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Abstract

The research carried out in this thesis concerns two important class of station-
ary surfaces in Differential Geometry, namely isoperimetric surfaces and index
one minimal surfaces. The former are solutions of the so called isoperimetric
problem, which is to determine the regions of least perimeter among regions
of same volume in a given manifold. The latter are critical points of the area
functional with Morse index one, i.e., minimal surfaces which admits only one
direction where the surface can be deformed so to decrease its area. These
are usually constructed via mountain pass arguments. This work focus on the
study of these objects when the ambient space is a 3-dimensional spherical
space forms, i.e., space form with positive curvature. Our main results clas-
sify, at the level of topology, such stationary surfaces in the spherical space
forms with large fundamental group.

Our first result proves that the solutions of the isoperimetric problem in
spherical space forms with large fundamental group are either spheres or tori.
It was previously known that solutions with genus zero and one are respec-
tively totally umbilical and flat. Combining our result and this geometric
description, we derive that the solutions of the isoperimetric problem are ei-
ther geodesic spheres or quotients of Clifford tori. Our second result proves
that orientable minimal surfaces with index one in the aforementioned spher-
ical space forms have genus at most two. This is a sharp estimate as one
can use the continuous one-parameter min-max theory to construct in every
3-dimensional spherical space form an index one minimal surface with genus
equal the Heegaard genus of such space which is known to be at most two. Our

result confirms a conjecture of R. Schoen for an infinite class of 3-manifolds.
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Introduction

0.1 The isoperimetric problem

The isoperimetric problem is a classical subject in Differential Geometry with
its origin in ancient Greece. It consists in finding on a Riemannian manifold
M the regions that minimize the perimeter among sets enclosing the same
volume. The solutions are called isoperimetric regions and their boundaries
isoperimetric hypersurfaces. The Euclidean plane is historically the first space
where the problem started to be investigated rigorously. It is now a well
known fact that the round circles are the optimal curves for the problem.

This geometric fact is often seen through the following classical inequality:
L? > 47 A,

where L and A stand for the length and the enclosed area of a simple closed
curve v : St — R? respectively.

The framework of geometric measure theory and its tools work success-
fully well in tackling the aspects of existence and regularity of this variational
problem. When M"™*! is closed or homogeneous, then isoperimetric hyper-
surfaces do exist and are smooth up to a closed set of Hausdorff dimension
n — 7. The regular part is a stable hypersurface of constant mean curvature.
This major contribution to the isoperimetric problem was achieved thanks
to the efforts of many people, including F. Almgren, R. Schoen, L. Simon,
F. Morgan, and others (see [43] for a comprehensive list). Despite the long
history of the problem, it remains largely open with few 3-manifolds where

the problem is completely understood.



The simply connected space forms, S"*!, R*""! and H"*!, are the most
appealing spaces to begin the study of the isoperimetric problem. It turns
out that their symmetries are enough to characterize the geodesic spheres as
the isoperimetric hypersurfaces.

A complete solution on S? x S! with the standard product metric can
be found in [49]. For other homogeneous manifolds with certain product
structure, such as H? x R, H? x S', and S" x R, see [30], [49], and [4§]
respectively. The case S' x R™ is also treated in [49] and they show that when
n > 9 unduloids are minimizers rather than cylinders for certain volumes. One
key idea exploited in the results listed above is the use of symmetry to reduce
the problem to an ODE analysis. The case T? x R where T? is a flat torus is
not solved in full; great progress can be found in [56, 53, 28]. More generally,
it is known that boundaries of small isoperimetric regions in closed manifolds
are nearly round spheres, see [45, 47]. To finish this brief and not exhaustive
account of results on the isoperimetric problem we mention that Bray and
Morgan ( [7] and [8]) classified the horizon homologous isoperimetric surfaces
in the Schwarzschild manifold. The works in [7, 21] highlighted the interesting
relationship between isoperimetric surfaces and the concept of mass in general
relativity.

We will be interested in spherical space forms in this paper. A significant
result in this direction was given in [56] where A. Ros and M. Ritoré solved
the isoperimetric problem in the projective space RP?. They show that the
solutions are geodesic spheres or flat tori. This geometric description for the
spheres and tori which are solutions of the isoperimetric problem holds true
for every 3-dimensional space form. Later, A. Ros [58] used the above result
to give a proof of the Willmore conjecture in S? for the special case of surfaces
that are invariant by the antipodal map.

The real projective space is a special case of an important family of Rie-
mannian manifolds, namely the Lens spaces L(p, ¢). These are spherical space
forms obtained as a quotient of S* by a finite group of isometries that are iso-
morphic to Z, but which also depend on ¢. They are, along with S? x S*,

characterized by having Heegaard genus one.
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We give a complete solution for the isoperimetric problem in the Lens

spaces with large fundamental group:

Theorem 1. There exists a positive integer py such that for every p > po and
every q > 1 the isoperimetric surfaces in L(p,q) are either geodesic spheres

or quotients of Clifford tori.

The isoperimetric problem in dimension three was previously solved for
only a finite number of non-diffeomorphic 3-manifolds.

We also add to the literature the observation that the proof of the Willmore
conjecture by Marques and Neves [38] can be applied to extend the work of
Ros and Ritoré [56], on the classification of stable cmc surfaces in RP?, to

L(3,1) and L(3,2):

Theorem 2. The only immersed stable cmc surfaces in L(3,1) and L(3,2) are
either geodesic spheres or projections of Clifford tori. Moreover, the projection

of the minimal Clifford torus is, up to ambient isometries, the only index one

minimal surface in L(3,1) and L(3,2).

A version of Theorem 2 for the special case of isoperimetric surfaces in the
lens space L(3,1) appeared first in [59, Theorem 15].

The idea of the proof of Theorem 1 is as follows. Stability implies that
every isoperimetric surface is connected and its genus is 0, 1,2 or 3. If follows
from a classical result of Hopf that if the genus is 0, then it is a geodesic
sphere. From [56] we know that if the genus is 1, then it is flat, and this
forces the surface to be a quotient of a Clifford tori. We are left to rule out
other topological types. To do so we argue by contradiction. Because of the
algebraic complexity of the lens spaces we divide the lens space in two classes
for which we give separately proofs. We assume that there exists a sequence
of Lens spaces with increasing fundamental group containing isoperimetric
surfaces of genus 2or3. After a suitable rescaling on the metrics we use
compactness results to obtain a limit for the sequence of Lens spaces which
will be a flat three manifold of rank one. In the same way, the sequence of

isoperimetric surfaces will converge to a flat surface in the respective ambient
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manifold. The topology of the surfaces will force the limit to be an union of
planes. On the other hand, the minimization property rules this configuration
out. This argument works for most sequence of lens spaces. For the remaining
cases we use standard compactness applied to the pullback surfaces in the
round three sphere.

A natural question after Theorem 1 is whether its proof can be extended
to the case of spherical space forms with large fundamental group. From the
classification of spherical space forms we observe that these spaces share with
the lens spaces the same crucial properties needed in proof of Theorem 1.

Theorem 1 is now a corollary of the following result:

Theorem 3. There ewists py such that if M? is an spherical space form
with |7 (M)| > po, then the isoperimetric surfaces in M3 are either geodesic

spheres or quotient of Clifford tori.

To the author knowledge, it is not known whether an isoperimetric surface
of genus two exists in any spherical space form. It would be interesting to
investigate this question in the Poincaré Homology Sphere.

The arguments in the proof of Theorem 1 generalize naturally also for the
Berger Spheres S?. This is a well known one parameter family of homogeneous
metrics on the 3-sphere; the case ¢ = 1 corresponds to the round metric.
When ¢ is not too small, spheres are the only solutions of the isoperimetric
problem. When ¢ is very small, some tori are better candidates to solve the

isoperimetric problem rather than spheres for certain volumes.

Theorem 4. There exists ¢g > 0 such that for every € < gq the isoperimetric
surfaces in the Berger spheres S are either rotationally invariant spheres or

tori.

Remark 1. It follows from the work in [44] and [49] that the minimal Clifford
torus in L(p, 1) (resp. S?) is isoperimetric for every p > 3 (resp. € < 3).
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0.2 Index one minimal surfaces

The Morse index is an important analytic quantity in the study of minimal
surfaces. Roughly speaking, it counts the maximal number of directions a
minimal surface can be deformed in order to decrease its area. Under this
analytical point of view, the simplest minimal surfaces are those with small
index, namely zero or one. Index zero minimal surfaces, also known as stable,
are an well studied topic in Differential Geometry. Among classical results
we mention the Bernstein problem on the classification of complete minimal
graphs in R™ and those connecting stable minimal surfaces and the topology of
manifolds admitting positive scalar curvature metrics due to Schoen-Yau. The
existence of stable minimal surfaces depends on the geometry and topology
of the ambient space and is in general obtained via a minimization procedure.
Such surfaces do not exist in manifolds with positive Ricci curvature. Index
one minimal surfaces, on the other hand, do exist is this setting and are
produced by the one parameter min-max construction of Almgren-Pitts and
Simon-Smith [14, 32, 39, 51]. An important feature about these surfaces is
that they provide optimal geometric Heegaard splitting of closed 3-manifolds.

A guiding principle in the theory asserts that in positively curved mani-
folds, the index of a minimal hypersurface controls its topology and geometry.
For instance, it is proved in [12] that the set of minimal surfaces with bounded
index in a closed 3-manifold with positive scalar curvature cannot contain se-
quences of surfaces with unbounded genus or area. More generally, it is con-
jectured in [37, 47] that if ¥ is a minimal hypersurface in a closed manifold
with positive Ricci curvature M, then index(X) > C'by(X), where b;(X) is the
first Betti number of ¥ and (' is a constant which depends only on M. Esti-
mates of this type have been studied by many authors, see [3, 11, 33, 57] and
references therein for further discussion. These estimates are, however, far
from being optimal when the index is small in general. A related problem is
to describe the geometry and topology of the minimal surfaces with the small-
est index. In this direction, we mention the classical result that flat planes

and the catenoid are, respectively, the only embedded minimal surfaces with
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index zero and one in R3, see [20, 23, 52, 57, 36]. Similar classification has
also been proved in other non-compact flat space forms, see [54]. In higher
dimensions, we mention the works [19, 66] on the classification of compact
minimal hypersurfaces with index one in RP" and S", respectively.

Using test functions coming from meromorphic maps and harmonic forms,
Ros [57] proved that two sided index one minimal surfaces in 3-manifolds with
non-negative Ricci curvature have genus < 3. This result is sharp as the P
Schwarz’s minimal surface in R?® projects to a closed minimal surface with
genus three and index one in the cubic 3-torus [61]. On the other hand, when
the ambient space has positive Ricci curvature, the right estimate is given by

the following conjecture:

Conjecture 1 (Schoen [47]). Let M? be a closed three manifold with positive
Ricci curvature. If ¥ is an orientable minimal surface with index one in M?3,

then genus(X) < 2.

The interest in this conjecture is in part motivated by its implications for
the classification of 3-manifolds. Namely, it is proved in [32] that every closed
3-manifold with positive Ricci curvature contains an index one minimal sur-
face realizing its Heegaard genus. If Conjecture 1 is true, then this Heegaard
genus is at most two. Combining this result with the classification of genus

two 3-manifolds, one recovers the following classical result of Hamilton:

Theorem 5 (Hamilton [27]). If (M3, g) is a closed 3-manifold with positive
Ricci curvature, then M is diffeomorphic to S*/G, where G is a finite group

of isometries acting freely on (S3, go).

Remark 2. With the exception of lens spaces, which has Heegaard genus

one, any other spherical space form has Heegaard genus two [46].

The list of 3-manifolds where the Conjecture 1 is verified is small. In
the case of spherical space forms, the only examples are the sphere S3, the
projective space RP?, and the lens spaces L(3,1) and L(3,2) [56, 70]. The
conjecture has also been proved on sufficiently pinched convex hypersurfaces

in R?, see [3, Section 5].
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Our main result confirms Schoen’s Conjecture in the class of spherical

space forms with large fundamental group.

Theorem 6. There exists an integer py so that if ¥ is an orientable index one
minimal surface embedded in a spherical space form M3 with |71 (M?)| > po,

then genus(X2) < 2.

Remark 3. Theorem 6 also holds for metrics which are perturbations of the

round metric on the aforementioned spherical space forms by the compactness

theorem of Choi-Schoen [13].

Remark 4. The orientability assumption seems to be necessary in Theorem
6. It is pointed out in [57, 62] that for every integer n, there are lens spaces

containing nonorientable area minimizing surfaces with genus greater than n.

The proof of Theorem 6 is inspired by Ritoré and Ros’” work on the com-
pactness of the space of index one minimal surfaces in flat three torus, see
[55]. Among other results, they proved that the flat three torus with small
injectivity radius and unit volume do not contain orientable index one min-
imal surfaces. Following similar ideas, we show that any rescaled sequence
of orientable index one minimal surfaces with genus three in spherical space
forms with large fundamental group converges to a totally geodesic surface
in a non-compact flat 3-manifold. We contradict this statement by showing
that the curvature of such surfaces is large somewhere by an application of

the Rolling Theorem for minimal surfaces in S3, see Chapter 3 Proposition 6.
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Chapter 1

Preliminaries

In this chapter, we present the definitions of the objects of interest and state
the basic facts which will be used throughout this work. In Section 1, we list
the basics related to a Riemannian manifold and its submanifolds. In Section
2, we recall the well known first and second variation formulas for the area
functional. In Secton 3, we prove some background result regarding surfaces

with constant mean curvature is space forms.

1.1 Geometry of submanifolds

Let (M", g) be a Riemannian manifold of dimension n. The Levi-Civita con-
nection associated to the metric g is denoted by V. The Riemannian curvature

tensor, denoted by R, is the tensor defined as:
R(X,Y,Z)=VxVyZ —VyVxZ — v[X,y]Z,

for every X,Y,Z € X(M). Here X(M) denotes the space of smooth vector
fields on M. The sectional curvature of M at a point x € M in the direction

of a 2-dimensional plane o C T, M is given by:

KM(J7 fL’) = g(R(ela €2, 61)’ 62)a
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1.1 Geometry of submanifolds

where {e1, ez} is an orthonormal basis for 0. The Ricci tensor, denoted by

Ric, is the symmetric two tensor defined by:

n

Ric(X,Y)(z) =) g9(R(X,€;,Y), e;)(x),

i=1
where X,Y € X(M) and x € M. Here, {e1,...,e,} is an orthonormal basis
for T, M. Similarly, the scalar curvature of M, denoted by R,, is the scalar
function defined by:

Ry(x) = il Ric(e;, €;)(x),

where {eq,...,e,} is an orthonormal basis for T, M.
The Levi-Civita connections of a submanifold ¥ C M with the induced

Riemannian metric of M is given by:
VxY = (VxY)',

where X,Y € X(X). The second fundamental form of ¥, denoted by B, is
then defined by:

B(X,Y) = (VxY)*,
where XY € X(X). The second fundamental form plays an important role

in comparing the intrinsic curvatures of M™ and ¥ as indicated in the Gauss

equation:

Proposition 1 (Gauss Equation). Given z € ¥ and o a 2-dimensional plane
in T, then

Ky (o,2) — Ks(o,2) = (B(e, e1), Blea, e2)) — |Bley, e2)]%,
where {e1, €2} is an orthonormal basis for o.

Let N be a local unit normal vector field along ¥ near a point x € Y. The
mapping B is induces on T, Y the symmetric bilinear form h : T, X x T, > — R
given by h(X,Y) = (B(X,Y),N). The bilinear map h associates a self-
adjoint linear operator Ay : X(3) — X (%) given by A(X,Y) = (Ax(X),Y).
A formula for this linear map is Ay(X) = —VxN. The map Ay is also called

the second fundamental form of ¥. When the codimension of ¥ in M is one,
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1.2 Variational formulae for submanifolds

we omit the subindex and denote the second fundamental form simply by A.
The eigenvalues of A are called the principal curvatures of X.

