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Abstract 

A riser conveys fluids from a subsea system to a host floater; however, oil and gas phases 

may alternate, increasing pipe’s stress and damaging downstream facilities. This paper 

studies the nonlinear planar vibrations of a steel lazy wave riser excited by slug flow. The 

employed formulations comprise the Euler-Bernoulli beam model and the steady plug-flow 

model with a time-space-varying mass per unit length in the form of a rectangular pulse train. 

The equations are solved by a Runge-Kutta finite difference scheme and frequency-response 

curves are constructed for effective tension, curvature, usage factor and fatigue damage. The 

results offer a useful insight of the slugging frequencies and slug lengths that may receive 

attention during the design of risers. 

 

Keywords: steel lazy wave riser (SLWR); curved pipe conveying fluid; two-phase flow-

induced vibration; time-varying mass parametric vibration; ultimate limit state (ULS); 

cumulative fatigue damage. 

Nomenclature 

a  gas to liquid density ratio 

fA  internal fluid’s cross-sectional area [m2] 

pA  pipe’s structural cross-sectional area [m2] 

A  dimensionless pipe’s structural cross-sectional area 

aC  added mass coefficient 

dC  drag coefficient in normal direction 

dtC  drag coefficient in tangential direction 

D  structural diameter [m] 

oD  outer diameter to account for hydrodynamic forces [m] 

D  accumulated fatigue damage 
E  Young’s modulus of the pipe [Pa] 
e  axial strain due to tension 
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f  frequency [s-1] 

lf  slugging frequency [s-1] 

g  acceleration of gravity [mꞏs-2] 
h  pipe wall thickness [m] 
I  area moment of inertia of the pipe [m4] 
L  unstretched pipe length [m] 
M  mass of internal fluid [kgꞏm-1] 
m  mass per unit length of the pipe element [kgꞏm-1] 

am  added mass per unit length [kgꞏm-1] 

bm  mass per unit length of the buoyancy modules [kgꞏm-1] 

mm  mass of the marine growth [kgꞏm-1] 

pm  mass per unit length of the bare pipe [kgꞏm-1] 

M  bending moment [Nꞏm] 

kM  plastic bending moment resistance [Nꞏm] 

iN  number of cycles to failure at constant stress range 

in  number of cycles in stress block i  

p  pipe’s tangential displacement [m] 

cp  hoop buckling capacity [Pa] 

bp  burst resistance [Pa] 

ep  external pressure [Pa] 

ip  internal pressure [Pa] 

q  pipe’s normal displacement [m] 
s  local curvilinear Lagrangian coordinate [m] 

nS  in-plane shear force [N] 

S  principal stress in axial direction [Pa] 
T  pipe’s tension accounting for hydrostatic pressure effects [N] 
t  time [s] 

eT  pipe’s effective tension [N] 

kT  plastic axial force resistance [N] 

U  internal fluid’s axial velocity [mꞏs-1] 
u  pipe’s tangential velocity [mꞏs-1] 
U  dimensionless internal fluid’s axial velocity 
v  pipe’s normal velocity [mꞏs-1] 

0w  submerged weight per unit length of pipe [Nꞏm-1] 

1w  dimensionless tangential velocity 

2w  dimensionless normal velocity 

x  abscissa [m] 
y  ordinate [m] 
  dimensionless mass of internal liquid 
  dimensionless pipe’s submerged weight 
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  dimensionless internal fluid’s weight 
  dimensionless Lagrangian coordinate 

*  dimensionless stretched curvilinear coordinate 

  dimensionless wavelength 

l  dimensionless length of liquid slug 

1  dimensionless tangential displacement 

2  dimensionless normal displacement 

  dimensionless drag area 
  dimensionless added mass 
  density of the surrounding fluid [kgꞏm-3] 

l  density of the conveyed fluid liquid phase [kgꞏm-3] 

  dimensionless mass of buoyancy modules 
  dimensionless time 
  usage factor 
  angle formed between the tangent of the pipe and the horizontal plane of reference 
[rad] 
  dimensionless effective tension 
  pulse train function 

3  pipe’s curvature [m-1] 

 

1. Introduction 

A riser is an important interface between a subsea system and its host platform in the 

exploration and production of offshore hydrocarbons. A type of riser, the steel lazy wave riser 

(SLWR) has been proven over the past few years as a cost effective solution for the 

production of fields in ultra-deep water and harsh environment (Hoffman et al., 2010; Moore 

et al., 2017). Buoyancy modules are distributed at its middle length in order to keep its 

compliant configuration, isolating floater motions from the touch down zone, and hence, 

improving the fatigue life (Felisita et al., 2017). Furthermore, it is made of steel pipe, which 

is a suitable material for the exploitation of high pressure and high temperature reservoirs 

(Cheng and Cao, 2013). 
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It has been recognised that the slug flow regime inside SLWRs could be an issue, 

especially at the sag section where liquids could be accumulated (Kim and Kim, 2015). 

