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Abstract
We demonstrate sub-cycle control of frustrated double ionization (FDI) of the two-electron triatomic
molecule D3

+ when driven by two orthogonally polarized two-color laser fields, where a weak mid-
infrared laser field is employed to probe the FDI process triggered by a strong near-infrared laser field.
We use a three-dimensional semi-classical model that fully accounts for the electron and nuclear
motion in strong fields. We analyze the FDI probability and the distribution of the momentum of the
escaping electron along the polarization direction of the mid-infrared laser field. These observables
when considered in conjunction bear clear signatures of sub-cycle control of FDI. We find that the
momentum distribution of the escaping electron has a striking hive-shape with features that can
accurately be mapped to the time that one of the two electrons tunnel-ionizes at the start of the break-
up process. This mapping distinguishes consecutive tunnel-ionization times within a cycle of the mid-
infrared laser field but not tunnel-ionization times differing by an integer number of cycles.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Accounting for roughly 10% of all ionization events, frustrated
double ionization (FDI) is one of the major processes when
multi-center molecules are driven by intense laser fields [1, 2]. In
frustrated ionization an electron first tunnel-ionizes in the driving
laser field. Then, due to the electric field of the laser pulse, it is
recaptured by the parent ion in a Rydberg state [3]. In FDI an
electron escapes and another one occupies a Rydberg state at
the end of the laser pulse. A number of experimental studies in
the context of H2 [1] and of the triatomic molecules D3

+ and H3
+

have addressed FDI over the last few years [4–6]. Two pathways
were identified to underlie FDI in previous theoretical studies of
strongly-driven two-electron diatomic and triatomic molecules
[2, 7]. Electron–electron correlation is important, primarily, for
one of the two pathways.

Very recently, we proposed a scheme to identify the
important role of electron-electron correlation in FDI in future
experiments [8] using orthogonally polarized two-color laser
fields (OTC). Two-color laser fields have been efficiently
employed to control electron motion [9, 10] and to steer the
outcome of chemical reactions [11–13]. The field-free orien-
tation of molecules [14–16], the generation of high-harmonic
spectra [17–20], probing atomic and molecular orbital sym-
metry [21–23] and controlling double ionization in atoms
[24–29] are some of the other applications of two-color laser
fields. Moreover, in a recent experiment [30] it was shown
that a weak mid-IR pulse acts as a streak camera that time-
resolves the strong-field dynamics of the escaping electron in
single ionization triggered by a near-IR pulse in atoms. In [8]
we have shown how to control the pathway of FDI where
electron–electron correlation is important by employing a
triggering 800 nm near-infrared (near-IR) strong laser field
and a probing 400 nm weaker laser field. We showed that,
together, the FDI probability and the V-shape of the
momentum of the escaping electron along the 800 nm laser
field bear clear signatures of the turning on and off of elec-
tron-electron correlation in FDI.
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Here, we demonstrate in addition sub-cycle attosecond
control in FDI of triatomic molecules by employing OTC
laser fields where a weak mid-IR 2400 nm laser field is used
as the probing field. We show that the FDI probability
changes significantly as a function of the time delay between
the triggering 800 nm strong laser field and the probing one.
The change is mainly due to the FDI pathway where electron–
electron correlation is important. Interestingly, we find that
the momentum distribution of the escaping electron along the
mid-IR laser field has a striking hive-shape. We find a one-to-
one correspondence between the features of this hive-shape
and the time that one of the two electrons tunnel-ionizes at the
start of the break-up process of the strongly-driven molecule.
These tunnel-ionization times take place around the extrema
of the near-IR laser field, since the mid-IR pulse is weak.
Hence, this mapping allows us to identify the traces that each
of the six tunnel-ionization times in one cycle of the mid-IR
pulse imprint on the hive-shape. We are thus demonstrating
sub-cycle control, since we are resolving the different tun-
neling times in one cycle of the near-IR laser field using a
mid-IR laser field as a probe. Moreover, as we show, the
resulting hive-shape undergoes changes in less than roughly
1/4 of the period of the near-IR laser field (2.7 fs) demon-
strating attosecond control. To achieve sub-cycle control the
frequency of the probing field must be smaller than the fre-
quency of the near-IR field. However, as we later show in the
results section a smaller frequency of the probing field results
in a smaller FDI probability. Hence, our choice of wavelength
for the probe laser field is such that while sub-cycle control is
achieved the FDI probability is large enough to be experi-
mentally accessible.