The mean curvature vector of ¥ C M at a point x is the normal vector
field ﬁ(m) defined to be

H(z) =

B(ei, i) (),

1

n
1=

| =

where k is the dimension of ¥ and ey, ..., e, is an orthonormal basis for 71,>.
The mean curvature H of ¥ in the direction of N is given by H := <ﬁ2, N).
The geometric significance of the mean curvature vector is justified by the

first variation formula for the area functional as we will se below.

1.2 Variational formulae for submanifolds

A smooth variation of a hypersurface X" in M"! is a smooth map ¢ : 3 x
[0,6) — M™! such that o(x,0) = z. When X is non-compact, then we say
that ¢ has compact support if ¢(x,t) = = outside a compact set. Using the
map ¢, we construct for every ¢ € [0,¢) the hypersurface 3; = ¢(3,¢). The
vector field X = %‘f(x, t) is called the variational vector field. Associated to
the variation ¢ we define the area functional A(t) = Area(X;). The change in

the area, up to first order, is given by the following proposition:

First variation of area. If ¥, is a compactly supported variation of ¥ in

the direction of X, then

d

<l A :_n/z<ﬁ,x>d2. (1.1)

t=0
It follows from (1.1) that ¥ C M is a critical point of the area functional
if, and only if, ﬁ = 0. A hypersurface ¥ is called minimal if Hk = 0.
A hypersurface ¥ C M is called two-sided if it has a globally defined unit
normal vector field N along .. A variation of ¥ is called normal if X 1 T3
When ¥ is two-sided, then the function f; = (N, X;) is well defined; it is

called the lapse function.

17



1.2 Variational formulae for submanifolds

First variation of the mean curvature. If ¥J; is a normal variation of ¥

with lapse function f € C*°(X%), then

d

t=0

The operator Ly = Ax, + Ricy (N, N) + |A]? is called the Jacobi operator of
PN

Second variation of area. If X, is a normal variation of a minimal surface

Y. with lapse function f € C*°(X), then

d2
dt?

Alt) = = [ S Lsf = [[IVS1 = (Ricas (N, N) + [AP) P ds. (13)

t=0

The second variation of area induces on the minimal surface ¥ the quadratic

form I(f, f) given by

d

[(faf) Fn

== A).

t=0

Definition 1. The Morse index of a closed orientable minimal hypersurface
> C M is defined as the mazimal dimension of a linear subspace W where

I(-,) is negative definite.

We say A € R is an eigenvalue of the Jacobi operator L if there exists a
smooth function ¢ € C*°(X) such that L¢ + A¢ = 0. It is an well known fact
that the spectrum of L satisfies

Moreover, the first eigenspace of L is simple and generated by a positive

function.

Lemma 7. If ¥ is a compact orientable minimal hypersurface in M, then
the index of 3 is equal the number of negative eigenvalues of L counted with

multiplicities.
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1.3 Alexandrov and Hopf Theorems

Minimal hypersurfaces are a special examples of hypersurfaces with con-
stant mean curvature (known as cmc hypersurfaces). Like minimal hyper-
surfaces, cmc hypersurfaces also enjoy a variational characterization in terms
of the area functional. To precise this, we introduce the volume functional

associated to a variation ¢ : 3 x [0,e) — M. Namely,

V()= [0y @ ()

Geometrically, V(t) measures the enclosed volume between 3 and ¥, =
p(5,1).

First variation of the volume. If ¥, is a compactly supported variation
of 3, then

d
v = / X, NYds.
dt . () E< ) > z
We say ¢ is a volume preserving variation if V(¢) = 0 for every ¢t. The

existence of volume preserving variation is given below:

Lemma 8. If f € C>®(X) satisfies [s, fds = 0, then there exists a volume
preserving variation @ such that X = fN.

It follows from Lemma 8 and from the first variation of area (1.1) that X is
a cmc hypersurface if, and only if, ¥ is a critical point of area functional among
volume preserving variations. This is equivalent to require that A’(0) = 0 for

every variation of ¥ such that [5, fdy, = 0. Similarly, if we define the functional
1
T(0) = AW+ nHV (), with Hy = / Hds,
by

then X has constant mean curvature Hj if, and only if, it is a critical point of

J for every smooth variation.

1.3 Alexandrov and Hopf Theorems

Theorem 9 (Alexandrov). A closed hypersurface with constant mean curva-

ture embedded in R™"*! is a round sphere.
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1.3 Alexandrov and Hopf Theorems

The proof of Theorem 9 below is from Montiel and Ros [42].

Proof. For simplicity let us restrict to the case n + 1 = 3, the proof in the

general case is essentially the same. The proof relies on the following lemma:

Lemma 10. If ¥ = 9Q is a closed surface embedded in R® such that H > 0

(not necessarily constant), then

1
Q</—d.
3"_21—[2

Moreover, the equality holds if and only if ) is a geodesic ball.

Proof. Let N be the unit normal vector of ¥ pointing inwards, define the
set A = {x+tN(z): 2z € X, 0<t<c} where cis a smooth positive
function on ¥. Given a point y € Q, pick € 3 such that d(y, %) = |y — z|.
Let a(s) be a curve on ¥ such that «(0) = = and consider the function
g(s) = |a(s) — y|?. One can easily check that ¢'(s) = 2(c/(s), a(s) — y) and
that y — x = tN(z) for some constant ¢. Since ¢’(0) = 0. In the same way,
we check that ¢”(s) = 2(a'(s), a(s) — y) + 2|a’(s)|* and since x is the closest
point to y, we have that

0 < g"(0) = —=2(c/(0), An(/(0))) (N (x),y — z) + 2] (0).

Let A\; and Ay be the principal curvatures of ¥. Choosing o/(0) to be the
principal direction associated to the principal curvature Ay, we observe that
0 < —2X\ot + 2 and this implies that ¢ < ﬁ(x) < ﬁ Let F: X x [0,a] — R?
be the map defined by F(z,t) = x+tN(x). The previous computations show
that Q C Aﬁ‘ The Jacobian of F' satisfies |Jac(F)(x)| = [(1 — A1 (z)t)(1 —

Ao (2)t)| < (1 + Ht)%.. The equality occur if, and only if, z is an umbilical

point of ¥. By standard integration properties, we have

vol(92) < wol( A )g/z/oﬁ|Jac(F)|dtdg g/z/oﬁ(lthH)thdg.

L
H

It follows that 3|2 < [5; 4 ds. Moreover, the equality occurs if, and only if,
3} is totally umbilical. O
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1.3 Alexandrov and Hopf Theorems

Using Lemma 10, we complete the proof of the theorem. Let us consider in
R3 the vector field X = (x,v, z) (the position vector). A simple computation
gives that divgs X = 3 and divg X = 2. If we compute the variation of X in the
direction of X, then J'(0) = A’(0) + 2HV’(0) = 0, where A'(0) = [ divy =
2|%| and V'(0) = [5(X,N) = — [, divgs = —3v0l(2). Hence, 3| = £|Z|
and Y is totally umbilical by Lemma 10. It is a classical result from geometry

that this implies that X is a round sphere. O

We point out that Lemma 10 holds true in much more general situations:

Theorem 11 (A. Ros [60]). Let @ € M be a compact domain with smooth

boundary ¥". If Ricyy > 0 and the mean curvature H of ¥ is positive,then
1
(n + 1)vol, (Q) < /E .
The equality holds if, and only if, Q is isometric to a round ball in R* 1.

The remaining of this section is devoted to immersed cmc surfaces inside
a 3-dimensional space form M?3(c). Let ¢ : ¥ — M?3(c) be an isometric
immersion and z = x + yi be local conformal coordinates on ¥. In this

coordinate system, we define the quadratic differential A%° as follows
A20 — 4 A(D.,0.)d2? = <A(8z, 0,) — A(0,,0,) — 2A(d,, ay)z'> dz2.
One can check that A%Y is globally well defined over 3. The importance of
this quadratic differential relies on the following fact:
Proposition 2. A% is holomorphic if, and only if, H is constant.

Proof. By definition a function ®(z) is holomorphic if, and only if, d:®(z) = 0.
Recall that 20z = 0, + 0, 4. Here we consider ® to be

O(z) = A(0y, 05) — A(0y, 0y) — 2A(0y, 0y) 4.
A direct computation gives

0:0(z) = 1<8 L9 z) (A(ax, 0,) — A(D,,0,) — 2A(0,,0,) z’)

2\0x Oy
1 0 10 0
= 5 %A(aam ax) - 5 %A(aya 8@/) + @A(ax’ 8y)
10 10 0 :
+ (2 gy 200 00) = 5 5 A(0,,0,) = 5 A0 0y>> i
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1.3 Alexandrov and Hopf Theorems

We will use the following notation £ = (0,, 0,), F' = (04, 0,) and G = (0, 0y).
Because we are using conformal coordinates, we have that £ = G and F' = 0.
In the same way, we denote e = A(0,,0,), f = A(0s,0,) and g = A(0y, 0,).

Using these notations the above expression takes the form

0=P(2) = (;ex — ;gx + fy> + (;ey — ;gy — fQC) 7. (1.4)

We use the Codazzi equation to expand (1.4). Recall first that Codazzi equa-

tion in this setting takes the following form:
VxAY) = VyA(X) = A([X,Y]) = V5, A(09,) = Vs, A(0,).
Using that A(0,,0,) = (A(0,), 0,), we obtain that
Oye = D,(A(0.),0,) = (Vo, A(3,), D) + (A(0,), Vo, 0r).

Opf = 0:,(A(0y),0y) = (Va,A(0y), 0;) + (A(0y), Vo, 0y).

Subtracting these two equations and applying the Codazzi equation we arrive

at
ey — fo = (A(0:), Va,0:) — (A(9y), Va,0s).
Now expressing Vg, 0, in the base {0,,0,} we get
1 1
ey — fo= E(Vayax,8x> e+ E(vayaz,&) f
2 {Va.00) f ~ (V0,00,0,) g

Recalling that H = % (e + g), we obtain

ey—fz:;EEy(e—l—g) =L, H. (1.5)
The same argumentation gives
fy—9:=—E. H. (1.6)
On the other hand, a derivation of the equation £ H = eJrTg gives
o ‘59“3 —EH+EH, and T % _ gy EH, (L.7)
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1.4 Stable cmc tori in space forms

Therefore, (1.5), (1.6), and (1.7) combined implies that

EHx:%;ig‘ny and EHy:gy;erx.

Finally, substituting this information in (1.4) we obtain that
0:0(2)=FEH,— EH,i=2FE0,H.
This completes the prof of the proposition. O

Corollary 1 (Hopf). If ¢ : S* — M3(c) is a immersion with constant mean

curvature H, then ¢(X) is a totally umbilical and, hence, a geodesic sphere.

Lemma 12. Let ¥ be a closed orientable surface and ¢ : X — M?>(c) an
immersion with constant mean curvature in a space form M3(c). If g(¥) > 0

then the number of umbilical points, counted with multiplicities is 49 — 4.

1.4 Stable cmc tori in space forms

As we saw in previous sections, a cmc hypersurface is a critical point of the
area functional among volume preserving variations. In this section, we study
stable critical points, namely minimize area up to second order.

Let X" be a two sided cmc hypersurface in a given manifold M"*!. If ¥,

is a smooth variation of X, then

AW = [ nHifids, and V0)= [ s+ | o+ [ [ s,

where f; = (X, V;) and X, is the variational vector field. The precise com-
putations are given in the Appendix. Computing the second derivative, we

obtain

1 d
A"(0) = _/z”ﬁt:OHtde _nH/EatftdE —nH/Efatdzt.

Similarly, we check that V”(0) = 2 [5, 0 fids, + 2 [5, fi0idx,. If 3, is volume
preserving, then V(¢) = 0. Therefore,
BE
dt?

= LIV = (Riex(N.N) + | AP) fds = — | fLsfds.

t
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1.4 Stable cmc tori in space forms

A hypersurface > with constant mean curvature is called stable cmc if

d2

@|Et| >0

t=0

for any volume preserving variation ;. By Lemma 8, this is equivalent to

have

1(£.) = = [ fLsfds = [ [V = (Riew(N.N) + |AP) f2ds > 0. (1)

for any f € C*(X) with [5, fds = 0.
The study of stable cmc hypersurfaces was initiated in [4, 5] with a new
characterization of the round spheres as the only immersed stable cme hyper-

surfaces in the space forms H", R", and S".

Theorem 13 (Ros-Ritore [56]). Let X2 be either a closed stable cmce surface
or a closed orientable index one minimal surface immersed in (M3, g). If

Ricyy > 0, then g(X) < 3.

Proof. By Riemann Surface Theory, there exists a meromorphic map ¢ : ¥ —

S? with degree

degl6) <1+ [9‘2“]

Lemma 14. Let w be a smooth positive function on Y. There exists a

conformal diffeomorphism ¢ : S?* — S? such that

/wgpogde:O.
b

Proof. Let I, : S* — R? be the stereographic projection with respect the
pole a € S*. For every t € R, we consider the map ¢ : S* — S? defined
by v&(z) = II;! (e',(z)). For a fixed z € S? we see v?(z) as a curve on S?
which at ¢ = 0 pass through = with velocity a — (z,a)x. Hence, 7¢(x) is the
tangent flow of the vector field @(x) = a — (z,a)x on S?. Thus, for every ¢ ¢
represents a conformal diffeormorphism of S?. We claim that at least one map
vy satisfies the property of the lemma. Arguing by contradiction, we assume
that [ w(z)y? o ¢(x)ds # 0 for every ¢ and every a € S?. Let us consider the

following map

0o xS o dfnatty Pl = EUETESE
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1.4 Stable cmc tori in space forms

The map F' satisfies the following properties:

F(0,a) = Jp w(z)olw) dy =const and F(+o00,a)= a.

s w(z)é(@) dell

In other words, F' induces a homotopy between the identity map and the

constant map. This is a contradiction since S? is non-contractible. O

From now on we work with the map 7/ o ¢ given in Lemma 14, note that
v o ¢ and ¢ have the same degree. We abuse notation and denote it still
by ¢. If ¥ is a stable cme, we choose w = 1 in Lemma 14. If ¥ is an index
one minimal surface, we choose w = wu;, the first eigenfuction of the Jacobi
operator L. Thus, by Lemma 14, the coordinate functions of ¢ are valid test

functions for the stability inequality (2.1). Hence,

3 3
/E<Rz’c(N,N)+\A]2);¢fdg S/E;]V@ng.

Now we observe that 37 ¢? = 1 since ¢(X) = S%. Since ¢ is conformal,
(dp(v),dp(u)) = A(v,u) for some non-negative function .. One can check

that 32, [Vé4|? = 2\ and Jac(¢) = X. Hence,

/Eg|v¢i|2dz = 2/2 Jac(¢)ds = 2/2¢* (dg2> = 2deg(9) /S2 dsz = 8mdeg(o).

Let {e1,es} be a orthonormal base for TY. By the Gauss equation 1, we can

write

Ric(N,N) + |A]* = Ric(ey) + Ric(es) — 2Kx, + 4H?,
where Ky denotes the Gaussian curvature of 3. Hence,

/2 (Ric(el) + Ric(es) — 2K5 + 4H2> dy, < 8mdeg(9).

The Gauss-Bonnet theorem then implies that

1 1
(21121fRicM—|—H2>|E| §27r<2—g+ [*"JQFD (1.9)

Since the left hand side is strictly positive, we conclude that g(¥) < 3. O]
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1.4 Stable cmc tori in space forms

Corollary 2. Under the same assumptions of Theorem 13, if g =2 or g = 3,
then
1
(2 ilzlf Ricyy + H2> |Z| < 2.