Accordingly, two-phase flow-induced vibration (2-FIV) or slug-induced vibration can occur, 

diminishing the risers fatigue life (Cheng and Cao, 2013). 

Slug flow is a phenomenon in which liquid “slugs” and gas “bubbles” of a two-phase 

flow alternate in the pipe. This may result in parametric vibrations due to the time-varying 

mass in the form of a square wave (Paidoussis, 2014) which could resonate with the structural 

system (Chatjigeorgiou, 2017). In the oil and gas industry, the slug flow pattern hinders the 

operations of downstream facilities (Kadri et al., 2011; Li et al., 2017) and the induced 

vibrations increase the fatigue damage of piping systems (van der Heijden et al., 2014). 

Hence, methods to mitigate the slugging, such as using a wavy pipe (Xing et al., 2013) or a 

self-lifting arrangement (Adefemi et al., 2017), have been proposed. Furthermore, 2-FIV 

occurs in other hydraulic systems, such as spiral pipes conveying boiling liquid in heat 

exchangers (Gulyayev and Tolbatov, 2004; Yan et al., 2013), at the outlet of steam generators, 

in piping of nuclear power plants (Fujita, 1990; Ortiz-Vidal et al., 2017), in parallel pipes for 

direct steam generation by solar heating (Tshuva et al., 1999) and in aspirating pipes with 

density pulsations due to shallow immersion (Paidoussis, 2014). 

Several papers have focused on the slug flow characterisation. Numerical and 

experimental methods have been applied to study inclined pipeline-riser systems (Han and 

Guo, 2015), vertical risers (Abdulkadir et al., 2014; Fokin et al., 2006) and hybrid risers 

(Gong et al., 2014). The experiments on an s-shaped riser are of particular interest for this 

paper; they have been conducted inside a stainless steel pipeline-riser system with a gas-

liquid mixer, and the observations have helped to develop of a stability criteria for the flow 

(Li et al., 2017). 
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Concerning the 2-FIV, early experiments with air-water flow may be attributed to 

Hara (1977), and Hara and Yamashita (1978), where parametric vibrations were found owing 

to density fluctuations. Miwa et al. (2015) have written a comprehensive review on the 2-FIV, 

mainly with references earlier than 2014. While the Euler-Bernoulli is often adopted to study 

the 2-FIV (An and Su, 2015; Bai et al., 2018; Ortiz-Vidal et al., 2017; van der Heijden et al., 

2014; L. Wang et al., 2018), using the Timoshenko beam model yields in the prediction of 

higher response amplitude when the system is about to lose stability (Ma et al., 2017). In 

other studies, experiments have been often used to validate the predictions by the beam 

models (Ortiz-Vidal et al., 2017; L. Wang et al., 2018). Furthermore, with the advent of high 

performance computing, computational fluid dynamics (CFD) coupled with finite element 

method (FEM) codes have been used to solve fluid-structure interaction (FSI) problems in 

subsea pipeline systems (Jia, 2012; Li et al., 2016; Lu et al., 2016; Onuoha et al., 2018, 2016). 

Limiting the discussion to 2-FIV in marine compliant risers, Ortega et al. (2012) used 

a Lagrangian tracking model two-phase flow code coupled with a FEM code in order to solve 

planar motions of a flexible lazy wave riser, and they found that the irregular characteristics 

of the slug flow generate irregular loads and responses of the structure. Later, Ortega et al. 

(2017) included wave loads into their model, and the riser’s response got amplified. 

Chatjigeorgiou (2017) analysed the linearised in-plane motions of a catenary riser conveying 

a steady slug-flow and subjected to forced top excitation. It was concluded that the said flow 

amplifies the dynamic components of the riser’s response. Recently, Zhu et al. (2018) 

performed experiments in an air-water test loop, where the in-plane vibrations, out-of-plane 

vibrations and the flow structure were observed inside a transparent silica gel tube in catenary 

configuration by means of high speed cameras. Results showed that the lateral vibrations are 

negligible, and hence, the idea of using planar motion models seems to be a plausible 
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approximation. Furthermore, a number of useful contributions to the analysis and design of 

marine risers or pipelines are available in the literature published in recent years (Ai et al., 

2018; Lou et al., 2017; Park et al., 2015; Yuan et al., 2018; Khan and Ahmad, 2017; Li and 

Low, 2012; Guo et al., 2013; Wang et al., 2018; Gao et al., 2014; Gao et al., 2016; Xu et al., 

2017; Bai et al., 2017; Bai et al., 2018; Zhang et al., 2015; Ye et al., 2014; Dong et al., 2013; 

Wang et al., 2018; Katifeoglou and Chatjigeorgiou, 2016; Park et al., 2018; Vendhan, 2014; 

Gu et al., 2017). 