Treating two electrons and three-nuclei in a strong laser
field is a challenge for fully ab-initio quantum mechanical
calculations. The latter methods can currently address one
electron triatomic molecules [31]. Therefore, classical and
semi-classical models are essential for understanding the
fragmentation of strongly-driven triatomic molecules [7, 32].
We previously employed a three-dimensional (3D) semi-
classical model that provided significant insights into FDI for
strongly-driven H2 [2] and D3

+ [7]. For instance, a result we
previously obtained with this model was the distribution of
the kinetic energy release of the Coulomb exploding nuclei in
FDI of D3

+ which was in good agreement with experimental
results [6]. We use the same model in our current studies.

2. Method

The OTC laser field we employ consists of an 800 nm laser
field, i.e. 0.0571w = a.u. with field strength of E 1w equal to
0.08 a.u. and a weak 2400 nm laser field, i.e. 32 1w w= , with
field strength E 2w equal to 0.0253 a.u.. The intensity of the
mid-IR field is taken to be one tenth of the intensity of
the near-IR field. The ponderomotive energies, E 42 2ww , of
the near-IR and mid-IR laser fields are equal to 0.49 a.u. and
0.44 a.u. respectively, and are thus comparable. In contrast, in
our previous study with OTC fields [8] we employed a
probing field of 400 nm with ponderomotive energy much

smaller than the one of the 800 nm pulse. The combined laser
field is given by
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where τ=40 fs is the full-width-half-maximum duration of
the OTC laser field.

Here, we employ an initial state for D3
+ that is a super-

position of equilateral triangular-configuration vibrational states
1 12n = - [4, 6]. The reason for our choice is that this state is

accessed experimentally via the reaction D D D2 2 3+ + + + D.
The outer classical turning point of the vibrational levels [33, 34]
changes from 2.04a.u. (ν=1) to 2.92a.u. (ν=12) [35, 36]. In
our model we assume that most of the ionization of D3

+ occurs at
the outer turning point. Moreover, for all vibrational levels, we
consider the nuclei to be initially at rest, since we have found
that the ionization dynamics does not depend significantly on
their initial state [37].

Our 3D model involves two quantum-mechanical
aspects. One aspect refers to the first step in our model where
we take one electron (electron 1) to tunnel-ionize at time t0 in
the field-lowered Coulomb barrier since the combined
strength of the two laser fields is within the below-the-barrier
ionization regime. We use a semi-classical formula [38] to
compute the ionization rate in this step. We select t0 using
importance sampling [39] in the time interval the two-color
laser field is present. The ionization rate is then used as the
importance sampling distribution. The component of the
velocity of electron 1 that is parallel to the total OTC laser
field is set equal to zero while the transverse one is given by a
Gaussian [40, 41]. For the electron that is initially bound
(electron 2) the initial state is described by a microcanonical
distribution [42].

The other quantum mechanical aspect of our 3D model is
essential in order to accurately account for the enhanced
ionization (EI) process [43, 44]. Namely, we allow for each
electron to tunnel during the propagation with a probability
given by the Wentzel–Kramers–Brillouin approximation
[2, 37]. We note that in the EI process at a critical distance of
the nuclei, a double potential well is formed such that it is
easier for an electron bound to the higher potential well to
tunnel to the lower potential well and subsequently ionize.
The time propagation starts at time t0 and is determined by the
Hamiltonian of the strongly-driven five-body system. It is
important to note that we fully account for the Coulomb
singularities during the time propagation [37].

