3.1.24 ([Kat04] 3.11). For any b € Z/NZ non-zero, we have

dlogy (8 1) = —Fy py - (27id7)

dlogy (8 5) = (= Fy )y + Fy oy ) - (27id).
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3.1.4 The Eisenstein Symbol of Beilinson

Let %”é‘ denote the relative Chow motive over Shgr,, (U; (N)) associated to the GL,-representation
Sym*(Std) ® det ™, for k > 0. Given the universal elliptic curve 7 : & — Shgr, (U1 (N)), we denote
by %’é’ﬁ = TSym*(#r) the k-th symmetric tensors of g = R'm.[0s — Qé’/ShGLZ(Ul (N))]. In
[Bei86] Beilinson constructed motivic Eisenstein classes

Eisf ,/y € Hmo(Shar, (U1(N)), g (1)),

whose pull-back to the upper half plane of the de Rham realisation rdR(Eis’(‘)’ b/ ) is the JZ%-valued

1-form

o F(k+2)

0B/ (2midz)* (2midT).

We do not discuss the construction of Beilinson; we rather prefer to give an account of the
definition of Eisenstein classes as the evaluation at torsion points of the polylogarithm class which
generalises to the case of abelian schemes of arbitrary dimension. This has various advantages; one

of them is that its norm-compatibility relation is radically built in the structure of the construction.

3.2 Eisenstein classes for abelian schemes

In this section and the following, we give a brief introduction to the theory of Eisenstein classes
and we explain how Theorem 3.1.7 generalises to the higher dimensional setting by describing two
constructions, one due to Kings and one due to Faltings, comparing them and hopefully explaining
advantages of the first against the other. For instance, Faltings constructs only trivial coefficients
classes, while Kings’ construction is much more general. Our main references are [KR17], [HK15],
and [Fal05].

Let us briefly summarise the contents of §3.2 and §3.3. Let A/S be an abelian scheme over a
scheme S of relative dimension g and let ¢ be an auxiliary positive integer. In §3.2.1-3, we discuss
the construction of Kings of motivic (and étale) Eisenstein classes in the cohomology of S. We start
by describing the motivic construction of the class with trivial coefficients in the cohomology of
A~ Alc], as in [KR17]. This can be achieved directly: by decomposing the motivic cohomology of
the abelian scheme into a direct sum of the eigenspaces for the trace [a]., for a prime to ¢, one can

construct (Definition 3.2.4) an [a].-invariant class
2g-1
L € Hmé:)t (A \A[C]vQ(g))v

whose residue is the characteristic class of ¢?$(0) —A[c]. In [KR17], this class is realised as the

Kk = O-part of the system of motivic polylogarithm classes

26—1
CpOlr’;ot € Hmjz)t (A \A[C]vsyngQ (g))v
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introduced by [Kin99]. From the polylogarithm, Kings constructs Eisenstein classes (Definition
3.2.14)
. 2¢—1
Bisy € Huy ' (S,Sym™ (k' (4)")(g)),

depending on the choice of a torsion section x : § — A, where 4! (A)" is the dual of the Chow motive

introduced by Proposition 2.2.3.

Fix a prime p invertible in S. In §3.3, we illustrate and compare the two aforementioned p-adic
integral constructions. In §3.3.1-2, we discuss Faltings’ approach, defining (Theorem 3.3.6) and
discussing the properties of

cZm € Hzg_1<A \A[C]7Zp(g)>'

ét

This class is characterised by being [a],-invariant and having residue the étale characteristic class of
c?8(0) —Alc]. In §3.3.4, we introduce Kings’ construction of the integral p-adic polylogarithm class
(Definition 3.3.20)

epol € Hzf (AN Ald], Zg,(8),

where #7, is the p-adic integral avatar of the system of motivic sheaves (Sym*.Zg)«. As in the
motivic case, from the integral polylogarithm Kings defines (Definition 3.3.24) integral avatars of
Eisenstein classes

cEis € H* (S, TSym"(A2,)(g)),

where #7,, denotes the p-adic Tate module of A.

Under some hypotheses on S (e.g. of finite type over Z or equal to an algebraically closed field),
in §3.3.3 we construct a class .Z;, € Héztg_l(A \A[c],fzp (g)) from .z, (Definition 3.3.15), and
compare it with ¢pol in §3.3.6: Proposition 3.3.28 asserts that the two integral constructions are

equivalent up to an explicit constant.

3.2.1 Notation

Fix a (connected) smooth and quasi-projective scheme S over a characteristic zero field. Let 7 : A —
S be an abelian scheme of relative dimension g and zero section e : S — A and let 7, : AN Ac] — S.

Recall that the trace map associated to multiplication by a prime to ¢ is the composition of
lal. < Hpoi(AN AL #o(#)) — Hipog(A ~ Alac]. ] #(e)) — Hiy (A Alc], (o)),

where the first map is just restriction to A \ A[ac| and the second is the trace map associated to
[a]. Moreover, for B € {A,A~ Alc]} and any integer ¢, denote by Hy,(B,Q(e))") the generalised

eigenspace of [a],

{z€e H}«(B,Q(e)): ([a]« —a')"z=0 for some r > 1}.
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As a consequence of Proposition 2.2.3, we have the following.

Proposition 3.2.1 ([KR17], Proposition 2.2.1). There is a decomposition into [a).-eigenspaces

Hr)riot @ mot (t) )

which is independent of a.

This is of fundamental importance in the construction given by Kings of the degree zero part of

the polylogarithm class, which is discussed in §3.2.2 and §3.2.3.
3.2.2 The motivic class with trivial coefficients
Generalising Theorem 3.1.7 to this higher dimension setting boils down to constructing an element

in H25 (A A[c],Q(g))?), whose image in H°

mot

(Alc],Q), under the edge map res of the Gysin
sequence for the triple A \ A[c] — A < Ac]

deg

H ' (A,Q(8)) —— Hob (AN A[],Q(g)) — > Ho\(Alc], Q) — = Hy%,(A,Q(g))

is given by the class of c?%¢(S) — A[c].

Remark 3.2.2. Note that one can immediately identify Ker(deg) with the space HY,(A[c] \ e(S),Q),

so that the class of ¢?8e(S) — A[c] corresponds to the fundamental class of A[c] \ e(S).

Applying Proposition 3.2.1 and the equivariance of the Gysin sequence for the [a],-action, we

get

Proposition 3.2.3 ([KR17], Corollary 2.2.2). Let ¢ > 2, then
2¢—1
Hiey ' (ANA[],Q(8))”) = Hppoy (Ale] N e(5), Q).

Proof. By [KR17, Lemma 2.1.4], the Gysin sequence is equivariant for the [a].-action, thus the

Gysin sequence for A\ A[c] — A\ e(S) <= Ac] \ e(S), gives the exact sequence

HS (AN e(S),Q(8) ) —— Hi% (AN A, Q(g)©

Hiyor(Ale] ~ e(8), Q)1 —— Hyb (A~ e(S),Q(8)) ).

The result follows by noticing that

Hmot(A ~ e(S) Q(g))(O) =0,

which is a direct consequence of [KR17, Proposition 2.2.1]. O



3.2. Eisenstein classes for abelian schemes 59

As a consequence, we can “lift” the class of c*e(S) — A[c]:

Definition 3.2.4. Let .z € H%, ' (A~ Alc],Q(g))© be the element which maps to the class
nge*(l) - 77:|:[C] (l) € Hr(1)10[(A[C]7Q)(0)

under the isomorphisms of Proposition 3.2.3 and Remark 3.2.2.

Remark 3.2.5. Notice that similarly we could lift the étale realisation of the class of c*$e(S) — A[c]
in p-adic étale cohomology with Q,-coefficients, where p is a prime which does not divide c. This
is not true integrally; we will see that Faltings’ idea is based on overcoming the obstruction and

construct a section of

(¢

H2 7 (AN AL, Z,(2))© — HO(A[],Z,),

after multiplying by a suitable element of Z,.

Finally, we mimic Definition 3.1.4:

Definition 3.2.6. Let x: S — A be an N-torsion section x : § — A, for ¢, N coprime; define
e X 2g—1
T =X € Huyoy (S,Q(8))-

How can we describe the class .z, so obtained? In the one dimensional case, this is described
by the image of the Siegel unit of Definition 3.1.4. In the case where g > 1, it does not seem possible
to have a similar presentation of .z,. Nevertheless, using the logarithmic (motivic) sheaf Zg and its

symmetric powers, Kings constructs Eisenstein classes
. 21
cEisy € Hydi (S, Symk(hl (A)") (&),

such that CEisf? = (2. In §3.2.3 below, we give a very brief introduction to Kings’ construction of

the logarithm sheaf and of Eis}.

3.2.3 The polylogarithm class

We give a very brief account of the construction of the polylogarithm class. Rather than explaining
the motivic construction of the logarithm sheaf and Eisenstein classes, we discuss the p-adic case,
for a prime p, and refer to [Kin99] and [HK15] for further details on the motivic one, which is
morally similar to the p-adic one thanks to the contribution of [HK15]. We keep the notation used
above.

Recall we have fixed an abelian scheme 7 : A — § of relative dimension g. We will work with

continuous étale cohomology groups as defined by [Jan88] (see §2.2.1).
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Definition 3.2.7. Let g, be the dual of the first relative étale cohomology (Rlnr*Qp)V; denote
ji”Q"p 1= Sym* %,

The Leray spectral sequence induces a short exact sequence
ﬂ*
0 — Ext§(Q, #,) — Ext}(Qp, 7*.7#g,) — Homg(Hq,, #,) — 0,

which splits since we have a section of & given by the zero section e : S — A.

Definition 3.2.8 ([Kin99], Definition 1.1.2). Let fép € Ext} (Q,, 7" ,) be the unique element
that maps to id € Homg(#4,, 7, ) and such that e*.,iﬂép splits. As before denote by fgp the k-th

symmetric power Sym* .Z,.

As explained in [KR17], we have maps fé‘p — Zg}:l , with kernel equal n*%Q"p, induced by
the morphism Zép — Q,, given by the very definition of this extension class. The logarithm sheaf
£4q, 1s defined as the pro-system of p-adic sheaves (,Z(’)‘p),(. Crucially, the logarithm sheaf satisfies

the following properties.
Proposition 3.2.9 ([Kin99] Proposition 1.1.3; [KR17] (3.2.1)). We have:

1. Let[a] : A — A be the multiplication-by-|a] morphism. Then, £q, ~ [a]* %, ift € Ker[d](S),
the pullback of.i”é‘p by t* is

K
* oK
! ng - H Qn;)
m=0

2. There is a canonical isomorphism

0 ifi<2g

Qy(—g) ifi=2g,

. o
Rln*pr ~

for all k.

Note that Proposition 3.2.9 (with the help of the Leray spectral sequence for 7,) implies that

,~ o . 0 ifi <2g
Hq (A, Zq,(8)) = limHg (A, 24, (8)) =~
K H}(S,Q,) ifi=2g.

This finds an immediate application when we calculate the cohomology group

Héztg_1 (ANAlc],Zq,(8))- Indeed, the Gysin sequence for the triangle A \ Alc] 548 Alc] gives

0=He (A, Lo, (8)) — He' (ANAld], Lo, (8)) — HG(Ald] it Zg,) — HY(S.Qy) .

ét
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which induces, by [KR17, Corollary 3.3.1], the isomorphism
2g—1 »
Hé(g (A \A[C]’XQP (g)) = Hgt(sa Ker(ﬂA[c],*lchp - QP))?

where 7y :Ac] — S is the structure morphism. Notice that Proposition 3.2.9(1) induces the iden-

tification

nA[c],*ingp ~ HﬂA[C]_* SymKl':L%ﬂQp;
13

Thus, the kernel of the residue map Ker(H3(A[c],Qp) — HY(S,Q,)) lies inside

HY(S, Ker(7y ¢ +i-%q, — Qp)) and it makes sense to define the following.
Definition 3.2.10. For each D € Ker(HJ(A[c],Q,) — HJ(S,Q))), let
ppolg, € Hz¥ ™ (AN Ald], Zo, (2))
be the class of residue D. In particular, denote by cpolQp the class whose residue is given by
D= c*e.(1) - my (1) € Ker(Hg(A[c], Q) — Hg(S,Qp))-

We have already anticipated that using the logarithm sheaf has the advantage of having the

norm-compatibility built-in; indeed, we have the following.

Proposition 3.2.11 ([KR17], Proposition 3.4.1). Let a be an integer prime to c; then,
[a]*(cpolQp) = cpolg, -

Proof. Tt follows from the [a].-equivariance of the Gysin sequence and the fact that [a].(D.) =

D.. O

Remark 3.2.12. The integral avatar of .ZQP, whose description is the subject of §3.3.4, satisfies the

same properties.

In [HK15, Proposition 4.6.1], it is shown that .,2”5/) is the étale realisation of a motivic object
fé‘ = Sym’“ﬂé (in the triangulated category of étale motives over A without transfer and with
rational coefficients), which satisfies the equivalent properties of fgp; thus, one can define ([HK15,

Theorem 5.2.3 ]) a system of motivic polylogarithm classes
2¢—1
cPOlioy € Hydy (A \A[C]ag(l)c(g))’

characterised by having residue equal to ¢*8e, (1) — T (1) € Ker(HY,(A[c],Q) — H2,.(S,Q)).
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As for the étale case, the pullback of fé‘ by a torsion section x : S — A splits as
. 1
XLy = I_I()Symm(h (A)Y),
m=

where /1! (A)V, introduced in Proposition 2.2.3, is the underlying motivic object whose p-adic reali-
sation is Q.

We can finally come back to the question posed at the end of §3.2.2.

Proposition 3.2.13 ([KR17], Corollary 3.4.2). The degree O component of the polylogarithm class
epold € Hi%:l (AN A[c],Q(g)) is the class .z of Definition 3.2.4.

However, thanks to the splitting of .i”(’f under pullback by torsion section x : § — A of finite

order prime to ¢, we get maps prX defined as the composition

Hoy (AN AL, 25()) — > Hilsy (8. Do Sym™ (h' (4)")(8)) —— Hyly, (S, Sym* (' (4)") (g)-
Similarly, in the étale case, we have maps prX : Héztgfl (ANAle], %, (8) — Héztgf1 (S, %QK;) (9).
Definition 3.2.14. The motivic and étale Eisenstein classes of weight x are defined as

cEisy := pry (cPOly) € Hur ' (S, Sym*(h'(4)")(g))

. 2¢—1
cBisg :=pry (cpolg,) € Hy' ™ (S, 7, (2))-
Remark 3.2.15. As a direct consequence of Proposition 3.2.13, we get that

. 0
cEisy = czx.

3.2.4 Constructing the class in K;

In [Fal05, §5], Faltings constructs a class .7 € Kj(A \ A[c]) ® Q, dealing directly with Quillen’s
definition of the K;-group of a scheme as the second homotopy group m (BQM(A \ Alc]),0) of the
geometric realisation of the nerve of the Q-category of M (A~ A[c]), which is the category of coherent
sheaves on A \ Ac] up to canonical isomorphism. This element in K; (A \ A[c]) ® Q, which is shown
to have residue a multiple of the fundamental class D, of ¢*%¢(S) — A[c], comes from determining an
explicit and canonical homotopy between the loop of s, and the one of &}, for a non-trivial [c]-
torsion point ¢ of A, in BQM(A \. A[c]). This homotopy gives an element of 77; (Q BQM(A \ A[c]),0),
where 0 is the constant loop 0(¢) = 0, which is isomorphic to 7, (BQM(A \ A[c]),0).

Pulling back by a torsion point x of order coprime to c, it gives a class in .7, € K (S) ® Q.

We do not treat this construction in detail and we will not make use of it at any point in this
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thesis; however, its component in
2g—1
Gr%)/(Kl (S)) & Q = Hm%t (S7Q(g))

is expected to be a multiple of .zy, since both elements .7 and .z are fixed by the trace [a]., for a

coprime to ¢, and have residue one the multiple of the other.

3.3 Integral Eisenstein classes

Fix a prime p. The étale realisation of the motivic Eisenstein classes described above defines an
interesting family of étale cohomology classes; however, for arithmetic applications, the integrality
of such elements is often needed. For instance, the Euler system machinery requires Galois coho-
mology classes with values in a lattice of the p-adic Galois representation in question. As the reader
might have noticed, Siegel units are naturally integral. However, they form an isolated case and, due
to a lack of a theory of integral motivic Eisenstein classes, additional work is needed to construct
integral classes.

As in §3.2.2, one can try to directly construct a section of the residue map
2¢—1 2
HE T (AN AL 2, (8)) — Ker (HY(ALd], Z,) — HE (A2, (2)) )

of the Gysin sequence for A[c] — A <= A\ A[c]. This approach has been explored by Faltings.
However, Kings’ integral description of the étale logarithm sheaf and of the polylogarithm provides a
more conceptual construction of integral étale cohomology classes and immediately sheds some light
on their relation with the étale realisation of the motivic Eisenstein classes previously constructed.
We will describe both approaches and explore the connection between the two constructions.

3.3.1 A construction of Faltings

We mainly follow [Fal05, Section 3].
Let m: A — S be an abelian scheme of relative dimension g and let p be invertible in S. For any

integer ¢ not divisible by p, let 7. : A\ A[c] — S. Faltings constructs classes
21
cZm € Hétg (A \A[c],Zp(g)),
depending on the choice of an auxiliary integer m, which satisfy:
P1. For any r prime to c, .z, is invariant under trace maps associated to multiplication by r, i.e.

[V]* (ch) = cZm>
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P2. The classes ¢,.c;Zm» ¢, Zm and ,z,, are related by
_ * 2g _ * 2g
c1-colm = [Cl] (czzm) +C2 c1im = [CZ] (Clzm) +C1 cZm-
Furthermore, pulling them back under torsion sections x € A(S) of order prime to ¢, we obtain classes
2g—1
cZmx € Hét (szp(g))'

We first recall the construction of these classes and then discuss their properties.

Consider the étale Gysin sequence for A[c] < A <= A\ A[c]. It tells us how the direct image
étale sheaves (on S) R'7, .(Z/p'Z(g)) are related to R'7,(Z/p'Z(g)). Let 5/ (Alc],.#) denote the
Jj-th direct image sheaf of the sheaf .% on Alc].

Proposition 3.3.1. The sheaf R'x. .(Z,/p'Z(g)) coincides with R'mt.(Z,/p'Z(g)) for i < 2g— 1; more-

over, we have the exact sequence
0— R* ' n.(Z/p'Z(g)) — R* ' o(Z/p'Z(g)) — #(Alc],Z/p'Z) — Z/p'L.

Proof. The result can be checked at geometric stalks. Then, it follows from Corollary VI.5.3 and

Remark VI.5.4,(b) of [Mil80]. [

Remark 3.3.2. By taking inverse limit, this holds for the sheaf Z,,.

Recall that the global sections #°(A[c],Z,)(S) are by the very definition identified with
Zp(Alc]), since m, , : A[c] — S is a finite étale map. We now define the characteristic class of

c?8(0) —Alc].

Definition 3.3.3. Let e : S — A[c| be the closed immersion defined by the unit section; it induces
00 2y(S) — Zy(Ald]) = A (AL, Z,)(S).
We define the characteristic class of ¢?$(0) — A[c] to be the global section
D, = e, (1) — ()€ H°(Alc],Z,)(S).
From Proposition 3.3.1, we have that the cokernel of
R (Z(8)) = R e (Z,(g))

is isomorphic to the kernel of

0: A 2,) — L.
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The next lemma shows that the characteristic class D, defines a global section of the kernel of ¢,

hence of the cokernel of R 17 (Z,(g)) — R® 1. .(Z,(g)).
Lemma 3.3.4. The global section D, € 5°(Alc],Z,)(S) lies in the kernel of ¢(S).