The aim of this paper is to understand how the riser behaves before the time-varying 

mass of the slug flow, and whether the response is high enough to be considered in the 

structural design. To that end, a phenomenological model of the slug flow is used, namely a 

plug-flow model with time-space-varying mass in the form of rectangular pulse train, 

whereas the structure is modelled as an Euler-Bernoulli beam. In our application of interest, 

no floater motions are included, and the surrounding seawater is quiescent, providing only 

added mass and drag damping. By conducting a numerical study, we detect the slugging 

frequencies that may lead the riser to attain the ultimate limit state (ULS) or cause major 

damage for the fatigue limit state (FLS). 

Scholars of the International Ship and Offshore Structures Congress (ISSC) have 

identified that the research of loads on risers should focus on the development of simplified 

methods for use in practical design applications (Hirdaris et al., 2014), and this paper is 

aligned towards that objective. The rectangular pulse train mass model here used assumes a 

known varying mass across the riser, and therefore, it is considerably simpler than the 

aforementioned methods which require solving the fluid equations. Moreover, the said 

rectangular pulse train mass model has been used successfully in the past in the analysis of 

jumpers for subsea piping systems, where vibrations were predicted in a realistic way (van 
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der Heijden et al., 2014). Accordingly, this article offers two main contributions: (1) a 

mathematical model which can be used to benchmark more complex solutions that consider 

rigorous FSI models, and (2) an assessment on the relevance of 2-FIV for the limit state 

design of risers. 

Although the present work focuses on SLWRs, the governing equations are general 

for elastic extensible pipes conveying fluid, and thus, the present approach can be applied to 

analyse other types of hydraulic systems by selecting the appropriate boundary conditions, 

tube properties and internal flow parameters. 

Regarding the organisation of the paper, Section 2 introduces the governing system of 

equations and the numerical methods used to investigate the problem. Section 3 presents the 

numerical results of riser’s response as function of slugging frequency and slug length. In 

section 4, we analyse the time histories of the said responses to assess the ULS and FLS. 

Conclusions are given in Section 5. 

 

2. Mathematical model 

2.1 Governing equations 

In this study, an extensible riser conveying a fluid in still seawater is considered as 

depicted in Fig. 1. The Euler-Bernoulli beam model is used for the pipe element, the plug-

flow model applies for the internal fluid, and the following assumptions are followed: 

(i) The beam cross section in normal direction keeps straight and normal before and 

after deformation. 
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(ii) The rotational inertia of the beam is neglected, whereas inertial forces along 

normal and tangential directions are taken into account. 

(iii) The pipe is extensible following a linear stress-strain relationship. 

(iv) The structural cross-sectional area of the pipe is constant. 

(v) The riser’s response in the out-of-plane direction is neglected. 

(vi) The location of the touchdown point (TDP) is constant, and hence, the soil-

structure interaction and flowline section are neglected. 

(vii) The internal flow is treated as an infinitely flexible rod travelling through the pipe, 

with all points of the fluid having constant velocity relative to the pipe, i.e. the 

flow is steady. 

(viii) The slug-flow is modelled by a fluid with time-varying density in the form of a 

rectangular impulse train. 

(ix) The drag force of the surrounding fluid in the tangential direction is neglected. 
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Fig. 1. Riser subjected to two-phase flow induced vibrations: (a) sketch of steel lazy wave 
riser, (b) in-plane balance of forces and moments acting on a pipe conveying fluid after 

elongation ( 3M , pR  and fR  stand for moment around bi-normal axis, distributed forces 

applied on the pipe and distributed forces applied on the fluid element, respectively) and (c) 
internal fluid with time-space-varying mass in the form of a rectangular pulse train. 

 

Accordingly, the planar motions of the riser can be described by the following set of 

partial differential equations (Chatjigeorgiou, 2017): 
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where t  is time, s  is the local curvilinear Lagrangian coordinate that takes values along the 

unstretched pipe of length L ,  , , lM t s   is the mass of the fluid in the pipe, l  is the density 

of the conveyed fluid liquid phase,      p b mm s m m s m s    is the mass per unit length of 

the pipe element, pm  is the mass per unit length of the bare pipe including coating,  bm s  is 

the mass per unit length of the buoyancy modules which is zero outside the buoyancy section, 

 mm s  is the mass of the marine growth which is neglected in this paper for simplicity of the 

problem,      2
4a a om s C D s   is the added mass of the surrounding fluid per unit length, 

aC  is the added mass coefficient,   is the density of the surrounding fluid,  oD s  is the 

outer diameter to account for hydrodynamic forces,  ,u t s  is the velocity of the pipe in the 

tangential direction of the pipe element,  ,v t s  is the velocity of the pipe in the normal 

direction, U  is the fluid’s velocity inside the pipe in the axial direction,  ,t s  is the angle 

formed between the tangent of the pipe and the horizontal plane of reference,  3 ,t s  is the 

curvature of the pipe associated with the Euler angle of rotation around the bi-normal axis, 

