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ABSTRACT

Many uncertainty propagation software exist, written iffetent programming languages,

but not all of them are able

to handle functional correlatimiween quantities. In this

paper we review one strategy to deal with uncertainty prapag of quantities that are
functionally correlated, and introduce a new softwafiering this feature: the Julia pack-
ageMeasurements. jl. It supports real and complex nhumbers with uncertaintyitray-

precision calculations, mathematical and linear algepeaations with matrices and arrays.
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1 INTRODUCTION
1.1 Measurement uncertainty

The process of measurement has as goal the determinatibe of t
value of themeasurandthat is the physical quantity to be mea-
sured. The measurement of physical quantities with a cootis
spectrum is always hindered by uncertainty. The JCGM'’s tiui
to the expression of uncertainty in measuremed€GM 100:2008
2008 lists some of the possible sources of uncertainty in a mea-
surement. These include experimenter’s bias in readintpgna
instruments, finite instrument resolution, inexact valoéscon-
stants or measurement standards, approximations and atssosn
in the measurement procedure, etc. Thus, the outcome of aay m
surement must be specified givingnaminal valueand ameasure-
ment uncertainty

The uncertainty is the best estimate, according to the exper
menter, of the distance between the experimental resultnoéa
surement and the true value of the measurand up to a certin pr
ability. In this sense, the uncertainty identifies the ima&m which
the experimenter is confident that the true value of the nraadu
lies.

1.2 Functional correlation between quantities

The fact that two or more quantities are correlated mearngtbee

is some sort of relationship beetween them. In the contextes-
surements and error propagation theory, the term “coroefats
very broad and can indicateffiirent things. Among others, there
may be some dependence between uncertaintiedfefett mea-
surements with dierent values, or a dependence between the val-
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1 An exception is represented by measurements of those @ist@asur-
ands that can be simply counted, so their true value can lesses with
certainty.
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ues of two measurements while their uncertainties afferent.
Thus, it is very important to specify what kind of correlatione is
talking about.

Here, by “functional correlation” we mean the functional re
lationship between quantities:if= X+ o is an independent mea-
surement, a quantity = f(x) = y + o, that is function ofx is not
like an independent measurement, but is a quantity depgioair,
so we say thay is functionally correlated with.x

Scientists analysing the result of experiments usuallyehav
perform mathematical operations involving measurememit®se
uncertainty must be appropriately propagated to the outaafithe
operations. This is very important, considering that manguji-
ties cannot be measured directly, but one has to measurkeanot
measurand and transform its value to the desired quantibydgi
mathematical operations.

When functional correlation is taken care of, one should find
Xx—x=0=x0, x/x = 1+ 0, because is perfectly correlated
with itself and there is no doubt that theffdrence between a
measurement and itself is exactly 0. Likewise, its own rigiex-
actly 1. The same applies to any other expression, Ake: xx,
tan(x) = sin(x)/ cos), cis(x) — exp(ix) = 0+ 0, .... If functional
correlation is not taken into account, you would find that tive
sides of each equations would havéelient uncertainties.

In Section2 we review one approach to deal with uncertainty
propagation of operations involving functionally cortelé quanti-
ties. In SectiorB we present one software that uses this strategy:
the Julia packagleasurements. j1.

2 UNCERTAINTY PROPAGATION AND FUNCTIONAL
CORRELATION

For a functionG(a, b, c,...) of real arguments with uncertainties
(@a=a+o0sb=Db+o,andc = c+ o, ...) the linear error
propagation theory prescribes that uncertainty is proegias fol-
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lows (Taylor 1997:
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where ther,, factors are the covariances defined as
oan = E[(a— E[a])(b - E[b])]. (2

E[a] is the expected value ef If uncertainties of the quantities b,
c, ..., areindependent and normally distributed, the cavags are
null and the above formula for uncertainty propagation sifireg

to
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In general, calculating covariance terms is not an easy task
One possible approach for handling functional correlai®rio
propagate the uncertainty always using really indepengarit
ables, so that covariances are null by definition. Thus jmgalith
functional correlation boils down to finding the set of akktimde-
pendent measurements on which an expression depends aund cal
lating its partial derivatives with respect to all these mjitaes.

