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A self-similar flow generated by water entry of an expanding two-dimensional smooth
and curved body is studied based on the incompressible velocity potential theory, with
gravity and surface tension effects being ignored. At each expansion speed, mathematical
solutions for detached flow with a splash jet, and attached flow with jet leaning on
the body surface are obtained, both of which have been found possible in experiment,
corresponding to hydrophobic and hydrophilic bodies respectively. The problem is solved
using the integral hodograph method which converts the governing Laplace equations
into two integral equations along the half real and imaginary axes of a parameter plane.
For the detached flow, the conditions for continuity and finite spatial derivative of the
velocity at the point of flow departing form the body surface, are imposed. It is found
that the Brillouin-Villat criterion for flow detachment of steady flow is also met in this
self-similar flow, which requires the curvatures of the free surface and the body surface to
be the same at the detachment point. Solutions for the detached flow have been obtained
in whole range of the expansion speeds, from zero to infinity, relative to the water entry
speed. For the attached flow there is a minimal expansion speed below which no solution
cannot be obtained. Detailed results in terms of pressure distribution, free surface shape
and streamlines, tip angle of the jet are presented. It is revealed that when solutions for
both detached and attached flows exist, the pressure distributions on the cylinder surface
are almost the same up to the point near the jet root. Beyond that point, the pressure
relative to the ambient one drops to zero at the detachment point in the former, while it
drops below zero in the jet attached on the body and then returns to zero at the contact
point in the latter.

1. Introduction

When a solid body penetrates through a liquid surface, it is common to see that
the liquid will move along the body surface initially and then depart from the body
surface, especially when the body surface has curvature and the entry speed is relatively
large. However, it was found by Duez et al. (2007) that for two identical bodies, when
a different nanometric coating leading a different wettability was applied on the body
surface, different fluid flow behaviours could be observed (see figure 1).
For a hydrophobic body, flow would indeed depart from the body surface, while for

a hydrophilic body the fluid will keep moving along the body surface, when the entry
speed is below a critical speed. This presents a major challenge in mathematic modelling
of water entry problem. In fact, within the framework of inviscid flow, the impermeable
condition is commonly used on a solid surface. This means that on the body surface,
its normal velocity is the same as that of the fluid particle at the same point. In other
words, the direction of fluid particle velocity will be tangential to the body surface. The
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Figure 1. Impacting spheres with two different wettabilities at the same impact velocity: (a)
hydrophobic sphere and (b) hydrophilic sphere. Adopted form Duez et al. (2007).

challenge that it then presents to mathematical modelling and numerical simulations is
that at each time step the fluid particle at the intersection of the free surface and the
body surface can move at the next time step along the body surface or depart the body
surface tangentially. In either case, the impermeable condition at the intersection point
holds. However, in the former case, the flow remains to be attached to the body surface,
while in the latter case the flow becomes detached from the body surface. The subsequent
flow configurations, pressure distribution in the two cases are expected to be different.
Much of the work on water entry has been focusing on the attached flow, especially for

body without curvature, namely a wedge. At early stage of impact or when the gravity
effect is ignored, the velocity potential flow problem for such a body geometry becomes
self-similar. A complete nonlinear solution was obtained by Dobrovol’skaya (1969) using
the theory of complex functions and mapping technique for a symmetric wedge entry.
Using integral hodograph method, Semenov & Iafrati (2006) and Semenov & Yoon
(2009) solved the problem for water entry of an asymmetric wedge. This nonlinear water
entry problem of a wedge was also solved through the boundary element method by
Xu, Duan & Wu (2008). Another popular technique in the water entry problem is the
Wagner method (Wagner (1932)). He introduced a correction in the method of von
Karman (1929) who assumed that the free surface remained flat and the potential on
the free surface was zero during impact, and the two dimensional body below the free
surface could be replaced by a flat plate with the length equal to the distance between
the two intersections of the body surface and the undisturbed free surface. After Wagners
correction the length of the plate included the effect of the local free surface elevation,
and therefore the length itself was the part the solution. However, jet developed along the
body surface during the impact was ignored. The Wagners theory was further improved
and extended based on matched asymptotic expansion method. In particular the jets
attached on the body were taken into consideration without flow detachment (Armand
& Cointe (1987); Howison, Ockendon & Wilson (1991); Howison, Ockendon & Oliver
(2002, 2004); Korobkin (2004); Moore, Ockendon, Ockendon & Oliver (2015)). Unlike
the fully nonlinear theory for the self-similar flow, Wagner theory is not limited to a body
with no curvature.
There has also been some work on water entry with flow detachment and a splash

jets for a body with a sharp corner. This includes a wedge of finite height, which was
considered by Zhao, Faltinsen & Aarsnes (1997). The fluid particle would depart the
body surface when it reached the knuckle of the body. The work was extended by Sun &
Faltinsen (2007) to a planing vessel. Similar work was done by Iafrati & Battistin (2003).
Tassin, Korobkin, & Cooker (2014) used an analytical model based on the Logvinovich
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(Logvinovich (1969)) model for water entry of a finite wedge with flow detachment. Sun
& Faltinsen (2009) simulated a finite bow-flare section with roll angle vertically entering
the calm water. Bao et al. (2016) considered water entry of a finite wedge with flow
detachment at a prescribed velocity while Bao et al. (2017) further considered free fall
motion.
As the above work is noticeably about a body with a sharp corner, the point of

detachment is assumed to be at the corner. To stay on the body surface the flow
would have to change the direction sharply, leading to an infinite velocity and pressure
gradient or acceleration. The determination of the detachment point for a curved body
is obviously more complex, especially for what has been observed by Duez et al. (2007)
for hydrophobic and hydrophilic bodes. In this study we consider the nonlinear problem
of the cylindrical curved body entering the undisturbed flat free surface. In order for the
problem to be solved within the framework of self-similar flow, the cylinder is assumed to
stretch at the same time as it enters water. It should be noted that using an expanding
body to undertake in depth analysis for water entry problem is not unusual. In fact,
in Wagners theory, the width of the equivalent plate is continuously stretching. Wu &
Sun (2014) investigated attached flow for an expanding three dimensional paraboloid.
Semenov & Wu (2016) considered a stretching finite wedge. In the latter work, at the
moment of impact, the tip of the jet coincides with the wedge apex and then starts
moving along the wedge surface. If its speed is larger than the stretching speed of the
wedge, the flow will depart from the body and form the splash jet. In such a case, the
distance between the tip of the splash jet and the knuckle of the wedge, ljet, can be
considered as the parameter of the solution. Using this parameter, it is then obvious
when ljet = 0, the detached flow has become the attached one. We can then use this
parameter for the current curved body. Within the framework of self-similar flow, for
each case of water entry we will seek for both solutions corresponding to ljet > 0 and
ljet = 0, which corresponds to hydrophobic and hydrophilic bodies respectively. We shall
then investigate the features in both detached and attached flows, including flow pattern,
pressure distribution and free surface including splash jet. For the case of detached
flow with ljet > 0, the point of detachment will be determined by the requirement for
continuity and finite spatial derivative of the velocity at the point. We also show that in
such a case Brillouin-Villat condition (Villat (1914)) holds at the point of detachment,
as in the similar steady flow problem (Semenov & Wu (2013)).
The problem of the expanding body entering the free surface may look artificial itself.

