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ABSTRACT. We consider a restricted Dirichlet-to-Neumann map
AgR associated with the operator 97 — A, + A+ g where A is the
Laplace-Beltrami operator of a Riemannian manifold (M, g), and A
and q are a vector field and a function on M. The restriction Ag)R
corresponds to the case where the Dirichlet traces are supported on
(0, T)xS and the Neumann traces are restricted on (0, 7)xR. Here
S and R are open sets, which may be disjoint, on the boundary of
M. We show that Ag,R determines uniquely, up the natural gauge
invariance, the lower order terms A and ¢ in a neighborhood of
the set R assuming that R is strictly convex and that the wave
equation is exactly controllable from & in time T/2. We give also a
global result under a convex foliation condition. The main novelty
is the recovery of A and ¢ when the sets R and S are disjoint.
We allow A and g to be non-self-adjoint, and in particular, the
corresponding physical system may have dissipation of energy.

1. INTRODUCTION

Let (M, g) be a smooth, connected and compact Riemannian mani-
fold of dimension n with nonempty boundary OM, let A be a smooth
complex valued vector field on M, and let ¢ be a smooth complex val-
ued function on M. We consider the wave equation with Dirichlet data
f € C((0,00) x OM),

(02 — Ay + A(z) + ¢(x))u(t,z) =0, in (0,00) x M,
(1) 4 vloo)xom = f, in (0,00) x OM,
uli—o = Ouli—o = 0, in M,
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and denote by uy = u(t, z) the solution of (I)). For open and nonempty
sets S, R C OM and T € (0, 00| we define the response operator,

1
Ag,R . f — (8Vuf — 5(14, l/)gujr)|(()7T)><7g, f S Ogo((O,T) X 8)

Here v is the exterior unit normal vector field on OM, and (A4, v), is
the inner product of A and v. We use real inner products throughout
the paper. If A(z) = 7", A/(x)0; in local coordinates, then (A,v),
is given by g;x A7V locally.

When f is regarded as a boundary source, the operator AE,R models
boundary measurements for the wave equation with sources on the set
(0,7) x § and the waves being observed on (0,7") x R. We consider
the inverse boundary value problem to determine the manifold (M, g),
the vector field A and the potential ¢ from Ag z.

We have studied previously the determination of the geometry (M, g)
in the case that A = 0 and ¢ = 0, see [30]. This corresponds to
the recovery of the leading order terms in the wave equation up to
isometries. It appears to us that when the sets S and R are disjoint,
the recovery of the lower order terms A and ¢ is more complicated than
the recovery of the leading order terms, and this is the main focus of the
present paper. It should be emphasized that if S and R are disjoint
and if AZ, is known only at a fixed frequency in the sense that its
Fourier transform in time is given at fixed point, then it is not possible
to recover even the geometry (M, g), see [12].

In order to recover A and ¢, we develop a new technique that is based
on exploiting strict convexity of the set R. We recall that R is said to
be strictly convex if its second fundamental form is positive definite,
that is, I1(v,v) > 0 for all v € T, R and = € R, where

II(v,v) = (Vyv,v)g,

and V is the covariant derivative on (M, g). Using the convexity we
construct a boundary source f such that, at time ¢t = T, the corre-
sponding solution uy is essentially localized in a small set near R.

The lower order terms A and ¢ can be determined only up to the
action of a group gauge transformations, that we will describe next.
Let xk be a smooth nowhere vanishing complex valued function on M
satisfying k = 1 on R. The response operator AE’R does not change
under the transformation (A, q) — (A, ¢s) where

(2) Ac=A+25"grad K, qo=q+r(A—Agr™,

and grad, is the gradient on (M,g). We refer to [25] for a similar
computation in the self-adjoint case. When & C M is a neighborhood
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of R, we write

gL{,R(A7Q) = {(AI{‘Uﬂql‘ilu); K& 000(17)7 ’KV’ > Oa KV’R = 1}
for the orbit of the group of gauge transformations on U.
We recall that the wave equation (|1)) is said to be exactly controllable
from § in time 7T if the map

(3)  f = (up(T), 0y (T)) : L*((0,T) x S) — LA(M) x H™ (M),

is surjective. If there is such T" > 0, then we say that is exactly
controllable from §. The exact controllability can be characterized in
terms of the billiard flow of the manifold (M, g) [3,9]. The geometric
characterization says roughly that all unit speed geodesics, continued
by reflection on OM \ S, must exit M through S during time 7". In
particular, the geometric characterization implies that the exact con-
trollability does not depend on the lower order terms A and gq.
In this paper we show the following theorem:

Theorem 1. Let S C OM be open and suppose that the wave equation
s exactly controllable from S in time T > 0. Let R C OM be
open and strictly convex. For j = 1,2, we fixt A; € C*(M;TM)
q; € C°(M;C), we denote by AJQCFSR the response operator at time 2T
associated with with A = A; and q = q;. Then assuming that

(4) A%?:S,R - A%,T:S,’Rv

there is a neighborhood U C M of R, independent of (Ai,q1) and
(As, q2), such that

(5) (A1l q1lu) € Gur(Az, ga).