After propagating the trajectories to the asymptotic time
limit, we record the events of FDI of D3

+. For these events the
final fragments are a neutral excited fragment D*, two D+

ions and one escaping electron. In the neutral excited frag-
ment D* the electron occupies an excited (Rydberg) state with
quantum number n 1> . Here, as in our previous studies
[2, 7, 37], we record two pathways of FDI. In pathway A,
electron 1 tunnel-ionizes and escapes early on. Electron 2
gains energy from the laser field in an EI-like process and
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tunnel-ionizes. When the laser field is turned off, electron 1
does not have enough drift energy to escape and eventually
occupies a Rydberg state, D*. In pathway B, electron 1 tun-
nel-ionizes and quivers in the laser field and eventually
returns to the core. Electron 2 gains energy both from the
laser field in an EI-like process as well as from the returning
electron 1. Electron 2 eventually tunnel-ionizes after a few
periods of the laser field. The main difference between
pathway A and B is that, once the laser field is turned on, the
electron that finally ionizes does so much faster in pathway A
than in pathway B.

In many experimental studies, strongly-driven molecules
are randomly oriented with respect to the laser field. How-
ever, due to the challenging computations involved in
obtaining the FDI probability we consider only two cases of
planar alignment, that is, one side of the equilateral, molecular
triangle is either parallel or perpendicular to the ẑ -component
of the laser field. Moreover, we only compute the FDI
probability for the ν=8 state of D3

+, see also [8]. This is a
good approximation, since we find that the ν=6, 7, 8, 9
states contribute the most in the sum in equation (2). We find
that the FDI probabilities and the distributions of the
momentum of the escaping electron are very similar for all
these states. We compute the FDI probability as a function of
the time delay tD of the 3w w- laser pulses using
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where i refers to the different orientations of the molecule
with respect to the z-axis and ν=8. t i, ,nG D( ) is given by
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where we integrate over the duration of the OTC field.
t t i, , ,0 nG D( ) is the ionization rate at time t0 for a certain

molecular orientation i, vibrational state ν and time delay tD .
Pn is the percentage of the vibrational state ν=8 in the initial
state of D3

+ [35]. P t i, ,FDI nD( ) is the number of FDI events
out of all initiated classical trajectories for a certain molecular
orientation i, the vibrational state ν=8 and time delay tD .

3. Results and discussion

In figure 1, we plot the probability of FDI and of pathway A and
B as a function of the time delay between the mid-IR and the
near-IR laser pulses. The time delay, tD , is expressed in units of
the period of the near-IR laser field T 1w . We consider tD in one
cycle of the mid-IR laser field that corresponds to three cycles of
the near-IR laser pulse, i.e. t 1.5, 1.5 T 1D Î - w[ ) . We find that
the FDI probability changes as a function of the time delay. We
find that pathway B with a probability that varies significantly
from 2.6% to 0% is the main reason for the change in the FDI
probability. In contrast, the probability of pathway A only varies
from 1.1% to 0.77%. In the absence of the mid-IR laser field the
probability of pathway A and B is 3.6% and 4.9%, respectively.
Thus, the probing mid-IR laser field decreases the maximum
value of the FDI probability from 8.5% to 3.7%. This was not

the case in our previous study where we found that the probing
400 nm laser pulse did not affect the maximum value of the FDI
probability [8]. We explain later in this section why this is
the case.

A consequence of the large ponderomotive energy of the
mid-IR laser pulse is that the values of the extrema of the
probability of FDI and of pathway A and B decrease with
increasing values of tD in the time interval 1.5, 1.5 T 1- w[ ) ,
see figure 1. We find that the values of the extrema of
the FDI probabilities are larger for negative rather than
positive time delays. Electron 1 tunnel-ionizes mostly from
the extrema around the peak intensity of the near-IR laser
field. For negative time delays, the atom encounters first the
peak of the mid-IR and then the peak of the near-IR laser
pulse. Therefore, for negative (positive) time delays when
electron 1 tunnel-ionizes it mostly encounters a decreasing
(increasing) force from the mid-IR laser field along the x̂-axis.
This force results in electrons moving away from the nuclei
and thus decreases the FDI probabilities. Since the force from
the mid-IR laser pulse is less for negative time delays, it
follows that the FDI probabilities decrease less in this case.

Electron–electron correlation plays a significant role for
pathway B of FDI [2, 8]. Indeed, by turning off the electron–
electron correlation in our computations, we find that the
probability of pathway A as a function of the time delay is the
same as when the electron–electron correlation is turned
on, see figure 1. However, when electron–electron correlation
is turned off the maximum value of the probability of path-
way B reduces to only half its value compared to when
electron–electron correlation is on.