Proof. Since the kernel of ¢ is a sheaf, we can reduce to show that the restriction of D, to each
geometric fibre is zero. Thus, suppose that A is an abelian scheme over an algebraically closed field,

then we want to check that D, lies in the kernel of the Gysin map
2
¢ Hy(Alc], Zp) — He (A, Z,(g))-

Note that HY (A[c],Z,) is isomorphic to Z pCZg , while Héztg (A,Z,(g)) is isomorphic to Z,. By Poincaré
duality, the Z,-dual of Héztg(A,Zp(g)) is H)(A,Z,) which is isomorphic to Z, and the pairing is
induced by the product structure of Z,. On the other hand, H(A[c], Z,,) is dual to itself with respect

to the pairing induced by multiplication of vectors

aq bl
. , as by

(o,0): 25" = HY(A[c,Z,) x HY(Ale), Zp) =25 — Z, |~ || 7 | = aibi +---aaebe.
a.2g bCZg

Then, the dual map to ¢ is

Z, = HY(A,Z,) — Hy(Ale],Z,) = Z;",

2
Hence, let v = (aj,az,- -+ ,a,2) € Z;g and b € Z,, then

which gives us the result claimed. O

Unfortunately, we cannot immediately lift D, to Héztg A NAlc],Z,(g)) as we did in §3.2.2.

Faltings overcomes this obstacle, by multiplying for a big enough constant.

Lemma 3.3.5. Let m be an integer prime to p and let [m], denote the trace map associated to

multiplication by m on A, then the product

2g—1 )
Foi= [ ([m]. —m)

i=0

annihilates the truncated complex T<s,— 1 (R7.(Z,(g))).
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Proof. This is a direct consequence of the action of [m], in cohomology, which acts on the i-th

degree cohomology as multiplication by m?¢~. Indeed, note that

2g—i 2g—i
R (Z,(8) = RS (Z,) = \ R'm(Z,) = N\ (T,(A))"

where T},(A) denotes the p-adic Tate module of A and (e)" denotes its Z,-dual. This follows by
base change to geometric points and a duality statement for abelian varieties (e.g. [Mil08] Theorem

12.1). Thus, the result follows since [m], acts as multiplication by m on T),(A). O
We now have the following result.

Theorem 3.3.6 ([FalO5], Section 3). Let m be an integer coprime to ¢ and a generator of Z,, and

define Ny, :=[1:5," (1 —m®~1). The class of N2(D,) lifts canonically to H2¢ "' (A~ Alc], Z,(g))-

1

Proof. Here we give a sketch of the proof given in [Fal05]. We have a surjective map
H2 (AN Alc],Z,(g)) — Ker (Hg(A[c},Zp) N H;g(A,z,,(g))) :
which comes from the étale Gysin exact sequence for (A,A \ A[c],A[c]); denote by y the map
Ha(Ale] Zp) — Hi (A, Z,(2)).

First, we lift D, € Ker(¢(S)) to the kernel of y to construct the desired class. To do so, Faltings

constructs a map of complexes
02 - R¥m.Z,(g)[~28] — RTZy(g)

which is multiplication by (2g)! in cohomology. Since, by Lemma 3.3.5, the operator

2g—1 )
Fp = I:g ([m]« —ng_’)

annihilates the truncated complex T<y,—1(R7.(Z,(g))), then
Fporg =Fyo(2g)!

Let 7y be the generator of R*¢7,Z,(g) defined by the zero section of A; since [m], fixes ¥, we have

that
Ny ¢2g(7) =Ny~ (28)!(7)-

Thus, Fy, 0 W(D,) = Ny - (28)!19(D,) = 0, because ¢ (D..) = 0 in R¥1.Z,(g)(S).

Since [m]«(D,) = D,, F, acts on D, as multiplication by N,,. Hence, applying F,, again, we get a
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canonical lift of Fy,(N,,D.) = N2D. in Hy® (A~ A[c], Z,(g)). O

Remark 3.3.7. 1f the prime p is sufficiently large, we can choose m such that N, is invertible in Z;

it suffices to assume that p > 2g + 1 and choose m to be a generator of (Z/pZ)*.

Remark 3.3.8. The étale Gysin sequence is equivariant for the action of [r].., thus we have a map
2g—1 = =
Het (AN AL, Z, ()" =" — HY(A[c], Z,) =",

The dependence of Faltings’ classes on the choice of m arises from the obstruction to construct a

section of this map if g > 1.

Finally, we can define classes over the base of the abelian scheme.

2g—1

Definition 3.3.9. Denote by .z, the canonical lift of N2(D.) to H.f " (A~ Alc],Z,(g)). Moreover,

for any torsion section x € A(S) of order prime to ¢, we define the étale Eisenstein classes for A/S as
e F 2g—1
Zmx =X cZm € Hy (S,Zp(g)).
Let resg denote the (residue) map from the étale Gysin sequence
2g—1
ress: Hy (ANA[e], Zy(g)) — Hg(Alc), Z,),
then
ress(czm) = N2 (D,.).

3.3.2 Properties of Faltings’ classes

In the following, we investigate some of the properties that the Eisenstein classes defined above

satisfy. In particular, we show that they satisfy the two properties P1,P2 we mentioned above.

Proposition 3.3.10. Let r be an integer coprime to ¢ and let [r], be the trace map associated to the

multiplication by r : A\ Alrc] — AN Alc], then

[r}*(czm) = cZm-
Proof. The trace map [r], commutes with the operator induced by multiplication by N,,, hence the
result follows from noticing that [r].. fixes D,. O

Notice that we can extend this result for trace maps associated to isogenies whose degree is

coprime to c. Denote by .72 the class in the cohomology of A . A[c].

Corollary 3.3.11. Let h:A — A’ be an isogeny over S of degree prime to c, then

ho(o2h) = oz € HF (AN A[c], Zy (g)).-
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Now, we prove the compatibility property P2 we stated above.

Proposition 3.3.12. Let ¢y, ¢y be integers, then
-8 = [01]*(szm) + ng(mzm) = [CZ]*(mZm) "‘C%g(czzm) € Héztg_l(A \A[CICZ]aZp(g))-

Proof. We are reduced to studying what happens at the level of the characteristic classes of the

0-cycles in H) (A[c1¢2],Z,) we are lifting. Indeed, note that

2 2 2 2 2
[Cl]*(czge*(l) — ﬂ‘t‘[cz](l)) +C2g(c1ge*(l) - ﬂ‘:[q] (1)) :Dclc2 +C2g[c1]*e*(l) 7c2g7tli[q](l) =

=Dc,c,
2 .
hence [c1]*(¢,z) 4+ 5% ¢, Zm and ¢, ¢, 2m have same residue and hence are equal. O

In the same fashion of the previous propositions, we can prove that the Eisenstein classes are
invariant under base-change. Recall that for Siegel units and Eisenstein classes, this property is

well-known.

Proposition 3.3.13. For any morphism S' — S and abelian scheme A /S, then
g (LZ::}) = czﬁ‘q )

where g : A — A is the base-change of A to S'.
Proof. The result follows from the fact the base change of D? by is Df,. O

We can now discuss the comparison between the image under the étale regulator of Siegel units

and the étale classes defined in the previous section.

Proposition 3.3.14. Let & : E — S be an elliptic curve and let Ny, be as above; fix c to be coprime

to 6p. Then, we have that
Nzi(cel?) =cZm € Hélt<E N E[C]va(l))a

where CGE’ is the class defined in Proposition 3.1.11.

Proof. By the compatibility of étale and motivic Gysin sequences with the étale regulator, we have
that the (étale) characteristic class of res(.0f) is equal to resg (. 0}?) (see also Lemma 3.1.13). Thus,
N2(.68) has residue N2D,. It follows that the difference N2(.05) — .25 lies in the kernel of the

residue map and comes from an element

tm € H (E, Zp(1)),
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which is fixed by [r]«, for any r coprime to ¢. We are left to show that #,, is torsion. Indeed, after

tensoring by Q,, the Leray spectral sequence gives an isomorphism
Hg (E,Qp(1)) = H (S,R'm,Qp(1)) © Hyy (S, R m.Q, (1)),

where [r], acts as multiplication by * and by r on each summand. Thus t,, = 0in H}(E,Q,(1)). O

3.3.3 Faltings’ class as an integral polylogarithm

In the following, we define classes in étale cohomology groups with coefficients in an integral étale
logarithm sheaf starting from Faltings’ class. This is very close in spirit to the construction of Kings
in [Kinl5a] and [Kin15c], as we will recall in §3.3.4.

In the remaining part of the section, we fix an abelian scheme A of relative dimension g over a base S
of finite type over Z, and a prime p (p { ¢). We consider A, := A as a cover of A under multiplication

for p" and define the inverse system of étale lisse sheaves

2z, = ([P'«(Z/p"Z2)),>,

with transition map [p"].(Z/p"Z) — [p"~']+(Z/p"~'Z) given by composition of trace map and re-

duction modulo p"~!. Since S is of finite type over Z,
HZE N (ANALe], 2y, (2) = imHZE ™ (AN A e, 2/ Z(2)).
r

We can construct an element in this inverse limit by using the étale classes .z,,. Indeed, consider the

image of the element i,(.z,) in H, éZtg -

(A, N A;[p"c],Z/p"Z(g)) under the natural map

i Dt (A NALLCLZ/ P 2(9)) — Het T (AN A ), Z/p"2(g)).

et

Since the elements .z, are trace compatible, i.e. [p]«(czm) = czm, We can define

Definition 3.3.15. Let -2, := (i,(czm))r € He® (AN A[), 22, ().

3.3.4 The integral polylogarithm of Kings

We now discuss the construction by Kings of the integral étale polylogarithm class
cpol € imHE (A, N A [p'e), Z/p"2()),

which is characterised by having residue D.. Recall that A is an abelian scheme over a base S of

finite type over Z. Consider a torsion section x : S — A and let A[p"](x) be the A[p"]-torsor defined
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by the Cartesian diagram

S—* S A

Define the sheaf of Iwasawa modules

Az, (x) = (A(AlP'])) = (Prasl/P'Z), .

When x is the unit section e : S — A, denote A(Z,(e)) by A(H7z,).

Remark 3.3.16. The stalk at a geometric point § of A.(A[p"]{x)) is isomorphic to the space of
Z/p"Z-valued measures on A[p"|(x)s, hence the stalk at § of A(Jz,(x))s is the Iwasawa algebra

limA,(A [p"]{x)5), which motivates the chosen notation.

The sheaves A(/7,(x)) and #7,, are simply related by the following.

Lemma 3.3.17 ([Kin15c], Lemma 6.1.2). There is a canonical isomorphism
x*.i”zp ~ A(szp (x))

Proof. 1t is sufficient to work at finite level. Thus, the result follows from the Cartesian diagram

above, since we deduce that

X"[p' L/ p"L >~ prx L/ P"L.

O

We are now ready to state a result of Kings, which allows to define the integral polylogarithm
class in terms of its residue; this is of fundamental importance in the study of integrality of Eisenstein
classes and makes explicit the relation between polylogarithm classes and Siegel units in the case of
elliptic curves (as in [Kinl5a], Theorem 12.4.21), which is of fundamental importance in proving

the p-adic interpolation properties of the push-forward classes in [KLZ17], [LSZ17], and [CRJ18].

Proposition 3.3.18 ([Kin15c], Proposition 6.3.1). We have a short exact sequence

2g-1
0 —— Hy/

(ANALC] 22, (§)) "= HY(S, 7 T, A(H2,)) — HY(S,2y) —0

Remark 3.3.19. The statement differs from the one of [Kinl5c, Proposition 6.3.1], since we have
used that
201 201 .
HE (AN Ale], 27, (9)) ~ HE ™ (SRR jes jo 22, (8)),

et

as explained in [Kinl15c, Section 6.5].
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This result should already shed light on the connection between £z, and the étale logarithm
sheaf Zq,, which results in Proposition 3.3.21. Let D, be the étale characteristic class of c8(0) —

Alc], as defined in Definition 3.3.3. Since
0 *
D, € Hg(S, n‘A[c]v*”‘A[C]A(jfZP))7

we can define the integral étale polylogarithm class as follows.

Definition 3.3.20. The integral étale polylogarithm class associated to D, is
cpol € Hy ' (ANAlc], .2, (3))

such that res(c.pol) = D,.
This construction agrees with the one of Definition 3.2.10:

Proposition 3.3.21 ([Kinl5c], Corollary 7.2.2). There exists a map comp : £z, — .,S,”Qp, which

induces the comparison
2¢—1
comp(cpol) = cpolg, € H (A “Alel, Zq,(8))

3.3.5 The Eisenstein-Iwasawa classes of Kings

We now explain how Kings constructs integral Eisenstein classes from the polylogarithm class of

Definition 3.3.20.

Definition 3.3.22. Let x : S — A be a g-torsion section (for ¢ coprime to c); define the A-adic

Eisenstein class EI(x) to be x*(cpol) in
HZS (8,2 7, (9)) ~= limHZE ™ (A[p) (), Z/ P Z(8)) = HE ' (S, A (A2, (x))(8))-

Remark 3.3.23. The class (EI(x) is the Eisenstein-Iwasawa class, which appears in the works

[Kinl5a], [Kinl5c] and [KLZ17].

Now, let TSymk(%&p) be the sheaf of k" symmetric tensors of the p-adic Tate module
My, = (R'm.Z,)" of A. Notice that TSymk(Jpr) is not isomorphic to the k' symmetric powers
%”ka (see Definition 3.2.7). The two sheaves become isomorphic after tensoring by Q,,. Indeed, by
the universal property of the symmetric algebra, we have a morphism Sym* (.77 ) TSymk(%p),
which becomes an isomorphism after inverting k!, thus inducing Sym* (%Qp) ~ TSymF (e%ﬂQp)7
where #g, = (R'1.Q,)".

Kings defines moment maps (e.g. [Kinl5c, Definition 5.5.2])

momy : HzS ™' (S, A(Ay,)(g)) — HzE ™' (S, TSym*(2,)(g)).

ét
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for any integer k > 0, and gives the following:

Definition 3.3.24. Let
Eisf , := momy([ql..EI(x)) € H;* ™' (S, TSym"(/47,)(g)).

The definition depends on the integer g, but we prefer to omit it from the notation. Definition
3.3.24 is again motivated by the following comparison of these integral classes with the ones of

Definition 3.2.14.

Proposition 3.3.25 ([Kin15c], Theorem 7.3.3). We have

pX

CEis’i = qk (cEiS]eEz,x) € He?tg71 (S’ %(p (g))

Remark 3.3.26. This result answers affirmatively to the question on whether Eisenstein classes can
be interpolated as the weight varies p-adically, and it is the generalisation of the elliptic curve case
treated in [Kinl5a]; however, there is a crucial difference between [Kinl5a, Theorem 12.4.21] and
[Kin15c, Theorem 7.3.3]: in the former, the integral polylogarithm class is seen to be “motivic™: if
7 : E — S denotes an elliptic curve over a scheme S of finite type over Z, Kings defines .® as the

inverse limit of
lim dyr (c6g) € lim Hg (E N E[p"c],Z/p"Z(1)) = Hy(E N E[c], 27, (1)).

Then, comp(cpol) is equal to @ as elements of H}(E \ E [c], Zq,(1)). A similar description does

not seem possible in the higher dimension case.

Remark 3.3.27. The phenomenon of constructing classes in the cohomology with non-trivial coef-
ficients from trivial coefficients ones appears in various occasions. Indeed, the very construction of
(higher) étale cyclotomic Soulé elements or the Euler system of Kato for modular forms of weight
higher than 2 relies on p-adic deformation techniques (see [Kinl5a, Definition 12.3.3], [Kat04,
§8.4]).

3.3.6 Comparison between the two polylogarithm classes

The comparison of the construction of Definition 3.3.20 and the one of Definition 3.3.15 relies on

the very characterisation of the two classes, as the next proposition shows.

Proposition 3.3.28. Let c,m be as in Theorem 3.3.6. We have
Nr%z(cp()l) = cZn.

Proof. This is a straight-forward consequence of the comparison of the residues at finite levels and
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the injectivity of the residue map by Proposition 3.3.18. Indeed, both N,%l(cpol) and . %, are inverse
system of classes having residues N2D, in H(A[cp'|,Z/p"Z). O

Remark 3.3.29.

* This is the integral counterpart of a comparison between the underlying rational motivic
classes of Faltings and Kings, which follows from the description of the degree O part of

the polylogarithm on abelian schemes of [KR17], as it was briefly discussed in §3.2.4.

* There is a clear discrepancy between the construction of Kings and the one of Faltings. The
étale polylogarithm class does not depend on the choice of an auxiliary integer m, because of
the vanishing of the direct image sheaves of 27, in degree less than 2g ([Kinl5c, Theorem

6.2.3]).

* Note that the very construction of the moment maps would allow us to define the class
k
Zmg = momk([Q]*X*CQFm);

which, after tensoring with Q,, is in Héztg_l(S,j%cp (¢)). However, this is a multiple of
CEisliM, because, by Proposition 3.3.28, x*. 2, is equal to N2 (.EI(x)).

3.4 Varying the level

We discuss how the trace compatibilities of GL,-Eisenstein classes generalise to the general GSp,,-
case. We use the method of Scholl in [Sch98], which readily extends to the higher dimensional
setting. Crucially, the trace compatibility follows from a detailed study of variation of level structures
in towers. These compatibility relations play a key role in proving norm relations and in answering

Hida theoretic questions as we will discuss in the next chapters.

3.4.1 Compatibility in the mira-Klingen tower

In the following we study how the Eisenstein classes of symplectic Shimura varieties vary in the
tower of levels U; (N) given in Definition 2.1.20; fix a finite set of primes S coprime to N and p, and
consider any sufficiently small open compact subgroup Kg C Gszg(ZS). Consider the congruence
subgroup

Uy := U (N)Ks C GSp,,(Z).

Since Uy is sufficiently small, the Shimura variety Shgsp,, (Uy) is the fine moduli space of isomor-
phism classes of quadruples (A, A, o, P), where A is an abelian scheme of relative dimension g, A is
a principal polarisation on A, & is a symplectic level Kg-structure and P is a point of exact order N

of A. Tts universal abelian scheme & = 7 (Uy) Shgsp,, (Un) comes equipped with the universal
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N-torsion section ey. We show how the Eisenstein classes behave under the trace pr), , of
prp : ShGszg (UPN) — ShGszg(UN)a (Aa/la (X,P) = (A,A,, «, [p}P)

where [p] denotes multiplication by p. We observe that we prove a trace compatibility in the mira-
Klingen tower rather than in the Klingen tower because our Eisenstein classes, which depend on
the choice of a torsion section of the universal abelian scheme of Shgsp,, (Uy), naturally live in the

cohomology of Shgsp,, (Un) (Definition 3.4.4).

First, recall the following.
Lemma 3.4.1. The universal abelian scheme < represents the functor

isomorphism classes of (A,A, ¢, P,s),
F :Schyy — Sets, S 4 where (A, A, ,P) € Shgsp,, (Un)(S)
and s € A(S)

Proof. To ease the notation, denote by Sh, the Shimura variety Shgsng(UN). Define the natural

transformation 7 : &/ (-) — %, by sending, for any Q-scheme S,
Ns:(S) = Z(S), x—((A,4,,P),s),

where (A, A, ap, P) corresponds to 77(x) € Shy(S) ands: S widy) oy X She,1(x) S Y, A, where the second
map Y is an isomorphism which comes from the universal property of . / Sh,.

Note that the natural transformation 1) has a mutual inverse p : . % — &/ (+), defined by sending
ps: F(S) = A(S), ((A,A,0,P),s)—t,
where ¢ : S — 7 is the composition
S A o xS S o,
where
* y € Sh,(S) corresponds to (4,1, a, P);
* ¢:A—> o Xgp,yS is the isomorphism, which arises from the universal property of &/ / Sh,.