However it does have some practical relevance. It can be applied to model strong gas
explosion occurring near the free surface at initial time Sedov (1993). The model of
an expanding body may be also relevant to the hydrodynamic analysis of fast ships or
dicing aircrafts within the framework of the so-called 2D+ t approach Faltinsen (2005);
Climent et al. (2006); Tassin, Korobkin, & Cooker (2014). There the ship is divided
into many transverse sections along the longitudinal direction. The fluid flow problem
is solved by a two dimensional theory section by section from the bow. As the area of
the cross section of the ship increases its size towards its middle part, it is equivalent to
expansion in the 2D theory. When the shape of the section is the same and its typical
length increases longitudinally, the flow in the 2D theory may become self similar when
the gravity effect is ignored.
The solutions both detached and attached flows will be found through the integral

hodograph method (Semenov & Cummings (2006)). It is based on the implicit conformal
mapping through the derivation of analytical expressions for the complex velocity poten-
tial, the conjugate of complex velocity, and the mapping function in the first quadrant
of a parameter plane. The original boundary value problem is converted to a system
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Figure 2. Flow development as time in progress for (a) fast expansion and (b) slow expansion.

of integro-differential equations in terms of the velocity magnitude and the velocity
angle relative to the liquid boundary. They are solved numerically using the method
of successive approximations. The results are presented in terms of pressure distribution,
free surface shape and streamlines, tip angle of the splash jet.

2. Formulation of the problem and the solution methodology

We consider an arbitrary shaped body which expands with speed U in time in a self-
similar way and enters into the liquid of infinite depth such that velocity of the bottom
point is V directed into the liquid. The body starts from a single point on the free
surface and then it typical length expands linearly in time as shown in figure 2. Based
on the dynamic equivalence, the formulation of the problem will be considered in the
system of Cartesian coordinates X,Y with the origin at the bottom point of the body,
in which the flow comes from Y = −∞ with velocity V . The body shape is given as
Yb(X, t) = V tyb(x), where x = X/V t and y = Y/V t are the self-similar variables.
The statement of the problem can be formulated as follows. We have to determine the

complex potential of the flow, W (Z, t), which satisfies impermeable boundary condition
on the expanding body surface and the nonlinear dynamic boundary condition on the
free surface.
The complex plane Z in the physical plane can be written in terms of the self-similar

variables as

Z = V tz. (2.1)

with z = x + iy. In this self-similar complex plane z, the free surface and the shape
of the body, yb = yb(x), are stationary. Correspondingly, the complex-velocity potential
W (Z, t) in the physical plane for the self-similar flow can be written as

W (Z, t) = Φ(X,Y, t) + iΨ(X,Y, t) = V 2t [ϕ(x, y) + iψ(x, y)] , (2.2)

where ϕ and ψ are the velocity potential and the stream function, respectively.
The problem is to determine the function w(z) which conformally maps the self-similar,
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Figure 3. (a) Similarity plane z = x + iy for an expanding symmetric body in an incoming
flow with velocity V from y = −∞, (b) the ζ−plane where arrows in the closed line show the
path of integration in (2.9), which is opposite to the direction of vector τ and the arc length
coordinate s, and (c) variation of the velocity angle ω = arg(vs + ivn) to the whole boundary of
the flow domain. Its continuous and step variations are shown by solid lines and dashed lines,
respectively. Points A,O,B−, B+ and D are marked through solid points and the route follows
D′, A,O,B−, B+, D. When body is smooth at point A, the angle α = π/2.

or stationary plane z, onto the complex-velocity potential region w. We shall use the
integral hodograph method (Semenov & Cummings (2006)). In the method a parameter
plane ζ is introduced, as suggested by Joukovskii (1890) and Michell (1890). Instead of
finding w(z) directly, two complex functions, dw/dz which is conjugate of the complex
velocity and will be referred as the complex velocity subsequently, and the function dw/dζ
both are sought in the ζ−plane in the integral form. Once these two functions are found,
the relation between the parameter and stationary planes can be determined as follows:

z(ζ) = z0 +

ζ∫
0

dz

dζ
dζ =

ζ∫
0

dw

dζ
/
dw

dz
dζ, (2.3)

where z0 = z(ζ)ζ=0.
Based on the method of Chaplygin (see 5 of Chapter 1 in Gurevich (1965)) we

choose the first quadrant of the ζ−plane shown in figure 3b as the parameter region
which corresponds to the flow region of x > 0 in the stationary plane in figure 3a. The
functions dw/dz and dw/dζ conformally map the parameter region onto the regions of
the complex velocity and the derivative of the complex potential. Based on the theorem
of conformal mapping three points in the parameter plane can be chosen, which are
taken as O (intersection point of the body surface and the free surface), D (a point at
infinity) and A (stagnation point at the bottom of the body), as shown in figure 3b. In
the parameter plane, the interval 0 6 η 6 b of the imaginary axis corresponds to the
free surface from the intersection point O to the tip of the splash jet B and the interval
b 6 η 6 ∞ corresponds to the main free surface BD. The interval 0 6 ξ 6 1 of the
real axis corresponds to the wetted surface of the body, and the rest of the positive
real axis (1 6 ξ 6 ∞ ) corresponds to the symmetry line AD′. The parameter b is
unknown and will be discussed. In order to determine the functions dw/dz and dw/dζ
we shall formulate appropriate boundary-value problems for each of these functions in
the ζ−plane.



6 Y. A. Semenov, G.X. Wu

2.1. Expression for the complex velocity, dw/dz.

At this stage we denote the angle of the velocity direction along the body as β(ξ)
and the velocity magnitude on the free surface as v(η). With these notations, we have
the following boundary conditions for the function dw/dz in the first quadrant of the
ζ−plane

χ(ξ) = arg

(
dw

dz

)
=

{
−β(ξ), 0 6 ξ 6 1,
−π/2, 1 6 ξ <∞.

(2.4)

v(η) =

∣∣∣∣dwdz
∣∣∣∣
ζ=iη

, 0 6 η <∞. (2.5)

The complex velocity can be written in the following integral formula (Semenov &
Cummings (2006); Semenov & Iafrati (2006)):

dw

dz
= v∞ exp

 1

π

∞∫
0

dχ

dξ
ln

(
ζ + ξ

ζ − ξ

)
dξ − i

π

∞∫
0

d ln v

dη
ln

(
ζ − iη

ζ + iη

)
dη + iχ∞

 , (2.6)

In (2.6) the velocity at point D or ζ → ∞, v∞ = 1, as V , the incoming velocity at infinity
has been chosen as the reference velocity, and χ∞ = −π/2 as D′ on the symmetry line
AD′. The function χ(ξ), which is related to the velocity direction, has a jump of∆χA = α
when passing point A from D′A line to AO line, since it is equal to −π/2 on D′A and
β(ξ) → π/2 − α as ξ → 1 − ϵ, where ϵ → 0. Using (2.4) and evaluating the integral of
the function χ(ξ) over the jump, equation (2.6) becomes

dw

dz
= v0

(
ζ − 1

ζ + 1

)α
π

exp

 1

π

1∫
0

dβ

dξ
ln

(
ξ − ζ

ξ + ζ

)
dξ − i

π

∞∫
0

d ln v

dη
ln

(
iη − ζ

iη + ζ

)
dη − i(β0 + α)

 .
(2.7)

where β0 = β(ξ)ξ=0 and v0 = v(η)η=0 are their corresponding values at point O.
The functions β(ξ) and v(η) will be determined later from the kinematic and dynamic
boundary conditions. When the body is smooth at point A, the angle α = π/2.