By the Hopf Theorem, stable cmc surfaces with genus zero in space forms
are totally umbilical. For the remaining of the section, we focus on the ge-
ometry of stable cmc tori in space forms. The main result, due to Ritore and
Ros [56], asserts that such surfaces are flat.

Let us start with stable cmc immersions ¢ : X — M?3(c), where M3(c) is
a space form with curvature ¢ and satisfying ¢ + H? > 0. In this case, we set

b> = 4(c+ H?). Let ds? be a metric on 3 defined by
dsy = 0|®(2)] |d2?],

where ®(z) is the map discussed in Proposition 2. Let P be the set of umbilical
points of the immersion ¢. The metric ds? is well defined in ¥ — P, Note that
ds? is conformal to ds3. Hence, there exists a smooth function u € C*(X — P)

such that
2u

(&
S —3
A(c+ H2)"0

It is a standart computation to check that

ds® =

g=eg—= eQuﬁzK—Agu,

where K and K are the Gaussian curvatures of the metrics g and g respec-
tively. In our setting we have
62u

4(c+ H?)

1 e
K=Ky— -A¢gln(——7).
0T g0 n(4(c+H2))
Lemma 15. ds? is a flat metric.

Proof. Recall that, in our local conformal coordinates, ds3 = b|®(z)||dz?,

where |d2?| = dz? + dy? is the canonical flat metric on R?. Therefore,

1
b|P| Ky = —§A1n b|®| where A =02+ 0.
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1.4 Stable cmc tori in space forms

We proved in Propostion 2 that ®(z) = f + g1 is holomorphic. Hence, f and
g are harmonic functions. The lemma will follows from the claim below:
Claim:

Aln(f*+¢%) =0
To see this we use the following information Af = Ag = 0 and the Cauchy-
Riemann equations: |V f]* = |Vg|? and (Vf,Vg) = 0. Since it is standard

computation we will omit it. The claim implies K, = 0 and ds is flat. O
The function u from ds? = e;—;ds% satisfies an elliptic differential equation:

Proposition 3. (Sinh-Gordon equation)
Agu + sinh(u) cosh(u) = 0. (1.10)

Proof. The first information we have is that

€2u

—— K = —Aqu. 1.11
A(c+ H?) ot (1.11)
The next step is to express K in terms of the function u. To do so we use the

following two facts

’(I)(EZQ)F — 4(H2 — det(A)) and c¢c= K — det(A)

The first identity follows from the definition of ® and the second identity is

just the Gauss equation. Hence,

d(2)|?
K=c+H* - | 4(Eg|
On the other hand, we have that
2 2 e 2 e 2
E|dz*| = ds” = mdso = 4(0+H2)2vc+ H2|®(2)||d="|

Therefore,

|®(2)| 2\/c+H2'

E 62u

The Gaussian curvature can now be expressed as

K= (c+H2)(1—i). (1.12)

€4u
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1.4 Stable cmc tori in space forms

The equations (1.11) and (1.12) imply

1€2u_e—2u
Aqu+-— =0
0U+2 9 )

which is precisely equation (1.10). O

It follows from the proof that the Gaussian curvature K of ¥ is given by
2
K = Z(l — 674“>.
In particular, K and u have the same sign. Moreover, at a umbilical point we
have that u = 400 and K = ¢+ H?.
Let us now use the conformal change of the metric to write the stability
inequality (2.1) in terms of the metric ds3. Firstly, the volume element ds
and the gradients in terms of the new metric is given by

62u

b2
dy = ?dAO and Vf = eTuvof.

In particular,
b2
Vi = SV f
e

The Gauss equation implies Ric(N, N) + |A]> = 2¢ + |A]> = b — 2K. Hence,
1,5) = V7P = (1 = 2K) /2y
b® o042 2 A
- / VO - (8 2K) £ ) S d Ao,
>

e2u b2
Using the expression for K we obtain
2u 2u —2u
e 9 e +te
= (b - 2K ) = —

Therefore, the index form I(f, f) takes the form

= cosh(2u) = cosh?(u) + sinh?(u)

I(f, f) = /2 Vof|? — (coshQ(u) + sinhz(u))f2 dAy
for every f € C§°(X/P) satistying [, f e;—: dAg = 0.

Theorem 16 (Ros-Ritore [56]). Let ¢ : X — M?3(c) be a stable cmc immer-
sion or an orientable index one minimal surface such that ¢ + H* > 0. Then
{p € £: K(p) <0} is connected and each component of {p € ¥ : K(p) > 0}

contains an umbilical point.
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1.4 Stable cmc tori in space forms

Proof. We may assume that g(X) > 1 and that X is not flat. Let Q = {p €
Y : K(p) # 0} and let € be the component of 2 without umbilic points.

It follows from the assumptions and from the Gauss-Bonnet Theorem that

Q # (). This allows us to define
f=sinh(u) on Q' and f=0 on X — Q!

The boundary of €2 is contained in the set where the Gaussian curvature
vanishes, hence where u vanishes. This implies that f is in the Sobolev space

H'(X). Hence,

I(f,f) = /Ql |V sinh(u)|* — (coshQ(u) + sinhz(u)> sinh?(u) dAq

— /Q 1 <v0 £,V sinh(u)>

— /91 — sinh(u)Ag sinh(u) — <cosh2(u) + sinhQ(u)> sinh?(u) dAg

— (CoshQ(u) + sinhQ(u)> sinh?(u) dAg

= — /Q1 sinh(w) <si1qh(u)|V0u|2 + cosh(u)A0u> dAg
_ /Q1 (coshQ(u) + sinhz(u)) sinh?(u) dAg

- / sinh? (u)|Vou|? dAg — / sinh?(u) dA, < 0.
Ol Ol

The last equality follows from the Sinh-Gordon equation (1.10). Therefore, we
cannot find two disconnected regions without umbilical points otherwise we
could change f, by multiplying it by constants in each connected component,

so that f has mean zero on . O

Corollary 3. Let ¢ : ¥ — M?3(c) be a immersion with constant mean curva-

ture. If g(¥) =1 then X is flat.

Proof. Since g(X) = 1, mo umbilical points exist on . If b* = 4(c + H?) > 0
and K is not identically zero, then we can construct f such that I(f, f) <0
as shown in the proof above, contradiction. If ¢ + H? < 0, then the Gauss
equation implies that K = 2(H? + ¢) — (¢ + 1|AJ*) < 0. Therefore, by the
Gauss-Bonnet Theorem, K = 0. O
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1.4 Stable cmc tori in space forms

Example 1 (Clifford Torus). For each r € (0, §) we define the Clifford Torus

T, as:
T, = S'(cos(r)) x S'(sin(r)) C S®. (1.13)

Let us study the intrinsic and extrinsic geometry of 7, as a submanifold of

S?. A parametrization for 7T, is given by
X(0,¢) = (cos(r) cos(0), cos(r) sin(0), sin(r) cos(yp), sin(r) sin(gp)).
The correspondent coordinate base { Xy, X} is computed below:
Xp = cos(r)( —sin(h), cos(6), 0, O) and X, = sin(r)(O, 0, —sin(yp), COS((p)).

One can now check that £ = cos?(r), F = 0 and G = sin?(r). Next, we

compute the unit normal vector
N = (sin(r) cos (), sin(r) sin(#), — cos(r) cos(p), — cos(r) sin(go)).

A simple computation gives:

An(Xp) = =Ny = sin(r)(sin(@), —cos(0), 0, 0) - _2;2((:;))
An(X,) = =N, = cos(r) (O, 0, —sin(yp), cos(gp)) = ;01:8:)) o

It follows immediately from above formulas that the principal curvatures of

T, are \y = ij((:)) and \; = —2;2((:)) The mean curvature and norm do the

second fundamental form satisfy:

B cos(r) B sin(r) and |A|2 _

~ sin(r)  cos(r)

4 — 2sin?(2r)
sin?(2r)

The Gauss equation implies that the Gauss curvature of 7T, is identically zero.

Proposition 4. Every flat tori with constant mean curvature in S® is con-

gruent to a Clifford torus T,.

Proof. This follows from the Rigidity theorem, pg. 49 in [10]. Indeed, if ¥ C
S? is flat and with constant mean curvature H, then its principal curvatures
are constant. Hence, the Clifford torus 7, with mean curvature H has the

same second fundamental form as 2. O
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Chapter 2

The isoperimetric problem for

lens spaces

In this chapter we present the first contribution of this thesis. We solve
the isoperimetric problem in the Lens spaces with large fundamental group.
Namely, we prove that the isoperimetric surfaces are geodesic spheres or tubes
about geodesics. The isoperimetric problem in other spherical space forms will

be discussed in Chapter 3.

2.1 The isoperimetric problem

Let (M™" g) be an orientable Riemannian manifold of dimension n+ 1. The
n + 1-dimensional Hausdorff measure of a region 2 C M is denoted by |Q].
Similarly, we denote the n-dimensional Hausdorff measure of the hypersurface
00 C M by |09]. The class of regions considered here are those of finite
perimeter, see [66].

A region 2 C M is called an Isoperimetric region if
|0Q] = inf{|0Q| : Q' C M and Q] =19}

In this case, the hypersurface ¥ = 0f2 is called an Isoperimetric hypersurface.
The existence of isoperimetric hypersurfaces is, in general, handled by

a compactness theorem from geometric measure theory. For non-compact
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2.1 The isoperimetric problem

manifolds one needs to be careful since a minimizing sequence of regions of
fixed volume may drift off to infinity. We recommend [43] for a recent reference

on the regularity of isoperimetric hypersurfaces:

Theorem 17. Let (M™ g) be a closed Riemannian manifold. For every
0 < t < vol(M) there ezists an isoperimetric region § satisfying |2 = t.

Moreover, ¥ = 02 is smooth up to a closed set of Hausdorff dimension n—17.

Stability

[soperimetric hypersurfaces are stable critical points of the area functional
for variations that preserve the enclosed volume; thus, the regular part of
isoperimetric hypersurfaces has constant mean curvature. More generally, we
say a two-sided isometric immersion ¢ : X* — M"™*! ie., it has a globally
defined unit normal vector field, has constant mean curvature (cmc) if it is a
critical point of the area functional for volume preserving variations. Critical
points are called stable cmc if the second derivative of the area is non-negative
for such variations.

Equivalently, ¢ is stable if for every f € C°°(X) with compact support
such that [, f dvoly, = 0, we have

1) = = [ FLfds = [ VS = (Ric(N,N) + |AP) fds 2 0. (21)

N is the unit normal vector of ¥ and A is the second fundamental form of
the immersion ¢. The mean curvature of ¥, denoted by H, is defined by
2 H = trace(A).

The study of immersed stable cme hypersurfaces started in [4] and [5] with
a new characterization of the geodesic spheres in the simply connected space
forms R™"*!1, S"*! and H"*!. The classification of stable cmc surfaces is often
a way to approach the isoperimetric problem in reasonable spaces. With this
purpose in mind, A. Ros and M. Ritoré in [56] used the Hersch-Yau trick
to study orientable stable cmc surfaces on 3-manifolds with positive Ricci

curvature.
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2.1 The isoperimetric problem

Theorem 18 (Ros-Ritoré [56]). Let (M,g) be a closed three manifold with
positive Ricci curvature. If ¢ : ¥ — M? is a stable cmc immersion, then

g9(X) < 3. Moreover, if g(X) =2 or 3, then
1. : 2
(5 inf Ricy + H ISl < 2.

We use the recent resolution of the Willmore conjecture by Marques and

Neves to improve the main result in [56]:

Proposition 5. Let ¢ : ¥ — M?3 be a stable immersion with constant mean

curvature H into an elliptic space form M = S3/G. Then
1. If g(X) =2 or 3, then (1 + H2>|E\ < 2.

2. If g(X) = 2 or 3 and |G| < 4, then ¢ is an embedding. Moreover, if
|G| < 6, then the pullback of 33, through the covering map 11 : S — M3,

is connected.
3. If |G| =2 or 3, then g(X) = 0 or 1.

Proof. The first statement follows from the previous theorem since Ricy; = 2.
Let ¢, : m(X) — m (M) be the induced map in fundamental groups. As
K = Ker(¢,) has finite index there exists a finite covering ¢ : £ — % such
that m(zﬁ*) = K and ((b o w)* = 0. This means there exists a lifting of this
map into S* and we denote it by ¢ : ¥ — S3. Tt follows that (1 + H2> 2| <
|G| 2m. If ¢ is not an embedding, then ¢ is not embedding either. By the
work of Li and Yau [35] the Willmore energy of the immersed surface 5,
ie. WE) = IS (1 + H2>dvolg, is strictly greater! than 8m. Therefore, if
|G| < 4, we obtain a contradiction and ¢ is an embedding. Moreover, for
closed surfaces with genus greater than or equal to 1 in S* the Willmore
conjecture, recently proved in [38], states that W(X) > 272 Let U'_,%; be

the pre-image of ¥ by the universal covering map, then

!
207% < ZW(ZZ) = |GIW(E) < |G]2r = |ZG| >

=1

!The case W(X) = 8 is discussed in [55].

33



2.1 The isoperimetric problem

Therefore, if |G| < 6, then [ = 1 and |G| > 7. In particular, if |G| = 2 or 3,
then there exist no stable cmc surface ¥ with g(X) > 2. O

Corollary 4. The stable cmc surfaces in L(3,1) and L(3,2) are totally um-
bilical spheres or flat tori. In addition, the index one minimal surfaces in

L(3,1) and L(3,2) are congruent to the projection of minimal Clifford torus.

Proof. Let ¥ C L(3,q), ¢ = 1,2, be in the conditions of the corollary. By
Proposition 5, g(X) = 0 or 1. If g(¥) = 0, then it follows from the Hopf
holomorphic quadratic differential that 3 is totally umbilical. If g(3) = 1,
then by Corollary 3 ¥ is flat, the result now follows from Proposition 4. [

2.1.1 The isoperimetric profile

The isoperimetric properties of M can be encapsulated in a single function
called the isoperimetric profile. This is the function I, : [0,vol(M)] —
[0,400) defined by

Iy(v) =inf{]0Q| : QC M and || =v}. (2.2)

We finish the section with some well known facts on the analytic nature of
Iy;. These will be used later in Section 3.

Let Q be an isoperimetric region in M such that |2| = v for some v €
(0,Vol(M)). The function I, has left and right derivatives (1) (v) and
(Ip)'(v). In addition, if H is the mean curvature of ¥ = 02 in the direction

of the inward unit vector, then
(In) (v) < 2H < (In)-(v). (2.3)

The second derivative also exists but weakly in the sense of comparison func-
tions. More precisely, we say f” < h weakly at xq if there exists a smooth

function ¢ such that f < g, f(zo) = g(x¢), and ¢” < h. In this sense we have
T (0)2 I (0) + / (Ric,(N,N) + |AP) ds < 0. (2.4)
>

The equations (2.3) and (2.4) are first presented on [6] (see also Section 5 in
[27]). We sketch the proof of (2.3) and (2.4).
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2.2 Some aspects of the lens spaces

Let ¥y be the variation ¥; = exps(tN) of X reparametrized in terms of the
enclosed volume v(t). In addition, let ¢(t) (resp. ¢(v)) be the area of 3; (resp.
¥.,). By the first variation formula for the area and volume we have ¢'(0) =
2 H |¥| and ¢'(0) = |X| respectively. Since ¢'(t) = ¢'(v)v'(t), we conclude
that ¢/(v(0)) = 2H and also that v'(0)?¢"(v(0)) = ¢”(0) — ¢'(v(0))v”(0). On
the other hand, the second derivative of area for general variations implies

the following:

QS”(O) — _/Zllez‘f‘QHUH(O)

_ _/Z (Ricy(N,N) + |A[*)ds: + 2H v"(0).
Hence, in the sense of comparison functions, (2.4) follows from:

B((0)* ¢ (0(0)) + [ (Ricy(N.N) + AF)ds = 0. (2.5)

2.2 Some aspects of the lens spaces
In order to define the Lens spaces, we first recall the round three sphere as:
S* = {(z,w) € C* : |2]* + |w|* = 1}.