We show also a global uniqueness result under the assumption that
there is a convex foliation similar to that in [35]. We assume that >,
s € (0, 1], satisfy the following:

(F1) 3, C M™ is a smooth manifold of codimension one.

(F2) The union Q = [J,¢ (g Xr € M™ is open and connected, and

Q, C Qg when r < s.
(F3) 092, = X, UR, and R, C R where R, = Q, N IM.
(F4) X, is strictly convex as a subset of M, where

M, = M\ (Q, UR,).

(F5) The Hausdorff distances satisfy dist(£2,, Q) — 0 as r — s.
(F6) There is a set Ry C R such that dist(£2s, Rg) — 0 as s — 0.
Furthermore, to simplify the notation, we assume

(F7) R = UsE(O,l] Rs.
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Theorem 2. Let S C OM be open and suppose that the wave equation
s exactly controllable from §. Let R C OM be open and strictly
convez and let X, s € (0,1], be a convex foliation satisfying (F1)-(F7).
Then implies that there exists U C M an open set of M containing
Qq such that

(6) (A1lus q1lu) € Gur(Az, ga).

In Section 5] we show that, in the above theorem, exact controllability
from S can be replaced with exact controllability from R. Our result
is new even in the following case:

Example 1. Let (M, g) be the Euclidean unit disk {z € C; |z| < 1}.
Let ¢ > 0 and define R = {€%;0 € (—e,m +¢€)}. Let S C OM be
open and nonempty. Then AFp determines A and q, up to the gauge
transformations, in the convexr hull of R.

Example 2. Let (M, g) be the Euclidean annulus
{z€C; r <|z| <y}, with0 <ry <o

Let ¢ > 0 and define R = {rqe?;0 € (—e,m +¢)}. Let S C OM be
open and nonempty and assume that S satisfies the geometrical control
condition of [3], for evample, S = {z € C; [z| = m}. Then AT
determines A and q, up to the gauge transformations, in the conver

hull of R.

Let us also point out that we could use a time continuation argument
analogous to [30, Lemma 4] and prove Theorem[2|also for measurements
on a long enough but finite time interval.

Our proof is based on the Boundary Control (BC) method. The BC
method was introduced by Belishev [4], and it was first used in a geo-
metric context in [5]. Stability properties of the method are discussed
in [2] and in the recent preprint [7]. First order perturbations have
been considered in the self-adjoint case in [20], 27], and in the non-self-
adjoint case in [20, 28]. All the above results assume that S = R. The
case of disjoint § and R was first considered in the above mentioned
[30] where no first order perturbation was present.

The previous version of the BC method [30], with data on disjoint
sets, was based on recovering distance functions and did not use local-
ization of waves to delta-type functions, a technique that we develop
in the present paper. Needless to say, distance functions contain no
information on lower order terms. Moreover, the proofs in above men-
tioned 20, 26, 27, 28] make a heavy use of the assumption S = R, and
therefore they do not generalize to the present setting with disjoint S
and R.
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In addition to [30], we are aware of only two results on inverse bound-
ary value problems with disjoint data analogous to the case SNR = 0.
Rakesh [33] considers a wave equation on a one-dimensional interval
with sources supported on one end of the interval and the waves ob-
served on the other end, and Imanuvilov, Uhlmann, and Yamamoto
[19] proved that a zeroth order term in a Schrodinger equation on a
two-dimensional domain homeomorphic to a disk, whose boundary is
partitioned into eight parts I'y,I's, ..., I's in the clockwise order, is de-
termined by boundary measurements with Dirichlet data supported on
S =1y UI's and the Neumann trace observed on R = I'y U I's.

Let us mention also the result on recovery of a conformal scaling fac-
tor in the metric tensor given the Dirichlet-to-Neumann map [37] that,
analogously to our result, uses local convexity of the boundary. The
proof [37] is based on a reduction to the boundary rigidity result [36]
and this approach seems to require that S = R. Let us also mention
that, using the equivalence between inverse problems for hyperbolic
equation and inverse problems stated for other equations described in
[22, 24], the result of this paper can also be applied in other context
for different types of equations.