2.2. Expression for the derivative of the complex potential, dw/dζ.

In order to obtain the expression for the derivative of the complex potential, it is
useful to introduce the unit vectors n and τ on the fluid boundary, which are normal
and tangential to the boundary, respectively. The former is directed outwards from the
liquid region, and while one moves in the latter direction along the boundary, the arc
length coordinate s increases and the liquid region is on the left hand side (see figure
3a). With these notations, we have

dw = (vs + ivn)ds = veiωds, (2.8)

where ω(ζ) = arg(vs+ivn), vn and vs are the normal and tangential velocity components,
respectively. Variation of the function ω(ζ) along the entire boundary of the flow region is
shown in figure 3c. The arrows in figure 3b show the clockwise direction of the boundary.
Along this direction ω(ζ)ζ=ξ = −π from ξ → ∞ to ξ = 1 or from D′ to A, since vn = 0
and vs < 0, and ω(ζ)ζ=ξ = γ(ξ) from ξ = 1 to ξ = 0, or from A to O corresponding to
the wetted surface of the body. ω(ζ)ζ=iη = θ(η) on the free surface changes continuously
along OB and BD, or in the intervals (0, b) and (b,∞) on the η-axis. At point B θ(η)
has a jump of ∆B = −π + µ from B− to B+, where µ is the angle of jet tip at point
B, as defined previously. Based on the above analysis, we can write the function ω(ζ) as
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follows

ω(ζ) = arg

(
dw

ds

)
=


−π, 1 6 ξ <∞, η = 0,
γ, 0 6 ξ 6 1, η = 0,
λ(η), ξ = 0, 0 6 η 6 b,
λ(η) +∆B , ξ = 0, b 6 η <∞.

(2.9)

where λ(η) is a continuous function. Equation (2.9) allows us to determine the argument
of the derivative of the complex potential

ϑ(ζ) = arg

(
dw

dζ

)
= arg

(
dw

ds

)
+ arg

(
ds

dζ

)
= ω(ζ) +

{
0, 0 < ξ <∞, η = 0,
π/2, ξ = 0, 0 < η <∞.

(2.10)
The function λ(η) varies from λ0 = θ(η)η=0 = γ(ξ)ξ=0 at point O to λ∞ = λ(η)η→∞ =
θ∞ + π − µ at point D. Since θ∞ = θD = π/2, because the velocity direction at infinity
is perpendicular to the free surface, the angle µ can be determined from µ = 3

2π − λ∞.
The derivative of the potential can be written in the following integral formula

(Semenov & Cummings (2006); Semenov & Iafrati (2006)):

dw

dζ
= K exp

 1

π

0∫
∞

dϑ

dξ
ln
(
ζ2 − ξ2

)
dξ +

1

π

∞∫
0

dϑ

dη
ln
(
ζ2 + η2

)
dη + iϑ∞

 , (2.11)

where K is a real factor and ϑ∞ = ϑ(ζ)|ζ|→∞. By substituting (2.9) and (2.10) into
(2.11) and evaluating the integrals over each step change of the function ϑ(ζ), we obtain

dw

dζ
= Kζ(b2+ζ2)µ/π−1 exp

− 1

π

1∫
0

dγ

dξ
ln
(
ξ2 − ζ2

)
dξ +

1

π

∞∫
0

dλ

dη
ln
(
ζ2 + η2

)
dη + iγ0

 .
(2.12)

The integration of this equation with respect to ζ gives the complex potential w(ζ) as

w(ζ) = wA + K

ζ∫
1

ζ ′(ζ ′
2
+ b2)

µ
π−1 exp

− 1

π

1∫
0

dγ

dξ
ln(ξ2 − ζ ′

2
)dξ

+
1

π

∞∫
0

dλ

dη
ln(ζ ′

2
+ η2)dη + iγ0

 dζ ′, (2.13)

where wA = w(ζ)ζ=1. From (2.7) and (2.12) the derivative of the mapping function from
the parameter plane to the similarity plane can be obtained as

dz

dζ
=
Kζ

v0
(ζ2 + b2)

µ
π−1

(
ζ + 1

ζ − 1

)α
π

exp

− 1

π

1∫
0

dγ

dξ
ln
(
ξ2 − ζ2

)
dξ +

1

π

∞∫
0

dλ

dη
ln
(
η2 + ζ2

)
dη

− 1

π

1∫
0

dβ

dξ
ln

(
ξ − ζ

ξ + ζ

)
dξ +

i

π

∞∫
0

d ln v

dη
ln

(
iη − ζ

iη + ζ

)
dη + i (β0 + γ0 + α)

 . (2.14)

Integration of the above equation with respect to ζ yields the mapping function z = z(ζ).
We notice that point B is initiated from point A at time t = 0. For the self-similar

flow, the velocity of point B will be always V vBe
iβB and its position in the physical plane

will be ZB = V tvBe
iβB , which gives zB = vBe

iβB based on (2.1). Thus we have

|zB | = vB , (2.15)



8 Y. A. Semenov, G.X. Wu

from which the parameter K is determined. Here, zB is obtained by integration of the
derivative of the mapping function (2.14) along the imaginary axis of the parameter plane
in the interval (0 6 η 6 b), and velocity at the tip of the splash jet is vB = v(η)η=b.
When Eq.(15) is satisfied arg zB = βB can be automatically satisfied through the free
surface boundary conditions.
For the detached flow, b will depend on the expansion speed of the cylinder relative to

the speed of the incoming flow. In the present formulation b is used as a free parameter
of the solution. Once it is chosen, it determines the expansion speed of the cylinder and
the jet length OB. For the steady Helmholtz flow (Milne-Thomson (1968)) point B
approaches point D, or b → ∞ as can be seen from figure 3b. The velocity magnitude
on the free surface is constant for the steady flow with v(η) ≡ v∞, or d ln v/dη ≡ 0 and
the normal component of the velocity on the free surface is zero, which means λ ≡ θ ≡ 0
and γ ≡ 0. Then, the angle at point B becomes µ = 3π/2− λ∞ = π/2. By substituting
these results into (2.7) and (2.12) we obtain

dw

dz
= v0

(
ζ − 1

ζ + 1

)α
π

exp

 1

π

1∫
0

dβ

dξ
ln

(
ξ − ζ

ξ + ζ

)
dξ − i(β0 + α)

 , dw

dζ
= Kζ. (2.16a,b)

which is the expression for steady Helmholtz flow past a fixed, or non expanding body.
In general cases, equations (2.7) and (2.12) - (2.14) contain the functions β(ξ), γ(ξ),

v(η) and λ(η), which have to be determined from the dynamic and kinematic boundary
conditions on the free surface and the impermeable condition on the wetted surface of
the body.

2.3. Dynamic and kinematic boundary conditions on the free surface.

By exploiting the Bernoulli equation and taking the advantage of the flow self-
similarity, the dynamic boundary conditions on the free surface OBD can be derived in
the following form (Semenov & Iafrati (2006)),

dλ

dη
=
v + s cos θ

s sin θ

d ln v

dη
, (2.17)

where dλ/dη ≡ dθ/dη from (2.9) is used. The arc length coordinate along the free surface
with its origin at point B is determined as

s(η) = −
∫ η

b

∣∣∣∣dzdζ
∣∣∣∣
ζ=iη′

dη′ = −
∫ η

b

∣∣∣∣dwdζ
∣∣∣∣
ζ=iη′

/

∣∣∣∣dwdz
∣∣∣∣
ζ=iη′

dη′ = −
∫ η

b

1

v(η)

∣∣∣∣dwdζ
∣∣∣∣
ζ=iη′

dη′,

(2.18)
where dw/dζ can be obtained from (2.12). By exploiting the fact that the acceleration
of a liquid particle on the free surface is orthogonal to the free surface along which the
pressure is constant, the kinematic boundary is obtained in the following form (Semenov
& Iafrati (2006)):

1

tan θ

d ln v

dη
=

d

dη

[
arg

(
dw

dz

)
ζ=iη

]
. (2.19)

Determining the argument of the complex velocity from (2.7) and substituting the result
into (2.19) the following integral equation for the function d ln v/dη is obtained:

− 1

tan θ

d ln v

dη
+

1

π
−
∞∫
0

d ln v

dη′
2η′

η′2 − η2
dη′ =

2α

π

1

1 + η2
+

1

π

1∫
0

dβ

dξ

2ξ

ξ2 + η2
dξ. (2.20)
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The system of equations (2.17) and (2.20) enables us to determine the functions θ(η) and
d ln v(η)/dη along the imaginary axis of the parameter plane if the functions β(ξ) and
γ(ξ) are given. Then, the velocity magnitude on the free surface and the function λ(η))
can be obtained from

v(η) = exp

−
∞∫
η

d ln v

dη′
dη′

 , λ(η) = γ0 +

η∫
0

dλ

dη′
dη′. (2.21a,b)

This gives the velocity v0 = v(η)η=0 and the jet tip angle µ = 3π/2 − λ∞, where
λ∞ = λ(η)η→∞.