 ,e t s  is the axial strain due to tension, fA  is the area occupied by the internal fluid, pA  is 
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the structural cross-sectional area of the pipe, I  is the area moment of inertia of the pipe, E  

is the Young’s modulus of elasticity of the pipe,      , , ,e i pT t s T t s p t s A   is the 

effective tension,  ,T t s  is the tension of the pipe accounting for hydrostatic pressure effects, 

 ,ip t s  is the internal pressure of the pipe,  ,nS t s  is the in-plane shear force of the pipe, 

 0w s  is the submerged weight per unit length of the pipe, g  is the acceleration of gravity, 

 dtC s  is the drag coefficient in tangential direction here taken as zero, and  dC s  is the 

drag coefficient in normal direction. 

Equations (1)-(6) represent the balance of forces in axial direction, balance of forces 

in normal direction, compatibility relation of the pipe in axial direction, compatibility relation 

of the pipe in normal direction, balance of moments around the bi-normal axis, and the 

definition of curvature expressed by Euler angles, respectively. 

Regarding the assumption (vii), time derivatives of internal fluid’s mass, pressure and 

velocity have vanished in Eqs. (1)-(6) as consequence of the steady flow. Moreover, 

disregarding the rotational inertia in assumption (ii) may look unwise, since studies have 

shown the importance of this term, especially for thick beams (Hirdaris and Lees, 2005). 

Notwithstanding, the rotational inertia is considerably smaller than the bending stiffness for 

slender structures such as risers. For instance, the ratio of rotational inertia to bending 

stiffness for the riser analysed in Section 3 is in the order of 10-7. Therefore, assumption (ii) 

has been applied in the derivation of Eq. (5) without losing accuracy in the calculations. 

A rigorous derivation of the above mentioned system has been presented by 

Chatjigeorgiou (2010a, 2010b). Though axial strain is here considered, further simplification 

can be achieved by neglecting the riser’s extensibility (J. Wang et al., 2018). 
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2.2 Dimensionless form 

2.2.1 Nonlinear system 

For convenience of the problem, the riser displacements p  and q  in the tangential 

and normal directions, respectively, are introduced together with the following dimensionless 

quantities: 
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   
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w

w , U

A T A

  (7) 

where the linear stress-strain relation has been followed. 

Equations. (4)-(6) are substituted into Eqs. (1)-(3) and the system is then 

supplemented with Eq. (4) as well as with the definitions of the velocity in the tangential and 

normal directions. The resulting dimensionless form of the system of partial differential 

equations reads: 

 1 1,  w   (8) 
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 2 2,  w   (10) 
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  1 2 ,    A w w   (12) 

    1

2 11 ,e      w w   (13) 

where the dot and the prime denote differentiation with respect to   and  , respectively, and 

 ,    is the known pulse train function. 

Regarding the boundary conditions of the SLWR in Fig. 1(a), the bottom end of the 

riser is the TDP, where soil-structure interaction is disregarded, whereas the top end is 

connected to a floater via an articulated connection. Since no floater motions are analysed, 

velocities and curvatures at both ends are assumed to be zero. The resulting six boundary 

conditions are given by 

            1 2 1 20 1
,0 ,0 , ,1 ,1 , 0.

 
         

 
      w w w w   (14) 

2.2.2 Time-space-varying mass 

In order to investigate the effect of slug-flow in the riser’s response, the mass per unit 

length of the internal fluid is multiplied by a known function  ,   . As seen in Fig. 1(c), 

the maximum fluid’s density is that of the liquid slug in which   becomes one, while the 

minimum is zero at the gas bubble in which   becomes zero. Moreover, the density wave 

travels at constant speed relative to the pipe U  (or U  in its dimensionless form). 

Subsequently, the pulse train function can be expressed as the summation of rectangular 

pulses, given by 

      1
, * 1 , * ,je          (15) 
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  
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, * ,
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l
j

l

a j

j

   
  

   
       

U

U
  (16) 

where *  is the dimensionless stretched curvilinear coordinate of the pipe,   is the 

wavelength of the pulse (length of liquid slug plus gas bubble) normalised respect to L , l  is 

the normalised length of the liquid slug and a  is the gas to liquid density ratio (taken as zero 

in this paper after neglecting the modest density of the gas phase). One should note that 

 , *    must be converted to  ,    before incorporating it into the numerical solution. 