Fix p, g integers with the following property 1 < ¢ < p and ged(p,q) = 1. Let
Z, be the group Z/pZ acting on S* as follows:

m € Ly, —m- (z,w) = (e@z,eyw). (2.6)

The group Z, acts freely and properly discontinuously on S*. The orbit space

S*/Z, is a closed three manifold called the lens space, it is denoted by L(p, q).

The Hopf fibration, which is the Riemannian submersion h : §* — §*(3) =

CU{oo} defined by h(z, w) = Z, can be extended naturally to L(p, q). Indeed,

the group Z, acts on the set of Hopf fibers through the cyclic action of I'), =
2mi(g—1)

(e” v ) on S*(3) given by

27i(g—1) 27i(g—1)

e »r :C—C, A—e »
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2.2 Some aspects of the lens spaces

The Hopf fibration for L(p,q) is then defined as h : L(p,q) — S*(1/2)/T,.
The set S?(1/2)/T, is a two dimensional orbifold with conical singularities
at the north and south pole when g # 1. The pre-image of each of these
singularities is called a critical fiber of h.

The preimage of horizontal slices of S*(1/2)/T', via h corresponds to the
Clifford torus described in (1.13). They are natural candidates to solve the
Isoperimetric problem in L(p, q).

2.2.1 Comments on Steiner Symmetrization

Steiner and Schwarz symmetrization theorems were proved in [44] for certain
fiber bundles such as the Lens spaces. To explain this symmetrization pro-
cedure we restrict to the case L(p,1) where the Hopf fibration h : L(p,1) —
S?(3) is a smooth Riemannian submersion.

The symmetrization consists of associating to each set of finite perimeter
R C L(p,1) the set Sym(R) in the product manifold S?(3) x S'(1) defined

1
p

by replacing the slice of R in each fiber with a ball of the same volume
about the respective fiber in the product. The coarea formula for Riemannian
submersions implies that Sym(R) and R have the same volume. It is proved
in [44] that Sym(R) has no greater perimeter than R.

One immediate consequence is that Iy, 1) > ISQ(%)Xgl(%). Applying the
classification of the isoperimetric problem on $?(3) x Sl(%), [49], we conclude

Vol(L(p,1))
2

that Ir,1) = [SQ(%)Xgl(l) in a interval around V' = . In particular, the

minimal Clifford torus pis isoperimetric in L(p, 1) for every p > 3. The isoperi-
metric profiles, however, do not coincide as the profile of geodesic spheres on
the respective spaces are different. Therefore, this technique is not enough to
completely solve the isoperimetric problem.

It is important to point out that, for general Lens spaces L(p, q), there is no
analogue of [49] for S*(3)/T, x Sl(%) which is a manifold having codimension

two singularities.
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2.2 Some aspects of the lens spaces

2.2.2 Description and geometry

For every z € L(p, q) the injectivity radius of L(p, q) at x satisfies inj, L(p, q) >

2mi

%, with equality only at points in the critical fibers. Indeed, for 6 = e » we

have:
a? = d2.[(0% 2, 0Fw), (z,w)] = 0% — 122> + 0% — 1)*|w]* > |6 — 1]
2 2 2
dgs[(0"z,0Fw), (z,w)] = 2arcsin(%) > 2arcsin (5 sin 2;) = ;}T

However, it is not true in general that inj(L(p,q),z) = O(%) as p — 00.

Example 2. Let’s consider L(k* k+1), k € Z,. We show that the injectivity
radius at points far away from the critical fibres are O(3). If the round metric

is scaled by the factor k2, then we have the Riemannian submersion:
hee (L0, K+ 1), K2 g0, i) = (S?/Zk, kg2, b))

The fibers have constant length 27 except the critical fibres which have length
°T. The right hand side will converge, as k — 00, to S'xR. It follows from the
coarea formula for Riemannian submersions that the volume of the geodesic
ball By, (z) in (L(k;Q, k+1), k*qgo, xk) is bounded from below. Therefore, by
Cheeger’s inequality, Lemma 51 in [50], the injectivity radius of the sequence
(L(kz2, k+1),k%go, xk) is bounded from below. This sequence converges to a
flat T2 x R.

If 2,y € Tg/Zp C L(p,q), then dppq(z,y) > C’dT%/Zp(x,y) for some
constant C' > 0 independent of p, q. Thus intrinsic and extrinsic distances on

T= /Zy, are equivalent.

Lemma 19. Ifx € T= /7, C L(p,q) and the extrinsic diameter of Tz /Z,, in
L(p, q) is bounded from below, then inj,L(p,q) = O(%).

Proof. Let A\, =

let’s assume that diametery,,q)(T= /Z,) > 1. Hence, under the rescaled metric

1 1 s : :
Fr ) and recall that N > > Without loss of generality,

)\123 gss, the extrinsic diameter of Tz /Z, is greater than or equal to \,. Let

Yp(t) be a geodesic segment realizing the intrinsic diameter of T’z /Z,. Thus,
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2.2 Some aspects of the lens spaces

we can find disjoint balls Br(z;) C L(p,q), with R < §, z; € 7,(t), and
i=1,...,[\)] + 1. Hence,

[Ap]+1 ) ) 272
> H(Brlwi) NTz/Z,) < |T3/Zy| = A, e
i=1
Therefore, there exists ig € {1,...,[\y] + 1} such that:
212 - )\,

Cy < H*(Br(wi,) N Tz /Zy) < :
p

The first inequality follows from the Monotonicity Formula, Proposition 10 in
the Appendix, applied to T= C (L(p, q), AIZ) gss,x). This finishes the proof of

the lemma. ]

Let’s use the notation ZJ to represent the group Z, acting on S? and its

dependence on the parameter g. By using the toroidal coordinate system for
S3

or R = T, : @, (u,v) = (cos(r)e*™ sin(r)e*™) € S,
the action of ZI on T, corresponds to the following action on R2:

kq k

(u,v) — (u+;,v+];).

In these coordinates , the Z{ orbit at the point (zo,wo) = ¢(Z x Z) € T, is
given by:

1
Orbit,, 4 (20, wo) = {(m, n) + k(? Z) :m,n, k € Z}. (2.7)

Lemma 20. Given a sequence {L(p,q)}pen, there exist b,mg,ng € Z and a

subsequence {L(py, qi) }1en such that one of the following holds:

1. For every (2o, wo) € T, o, (Orbit,, 4 (20, wo)) is becoming dense on T, as

[ — o0.

2. @, (Orbity, 4, (20, wo)) is contained in b integral curves of the vector field

X(z,w) = (mov/—12z,n0v/~1w) € X(S?).

38



2.2 Some aspects of the lens spaces

Proof. To prove the lemma it is enough to consider (zo,wo) € T=. If there is a
subsequence for which the diameter of Tz /7 is going to zero as p — oo, then
= (Orbit, 4(20,w)) is clearly becoming dense on Tz and item 1 is proved.
Let’s consider now the case where the diameter of Tz in L(p, q) is bounded
away from zero. From the equivalence between extrinsic and intrinsic distance
and by Lemma 2.9 we conclude that the Euclidean injectivity radius satisfies

N (z000) 1% [ Lp = O(}D). In particular, there exist k,,m,, n, € Z such that

0 < My, D) = m e <
Therefore, there exists (mg, ng) € Be(0)NZxZ C R? such that (k,—pmy, ky,q—
n,p) = (Mg, np) infinitely often and @ is the Euclidean injectivity radius
of T /7, at (20, wo) for this subsequence. Hence, the sub-orbit generated by
the translation (u,v) — (u,v) + kp(%, 1) is contained in the line Z x Z +
{t(mg,no) : t € R}. It follows that the Orbit, ,(zo,wp) is contained in a
union of equidistant lines parallel to the one described above by homogeneity.

Modulo Z x Z the number of such lines is finite, let’s denote it by b,. Modulo

7. x 7. there are é points of Orbit, ,(z0,wp) in each of these lines. Hence,

mo TNy

B(@@)_p _ P
p’p

, —(my,n,) = — €7 X 7.
bp p p bp( P p) bp( )

Therefore, b, divides mg and, hence, it is independent of p. In other words,

= (Orbit, 4(20,wo)) is contained in b integral curves of the vector field X (z,w) =

(mov/—12,n9v/—1w) € X(S?). O

2.2.3 Cheeger-Gromov convergence

A sequence of pointed Riemannian manifolds (M;, ¢;, ;) (Riemannian mani-
folds (M;, g;) with points z; € M;) is said to converge, in the sense of Cheeger-
Gromov, to a pointed Riemannian manifold (M, g, x) as ¢ — oo if the following

two conditions hold true:

1. There exists an exhaustion of M by compact sets ; C M: €; C Q44
and 2, Q; = M.
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2.2 Some aspects of the lens spaces

2. There exists a family of smooth maps ¢; : ; — M; which are diffeo-
morphic onto their image such that ¢;(z) = x; for all i and ¢} (g;) — g
in the C'*° topology.

In the next lemma we study the Cheeger-Gromov convergence for a se-
quence of Lens spaces.
Recall that the rank of an orientable flat 3-manifold R*/G is the rank of

the subgroup of translations in G.

Lemma 21. Let (L(p,q),p? gs3, T,) be a sequence of Lens spaces. There exists
a flat 3-manifold (M, ¥, z.) of rank at most one such that after passing to

some subsequence (L(p, q), p*gss, T) c=q, (M, 0, ).

Proof. Since the sequence (L(p,q),p? gg<) has constant curvature which is
converging to zero as p — oo and inj(L(p, q), p* gs3) > , the Cheeger-Gromov
Compactness Theorem implies that (L(p, ¢), p*gss, ) CEEN (M, 6, xs), where
(M, 9) is an orientable flat 3-manifold. Every non-compact flat 3-manifold is
finitely covered by either S* x R? or 72 x R; hence, to show that rank of M is
one, it is enough to prove that that the volume growth of balls of large radius
are at least quadratic.

Below we denote 1. /Z, by T,. Let T,, be the Clifford torus through z,
enclosing a region €, . Under the scaling by A, = p* we have that |Q, | =
2m2p? sin®(r,). If lim,, o0 [, | < 00, then lim, o |T,, | = 27%psin(2r,) < oco.

Moreover, the second fundamental form A, of T, satisfies lim, o |4, |* =

lim,, o %(COSQ(”’) + Sm2(r”)) < o0. The critical fiber Ty C Q,, is distant

p? \sin?(rp) cos?(rp)
from z, by O(}%) since (), is converging to a compact region in M. Instead
of using base points z, we choose new base points y, € Tp; it follows that
(L(p,q), p*gss, yp) — (N, 8, ys) and rank(N) = rank(M). We claim that rank

of N is at most one:
. . . .o, R
|Bap(yeo)| = lim |Bg(yp)| > lim [Qz] = lim 277p*sin®(—) = cR”.

Let’s assume now that lim,_, [€,,| = 0o, consequently lim,,_, |T.,| = oo and

lim, o |Ar,|* = 0. Recall the function = r(z), the distance from the Clifford
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2.3 Proof of Theorem 1

torus through x to the critical fiber Ty with respect to the round metric. The
unit vector field Or is orthogonal to T, for every r and it is well defined on
L(p,q)—{ToUTx }. Let v(r) be the geodesic whose velocity is r and such that
Y(rp) = xp. Consider K, r = {x € T} : dpq(z,7(r)) < %and lr—r,| < %}.
By the triangle inequality K, gr C Bag(z),) under the metric p*gss. Applying

the coarea formula for f(r) = pr, [V f|,z,, = 1, we obtain:

rp-‘,-%
| K, r| = / a |Br(v(w)) N Tulpdu = [Br(v(uo)) N Ty lp2gs R > cR?,

r
Pp

where ug € [r, — %, rp+ %] is from the mean value theorem for integrals. The

last inequality is justified as follows. Either the extrinsic diameter of T, is
going to infinity and 7, is converging with multiplicity to a flat surface or the

extrinsic diameter of T, is bounded. The former implies that |Bg(y(ug)) N

Tuolp2g;s = cR. The latter implies that Br(vy(uo)) N Tu, = Ty,, which is a
contradiction since |, [y24,, — 00. We conclude that Vol(Byg) > cR? which
implies that the rank of M is at most one. O

2.3 Proof of Theorem 1

Lemma 22. Let (L(p,q),p*gss, xp) — (M, 0,2) be as in Lemma 21 and let
Y, be an isoperimetric surface in L(p,q) such that x, € ¥, and g(¥,) > 1 .
There exists a constant C > 0 such that |As,|p2,, < C.

Proof. Let y, € ¥, C L(p,q) be such that |4,|(y,) = maxsy, |4,* and define
Ap = maxy, [A,|(y,). Arguing by contradiction, let’s assume that % — 0.
In local coordinates around y, we consider the surface ¥, = A3, on the
Euclidean ball B,\pﬁ(O) endowed with the rescaled metric A2 gss. Therefore,
(B)\pﬁ(OLAI% gs3,Yp) converges to (R?,0,0) as p — oo. The surface ¥/, now
has the property that maxs, |A4;,(0)[* = 1.

By the strong compactness for a sequence of isoperimetric surfaces with

bounded second fundamental form, see Corollary 6 in the Appendix, there

exists a subsequence converging to a properly embedded surface ¥’ C R3, the
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2.3 Proof of Theorem 1

convergence is in the sense of graphs and with multiplicity one. Moreover, ¥’

is also stable, i.e.:

Isi(f, f) >0, Vf € C3°(X) satisfying /2/ fds =0.

If ¥’ is compact, then it has to be a round sphere by Alexandrov’s Theorem,
which is a contradiction since strong convergence preserves topology. If ¥/ is
non-compact, then it has infinite area by the monotonicity formula: indeed,
by Proposition 10 in the Appendix there exists a positive constant C' such

that

Criyv
i(e IETF; Br(x)|> 0.
In particular, |¥' N B,.(x)| > 7r?. As ¥ is properly embedded, it has infinite
extrinsic diameter and the claim follows. Therefore, ¥’ is totally geodesic
by Da Silveira’s Theorem 42 in the Appendix, which is a contradiction since

maxyy |A| = 1. O
The following lemma gives a description of Iy, ,) for small volumes:

Lemma 23. For p large enough there exist v, and €, > 0 such that I
is given by the profile of spheres on (0,v,] and by the profile of flat tori on
[Vp, Vp+€p). Moreover, if ¥, is an isoperimetric surface such that Iy, 4 (v,) =

|X,|, then g(X,) =0orl.

Proof. For each p we consider the first volume, v,, for which there is transition
on topology of isoperimetric surfaces from spheres to something else. If v, is
the volume for which the profile of geodesic spheres intersect the profile of
flat tori, then v, < v,. The value of v, is computed by solving the following

system of equations:

272 272
i sin®(r) = 27s — wsin(2s) and - sin(2r) = 47 sin®(s). (2.8)
p p
The left hand sides (right hand sides) of the identities in (2.8) correspond to
the enclosed volume and area of the Clifford torus 7, (geodesic spheres S of

radius s), respectively. It follows that s < %; another way to see this is by
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2.3 Proof of Theorem 1

recalling that the injectivity radius of L(p, 1) is % at every point. Therefore,
I (pg) (Up) < ,%'

Let ¥, be an isoperimetric surface with genus ¢g(X,) > 1 and satisfying
Inpg)(vp) = [3,]. By Lemma 22 the sequence {¥,},en has bounded second
fundamental form in (L(p, ¢), p*gss, z,); thus, it strongly converges to a prop-
erly embedded surface ¥ of finite area in some orientable flat three manifold
(M, 0) of rank at most one by Lemma 21. By the monotonicity formula,
Proposition 10 in the Appendix, 3 has bounded extrinsic diameter. Since X
is properly embedded, we conclude ¥ is closed. It follows that the pre-image
S of ¥ in R3 is contained in a solid cylinder. Hence, 5 is an union of round
spheres by Alexandrov’s Theorem or is a surface of revolution about the axis
of the cylinder by Theorem 41 in the Appendix. Therefore, g(¥) = 0 or 1.
From the strong compactness for isoperimetric surfaces, see Corollary 6, we

have that ¢g(3,) = 0or1, v, = v, and the existence of the desired ¢, > 0. O

Claim 1. Theorem 1 follows if we can show that the isoperimetric surfaces

separating L(p, q) in two regions of the same volume are tori.