Indeed, if x € 27(S),

psons(x) = ps(m(x), yo (x,ids))) = prioy ' oyo (x,ids)) = x.
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On the other hand, if ((A,A,a,P),s) € Z(S),
Nsops((A,4,0,P),s)) = ns(pricgos) = (n(pricgos),9~" o(priopos,ids)),
which is equal to ((A, 4, &, P),s) since

w(priogos)=y:=(A,A,a,P) thanks to the commutativity of the diagram

ALﬂXShg}SHJZ{

LRk

Shy;

95}

s ¢ lo(priogos,ids) =¢ lopos=s.
O

After much unwinding definitions, we’ll see below that the compatibility under the trace of pr),

of the GSp,,-Eisenstein classes basically follows from this simple group theoretic result.

Lemma 3.4.2. Let (G,+) be an abelian group with identity element O and let x € G be an element
of exact order N, i.e. Nx = 0¢g and Mx # Og for every integer 0 < M < N. Fix a prime number p

and suppose that y € G satisfies the relation py = x, then the following are true.
1. The element y has exact order either N or Np;

2. Suppose that pt N. If y has exact order N and py = x, then y is necessarily of the form rx, for
r positive integer such that

rp =1 (mod N);

3. Suppose that p|N. If py = x, then y has exact order Np.
Summing all up, we get the following.
Lemma 3.4.3.

1. Suppose that p1 N. We have

(ren,f)
Shgsp,, (Un) U Shgsp,, (Unp) il 4 (3.2)
i (id,pr),) (P]
Shesp,, (Un) = o

is Cartesian, where f = (id X prp) oenp and r is the inverse of p modulo N.
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2. In the case when p | N, the diagram

(idxpr,)oenp

Shgsp,, (Unp) o (3.3)
iprp (p]
Shesp,, (Un) = o

is Cartesian.

Proof. The proof is similar to the one in the case of modular curves, as in [Sch98, Lemma 2.3.1];
note that, by Yoneda lemma, it is enough to check that for every Q-scheme S the diagram evaluated
at S-points is Cartesian in the category of Sets.

By Lemma 3.4.1, for any Q-scheme S, </ (S) is the set of pairs (a, P), where a € Shgsp,, (Un)(S)
and P is a point in the abelian scheme A,/S defined by a. Denote by e, the base-change of e €

 (Shgsp,, (Un)) t0 Aq(S). We treat the two cases in the statement of the lemma separately.

1. Let p{N. The morphism ey sends a € Shgsp,, (Uy)(S) to (a,en.q) € (S). By Lemma 3.4.2,
the pre-image of ey, under multiplication by p has either the exact order N or Np. In the first
case, the pre-image of (a,en ) is of the form (a,rey ), with r the inverse of p modulo N,
hence it defines a point in Shgsp,, (Un)(S). In the second, it will be of the form (a,ren o +),
for y point of exact order p of A,, and, using the universal property of e,y, we get a S-point of

Shgsp,, (Unp)-

2. Asabove, the morphism ey sends a — (a, ey 4) € 7(S). By Lemma 3.4.2, its pre-image under

multiplication by p has necessarily exact order N p, thus it defines an S-point of Shgsp,, (Unp).

O

3.4.2 The distribution relations

We now finally state the distribution relations under the trace pr, , of the Eisenstein classes for

p,*
Shgsp,, (Un):

Definition 3.4.4. Let 5 denote the Chow motive over Shgsp,, (Uy) associated to the GSp,,-

representation Sym* (Std) ® v—* and denote by
. . 20—
cEis¥ y 1= cBisf, € Hy$ ' (Shasp,, (Un), 5 (2)),

where (Eis;, is the class introduced in Definition 3.2.14.

Remark 3.4.5. Notice that, by our choice of normalisation of Ancona’s functor in Proposition 2.2.4,

HE = Sym* (b (7).
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We start by showing the distribution relations for CEisg ~» which, by Proposition 3.2.13, is the

class ey (cz).

Proposition 3.4.6. We have

Eis y if p|N;

- 0
Py (cBisgp) = - 0 -0 .
cEisy v —d,(cEisy y)  if pIN;

where d), € Gszg(i) is any matrix congruent to (} 1?1) modulo N.

Proof. The computation follows by using Lemma 3.4.3 and the fact that the Eisenstein classes are
invariant under trace maps [p]. (e.g. Proposition 3.2.11) and under base-change (e.g. [Leml6,
Proposition 2.11]). To help the reader follow each passage in the proof, we denote by .z7%(Un ) the
class of the universal abelian scheme of Sthng (Uy). Let p | N; the Cartesianness of diagram (3.3)

gives

=i (1) (%)) by (3.3)

where the second equality follows form the compatibility of the class under base-change and the
second last from the invariance of .z%(U¥) under [p],.

In the case of p and N coprime, we use the Cartesianness of the diagram (3.2) to deduce

Moreover, the left hand side of the equation above is just

(ren)* <Cz"’fg<UN>> +pr,, (e}‘\,p(id xpr,)* (CZ'%(UN))) = (dp)*CEisg’N +pr,, (CEisgﬁNP) ;

where d), is a matrix in Gszg(i) whose reduction modulo N is of the form ({) 19,). O

Remark 3.4.77. This proposition is the higher dimension analogue of the result of Kato for Siegel

units (appearing in the proof of [Kat04, Props 2.3-4]), which was the subject of Proposition 3.1.9.
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By the same method, we get compatibility relations for cEisg y € H, 261 (Shasp,, (Un), 5 (8))-

mot
According to §2.2.5, we define pr), , to be the composition of Try, with [P« : Hg — pry(Hy)

Then, we have the following.

Proposition 3.4.8. We have

cEisg v ifp|N;

cEisg y —p*d;(cEisgy)  if p1N;

pr]y* (CEis;pN) =

where d,, € Gszg(i) is any matrix which reduces modulo N to (}) 191) modulo N.

Proof. The proof of the statement goes as before, with the only difference, in the case of p { N,
being the action of [p]. on our coefficients, which is given by multiplication by p*. Indeed, by the

Cartesian diagram (3.2), we get

(Trpe, o[pl«) (CEis;pN) + [pl«(dy)" cEisg y = cEisg v,
and thus the desired formula since [p], acts by multiplication by p on Jg. O

Remark 3.4.9. Let p be any prime. Note that the method of [KLZ17, Theorem 4.3.3] readily applies

to the p-adic realisation of Eis; y and its integral counterpart: denote by

) . 26-1
CEIS%,,,g,N = CElSQMv cH? (Sh(;sng (UN),TSymK(jﬁp)(g)),

et

the class of Definition 3.3.24. We have

Eis¥ itpIN:
) C Zp.8,N ’
prp7>1F (cElS§,,7g,Np) = . K[ K 7% - K 1
cElSZpng -pP di’ (CEISZI“g7N) if p J[N;

where d), € Gszg(i) is as in Proposition 3.4.8 and pr, , denotes the trace map of pr, in étale
cohomology.

3.4.3 Consequences of the distribution relations

3.4.3.1 Distribution relations for push-forward classes

Proposition 3.4.6 gives immediately a trace-compatibility relation for the push-forward of Eisenstein
classes. Let H, G be reductive groups over Q and fix Shimura data (G, X) and (H, := GSp,, X H,Y)
of PEL-type such that there is an embedding

L (Hy, Y) = (G,X).
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We allow H to be trivial in the sense that with (Hg,Y) we simply mean the symplectic Shimura

datum for GSp,, introduced in §2.1.3.2. The morphism t induces morphisms
g : ShHg(KﬁHg) — ShG(K),

for K C G(Ay) sufficiently small open compact subgroup.
Now, choose a family of sufficiently small open compact subgroups K,» C G(Z) for n > 0,

which satisfies the following:

1. The pull-back of each K,» N H, = U}’ W U, such that its p-component is

Ul(Pn)XH(Zp)-

2. The maps
I : ShHg (Kpn ﬂHg) — ShG(Kpn)

are closed immersions of codimension d.

Remark 3.4.10. These conditions ensure that we have a diagram
ShGspa, (UF) <2 Shyg, (Kpr (1 Hy) "> Sho (Kpp)-
Moreover, if V is an algebraic representation of G such that we have
DR .= DFRWO — Vi,

for W the trivial representation of H, and DX the GSp,,-representation Sym*(Std) @ v—*, then we
obtain Gysin morphisms
21 0 2(g+d)—1
s Hil ! (Shiry Ky NHy). 767 (9)) — Haly ™™ (Sha(Kn). Yo (8 + ).

where @5’0, Vg are images under Ancona’s functor of D<0 and V.

We can then define elements
VK1 omp, (cEis H2E D (Sho (Ko), Yolg +d
iGn = L« © T (C lsx+e,,) € Hpp ¢ ( G( P")? Q(g+ ))7

where x € o/ (Shgsp,, (pr1(Ki NHy))) is a suitable torsion point of order an auxiliary integer M

coprime to p.

Corollary 3.4.11. Let n > 1 and let 1, denote the natural degeneracy morphism Shg(Kpy) —
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She (K n-1); then, we have

Tn,*(z‘c/i,,;) = Zg,ﬁ—r

Proof. Note that by the choice of K,», we have a Cartesian diagram

Ty n
ShHg (U{l X Uz) —_— ShGszg(Uln)

Pr;l J{prn

T n—1 _
Shy, (U~ ®Us) ——= Shgsp,, (U ),

where pr,, and pr], are the natural degeneracy maps. This allows us to translate the trace com-

K

patibility relation of (Eis&pn

)n>0 of Proposition 3.4.8 to a trace compatibility under pr:l’* of

(7171* n (Eis; pn)>n>0. Thus, the result follows from the commutativity of the diagram

Shy, (K (N Hy) —— Shg(K,n)

Shyg, (K1 (1 Hy) ——> She (K 1).

A similar statement holds for the case of n = 0.

Corollary 3.4.12. Let T denote the natural degeneracy morphism Shg(K,) — Shg(K1); then, we

have
V.x %\ _V.K
Tl,*(ZGJ) = ( *Pde)ZG,O’
where d,, € HA(Z) is any matrix whose GSp,,-component reduces to ¢ 1?1) modulo M.

Proof. The proof is identical to the one of Corollary 3.4.11 and follows from the p t M case of
Proposition 3.4.6. O

Remark 3.4.13.
* Corollaries 3.4.11 and 3.4.12 are automatically true in the integral p-adic étale setting;

* Corollaries 3.4.11 and 3.4.12 recover the first norm relation of the Beilinson-Flach elements
([LLZ14, Theorem 3.1.1]). One can treat similarly the case of push-forward of cup-products of
classes, recovering the level trace compatibility of the GSp,-Euler system ([LSZ17, Theorem

8.3.2(i))).

3.4.3.2  A-adic Eisenstein classes for GSp,,
As as second direct application, we show how to use the compatibility of Eisenstein classes in the

mira-Klingen tower to compare Faltings’ classes with Kings’ Eisenstein-Iwasawa classes when the
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base scheme S is an integral model of the GSp,, Shimura variety. This section should be regarded
as a continuation of §3.3.6.

Let U, be the sufficiently small open compact subgroup U;(p")Ks C Gszg(Z); we denote
by Shgsp,, (Upr) the integral model over Z[ﬁ], for an auxiliary integer d coprime to p, of the cor-
responding Q-scheme. Denote by & (U,r)/Shgsp,, (Upr) its universal abelian scheme, which is
equipped with the universal p"-torsion section e,r. Associated to ./ (U,r) and e,r, we have the étale
class (Definition 3.3.9)

T = € (cam) € H ™ (Shas, (Upr). Zp(8)),
Lemma 3.4.14. Let 7, . be the trace map of the natural degeneracy map T, : Sthng (Upm) —
Sthng(Upr). Ifr > 1, then

o

T« (Czi)prﬂ) =y pr-

Proof. The proof is identical to the one of Proposition 3.4.6. Indeed, it follows from Lemma 2.1.25

and the Cartesianness of

(id x ”p>06pr+1

Shasp,, (Upr1) A (Upr)
Tp \L J/ (]
Shaspy, (Upr) 4 A (Upr).

Remark 3.4.15. By the previous lemma, we have

. 2g—1
cz;gn’poc = (cz;gn’pr)VZI S llmHétg (ShGszg (Upr),Zp(g)),
>1

r

where the inverse limit is taken with respect to the trace maps 7, .

The class .z}, = can be directly related to Kings” Eisenstein-Iwasawa class El(e,) := e, (cpol)

associated to .27 (U, ). Indeed, we get the following generalisation of [KLZ17, Theorem 4.5.1(1)].

Theorem 3.4.16. There is an isomorphism

2¢—1 R P
H' ™ (Shesp,, (Up), A(HAz, (ep))(8)) ~ UmH ™" (Shgsp,, (Upr), Zp(3)),
r>1
where the inverse limit is with respect to the trace map of the natural degeneracy map

T, ShGSPzg (Upr+1) — ShGszg (Upr).

Moreover, under this isomorphism the A-adic class e,c 2y is mapped to chn, = In particular, we
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have

2y e = N2(El(e)):

Proof. The proof is very similar to the one of [KLZ17, Theorem 4.5.1(1)]. Let o/ := </ (U,). Note

that there is an isomorphism of schemes . : Shgsp,, (U,+1) = &/ [p"|{e)) such that

5 .
Shesp,, (Uyri1) —— < [p"](e,)

lﬂ,”r, Prr,epl

Shgsp,, (Up) === Shgsp,, (Up)-

This follows from the very definition of <7 [p"](e,). Indeed, a point of <7 [p"](e,) over (A,A,,P) €
ShGszg(U ) is given by a point Q of order p"*! of A such that [p"]Q = P. Hence, f, is the isomor-
phism defined by sending

(4,4,0,0) = ((4,4,2,[p"]0),0) .

The isomorphism f; induces
Hzg*1 op” Z N_Hzgf1 Sh U V/
«  (D[P(ep),Zp(g)) a Gszg( pr+1)7 »(8));

for all r > 0, and, passing to the limit, we get the desired isomorphism.
Moreover, under f,, the morphism «[p"]{e,) — &/ corresponds to the universal p’! torsion
section €, of ShGszg(U 1 ). This shows that "an el corresponds to the restriction of .z, to

< [p"|{ep). Thus,

Finally, the equality

follows from Proposition 3.3.28. O



Chapter 4

Towards an Euler system for GSp,

In what follows, we describe the joint work with Joaquin Rodrigues Jacinto on the construction of
global cohomology classes in the middle degree cohomology of the Shimura variety Shgsp, of the
symplectic group GSpg compatible when one varies the level at p. They arise as push-forward of
elements in the first conomology group of the Shimura variety for GL; X gef GL2 X get GL2. We show
how these classes satisfy Euler system norm relations in the cyclotomic tower at p, and thus provide
elements in the Iwasawa cohomology of Galois representations appearing in the middle degree co-
homology of the Shimura variety.

The chapter is organised as follows.

In §4.1, we discuss basic properties of the Shimura varieties and establish branching laws for the
restriction of algebraic representations of GSpg to GL2 X get GL2 X get GL2, which is needed to con-
struct elements in the cohomology with non-trivial coefficients. In §4.2 and §4.4, we define the
motivic and étale classes in the cohomology of Shgsp, and prove their norm compatibility relations.
In §4.3, we finally construct the elements in the Iwasawa cohomology of Galois representations

appearing in the middle degree cohomology of Shgsy, .

4.1 Preliminaries

4.1.1 Groups

Let
H = GL; x 4o GL; X4t GL, = {(A,B,C) : A,B,C € GL;,detA = detB = detC}

be the group scheme over Z obtained by taking the product over the determinant of three copies of

GL,, and denote by G the group scheme GSpg over Z. Recall that its R-points are

G(R) = GSp4(R) = {A € GL¢(R) : A'JA = v(A)J, v(A) € Gu(R)},
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for any commutative ring R with 1, where J is the matrix (701, Ig ), for Ig = ( | 1 ! ) . In the following,
3

we will consider H as a subgroup of G through the embeddiﬁg defined by

aj by
az by

A: ((01 bl)’(flzbz)7<ﬂ3b3))GH,_> az by cG

¢y dy e dp c3 d3 c3 d3
3 d
c dy

We denote by Zg and Z¢ the centers of H and G respectively.

4.1.2 Shimura varieties

Recall that the Shimura variety Shgy,, is associated to the Shimura datum (GL3, Xgr,, ), where Xgr.,,

is the set of GL,(R)-conjugacy classes of
o . 1 ab
/’l(;]_‘2 .—S—>GL2/R, a+ib— a2+h2<*bu>'

The diagonal embedding GL, — H induces a Shimura datum (H,Xjy); denote by Shy the corre-
sponding Shimura variety Shy. If U C H(A ) is a fibre product Uy X 4o Uz X ger U3 0f subgroups of
GL;(Ay), we have

Sha(U) = Sher, (U1) X, Sher, (U2) X6, Sher, (Us),
where X ¢, denotes the fibre product over the zero dimensional Shimura variety of level D = det (U;)
mo(Sher, ) (D) = Z*/D

given by the connected components of Shgy,,. Finally, let (G,Xg) be the Shimura datum defined
in §2.1.3.2; the embedding A induces an inclusion of Shimura data (H,Xy) — (G, X¢) with corre-
sponding embedding Shg — Shg of codimension 3. For any open compact subgroup U of G(Ay),
we have

1y : Shg(UNH) — Shg (U).

For sufficiently small level groups, all the Shimura varieties defined above, as well as the morphisms
between them, admit canonical models over Q. The following lemma is an adaptation of [LSZ17,

Lemma 5.3.1].

Lemma 4.1.1. Let U be an open compact subgroup of G(Ay) such that there exists a suffi-
ciently small open compact subgroup U’ of G(Ay) containing U, wiUwi and wrUw, where

wy =diag(—1,1,1,1,1,—1) and wy = diag(1,—1,1,1,—1,1). Then the morphism (of Q-schemes)

W : ShH(UﬂH) — Sh(;(U)
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is a closed immersion.

Proof. We note that it is enough to show it on the complex points of the Shimura varieties. As it
was pointed out before, the map at infinite level Shir(C) — Shg(C) is an injection, hence we need
to show that if z,z/ € Shy(C) have the same image in Shg (U)(C), then z = Z'u for u € U NH. This
would follow by showing that for any u € U \ (U NH), we have Shy(C) N Shi(C)u = 0 as subsets
of Shg(C).

We show the latter as follows. The quotient W = Zg/(HNZg) is generated by the two invo-
lutions w; and w». An easy calculation shows that the centraliser Cg(a ) ({w1,w2}) is H(Af). Note
that the action of w; and wy on Shg(C) fixes Shy(C) pointwise. Thus, if z,zu € Shy(C) foru € U,

'wi) and vy = u(wpu='w) fix z. By hypothesis vy, v, € U’, which acts

the elements vy = u(wiu~
faithfully on Shg (C), thus we conclude that vi = v, = 1. This implies that u centralizes the subgroup

generated by wy and w, and hence u € U N H, which completes the proof. ]

Remark 4.1.2. Let Kg(d) denote the kernel of reduction modulo d of G(Z) — G(Z/dZ), for G €
{GL,,G}. If U C K¢(d) for some d > 3, then the hypotheses of the lemma are satisfied with
U' =Kg(d).

We recall that both Shgy,, and Shg admit a description as moduli spaces of abelian schemes:
given sufficiently small open compact subgroups V C GL2(Af) and U C G(Ay), Shgr, (V) is the
moduli of (isomorphism classes of) elliptic curves with V-level structure, while Shg (U) parametrises
(isomorphism classes of) principally polarised abelian schemes of relative dimension 3 and U-level
structure.

Finally, we recall that, for g € G(A f) and U sufficiently small, we have a map of schemes over
g:Shg(U) — She(g~'Ug)
given by g-[(z,h)] = [(z,hg)]. For g € G(Ay), we denote by 17, the composition

1,
sUg~!

Shy(sUg ™' NH) Shg(gUg ™) ——— Shg(U) .

Remark 4.1.3. For U equal to the kernel of reduction modulo d, U-level structures of an abelian
scheme A correspond to bases of the d-torsion points of A. Note that the right-translation action
of g € GLy(Z) (or G(Z)) on the variety corresponds, at the level of moduli spaces, to the map
g: (A4, {ei}) — (A,A,{e}), where (¢}) = g~ ! - (e;), where {e;} forms a basis of the d-torsion

points for A.