A vast majority of results on inverse boundary value problems as-
sume that SNR # (). For this type of non-disjoint, partial data results,
we refer to [10] 111, [13], (15 [16], 17, 18] 23].

1.1. Outline of the paper. In Section 2.1 we first prove a version
of Blagovescenskii’s identity that, given the response operator A?;TR,
allows us to compute inner products of the form

(7) <U¢>(T7 ')7uf(T7'>>L2(M)7

where uy is the solution of , with f supported in (0,27") x S, and
vy 1s the solution of a dual problem, see below, with the source ¢
supported in (0,27) x R.

It follows from approximate controllability, as recalled in Section
2.2, that if for a fixed f the inner products vanish for all ¢ in
Ce((0,2T) x R), then ug(T,-) must be supported outside the set of
points x € M satisfying d(z,R) < T.

A key idea in the proof is to use a more refined argument to show
that for a point # € M near R we can choose a set B C (0,27") x R such
that if (7)) vanish for all ¢ in C§°(B), then u (7, -) must be supported
outside a set that isolates a neighbourhood of z as in Figure [2]in Section
This construction uses the convexity of R and it is carried out in
Section 3.1.
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Using the assumption that the wave equation (|1f) is exactly control-
lable from & in time T" > 0, we then show in Section 3.2 that it is
possible to construct a sequence of sources (fx)reny in L?((0,T) x S)
so that, when restricted near R, the functions uy, (T, -) converge to a
point mass k0, at x, with x a nonzero constant.

We finish the proof of Theorem [1] in Section 3.3. The idea is to
substitute uy, (7,-) in (7) and recover rkvy(T,x) after passing to the
limit. Here the constant x depends on the choice of the point x, and
some technical work is required in order to recover x(x)vy(T, x), with &
a smooth function near R. Having the functions x(x)vs(T, x) at hand,
it is straightforward to find out which wave equation they satisfy. This
will give us A, and ¢, as in (2)).

The global result in Theorem [2] is proven in Section 4 by iterating
the local construction along the convex foliation. Finally in Section 5,
we give some complementary results.

2. TOOLS FOR THE INVERSE PROBLEM

In this section we present the two main components of the Boundary
Control method: an integration by parts technique originating from
Blagovescenskii’s study of the 1+ 1 dimensional wave equation [6], and
a density result based on the hyperbolic unique continuation result by
Tataru [38].

2.1. Blagovescenskii’s identity. Let ' € OM and B C M™ be
open, and let kK : B — C be a smooth function satisfying

k(x) #0, x € B.
We define for f € C3°((0,00) x 5),

1
AFf = (azzu - Q(A’ V)gu)‘(o,oo)xl“a 7-B,nf = Hu’(o,oo)xBa

where w is the solution of , and write 7p = Tp, when considering a
fixed k.

For all 7 > 0 we define K{ and K3, for any f € C§°((0,00) x S),
(t,x) € (0,400) x M and (t,y) € (0,+00) X B, by

(8) Kif(t,x) = ApJ f(r —t,a) — T Apf(t,x),
(9) Kp f(t,y) = TxJ f(r—ty) — T Tenf(t,y),

where J7(t, z) = 1 thij(s,x)ds and J7Y(t,x) = L [P (s, x)ds.

2 t 2 Jt
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Let us now consider the adjoint problems
02 — Agv — Av + (g — div,A)v =0, in (0,00) x M,

(10) § vl (0,00)x0M = @, in (0,00) x OM,
V|0 = Opv]i=0 = 0, in M,

O*w — Ayw — Aw + (g — div,A)w = H, in (0,00) x M,
(115 wl(0,00)xoms = 0, in (0,00) x OM,

w0 = Gwli—0 = 0, in M,
where H € C3°((0,+00) x B), ¢ € C§°((0,00) x OM), div, the diver-
gence on (M, g). We fix vy (resp. uy, wy) the unique solution of
(resp. (1)), (11)) lying in C*((0, +o0); L2(M)) N C((0, +00); H'(M)).