In figure 2(a1), we plot the distribution of the momentum
px of the escaping electron for FDI along the mid-IR laser
field as a function of tD in the time interval 1.5, 1.5 T 1- w[ ) in
steps of t 0.1T 1D = w . We find that the distribution of px has a
hive-shape. This hive-shape is mainly due to pathway A,
see figure 2(a2). To understand the shape of px for pathway A,
we first investigate the time electron 1 tunnel-ionizes as a

Figure 1. (a) FDI probability and probability of pathway A and B as
a function of the time delay with electron–electron correlation turned
on (solid lines) and off (dotted lines).
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function of tD , see figure 2(b2). When the mid-IR laser field
is turned off t0 is centered around the extrema of the near-IR
laser field. For one cycle of the mid-IR laser field electron 1
tunnel-ionizes from six extrema of the near-IR laser field, see
figure 3(d). We find that when the mid-IR laser field is turned
on electron 1 in pathway A still tunnel-ionizes from the t0s

corresponding to these six extrema. However, for each tD we
find that electron 1 tunnel-ionizes in each half-cycle of the
near-IR laser pulse at the t0 which coincides with the time tmax

when the combined OTC laser field in equation (1) is max-
imum, see figure 2(b2). This is expected since when electron
1 is the escaping electron the time electron 1 tunnel-ionizes

Figure 2. The distribution of px for FDI (a1) and for pathways A (a2) and B (a3) are plotted as a function of tD . For each tD , the distribution
of px in (a2)–(a3) is normalized with respect to the total FDI probability, while in (a1) it is normalized to 1. The distribution of the time
electron 1 tunnel-ionizes for FDI (b1) and for pathways A (b2) and B (b3) is plotted as a function of tD . For each tD , the distribution of t0 in
(b1)–(b3) is normalized with respect to the total FDI probability.

Figure 3. The distributions of px
ED (a) and px

CD (c) for pathway A are plotted as a function of tD . For each tD the distributions in (a) and
(c) are normalized to the probability for pathway A. (b) px

ED is plotted as a function of tD for the six t0s corresponding to extrema of E 1w

within one cycle of the 2400 nm laser field, which are shown in (d).
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will be roughly equal with the time the ionization rate is
maximum. This is not the case for pathway B. At tD =
n 1 4 T 21+ w( ) the probability of pathway B is zero. Around
t nT 21D = w , where the probability of pathway B is max-

imum, electron 1 tunnel-ionizes only from two out of the six
t0s, see figure 2(b2). We explain later why this is the case.

To understand the hive-shape in the distribution of px for
pathway A, we consider separately the contribution of the
mid-IR laser field and of the core to the final momentum px,
with p p p px x

E
x
C

x t, i
= D + D + . px

CD is the momentum
change due to the core as well as the electron–electron
interaction. We find the contribution of the electron–electron
interaction to px

CD to be very small. px t, i
is the distribution of

the x-component of the momentum of the escaping electron at
time ti. For pathway A ti is the time that electron 1 tunnel-
ionizes, t0. We find that px t, 0

has only a small contribution to
px. The momentum change from the mid-IR laser field and the
core are given by
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In figure 3(c) we plot px
CD as a function of the time delay.

px
CD has a two-band structure that is symmetric with respect

to px equal to zero. We find that the upper (lower) band
corresponds mostly to pathway A events where electron 1
tunnel-ionizes from the negative (positive) x̂-axis.

Figure 3(a), clearly shows that the hive-shape of the
distribution px is accounted for by the momentum change due
to the mid-IR laser field. Indeed, in figure 3(b), we reproduce
the outline of the hive-shape of px in figure 3(a)—the result of
our full scale computations—by employing a very simple
model. Specifically, using equation (1), we compute px

ED as a
function of tD for each of the six t0s electron 1 tunnel-ionizes
from (figure 3(d)). Figure 3(b) clearly shows how the cos/sin
like curves of px

ED as a function of tD for each of the six t0s
within one cycle of the mid-IR laser field intertwine to result
in the hive-shape of px for pathway A. Hence, we have
established a one-to-one correspondence, i.e. mapping,

between the features of the hive-shape in figures 3(a) and
2(a2) and the t0s electron 1 tunnel-ionizes from within one
cycle of the mid-IR laser pulse. That is, the 2400 nm laser
pulse, probes the momentum px that corresponds to different
t0s. This mapping distinguishes between different t s0 within
one cycle of the mid-IR laser field but does not distinguish
between t0s that differ by an integer number of cycles of the
mid-IR field.