4.1.3 Level structures

We introduce next several level structures that we will be using throughout. The reader is urged to

skip this section and come back as the situation demands.
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Definition 4.1.4. Let K(?) C G(Z(”>) be a compact open subgroup satisfying the hypotheses of
Lemma 4.1.1. For any n € N, let K, := KP)U; g(p") C G(Z). for

Uig(p"):={¢g€G(Zy): Re(g)=(0,...,0,1) mod p"},

where R¢(g) denotes the sixth row of g.

~

For any n € N, we let K| (n) = pr; (K, "H) C GL,(Z). Observe that its component at p is given
by
UL, (p") :={g €GLa(Z,) | g=Imod [y »n]}.

We will always assume that K (n) is a sufficiently small compact open subgroup of GLZ(Z).
Remark 4.1.5.

* Note that, at p, the level group K, N H has component

Ui 6L, (p") ®GLy(Z,) RGLy(Z,,).

« If KP) x G(Z,) = Kg(d) for some integer d > 3 coprime to p, then K, and Ki(n) =
(GLZ(Z“’)) x Ui gL, (P")) NKgL, (d) are sufficiently small.

* By Lemma 4.1.1, 1k, is a closed immersion and we get
Sher, (Ki (1)) <2 Shyz(K, NH) —~ Shg(K,,).

This diagram will be fundamental in the definition of the motivic classes underlying our Euler

system construction.

The choice of a dominant co-character 1 of the maximal torus of G determines a parabolic
subgroup P, of G. In order to define the tower of auxiliary level subgroups, we will force the
reduction of elements of K, modulo powers of p to lie in Py, for 1 as follows. Let 1 be the co-

character of the maximal torus of G defined by
X = P

and let 11, := 1 (p) € G(Q,) € G(Ay). We note that the parabolic subgroup Py is the intersection
of the Siegel parabolic with the Klingen parabolic. The choice of 1 is motivated by the proof of
Lemma 4.2.1.

Definition 4.1.6. Recall that we note K¢ (p™) C G(Z) the kernel of the reduction modulo p™. For

m € N, define subgroups of G(Ay)
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—(m+1)

e K = Knﬂn;"+]Knnp ﬂKG(pm);

n,m(p)
* K1 =K, ) K (P,

Remark 4.1.7.

* The group K/ o(p) is the largest subgroup of K;, such that right multiplication by 7, induces a
morphism

* The definition of these last level groups will be justified by Lemma 4.2.1.

* In other words, for n > m, these subgroups are defined as follows.

noom o pm 2m o 2m o 3m

p p pppT D
pn pm pm pm pm pZm
! o — nopmopmem mo2m
K”A,m T {g € K() ‘ 8= I mod Zn Zm Zm im Zm ppm }
propn pm opm pm o pm
propt pt pt pt o pt
Pt pm+l pm+l p2(m+l) pz(erl) 173(m+1)
propt pn pm+1 pm-H p2(m+1)
K}; m(p) _ {g c KO | g= I mod ptopn ph p771+1 pm+1 p2(m+ll) ]
pn pm pm pm pm pm+
n mn mn mn n m+1
in I;H I;H I;H Zn Pt
* Observe that we have a tower of inclusions
ot / / / /
Kn =Ko 2 Ky 0(p) 2 Kt 2 Ko 1(p) 2 K2 2 -

4.1.4 Representations of algebraic groups

We study now the branching laws for the restriction of an irreducible algebraic representation of G

to some of its subgroups.

4.1.4.1 Highest weight representations

Recall that every irreducible algebraic representation of GL; is of the form Sym” @ det* for some
p € N,k € Z, where Sym? denotes the p-th symmetric power of the standard GL,-representation.
We will next review the highest weight theory for the groups GSp, and GSpg.

Let T be the diagonal torus of G (which coincides with the diagonal torus of H) and denote
by xi € X*(T), 1 <i <6, the characters of T given by projection onto the i-th coordinate. We then
have xix7-i = v, i =1,2,3, where v denotes the similitude factor. We see GSp, inside G and ¥;,
i €{1,2,5,6}, denote as well the characters of its diagonal torus.

For a,b non-negative integers, let u = (U > Wo), 42 = b,y = a+ b and denote by V¥
the unique (up to isomorphism) irreducible algebraic representation of GSp, with highest weight

x4 x4 with central character x — x/#|, where [u| = i + 1>, which has dimension §(a+1)(b+
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1)(a+b+2)(a+2b+3). Similarly, given a,b,c positive integers, let A = (41 > A > A3),
A3 =c,A =b+c,A =a+b+c and denote by V* the unique algebraic irreducible representa-
tion of G with highest weight x]l‘x;zx;“ and central character x — x|, where [A| = A; + A, + A3,
which is of dimension =35 (a+1)(a+2(b+c)+5)(a+b+2)(a+b+2c+4)(b+1)(b+2c+3)(a+
b+c+3)(b+c+2)(c+1).

4.1.4.2 Branching laws

For a fixed k and A, we are interested in studying how many H-representations of the form
Sym(k’o’o) := Sym* ) Sym°® ) Sym® appear in the decomposition of the restriction V‘i of V* to
H. It will be useful to consider the obvious factorisation of our embedding H C G through
H' := GSp, X GL,, this is because any irreducible H'-factor of an irreducible G-representation
will have multiplicity one.

We recall the following branching law result, which will be used to answer the question above.

For A = (A1 > Ay > A3) and u = ({; > ) as above, we say that y doubly interlaces A if A} > y; >
Az and A >y > 0.

Proposition 4.1.8. Let A = (A > A, > A3 > 0) and V* be as above. Then

» We have a decomposition of Sp4 X SL,-representations

Vi = @V“ X (Sym"t @ Sym™ @ Sym'?),
u

where the sum is over all & = ([} > Wp > 0) doubly interlacing A and where r; = x; — y; for

{x1 > y1 > x2 > y3 > x3 > y3} being the decreasing rearrangement of {1, A2, A3, U1, Up,0}.

» We have a decomposition of SLy X SL,-representations

Hi—Hy o
VH — @ @Symﬂl YR Symta Y,
x=0 y=0

Proof. The first statement is just [WY09, Theorem 3.3]. We sketch a proof of the second points,
which is stated in [LSZ17, Proposition 4.3.1]. For the parametrization of the special case of GSpy,

applying [WY09, Theorem 3.3] we obtain

VH =t (Sym"t @ Sym™) K Sym*

=@ (Sym 2 @ Sym" 2 @ L Sym!"1 ) @ Sym®.

Observe that every factor appears with multiplicity one. Dividing the sum for 0 < s < p and yp <
s < up we see that rj = ) — W, r» = s and ry = Uy — s,y = Uy respectively. Drawing the points

(x,y) such that the representation Sym* X Sym” appears in the above sum we see that we get every



4.1. Preliminaries 89

integer pair (x,y) € Z* with x+y = u; + » (mod 2) inside the rectangle with vertices (0, iy — i),
(W1 — U2,0), (U2, 1) and (U1, 42). Choosing the right parametrisation of these points (i.e. taking

(U2, 1) as the origin) we get the desired expression. O

We are ready to prove the following.

Lemma 4.1.9. The sum of all irreducible sub-H' -representations of V* isomorphic (up to a twist)

to VE R Sym® for some W is given by

P viRSYM)@v S ,
pes (A)

where o/ (L) C Z? denotes the region of points ([, lp) € Z? satisfying || = |A| (mod 2) and lying

in the rectangle defined by the inequalities

i — o <A — Ao+ A3,
W=t > A — A — A3,
i+t > A — A+ As,

i+t <AL+ A2 — As.

Proof. Applying Proposition 4.1.8, we obtain a decomposition as Sp, X SL,-representations

vt = PVHR (Sym™ @ Sym™ @ Sym'3)
u
min(rl,rz)

= p P VER (Sym"1 72720 @ Sym'3)
L =0

min(ry,rp) min(r3,ry+ry—2i)

_ @ @ Vu X (Symrl -4-}'2+r3—2i—2j)7
u i=0 j=0

where the sum is over all u = (1} > up > 0) doubly interlacing A and where r; = x; —y; for {x; >
Y1 > X3 > y2 > x3 > y3} being the decreasing rearrangement of {11, A2, A3, i1, Uz, 0}.

We deduce that if V# X Sym® appears as a sub-Sp, X SL,-representation then
ri+rn-=2i—j=0, rn—j=0,
which implies j = r3 and 2i = r; 4+ r, — r3 and hence, since 0 < i < min(ry,r7),
ri+r>r3>ri+rp—2min(r,rn) =|rn —r| 4.1

and r; +r2+r3 =0(mod 2), which is equivalent to saying that |¢t| = |4 | (mod 2). The result follows
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by unfolding the two inequalities of (4.1). O

Lemma 4.1.10. The sum of all irreducible sub-H-representations of V* isomorphic (up to a twist)

£,0,0

to Sym< )for some k > 0 is given by

AM—2+23 A=k
@ r Sym(k"o’o) ®det 2,

k=|A1—2x— 23]
k=|A| (mod 2)

forr:lz—}@—l—l.

Proof. This follows immediately from Lemma 4.1.9. Indeed observe that, by Proposition 4.1.8, for
any W, the unique sub-SL, X SL,-representation of V¥ of the form Sym*9) is Sym(#1=#20) The
result then follows by analysing the possible values of {; — i, in the region o7 (A) of the above
lemma. The value r is the number of (1, lty) € <7 (A) such that y; — y, =k, i.e. the length of one
of the sides of the rectangle. The twist is there so that the central characters of Sym**) and V* and

the inclusion is H-equivariant. O

Remark 4.1.11. The values of k and r can be easily deduced by drawing the region <7 (A). For

(£,0,0)

instance, from Figure 4.1 for A = (9,6,2), we have that Sym appears in the decomposition of

the restriction of V* to H only if k € {1,3,5} with multiplicity r = 5.

M
M

A

M=+ 23

M=
A3
M—d—2sr

A3 A 2

Figure 4.1: The region </ (1) for A = (9,6,2).

4.1.4.3 Integral structures

Denote by b, g the Lie algebras of H and G respectively, and write U(h),U(g) for their universal
enveloping algebras. For a € {h, g}, denote by Uz(a) the Kostant Z-form in U (a) ([Ste16, Chapter
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2]), which is some subring of U(a) generated over Z by an explicit family of ordered monomials
given in terms of the choice of a Chevalley basis of a (which also forms a PBW-basis of U(a)), so

that U (a) is obtained from Uz (a) by base-change.

For an a-module V, an admissible lattice Vz in V is a Z-lattice which is stable under the action
of Uz(a). By [Stel6, Corollary 1], we know that admissible lattices exist for any representation of
a semi-simple Lie group, and that such a lattice is the direct sum of its weight components. For a
weight A, fix a highest weight vector v of weight A and consider V% the maximal admissible lattice

A Observe that VZ)L is also an

inside V* whose intersection with the highest weight space is Z - v
admissible lattice considered as an H-representation (since Uz (h) C Uz(g), which can be seen using
[Ste16, Theorem 2] and the fact that a set of simple roots for h can be extended to a set of simple
roots of g and that their Cartan subalgebras coincide). Let (e1,ez,e3, f3, f2,f1) be a symplectic
basis for the standard G-representation V(12029)_ Denote Sym(Zk 00 ¢ (Sym*09 A YA) the minimal

(k,0,0) (k,0,0)

admissible lattice of Sym such that the intersection Sym with its highest weight space is

VA elf (it is isomorphic to the algebra of symmetric tensors TSymli X TSym% X TSym%).

By [Stel6, Corollary 1] (cf. also [Kos66, Corollary 1 to Theorem 1]), the restriction to H of the
lattice VZ’1 decomposes as the direct sum of its highest weight components. In particular, for every
w= (U, ) € o/ (A) and k = p; — lp, we have that (Sym*:0.0) ®detw%k) NV} CV;} is non empty.
By fixing any H-highest weight vector vi*#| in this sub-lattice, we can define a homomorphism of
H-representations

||k
br[Zx’”] :Sym(Zk’O’o) @det T — Vj,

by sending e’f to viAHl,

4.1.5 Gysin morphisms

In the next section, we will define étale and motivic classes in the cohomology of the G-Shimura
variety with coefficients by taking the image under Gysin morphisms of certain classes in the co-
homology of the H-Shimura variety. To define these maps, we will translate the branching laws
for algebraic representations of H and G described above into a statement for the corresponding
étale sheaves and relative Chow motives on the Shimura varieties, by using Ancona’s construction

(§2.2.3). In particular, recall from Proposition 2.2.6 that we have a commutative diagram of functors

Repq (G) —— CHM(Shg )G/
.‘H \L lA*
H
Repq (H) ——-—— CHMq(Shy)H(47),

where A* denotes pull-back.

Let U C G(Ay) be a sufficiently small open compact subgroup so that 1y is a closed immersion



4.2. Definition of the classes 92

(e.g. Lemma 4.1.1), then we have Gysin morphisms

W« : Hypor (S (U NH), A" ¥ (m)) — Hyd (She (U), Yo (3 +m)).

We want to compose these maps 17 . with the maps in cohomology coming from the branching
laws in Repq (H) described above. To do this, we let 7/& be the relative Chow motive uS(W*) over
Shg, where W* is the algebraic representation of G given by v @ v we also let %’ék’o’m be the

relative Chow motive uH(Sym(k*M) & det_k) over Shy.

Proposition 4.1.12. Let u = () > Wp) € &/ (A) and let k = 1y — Uy, we have

s Hio (Shi(U nH), 250 (%)) — Hado(Sha (U), #§ (x+3+ 52)).

Proof. Note that by Lemma 4.1.10, we have

A=k

Sym(k’o’o)@)det T o vh

After twisting it, this gives a map

w —k Ak

Sym* 00 @ det™* — VA gy AT —wht oy

By Proposition 2.2.6 and Proposition 2.2.4(2), we get a morphism
, k,0,0 % k
br[lr“]:f%”(; ) A WQ( 1A=k | ).

The composition of the corresponding map in cohomology br*# with 1y« defines the desired map

l[[};”]. O

Remark 4.1.13. By §4.1.4.3, we have “integral” Gysin morphisms in étale cohomology. Let j‘f (,0,0)

(resp. WZ),L,) denote the Z,-sheaf associated to the lattice Sym(Zk 0.0) @ det ™k (resp. V)L @ v 1A, then

we have

s He(Sha (U NH), 2,407 (%)) — HE O (Sha (U), #7, (x+3+ 5.

4.2 Definition of the classes

We give the definition of the zeta classes and we study their norm compatibility as we vary the level

of the Shimura variety.
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4.2.1 Notation

Recall that Shgy, (Ki(n)) is the moduli of isomomorphism classes of (E,P,,«), where P, is an
p"-torsion point of the elliptic curve E and « is a level pr; (K PN H)-structure on E. Denote by
(&, en, o)/ Shgr, (Ki(n)) the universal object of Shgy, (Ki(n)). Moreover, fix a torsion section
x: Shgr, (K1 (0)) — & of order an auxiliary integer N coprime to p.

For an auxiliary positive integer ¢ coprime to 6, denote by g, := (x+e,)*(-0¢) € O(Shgr, (K1 (n)))*
the unit of Definition 3.1.4. Similarly, let jfé‘ denote the relative Chow motive over Shgr,, (Ki(n))
associated to the GL,-representation Symk ®det‘k, for kK > 0 and consider the motivic Eisenstein
classes

cBisy := cEisk,, € Hyo(Shar, (K1(n)), 75 (1)).

We denote by cEiS]gt‘,, the image of the (motivic) Eisenstein class under the étale regulator.

Recall that Kings has constructed an underlying integral étale Eisenstein class (Definition 3.3.24):
CEis]ip,n € He’gt(ShGLz (Kl (I’l)), jflkp (1))7

where %”ka :=TSym"(/#7,) is the Z ,-sheaf associated to the lattice TSymf @ det *.

4.2.2 The classes at level K, ,

We first construct classes in the cohomology of the Shimura variety of level K}, ,,.
Lemma 4.2.1 below is the key ingredient for proving the vertical norm relations of our classes

(Theorem 4.2.17) and, indeed, it constitutes the main motivation for working with the level K;/“n

Lemma 4.2.1. Let n,m > 1 be such that n > 3m+ 3. There exists an element u € G(Af) such that

the commutative diagram

Sha (K] .1) @2)
Ko m+1 \L
pr
pro lI“{’,LmJrl
ShH(uK;{Lerluil mH) ' ShG(Kr/z,m(p))

/
n,,l lnp
1,

ShH(uK,;mu—l NH) Shg (K}, )

has Cartesian bottom square, where Ty, 77:;,, and pr denote the natural projections.
Remark 4.2.2.
1. A proof of Lemma 4.2.1 is a direct and not very pleasant calculation and it is given in §4.4.

2. The choice of u does not depend on either m or n and it is not unique. More precisely, u

has to be the representative of an open H-orbit of the flag variety G/Py, over Z, with trivial
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H-stabiliser. In what follows, we take u € G(Z), whose component at p equals to (6 ?) , with

=G4

and having trivial components elsewhere.

—_—
—_——o

O

We now define the push-forward classes in the cohomology of the G-Shimura variety of level

K}, .- Recall that we have étale regulator maps
re: Hiog (Sh (U), #g (x)) — Hi\(Sh (U), 7, (%)),

where W&p is the the p-adic étale sheaf associated to W&p. Moreover, notice that we have a projection

Pry o © Shu (k] ,u~" MH) — Shgr, (Ki(n)). To slightly ease the notation, for any g € G(Ay),

: Ao

(A.u] .
we denote by 1 Kl the composition g o L K, g

Definition 4.2.3. Let V* be the irreducible representation of G of highest weight A = (4; > 4, >
A3), = (k+j>j) €/ (A)andletn,meN.

e Let Q?j,%,’“ I be the class given by

A, % . k—|A
ot m(cEisk) € Ho (Sha (KL,), #¢ (4+ JA),

!
Kmm:”ﬁ

e Let ZLA,# | be the class
A, k—|A
ra(cZint) € HL(Sha(K;, ), #§, (4 + ).
The motivic classes defined above are not a priori integral, which is due to a lack of theory
of integral motivic Eisenstein classes. Building on the work of Kings (e.g. Proposition 3.3.25), we

give an integral construction of the p-adic étale classes as follows. This is better suited for studying

p-adic interpolation properties.

Definition 4.2.4. Let CZL%;,!“ ] be the class given by

A, « . k—|A
™ oprt,(cEish ) € Hi(Shg(K),), 77 (4+S2)).

!/
Kn,mv“:

Thanks to Lemma 4.2.1, these classes are proved to be compatible as m varies (cf. Theorem

42.17).
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4.2.3 The level groups K, ,,

Let n € N and denote by K, o C G(i) the subgroup of K,, defined by
Lppppp
plpppp

Knﬁ()::Knﬂ{gEG(Zp) | g=1mod ’f’f%ﬁi? }
L1lppp
L1lppp

Remark 4.2.5. The definition of K, o is motivated by the proof of Theorem 4.2.17.

For m,n € N, we aim to define classes in the cohomology of

Sh (Kin0) X spec(q) Spec(Q(Epm))-

Definition 4.2.6. Let n,m € N. Define subgroups K, ,, € K, o by
Kom :=Kuon v (1 +p"ZL)={ge K,0:v(g) =1 (mod P"Z)}.
Remark 4.2.7. As explained in [LSZ17, 5.4], if U C G(Ay) is an open compact subgroup such that
v(U)-(1+p"Z) =7,
then there is an isomorphism of Q-schemes
She (U NV~ (1+ p"Z)) ~ Shg (U) X specio) SPec(Q(Epm)),

which intertwines the action of g € G(A ) on the left-hand side with the one of (g, o;) on the right-

hand side, where o, = Art(v(g)_1)|Q< ¢,m)- In particular, we have

ShG(Kn, ) ShG( nO) X Spec(Q) Spec( (gﬁ’"))

4.2.4 The classes at level X, ,,

For two given integers n,m > 1, take n’ = n+ 3m and define the projection

I : Sh(;( — Sh(;(Kn.m),

n m)

induced by right multiplication by the element 0" = diag(p>", p*", p*", p", p", 1) € G(Q,) defined
in §4.1.3.