Proof. By the strong compactness for isoperimetric surfaces, Corollary 6,
there exists ¥ such that if ¥ is an isoperimetric surface enclosing volume
v € [0, %], then ¥ is a flat torus. It follows from Lemma 23 and for large p
that the isoperimetric profile Ir, ) is given by the area of geodesic spheres
for volumes in (0, v,] and by the area of flat tori for volumes in [v,, €,| U[0, %2]
In other words, if f(v) is the function defined by f(v) = |T} )|, where Ty,
is the Clifford torus enclosing a volume equal to v, then I, . (v) = f(v) on
[Up, €p) U [0, ’;72] It follows that ¢(v) = f(v) — IL(p,q(v) has a local maximum
point at t, € (g, 0).

The claim will follow by exploring the weak differential equation for Iy, q).

From (2.5) we have
PO+ [ @+ A dr,, = 0.
r(v)

Let ¥ be an isoperimetric surface such that I, (t.) = |X|. Note that
g(X) > 2 since the profile of the spheres lies above the profile of Clifford
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2.3 Proof of Theorem 1

tori. If ¥, is the unit normal variation of ¥ parametrized by the enclosed
volume, then we define h(v) = Area(3,). Since h > Iy, 4, We have that
¢1 = [ — h has also a local maximum point at t.. Hence, ¢|(t.) = 0, i.e.,
H, = H, and ¢/(t,) < 0. Applying equation (2.5) for h together with the

Gauss equation and the Gauss-Bonnet theorem we obtain:

(t)<0 = g [erlafd< 5 [ @+ 1AwP .,
= 4(1+H*)h+8r(g—1) < (4(1+H3)f);i
= 1+H2+27T(gh_1) < (1+H3); <1+ H>.
Therefore, g(X) =1 and I1pq) = f in [vp, %] O

Proof of Theorem 1.1. Arguing by contradiction, let us assume that there ex-
ists an infinite sequence of Lens spaces L(p,q) containing an isoperimetric
surface >, of genus g > 2 for each p. By the claim above, we may assume
that ¥, divides L(p, ¢) in two regions of equal volume.
We consider the pointed manifolds (L(p, q), p*gss, ,), where the base point
x, are chosen to belong to ¥,. By the Cheeger-Gromov Compactness Theo-
rem, (L(p, q), p*gss, Tp) CEN (M, 9, ), where (M, ) is a flat three manifold.
The inclusion of ¥, into M through the diffeomorphism ¢, is still denoted by
.
By Lemma 20, the proof of Theorem 1 reduces to investigating the Cases
I and II below.

Case I: There is a subsequence whose ZI orbit of a point is contained in a

finite number (independent of p) integral curves of a vector field

X(z,w) = (mgv/~1z,n9v/—1w) € X(S3).

We claim that the injectivity radius of L(p, ¢) at every point is O(%). Indeed,
let Orbity,¢(z,wo) be the orbit of (2, wy) € S* with respect to Z4. As before,
P points of Orbit, (20, wo) lie on the curve 3(t) = (20, wo,t). Here, 1 is the

one parameter family of diffeomorphisms associated to X:
VST xR = S? i ah(z,w,t) = (e™z, ™).

44



2.3 Proof of Theorem 1

When ordered according the orientation of §(t), those points determine a
piecewise closed geodesic ,(t) with 7,(0) = (20, wp). As p — 00, V,(t) con-

verges to (t). The claim now follows from :

. pb. . .
lim gznj(zO’wO)L(p, q) < plggo H () = 27r\/m(2)|20|2 + n|wol?. (2.9)

p—00

By the Cheeger-Gromov Compactness Theorem we obtain, up to subse-

quence, the following convergence:
(L(p, @), P - gos, ) > (M, 6, 70), (2.10)

where (M, §, x) is a flat three manifold of rank at most one by Lemma 21.
By (2.9) M =R3/S,, where 6 € Q.

The curves t — [(t) = ¥(z,t) represent integral curves of X through
x € L(p, q); they have bounded geodesic curvature and H!(3) = O(%). Hence,
the integral curves of X converge to closed geodesics in M under (33). As
sets, they coincide with the standard vertical fibers of M.

By the Poincare-Hopf index theorem there exists a zero for the vector field
‘)% € X(X,) since g(X,) > 2. Hence, we can choose the base points z, to
satisfy ggs(%(xp), N(z,)) = %1, here N is the unit normal vector of X,.
Lemma 24. There exists a properly embedded surface Yo, C M such that
(X,,7p) = (Lo, Too) with multiplicity one. Moreover, Yo, is totally geodesic

and perpendicular to the standard fibers of M.

Proof. By Lemma 22, the isoperimetric surfaces (X,,z,) C (L(p,q), p*gss, xp)
have uniformly bounded second fundamental form. Applying the strong com-
pactness theorem for isoperimetric surfaces, Corollary 6, we conclude that ¥,
converges smoothly and with multiplicity one to a properly embedded stable
CMC surface Yo, C S'xR?. If lim inf,, o ¥, |24, < 00, then the monotonic-
ity formula, Proposition 10, implies that the extrinsic diameter of ¥, and X
are bounded. This is impossible since the sequence ¥, separates L(p, ¢) in two
regions of the same volume that goes to infinity as p — oo. Therefore, >, is
a complete properly embedded stable CMC surface in M with infinite area.
Applying Da Silveira’s Theorem 42 once more, we obtain that X, is totally
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2.3 Proof of Theorem 1

geodesic. As ggs(é—'(xp), N(z,)) = £1, we conclude that X, is orthogonal to
the standard fibers of M. ]

We claim that ¥, separates M. If it does not separate, then there exists a
loop 7y intersecting > at a single point. As ¥, — ¥, with multiplicity one,
the same conclusion holds for ¥,,, which contradicts the fact that ¥, separates
L(p, q). Therefore, there is k > 1 such that Yo, = 90y = U, 0;, where o is

a flat plane for each 1.
Claim 2. This configuration cannot be a limit of isoperimetric surfaces.

We regard M as a slab in R? with height 27. Now, we construct a defor-
mation of X, which decreases its area as follows. First, we cut off the k solid
cylinders obtained from the intersection of €., with a vertical solid torus of
radius R. To balance the enclosed volume we add a vertical solid torus of
radius 7, see Figure 1 for the case k = 1. If a; is the distance between oy; and

09i_1, then the radius r is given by:

>
o

k
ZWRQCLi =nr2r=r=R
i=1

The boundary of this new region is denoted by Yoo and

Area(So N K) = Area(Se N K) —2kn R*+ 21 R-> a;+2mr-2m.

If R is large enough, then 5+ has less area than X.. This is impossible since
the strong multiplicity one convergence allow us to carry out this deformation

of ¥ to X, which contradicts the fact that X, is an isoperimetric surface.

Case II: There is a subsequence p — oo where the ZI orbit of a point is

becoming dense on the Clifford torus containing such point.

We use geometric measure theory methods to analyse the pre-image sequence
{le}pGN C SS.

It is proved in [60] that if ¥ = 0Q has positive mean curvature, then

1
Q</—d.
3||_2H2
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S! x R?

2

Figure 2.1: Compact support deformation of > .

Applying this formula to the sequence of isoperimetric surfaces, we conclude

X 2 & 22
30, < 3 since 3,] < == and

1, = ’%. We have used that X, separates L(p, ¢) into regions of the same

that the mean curvature of ¥, satisfies H, <

volume.

As {¥,},ess has area and mean curvature bounded, we apply Allard’s
compactness theorem, Theorem 42.7 and Remark 42.8 in [67], to obtain an
integral varifold 0 # V? C S? that, up to subsequence, is V? = lim,_q X
Recall that S' x S acts on S? via (z,w) — (a1, az)(z,w) := (a1 2, s w). We
claim that V? is S! x S! invariant: indeed, if (z,w) € supp(V?) and (a1, as) €

(
1 1 . . 2milpg 2milp
S' x S', then for each p there is [, € Z such that lim, ,..(e” 7 z,e 7 w) =

(o1z,aow). On the other hand, as (z,w) € V?, there is (z,,w,) € ¥, such
2mil 2mil
that (e quzp,e Ppwp) € ¥, and lim, oo (2p, wp) = (2,w). It follows that
27l 2mil
lim, o0 (e ppqu,e Ppwp) = (12, aw) and (o, ag)(z,w) € supp(V?) by the

monotonicity formula Proposition 10. In particular, supp V? = Uﬁ?:l T, where
T, is a Clifford torus. The monotonicity formula implies that the convergence
¥, — V? is also in Hausdorff distance; hence, we have that ¥ = U¥_ %7
and supp (lim,_,oc XJ) = T,,. Since ¥ is Z% invariant there exists 6717 €
71 C S' x S! for which #912($7%) = ¥4, By taking the limit we obtain
(a1, a9)(Ty,) = T, for some (a1, az) € S' x S'. As this is impossible, we

conclude that k = 1 and all 3, are connected for p large.
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2.4 Berger spheres

Now we consider {¥7},-1 C I;(S?,Z), the space of 2-dimensional integral
currents on §*. Each ¥ = 0Q and Q, € I3(S% Z). As Q) is a region of
finite perimeter (Xq is BV function with uniform bounded variation), then
Q; — ' and ¥, — 0 as currents, )’ is an open set of finite perimeter, see
Theorem 6.3 and proof of Theorem 37.2 in [67]. Since |Q,] = 7% we conclude
that || = 72. Applying the Constancy theorem, Theorem 26.27 in [67], we
conclude that ' is the handlebody bounded by the Clifford torus 7,,, and
consequently 7, = 7.

We proved that V? = m Tz for some positive integer m € N. Since ¥, is

isoperimetric, it follows that m = 1. Indeed,
m|T=z| = |[V? = lim |3] < |T%|.
p—00 4

As Tz is smooth, we have for r > 0 sufficiently small that the density
O(T=,r,x) < 1+ 5, where € > 0 is from Theorem 40 in the Appendix.
On the other hand, as ¥ is converging to T = with multiplicity one, then
0(%,, x,7) < 14 € for p large enough. Now we invoke the smooth version of
Allard’s Regularity Theorem, Theorem 40, to concluded that the convergence
¥, = T = is strong, i.e., graphical with multiplicity one. As strong conver-

gence preserves topology, we conclude that g(X,) = 1. This completes the
proof of Theorem 1. O

2.4 Berger spheres

Let go be the round metric on S* and J the vector field on S? defined as
J(z,w) = (vV/—1z,v/—1w). Recall that J is tangent to the fibers of the Hopf
fibration h: S§* — S*(1).

The Berger metrics are Riemannian metrics g. on S* defined as:
9:(X,Y) = go(X,Y) + (2 — Dgo(X, )go(Y, J), > 0.

The Riemannian manifolds (S3,g.) are called the Berger spheres, they are
denoted by S?. Geometrically, the metric g. shrinks the Hopf fibers to have
length 27 e.
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2.4 Berger spheres

The Berger metrics are also homogeneous and their group of isometries has
dimension four. It follows from the work of Abresch and Rosenberg [1] that
every constant mean curvature surface in S? admits a holomorphic quadratic
differential. In particular, every CMC sphere in S? is rotationally invariant.

A precise study of closed orientable surfaces with constant mean curvature
on the Berger spheres is given in [69]. It is proved there the existence of 1 > 0
with the following property: if € € [e, 1], then every stable constant mean
curvature surface in S? has genus zero or one. Moreover, if €2 € [3,1], then
these stable CMC surfaces are totally umbilical spheres or the minimal Clifford
torus, the latter only occurring when 2 = % In particular, rotationally
invariant spheres are the only solutions of the isoperimetric problem in S? for

e? € [3,1].

Theorem 25. There exists ¢ > 0 such that for every € < g the isoperimet-
ric surfaces in the Berger spheres S are either rotationally invariant spheres

or tori.

Proof of Theorem 2. Arguing by contradiction, let us assume the existence of
a sequence € — 0 such that for every ¢ there exists an isoperimetric surface
Y. in S? with g(3.) > 2.

We rescale the metric g. of S? by the factor A\, = 8% The Hopf fibers have
constant length equal to 27 under the new metric A.g.. It follows that the
injectivity radius of S? at a point p is equal to inj,S? = 7 for every p € S2.

Since h is a local trivial fibration, we have that for each p. € S? there exist
a neighbourhood V' of h(p.) and a diffeomorphism ¢, : V' x S — h=1(V) such
that h o ¢. = my, where m; : V x S' — V given by 7(z,y) = z. Moreover,
qb;‘(a% g:) — ¢ in the C'* topology. Therefore, in the sense of Cheeger-Gromov
we have:

(82 0..p.) > (8" < B2,6,0).

We pick the points p. € . with the property that g.(J, N.)(p.) = ¢, this

means J and N, are parallel at p.. These points exist by the Poincaré-Hopf

index theorem. By Lemma 22 the inclusion of >, in (Sl x R?, ¢ (5*296)> has
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2.4 Berger spheres

the following property:
There exists C > 0 such that sup |Ac| < C for everye.
e

By the strong compactness theorem for isoperimetric surfaces, Corollary 6 in
the Appendix, we can extract a subsequence, {¥., }, which converges with
multiplicity one to a properly embedded surface ¥, C (S' x R?, ).

If Area(¥4) < 00, then the monotonicity formula, Proposition 10, implies
that ¥, is compact. We apply Theorem 41 to conclude that ¥ is either a
round sphere or torus. This is impossible since we have strong convergence
and g(X.) = 2o0r3. Therefore, ¥, is a complete non-compact surface with

infinite area. Moreover, Y. is also a stable CMC surface in S' x R?:

Is_(f.f) >0, Vf € C=(2.) such that / fds. = 0.
Yoo

It follows from Theorem 42 that ¥, is totally geodesic. By the choice of p.
we conclude that Y., is orthogonal to the S' fibers of S* x R2. Since Y
separates S' x R?, we also conclude that ¥ is an union of at least two totally
geodesic planes. As shown in the proof of Theorem 1.1, this configuration

cannot be a limit of isoperimetric surfaces. O
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Chapter 3

Index one minimal surfaces in

spherical space forms

In this chapter we study classification results for orientable minimal surfaces
with Morse index one embedded in spherical space forms with large funda-
mental group. In the last section we extend the classification of isoperimetric
surfaces from previous chapter to spherical space forms with large fundamen-

tal group.

3.1 Preliminaries

3.1.1 Morse index

A surface ¥ C (M3, g) is called minimal when the trace of its second funda-
mental form is identically zero. Equivalently, the first variation of its area is
zero for all variations generated by flows of compact supported vector fields
X € Xy(M). If 3 is two sided, then its second variation formula is given by:

&2

[(f):@

area(Et):/E\Vf\Q—(Ric(N,N)+\A[2)f2dg, (3.1)

t=0
where f = (X, N) is the normal component of X, Ric(-,-) is the Ricci curva-

ture of M | and A is the second fundamental form of ¥. The quantity I(f) is
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3.1 Preliminaries

called the Morse index form of ¥ and is the quadratic form associated to the
Jacobi operator

L = A+ (Ric(N, N) + |A]?).

The Morse index of ¥ is defined as the number of negative eigenvalues of L.