2.4. Kinematic boundary condition on the body surface.

The normal component of the velocity on the expanding body can be determined by
exploiting the fact that its surface Zb = Zb(S, t) is self-similar, where Sb is the arc length
measured from point A. By using the self-similar variable Z = Z/(V t) we can write
Zb = V tzb(sb), and the slope of the body δb(Sb, t) = δb(sb) = arg(dzb/dsb). With the
notation in (8) we can write

ℑ(dW ) = V tvndsb (2.22)

On the other hand, from the impermeable condition on the body surface

ℑ(dW ) = ℑ
(
dZb

dt
dZb

)
= ℑ

(
V t
dZb

dt

dzb
dsb

dsb

)
= ℑ

[
V 2t(zb − e−iδbsb)dsb

]
,

where dzb/dsb = eiδb and dZb/dt = V (zb − e−iδbsb) are used. From the above two
equations the normal component of the velocity of the fluid on the body surface is
obtained as

vn(ξ) = ℑ
(
zbe

iδ[sb(ξ)]
)

(2.23)

The tangential component of the velocity on the body surface can be determined as

vs(ξ) = ℜ
(
dw

dz

dz

dsb

)
= ℜ

(
dw

dz

∣∣∣∣
ζ=ξ

eiδb[sb(ξ)]

)
, (2.24)

Here the arc length sb in the above equations can be obtained from

sb(ξ) =

∫ 1

ξ

dsb
dξ′

dξ′ =

∫ 1

ξ

∣∣∣∣dzdζ
∣∣∣∣
ζ=ξ′

dξ′ (2.25)

in which dz/dζ can be obtained from (2.14).
By using Eqs.(2.23), (2.24) and the definition of the function γ(ξ) we can obtain

γ(ξ) = tan−1

 ℑ
[
zb[sb(ξ)]e

iδ[sb(ξ)]
]

ℜ
[
(dw/dz)ζ=ξ e

iδb[sb(ξ)]
]
 (2.26)

The angle δb between τ and x-axis can be determined by the known shape of the body,
which can be expressed through the angles β and γ. Taking the argument of (2.14) and
recalling that β(ξ) = − arg[(dw/dz)ζ=ξ] and λ(ξ) ≡ ω(ζ)ζ=ξ = arg(dw/dsb) we obtain
δb = β + γ, from which the function β(ξ) can be obtained from

β(ξ) = δb[sb(ξ)]− γ(ξ) (2.27)

Equations (2.26) and (2.27) allow us to determine the functions γ(ξ) and β(ξ). Equations
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(2.26) and (2.27) together with equations (2.17) and (2.20) form the closed systems of
integral equations from which the functions γ(ξ), β(ξ), v(η) and λ(η) can be determined.
The pressure coefficient cp based on the ambient pressure, Pa, and normalized by

ρV 2/2 where ρ is the liquid density, can be evaluated in the same way as for the self-
similar problem of impact between two liquid wedges (Semenov, Wu & Oliver (2013)).
By choosing the reference point in Bernoulli equation at stagnation point A and taking
the advantage of self-similarity, we can determine the pressure coefficient at any point of
the flow region though

c∗p =
2(P − PA)

ρV 2
= ℜ

(
−2(w − wA) + 2z

dw

dz

)
−
∣∣∣∣dwdz

∣∣∣∣2 . (2.28)

Then, the pressure coefficient based on the ambient pressure, Pa, is determined as follows

cp(ξ) =
2(P − Pa)

ρV 2
= c∗p(ξ)ξ=0 (2.29)

2.5. The condition of flow detachment.

When the flow detaches from the body surface at point O, we consider it as O−
and O+, respectively, when it is approached from the body surface and free surface,
respectively. We shall ensure the velocity to be continuous at this point and not to be
zero or infinite. To achieve that we can impose the condition that the derivative of the
velocity at O exist, and it is finite and continuous. We will show that this is equivalent
to the condition that the curvatures of the free surface and body surface are the same at
the detachment point. This is the well known Brillouin-Villat criterion (Brillouin (1911);
Villat (1914)). It means that this criterion is also valid for the type of self-similar flow
under consideration.
We consider the complex function

d2w

dz2
=

d

dζ

(
dw

dz

)
/
dz

dζ
. (2.30)

From Eq.(2.7), we have

d2w

dz2
=
dw

dz

[
α

π

2

ζ2 − 1
− 1

π

∫ 1

0

dβ

dξ

2ξ

ξ2 − ζ2
dξ − i

π

∫ ∞

0

d ln v

dη

2iη

η2 + ζ2
dη

]
/
dz

dζ
(2.31)

Here,

dz

dζ
= K1e

i(β0+γ0)ζ, η → 0,

and

K1 =
K

v0
b2µ/π−2 exp

(
− 2

π

∫ 1

0

dγ

dξ
ln ξdξ +

2

π

∫ ∞

0

dλ

dη
ln ηdη

)
(2.32)

which can be obtained from (2.14). In (2.31) dw/dz is finite at ζ = 0, as can be seen
from (2.7). d2w/dz2 will then be singular at ζ = 0 unless the term in the square brackets
is zero, or

1

π

∫ 1

0

dβ

dξ

dξ

ξ
− 1

π

∫ ∞

0

d ln v

dη

dη

η
+
α

π
= 0 (2.33)

This is in fact a condition to determine the location of the point of flow detachment.
We then consider the function δ(η) = β(η) + θ(η), which is the slope of the free

surface. Here, β(η) is the velocity direction on the free surface and the overbar is used to
distinguish it from β(ξ) defined on the body surface in (2.4). The curvature of the free
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surface can be determined from κ = dδ/ds, and it can be expressed using the Levi-Civita
function Ω = i ln(dw/dz) = β + i ln v as follows

κ =
dβ

ds
+
dθ

ds
= ℜ

(
dΩ

ds

)
+
dθ

ds
= ℜ

[
dz

ds

d

dz

(
i ln

dw

dz

)]
+
dθ

ds
= ℜ

ieiδ 1

dw

dz

d2w

dz2

+
dθ

ds

(2.34)
The curvature of the free surface at the detachment point O is

κO = lim
s→0

(
dβ

ds
+
dθ

ds

)
= lim

η→0

(
dβ

dη
/
ds

dη

)
+ lim

s→0

dθ

ds
(2.35)

The function β(η) can be obtained from (2.7) at ζ = iη as

β(η) = −ℑ

[
ln

(
dw

dz

∣∣∣∣
ζ=iη

)]
=

2α

π
tan−1 η +

∫ 1

0

dβ

dξ
tan−1 η

ξ
dξ

+
1

π
−
∫ ∞

0

d ln v

dη′
ln

∣∣∣∣η′ − η

η′ + η

∣∣∣∣ dη′ + β0 (2.36)

Differentiating Eq.(2.36) with respect to η and taking into account that the leading order
of ds/dη = |dz/dζ|ζ=iη at point O (η = 0) is

ds

dη
= K1η, (2.37)

we obtain

κO = lim
η→0

[
− 1

K1η

(
2α

π

1

1 + η2
+

2

π

∫ 1

0

dβ

dξ

ξdξ

ξ2 + η2
− 2

π
−
∫ ∞

0

d ln v

dη′
η′dη′

η′2 − η2

)]
+ lim

s→0

dθ

ds
.