Remark 4.2.8. The map £, is well-defined. Indeed, we need to check that 17, mK’ nl’,” C Kym.
Recall that K}, = Ky N ny'Kyn,” N Ke(p™) and Ky = Kyo NV~ e +me), so we have
n,"K;, WMy =M, "Kyny 0Ky N, "Kg(p™)n,'. This is obviously contained in K, and in
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v=U(1 4 p™Z). Finally, if g € K,y N n,"Ka(p™)n,, it satisfies the extra conditions modulo p im-

posed in the definition of K, o.

Before defining the classes we note that the push-forward by #,, « makes sense with our p-adic

integral coefficients.

Lemma 4.2.9. There is a well defined action of 11, L pPt4s on WZ}:, defining a morphism of sheaves
iy W = (W),
In particular, we have a map
th - H}(Sha (K} ) W7 (4+ S2)) = B (She (Kum), #5- (4+ 52)),

defined by composing the map in cohomology induced by tr};l , with the trace of t,y in étale cohomology.

Proof. We need to show that the matrix 1, = diag(p~>,p~2,p~%,p~',p~',1) acts on W%P and that

2 .2
y XX, X, 1)

its image is contained in p)“?*’13 W%p. Let S be the one dimensional split torus diag (x>, x
of G. Then V* decomposes as the direct sum of its weight spaces relative to S, with weights between
0 and 3A; + 24, +2A3. We deduce that S acts on the highest weight subspace of W* = V* @ v~14|
through the character diag(x3,x2,x2,x,x7 1) — x~(R2+%3) and, in particular, the action of 7, I on

every S-weight space (and hence on all W) will be divisible by p*2*23, thus showing the claim. [

Remark 4.2.10. Observe that the normalisation by p~%2123) jg such that the action of p~(*21+%4) n, 1
on the S-highest weight subspace of W* is trivial and divisible by p elsewhere. This optimal normal-

P

isation of the map 7;, ,

will be very helpful (in a rather subtle way) when defining our cohomology

classes at integral level and proving their norm relations (cf. Theorem 4.2.17).

We are now ready to define the following.
Definition 4.2.11.

o Let 0" =ik (ZH) € H] (She (Kum), 7 (4+ 240,

g ) n',m

e Let Cz,[frh“ ] be the class

SA —[A
A+ (cz[ ﬂ]) eHgt(ShG(Kn,m),%’lp@Jr "T“)).

)
mx\C<p! m
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4.2.5 Norm relations at p: varying the level

We now show that the various classes that we constructed are compatible when we vary the variable

n. Denote by

@10 : ShgL, (K1 (n+ 1)) — Shey, (Ki (n))

(Pr; : Shg (Ki,1+l,m) - ShG(K},Lm)

the natural projection maps. We have the following.

Proposition 4.2.12. We have

m .
o (M y = L =t
n,x n+1,m o A .
(1-pDy) st ifn=o0,

where D, € H(Z) C G(Z) is any matrix whose first GLy-component is congruent to ((1) 2) modulo
N.

Proof. This is a particular case of Corollaries 3.4.11, 3.4.12. O

This immediately translates into the identical norm relations for the level K, ,, classes.

Corollary 4.2.13. Let ¢, : Shg(Ky+1,m) — Shg(Kym) be the natural projection map. We have

A, i
)\ _ e’ =t
¢n-,* (CZrH-l,m) - (A,u]
(1= p*Dy)ezna’  ifn=0,

where D), € H(i) C G(i) is any matrix whose first GLy-component is congruent to ((1) 2) modulo
N.
Proof. Apply t,’},’* to both sides of Proposition 4.2.12. O

4.2.6 Norm relations at p: cyclotomic variation

In this section, we prove our main result stating that our cohomology classes satisfy the Euler system

relations at powers of p.

4.2.6.1 Hecke operators
We now define the Hecke operator which is going to show up in the norm compatibility relations of

our cohomology classes.

Definition 4.2.14. We define the Hecke operator %, acting on H(Shg (K, ), V/Z’lp (4+ k—T\M)) to be

—(M2+23)

the action of p Ky My 'K} .. where K, 1 » 'K . is seen as an element of the Hecke algebra

n,m»

H (K w\G(Ay) /Ky )z, of K, ,-bi-invariant smooth compactly supported Z,-valued functions on
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G(Ay). In other words, the action of K,’hmnp’ IK;,,m on cohomology is the one induced from the

following correspondence on Shg:

Shg (K'/U"(P))
Tp
Shg (Kr/z,m) > Shg (Kr/l,m)7

where the vertical arrow is the natural projection 7r1’, and the diagonal one is induced by right multi-

plication by 1),, and hence 62/11’ is given by the composition

Al (m)* 1A T .y
HY (Sh (K}, ), #7- (4+ 52)) —L HE(Sha (K], ) 72, (4+520) =25 HE (Sha (K], ), #7 (4+ 544,

where nl’},* is the normalised map defined exactly in the same way as the map t,ﬁ’* of Lemma 4.2.9.

Remark 4.2.15. The notation chosen for the Hecke operator is motivated by the fact that %p' is dual

to the Hecke operator associated to 1,,.

4.2.6.2 Norm relation for the classes CZ,%;,” ]

Recall that the diagonal matrix 1, := (p*, p, p?, p,p,1) € G(Q,,) induces a morphism of Shimura

varieties 1, : Shg (K’

m(p) — Shg (K}, ;) and, by Lemma 4.2.9, a map

—IA —|A
Myt HL(ShG (K] ) 7 (44 520) — H (Sha (K ,), #7 (4+ 52).

n,m

Let m > 1, n > 3(m+1), and denote by ), the composition of the natural projection map pr :

She (K

1) — Sha (K, m(p)) with the map 1, : Shg (K m(p>) — Shg/(Kj, ,,)- By the same arguments

as in Lemma 4.2.9, we can once more define a normalised trace
A . A k—=|A A k—=|A
et HL(SDG (K i), #2 (4 +5592)) = H](Sha (K, ,,), 77 (4+ S2),

as the composition the trace of pr with n ,%*

We have the following push-forward compatibility relation.
Theorem 4.2.16. Form > 1, n > 3(m—+ 1), we have
k(M) = 2 2,
where %p’ is the Hecke operator defined in Definition 4.2.14.

Proof. Denote by .zyy ,,, the class pr} , ,,(c Eis’efw). The result follows from Lemma 4.2.1. Indeed,
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.. ~[A,u
by the definition of the class Cz,[hm Jil we have
sAu (2.u] k
Pr« (CZn,m+1) =Dpr«° lK/ _’u_*(CZH,n,erl)
nm+1""
— (2.1] x( k
=Pne lKrll,erl JU* © ﬂ'p (CZanvm)’

where 7, is as in Lemma 4.2.1. By the Cartesianness of the square of the diagram of Lemma 4.2.1,

we have that

[A.u] ot = ( /)* ol[’“”

K’ P T

ry Ol
p * n7m+1’u’* 4

so we deduce

A,
pro(c2hHy

* A, * <A,
()" o™, (Fhunm) = (1) (Zt),

where the last equality follows by definition. Hence, by applying n?;* to both sides, we get

N A
/1( (A,u]

A,
ik, [A,u]

A,
L'Zn,mH) = n?,* © (n;a)*(czn.m )= %p/ : CZL,rh“]

as desired. O

4.2.6.3 Norm relation for the classes Cz,[l%,;,” ]

Q(Cperl )

Call normy, ) the norm map of the natural projection Shg (K ) JQUE i) — Shg(Ky ) JQUEm)-

. 1 . . .
Moreover, let o), denotes the image of » € Q;, under the Artin reciprocity map.

Theorem 4.2.17. For n,m > 1, we have

QC,m+1), [Au] ) Yy [Au)

P —
normy 7y (Zpmi1) = o3

where %p’ is the Hecke operator associated to p’(lﬁ’h) 'Kn,mn;IKn,m-

Proof. We first deduce the norm relation at levels K, ,,. By Theorem 4.2.16 and the commutative

diagram
m+1

n
ShG (Kr/z,m-H ) L) ShG (Kn,m+1 )

n
Shg (K, ,,) —— Shg (Knm),

n,m

where the right vertical arrow is the natural projection map, it suffices to show that the Hecke operator
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% commutes with 4

mx>

i.e. that we have a commutative diagram

s
H(Sh (K, ), Wi (4+*32)) = H (Shg (Kum), #7 (4+*52))

%’l |
A

th
H'(Sh (K}, ) 7, (4+54)) = HT (Sh (Knm), 77, (44 554).

Recall that the Hecke operator %p’ at level K,, ,, is defined as the correspondence pr; s o1 17}* o

pri, where pri, pry are natural projections sitting in the diagram

n _
ShG( nm) <_ ShG( nmmnp nmnp ) _p> ShG(np 1Kn,mrlp van,m) % ShG(Kn,m)~

Then, the two Hecke operators commute if [, (01, K\ K| = [K, .01, K], 1, \K], .
This is indeed the case, since both sizes can be checked to be p'2. We are making an essential use
of the extra congruences modulo p satisfied by the elements in K, . Finally, the result follows after

using the isomorphism

ShG( nm)NShG( nO) X Spec(Q) Spec( (CP ))

which intertwines the Hecke operator %, on the cohomology Shg (K, ) with Art(v(n,)) o ) U, =
-3
c, U,
O

Remark 4.2.18. For calculating the size of the quotient for K, ,,, one actually crucially uses the
congruences modulo p appearing in the definition of the level group K, o, and the result would not

hold if we didn’t impose those congruences.

4.3 Mapping to Galois cohomology

Let T = my ® M. be a cuspidal automorphic representation of G(A) of level U such that U
is sufficiently small and satisfies v(U) = Z*, m. is in the discrete series and 7 appears in
Hg(ShGQ(U),”//L)L (4+q)) for some weight A and finite extension L of Q,, and ¢ = k%w for
some k > 0 as in Lemma 4.1.10.

Let N € N be the smallest number such that Kg(N) C U (recall that Kg(N) denotes the the
principal congruence subgroup of level N), let .7 denote the Hecke algebra generated over Z by the
standard Hecke operators for primes ¢ not diving N. Let L be the p-adic completion of the smallest
number field containing the Hecke eigenvalues of 7 and note & its ring of integers, kg, its residue
field and note %5, = S ®z 0. Finally, we denote m C J#5, to be the kernel of the character
Hp, — ki defined by 7.

The study of the localisation at the Hecke ideal m of the cohomology of Siegel varieties with
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integral coefficients has been carried in [MTO02]. Their study relies on the existence of a Galois
representation associated to 7, which is now known to exists thanks to the recent work [KS16].
We will assume throughout the hypotheses (GO) (Galois ordinary) and (RLI) (residually large im-
age, i.e. non-Eisenstein-ness) made in [MTO02, §1] (where the reader is referred for the appropriate

definitions).

Proposition 4.3.1 ((MTO02, Theorem 1]). If p>5and p— 1> |A|+ 6 then
H;,(She g(U)s 4, (+))m = H (She g(U), #5, (5))m

is a free O-module of finite rank.

Let now V;; be the Galois representation associated to 7 (up to the twist for Q, (4+q)), where
7 satisfies the hypotheses (St) and (spin-reg) made in [KS16]. When U = K, o for some n € N,

Proposition 4.3.1 and the Hochschild-Serre spectral sequence give a map

HY (S (Kum), 77, (44 ) —H' (Q(Em), HG(She g(Kno), #2, (4+4))m)
—H'(Q(p), Tx)

—>H1(Qp(Cpm)7T,r),

where T denotes the & -stable lattice in V; given by the 7 -isotypic component of the étale coho-
mology with WgL (4 + g)-coefficients. In the above composition, the last arrow is the restriction to

the decomposition group.

Definition 4.3.2. We let .z7, be the image of Cz%,’n” I for a u=(k+j>j) e (L), in any of the

groups appearing in the above composition.

In addition to what previously asked, suppose that 7 is @/p’ -ordinary, in the sense that @/p' acts

on Ty as multiplication by a p-adic unit . Then, Theorem 4.2.17 immediately gives the following.

3 m
Theorem 4.3.3. Let .2}, o € H'(Q({yn), Tx) be the class defined as ((ZJ) “Zppe

For m > 1, we have

Q(‘: m+1)
coresQ(CZm) (cZZH,a) = CZZ,OC'

As a consequence, after applying the restriction maps H' (Q({ym), T) — H' (Qp(Epm), Trr), the

system of elements (cz;;, o )m>1 gives a class
cZlwa € Hyy, (Qp,Va) = @Hl (Qp(&p). Tn) ®e, L.
m

Remark 4.3.4. Applying Perrin-Riou’s machine to .zf,, , (e.g. [Col00] for references), we construct

a p-adic L-function for V. Some of these aspects are discussed in [CRJ18].
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4.4 Proof of Lemma 4.2.1

We finally give a proof of Lemma 4.2.1. Let u € G(Ay) be the element whose component at p is

110
(57, for T = ( 10 {) , and let n,m > 1 be such that n > 3m + 3. Then, the commutative diagram

. Sh (K 1) (4.3)
Krlz4m+] \L
pr
prOI;é,
n,m+1
Shu (K 0" (OH) = Sha(K) )

/
1;,

Shy (uK;, ,,u~' NH)

has Cartesian bottom square.

In order to show the Cartesianness of diagram 4.3, it is enough to check that

1. The map proty,  isaclosed immersion or, equivalently,

nym+1

uk’

-1 -1 .
n’m(p)u NH= MK:l7m+1u ﬂH,

2. [uK) u ' NH:uk),, u NH] = (K], K}’Lm(p)].
These two facts are shown in the next two lemmas.

Lemma 4.4.1. We have the equality of subgroups of H(A )

uk’ (mu_l NH= uK,;mHu_l NH.

n,m

Proof. 1t suffices to show that if g = (é g) € Kr’l m is such that ugu~! € Hthen g € K ma1» 1-€ that

p)
g =1mod p™*!. Writing down the condition ugu~! € H, we get that g is of the form

ay —cy —c3 (a1—d3)—cy (a1—dy)—c3 by
—c1 ay —c3 (ap—d3)—cy by (ar—d1)—c3
g=| 2 a b3 (a3—dp)—cy (az—di)—c2
3 d3 c3 c3
(&) (&) dp (&)
o o o dy

The congruences of the (1,2) and (1,3) entries give ¢, = ¢3 = 0 mod p’"“. Moreover, taking a look
at the elements off the anti-diagonal of B, we easily deduce that aj = ay = a3 =ds =dry =d; =

1 mod p™*!.

We are left with showing that the degrees of the two vertical maps of the bottom square of (4.3)

are equal.

Lemma 4.4.2. We have

[uK,/l_’mlfl NH: MK,/l,m+1”71 NH| = [Kr/zm K, (p)]'

n,m
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Proof. Since a system of coset representatives of Q = K;lm / K”l m(p) determines one for
! -1 ! -1
uk, ,u /uK”,m(p)u ,

it suffices to prove that we can find {0, };c; system of coset representatives for Q such that uc;u~' € H

for all i € I. Consider the following set of elements of K,’,m whose conjugation by « is in H:

n 4
1 +pmu 7pmr/ 7pmr ])2'"),‘ pth p3mk

l+pmb 7pmr me pmkl p2mt
GV — _pmr/ 1+pmd pmk” pme p2mt/ ,
= My | 4ph . .
m.t P mpl P m ¢ Pm J
pmr p"r 14+p"f pMr
1

where for each vector v € Z/p>Z x (Z/p*Z)* x (Z/pZ)’> =: V we consider one (and only one) lift
ke, 1" " K K s) € 20

so that 0, € G(Ay), where we have set
a=r+s+p"t, b=r+p"t,

c=r—s+p"t, d=r+p"t,
e=r—s+p"(t'+1 —1), f=F—r+s+p"(t —1).
We claim that {GLTI tvev (or a subset of it) is a system of coset representatives for the quotient 0. We
only sketch the proof of this, which consists of a very long but straightforward calculation. Given

g=(25) €K, we wish to prove that there exists v € V such that 6,¢ = (£ ;) € K/ (p)-

Writing down carefully the eight equations modulo p™*!, the four modulo p2<m+1) and the

(m+1)

remaining one modulo p? , we determine v by choosing ten of those equations and showing,

by the use of the symplectic equations, that the other three equations are redundant. Slightly more

precisely, we have, after reducing the equations modulo p™ !

an —p"ran — p"raxn =0 [p"t]

aiy —p"r'ay —p"razz =0 [p"t!]
diz+p"r=0 [p"H]

dyz+p"r' =0 [pmH]

by 4 p™(r—s)dii + p"K'dyy =0 [p™F!]
by +p"(r—s)din+ p"Kdyp =0 [p™*!]
b31 + p"K'dyy + p"(r—s)da =0 [p" ]
by + p"K'diy + p"(r—s)dpn =0 [p"H]
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From the second pair of equations we get r and » and, after replacing p™r and p™r/, the first

pair becomes redundant by the use of the symplectic equations of g
A'LD—C'ILB = v(g)I}.
Indeed, comparing the entries (2,3) gives
aindsz + andy3 + azdiz — c12b33 + cbrz + 32013 =0,

which reduces modulo p"*! to

b

an +andy; +and;3 =0 [pmt]

which coincides with the first equation after substituting dy, and dp3 with —p™r and —p™r’. Simi-
larly, we get the redundancy of the second equation by comparing the entries (3,3) modulo p™*!.

To solve s,k and k” from the third series of equations, one has to show that the rank of the

diy dyy 0 —by
dipdyp 0 —bp
dyy 0 dyp —b3

dy 0 dip —bx

matrix

is three. The fact that its rank is at least three follows by the fact that the determinant of A’I;D is

invertible modulo p™*! (all entries of B are divisible by p) and so
det(D) = dy1dy — doidiz = dyday [p™]

is invertible as well. Hence, we can find a 3 x 3 minor with invertible determinant. Finally, the fact

that the big determinant is zero follows from an application of the relation
dizb31 +dpboy = dybsy +daby [p™],

from the symplectic equations of g

B'ILD—D'I3B = 0.

Indeed, unfolding the calculation of the determinant we get

diy [dy(danbri — di1b3) — dai (doobry — di2b32)] — di2 [doa (da1bay — di1b31) — dai (da1b2n — dibar)] =
=d|1dy(dynby) 4+ di2bs) — di1bsy — da1ban) + dinda) (d12bsg + da1bay — doabay — diobay) =

=(dy1dy — di2dy1 ) (daabay 4 diabsy —dy1byy —darhyy) =0 [p™]

The rest of the equations follow more easily. O



Chapter 5

Norm compatible elements for GU(2,2)

In what follows, we describe the construction of “push-forward” cohomology classes in the fifth
cohomology group of a unitary Shimura variety associated to the unitary group GU(2,2). We prove
that the resulting classes are trace compatible with respect to a two variable family of level subgroups
of GU(2,2)(Z).

The chapter is organised as follows. In §5.1, we discuss general properties of the GU(2,2)
Shimura variety Shgy(2,2)- In §5.2 and §5.3, which are the main core of the chapter, we explain how
to construct a two-variable family of norm compatible elements in the cohomology of Shgy(z,2)-
Finally, in §5.4, we describe why we do not get a family of classes which are norm compatible over

the cyclotomic tower at p, and we discuss a few similar cases where the same obstruction occurs.

5.1 The Shimura variety for GU(2,2)

5.1.1 The groups

Let H := GSp, be the group scheme over Z, which was previously defined as
H(R) = {(g,mg) € (GL4 x GL{)(R) : g'Jg = myJ}.