3.1.2 Spherical space forms

We regard S? as the unit quaternions, i.e., (z,w) = 21 + 224 + (wy + wy1) j
and |z|*+|w]* = 1. Let ¢ : $* x §* — SO(4) be the homomorphism of groups
which associate for each pair (ui,us) € S* x S* the isometry ¢(uy,us) €
SO(4) given by o + é(uy,uz)(x) = upruy’. The map ¢ is surjective and
Ker¢p = C = {(£1,£1)} . Similarly, one can construct the homomorphism
Y :S* = SO(3) € SO(4) defined by z € S* + 9 (u)(z) = uzu~". This map
is also surjective and its kernel is {£1}. Tt follows that there exists an unique
homomorphism ¢ : SO(4) — SO(3) x SO(3) such that o ¢ = x 1.

For each finite subgroup G C SO(4) we associate H = ¢(G) C SO(3) x
SO(3). The projection of H on each factor of SO(3) x SO(3) is denoted by
H, and H, respectively. If G acts freely on S?, then H; or H, must be cyclic
[65]. The pre-images in S® of H; and H, via the homomorphism 1) are denoted
by H, and H, respecively. Since H; and H, are finite subgroups of SO(3),
they must be isomorphic to either the cyclic group, the dihedral group D,,,
the tetrahedral group T, the octahedral group O or the icosahedral group I.

It is showed in [65] that any finite subgroup G C SO(4) is conjugated in
SO(4) to a finite subgroup of either ¢(S! x S?) or ¢(S* x S'). Two important
remarks that we will use are the following: ¢(S' x S?) preserves the Hopf
fibers in S? and left multiplication by unit quaternions leaves the Hopf fibers
invariant. Recall that the Hopf map h : S* — S%(3) sends (z,w) to z/w
where we think of S* as C U {occ}. In particular, up to conjugation in O(4),
we may assume that G is a subgroup of ¢(S! x S?). The following describes

the classical classification of 3-dimensional spherical space forms:

Theorem 26. Let G be a finite subgroup of ¢(S' x S®) acting freely on S3.
Then one of the following holds:
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3.1 Preliminaries

1. G is cyclic;

2. HyisT, O, I, or D, and H, is cyclic of order coprime to the order of
H,. Moreover, G = qﬁ(ﬁl X ﬁg);

3. Hy =T and Hy is cyclic. Moreover, G is a subgroup of index three in
qb(ﬁl X H\Q);

4. Hy = D, and Hy is cyclic. Moreover, G is a subgroup of index two in
¢(ﬁl X .H\Q)

Proof. See page 455 in [65]. ]

The spherical space forms obtained when G is cyclic are called lens spaces.
If p and g are relative primes, then we denote by L(p, ¢) the lens space defined
by the action of Z, on S* as follows: given m € Z,, we define m - (z,w) =

2ﬂ_mql

(e 2, e%mTiw). The Clifford torus 7, C S?, defined as

T, := S*(cos(r)) x S*(sin(r)) C S (3.2)

where 7 € [0, 7], is invariant by the group Z, and the projection of this family
foliates L(p, q) by tori of constant mean curvature. One can check that T=

projects to an index one minimal tori in L(p, q) for every p > 2 and ¢ > 1.

Example 3 (Immersed minimal tori with index one). Let 7" be a Clifford
torus in S* containing the geodesics T and Tz. For each p, let V, be the
varifold defined by V, = Ugez,g - T, where Z, is the group defined above.
The projection of V, in L(p,q) is a minimal immersed torus which fails to
be embedded at the critical fibers Ty and Tz when ¢ # 1. If p is even, then
Index(V,/Z,) = 1. Moreover, if p, g are chosen so that lim, o, diam(Tz /Z,) =
0, then the varifold V = lim,_,+, V, is the foliation of S? where the leaves are

Clifford torus containing 7p and T'.

Remark 5 (Doubling the Clifford torus). If the group G satisfies item (4)
in Theorem 26, i.e., Hy = D,,, then we call S?/G a Prism manifold. These

spherical space forms are double covered by lens spaces. In particular, one
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3.1 Preliminaries

can sweep-out each Prism manifold with surfaces whose area does not exceed
twice the volume of S*/G, see [32]. Applying the min-max theory, one obtains
an orientable index one minimal surface with area bounded as above. If the
order of G is sufficiently large, then Theorem 6 implies that the genus of these
min-max surfaces is two. We remark that these manifolds do not contain
minimal tori by Frankel’s Theorem [24]. One can visualize these surfaces
better when the Prism manifold they live have a double cover L(p, q) which
satisfies lim,, o diam(7x /Z,) = 0. In this case, the orbit of a point z € T,
with respect to G} is becoming dense in the Clifford torus 7. For every
p, let f]p be the pre-image of these index one minimal surfaces in S*. By
Frankel’s Theorem f]p NT= # () for every p; hence, f]p converges as varifolds
to the Clifford torus 7= with multiplicity two. The surface f]p pictures like a

doubling of the minimal Clifford torus.

Remark 6 (Desingularizing stationary varifolds). Another family of spherical
space forms is given by the quotients S*/(I* x Z,,), where m satisfies (m, 30) =
1. By Frankel’s Theorem, there are no minimal spheres or minimal tori in
S3/(I* x Z,,). With the help of the Hopf fibration h : S* — S§?) it is possible
to construct a sweep-out of S* which is invariant by I* x Z,, and that projects
to a sweep-out in S*/(I* x Z,,) by surfaces with genus two and area bounded
from above by %, see [31, Section 6]. Applying the min-max theory, one
obtains an index one minimal surface 3, with genus two in S*/(I* x Z,,) and
area satisfying [3,,| < % Its pre-image 3, C S? has uniform bounded area
and converges, as m — o0, to a stationary varifold V which is invariant by the
Hopf fibration. In particular, V = h~'(T), where T is a [* invariant geodesic
net in S?. By Allard’s Regularity Theorem, the genus of 3., is concentrated
near h~1(V), where V is the set of vertices of 7. The surface 3, pictures like

a desingularization of h=*(7") near h='(V') through Scherk towers.

3.1.3 Non compact flat space forms

Every non-compact orientable flat space form is the quotient of R? by a dis-

crete subgroup G of the group Iso(R?) of affine orientation preserving isome-
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3.1 Preliminaries

tries acting properly and discontinuously in R3. For every subgroup G we
denote by I'(G) the subgroup of translations in G. The following describe all
the possible types of affine diffeomorphic complete non compact orientable
flat three manifolds (see [73] for a comprehensive discussion):

If rank(I'(G)) = 0 or 1, then either G = {Id} or G = Sy, with 0 < 0 < 7,
where Sy is the subgroup generated by a screw motion given by a rotation of
angle 6 followed by a non trivial translation in the direction of the rotation
axis.

If rank(I'(G)) = 2, then either G is generated by two linearly independent
translations and R?/G is the Riemannian product 7% x R, where T2 is a flat
torus, or G is generated by a screw motion with angle 7 and a translation

orthogonal to the axis of the screw motion.

Theorem 27 (Ritoré [54]). If X is a complete orientable index one minimal
surface properly embedded in a non-compact orientable flat 3-manifold R?/G
, then

87 < /EKZ ds, < —2r.

Remark 7. By [40, 41], the total curvature of a properly embedded minimal

surface in R?/G is a multiple of 27 if finite.

Example 4 (Index one Helicoids with total curvature —27). Let X the he-
licoid in R? parametrized by X (u,v) = (ucos(v),usin(v),v). One can check

that

/ Ksds, = —4r. (3.3)
Sn{0<v<4r}

Now consider ¥ /Zy, in R3/Z,,, where Z,, is the group of vertical translations
by multiples of 47. Recall that the Gauss map N : X/Zy, — S* is conformal
and with degree one by (3.3). A standard argument implies that ind(Ly,/z,,) =
ind(Lg), where Ly = A + |V N|? is the Jacobi operator of 3 and Ly is the
operator Ly = A + 2 on S?. Hence, ind(X/Z4,) = 1. Let S; be the subgroup
of isometries generated by the screw motion R(x,y,z2) = (—z, —y, z + 27).
Using that Sy is a subgroup of order two in ¥/Z,,, we conclude that ¥/S; is

a minimal surface with index one and total curvature —27 in R?/S,.
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3.2 Proof of Theorem 6

Remark 8. It is an open question weather there exists an index one minimal
surface Y in R3/G such that [y Kxdy = —67. If ¥ is an index one mini-
mal surface in a non-compact flat 3-manifold R?/G where G contains only

translations, then [y, Ky ds = —4m [55].

Example 5. Let us show that R?/S 2= can be obtained as a limit of Lens
spaces under the Cheeger-Gromov convergence. To see this, consider the
sequence of Lens spaces (L(py, k), pt go, Tx), where zy, lies on the critical fiber
T= and p, = [(k—1). This sequence has curvature close to zero and injectivity

radius at xp bounded from below by 7. We claim that
(L(pk7 k)?])z 9o, .ZUk) ﬁ) (RS/S2T"7 67 ZL’OO)

The observation is that the critical fiber T’z has length 27 whereas the nearby
Hopf fibers are equidistant and have length 27 [.

3.2 Proof of Theorem 6

Proposition 6. Let 3 be a closed minimal surface in' S* and N : 3, — S* be

the unit normal vector field of 3. If we denote by

) 1 T
c=c(X) = mln{arctan (max{)\g(:v) e Z}>,4}a

where Ao(x) is the non-negative principal curvature at x, and by F : ¥ X

[0,¢) — S* the exponential map on X, which is given by
(x,t) — F(x,t) = cos(t)z + sin(t) N (z),
then I is a diffeomorphism onto its image.

Proof. We may assume that g(3) > 1 since a minimal sphere in S? is an
equator and the Proposition trivially holds.

Let {e1,e2} be an orthonormal basis with eigenvectors of the second fun-
damental form Ay and {A;, A2} the respective eigenvalues. It follows that

dF(e;) = (cos(t) — sin(t)\;)e; and dF(0t) = —sin(t)x + cos(t)N(z). Since
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3.2 Proof of Theorem 6

tan(t) < 1/maxs{As} for every t € (0,¢), we conclude that F' is a lo-
cal diffeomorphism. The unit normal vector field along ¥; = F(3,t) is
N; = —sin(t)x + cos(t)N(x). Moreover, if we denote the mean curvature

of ¥, = by H,, then

o (14 X\3) sin(2t)

1
== 0
LT 3 (cos2(t) — sin2()A2)

for every t € (0,¢). Let tog = sup{t > 0: F : ¥ x [0,¢] — S%is injective}. If
to < ¢, then there exist (x1,t;) and (22, t2) in ¥ x [0, o] with the same image
under F. Since ¥ separates S3, these points must lie on 3 x {ty}. Hence,
we may assume that F'(xy,tg) = F(xg,t) and that z; # x5. Since ¥, has a
tangential self intersection at F'(xy,ty), we conclude that Ny (z1) = £ Ny, (22).
If Nyy(21) = Nyy(2), then g = 7, contradiction. Consequently, Ny, (1) =
— Ny, (x9) since x; # xo. Hence, ¥, is locally at F'(z1,1), an union of two
tangential surfaces I'y and I'y with I'; < I'y. Moreover, the mean curvatures
in the NV, (x) direction say satisfies Hr, < 0 < Hrp,. Applying the Maximum
Principle [63, Lemma 1], we conclude the existence of neighborhoods of x4

and z, in ¥ with the same image under F,, and H;, = O there. This is a

contradiction and the result follows. O

Lemma 28. Let X be a orientable minimal surface embedded in S®. If R <
c(X), then there exists C' > 0 independent of ¥ such that vol(Bayg(z)) >
C' R - area(¥ N Br(x)) for every x € 3.

Proof. By Proposition 6, the following map is a diffeomorphism onto its image:
R 3
F :¥N Bg(z) x [0,5) — S°.

Let us denote the image by 2. By the change of variables formula,

R
Vol(2) = /2 / cos?(s) — A3sin?(s) | dx ds.
0 JENBg(x)

Hence, we can choose 0 < C' < min{cos?(s)(1— tjgzgs(g)) : 5 € [0, 5]} such that

Vol(2) > CRArea(X N Br(z)). As Q C Bag(x), the lemma is proved. O
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3.2 Proof of Theorem 6

Let {¥,} be a sequence of minimal hypersurfaces in a Riemannian mani-
fold (M, g). We say that {¥,} converges, in the C* topology, to a surface 3
if for every x € X and for n large, the hypersurface >.,, can be written locally
as graphs over an open set of 7,3, and these graphs converge smoothly to the
graph of X.

We say that {¥,} satisfy local area bounds if there exist r > 0 and C' > 0
such that |%, N B.(z)| < C for every x € M.

Proposition 7. Let {3,} C (M, g,) be a sequence of properly embedded min-
imal surfaces such that supy, |A,| < C and with local area bounds. Assume
that g, converges to g, in the C'*° topology.

If {3, }n=1 has an accumulation point, then we can extract a subsequence

which converges to a minimal surface X2 properly embedded in (M, g).

Recall from Theorem 13 that the genus of an orientable index one minimal

surface in a 3-manifold with positive Ricci curvature is at most 3.

Lemma 29. Let M, be a 3-manifold with positive Ricci curvature and %, C
M, a closed orientable minimal surface with index one and genus h. Assume
that (M,, g,, x,) converges, in the Cheeger-Gromouv sense, to a flat manifold
(M,,2) and that (¥,,x,) converges graphically with multiplicity one to a

properly embedded minimal surface (Yoo, Too) in (M, 9, To).

1. If h =2, then [y Ky ds, = —6m, =47, or 0.

2. If h =3, then [y K ds, =0.

Proof. Since the Cheeger-Gromov convergence preserves topology in the com-
pact setting, we conclude that M is non compact. It follows that > is a
complete non compact minimal surface in M since h > 2. The multiplicity
one convergence implies that Y, is two sided. Moreover, the index of ¥, is
at most one by the lower semi continuity of the index. If Ind(X.) = 0, then
Y is flat and we are done. Hence, we may assume that Ind(X.) = 1. By

classical arguments in [22], ¥, is conformally equivalent to ¥ — {q1,...,q},
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3.2 Proof of Theorem 6

where ¥ is a closed Riemann surface. Let D;(¢;) be conformal disks on ¥
centered at ¢;. Given € > 0 we define U, to be ¥ — U'_ {2z € Di(¢); |z| < €}
On the set U2 we define the function wu. by:

for zeU.—U..

u.,=0 on U, and u,=

One can check that lim. g [x |[Vu.|*ds = 0. The set U. is seen as a subset
of ¥« and, by choosing ¢ small, we may assume that Index(U.) = 1. It
follows that for p large depending on ¢, there exist U, C U, C ¥, for which
Index(U,) = 1 and such that U, and U}, converge graphically to U, and U.:,
respectively. Moreover, by means of u. we can construct, for each p large
enough, an function u, on X, satisfying u, = 0 on Uy, u, = 1 at ¥, — U},
and such that lim, .o f5; [Vup|[*ds, =0, ie., [5 [Vu,[>ds, = Oi(e). As %,
and U, both have index one, we concluded that Indice(3, — U,) = 0. As
supp(u,) C 3, — Up, we obtain

0< /E (IVup|2 _ (RngP(Np, Np) + |Ap|2) u}z)) dzp.

By the Gauss equation, 2K, = 2K,+|A,|?, where K, is the sectional curvature

of M in the direction of T%,. Therefore,

J

= [ (VuPds,+2 [ Kud)ds, +2 K,|u2d
JL (VuPds, +2 [ Kp)ds, 42 [ K luds,

o
IA

(’VupP _ (Ricgp(Np) + QK,) ufo + 2Kpu§> ds,

P

. - 2 . S 74 2
-/ _ (Rieg, (N) + 2K i — /. (i, (N;) + 2K ).