2.3 Numerical solution 

The system of Eqs. (8)-(14) is solved numerically by applying the finite difference 

method (FDM) and the Runge-Kutta method. This includes the discretisation in space by 

applying the difference operators with second order approximation, and then the resulting 

first order ordinary differential equations are solved by means of the ‘ode45’ Matlab function 

with an automatic step size. Details regarding Runge-Kutta-FDM numerical solution schemes 

have been presented elsewhere (Cabrera-Miranda and Paik, 2018; Kuiper et al., 2008) and 

other FDM schemes for the dynamic analysis of risers have been discussed in other papers 

(Chatjigeorgiou, 2008; J. Wang et al., 2018). Furthermore, it is worth to mention that the 

pulse train function  , *    has been applied by using the Matlab’s ‘pulstran’ function. 

 

3. Numerical analysis 

A hypothetical SLWR is considered with properties taken from the literature (Felisita 

et al., 2017). The riser is made of an X65 steel grade pipe, having 254 mm inner diameter, 26 
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mm wall thickness and a length of 2640 m for the suspended section before stretching. It is 

located in 2000 m water depth and the hang-off point is placed just 20 m below the sea level. 

The associated parameters are shown in Table 1. The overall procedure for analysis is 

illustrated in Fig. 2. 

 

Table 1. Riser parameters. 

L  2.641×103 m 
buoyancy section  41,641s  m 

fA  5.07×10-2 m2 

pA  2.29×10-2 m2 

E  2.07×1011 Pa 
I  2.26×10-4 m4 

0w  2 -1

2 -1

6.47 10 N m for buoyancy section

7.298 10 N m otherwise

  


 
 

  1.025×103 kgꞏm-3 

l  8×102 kgꞏm-3 

oD  4.584×10-1 m 

aC  1 

dC  0.9 

  17.585 10 for buoyancy section

0 otherwise

 



 

  1.664×10-1 
  5

5

2.548 10 for buoyancy section

2.873 10 otherwise

 



 

  1.565×105 
  3

3

4.646 10 for buoyancy section

2.547 10 otherwise

 



 

A  7.056×108 
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Fig. 2. Procedure for determining the response of a marine riser subjected to 2-FIV, for and 

assessing the ULS and FLS. 

 

Firstly, the static configuration is calculated with the ‘bvp4c’ function in Matlab 

(Wang et al., 2015, 2014; Wang and Duan, 2015) and illustrated in Fig. 3, where a conveyed 

fluid of 400 kgꞏm-3 density (average density between oil and gas) has been assumed. 
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Fig. 3. Static configuration of SLWR: (a) Cartesian coordinates, (b) dimensionless effective 

tension and (c) inclination angle. 

 

As a base case, we perform time-domain analyses for l =1, which means that the 

liquid slug equals the riser’s length, resembling a severe slugging situation. In addition, cases 

for l =0.25 and l =2 have also been studied. Moreover, the presumed relationship l  =2 is 

used, which means that liquid slugs and gas bubbles have the same length. For the liquid 
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phase, 800 kgꞏm-3 density is used and zero density for the gas one. Regarding the conveyed 

fluid’s velocity U , we have included cases from 1 to 32 mꞏs-1. Keeping in mind that the 

maximum operating velocity for liquid and gas pipelines are 4.5 and 24 mꞏs-1, respectively 

(Stewart, 2016), results for U >24 mꞏs-1 are merely speculative. 

In Fig. 4, the frequency-response curves are presented for the dimensionless effective 

tension ( ) and for the dimensionless curvature ( ) as function of the slugging frequency 

calculated as  lf U L . These quantities were chosen due to their significance in the 

design and analysis of risers. They are constructed by using the above mentioned static 

configuration (see Fig. 3) as initial conditions for the first case of analysis in backward sweep 

of slugging frequencies and then in forward sweep, i.e. the flow velocity is progressively 

reduced while the solution from a previous time-domain analysis is used as initial conditions 

for the next one. Afterwards, the static configuration is employed again as initial conditions 

to carry out analyses in forward sweep. This procedure is followed in order to capture 

different responses at the same excitation frequency which could possibly happen in 

nonlinear systems. 

 



20 
 
 

 

Fig. 4. Frequency-response curves for 2-FIV in a SLWR: (a) maximum dimensionless 

effective tension, (b) minimum dimensionless effective tension, (c) maximum standard 

deviation of dimensionless effective tension (d) minimum standard deviation of 

dimensionless effective tension, (e) maximum dimensionless curvature and (f) maximum 

standard deviation of dimensionless curvature. 