We next focus on the contribution of pathway B to the
distribution of px, see figure 2(a3). First, we explain why the
probability of pathway B is zero at t n 1 4 T 21D = + w( ) . It
is enough to use the six t0s at the extrema of the near-IR laser
field in the interval 1.5, 1.5 T 1- w[ ) where electron 1 tunnel-
ionizes. Figure 3(b) shows that px

ED is not zero for all six t0s
at t n 1 4 T 21D = + w( ) . Hence, at these tsD the non zero
momentum change from the mid-IR laser field pushes elec-
tron 1 away from the core along the x̂-axis. As a result,
electron 1 does not return to the core to ionize electron 2 and
the probability of pathway B is zero. On the other hand, at

t nT 21D = w , figure 3(b) shows that there are two t0s where
p 0x

ED = . As a result, electron 1 can return to the core and
ionize electron 2 and the probability of pathway B is non
zero. This is consistent with figure 2(b3), which clearly shows
that at t nT 21D = w , two t0s contribute to the tunnel-ioniz-
ation times of electron 1 while for all other ts no t0
contributes.

In figure 4(c) we plot the momentum change along the
mid-IR laser field due to the core plus the electron–electron
repulsion, respectively. To compute these contributions, we
employ equation (4) using as ti the time ttun. The latter is the
time electron 2 tunnel-ionizes during the time propagation.
Unlike pathway A, the contribution of the core for pathway B
is broad at the ts where the probability of pathway B is not
zero, see figure 4(c). This is consistent with electron 2 being
the escaping electron in pathway B. Electron 2 has more time
to interact with the nucleus before it tunnel-ionizes and finally
escapes giving rise to a broad distribution px.

Figure 4(a) shows that the momentum change of electron
2 from the mid-IR laser field is similar to px for pathway A for
the ts where the probability of pathway B is not zero. Indeed,

Figure 4. The distributions of px
ED (a), the time that electron 2 tunnel-ionizes during the time propagation, ttun, (b) and px

CD (c) for pathway B
are plotted as a function of tD . For each tD the distributions in (a)–(c) are normalized to the probability for pathway B.
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for pathway A the px
ED of electron 1 from the six t0s in the

time interval t 1.5, 1.5 T0 1Î - w[ ) give rise to the hive-shape
of the distribution px. This is also the case for pathway B,
however, the relevant ti time in equation (4) is not t0 but the
time ttun electron 2 tunnel-ionizes during the time propaga-
tion. We show in figure 4(b) that electron 2 tunnel-ionizes
around the extrema of the near-IR laser field. Therefore, a
hive-shape for px of electron 2 is obtained for pathway B as
for pathway A. The main difference is that pathway B is zero
at t n 1 4 T 21D = + w( ) . Another difference is that since ttun
is more broadly distributed than t0 around the extrema of the
near-IR laser field the hive-shape is more broad at

t nT 21D = w for pathway B than A, compare figure 4(a) with
figure 3(a). Thus, px for pathway B further enhances the hive-
shape of the total FDI distribution px at t nT 21D = w .

We now explain the reason why the FDI probability
for D3

+ when driven by an 800 nm pump laser field reduces
less when we employ a probing laser field of 400 nm [8]
compared to a 2400 nm one. The momentum change px