Going back to the example above,df b, c, ..., are cor-
related quantities, whil¢x,y, z ...} is the set of really indepen-
dent measurements, it is possible to calculate the unogrtaf

G(a,b,c,...) with
2
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where all covariances due to functional correlation aré ffidther
types of correlation (not functional) betweryy, z, .. ., are present,
they should be treated by calculating the covariances asrsho
above.

For a function of one argument oni§ = G(a), there is no
problem of correlation and the uncertainty propagatiomide in
the linear approximation simply reads
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even ifais not an independent variable and comes from operations

on really independent measurements.

3 MEASUREMENTS.JL

| wrote and developeteasurements. j1,> a package that allows
users to define numbers with uncertainties, perform caiouls.in-
volving them, and easily get the uncertainty of the resutbed-
ing to linear error propagation theory. This library is veit in Ju-
lia, a modern high-level, high-performance dynamic prograng
language designed for technical computiBgZanson et al. 20)2
Measurements. jl is free and open source and is released under
the terms of MIT “Expat” license.

The main features of the package are:

e Support for most mathematical operations available in
Julia standard library, including special functions, g
real and complex numbers. All existing functions that atcep
AbstractFloat (andComplex{AbstractFloat} as well) argu-
ments and internally use already supported functions caarim
perform calculations involving numbers with uncertaistigithout
being redefined. This greatly enhances the power of the packa
without dfort for the users.

e Functional correlation between variables is correctlydheah.

e Support for arbitrary precision (also called multiple psém)
numbers with uncertainties. This is useful for measuremeiith
very low relative error.

e Define arrays of measurements and perform calculations with
them. Some linear algebra functions work out-of-the-bog|ud-
ing solution of linear systems, matrix multiplication anot ¢rrod-
uct between vectors, calculation of inverse, determiremd, trace
of a matrix, QR decomposition.

e Propagate uncertainty for any function of real argumemts (i
cluding functions based on/Bortran calls), using@uncertain
macro.

e Functions to get the derivative and the gradient of an expres
sion with respect to one or more independent measurements.

e Functions to calculate standard score and weighted mean.

e Parse strings to create measurement objects.

e Easy way to attach the uncertainty to a number usingtthe
sign as infix operator. This makes the code more readableiand v
sually appealing.

e Combined with external packages allows for error propagati
of measurements with their physical units.

When used in the Julia interactive session, it can serveaalso
an easy-to-use calculator.

Furthermorelleasurements. j1 strives to be as fast as possi-
ble. To give a rough idea of its speed, according to testopadd
with theBenchmarkTools. j1 suite’ on a system equipped with an
Intel(R) Core(TM) i7-4700MQ CPU, defining a number with un-
certainty takes 30 ns, and summing two numbers with unceytai
requires about 400 ns.

As a concrete example, suppose you want to calculate the g 1 Handling functional correlation

functionG = G(a, b) of two arguments andb that are function-
ally correlated, because they come from some mathemateat o
ations on really independent measurements z, saya = a(x, y),

b = b(x, 2). By using the chain rule, the uncertainty Gfa, b) is
calculated as follows:
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The package defines a new data tyfpeasurement, which holds
the nominal value of the measurement and its uncertairdynasd
to be a standard deviation. In order to deal with functiomatela-
tion between measurements when performing mathematieahop
tions with arity larger than one Measurement object keeps inside

2 |tis developed atttps://github.com/giordano/Measurements. j1,
where it is also possible to report issues and suggest iraprents.
3 https://github.com/JuliaCI/BenchmarkTools. jl.
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the list of its derivatives with respect to the independeariables
from which the quantity comes in the form of a dictionary.