 

Figures 4(a) and (e) show the maxima of the dimensionless effective tension and the 

dimensionless curvature, respectively, where high values are associated with the attainment 

of the ULS. Furthermore, one may be interested in the minimum effective tension in Fig. 4(b), 

where negative values would lead to the undesirable Euler buckling (Bai and Bai, 2005). This 

situation is not identified here. Figures 4(c) and (f), showing the maxima for standard 

deviation of responses along the length of the riser, provide information about the vibrations 
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excited by the slug flow. At low frequencies, the stiffness of the system is dominant, making 

the riser to follow the density waves of the conveyed fluid. As the slugging frequency 

increases, the motions are controlled by the riser’s mass and the density waves lose their 

influence on the amplitude of the responses. Fig. 4(d) the minimum standard deviation for the 

effective tension grows with the increasing slugging frequency; however, the values are of 

low magnitude. Similar figure for the curvature is not needed since the applied boundary 

conditions impose the minimum standard deviation to be invariably zero. 

To further analyse the riser dynamics, the following flow parameter pairs are 

considered: ( l =2, U =1 mꞏs-1), ( l =1, U =15.5 mꞏs-1), ( l =0.25, U =31.45 mꞏs-1) and ( l

=0.25, U =2.45 mꞏs-1). The resulting motions are illustrated in Figs. 5, 6, 7 and 8, 

respectively. There, subfigures (a) and (b) present the structural velocity envelopes in the 

tangential and the normal directions, respectively. Subfigures (c) show the 3-D time histories 

for normal velocity. Subfigures (d), (i) and (j) are an attempt to illustrate the motions at the 

buoyancy section where the curvature is the largest; they show phase portraits, dimensionless 

curvature time histories and dimensionless curvature amplitude spectra, respectively. 

Subfigures (e) depict the phase portraits at the riser centre. Finally, subfigures (f), (g) and (h) 

display the phase portraits, dimensionless effective tension time histories and dimensionless 

effective tension amplitude spectra in the vicinity of the top end, where the tension is the 

highest. 

One may infer the following from Figs. 5 through 8. At low slugging frequency and 

long slugs (see Fig. 5), the riser alternates between the liquid filled position and gas filled 

position. In the process, vibrations are excited at the frequency of excitation lf , and also at 

the dependent frequencies 3 lf  and 5 lf . After some increase of slugging frequency and for 
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slugs of the size of the riser (see Fig. 6), the phase portraits get collapsed and the amplitude 

grows for both the axial velocity and tangential velocity. The amplitude spectra show major 

participation of the excited frequency lf  at the buoyancy section, and lf and 3 lf  at the top 

end. This state is associated with marked fatigue loads. For high slugging frequency and short 

length slugs (see Fig. 7), velocities are still high; however, the amplitudes of motions are 

relatively small, and not harmful for the fatigue life. Interesting dynamics are observed for 

short slugs at intermediate frequency (see Fig. 8). In this case, a new trajectory at the top end 

is observed in the phase portrait. Also, motions are dominated by the slugging frequency with 

lesser participation of the dependent frequencies. 

A general thing to observe is that the SLWR develops large amplitude vibrations 

close to the bottom end, which is explained by two facts: one is the vast amount of energy 

which is extracted from the system throughout the path of the slug flow (Zhu et al., 2018), 

and another is the acceleration of the riser at the buoyancy section by the passing masses 

where substantial change of inclination angle occurs. This vibration pattern for 2-FIV is 

unequivocally different from the top-end imposed excitations, where the vibrations occur at 

the top end [see for example J. Wang et al. (2018)]. 
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Fig. 5. Evolution of riser’s response excited by low frequency long slugs ( l =2, U =1 mꞏs-1, 

lf =9.47×10-5 s-1): (a) envelope of dimensionless tangential velocity, (b) envelope of 

dimensionless normal velocity, (c) time history of dimensionless normal velocity, (d) phase 
portrait of vibrations in normal direction at  =2/9, (e) phase portrait of vibrations in normal 
direction at  =1/2, (f) phase portrait of vibrations in normal direction at  =8/9, (g) 
dimensionless effective tension time history at  =8/9, (h) dimensionless effective tension 
spectrum at  =8/9, (i) dimensionless curvature time history at  =2/9 and (j) dimensionless 
curvature spectrum at  =2/9. 
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Fig. 6. Evolution of riser’s response excited by intermediate length slugs at intermediate 

frequency ( l =1, U =15.5 mꞏs-1, lf =2.9×10-3 s-1): (a) envelope of dimensionless tangential 

velocity, (b) envelope of dimensionless normal velocity, (c) time history of dimensionless 
normal velocity, (d) phase portrait of vibrations in normal direction at  =2/9, (e) phase 
portrait of vibrations in normal direction at  =1/2, (f) phase portrait of vibrations in normal 
direction at  =8/9, (g) dimensionless effective tension time history at  =8/9, (h) 
dimensionless effective tension spectrum at  =8/9, (i) dimensionless curvature time history 
at  =2/9 and (j) dimensionless curvature spectrum at  =2/9. 
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Fig. 7. Evolution of riser’s response excited by high frequency short slugs ( l =0.25, U