ED
of either electron due to the laser field along the x̂-axis is
proportional to E t tsin i2 22 w w - Dw ( ( )), assuming f t 1=( )
in equation (1). For pathway B, substituting for ω2 ω1/3
for the 2400 nm laser field and 2ω1 for the 400 nm one
and using t t ni 0 1p w= = , with n an integer, we find that
the momentum change of electron 1 is proportional to
E n tsin 32 1 12 w w p w - Dw ( ( )) and E tsin 22 12 w w Dw ( ),
respectively. Thus, for the mid-IR probing field the momen-
tum change depends on the time electron 1 tunnel-ionizes,
while for the 400 nm laser field it does not. The FDI prob-
ability for pathway B is maximum when this momentum
change of electron 1 is zero. This condition is satisfied for all
t0s for the 400 nm laser field but only for two t0s out of six
consecutive t0s for the 2400 nm one, as we have already
discussed in figure 3(b). It follows that electron 1 returns for a
smaller number of t0s to re-collide with the core and thus
transfer energy to electron 1 for the 2400 nm laser field.
Therefore, the FDI probability for pathway B is smaller for a
2400 nm probing field than a 400 nm one. For pathway A, the
momentum change of electron 2 at time ttun when electron 2
tunnel-ionizes is again given by the same formulas as above;
t ti tun= and ttun is still centered around the extrema of the

near-IR laser field. As a result, for the 2400 nm laser field,
electron 2 gains momentum different than zero for a mini-
mum of four and up to six t stun out of the six consecutive t stun

as a function of the Δt, see figure 3(b). For the 400 nm field,
the momentum gain of electron 2 is independent of ttun. Thus,
the momentum gain is different than zero for more values of
ttun for the 400 nm compared to the 2400 nm laser field.
However, E 22 ww is three times larger for the parameters we
use in the current study where we employ a 2400 nm laser
field than for the parameters in our previous study [8] where
we employ a 400 nm one. Hence, the overall momentum gain
is larger for the 2400 nm laser field leading to the more
probable escape of electron 2 and consequently to a smaller
FDI probability. Moreover, given the dependence of the
electron momentum gain on the tunnel-ionization time for the
2400 nm laser field but not for the 400 nm one, it should now
be clear that while the 2400 nm laser field is appropriate for
sub-cycle control the 400 nm one is not.

Finally, we show that sub-cycle attosecond control can
also be achieved with OTC fields for H2. We choose
E 0.064 a.u1 =w . so that E 1w for H2 and D3

+ has the same
percentage difference from the field strength that corresponds
to over-the-barrier ionization. We choose E 2w to be such that
the intensity of the E 2w laser field is one tenth of the intensity
corresponding to the E 1w laser field, as for the D3

+ molecule.
We show in figure 5(a) that the FDI probability changes from
a maximum value of 2.7% to a minimum of 1% as a function
of the time delay between the two pulses. The probability of
pathway A remains almost constant varying from 1% to
0.9%. However, the probability of pathway B changes from
1.7% to 0.1% and accounts for the change in the FDI prob-
ability. We note that in figure 5 we only consider the orien-
tation where the inter-nuclear axis is parallel to the 800 nm
laser field since for the perpendicular orientation the prob-
ability is zero. Therefore, the FDI probability averaged over
all molecular orientations will be smaller than the values
presented in figure 5(a) and thus from the FDI probability for
D3

+. Smaller FDI probability aside, figure 5(b) shows that a
similar hive-shape of the momentum distribution of the
escaping electron for FDI as a function of Δt is obtained for
H2 and D3

+ alike.

Figure 5. (a) And (b) the same as figures 1 and 2(a1), respectively, for H2.
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4. Conclusions

In conclusion, we have shown that sub-cycle attosecond con-
trol for the FDI process can be achieved with OTC laser fields
in D3

+, using a mid-IR laser field as the probing one. We
employ a near-IR laser field that triggers the FDI process and a
weak mid-IR laser field to probe and control the FDI process.
We find that the FDI probability changes sharply with the time
delay between the two laser fields. Moreover, we identify a
hive-shape in the momentum distribution of the escaping
electron in FDI along the mid-IR laser field. We show that
different features of this hive-shape of the electron momentum
distribution can be mapped back to electron 1 tunnel-ionizing
from six consecutive extrema of the near-IR laser field within
one cycle of the mid-IR laser field. Moreover, we have shown
that tunnel-ionization of electron 1 from only two of the six
extrema of the near-IR laser field contributes to pathway B of
FDI. Future studies could explore the effect of interference in
the hive-shape of the momentum of the escaping electron.
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