If {e1, e} is an orthonormal base for T3, then Ricy, (e1) =

Ricg,(€2) = K, + Kp(es, N), and Ricy, (N,) = K(e1, N) +
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3.2 Proof of Theorem 6

immediately implies that 2K + Ric,, (IV,) = Ricg, (e;) + Ricgy, (e2). Hence,
0 < / Va,|*ds, + 2/ Kuld
- Epl upl o {Kp<0} pup o
+/ 2|K,| — Ric, (N,) — 2K 2
(K, >0} ( e 1Cgp( ) p) Uy,
= Vu,|*ds, + 2 / Kud
/zp V[ d, (Kp<0} " Upls

B /{Kp>0} <|Ap|2 " Ricgp(Np)) Uy

A |Vup|2dgp + 2Kp de

{up=1}N{Kp<0}

— Oyle / OK ds — / 0K ds, |
o)+ Snlip<0y L Junig<ey TP

On the other hand, we have that [;; i <oy Kpds, = fs Keods,, +Os(e), for

VAN

the total curvature of ¥, is uniformly close to that of U. which is uniformly

close to that of [i; (k. <oy Kpds,. Hence,

/2 Koods,. < O1(e) + Os(c) + K,d

Yp+
EpN{Kp<0}

This implies that [y, Keds, <[5 nqx,<op Kpds, since [s  Keods, and
Js,nix, <0y Kpds, are independent of e. On the other hand,

/ Kp dEp S / Koo dEoo
SpN{Kp<0} Yoo

by the upper semi continuity of the limit of non-positive functions. Therefore,

— 87 < Ky dy, = lim K,ds, <4m(1—nh). (3.4)

S p=00 /53, n{K,<0}

The first strictly inequality is from Theorem 27 and the second inequality if
from the Gauss-Bonnet Theorem. If h = 2, then [y, Ky ds,, = —47 or —67
by Remark 7. If h = 3, then (3.4) becomes a contradiction and the lemma is

proved. O

Corollary 5. If M, is a spherical space form and genus(¥,) = 2, then

/ Kydy =—47 or 0.
Yoo
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3.2 Proof of Theorem 6

Proof. Since there is no loss of negative Gaussian curvature, then

lim (2K, — Ricy, (N,) — 2K, ds, = 0.

P20 J{Kp>0}

By the scale invariance of this quantity, we can assume that K, = 1. The
Gauss equation then implies that lim, . |X, N {K, > 0}| = 0. Therefore,
lim, o | (K, >0} K, ds, = 0. The corollary now follows from the Gauss-Bonnet

Theorem. ]

Theorem 30. There exists an integer py such that if 2 is an orientable index
one minimal surface in an spherical space form M? with |7 (M)| > po, then

genus(3) < 2.

Proof. By Theorem 13, we only need to rule out orientable index one minimal
surfaces of genus 3. The proof is by contradiction. In what follows M, denotes
an spherical space form such that |m(M,)| = p, i.e., M, = S*/G, and |G,| =
p. Arguing by contradiction, let us assume the existence of a sequence of
spherical space forms {M,, }°, such that each M, contains an index one
minimal surface ¥, of genus three and that lim; ,, p; = oc.

We consider the rescaled sequence (Mpi,)\]%i gs3, Tp;), where x,, € X,
and Ap, > 0 is such that lim; o Apinj, M, > 0. Similarly, we consider
(3, Tp,) C (My,, X2, gss, 2p,). By Cheeger-Gromov’s compactness theorem,
there exists a subsequence {M,, };,eny which converges in the Cheeger-Gromov

sense to a flat manifold (M, 6, xs).

Lemma 31. Let (M, )\ gss,xp,) LG (M, 6,2) as above and assume
that iminf; oo Ap,c(X,,) > 0. Then {(,,, X2, gss, Tp,) Yien satisfies local area

bounds in Bg(x;) for some R > 0.

Proof. Since ¥/ is invariant by the group G,, then F: X/ x [0,¢(X))) — S?
is also G, invariant. Hence, it makes sense to consider F : ¥, x [0,¢(X,)) —
M, which is a diffeomorphism onto its image by Proposition 6. Let r <
Tmin{1, liminf; o Ap,c(2,,)}, then for every y; € ¥, N Bg(x;) we have that
VOl(Biji (yp)) > Cyr Area(X, N B)\Lpi (yp)) by Lemma 28. Since this formula

is scale invariant, the lemma is proved. O
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Lemma 32. Let A, be the second fundamental form of ¥, in M,. There exist

C > 0 such that supy, |Ay|xzg., = sups, 3z|4,* < C.
P

9s3

Proof. Let y, € ¥, C M, be such that |A,|(y,) = maxs,|A,|* and define
the quantity p, = maxy, |A4,|(y,). Arguing by contradiction, we assume that
i—’; — 00. We consider the surface &, = (2,,1,) C (M), p? gss, yp). Under
this scale, the sequence (Mp),pf2 gs3,Yp) converges to (R*6,0) as p — oo.
Moreover, the surface 3, satisfies maxg | A (z)]* = |A,(0)* = 1 and enjoys
local area bounds by previous lemma. By Proposition 11, X, converges to
a non-flat properly embedded minimal surface Yo, C R? of index one. The
convergence is with multiplicity one. Indeed, applying Proposition 6 to N
and —N we obtain that F : (X,,2,) X (—a,a) = (M, p gss,p), with
0 < o < liminf;_, pp,c(2,,), is a diffeomorphism onto its image. Hence, there
exists a tubular neighbourhood of radius o around each X, in (M,,, p2 gss)

and the convergence is with multiplicity one. Since ¢(X,,) = 3, Lemma 29

implies that [5, K. ds. = 0. This contradicts |As_[(0) = 1. O

Combining Lemma 31, Lemma 32, and Proposition 11 we obtain:

Lemma 33. There exist a properly embedded orientable minimal surface

Yo C (M,6,25) such that:

{3, hen C (M, A2 gss, 1) — Yoo in the C* topology.

by “py

The convergence is with multiplicity one and the Morse index of ¥ is at

most one.

Lemma 34. Let v, € %, be such that supy, |Ay| = |Ay[(zp). Iflim, o0 Ay c(5,) <

oo, then

|Ap‘2(xp)
2

lim > 0.
p—0o0

Proof. As lim, o A\, ¢(X,) < oo, there exists a positive constant C' such that

c(X,,) < f\j—; for every i > 1. Hence,

C(Ep> < cn

1 Cn 1
—— & arctan < — & X(x)) > ——,
Ap t

A2 (xp) A
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where \y(x) is the largest principal curvature of 3, at x. Therefore,

A2 (x! 22 2 2C"?
i 2l () plz( 2 i 2(2%) > lim ——— e = —
p—00 /\p pP—00 )\p P—00 )\p tan (Tp> T
and the lemma is proved. O

Lemma 35. If for each p there exists \, such that inj, M, > % for every

r € X, then lim, . A, c(3,) = o0.

Proof. Let z, € %, be such that supy, [A,| = [Ay[(z,). By Lemma 33, the
sequence of pointed manifolds (M,, )\igo,mp) converges to (M, d,z) in the
Cheeger-Gromov convergence and ¥, — X in (M, 6, £s). flim, oo A, c(3,) <
00, then, by Lemma 34, ¥, is not totally geodesic. This contradicts Lemma

29. [l

By Theorem 26, we may assume that the subsequence {M,, };en satisfies

either Case I, II, or III below:

Case I: The sequence {M,, }ien is such that HS = m(¢(G))) is either T, O,

or I.

Lemma 36. If M, is such that HY =T, O, or I, then inj,M, = O(3) for

1
p
every x € M,.

Proof. Since the group G, preserves the Hopf fibers, the Hopf fibers have size
O(%). Let h : (M,,p? gss) — (S*(3)/H5,p? gs2) be the Hopf fibration. Let
B, (x,) be the ball of radius r in (M,,p? gsz). Since HY = T, O, or I, there
exists cg > 0 such that vol(h(B,(z,)) > cor?. By the co-area formula,

vol(Bay (1)) > /h oy M @) () 2 O

Cheeger’s inequality implies that injxp(Mp, p? gss) > g for ig > 0. H

Since g(X,) > 3, there exist a point y, € ¥, such that the Hopf fiber
through y, is orthogonal to ¥,. If we parametrize such fiber by v : [0, 27] —
M, then the map F' from Proposition 6 satisfies F'(y,,t) = v(t). It follows
from Lemma 36 that ¢(X,) < %. This contradicts Lemma 35.

63



3.2 Proof of Theorem 6

Case II: The sequence {M,, }ien is such that HY = ma(¢(G))) is Zn.

This corresponds to a subsequence of Lens spaces L(p;, ¢;). The next lemma

is useful for the analysis of this case:

Lemma 37. If M, = L(p,q) and diameter(T= /Z,) > ¢ for every p, then
ing,, M, = O(;;) and (M, p” gss, ) LG (S x R2,8,xs). Moreover, there
exist a unit vector field X € X(S*) which is Z, invariant and such that its

orbits converge to the standard S fibers of S' x R2.
Proof. See Section 3 in [70]. O

For subsequences as in Lemma 37, we pick y, such that gss (N (y,), X (yp)) =
+1. The existence of y, € £, is from the Poincaré-Hopf Index Theorem ap-
plied to the vector field X7 € X(X,). Applying Lemmas 33 and 29, we
conclude that Y, is an union of planes orthogonal to the fibers of St x R2.
This implies that lim, ., p¢(X,) < co which contradicts Lemma 35.

It remains to study subsequences of Lens spaces L(p;, ¢;) such that
zllglo diameter (1= /Z,,) = 0.

Let us prove that the pre-image of 3, in S*, denoted by f]p, converges in the

Hausdorff sense to Tz as p — oo.

Lemma 38.

lim dg (3,,,T=) = 0.

i—00
Proof. Without loss of generality, we assume that X, N A,, where A, =
{z € L(p,q) : r(x) > T}, is stable. Let us define the quantities a =
liminf, , inf{r(z) : * € ¥,} and b = limsup, , sup{r(z) : = € X,}. If
b < 7, then T}, can be obtained as a limit of f]p as p — oo since the curvature
of ¥,N flp is uniformly bounded and since each orbit of Z,, is becoming dense
on the Clifford torus that contains it. Thus, b = § which implies that a =
and the lemma is proved in this case. Indeed, if a < 7, then T’ = would be a

stable minimal surface, contradiction. Hence, we may assume that b = 7.
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3.2 Proof of Theorem 6

First we study the case where ¥, N Tz = () for every p. Let z,, € f]p be the
closest point to Tz. By the stability assumption, the connected components
of flp in flp converge to leafs of a minimal lamination F' in flp. Since Tz is
tangent to every such leaf that it intersects, we conclude that Tz is contained
in a leaf F,. Let I', C S* be a minimal torus containing the geodesics Ty
and Tz and perpendicular to f]p at x,. The minimal tori I', is a leaf of the
singular lamination £ = {Ejs} by the union of minimal tori containing 7j and
T'z. By compactness, I'; converge to a leaf Ej perpendicular to F, along T'.
Consequently, there exist another leaf Ejg, which is tangent to F,, along T.
By the analytical continuation, the lamination F' coincide with the singular
lamination F, contradiction.

Now we study the case ¥, N Tz # . By choosing z, € ¥, N Tz, we
have that (L(p, q), p*go, ;) — (M, 0, zs), where M is a quotient of R® by a
screw motion with angle 6 and (3,, p*go, Zp) — (X, §, Too ), Where Yo, C M
is totally geodesic by Lemma 29. If ¥ is a plane, then lim, .. pc(X,) <
co. As this contradicts Lemma 35 (note that inj,L(p,q) > 7 for every x),
we conclude that ¥ is flat cylinder. It is enough to proving that 6 # 0,
since there are no totally geodesic cylinders in M in this case. Let T, be
the Clifford torus such that lim, .. pdrp.q)(Tr,, T g) = ¢p. It follows that
(1, p? go) converges to a tube of radius ¢y around the central fiber in (M, )
through . Recall h : S$* — S?(3) the Hopf fibration. If 5, : [0,1] — S? is the
geodesic segment such that |v,| = 2inj, ) L(p,q) with v,(0) € T,,, then h(7)
is a geodesic whose extremities determine an arc 3, : [0,1] — h(T},). Note
that inj, L(p,q) > |h(7,)|. Under the scale A = p* of the round metric go, £,
converge to an arc 3 in the geodesic circle with radius ¢y centered at the origin
in R? and h(vy,) converges to a linear segment v whose extremities are those
of 5. The angle % is independent of the choice of ¢y. Hence, || increases

as ¢p increases. In particular, the injective radius of M is not constant and,
hence, 6 # 0. ]

By Lemma 38, for each p there exists A\, > 0 such that inj, L(p,q) =
O(i) for every z € ¥,. Lemmas 29 and 33 imply that (L(p, q), )\ggo, x,) —
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3.2 Proof of Theorem 6

(M,d,2+) and that X, — X, where ¥ is a totally geodesic surface in
(M, 6). If M is diffeomorphic to 7% x R, then lim,_ A\, ¢(3,) < oo and we
reach a contradiction with Lemma 35. The same argument applies if R? /T,
and X, is a union of planes. Therefore, we assume, regardless the choices
of base points, that M is diffeomorphic to S' x R? and that ¥ is a totally
geodesic S* x R. Let us show that this is incompatible with genus(3,) > 1.

Lemma 39. For each j, let X; be a closed minimal surface of genus g in M;
and assume that (Mj, \3go, z;) — (S' x R?,0,24) and that Xj — S* x R for
every choice of base points x; € X;. Then g = 1.

Proof. 1t follows from the assumptions, that there exist positive constants
Cy and C5 such that % < inj,>; < % and % < inj,M; < %’ for every
v € Y; and every j. For each j, let ; = {B,...,By,} be a maximal
disjoint collection of balls B; = B % (xi;) in M; where z;; € ¥; and R > 4 Cl.
By the assumption of the lemma, there exists j, such that ¥; N B 2 (wi;) is
an annular surface for every j > jo. For j sufficiently large, let K; be a
connected component of »; — Uivzlei and take y; € K;. By assumption,
(%5, A390,95) — (S" X R,0,9s). We consider Fu, the disjoint collection of
regions in Y., obtained as the limit of ¥; N B;;. Note that each element of
F. is the intersection of geodesic balls in S! x R? centered on ¥, and radius
R € [C4, (5], hence, an annulus where each boundary component generates
m(Xe). Moreover, each connected component of ¥, — F is compact by
the maximality of F;. Since K is connected and y., ¢ Foo, we conclude that
K is also an annulus. Hence, there exists an integer j, such that X; is an

union of disjoint annulus for every j > j,. By the Gauss-Bonnet Theorem,

genus(X;) = 1. O
Case III: The sequence {M,, }ien is such that H = my(p(G,)) is Day,.

The spherical space forms in this case are double covered by lens spaces.

The arguments in Case II apply mutatis mutandis. O]
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3.3 Proof of Theorem 3

In this section we complete the classification of isoperimetric surfaces in the

spherical space forms with large fundamental group.

Proof of Theorem 3. Let {M,} be a sequence of spherical space forms satis-
fying the following two properties: M, contains an isoperimetric surface %,
of genus 2 or 3 for each p and m(M,) = p. By Theorem 26 and after passing

to a subsequence, we can assume that {M,} is of one of the following types:
o Type A : Hy(M,) = Z,.
e Type B : Hy(M,) = Ds,.
e Type C: Hy(M,) =T, O, orl.

A sequence of type A corresponds to the case of lens spaces discussed in
Chapter 2. Hence, we assume that the sequence {M,} is of Type B or of
Type C. Let us first deal with sequences which are of Type B. In this case M,
is double covered by a Lens space L(%, q) for each p. One first observation is
that

1 p

SinizL(5.q) < inj, M, < injzL(5, ).