After an auxiliary choice of imaginary quadratic field K with ring of integers Ok, define G :=

GU(2,2) the group scheme over Z given by
G(R) :=GU(2,2)(R) = {(g,m,) € GL4(R®z Ok) x GL{(R) : §'Jg = myJ },

where @ denotes the non-trivial automorphism of order 2 of K/Q. We denote by v : G — GL;
the unitary multiplier map given by g — mg, with kernel U(2,2). The derived subgroup of G (and
U(2,2)) is SU(2,2) which is defined as the intersection of U(2,2) and the kernel of the determinant
map det : G — Resg, /Z(GL 1). As easily depicted from the definition, the description of the Q,-
points of G for p finite prime depends on whether p splits, ramifies or is inert in K. Denote Q, ®q K

by K, and Z, ®z, Ok by Ok ,. Recall that K}, is a product of finite extensions of Q, in 1 —1
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correspondence with completions of K under extensions of the p-adic valuation on Q. Hence,

1. If p splits in K there is a Q,-algebra isomorphism i, : K, — Q, x Q,. Explicitly, let i1, i, be

the two distinct embeddings of K into Q,, then
a®bw (ii(b)a,iz(b)a).

Under this isomorphism,

ip(a®@b) = (i2(b)a,ir(b)a);
hence, we can identify G(Q,) with
{(M,N) € GL4(Q,) x GL4(Q,) : N'UM = aJ, fora € Q,} .
Moreover, the map (M,N) — (M,a) defines an isomorphism between G(Q,,) and GL4(Q)) x
GL, (Qp)-
2. If p is inert or ramified, K, is an extension of degree 2 over Q,; denoting by a — a the

non-trivial automorphism of K,,/Q,,, we have

G(Qp) = {M € GL4(K,) : M'JM = apJ, for ay € Q},} .

Of fundamental importance in this chapter is the embedding ¢ : H — G, given by the natural

embedding of GLy4 inside Res g, j7GLa.

5.1.2 The Shimura variety

We recall the definition of the Shimura variety attached to G and its moduli interpretation. Let K be
the imaginary quadratic field used to define G and fix an integral basis {1,y} for K. The Shimura
datum for H defines a Shimura datum (G, Xg) via the embedding H — G.

Remark 5.1.1. Xg is isomorphic to the Hermitian half-space
H={M € My»(C): —i(M—M")>0}.
For any open compact subgroup U of G(A ), we can consider the double quotient space
Shg (U)(C) = G(Q)\Xg x G(Ay)/U.

As discussed in §2.1, if U is sufficiently small, the quotient Shg (U)(C) is the set of complex points

of a smooth quasi-projective variety Shg(U) over the reflex field E(G, X¢ ).

Remark 5.1.2. Note that the reflex field of (G, Xg) is Q. This easily follows from the existence of
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the embedding (H,Xu) — (G, Xg), which implies that Q C E(G,X¢) C E(H,Xu) = Q.

We have a description of Shg(U) as a moduli space of abelian schemes of relative dimension
4 with principal polarisation, level U structure with compatible action of k. Consider the functor
£y from the category of locally Noetherian K-schemes to Sets, which to S assigns isomorphism

classes of (A, 4,1, ay), where
* A/S is an abelian scheme of relative dimension 4;
* A is a principal polarisation of A;
* 1: Uk — Ends(A) is a homomorphism which is compatible with A, i.e.
t(a)V oA =2Ao1(a),
for all a € O, such that there is a splitting
Lieg(A) = Lies(A)™ @ Lies(A)~,
where the direct summands are locally free Os-sheaves of ranks 2 and z € Ok acts on Lies(A)™
by f(z) and on Lieg(A)~ by f(Z), where f : K — Oj is the structure homomorphism;
* oy is a unitary U-level structure.

Remark 5.1.3.

1. We call the level structure unitary to emphasise the difference with the GSp,,-case and we

recall its definition below;

2. The splitting condition on Lieg(A) is equivalent to requiring that
det(T —1(z)|Lies(A)) = (T — f(2))*(T — f(2))* € O5[T),

where f : K — Ofy is the structure homomorphism coming from the K-structure of S;

3. In the case of sufficiently small level U of G(Z) the functor .% is representable by a quasi-
projective K-scheme (e.g. [Lan13] Theorem 1.4.1.11) which is identified with the base-change
over K of the canonical model Shg (U)/Q.

4. Following (3), the reader might wonder why we do not define an analogous functor, say
,fl?, over the category of Q-schemes. Note that the condition on Lies(A) does not make
sense anymore. Namely, if we have a Q-vector space V which does not have a K-structure
but an action of Ok by Q-linear maps, then the endomorphism corresponding to y (where

{1,y} is the fixed integral basis for K) is only diagonalisable after tensoring by Ok and the
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required decomposition would work for the K-vector space V ®z Ok. Hence the Q-points
of fl? are the empty set. Note that the same idea applies to any Q-scheme S and locally
free Og-sheaf without K-structure. Since .7y is representable by Shg (U) x g Spec(K), then
.Z[? is representable by the scheme Shg (U) x g Spec(K) — Spec(K) — Spec(Q), obtained
by composing with the inclusion Q — K, which is not isomorphic to the canonical model

She(U).

5.1.3 Unitary level structures
We now describe what a unitary level structure for an abelian scheme A /S with O-action is. Denote
by Kg(p) the kernel of reduction modulo p homomorphism G(Z) —» G(Z/pZ). Consider the
sesquilinear pairing H on 0% given by y-J and let (e,e) : 0% x 0% — Z be the skew-symmetric
pairing defined by

H(x1,x) = {x1,y-x2) + y{x1,x2).

Note that (e, e) restricted to Z* is the pairing defined by the matrix J.

As we previously did for symplectic structures, we can define level U-structures for general

open compact subgroups of U C G(Z), as follows. Let Kg (M) C G(Z) denote the kernel of reduction
modulo M.

~

Definition 5.1.4. Let U be an open compact subgroup of G(Z) and for any integer M such that
K (M) C U denote by Uy the quotient U /Kg(M). Then, a unitary level U structure of (A,4,1) /g
is a collection { oy, }ar, where M varies among the integers such that Kg (M) C U, of elements ay,,

such that

1. oy,, is alocally étale defined Uy-orbit of an Og-equivariant isomorphism
(0778 (ﬁK/MﬁK)4 —)A[M],

with the property that there is an isomorphism By : (Z/MZ),; — [y, which makes the

diagram
(Ok /M Ok)} xs(Ok MOk il (Z/MZ),,
aanMi Bu
AM]x sA[M] - It/
commutative.

2. If LM, oy, correspond to the reduction modulo L of oy,,.

Remark 5.1.5. One could define unitary level structure on the Tate module of the abelian scheme. For

instance, a unitary full level p structure on (A,1,1),, corresponds to a collection {05} of 71 (S, 3)-
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invariant K¢ (p)-orbit of an Ok-equivariant isomorphism
a5 : O — Tx(A)

which respects the two forms e; and (e,e) as in Definition 5.1.4, and such that o and o are
canonically identified for any two geometric points §,§ in the same connected component. As in the

symplectic case, g € G(Z) acts on the isomorphism o by o0 g.

Consider the following subgroups of G(Z,).

Definition 5.1.6. For any integer r > 1, define the subgroup U; (p") C G(Z,) as follows:
Ul(pr) = {MEG(ZP)‘R4(M)E(05 7071)m0dprﬁ1(} (51)

where R;(M) denotes the i-th row of M. If N =[] p{", then U;(N) C G(Z) is defined to be the

subgroup of elements (g,,), such that g, € U; (p{").

Note that U, (p") N"H(Q,,) = U;(p"), which was defined in Definition 2.1.20. As in Remark

2.1.21, U (p") is given by matrices whose reduction modulo p” O is in the mirabolic subgroup of

* k%
* %
* % .

Remark 5.1.7. Similarly to the symplectic case, unitary U; (p")-level structures correspond to p” Ok-

the Klingen parabolic of the form

—_% % %

points. More precisely, let ¢ be an ideal of Ok lying above p and define a 3" -point of an abelian

scheme A/S with Ok-action 1 : Ox — Ends(A) to be an Ok-linear monomorphism
(Ok/B") s = Alp'].

If p is inert in Ok, a p” Uk-point is just a point of exact order p”. Indeed, if P € A(S) is a point of
exact order p”, it is killed by 1(a) for all a € p" Ok because p" Ok = (p)" and 1(a)P = 1(d'p")P =
1(d)[p"|P =0, forall a =d'p" € p"Ok. Thus, P defines a monomorphism

(Ok/p"Ok) ;s — Alp'],

defined on each geometric fibres (corresponding to s — S) by sending 1 to P and identifying
Ok /p" Ok with (i(a)Py)aco,- On the other hand, any p”Ok-point is determined by the point of
exact order p” obtained by the image of 1. In the case where p splits in K, say p = B, then a

p" Ok-point P corresponds to P, and P, where
* Py is a point of exact order p” which is killed by 1(a) for all a € 7,

* P, is a point of exact order p” which is killed by 1(a) for all a € 3.
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We can now state the unitary analogue of Lemma 2.1.22.

Lemma 5.1.8. Let (A,A,1) be an abelian scheme of relative dimension 4 over a K-scheme S with
Ox-module structure and principal polarisation. There is a bijection between unitary level Uy (N)-

structures and N Ok -points.

Proof. 1t is a straightforward modification of the proof of Lemma 2.1.22. O

5.1.4 A remark on the embedding at the level of moduli

We note that ¢ : H — G induces closed immersions ¢y : Shg(U NH) — Shg(U), for certain
open compact subgroups U of G(Af). Due to the moduli space description of these spaces, it
is reasonable to ask whether we have a nice explicit description of the pull-back of the universal
element of Shg(U)g := Shg(U) x @ Spec(K) in terms of the (base-change to K) of the universal
element of Shy (U NH).

First, recall the main properties of Serre’s tensor construction for abelian schemes.

Lemma 5.1.9 (Serre’s Tensor Construction). Let R be a ring and M be a finite projective R-module;

for any group scheme A with R-module structure over S, the functor from S-schemes to Sets
F:T—-AT)RM
is representable by a group scheme, which is denoted by
AQrM.

Moreover, in the case where A/S is an abelian scheme, then we have:
1. AQrM is an abelian scheme over S;

2. There is a canonical isomorphism
Ti(A®rM) =~ Ty(A) @r M;

3. There is a canonical isomorphism of Os-modules

LieS(A ®RM) ~ LieS(A) QrRM.

4. We have
(ArM)" ~AY @rM",

where A denotes the dual abelian scheme of A and M" = Homg(M,R).
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Proof. We only give a sketch of the proof. Note that if M is a free R-module of rank n, .7 is

representable by A”; more generally, take a presentation

8

R" R" MY 0,

and apply Homg(—,A(T)) to get

0 — Homg(M",A(T)) —= A(T)" —L= A(T)™.
Since A(T) @r M ~ Homg(M" ,A(T)), we conclude that .% is representable by the kernel of (g7)7.
By [Con04] Theorem 7.2 and Theorem 7.5, the tensor construction preserves smoothness, proper-
ness and geometric connectedness of fibres, hence if A is an abelian scheme so is A ®g M. Property
(2) is a direct consequence of the fact that tensoring by M is left exact (since M is projective), hence
A" @r M ~ (AQgr M)[€"]. (3) is proved similarly (see [AK15], Lemma 3); for a proof of (4), we
refer to Proposition 5 of [AK15]. O

We can now prove the main result of this section. Denote by Shg(U NH)g the base-change
to K of Shy(U NH) and by (%4 k, Au .k, Or.urHx) the base-change to K of the universal object of
Shy (U NH).

Proposition 5.1.10. The abelian scheme <y g @z Ok /Shu(U NH)k (and the extra structure) is
identified with the pull-back by ¢y of the universal object (7Gx, Gk 1k,0c,uk)/She(U)g-

Proof. Consider the pull-back by ¢y of o/ k:

I PG K
ShH(UﬁH)K Sh(;(U)K.

We would like to prove it is isomorphic to o7y xk ®z Ok. By Lemma 5.1.9, we have that oy ¢ @z O

is an abelian scheme over Shy (U NH)k of dimension 4; consider the action
1: Ok — Endgyy wnny (9hk @z Ok),

where 1(z) is given by multiplication by z in the second factor (which is a well-defined endomor-

phism by [AK15] Proposition 2 (c)). Moreover, 1 induces the required decomposition of

Vo= LieShH(UﬁH)K (Q/H_’K XKz ﬁK)

Indeed, ¥ is a 05 ®7, Ox-module and one can consider the elements
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= f)®l—121(y),

n=[fFHel-121(y),

where f: K — Oy is the structure homomorphism and {1,y} is an integral basis for K. The quo-
tients ¥ /(x) and ¥ /(x) are the maximal quotients on which Ok acts respectively by the structure

monomorphism and by its conjugate and since the discriminant Dy is invertible in &g we have
V=7/x1)®Y/(x).

We would like to show that Ay x and the choice of 1 give a Ok-linear polarisation on .2y x ®@z, Ok.

This amounts to choose a Z-linear isomorphism g : Ox — Oy, such that
Ak @8 ik Dz Ok — S g Oz Of ~ (i x @z Ok)"
is compatible with t, in the sense that
(Aaxk®g)o1(z) =1(z)" o gk ®g.

The isomorphism g is defined to be the composition on the right of ® : Ox — Ok with the isomor-
phism O — ﬁ% determined by the choice of our integral basis of K. Hence, /'LHJ( ® g defines a
polarisation ([AK15], Theorem 17) compatible with the Ok-action. Moreover, Ay x ® g is an iso-
morphism. We are left to show that there is a unitary level structure induced from the symplectic

level structure o ynm k- By part (2) of Lemma 5.1.9, there is an isomorphism
(o x @z Og)[0"] ~ ok [0"] @z Ok,
hence a symplectic full £"*-level structure on %4 x induces a unitary full £"-level structure on
Ik Q7 Ok.

Indeed, take a geometric point s of Shyy (U NH); we consider the base-change to s of the symplectic

level structure, so that we get a (symplectic) isomorphism

o (Z/0"Z) — chy ks [0).
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Since the tensor product construction commutes with base-change, we have an isomorphism
0 ® Ok : (O 0" Ok)* — (k@ Ok)s[0"],

which is Ok-equivariant and respects the form given by (e, e) and the form given by composition of
Anx ® g and Weil pairing, since 1 coincide with the Okx-module structure of (O /¢™ Ok)*. Thus,
it follows that a U N H-level symplectic structure induces a U-level unitary structure. Summing all,
we constructed a point ¥ € Shg(U)(Sha(U NH)k). In particular, for any locally Noetherian K-
scheme S, y(S) is described by sending the isomorphism class of (A,A,Nyng)/S to the isomorphism
class of (A®z Ok, A ®g,1,Mv)/S.

By Remark 2.1.8, this morphism corresponds uniquely to a Gal(Q/K )-equivariant morphism
Vo : Sha(U NH) xg Spec(Q) — Shg (U) xx Spec(Q),

which is equal to the descent to Q of ¢y . This can be checked by evaluating the two morphisms on
the set of special points, which forms a Zariski dense set of Shy (U NH)(C). Recall that each special
point of (h,g) € Shg(U NH)(C) is associated to a Q-torus T in H with the property that 1 € Xg
factors through T)g (recall that (H,Xy) is the Shimura datum of Shy). We denote it by s7. On the
one hand, ¢(s7) is the special point of Shg(U)(C), associated to T, where T is seen inside G via
¢ : H— G. On the other hand, s7 corresponds to (an isomorphism class of) a CM abelian variety

A = Ay with polarisation A and symplectic level U NH structure nynp. Thus,
lI,(ST) = (A Xz ﬁK? laA' ®g»77U)

This coincides with @ (s7), which corresponds to the Ok-ification of the polarised Hodge structure
corresponding to A. This completes the proof, since the equality Y = ¢, g implies that ¢y and y

coincide as morphisms of the models of the Shimura varieties over K. [

Corollary 5.1.11. The morphism ¢y : Shu(U NH) )k — Shg (U) is given by sending the S-point
(A,A,n) € Shu(UNH) /x(S) to the S-point (A®z Ok, A @g,1,M") € Shg (U)(S), where 1 : O —
Ends(A®gz Ox), A ® g and 0’ are defined as in the proof of Proposition 5.1.10.

Remark 5.1.12. Proposition 5.1.10 and its proof readily generalise to the case where ¢ is the mor-

phism of Shimura data (GSp,,, XGsp,,) = (GU(n,n), Xgu(nn))-

5.2 A family of trace compatible classes

In this section, we explain how to construct cohomology classes for the Shimura variety Shg starting

from Eisenstein classes for H. We prove that the resulting classes are trace compatible with respect

~

to a two variable family of level subgroups of G(Z).
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5.2.1 Definitions

Associated to the closed immersion @y : Shy(U NH) — Shg (U), (for good U) there is the Gysin
map

9u.s  Hpot(Shu(U NH),Q(2)) — H3\o(She (U),Q(3)).
What are those good U? For our purposes, the following lemma is enough.

Lemma 5.2.1. Let U; C G(Qy) be a sufficiently small open compact subgroup and let T = TqT(Q)
be an open compact subgroup of H(Ar) such that T, = U, NH(Qy); then

1. there exists a compact open subgroup U = U,U (a) of G(Ay) with T C U and such that ¢
induces a closed immersion

¢U : ShH(T) — Sh(;(U);

2. let p # q be any prime such that U @) has trivial component at p; for any open compact
U, C G(Qp) with T, = U, NH(Q),,), the morphism

Shy(7,T,T'9) — She (U,U,UY)

is still a closed immersion.

Proof. (1) is a particular case of [Kis10], Lemma 2.1.2. Now, suppose that z,7" € Shy have same
image in Shg (U,U,U'?), i.e. there is u € U,U,U'9 such that z = 7’ - u. We claim that u lies in
T,T,T9.

Indeed, since z,7’ have same image in Shg(U,U,U %)), they map to the same element in Shg(U).

Thus, by (1), there exists ¢ € T such that z =7 -¢. Hence,
= Z, = Z/ U

implies that ur~! fixes /. Since U acts without fixed points, we have that ut~! = 1. In particular, we

conclude that u € H and, consequently, u € TquT(q), which completes the proof of (2). O
Let Uy be the subgroup U (N)T™) ¢ G(Z), where U™ ¢ G(Z™)) is a sufficiently small open

compact subgroup which satisfies the hypotheses of Lemma 5.2.1 (for a suitable prime g { N).

Remark 5.2.2. Note that the level subgroup Ul is trivial outside a finite set of primes X5, 24

Denote by ¢y the closed immersion
ShH(H n 01\1) — Sh(}(ﬁN)

In the next section, we show a trace compatibility relation of the push-forward of the Eisenstein

classes for Shy in the p-direction.
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We will work with the Eisenstein class of trivial weight CEis%N € H3 ., (Shyg(Uy NH),Q(g)

)7
introduced in Definition 3.4.4, and its integral p-adic counterpart CEiS%p%N € H3 (Shu(Oy N

H),Z,(g)), where c is an auxiliary integer coprime to 6N.
Definition 5.2.3.

1. Let Zg y be the motivic cohomology class defined by
9n. (cEis2 ) € Hioi(Sha (Ox), Q(3)).
2. Let zg, v be the étale class defined by
¢N,*(0Eis%p.2,N) € H}(Shg (On), Z,(3)).

Remark 5.2.4.

1. Asexplained in §2.2.6, we can construct classes for G with non-trivial coefficients by studying
branching formulas for the pair of groups H, G. Branching formulas for these groups can be

deduced as follows. Recall that we have (e.g. [FH13, 20.39-20.40])
Sp4 C ~ Spins C — Sping C ~ SU(2,2)C,

where the first and last maps are exceptional isomorphisms. Thus, one can use branching
formulas [FH13, (25.34)] for SO5 C — SOg C to deduce formulas for Sp, — Sping and lift
them to formulas for GSp, — H' < G, where H' is the quasi-split form of GSping determined

by K, which sits in the short exact sequence

de 2
1 H G5 1(2)/v () ker(Ng ) —— 1.