=31.45 mꞏs-1, lf =2.38×10-2 s-1): (a) envelope of dimensionless tangential velocity, (b) 

envelope of dimensionless normal velocity, (c) time history of dimensionless normal velocity, 
(d) phase portrait of vibrations in normal direction at  =2/9, (e) phase portrait of vibrations 
in normal direction at  =1/2, (f) phase portrait of vibrations in normal direction at  =8/9, (g) 
dimensionless effective tension time history at  =8/9, (h) dimensionless effective tension 
spectrum at  =8/9, (i) dimensionless curvature time history at  =2/9 and (j) dimensionless 
curvature spectrum at  =2/9. 
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Fig. 8. Evolution of riser’s response excited by slow short slugs ( l =0.25, U =2.45 mꞏs-1, lf
=1.9×10-3 s-1): (a) envelope of dimensionless tangential velocity, (b) envelope of 
dimensionless normal velocity, (c) time history of dimensionless normal velocity, (d) phase 
portrait of vibrations in normal direction at  =2/9, (e) phase portrait of vibrations in normal 
direction at  =1/2, (f) phase portrait of vibrations in normal direction at  =8/9, (g) 
dimensionless effective tension time history at  =8/9, (h) dimensionless effective tension 
spectrum at  =8/9, (i) dimensionless curvature time history at  =2/9 and (j) dimensionless 
curvature spectrum at  =2/9. 
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4. Limit state assessment 

Like in other types of structures such as plated structures (Paik, 2018), methodologies for 

limit state analysis and design are also adopted for risers. 

4.1 Ultimate limit state 

4.1.1 Fundamentals of ULS analysis 

We now investigate whether the 2-FIV can lead to the riser’s failure by an ULS 

assessment (see Fig. 2). To judge the structural sufficiency in ULS, the local usage factors 

 ,    for combined loading criteria can be evaluated in the form of (DNV GL, 2018): 
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M

M

M

M

  (17) 

where EI s  M  is the bending moment, kM  is the plastic bending moment resistance, 

ip  is the internal pressure, ep  is the external pressure, bp  is the burst resistance, kT  is the 

plastic axial force resistance and cp  is the hoop buckling capacity [for detailed definition of 

the variables, DNV GL (2018) is referred to]. One would not expect the riser to fail as long as 

 ,    is kept below one for all   and  . Also, because design is not the aim of this work, 

the partial safety factors have all been taken as unity. 
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Equation (17) describes a ULS for load controlled conditions, which is usually the 

case for risers subjected to extreme sea environments. Said equation limits the occurrence of 

plastic deformations, hoop buckling or bursting. Alternatively, on could use structural checks 

for displacement controlled conditions, in which plastic strains can be allowed, for pipelines 

for instance; however, this is not the case for dynamic marine risers. Thus, Eq. (17) is a 

suitable formulation for the present problem. 

 

4.1.2 Results for ULS 

The time histories generated in Section 3 are analysed at every riser’s coordinate and 

time, and the maximum usage factor is reported in Fig. 9. 

Analysis of the results leads to the following conclusions. For the domain of analysis, 

the usage factors are all below one, and therefore, the riser will not fail for the ULS in any 

case. For long slugs, l =2, a bifurcation in the calculated usage factors is visible at slugging 

frequencies above 2×10-3 s-1, where the upper branch corresponds to forward sweep analyses 

and the lower one to backward sweep. Qualitatively equivalent results are obtained for l =1. 

For this case however, the upper branch rises to higher, possibly dangerous usage factors. 

Regarding short slugs of l =0.25, the factors are concentrated in a single branch for 

frequencies in the order of 1×10-2 s-1, whereas scatter is observed at lower frequencies. 
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Fig. 9. Calculated ULS usage factors for a SLWR subjected to 2-FIV at different slugging 

frequencies and slug lengths. 

 

4.2 Fatigue limit state 

4.2.1 Fundamentals of cumulative fatigue damage 

The riser’s response comprises the time-varying tension and bending moment, which 

in turn generate repeated cycles of stresses that may cause fatigue. The cumulative fatigue 

damage approach is employed to assess this issue. 