When the type constructor is used to creatéeasurement
object, anew independemheasurement is defined. Instead, the out-
come of any mathematical operation involvingasurement ob-
jects is a quantity that depends on all the quantities it cofram.
From a technical standpoint, it i$faasurement object, not tagged
as independent, which holds the list of derivatives withréspect
to the really independent quantities. In this way, the sgwtpre-
sented in Sectio@ can be readily applied.

3.2 Why anew uncertainty propagation package?

Among the packages listed in the Wikipedia article “List of
uncertainty propagation software"Wikipedia 2016, to date
Measurements. j1 is one of the most advanced and feature-rich. It
is one of the very few programs supporting complex measun&ne
and capable of performing linear algebra operations wittrioes
and arrays of numbers with uncertainties. In addition, ihesonly
program that can work with arbitrary precision arithme#d.op-
erations are always carried out taking care of functionaletation
between quantities.

Measurements. jl is not the first uncertainty propagation
software implementing the method reviewed in Secom\ctu-
ally, it borrowed the idea of keeping the list of derivatifesm the
Python packagencertainties,* but the rest of the implemen-
tation of Measurements. j1 is completely independent from that
of uncertainties. However, writing an uncertainty propagation
software in Julia language has some advantages.

The language itself is specifically designed for scientifime
puting with particular attention to performance, appraagtthat
of statically-compiled languages like C and Fortran, atné# been
being adopted by more and more researchers across the smitd,
was natural to make available to experimental scientisth auool
purely implemented in Julia.

1 =20.936 + 1le-3; T = 1.942 + 4e-3
g = 4pir2*1/TA2
# => 9.797993213510699 + 0.041697817535336676

This second example show that the functional correlation be
tween quantities is correctly handled, within numericaluaacy.

x = 8.4 + 0.7 # An independent measurement
u = 2x # This is functionally correlated with x
x+Xx) -u

#=> 0.0 + 0.0

u/2x

#=>1.0 £ 0.0

ur3 - (2xA3 + 6X*XA2)

#=> 0.0 = 0.0

cos(x)*2 - (1 + cos(uw))/2

#=> 0.0 + 0.0

beta(x, u) - gamma(x)*gamma(u)/gamma(3x)

# => 0.0 + 1.852884572118782e-23

Other comprehensive examples presenting all the features
of the package can be found in the up-to-date documentation a
http://measurementsjl.readthedocs.io.

4 CONCLUSIONS

In Section2 we reviewed a method to handle uncertainty propaga-
tion in operations involving functionally correlated qti¢ies. The
expedient proposed entails tracking the true independeasore-
ments from which an expression comes and computing itsabarti
derivatives with respect to those measurements. In thisthego-
variance terms are null by definition and the simple equa@®n
can be used to propagate the uncertainty.

This method has been implemented in the Julia package
Measurements. j1, presented in SectioB This software enables
scientists to perform fast operations on measured quastithile

In addition, Julia language has a smart type system that correctly propagating their uncertainty to the result,cading to

greatly improves productivity and lets users focus on tha re
problem at handMeasurement type is defined as a subtype of
AbstractFloat type and inherits all features of the parent type,
thus support for complex measurements, arbitrary pretisabcu-
lations, array operations and linear algebréléasurements. j1
came for free during the development of the package, thametis
a single line in the whole code of the program to reach these fe
tures. Also the possibility of combininfleasurements. j1 with
third-party packages to define numbers with uncertaintynys-
ical units is a feature that came without specifitog from the

authors of the dferent packages, thanks to the powerful Julia type

system. This is an important factor in terms of maintairigbof
the code and productivity.

3.3 Examples

Here
Measurements. j1 package.

The code below shows how to define numbers with uncertain-

ties and perform operations with them.

using Measurements # Load the package

4 https://pypi.python.org/pypi/uncertainties/.

is a showcase of some examples of use of the

linear error propagation theorfeasurements. j1 features sup-
port for real and complex numbers with uncertainty, mudtiple-

cision arithmetic, mathematical and linear algebra op@natwith

matrices and arrays of numbers with uncertainty.
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