2. For arithmetic applications, the previous point (together with multiplicity one in branching
formulas [FH13, (25.34)]) suggests it might be better to work with the four dimensional sub-
Shimura variety Shyy of Shg given by the Shimura datum (H', Xg), where Xy is the H'(R)-
conjugacy class of

W:S—H), atib— <a _abgb>.

a’+b?
—b a

5.2.2 Compatibility in the mira-Klingen tower

In the following, we use Corollary 3.4.11 to deduce compatibility relations with respect to traces of

natural projection maps 7, : Shg(Un,) — She (Oy).
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Proposition 5.2.5. Let p ¢ X, . Then,

ZG N ifp|N;

(id—dy)Zgn if ptN;

Tps(ZNp) =

where d), € H(Z) is any matrix which reduces to (} 191) modulo N.

Proof. Tt follows from Corollaries 3.4.11 and 3.4.12 . [

Remark 5.2.6. The étale classes {zg v} satisfy identical relations.

While the compatibility of these classes in the tower of level subgroups {Uy }y is a natural con-
sequence of the trace compatibility relations of the Eisenstein classes, by using a more sophisticated
method, we show in the next sections how to obtain trace compatibility relations in a “two variable”

tower of level subgroups {Uy u}.

5.2.3 Perturbing the embedding I: definitions

When p | N, we showed that the push-forward of Eisenstein classes defines an element
Znp> € r&nHriot(ShG(UNp")aQ(3))v

where the limit is taken with respect to traces of the natural projection maps Sh(;(UNp,-H) —
ShG(ﬁNp,-). In order to improve this result, it is necessary to enrich our push-forward classes with
extra structure. This is done by employing the action of G(Af) on Shg, as we see below in Defi-
nition 5.2.9. This idea has already been successfully used in the constructions of the Euler systems
in [LLZ14], [LLZ16], [LSZ17], and [CRJ18] (or Chapter 4). The method to prove extra trace com-
patibility relations used here is an adaptation to this setting of the method used in the proof of the
vertical norm relation of the Beilinson-Flach Euler system as in [KLZ17, Theorem 5.4.1], and its
generalisation in [LZ18].

In the rest of the section we suppose that p ¢ Xy, is inert or split in the imaginary quadratic
field K and that N is an integer coprime with p. We now define the tower of level subgroups we are

interested in. Let 1) be the cocharacter of the maximal torus of G defined by

X3
X $?
i

Let 1, = 1(p) € G(Q,). It defines an open compact subgroup of U,  C U, by requiring that U, ,

is the largest subgroup such that we have

Mp: ShG(ﬁr/z,O) — ShG(Uan).
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Moreover, let Uml C 17,;30 be the subgroup given by the intersection of U;;,o with
{s€G(Z,): g= ( h 1) mod p}
Reiterating the procedure, we define subgroups of G(A )

« U} =Unp ﬂnz’,”“Uannp_(erl) N{geG(Z,): g= ( L, 1) mod p™};

* Uymi1 =0, ,N{g€G(Z,): g= < b, > mod p"+1}.
1

Remark 5.2.71. Concretely, for n > 3m, Umm has component at p
pe
{gEG(Zp):gEImod o plm r ﬁg}.

For u € G(Ay), let ¢; be the composition
uo @y,-1 - Sha(HNuUu™") — Shg(uUu~") — Shg(U),

where the second arrow is given by right multiplication by u. In particular, consider u € G(Ay) such

that
1. HﬂuUmmu*l C Unpr,
2. 9,0, 1s aclosed immersion.

Remark 5.2.8. The two conditions are satisfied by u € Uy,» with trivial components at places in

Xy,

v
For such u, we denote by ¢, the map q)l‘f] ; moreover, consider pull-backs, which we denote

the same way, of .Eis) npn and cEiS%p,len to the cohomology groups of Shyg(HNuU,, ,u~").
Definition 5.2.9. For u € G(A ) satisfying the above conditions, define

Zymu = ¢1?,m,*(CEisg,Np") € Hriot(ShG([jn,m)aQ(g’));

Znmu = Ome (Bisg, 2 np) € Ha(ShG (Unm), Zp(3)).

5.2.4 Perturbing the embedding II: a two variable compatible family

Consider the following.
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Definition 5.2.10. Let %, be the Hecke operator defined as the correspondence 1, o pr*, where

ShG( r/lm)
| X
pr
. Uy -
ShG(Un,m) > ShG(Un,m)a

with the vertical arrow pr is equal to the natural projection.
We can finally state the main theorem of the chapter.
Theorem 5.2.11. Suppose n > 3m+3 and let m > 1.

1. Let t, : Shg(Upi1m) — Shg (Uym) be the natural projection, then
Tn,x (Zn+l,m,u) = Zn,m,u-

2. Let fins be the trace map associated 10 fy, : Shg(Upmi1) — Shg(O,,,) — Shg(Unm),
where the first arrow is the natural projection and the second is right multiplication by 1.

There exists u € G(Ay) such that
ﬁn,* (me+1.u) = %p : Zn,m,u-

Remark 5.2.12.
1. The analogous statement for the étale classes {zy m.u }n,m holds (and its proof is identical to the

one of Theorem 5.2.11). Moreover, after applying the ordinary idempotent ey, := lim ;e ?/pk!

acting on H3 (Shg (Uym),Zp(3)), we get a neat compatibility for the étale classes in the second

variable (Definition 5.2.14).
2. The proof of Theorem 5.2.11(1) is Proposition 5.2.5.

3. The choice of u of Theorem 5.2.11(2) does not depend on either n or m and it is not unique

(see §5.4 and the proof of 5.2.13 for further explanations).
Theorem 5.2.11(2) follows from the following.

Proposition 5.2.13. There exists an element u € G(Ay) such that the commutative diagram

ShG(l?n,nH»l)
¢r’:‘m+l l
pr
~ . pro¢rlf,m+l )
ShH(uU,,,mHu N H) ShG(Un.m)

! -
Brim

ShH(ulj,,,mu_l QH) - ShG(Un,m)
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has Cartesian bottom square.

Proposition 5.2.13 is proved in §5.3.

Proof of Theorem 5.2.11(2). Let u be the matrix which appears in Proposition 5.2.13. From the

compatibility of pull-backs and push-forwards in Cartesian diagrams, we get

pr, (Zn,m+1,u) = p_r* (Zn,m,u) .

Applying the trace of 1, : Shg (U, ,,) — Shg (Up,m), we have

Npx (P (Znms1u)) = Mp (0" (Znmu))
= %p . Zn,m7u>

where the last equality follows from the very definition of %), as the correspondence 1), . o pr*; this

is the desired formula since 1 « o pr, = fin 4. O

5.2.5 Projection to the ordinary part

Using the analogous of Theorem 5.2.11 for z,, 4, we define a limiting element where both n and
m go to infinity. If we substitute the tower of level subgroups V), ,, := 1 » ’"Un,mn;,” for Un,m and the

class

3n,m.u = (n,’f)*(zmm,u) € H;(ShG(Vn,m)vzpB))

for z, m.u, Theorem 5.2.11 gives a trace compatibility relation with respect to the natural projections

for both n and m varying. This follows from having the commutative diagram

m+1
Sh (Unms1) —————> Sh(Vim+1)

N

~ n
Sh (O n) —————— Shg (Vam),

where right vertical map is the natural projection. Set

H3,(She (Va). Z,(3)) 1= lim H}
n,m

(ShG (Vn7m)?ZP<3))'

The ordinary idempotent ey, := limy ;e 02/1," "acts on it.

Proposition 5.2.14. We define

3Zrd = (%I;m “en, (Bn,m,u))n,mZI € enp 'Hgt(ShG(Vm)vzﬁ(S))'
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Proof. The class 32“1 is well-defined, thanks to the trace compatibility relations of Theorem 5.2.11.
O

5.3 Proof of Proposition 5.2.13

In the following, we show that there exists u € G(A) such that the diagram of Proposition 5.2.13

has Cartesian bottom square. This follows from showing that there exists u € G(A) such that

L. prog,,, . is a closed immersion, i.e.

140117m+11471 NH= l/t[],ll_’ml/lil NH.

2. the degrees of & and pr agree, i.e.

(O Oy,,] = (w0, NH : ul, o u” ' NH].

Here n is always assumed to be bigger than 3m + 3. We treat the cases of split and inert p in K

separately.

5.3.1 The split case

Let p be splitin K and denote Z, ®z, Ok by O ,. As we discussed in §5.1.1, there is an isomorphism
between G(Z,) and GL4(Z,) x Gm(Z,) and H(Z,) embeds into GL4(Z,) x Gm(Z,,) via M >
(M, (M)), where u denotes the symplectic multiplier.

We claim that

1 -1
u:= (( 1 | ) ,1) € GL4(Z)) x Gn(Z))
1
satisfies the properties (1),(2) listed above.

Lemma 5.3.1. We have uUy y1u™' NH =uU}, ,,u"' NH.

Proof. We want to show that if ¢ = (g,), € U, ,, is such that ugu~! € H, then g € Uy, ;11. Since

this is a local statement at p, it is enough to verify thatif g, = ((é g) ,a) satisfies ug,,u_l cH(Z,),

g = ((xlx >x> (mod p"™ ™).
1

ap —caj—d; 0
Reducing modulo p”*!, we get ug,,u‘1 = ( ( 0 a0 8) ,Ot) , which is symplectic if
1

then
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Thus, a; —dy = a4 — 1 = ¢ =0 (mod pm“), which implies that

aj
&= (( 1a1 ),a1> (modp’”“).
1

We are left to check that

Lemma 5.3.2. We have

[T Uy ) = w0y NH 2w, ,u~ ' NH].

9

Proof. Note that [Ty, : Uy ,,] = p'°, since a left coset of representatives is given by
1 p"ky p*ry pP™ry
o, = (( L p"n PZ”’V4> ’1> ,
- 1 pmk2
1
where for each vector v € Z/p*Z x (Z/p*Z)? x (Z/pZ)* we consider one and only one lift

10
(ro,r1,ra,k1,r3,k) €Z,,

Now, recall that the p-component of uU, ,u~' NH is isomorphic to the subgroup of G(Z,)

given by elements (g, ) such that u(g, o)u~! € H and

o
g( la )mod
1

Moreover, from Lemma 5.3.1 we have uU,, ,,u~' "H = uU, 4+ 1u~' NH, hence

moom

p2m p3m

mo2m
p
m

hS]
hS]

X

m

B

ST~

m 1

4
p
4

X

S

n

R ERSTRS]

P
n pn

[u(j,,lmufl NH: uU,',’mu*1 NH] = [uUm,nIf1 NH: uUn,mHu*l NH].

We claim that a system of coset representatives is given by a subset of the set of elements

1+p™s;  p"k p2mr1 P3mr2

/I 14+p™Ms . Zmr m o

o, = p[:";Z plsz;mk; A4+p"st ) €U
1

where for each vector v € Z/p>Z x (Z./ p*Z)* x (Z./pZ)® =: S we consider one and only one lift

13
(r2;rlar47kl7r37k27S1aS27t) € Z[) .

More precisely, a system of left coset representatives is {u(c},)"'u~'}ew, where W C S, which

is determined by the symplectic conditions for uc{iu‘l modulo (powers of) p, is defined to be the
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subset of cardinality p'° of elements of the form

(rz,rl,r4,k1,r3,k2,0,0,k1 Jrkz) eS.

ay ay b] b2

To prove our claim we need to show that for any g = ( 8 Z‘z‘ Z? Z‘;) € U, such that ugu~' € H,

00 0 1
there exists o, with v € W such that

ucégufl S uU,,ﬁ,,H_lu*l NH.
This boils down to solving the system of equations

by + p"kiby + p*'ridy 4+ pPr = 0 [pP ]
b1+ p"kibs + p*"rid; =0 [p*"*?]

by+ p"r3dy+p*ry =0 [p*"H?]
ax+p"kias =0 [p"]

by+p"r3 =0 [p"t!]

P (ki +ko)by+da+ pky =0 [p™H]
ag+prric =1 [p"t]

Pk 4 kp)ag+co =0 [prt]

P (ki +kp)bs +dy = ap [p"t]

From the first system of equations, we determine the values of ry,r,r4,k1,73, and k; since d; and

ay are invertible modulo p. In particular, the fourth and sixth equations give
pm(k1 +k2) = 7aZ1a2 —dy [pm+1].
Thus, the second system of equations reduces to

as =1 [pm+l]

—ay—dy+c, =0 [p"]
di=a; [p"]
and it is redundant. Indeed, unfolding the symplectic conditions of ugu~' modulo p”*!, we get

a = aqd; [pmt]

ar—cr+asdy =0 [p"t]

diby = by +a) —dy +dabs [P



5.3. Proof of Proposition 5.2.13 123

which gives

as =1 [perl]
cy = 612+d2 [perl]
d1 =da] [pm_'—l}

since by, by, b3d, = 0 modulo p’"*l. Thus, we conclude that

(O : U] = [0 u NH: uU,’,’mufl NH] = p'°.

n,m

5.3.2 The inert case

Let K, be the p-adic completion of K at p; it is an extension of degree 2 over Q, and denote by &

the non-trivial automorphism in the Galois group. Let e € O, be a generator of Ok /(pOk +Z) and

u= (11i5> € G(Zp).

1

consider

We claim that u satisfies (1),(2) listed above.
Lemma 5.3.3. We have uUy, 1u~' "H=uU, ,u~' NH.

Proof. As for Lemma 5.3.1, it suffices to show that if g = (g,), € 17,27,” is such that ug,u~! € H,
then g € U, u+1. Note that the condition ug,u~! € H(Z,) is equivalent to asking that ug,u~' has

entries in Z,. Modulo P Ok, we have

aj ecy e(dy—ay) eecp
ugpufl = 0 a4 ‘?l é(l—ay) )

0 o ecy
00 0 1
Thus, ug,u~' € H(Z,) implies

ag—di=as—1=c=0 (mOdpm+l)>
hence g € Un,m+1- -

Lemma 5.3.4. We have

[Opm: U,y ) = [uUnymufl NH: uU,/l_’mufl NH].

n,m

Proof. As in the split case, we have
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Indeed, a system of coset representatives is given by

lpmkl pZmrl p3mr2

o, = 1 Pm " p2m r_4
- 1 =p"k
1

r—kiry € Z,,,

ra =F —kir3,

where for each vector v € Z/p*Z x O | p* O x Ok | pOk x L/ pZ we consider one and only one lift
7 2
(Fa,r1,k1,13) € Zp X Ok, X L,

so that ry = 7 +ky (71 — ki 73).
The calculation of [uU, ,u~' NH : ul) ,u~' "H] = p'® is very similar to the one in Lemma 5.3.2.

n,m

Here, a system of left coset representatives is formed by elements uG’mu’l € H, where

L+p"sy p"ky pPr pPr
/. v m 2m o
o, = L+p™sy p"rs p™ry | € Unm

pmt 1 +pmS3 pn;kz

where for each vector
w € (Z/pZ)’ xZ/p*Lx (0k[pOk)’ x (O /P’ O)’
we consider one and only one lift
(81,82,53,73,t,r2,k1, ko, r1,ra) € Zg X ﬁ,@p

subject to conditions

s1=152+s53+ p" (5253 —tr3),
ki =~k — p" (kasa + p™tra),
I_czr4 €7y,

71 = (1+p™s3) —kors,

ko —et € Zp,

plratesy €Ly,

Looking carefully at the system, we can recover sy,s2,k;,k, and r| in terms of s3,r3,%,r2, and r4.
Indeed, &, is obtained from equations 3 and 5, while the values sq,s2,k;, and r| are determined
respectively by equations 1, 6 , 2, and 4. Thus, a system of left coset representatives is given by

{uciu’l}m, where w ranges through all the vectors in (Z/pZ)* x Z/ p’Z x (Ok | p* O).
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5.4 A few remarks

5.4.1 Cyclotomic Norm relations

In [LLZ14], [LLZ16], [LSZ17], and [CRJ18] (or Chapter 4), the trace compatibility relations ob-
tained by varying level subgroups U, ,, with respect to m has a primary role in proving the vertical
Euler system norm relations in the p-cyclotomic tower. Theorem 5.2.11 does not give any result in
this direction. In this section, we describe the nature of the obstruction that we encounter when try-
ing to prove cyclotomic norm relations using this method. This informal discussion is much inspired

by the work [LZ18], which treats an axiomatisation of the technique used in op.cit.

Ideally we would have projections
ShG(Un’m) — ShG(ﬁan) XQ SpecQ(C[,m)

and we would read the compatibility under f}, . of Theorem 5.2.11 as one under the trace map

associated to the natural projection Spec Q(&,m+1) — Spec Q({,m). Unfortunately,

~

v(Uym) CZ*

has p-part equal to Z, thus Shg (U,») does not surjects onto Shg (U ) % Spec Q(&,m) since it
does not have enough connected components at p.
Motivated by the Euler system constructions mentioned above, we could try to modify the tower of

subgroups {U, ,, } by defining
Vnym = ﬁan On,’,"Uann;mO {g€G(Z,): v(g)=1(modp™)},

instead of intersecting Uy, N n;”l?N,,n n,™ with

{e€6G(Zy): ¢= < . 1) mod p"}.

Then, the corresponding Shimura variety Shg(me) has enough connected components and it is

reasonable to ask if it is possible to find u € G(A ) such that the diagram

ShG (Vn,m+1 )

u
pr
u
progt

~ nm+1 ~
Shy (V10 NH) i She (V)

l Ot l

Shy (uV, =" NH) She (Vim)

l




5.4. A few remarks 126

has Cartesian bottom square. Crucially, u € G(A ) has to be chosen so that the morphism pr opy 1
nm+

is a closed immersion. This boils down to showing that, for any m > 1,
Wpmeru” NH=uV, u~'NH. (5.2)

How does one determine u such that equality (5.2) is satisfied? Our choice of the co-character n
determines a parabolic and its opposite of G, which are respectively the upper and lower-triangular
Borels Bg and Bg (indeed, conjugation by powers of 1), induces congruences modulo powers of p
for upper triangular entries of the elements in U, ). The equality (5.2) follows (by reducing modulo

p"*1) from the condition
Kling NuBgu~' C Sp,, (5.3)
where Klingy is the p-part of the stabiliser of the Eisenstein class for H
cEiS%p,z,Np“ € ng(ShH(UNp“)7Zp(2))~
In other words, it denotes the subgroup over Z, of the Klingen parabolic of H of matrices of the

SRR
0 * * %
0x %% |-
0001

Remark 5.4.1. Note that Klinfy NuBgu~' is the stabiliser of the Klin§y(Z,)-orbit uBg in the flag

form

variety G/Bg.

We cannot find u such that its stabiliser is contained in Sp,. For instance, let p be split in K, so
that G(Q),) is isomorphic to GL4(Q,) X Gn(Q,). The lower-triangular Borel Bg has co-dimension
6 in G, while Kling; has dimension 7, thus u satisfies (5.3) if the image under the symplectic multi-
plier of a space of dimension bigger or equal than 1 is trivial. For sufficiently generic u, conjugation
by u rearranges the entries of matrices in Bg, but the condition that they need to lie in Klin§; does

not give enough equations to force these matrices to have multiplier one.

Remark 5.4.2. This is the reason why we define the tower of subgroups U,, ,, by intersecting it with

{e€6G(Zy): g= < . 1) mod p"}.