(2.38)
We notice that the term in the brackets is zero at η = 0 because of (2.33). In order to
evaluate the curvature of the free surface at point O, we use the L′Hospital′s rule and
then obtain:

κO = lim
η→0

[
2η

K1

(
2α

π

1

(1 + η2)2
+

1

π

∫ 1

0

dβ

dξ

2ξdξ

(ξ2 + η2)2
− 1

π
=

∫ ∞

0

d ln v

dη′
2η′dη′

(η′
2 − η2)2

)]

+ lim
s→0

dθ

ds
, (2.39)

where the hyper-singular integral is treated based on the principle of Hadamard inte-
gration. In order to evaluate the square brackets containing the singular integrals, we
estimate the leading order of the functions d ln v/dη at η → 0 and dβ/dξ at ξ → 0. By
using equation (2.37) we can find

d ln v

dη

∣∣∣∣
η→0

=
d ln v

ds

∣∣∣∣
s→0

ds

dη

∣∣∣∣
η→0

∼ η1+ε, ε > 0, (2.40)

dβ

dξ ξ→0

=
dβ

dsb

∣∣∣∣
sb→sO

dsb
dξ

∣∣∣∣
ξ→0

=

(
dδ

dsb
− dγ

dsb

)∣∣∣∣
sb→sO

dsb
dξ

∣∣∣∣
ξ→0

∼

(
κb −

dγ

dsb

∣∣∣∣
sb→sO

)
,

(2.41)
where κb = −dδb/dsb|sb=sO is the curvature of the body at the point of flow detachment.
By substituting the leading terms of d ln v/dη and dβ/dξ in (2.40) and (2.41) into the
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corresponding integrals in (2.39) and taking into account that

lim
η→0

η=

∫ ∞

0

η′
2+ε

dη′

(η′2 − η2)2
= 0, lim

η→0
η

∫ 1

0

ξ2dξ

(ξ2 + η2)2
=
π

4
(2.42a,b)

we can find that

κO = κb −
dγ

dsb

∣∣∣∣
sb→sO

+
dθ

ds

∣∣∣∣
s→sO

(2.43)

where (dγ/dsb)sb=sO = (dθ/ds)s=sO which follows from the definition of functions γ(ξ) ≡
ω(ζ)ζ=ξ and θ(η) ≡ ω(ζ)ζ=iη. This equation shows that the curvature of the free surface
shape at the point of flow detachment is equal to the curvature of the body, which is the
same as in steady flows.
The system of integral equations (2.17), (2.20), (2.26) and (2.27) allows us to determine

the unknown functions θ(η), v(η), γ(ξ) and β(ξ). Equation (2.33) determines the position
of flow detachment. Once these functions are found, the free surface and the velocity field
are determined from the governing expressions (2.7), (2.12) - (2.14).

2.6. Water entry of an expanding body without flow detachment.

For the case b = 0 points O and B in figure 3b become the same one. Eq.(2.15) is used at
the intersection point O to obtain K, and s = 0 now also refers to the intersection point.
Eq.(2.33) is no longer needed. The angle of µ becomes that between the free surface and
the body surface at their contact point, or the tip of the jet attached to the body. The
derivative of the complex potential in (2.12) and the derivative of the mapping function
in Eq.(2.14) take respectively the following forms

dw

dζ
= Kζ2µ/π−1 exp

− 1

π

1∫
0

dγ

dξ
ln
(
ξ2 − ζ2

)
dξ +

1

π

∞∫
0

dλ

dη
ln
(
ζ2 + η2

)
dη + iγ0

 .
(2.44)

dz

dζ
=
K

v0
ζ2

µ
π−1

(
ζ + 1

ζ − 1

)α
π

exp

− 1

π

1∫
0

dγ

dξ
ln
(
ξ2 − ζ2

)
dξ +

1

π

∞∫
0

dλ

dη
ln
(
η2 + ζ2

)
dη

− 1

π

1∫
0

dβ

dξ
ln

(
ξ − ζ

ξ + ζ

)
dξ +

i

π

∞∫
0

d ln v

dη
ln

(
iη − ζ

iη + ζ

)
dη + i (β0 + γ0 + α)

 . (2.45)

The expression for the complex velocity (2.7) and the free surface boundary conditions
in sections 2.3 and 2.4 retain their corresponding forms.

3. Results and discussion

The formulation of the problem and its solution derived in section 2 makes it possible
to consider arbitrarily shaped bodies, and a wedge without curvature which was studied
by Semenov & Wu (2016) becomes a special case. In this section we use a circular
cylinder for case study. Its radius R expands in time at constant speed U , or R = Ut,
when the body is in the flow described in figure 3a. At each u = U/V , which is radius in
the similarity plane, the body shape becomes yb = u −

√
u2 − x2b . The normal velocity

of the body into the fluid at point (xb, yb) is equal to yb, which can be verified through
(2.23). This means that for cylinders of different radius u, at the same height from the
bottom or the points with the same yb, the normal velocity is same. However, it should
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be noted that the xb is different. xb at the intersection point of the body with the free
surface is commonly used in the Wagner theory as the half width of the equivalent plate,
which is therefore also different. We shall demonstrate below that both the detached flow
with b ̸= 0 and the attached flow with b = 0 may be mathematically possible. Results
are provided for both cases and discuss flow features in both cases.

3.1. An expanding circular cylinder with detached flow.

The solution procedure of the system of integral equations is similar to that in Semenov,
Wu & Korobkin (2015), and it is based on the method of successive approximations.
There is a flexibility in the choice of initial solution for the contact angle µ and the
functions v(η), θ(η), βξ and γ(ξ). We use the following guess: µ/π = 0.1, v(η) ≡ 1,
γ(ξ) ≡ π,

θ(η) =

 µ, 0 6 η 6 1,
µ+ (π/2− µ)(η − 1), 1 6 η 6 2,
π/2, 2 6 η <∞,

and

β(ξ) =

{
π/4, 0 6 ξ 6 0.5,
0, 0.5 6 ξ <∞.