As in the proof of Theorem 1, we can assume that each isoperimetric surface
¥, divides M, in two regions of equal volume. In Chapter 2, we show that
every sequence of lens space has a subsequence which satisfies item 1 or 2 in
Lemma 20. This information was used in the proof of Theorem 1 where we
divide the proof in the Cases I and Case II. Let us assume that {L(5,q)} is

as in Case I. In this case, we have that

p ~
(L(§7 Q)va.gSSu Ip) — (M7 5a xoo)u

where M is orientable flat 3-manifold of rank one regardless the choice of base

points Z,; topologically M = S' x R?. Therefore,

(Mp7 7p2gS37 xp) — (N7 57 xoo)a
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3.3 Proof of Theorem 3

where N is also an orientable flat 3-manifold of rank one. Moreover, the se-
quence {3, } has uniform bounded second fundamental form in (M, p*ges, ;)
and converges with multiplicity one to a totally geodesic surface ¥, in N.
As shown in the proof of Theorem 1, it is possible to choose base points z,
for which f]p (the pre-image of X, in L(%,¢q)) converges to an union of par-
allel planes. Hence, for this particular choice of base points we obtain that
¥, converges to an union of parallel planes in N as well. This configuration
cannot be a limit of isoperimetric surfaces.

Next, we assume that {L(%,q)} is as in Case II. In this case, we take the
pre-image of ¥, in S3, which we denote by 3, and take its limit in the sense
of varifolds. Following the arguments in the proof of Case II in Chapter 2, we
conclude that ¥ converge to an union of Clifford torus 7;, U ... UT;, . Since
such union is transitive with respect to Ds,,, we conclude that £ = 2. The case
k = 1 cannot happen because otherwise E; would be Hausdorff close to Tz
which contradicts the fact that 32, divides S? in two regions of equal volume.
Using the theory of currents we conclude that ¥, bounds a connected region
), which converge to the region (2" bounded by two Clifford tori. Since the
projection of € on M, is a valid competitor for the isoperimetric problem,
¥, converges with multiplicity one. The result now follows from Allard’s
Regularity Theorem, Theorem 40 in the Appendix.

Finally, we assume that {M,} is of Type C. Hence, inj, M, = O(%) and
it is computed by computing the size of the Hopf fibers. Moreover, we claim
that

(Mp,p°gss, ) — (M, 0, 2),

where M is a flat orientable non-compact three manifold with rank one. To
see this we consider the Hopf fibration which in this case takes the form
h : M, — S?/H,, where S?/H, is a fixed two dimension orbifold. Applying
the Coarea Formula to the fibration h implies that for every x, € M, that
the ball B,.(z,) in (M,, p*gss, x,) satisfies volB,(z) > C'r? for every r large
enough. This proves the claim. The argument follows the same lines as in the

proof of Case I in the proof of Theorem 1. O
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Chapter 4

Appendix

In this chapter, now collect some background results for surfaces with constant

mean curvature in 3-manifolds.

4.1 Variational formulas

In this section, we consider two-sided hypersurfaces ¥* C M"™*! and variations
of ¥ given by smooth maps ¢ : ¥ X (—¢,¢) — M with X = ¢(33,0) and such
that ¢, : o € ¥ > p(z,t) € M is an immersion of 3 in M for every
t € (—¢e).

It will be useful for the computations to introduce local coordinates x4, ..., z,
in . We will also use the simplified notation

_ ¢
N &ci’

Oy

@ZE

and 0

where i runs from 1 to n. The unit normal vector field along ¥; = (3, 1)
is denoted by N;. Regarding the indexes, we use the usual summation and
notational conventions. For example, the mean curvature of X is given by
H = g A;;, where A;; = (B(9;,0;), N) for every 1 <i,j <n.

Let us recall the lapse function f; = (J;, N;) and the volume functional

V() associated to the variation ¢ and defined by



4.1 Variational formulas

Proposition 8.

d
—2:—/Hd dV’O:/d.
dt‘ n n . ¢ frds, an (0) 2f D)

Proof. The induced metric g;;(t) on ¥ is given by gi; = (0s,%, 0r,¢). Conse-

quently, we have

8t gl] = at<a.’lti7 axj> = <V6taac“ al'J> + <Vatal'j7 8$1>
- <v8xiat7 amj> + <v8xj at7 azl> - 2<v8xiat7 8xj>

The area of ¥, is given by

Sl = [ det(g(0)/det(gy (1) ds,

Recall that Dy4(det)T = Tr(T) for every linear map 7' : R™ — R"™. Without

lost of generality, we may assume that g;;(¢y) = d;;. Therefore,

d 1 B |
%t:tomt! = /EiTr(Q (Vaziat,axj>)dg:/Edwgatdz

= /Edivgﬁj—l—divg(fN)dgZ—n/szdz'

To compute the variation of the volume just notice that the volume element

of 3 x [0, t] with the induced metric coming from ¢ is
d'UOlt = <3t, Nt> dt A dzt'

Therefore,

0= 81 [ o300 = g
]

Proposition 9. Let ¢ : X" x [—¢,¢] = M™™ be a normal variation of 3.
Then

dy

l 1
dt n

(Bt (Ricas (85, 56) + 145,11 ) = 1 s f

Proof. In the coordinates given by ¢, we have the coordinate base {0,,, ..., 0, , 0}

on M. The mean curvature H, is given by n H, = g” A;;, so we have
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4.1 Variational formulas

Since (g : g_l)“ = d;;, we have that d,97' - g = —g~' - 0;9. Using this fact
ij

and that 0,g;; = —2 A;; fi, we obtain
097 = 29" A g fi.
On the other hand,

= R(Ny,0u;, 0py Ni) fo + <vazivazj Or, Ni) + <vaziaxj7v8tNt>-

Let’s study the second term above:

<v8acl Vaﬂcj at? Nt> = 6$l <V8xj ft Nt’ Nt) o <V8x] ft Nt, Vaxj Nt)
= 04,00, f1 — fi(Ve,Ni, Vi, V).

Let us now study Vg, Ny:

<v3tNtﬂaIk> = _<Nt7 vataﬂlk> - _<Nt7 va:ckat> - <N7 [at’aﬂlkD
= —<Nt, Val.k (ftNt)> = _axkft - _<aa:k7 szt>-

Since (Vo, Ny, Ny) = 0, we conclude that Vg, Ny = —Vy f;. Therefore,

0 Ai; = R(Ny, s, 0uy, Ny) fi 4 (00,05, = T50:, ) fr = (Va, Ni, Vo, Ni) fi
- R(Nhal'i?awj?Nt)ft_'—vgft_ <vxiNt7V8xth> ft'

It follows from above identity that
970, Aij = Ric(Ny, Ny) fo + As fr — |A] f. (4.2)
On the other hand,
Qg Ay = 29" Aug? Aiif, = 2|AP fe. (4.3)
Combining (4.1), (4.2) and (4.3), we obtain
d

—H, =

1 1
dt n

(As, fi+ (Ricar (N, Np) + [As, ) /1) = L. fi
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4.2 Monotonicity formula

4.2 Monotonicity formula

Proposition 10 (Monotonicity Formula). Let ¥? be a smooth surface with
bounded mean curvature H inside a 3-manifold M with bounded curvature, i.e.
| K| < k, and with positive lower bound on the injective radius inj(M) > ig.

Then there exists a positive constant C' = C(H, iy, k) such that

d (ecr Area(EﬂBr(p))> >0,

- (4.4)

r2

for every p € ¥ and r < min{io, ﬁ}

Proof. Since —k < Kj; < k then by the Hessian Comparison Theorem, there
exists a constant C' = C'(k,ig) > 0 such that |V?dy;| < C where this function

is smooth. The hessian of d;; with the induced metric satisfies
Vidy(X,Y) = Vidy (X,Y) — AX,Y)(Vudi, N).
This implies
Asdy, = Vidi(er, e1) + Vidi (e, e2) + 2H(V ydyy, N).
Since |Vysdy| = 1, we have that V3,d3, = 2dy/V3,dy + 2 and

|Asdi, — 4| = |Vudi(er,er) + Vi,da(eg,e0) —4 +2H(Vydi,, N)|

== dM QV?MCZM(el, 61) + ZV?WCZM(eg, 62) + 4H<VMCZM, N) .
Hence, there exists C' = C(k, i, H) > 0 such that
|Axdi, — 4] < Cdy,.

By the coarea formula we have

1
Vsdu|

ArealSOBp) = [ (Tl Vsl = [ [
r(p °

From this we obtain that

r

d
T Area(z0B,) = | .
" ar rea( ) 2n9B, |Vydy|
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4.3 Compactness for cmc surfaces

On other hand, by Stoke’s theorem

Vsd
Asd? = /EmaB 2r (Vsdyr, v) :/ 2r (Vsdyy, > M>

$NB, $NOB, |Vsdy|

/ 2r
YNOB, |V§)dM| '

Therefore,

d
2r—Area(X N B,) > / Asdi; > (4—Cr)Area(X N B,).
dr SNB

A simple computation now gives

d eCT Area(X N B,(p))
dr 72

> 0.

]

Let ¥ be a CMC surface in a closed manifold M?3. The density of ¥ at

is given by
Area(X N B, (x))

2

(%, z,r) =

Theorem 40 (Allard’s Regularity Theorem). Let M3 be a closed manifold
and p > 0. There exist € = (M, p) > 0 and C = C(M, p) with the following
property: if ¥ C M is a smooth embedded CMC' surface satisfying

02, z,r) <1+e¢

for every x € M and r < p, then its second fundamental form is uniformly
bounded, i.e., |As| < C.

Proof. See Theorem 1.1 in [72]. O

4.3 Compactness for cmc surfaces

Let {¥,},en be a sequence of surfaces in a manifold M. We say that X,
converge to X in the sense of graphs if near any point p € ¥ and for large n
the surface ¥, is locally a graph over an open set of 7,X and these graphs

converge smoothly to the graph of ¥. In addition, we say that {3,} satisfy
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4.3 Compactness for cmc surfaces

local area bounds if there exist r > 0 and C' > 0 such that |, N B,(z)] < C
for every x € M.
A hypersurface X is said to be weakly embedded if it admits only tangential

self intersections.

Proposition 11. Let {¥,} C (M, g,) be a sequence of embedded surfaces with
constant mean curvature satisfying local area bounds and such that supy, |Ay| <
C. Let’s assume that g, converges to a metric 6 in the C* topology. If
{E,}n=1 has an accumulation point, then we can extract a subsequence that

converges to a properly weakly embedded CMC surface ¥ in (M, 9).

Sketch of the Proof. Let’s first recall the constant mean curvature equation
for graphs. If ¥/ is a surface with constant mean curvature H in (M, g), then

Y’ can be written locally as a graph over a neighbourhood U, C T,,3":
Y = Graph(u) = {(z1, 22, u(x1,22) : 11,22 € Up)}.

In coordinates g;; := g(e;,e;) where {ej, e, e3} is the coordinate base as-
sociated to (z1,x9,x3). Let {Ey, Ex} be the coordinate base for X, i.e.,
E; = e; + uy,e3 = Tle;. The induced metric h is expressed by h;; = h(E;, E;).
A simple computation gives:

— Uy, 1

and g(N,e3) = — :
V01 + g ugug, V01 + g ugug,

Q(N,ei) =

We also have

Vi E, = TilVeZijem — TilijVelem + EZ-(TJ.m)em

lm1k

where I'¥; are the Christoffel symbols of g. Therefore,

B Yt LT Tt . (”wiwj + Tf]}mff;ll)

\/ 1+ gijuxiuzj \/ 1+ gijua:iuacj

Finally, the mean curvature equation is written as:

9(N, Vg, Ej) =

2

H 1+ giugug, = W gy, + RT/TITS =Y 9T T ug Ty (4.5)

k=1
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4.3 Compactness for cmc surfaces

Since hy; = T/T)" gny and TP = ug,, then [h¥9| < C1(gY, ug,, ug,). The equation
(4.5) is uniformly elliptic as long as |Vul, [V2u| < C.

Let p € M be an accumulation point for the sequence {3,}. By the
upper bound on the second fundamental form, supy, |A,| < C, there exists
ro = ro(C) such that for every ¢ € B,,(p) N %, we have that 3, N B,,(q) is
locally a graph u,, over a neighbourhood U, C T,%,. Moreover, there exists
Cy = Co(C) > 0 for which max{Vu,, V?u,} < Cy. As |g, — 0|c2a — 0, the
Schauder estimates for solutions of elliptic equations, see [25], imply that u,
have C** estimates on B, 2(q), i.e., |uy|c2a < C3(]H,| + |un|). Therefore,
Up, VU, V21U, are uniformly bounded and equicontinuous.

As {3, }nen satisfy local area bounds, then |3, N B(ro/2)(y)] < Ci.
On the other hand, the monotonicity formula, Proposition 10, gives that
|32 N B,y (y)| > Csrd, where 37 is a connected component of 33, N B,.. It fol-
lows that the number of components of ¥, N B, 2(p) is finite and independent
of n. By the Arzela-Ascoli theorem we can extract a subsequence for which
{u’ } converges to u for every j. Moreover, u also satisfies the constant mean
curvature equation (4.5). As the set of accumulation points of {¥,} is com-
pact in Bg(p) we can cover this set by finite balls B,,(px) with k =1,... N.
Repeating the arguments in each of these balls and applying a diagonal argu-
ment we obtain a properly immersed surface ¥ on Bg(p) C M with constant
mean curvature H. Since the surfaces Y, are embedded, it follows that ¥ does
not cross itself though it may have tangential self-intersections. Therefore, 3

is properly weakly embedded in M. O

Corollary 6. Let (X,,2,) C (My, gn, x,) be a sequence of isoperimetric sur-
faces with |A,| < C. Assume that (M,, gn,x,) converges, in the sense of
Cheeger-Gromov, to a three manifold (M, g,z). There ezists a properly em-
bedded surface ¥ C (M, g,x) such that ¥, — X in the sense of graphs and the

convergence is with multiplicity one.

Sketch of the Proof. First we remark that {¥,} satisfy local area bounds.
Indeed, Area(X, N B.(p)) < 2|0B,(p)|. By Proposition 11 we only need to

rule out possibly multiplicities for the convergence 3, — > and points where
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4.3 Compactness for cmc surfaces

Y fails to be embedded. If the multiplicity of the limit is bigger than two,

P L BB B i B DM LALS PSP ITIT

LT LT ST LTS, //////I/////I /7 ;

FLEET LT LT T LT LTI
Zn DA S

Figure 4.1: Example of higher multiplicity

then X, N B,.(p) has several components getting arbitrarily close. This allow
us to do a local cut and past deformation, as shown in Figure 2, that preserves
the enclosed volume. If § is the Euclidean metric, then %5 < g, < C§ and
%Areag < Area,, < C'Areas. Thus, if h < r, then

Area,, (3) < Area,, (X,) — C1r* + Chrh < Areay, (3,).

The deformation needed for the multiplicity two case is shown in Figure 3.

Zw

77

o

77;77I IRI77@7 ([

7

Figure 4.2: Example of multiplicity two

The constraint on the enclosed volume implies that %WR?’ ~ 7r?h. Hence, if

h < r, then
Area(¥) < Area(X) — Cir® + Chyr h — C4R* + CyR* < Area(X)).

The construction to deal with points where > has tangential self intersections
is similar to the multiplicity two case. The corollary now follows since these

constructions contradict the fact that ¥, is isoperimetric for every n. O
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4.3 Compactness for cmc surfaces

Theorem 41 (Korevaar-Kusner-Solomon [34]). If ¥ is a complete properly
embedded constant mean curvature surface contained in a solid cylinder, then
Y is rotationally symmetric with respect to a line parallel to the axis of the

cylinder.

Theorem 42 (Da Silveira [16]). Let (3,ds?) be a complete orientable Rie-
mannnian surface conformally equivalent to a compact Riemann surface punc-
tured at a finite number of points. Let L = A + q be an operator satisfying
q >0 and q # 0, let us also assume that X2 has infinite area. Then there exists

a piecewise smooth function f with compact support satisfying

—/Efodg<O and /Efdg:().
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