Now let us consider the following identity

Lemma 1 (Blagovescenskii type identity). Let 7 > 0 and let ' C OM
and B C M"™ be open. Then for functions f € L% _((0,400) x §),
¢e Ll ((0,00) xT), He L} ((0,+00) x B) we have

(12) (0o (T -), up (75 )) 201y = (63 KL F) 2207 <)

(13) (Wra (T, ), up (7, ) 2y = (H, K f) 12 (0,7)x1)-
Proof. Since the proof of and are similar, we will only treat
(12). Without loss of generality and by density, we assume that f €
C3((0,400) X 8), ¢ € C5°((0,00) x T'). For t € (0,7) and s € (0,27),
we start by considering
S(t,s) = (vs(t, ), ur(s,-)) L2(an)-
Recall that
(07 —92)S(t,s)
= ((Ag + A= (7 — divgA)vs(t, ), us(s, ) L2(ar)
—(vs(t,-), (A — A= qus(s, ) r2an)
= (Ovvy(t,-) + —(AvV) vs(t,+), f(s,°)) r2(om)
—(&(t,-), Arf( )) L2 (oM)-
Thus, fixing

F(tv S) :<allv¢(t7 )
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we deduce that the function S satisfies the 1 + 1 dimensional wave
equation

025 — 02S =F, in (0,7) x (0,27),
S(0,-) =0, 0:5(0,-) =0, in (0,7),
S(,0)=0, 8,5(-,0)=0, in (0,27).

We solve this wave equation on the triangle with corners (7, 7), (0,0)
and (0,27), and obtain

(vg (T, T,))L2(m)

/ / - a U(b ( )QU¢(t> ')a f(57 ')>L2(3M)d$dt

__// Y, Arf(s, ) z2oan dsdt.

Now, for h € C3°((—o0,7) x S), let u = R,ug,) and v = vy where R,
is the time reversal operator defined by R, h(t,z) = h(7 —t,x). Then

L\DI»—t

1 1
(h,0,v+ = (A V) V) L2((0.r)xom) — (Opu — 2(A, V) gt P} L2((0,r) x0M)
= ((0? — Ag + A+ q)u,v) 12(0,1)x M)
— <u, (8752 — Ag — A —+ (q — dngA))U>L2((O,T)><M) =0.
Therefore, we have
1
(h,0,v4 + 2(A V)gUs) L2((0,r)xom) = (BrArRrh, ) 12((0,0)xom) -

Fixing

we find

a U¢ (Au V)9U¢(t’ ')7 f(sa ')>L2(8M)d8dt

(9 U¢ (ﬁ u)g%(t, '), h(t, '>>L2(8M)dt

I
“3), !

- Aw()RmRM)mmmt

N | =
— [\DI»—»C\

2
=f@m»mem»mmmt

Combining this with , we deduce ([12]).
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2.2. Approximate controllability. Next we consider approximate
controllability on a domain of influence. Let T" > 0, I' C OM and
B C M™ be open, and let V =T or V = B. Let h : ¥V — R be
piecewise continuous, and define the domain of influence

MV, h) ={z € M; inf(d(z,y) - h(y)) < 0},

where d is the distance function on (M, g). Moreover, we write
BOV, b T) = {(t,) € (0,00) x V5 T — h(y) < t}.

We extend the notations M (V,h) and B(V, h;T) for constants h € R
by interpreting h as a constant function. Moreover, we define M (x, h)
by M({x}, h) for points x € M.

We have the following approximate controllability result that is anal-
ogous to [30, Lemma 5] and [27, Lemma 2.5].

Lemma 2. Let T > 0, I' C OM and h : ' — R to be piecewise
continuous. Then, the set

{vs(T',-); ¢ € C°(B(I', 1;T)) }
is dense in L*(M(T',h)) = {y € L*(M); supp(y) C M(T,h)}. In the

same way, for B C M™ an open set and h : B — R a piecewise
continuous function satisfying h > 0 pointwise, the set

is dense in L*(M(B,h)) = {y € L*(M); supp(y) C M(B,h)}.

The L?-topology used in the above lemma does not give control over
the point values of v4. For this reason, we need occasionally also the
following lemma, that is analogous to Lemma 3.7 in [27].

Lemma 3. Let T >0, C OM, B C M™ and suppose that functions
hy : I' = R and hy : B — R are piecewise continuous. Let x and y
be points in M (T, hy)™ and M (B, hy)™, respectively. Then there exist
¢ € CP(B(I, h;T)) and H € C3°(B(B, he; T')) such that the solution v
of and the solution w of satisfy v(T,x) # 0 and w(T,y) # 0.