In discrete form, the solution is sought on a fixed set of points ξj , j = 1, . . . ,M
distributed along the real axis of the parameter region and on a fixed set of points ηj ,
j = 1, . . . N distributed along the imaginary axis. The intervals (η1, ηNb

) and (ηNb
, ηN )

correspond to the segments OB and BD, respectively. The nodes ηj are distributed as a
geometric series with higher density near the singular point ηNb

= b corresponding to the
tip of the splash jet. The integrand of (2.18) determining the arc length coordinate has
a singularity |η − b|µ/π−1, which can be resolved through evaluating integrations within
(ηNb−1, ηNb

) and (ηNb
, ηNb+1) analytically. By using (2.18) we obtain

sNb−1 = πKbb
µ/π (b− ηNb−1)

µ/π

µ
, sNb+1 = −πKbb

µ/π (ηNb+1 − b)µ/π

µ
(3.1a,b)

where

Kb =
K

vB21−µ/π
exp

[
− 1

π

∫ 1

0

dγ

dξ
ln(ξ2 + b2)dξ +

1

π

∫ ∞

0

dθ

dη
ln |η2 − b2|dη

]
It can be seen that the smaller contact angle µ is, the larger arc lengths of the nodes
sNb−1 and sNb+1 nearest to the tip of the splash jet.
The accuracy of the tip angle of the splash jet in the numerical solution is important

because the spatial arc length coordinate starting at the tip of the jet is sensitive to the
angle. To achieve high accuracy for µ is computationally challenging especially at small
b. Convergence study has been undertaken by varying the number of nodes, the smallest
intervals b − ηNb−1, ηNb+1 − b and the truncations are taken on the imaginary axis at
ηN = 104 and on the real axis at ξM = 104. Table 1 gives the splash jet tip angle µ and
the ratio of the arc length of sNb−1 to sOB which is the length of the splash jet between
points O and B, for the case of b = 10−5, at different ∆ = b − ηNb−1 = ηNb+1 − b and
N with Nb = N/5. It can be seen that when ∆ = 10−6, the results have converged very
well. The effects of truncations on the imaginary axis, ηN , and on the real axis, ξM , have
also been studied, which have been found negligible when ηN = ξM > 104. In the most
calculations below, ∆ = 10−6, N = 400, M = 200 and ηN = ξM = 104 are used. It is
also interesting to see from Table 1 that even when ∆ = 10−8, or it is only 0.1% of b,
the arc length sNb−1 is about 99% of the total length of the splash jet OB.
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µ/π sNb−1/sOB

b− ηNb−1 N = 200 N = 400 N = 800 N = 200 N = 400 N = 800

10−6 0.000567 0.000550 0.000547 0.9983 0.9983 0.9983
10−7 0.000569 0.000551 0.000550 0.9960 0.9960 0.9960
10−8 0.000572 0.000553 0.000551 0.9935 0.9936 0.9936

Table 1. Tip angle µ/π of the splash jet and the ratio of arc length sNb−1 between the tip of
the jet and its neighboring node to arc length OB.

In figure 4 are shown the streamline patterns at different expansion speeds u, corre-
sponding to different values of b. The wetted surface of the cylinder is shown by the thick
line and non wetted surface is shown by the dashed line. The slopes of the streamlines
show the flow velocity direction in the self-similar plane, and their density shows the
velocity magnitude, since the flowrate between the streamlines is constant. The higher
density of the streamlines occurs near the root of the splash jet. The tip angle of the
splash jet is so small that lines corresponding to the two sides of the jet are very close.
The zero streamline starting at the origin divides the inflow liquid coming from infinity
and the liquid displaced by the volume of the cylinder and its expansion. In figure 4 it
is also seen that the larger expansion speed, the larger length of the splash jet, while its
inclination to the x−axis becomes smaller. At the large expansion speeds, the length of
the splash jet becomes close to the length of the wetted part of the cylinder.

The impact force coefficient CD is obtained by integration of the pressure along the
wetted part of the cylinder

CD =
2

ρV 2R

∫ SO

0

(P − Pa) cos δbdSb =
1

u

∫ 0

1

cp cos δb
dsb
dξ

dξ. (3.2)

Here, the expansion speed u, the wetted length sO of the body and the angle δO at the
contact point are related through u = sO/δO.

For comparison purpose we may also compute the impact force using the Wagner’s
method, which is based on the approximation that the body at each stage is replaced
by an equivalent horizontal plate hitting on a flat free surface suddenly. The length of
the plate 2L is the horizontal distances of the two intersection points between the body
surface and the free surface and therefore it changes with time. The force predicted by
Wagner model for the case of the constant entry speed can be expressed as (Faltinsen
(2005))

F = ρπV L
dL

dt
= ρV 2RCdp (3.3)

where Cdp is the force coefficient, similar to that in (3.2). This equation is obtained
assuming that the local fluid acceleration term is much larger than that convection term
in the Euler equation, or the term V 2/2 in Bernoulli equation can be neglected. In the case
of the expanding circular cylinder, the half length of the equivalent flat plate is chosen
as L = R sin δO = V tu sin δO (see figure 3a), and the angle at the flow detachment point
δO is constant at a given expansion speed u. Strictly speaking, L here is not the same
as that used in the classic Wagner theory. The contact point here is obtained from the
fully nonlinear theory while in the classic Wagner theory, L is obtained from a correction
based on the solution for a flat surface. By substituting L into (3.3), we obtain the impact
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Figure 4. The free surface shape and streamlines for different expansion speeds of a circular
cylinder: a) u = 109, b = 10−5; b) u = 27.6, b = 10−4; c) u = 6.98, b = 10−3; d) u = 1.94,
b = 10−2; e) u = 1.0, b = 0.052; f) u = 0.0487, b = 4.0.

force coefficient as

Cdp = πu sin δO (3.4)

In figure 5 is shown comparison between the force coefficients predicted by (3.2) and
(3.4), respectively. As it can be seen the agreement between these models is quite good.
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Figure 5. The Impact force coefficient on an expanding circular cylinder entering water
with constant velocity: CD in (46) (solid line); Cdp in (46) (dashed line); the ratio CD/Cdp

(dash-dotted line).

u b δ◦O µ/π sOB sOB/u CD Cdp

108.8 0.00001 11.07 0.000550 19.84 0.184 14.09 12.12
41.56 0.00005 18.29 0.001414 11.99 0.289 13.80 12.59
27.65 0.0001 22.61 0.002131 9.58 0.346 13.20 12.86
11.00 0.0005 36.74 0.005596 5.63 0.512 11.12 12.84
7.02 0.001 46.84 0.009264 4.28 0.609 9.80 12.36
4.10 0.0025 62.15 0.017411 3.02 0.737 7.98 11.73
2.78 0.005 75.42 0.027933 2.32 0.834 6.57 10.08
2.25 0.0075 83.32 0.036389 1.99 0.888 5.79 8.19
1.95 0.01 88.64 0.04310 1.80 0.925 5.28 6.96
1.43 0.02 99.77 0.06346 1.44 1.008 4.23 6.12
1.03 0.05 109.1 0.09384 1.16 1.126 3.24 4.36
0.839 0.1 111.2 0.12134 1.05 1.253 2.70 2.89
0.690 0.2 107.6 0.15255 1.03 1.493 2.28 2.29
0.501 0.5 92.50 0.20051 1.11 2.206 1.73 1.97
0.323 1 75.87 0.24315 1.17 3.625 1.27 1.57
0.146 2 63.25 0.28943 1.16 7.954 0.881 0.954
0.0477 4 57.59 0.33597 1.11 23.29 0.671 0.367
0.0131 8 55.74 0.37923 1.06 81.09 0.576 0.107

0 ∞ 55.00 0.5 1.0 ∞ 0.499 0

Table 2. Main reference parameters for water-entry of an expanding circular cylinder with
detached splash jet. In the last line are shown the values corresponding to the steady flow past
a circular cylinder (Gurevich (1965).