Indeed, the calculation underlying Proposition 5.2.13 shows that the stabiliser of the open Kling;-

orbit uBg is one dimensional and it is isomorphic to the one dimensional subgroup

()]

of the maximal torus of H.
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5.4.2 Similar Constructions

The natural question arising at this point is on whether there is any push-forward construction of
Eisenstein classes for H, where the obstruction described above is not present. Unfortunately, this
phenomenon occurs in several similar push-forward constructions. For instance, an analogous of
Theorem 5.2.11 works in the case where we consider

A B
L H = HRGL - GSm ((28)-(¢5) = (¢ )
C D

A B
2 Hy=HEH—GSpy, ((25).(45))~ < s )
C D
and the push-forward of the pull-back of CEisg’ np along the diagram
ShH(UNPn) < Shyy (Lan ﬁH:) —— ShG(Lan) ,

for sufficiently nice level subgroup Ly,» C G(i), where G € {GSpg, GSpg}. In these cases, there
is u € G such that the analogous diagram of Proposition 5.2.13 has Cartesian bottom square. Notice

that

1. the stabiliser of the Klingy X GL;-orbit I/IBGSp6 in the flag variety GSpg /EGSP() is isomorphic
to the one dimensional subgroup {diag(x,1,x,1,x,1)}. For instance, u can be taken of the

form

—_
——

OO~ NWN

SO =

1
1
0
1
0

_
ol |

0
1
2
0

<
I
coococo~

2. the stabiliser of the Kling; X H-orbit MEGSP8 in the flag variety GSpg/ BGSps is isomorphic to
{diag(xv lax7 1,)6, 1,X, l)}

5.4.2.1 Numerology

The reader might wonder which is the connection between the three cases listed above. They obey
the following. Let G € {GSpg, GSps, GU(2,2)}, then we have an embedding, for some reductive
group H,

GLy’RH < HEH < G ~ Shgmgy, < Shuzy — She,

such that the corresponding push-forward construction of the pull-back of an Eisenstein class for
GL; to the cohomology of the Shimura variety for GLém X H gives a class in the middle degree plus
1 cohomology group of the variety for G and the aforementioned method of [LZ18] applies, giving
a family of norm compatible classes in the cyclotomic tower at p. One of the hypotheses required to

apply the method of loc.cit. is that the dimension, as a Z,,-group, of the stabiliser Kling;  KGL, XH
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of the pull-back of the Eisenstein class CEiSOZp_L o~ € H] (Shgr, (Up=),Z,(1)) is smaller or equal to

the dimension of the unipotent radical of the Borel of G. In these cases, we have that
dim(Klin"GL2 NGL;XH) =dimUp, — 1,

thus
dim(Kling X H) = dim(K]inE’;L2 XGL;XH)+2 =dim Up, +1,

contradicting the same numerology for the push-forward of the pullback of the Eisenstein class
cEiS%,,,z,pw € H3 (Shu(Up=),Z,(2)) to the cohomology of the Shimura variety for HX H. This
simple heuristic suggests that, when the method of proving norm relations at p holds for the push-
forward of a Eisenstein class for GL;, it seems not possible to apply it to the push-forward of an
Eisenstein class for H. The underlying defect of dim(Kling; X H) — dimUj,, is interpreted as the
dimension of the stabiliser of the open Kling; X H(Z,)-orbit uG /B¢ used to perturb the embedding

of the Shimura variety for HX H into the one for G.

Remark 5.4.3. We could speculate further and ask whether there might exist a case where the nu-
merology for both cases is satisfied. For example, consider an embedding HX H — G for G either
GSp,,, or GU(n,n) such that the push-forward of (the pullback of) an Eisenstein class for H lands
in the middle degree + 1 cohomology group. Then, the push-forward of (the pullback of) a GL,-
Eisenstein class through

GL,XGL,XH —-HKXH — G

gives another class in the same cohomology group. We can perturb both two embeddings to get

classes defined over cyclotomic extensions only when
dim(Klingy, IGLy WH) <dimUp;, -2 ~  dim(H)—1<dimUg, —7.

Now, suppose that G = GSp,,, and that H is a product of symplectic groups, i.e. H >~ &;:]Gszrj

such that }_7; = n — 2; the inequality above becomes

dim(H)—1=Yr;(2r;+1)<n*-7.
J

Since

dim(Shg) = 200d(ShGL§2@H)

we get
22}’? =n*—n—4.

Thus, we are left to study if there exists (r1,...,7;,n) € N7 with ¥ r; =n—2 and 2Zr12 =n’>—n—4
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such that

Y ri@ri+1)—n*+7<0+—n*—n—4+n-2—n"+7<0,
j

i.e. 1 <0, which is false.

Notice that having imposed the fact that our push-forward class lands in the middle degree
plus 1 cohomology group is fundamental for arithmetic applications. This is because a large family
of Galois representations associated to (cohomological) cuspidal automorphic representations for G
tends to appear in the middle degree geometric étale cohomology group of the Shimura variety (e.g.

[MTO02, Theorem 1]).

At present, it seems reasonable to expect that the technique for proving Euler system norm
relations in the tower at p of [LZ18] is suited for infinitely many cases of push-forward constructions
involving GL;-Eisenstein classes, in opposition to what seems to happen for constructions which use
Eisenstein classes for symplectic groups greater than GL;. We will come back to this analysis in

future projects.



Bibliography

[AK15]

[Anc15]

[BBJ15]

[BDR15a]

[BDR15b]

[Bei85]

[Bei86]

[BGI2]

[BK90]

[CD12]

Zavosh Amir-Khosravi. Serre’s tensor construction and moduli of abelian schemes.

arXiv preprint arXiv:1507.07607, 2015.
Giuseppe Ancona. Décomposition de motifs abéliens. Manuscripta Mathematica, 2015.

Reda Boumasmoud, Ernest Hunter Brooks, and Dimitar Jetchev. Vertical Distri-
bution Relations For Special Cycles on Unitary Shimura Varieties. arXiv preprint

arXiv:1512.00926, 2015.

Massimo Bertolini, Henri Darmon, and Victor Rotger. Beilinson-Flach elements and
Euler Systems i: syntomic regulators and p-adic Rankin L-series. Journal of algebraic

geometry, 24, 2015.

Massimo Bertolini, Henri Darmon, and Victor Rotger. Beilinson-Flach elements and
Euler Systems ii: the Birch and Swinnerton-Dyer conjecture for Hasse-Weil-Artin L-

series. Journal of algebraic geometry, 24, 2015.

Alexander A. Beilinson. Higher regulators and values of L-functions. J. of Soviet Math.,

30:2036-2070, 1985.

Alexander A. Beilinson. Higher regulators of modular curves. In Applications of al-
gebraic K-theory to algebraic geometry and number theory,, volume 55 of Contemp.

Math., pages 1-34. Amer. Math. Soc., Providence, RI, 1986.

Daniel Bump and David Ginzburg. Spin L-functions on symplectic groups. International

Mathematics Research Notices, 1992.

Spencer Bloch and Kazuya Kato. L-functions and Tamagawa numbers of motives. In The
Grothendieck Festschrift, Vol. I, volume 86 of Progr. Math., pages 333—400. Birkh&user
Boston, Boston, MA, 1990.

Denis-Charles Cisinski and Frédéric Déglise. Triangulated categories of mixed motives.

arXiv preprint arXiv:0912.2110v3, 2012.



BIBLIOGRAPHY 131

[Col00] P. Colmez. Fonctions L p-adiques. Astérisque, 266:Exp. No. 851, 3, 21-58, 2000.
Séminaire Bourbaki, Vol. 1998/99.

[Con04] Brian Conrad. Gross-Zagier revisited. Heegner points and Rankin L-series, 49:67-163,
2004.

[Cor09] Christophe Cornut. Normes p-adiques et extensions quadratiques. In Annales de

[ Institut Fourier, 2009.

[CRJ18] Antonio Cauchi and Joaquin Rodrigues Jacinto. Towards an Euler System for GSp(6).
preprint, 2018.

[Del71] Pierre Deligne. Travaux de Shimura. In Séminaire Bourbaki vol. 1970/71 Exposés 382—
399, pages 123—-165. Springer, 1971.

[DM91] Christopher Deninger and Jacob Murre. Motivic decomposition of abelian schemes and

the Fourier transform. J. reine angew. Math, 1991.

[DR14] Henri Darmon and Victor Rotger. Diagonal cycles and Euler systems I: A p-adic Gross-

Zagier formula. Annales Scientifiques de I’Ecole Normale Supérieure, 2014.

[DR17] Henri Darmon and Victor Rotger. Diagonal cycles and Euler systems II: The Birch and
Swinnerton-Dyer conjecture for Hasse-Weil-Artin L-functions. Journal of the American

Mathematical Society, 2017.

[FalO5] Gerd Faltings. Arithmetic Eisenstein classes on the Siegel space: Some computations.

Number Fields and Function Fields—Two Parallel Worlds, pages 133-166, 2005.

[FC13] Gerd Faltings and Ching-Li Chai. Degeneration of abelian varieties. Springer Science
& Business Media, 2013.

[FH13] William Fulton and Joe Harris. Representation theory: a first course. Springer Science

& Business Media, 2013.

[Fla92] Matthias Flach. A finiteness theorem for the symmetric square of an elliptic curve.

Inventiones mathematicae, 1992.

[Gro91] Benedict H. Gross. Kolyvagin’s work on modular elliptic curves. L-functions and Arith-

metic, 1991.
[Hid04] Haruzo Hida. p-Adic Automorphic Forms on Shimura Varieties. Springer, 2004.

[HK15] Annette Huber and Guido Kings. Polylogarithm for families of commutative group
schemes. arXiv preprint arXiv:1505.04574, 2015.



[IchO8]

[Jan88]

[etl4]

[Kat76]

[Kat04]

[Kin98]

[Kin99]

[Kinl5a]

[Kin15b]

[Kinl5c]

[Kis10]

[KLZ15]

[KLZ17]

BIBLIOGRAPHY 132

Atsushi Ichino. Trilinear forms and the central values of triple product L -functions.

Duke Mathematical Journal, 2008.

Uwe Jannsen. Continuous étale cohomology. Mathematische Annalen, 280(2):207-245,
1988.

Dimitar Jetchev. Hecke and Galois properties of special cycles on unitary Shimura vari-

eties. arXiv preprint arXiv:1410.6692, 2014.

Nicholas M. Katz. p-adic interpolation of real analytic eisenstein series. Annals of

Mathematics, pages 459-571, 1976.

Kazuya Kato. p-adic Hodge theory and values of zeta functions of modular forms.

Astérisque, 295:117-290, 2004.

Guido Kings. Higher regulators, Hilbert modular surfaces, and special values of L-

functions. Duke University Press, 1998.

Guido Kings. K-theory elements for the polylogarithm of abelian schemes. Journal fur

die Reine und Angewandte Mathematik, 1999.

Guido Kings. Eisenstein classes, elliptic Soulé elements and the ¢-adic elliptic poly-
logarithm (John Coates, Anantharam Raghuram, Anupam Saikia, and Ramdorai Sujatha
eds.). In The Bloch—Kato conjecture for the Riemann zeta function, volume 418. Cam-

bridge University Press, 2015.

Guido Kings. Eisenstein classes, elliptic Soulé elements and the ¢-adic elliptic poly-
logarithm (John Coates, Anantharam Raghuram, Anupam Saikia, and Ramdorai Sujatha
eds.). In The Bloch—Kato conjecture for the Riemann zeta function, volume 418. Cam-

bridge University Press, 2015.

Guido Kings. On p-adic interpolation of motivic Eisenstein classes. In Elliptic Curves,
Modular Forms and Iwasawa Theory-Conference in honour of the 70th birthday of John
Coates. Springer, 2015.

Mark Kisin. Integral models for Shimura varieties of abelian type. Journal of the Amer-

ican Mathematical Society, 23(4):967-1012, 2010.

Guido Kings, David Loeffler, and Sarah Livia Zerbes. Rankin-Eisenstein classes for

modular forms. arXiv preprint arXiv:1501.03289, 2015.

Guido Kings, David Loeffler, and Sarah Livia Zerbes. Rankin-Eisenstein classes and

explicit reciprocity laws. Cambridge Journal of Mathematics, 5(1), 2017.



[KMS85]

[Kob12]

[Kol90]

[Kos66]

[KR17]

[KS16]

[Lan13]

[Lem16]

[Lem17]

[LLZ14]

[LLZ16]

[LSZ17]

[LZ16]

[LZ17]

BIBLIOGRAPHY 133

Nicholas M. Katz and Barry Mazur. Arithmetic moduli of elliptic curves. Number 108

in Annals of Mathematical Studies. Princeton University Press, 1985.

Neal I. Koblitz. Introduction to elliptic curves and modular forms, volume 97. Springer

Science & Business Media, 2012.

Victor A. Kolyvagin. Euler systems, (1988). a Birkduser volume in honor of

Grothendieck, 1990.

Bertram Kostant. Groups over Z. In Algebraic Groups and Discontinuous Subgroups
(Proc. Sympos. Pure Math., Boulder, Colo., 1965), pages 90-98. Amer. Math. Soc., Prov-
idence, R.1., 1966.

Guido Kings and Damian Rossler. Higher analytic torsion, polylogarithms and norm
compatible elements on abelian schemes. In Geometry, Analysis and Probability.

Springer, 2017.

Arno Kret and Sug Woo Shin. Galois representations for general symplectic groups.

arXiv preprint arXiv:1609.04223, 2016.

Kai-Wen Lan. Arithmetic Compactifications of PEL-Type Shimura Varieties. Princeton

University Press, 2013.

Francesco Lemma. On the residue of Eisenstein classes of Siegel varieties. arXiv

preprint arXiv:1608.08554, 2016.

Francesco Lemma. On higher regulators of Siegel threefolds II: the connection to the

special value. Compositio Mathematica, 2017.

Antonio Lei, David Loeffler, and Sarah Livia Zerbes. Euler systems for Rankin Selberg

convolutions of modular forms. Annals of mathematics, 180(2):653-771, 2014.

Antonio Lei, David Loeffler, and Sarah Livia Zerbes. Euler systems for Hilbert modular

surfaces. arXiv preprint arXiv:1607.07813, 2016.

David Loeffler, Christopher Skinner, and Sarah Livia Zerbes. Euler systems for GSp(4).
arXiv preprint arXiv:1706.00201, 2017.

David Loeffler and Sarah Livia Zerbes. Iwasawa theory for the symmetric square of
a modular form. Journal fiir die reine und angewandte Mathematik (Crelles Journal),

2016.

David Loeffler and Sarah Livia Zerbes. Euler systems with local conditions. arXiv

preprint arXiv:1710.04956, 2017.



BIBLIOGRAPHY 134

[LZ18] David Loeffler and Sarah Livia Zerbes. On the vertical norm relation. in preparation,

2018.

[MFK94] David Mumford, John Fogarty, and Frances Kirwan. Geometric Invariant Theory. Num-
ber v. 34 in Ergebnisse der Mathematik und ihrer Grenzgebiete. Springer-Verlag, 1994.

[Mil80] James S. Milne. Etale Cohomology (PMS-33). Princeton mathematical series. Princeton

University Press, 1980.

[Mil05] James S. Milne. Introduction to Shimura varieties. In Harmonic analysis, the trace

formula, and Shimura varieties, Clay Math. Proc., volume 4, pages 265378, 2005.
[MilO8] James S. Milne. Abelian varieties (v2.00). Available at www.jmilne.org/math/, 2008.

[M0098] Ben Moonen. Models of Shimura varieties in mixed characteristics. London Mathemat-

ical Society Lecture Notes Series, pages 267-350, 1998.

[MTO02] Abdellah Mokrane and Jacques Tilouine. Cohomology of Siegel varieties with p-adic

integral coefficients and applications. Astérisque, 280, 2002.

[Pin90] Richard Pink. Arithmetical compactification of mixed Shimura varieties. PhD thesis,

Rheinische Friedrich-Wilhelms-Universitidt Bonn, 1990.

[PS18a] Aaron Pollack and Shrenik Shah. A class number formula for Picard modular surfaces.

arXiv preprint arXiv:1801.07383, 2018.

[PS18b] Aaron Pollack and Shrenik Shah. The Spin L-function on GSp¢ via a non-unique model.

to appear. American Journal of Mathematics, 2018.

[PSR87] Ilya Piatetski-Shapiro and Stephen Rallis. Rankin triple L-functions. Compositio Math-

ematica, 1987.
[Qui73] Daniel Quillen. Higher algebraic K-theory: 1. In Higher K-theories. Springer, 1973.
[Rub00] Karl Rubin. Euler Systems. (AM-147). Princeton University Press, 2000.

[Sch98] Anthony J. Scholl. An introduction to Kato’s Euler systems. London Mathematical

Society Lecture Notes Series, pages 379-460, 1998.

[Stal7] The Stacks Project Authors. The Stacks Project. http://stacks.math.

columbia.edu, 2017.

[Ste16] Robert Steinberg. Lectures on Chevalley groups, volume 66 of University Lecture Series.
American Mathematical Society, Providence, RI, corrected edition of the 1968 original

edition, 2016.


http://stacks.math.columbia.edu
http://stacks.math.columbia.edu

BIBLIOGRAPHY 135

[Weil3] Charles A. Weibel. The K-book, volume 145 of Graduate Studies in Mathematics. Amer-

ican Mathematical Society, 2013.
[Wil06] Jorg Wildeshaus. Realisations of polylogarithms. Springer, 2006.

[WYO09] Nolan Wallach and Oded Yacobi. A multiplicity formula for tensor products of SL,
modules and an explicit Spy, to Spa,—2 X Sps branching formula. Contemporary Math-

ematics, 14, 2009.

[YZZ] Xinyi Yuan, Shou-Wu Zhang, and Wei Zhang. Triple product L-series and Gross-Kudla-

Schoen cycles. in preparation.

[Zhal7] Wei Zhang. Periods, cycles, and L-functions: a relative trace formula approach. arXiv

preprint arXiv:1712.08844, 2017.



	Introduction
	Euler Systems
	An orientative definition
	The push-forward construction
	Some examples
	New constructions

	Towards an Euler system for GSp6
	Setting
	Motivation
	Main results
	Towards new Euler systems

	Norm compatible elements for GU(2,2)
	Setting
	Main results
	Cyclotomic norm relations

	Future directions
	Tame norm relations for GSp6
	Vertical norm relations for GSp2g2
	 Archimedean regulator formula for GU(2,2)
	Euler Systems for GU(2,2) 

	General Notation

	Preliminaries
	Shimura varieties
	Definitions
	Canonical models
	Symplectic Shimura varieties
	Integral symplectic level structures
	Tower of symplectic level structures at p

	Cohomology theories
	Continuous étale cohomology
	Étale coefficient sheaves on Shimura varieties
	Relative Chow motives and Ancona's functor
	Motivic cohomology
	Operations
	Gysin morphisms and branching laws


	Siegel units and Eisenstein classes
	Siegel units
	Distribution relations
	The étale realisation
	Relation to Eisenstein series
	The Eisenstein Symbol of Beilinson

	Eisenstein classes for abelian schemes
	Notation
	The motivic class with trivial coefficients
	The polylogarithm class
	Constructing the class in K1

	Integral Eisenstein classes
	A construction of Faltings
	Properties of Faltings' classes
	Faltings' class as an integral polylogarithm
	The integral polylogarithm of Kings
	The Eisenstein-Iwasawa classes of Kings
	Comparison between the two polylogarithm classes

	Varying the level
	Compatibility in the mira-Klingen tower
	The distribution relations
	Consequences of the distribution relations


	Towards an Euler system for GSp6
	Preliminaries
	Groups
	Shimura varieties
	Level structures
	Representations of algebraic groups
	Gysin morphisms

	Definition of the classes
	Notation
	The classes at level K'n,m
	The level groups Kn, m
	The classes at level Kn,m
	Norm relations at p: varying the level
	Norm relations at p: cyclotomic variation

	Mapping to Galois cohomology
	Proof of Lemma 4.2.1

	Norm compatible elements for GU(2,2)
	The Shimura variety for GU(2,2)
	The groups
	The Shimura variety
	Unitary level structures
	A remark on the embedding at the level of moduli

	A family of trace compatible classes
	Definitions
	Compatibility in the mira-Klingen tower
	Perturbing the embedding I: definitions
	Perturbing the embedding II: a two variable compatible family
	Projection to the ordinary part

	Proof of Proposition 5.2.13
	The split case
	The inert case

	A few remarks
	Cyclotomic Norm relations
	Similar Constructions


	Bibliography