First, we assemble the time history of normal stress S  at each node, composed of the 

linear combination of axial stress due to tension and bending stress, i.e. (DNV GL, 2018): 
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where D  is the structural diameter of the riser and h  is the pipe wall thickness. 

Then, each stress signal  ,t sS  is decomposed into a series of turning points. They 

are subsequently analysed by means of the rainflow counting algorithm, for which we find 

useful the Matlab toolbox developed by Niesłony (2009). The number of cycles for various 

stress ranges in  is obtained. 

Lastly, the Palmgren-Miner’s rule is employed to estimate the fatigue damage in the 

form of: 

 
1

,
k

i

i i

n

N

 D   (19) 

where D  is the accumulated fatigue damage and iN  is the number of cycles to failure at 

constant stress range. The last is evaluated from an existing S-N curve (DNV GL, 2016). 

Because the hypothetical SLWR was originally analysed by using the D type S-N curve 

(Felisita et al., 2017), the same curve is also employed in the calculations of this work. One 

could say that the structure can withstand the dynamic loads throughout its envisaged life as 

much as the fatigue damage D  is kept below one. 

 

4.2.2 Results for fatigue analysis 

The calculated fatigue damage per year is reported in Fig. 10. The damage occurs 

mostly at low slugging frequencies and becomes acute at lf =2.1×10-3 s-1. Then, it turns out to 

be practically unnoticeable for frequencies above 3.5×10-3 s-1, or in terms flow velocity U , 

one may not expect fatigue issues for U  above 34, 18 and 4.6 mꞏs-1 for slug lengths l  of 2, 1 

and 0.25, respectively. Scenarios with high fatigue damage are illustrated in Figs. 6 and 8.  
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It is observed that the maximum fatigue damage per year caused by 2-FIV is in the 

order of 0.028, which could be higher than the one caused by waves. To have an idea, waves 

can cause fatigue damage per year of 0.001 in a SLWR (Felisita et al., 2017) and from 0.0013 

to 0.004 at the TDP in a steel catenary riser (SCR) when considering a linear stiffness soil 

model (Elosta et al., 2014). On the other hand, slugging happens mostly at the end of the 

service life for hydrocarbon facilities, and therefore, the total cumulative fatigue damage can 

be kept under acceptable levels. 

 

 

Fig. 10. Calculated fatigue damage for a SLWR subjected to 2-FIV at different slugging 

frequencies and slug lengths. 

 

f
l
 [s-1]

10-5 10-4 10-3 10-2 10-1

fa
tig

ue
 d

am
ag

e 
pe

r 
ye

ar

0

0.005

0.01

0.015

0.02

0.025

0.03
λ

l
=2

λ
l
=1

λ
l
=0.25



32 
 
 

5. Concluding remarks 

This paper has focused on the 2-FIV in marine risers and to understand whether this 

phenomenon could be detrimental for the ULS and FLS. For this purpose, a SLWR has been 

modelled as an Euler-Bernoulli beam and the internal fluid as a plug-flow with time-space-

varying mass in the form of a rectangular pulse train. The governing system of equations has 

been solved by means of the finite difference method and the Runge-Kutta method. Then, 

various scenarios of severe slugging were analysed in the time-domain. Results in the form of 

phase portraits, time histories, velocity envelopes, and frequency amplitude spectra show that 

the riser’s tangential and normal velocities have major amplitude in the region close to the 

bottom end. Assessment of relevant limit states indicates that the 2-FIV may not cause failure 

of the riser for ULS and the fatigue damage per year can be as high as 0.03 for FLS. 

Based on this study, it is a reasonable design choice to consider the 2-FIV 

phenomenon for both the ULS and FLS. However, it may still be worth discussing whether 

real slug flows can exist with the parameters here found as critical. First, the slug flow pattern 

is rather an irregular density wave and not a rectangular wave. Secondly, as the riser vibrates, 

the path of the internal flow is constantly changed, and thus, the flow pattern could be 

modified. Moreover, the environmental loads from waves, currents and floater motions may 

also modify the said flow path, generally amplifying the motions (Chatjigeorgiou, 2017; 

Ortega et al., 2017). To investigate the said issues, further research should be conducted with 

robust models, numerical methods and experimental methods. Also, it is advisable to develop 

methodologies to assess the safety of risers subjected to 2-FIV. In the case of the authors, we 

are interested in investigating the applicability of the rectangular pulse train mass model in 

comparison to realistic irregular density flows by using a multiphase flow simulator. Also, we 

would like to conduct experiments, which results would represent a valuable contribution. 
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It could be said that this work has fulfilled its aim to understand the influence of the 

2-FIV on the riser’s dynamics, ULS and FLS. 
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