This ratio of CD to Cdp changes between 0.8 and 1.1 in the range of 0.5 < u < 100. For
smaller expansion speeds, CD becomes visibly larger than Cdp. It is due to the fact that
problem tends to steady one as u→ 0, in which the local acceleration term in the Euler
equation is zero. As Cdp in (3.4) is due to only local acceleration term and has ignored
convection term, Cdp → 0. Such an approximation is obviously invalid for the steady
flow.
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The expansion velocity u, the angle of flow detachment, δ◦O, in which the superscript
indicates that the angle is given in terms of degrees, the tip angle of the splash jet, µ/π,
and the impact force coefficients, CD and Cdp, for various values of the parameter b are
shown in Table 2. It can be seen that the angle δO between the line linking body centre
and its bottom A, and the line linking its centre and the flow detachment point increases
as the expansion speed decreases when it is in the range 0.8 < u < ∞. The angle then
starts to decrease for further decrease of the expansion speed in the range 0 < u < 0.8.
For the very small expansion speed the angle approaches the value δO ≈ 55◦ which is
the angle at the flow detachment point for the steady flow past a fixed circular cylinder
(Gurevich (1965)). In this case, the length of the free surface OB tends to infinity and
becomes one side of an open cavity. It is known that the half width of the steady cavity,
Xc, tends to infinity at a rate of Xc ∼ lnYc (Gurevich (1965)). However, in the similarity
plane the coordinate xc = Xc/(V t) ∼ ln(V t)/(V t) → 0 as can be seen in figure 4f .

The results in Table 2 show that for b→ 0 the angle of the splash jet, µ, tends to zero.
For this reason, the length sOB does not tend to zero. In fact, when b → 0, (3.1a) gives
sOB if ηNb−1 is taken as 0. Thus

sOB =
πKb

µ
b2µ/π (3.5)

Therefore, it seems that the result for b→ 0 is different from that for b = 0. However, in
reality, when µ→ 0 and if jet thickness tends to zero, the existence of such a jet does not
affect the main flow, as the integrations along the both sides of the jet virtually cancel
each other. Thus, removal of such a jet would not be expected to make real difference to
the solution. In such a case, the flow is virtually the same as the attached flow, where O
is the contact point or the root of the attached jet, which will be discussed further later.
It should also be noted that although sOB increases as b decreases in Table 2, sOB/u
decreases. In other words, relative to the size of the cylinder, the effect of sOB on the
global flow decreases as b→ 0.

3.2. An expanding circular cylinder with attached flow.

The computation for an expanding cylinder with attached flow is also a challenging
task, especially at small µ as the singularity of order 2µ/π − 1 in (2.44) tends to ζ−1 as
µ → 0. Although the nodes ηj and ξj are distributed as a geometric series, it is found
that even when η1 = ξ1 = 10−6 are used next to the origin ζ = 0 the arc length sη1

and sξ1 from the nearest nodes to the intersection point O, on the free surface and the
body surface, respectively, are still not sufficiently small. As shown in the Table 1 for the
detached flow, the arc length from the nearest node to the tip of the jet is about 99%
of the total length of the jet. Such large percentage arc length taken by a single element
does not cause a major problem for the case of the detached flow, because boundaries
of the jet are nearly straight lines and the velocity field in the jet is almost uniform in
the same direction. However, for the jet attached on a curved surface the length of the
element Sξ1 should be small enough to account the shape of the cylinder and its effect on
the flow in the jet. This difficulty can be resolved by introducing the following variables:

ln ζ = ln |ζ|+ arg ζ =

{
φξ, ζ = ξ,
φη + iπ/2, ζ = iη.

(3.6)

where the subscript refers to the axis on which the corresponding variable is defined. We
then rewrite the system of integro-differential equations (2.17), (2.20), (2.26) and (2.27)
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based on variables φξ and φη. It can be seen that using

d

dφξ
−
(
ζ
d

dζ

)
ζ=ξ

(3.7)

The singularity at ζ = 0 in (2.44) and (2.45) disappears, and we can determine the arc
length coordinate along the free surface, s(φη), and along the body, s(φξ), as follows

s(φη) = −
∫ φη

−∞

1

v(φη)

∣∣∣∣ dwdφη

∣∣∣∣ dφη, s(φξ) =

∫ φξ

−∞

1

v(φξ)

∣∣∣∣ dwdφξ

∣∣∣∣ dφξ. (3.8a,b)

similar to the way of determining s(η) and sb(ξ) in (2.18) and (2.25), respectively. Then
equation (3.1) for the arc lengths of the nodes nearest to the tip takes the form

{sξ1 ,−sη1
} =

πK

2µv0
exp

[
− 1

π

∫ ∞

0

dγ

dφξ
φξdφξ +

1

π

∫ ∞

0

dλ

dφη
φηdφη +

2µ

π
{φξ, φη}

]
(3.9)

In the discrete form, the solution is sought on two sets of points, φmin < φξj <
φmax,j=1,. . . ,M and φmin < φηj

< φmax,j=1,. . . , N , corresponding to the real and
imaginary axes. Based on the computational studies the range of the interval, φmin =
−200 and φmax = 30 is chosen to capture the flow details near the tip of the jet. These
values correspond to ηmin = 10−87 and ηmax = 104 in the ζ−plane. The total number
of points is chosen with N = 600 and M = 600 based on the study of convergence and
accuracy of the solution procedure.
The streamline patterns for the different expansion speeds together with the free

surface shape are shown in figure 6. It can be seen within the range calculated that
the larger expansion speed is, the smaller angle δO and thinner the jet will be, which
is similar to those observed in figure 4 for the detached flow configuration. However, in
contrast to the detached flow, for which solution can be obtained in the whole range of
expansion speeds, from zero to infinity, for the attached flow there is a minimal expansion
speed, or maximal angle δO, for which the solution with a free surface can be obtained.
For expansion speeds smaller than that no converged solution can be obtained from the
numerical procedure.
Relative to the bottom of the body A, the top of the body moves in the y direction

with speed 2u. Noticing the velocity of the incoming flow is 1, if 1 > 2u, or u < 0.5, the
top of the cylinder will be below the undisturbed free surface. In such a case, the cylinder
becomes fully enclosed by the liquid, and the solution with a contact point O between
the body surface and the free surface no longer exists. Due to the attached jet, its tip O
may reach the top of the cylinder and the cylinder becomes fully enclosed by the liquid
at u larger than 0.5. In such a case, solution for a contact point O is possible only for
the detached flow.
In figure 7a are shown the streamlines inside jets attached on the body at u =

1.069, 1.005, 0.937 with the corresponding angles δO = 163◦, 165◦ and δO = 167◦, the
last of which is the largest angle that could be obtained computationally. It is seen that
the angle between the streamlines and the cylinder surface increases for larger angle δO
and the streamlines become almost perpendicular to the cylinder near the tip of the jet
as it is seen in figure 7a. Therefore, the tangential component velocity on the cylinder
surface gradually decreases along the body surface toward to the tip.
The velocity magnitude distribution along the free surface is shown in figure 7b for

δO = 167◦ that corresponds to the expansion speed u = 0.8365. It is seen that there
is a maximum of the magnitude, whose position is around the point of inflection of the
free surface. The magnitude of the velocity decreases towards the contact point. Such a
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Figure 6. The flow configuration at the different expansion speeds: a) u = 27.6; b) u = 6.98;
c) u = 1.94; d) u = 1.0.

behaviour of the velocity is different from that observed for wedges entering the liquid,
for which the velocity along the free surface reaches its maximal value at the jet tip
(Dobrovol’skaya (1969); Zhao & Faltinsen (1993)).
The velocity magnitude along the free surface relative to that at the tip of the jet, and

the angle of the velocity to the free surface against s/v0 are shown in figure 8 for the
different expansion speeds. It is clearly seen that the maximum of the velocity magnitude
occurs at s/v0 from 0.5 to 0.6, and within this range both sets of results change rapidly
apart from that at critical case of u = 0.937. Rapid variation near the jet root is a typical
behaviour of the velocity in water-entry of blunt bodies/wedges (Howison, Ockendon &
Wilson (1991); Zhao & Faltinsen (1993)). Along the jet towards to its tip the velocity
magnitude decreases while the angle of the velocity to the free surface slightly increases.
This is due to the effect of the curvature of the body surface along which the jet is
running.
The pressure coefficient on the cylinder surface is shown in figure 9 for different

expansion speeds. Results from detached flow at the same expanding speed are also
provided. It is seen, that for both attached and detached flow configurations, the pressure
distributions along the cylinder are almost the same in the wide range of expansion
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Figure 8. (a) Velocity magnitude along the free surface relative to the velocity at the jet tip,
v/v0, (lower set of the curves) and the angle of the velocity to the free surface, θ, (upper set
of the curves) for different expansion speeds: u = 20.2, δO = 50◦ ( dashed-dot lines); u = 5.62,
δO = 90◦ (dotted line); u = 2.09, δO = 135◦ ( dashed line); u = 0.937, δO = 167◦ (solid line).

speeds, including the pressure peaks near the jet root. This means that the pressure
distribution on the body is not very much affected by the flow detachment. A small
difference between pressures in the detached and attached flows occurs beyond jet root.
In the former, the pressure drops rapidly to zero at the detachment point O (xO, yO). In
the latter case, the pressure will also drop rapidly from the jet root near point (xO, yO).
However, because the flow is attached on the body beyond this point, the pressure on
the body surface is not the ambient one. In fact it will keep decreasing and become
smaller than the ambient pressure, leading to a negative cp. The pressure coefficient
in the attached flow returns to zero at its own contact point. For the lower expansion
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Figure 9. Pressure coefficient on the cylinder surface for the cases shown in figures 4 (dashed
lines) and 6 (solid lines): (a) u = 27.17; b) u = 6.98; c) u = 1.94; d) u = 1.0.

speeds shown in figure 9c and 9d, the corresponding jets become thicker, as can be seen
in figure 6. However, the magnitude of the negative pressure coefficients become smaller
than those for larger expansion speeds in figures 9a and 9b.
In table 3 are shown main flow characteristics for different expansion speeds. The

angle at the contact point and the angle at the jet tip both monotonically increase as
the expansion speed decreases. At the lowest possible expansion speed u = 0.937 for the
attached flow they become δO = 167◦ and µ = 61◦, respectively. In table 3 the force
coefficients for the attached (C ′

D) and detached (C ′′
D) flows are also shown. As expected

from the previous discussion, for the same expansion speed of the cylinder they are very
close to each other.
We may relate what has been found in the present study on an expanding body to that

on a body of fixed size entering water. For the latter, in the case of a circular cylinder,
its radius R = R0 will be a constant. Based on the present notation, u = R0/(V t) will
then change with time. The problem of a cylinder with constant R0 is obviously fully
transient. The problem was considered by Greenhow (1988) who adopted the numerical
method of Vinje & Brevig (1981). The calculations started from a moment at which the
body already had some finite depth of penetration into the liquid. Here, we may assume
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u δ◦O µ/π C′
D C′′

D

20.2 50 0.00381 12.61 12.67
13.3 60 0.00898 11.64 11.65
11.2 65 0.0105 11.24 11.18
9.61 70 0.0119 10.83 10.74
8.31 75 0.0132 10.43 10.31
7.25 80 0.0145 10.03 9.90
5.62 90 0.0171 9.20 9.08
4.10 105 0.0154 8.31 7.98
3.23 115 0.0220 7.23 7.11
2.65 125 0.0264 6.53 6.39
2.09 135 0.0431 5.48 5.53
1.68 145 0.0622 4.70 4.76
1.33 155 0.0966 3.94 4.00
1.17 160 0.1333 3.57 3.61
1.11 162 0.1601 3.41 3.45
1.04 164 0.2092 3.25 3.26
1.01 165 0.2447 3.17 3.18
0.970 166 0.2881 3.08 3.07
0.937 167 0.3391 3.00 2.98

Table 3. Main reference parameters for water-entry of an expanding circular cylinder with
attached flow.

that at each given time, the self-similar solution can still shed some light. In fact this
practice has been used by Semenov & Wu (2016) for an expanding wedge and expanding
plate, and close correlation between the results of the transient flow and self-similar flow
has been found. Here, at early stage of water entry of a fixed cylinder, u is very large.
Although both detached flow and the attached flow are possible, the thickness of the
detached jet in the former and that of the attached jet in the latter are both extremely
small. The jets in both cases hardly affect main physical parameters, such as the pressure
distribution on the body surface. In other words, when jets are removed, both flows can
be treated as attached with the intersection point near the jet root. When t increases, u
will decrease. Although the jets in both flows are no longer very thin, the above practice
at small t or large u still works very well and the pressure distributions on the body
surface up to the jet root are nearly the same. This suggests that no matter whether the
detached flow or attached model is used, the pressure distribution is not very different.
As t further increases, the detached flow will eventually tend to the steady Helmholtz
flow. For the attached flow, the solution with an intersection point between the free
surface and the body surface is no longer possible, as the body will be fully enclosed by
the fluid. Thus the present self-similar solutions for detached and attached flows closely
reflect what has been observed by Duez et al. (2007) for a hydrophobic and hydrophilic
bodies, respectively.

4. Conclusions

Self-similar solutions for water entry of an arbitrarily shaped body in expansion have
been obtained based on the velocity potential theory, with gravity and surface tension
effects being ignored. Both cases with flow detached from a hydrophobic body and flow
attached on a hydrophilic body have been considered. The integral hodograph method has
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been employed in the parameter plane in which the derivative of the complex potential is
expressed together with the complex velocity. Through the method, the original problem
in the whole fluid domain is reduced to a system of integral and integro-differential
equations in which the dynamic and kinematic boundary conditions on the free surface
and the impermeable condition on the body surface are imposed.

For the detached flow, the condition of velocity continuity and the boundness of the
spatial derivative of the velocity is imposed at the point of the detachment, which is
used to locate the position of the detachment point. It is then found that the curvature
of the free surface is equal to that of the body surface at the detachment point in this
self-similar flow, which means that the Brillouin-Villat condition for the steady flow also
holds in the present problem.

The solution of the problem very much depends on the ratio of the expansion speed
to the entry speed u. At large u, which corresponds to early stage of a fixed cylinder
or small t, both detached and attached flows are mathematically possible. However, the
main results, such as pressure distributions on the body up to the point near the jet root
are nearly the same, suggesting that either model could be used. As u decreases, or the
corresponding t increases for a fixed cylinder, the thicknesses of the jets in the two flows
are no longer small. Their shapes are quite different. However, the pressure distributions
on the body surface in both cases are still very close to each other. A difference is that
in the attached flow, the pressure in the jet region becomes smaller than the ambient
pressure. As u further decreases, or t further increases for a fixed cylinder, the solution
for the detached flow can still be found. As u→ 0, the solution approaches to the steady
free-streamline Helmholtz flow past the curved body with an infinitely long cavity. For
the attached flow, there is a minimal value of u, below which no solution can be found. It
has been found through numerical computation that the minimal value is u ≈ 0.93 for a
circular cylinder. For a fixed cylinder, very small u corresponds to very large t. In such a
case, the body will be fully enclosed by the fluid. The attached flow with a contact point
between the body surface and the free surface is no longer possible and the attached flow
means that the whole body surface becomes the wetted surface.

It has also been found that the Wagner theory gives good results when u > 0.5 for
the expanding circular cylinder. For smaller u, the results from the Wagner become
inaccurate. This reflects the fact that in the Wagner theory the velocity product term is
ignored and only the temporal derivative is kept in the Bernoulli equation, based on the
assumption that the former is much smaller than the latter. Such an assumption becomes
invalid at small u, as the problem tends to steady and the temporal derivative tends to
zero.
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