3. LOCAL DETERMINATION OF THE FIRST ORDER PERTURBATION

In this section we prove Theorem [I Before formulating the geo-
metric step of our proof, that is, Proposition (1| below, let us introduce
some notation. Let I' C M be open. Then the boundary normal
coordinates adapted to I' are given by the map

(15) (s,y) = (s;y,—v), yel, sel0,orm(y)),
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where the cut distance op s : I' = (0, 00) is defined by

(16) UF,M(ZJ) = max{s S (O7TM(y>]7 d(7(57y7 —V),F) - S}?

mu(y) = sup{s € (0,00); v(s;y, —v) € M™}.
Here ~(+;x,€) is the geodesic with the initial data (z,§) € TM, and
we recall that v is the exterior unit normal on OM. We often write

or = oyr. Note that op(y) > 0, see e.g. [2I], p. 50].
We define

MF = {7(S;ya _I/); Yy e Fv S [OvaF(y))}

Then a point z € Mr is represented in the coordinates by (s,y),
where s = d(z, ") and y is the unique closest point to x in I'.
We will also use the notations

B(p,r)={x € M; d(z,p) <r}, peM, r>0,
Boy(y, ) = {x € OM; d(z,y) <r}, ye€ oM, r>0.

3.1. A convexity argument. Our aim is to construct a sequence
of functions (hg)reny on R such that the difference of the domains of
influences M (T, s) \ M(R, hx) converges to a point z € M as k — oo.
Here I' C R and s > 0 will be chosen suitably, and the point x will lie
in vicinity of R. We will use this construction to enforce a sequence of
solutions of to converge, at a fixed time, to a point mass at . The
main result of this subsection can be stated as follows.

Proposition 1. LetI' C OM be open and strictly convexr and let I C T’
be compact. Define for p = (s,y) € Mr and small € > 0,

C(p,e) = ((s—€,s+€)N[0,00)) X Ban(y,€),

in the coordinates . There exist a neighborhood U C My of IC such
that for all p € U there is € > 0 satisfying the following. For any
x € C, = C(p,€) there exists a sequence of functions (hy . )ren in C(T)
such that the set

Xk,x = M(BﬁM(?/a 6)7S+6)mt\M(Fahk,x)a k € N7
is a neighborhood of x, and diam (X ) — 0 as k — oc.

The functions hy, are given explicitly by below. In order to
prove this result we will need three intermediate results.

Lemma 4. Let I' C OM be open and strictly convex, and let I C T be
compact. Then there is 6(KC) > 0 and a neighborhood U(K) C Mr of
KC such that, for all x € U(K) and q € B(z,0(K)) \ {«}, there is z € T’
satisfying d(z,q) < d(z,z).
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Proof. Let us consider a unit speed geodesic vy(t) = (r(t), z(t)) in coor-
dinates and denote the initial data of v by

7(0) = (s,9), (0) = (p,m).
We will first show that there is a neighborhood U C M of K and py > 0
such that, for all (s,y) € U and p € [—1, po], the geodesic 7 intersects
[ and is distance minimizing until the intersection.
To this end recall that, in coordinates , the metric tensor g is of
the form

(17) 9(s,y) = ( (1) h(s?y) ) '

We write (z!,...,2") = (s,y) and 9; = 9,5. Then it follows from
that the Christoffel symbols I'; satisfy for o, f = 2,...,n,

I, = En: %hﬁ“alhm = — Zn: 1
k=2 k=2

and that the (scalar) second fundamental form of OM satisfies

(806765 Zhﬁﬂ al O y Piﬁa)’y)'

The geodesic equations imply that

1?2
r(t) =s+tp— 2 D Togls,p)n™n’ + O(F),
a,=2
see e.g. [34, p. 113]. Moreover, the strict convexity of I', the lower
semi-continuity of the cut distance function o and the compactness of
K imply that there is a neighborhood Uy C Mr of K and ¢ > a > 0
such that, for all (s,y) € U,

alnl; < Z Lhs(s, y)n®n” < clnl.
a,B=2
We will consider only the case |7 > 1/2. Note that if py > 0 is
small and |n]? < 1/2, then p < py implies that p < 0 since (p,7) is an
unit vector. For small t > 0, we have the bound

) at?

s+tp—ct” <r(t) < S—I—tp—§.
The above formula implies that there is 7 = 7(s,y;p,v) such that
r(7) =0 and r(t) > 0 for t < 7. In addition, K C T"is closed and 7 is
unit speed. Thus there is o > 0 such that, for s < o, y € K, p < o with
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oM

FIGURE 1. A schematic of the short cut argument in the proof
of Lemma[d] The geodesics 3;, v and vy are depicted by the solid
red, solid grey and dashed black curves, respectively.

(s,y) € Uy, the geodesic (t) intersects I" at t = 7. Moreover, y(t) € I’
for 0 < ¢t < 7 and () is the distance minimizing up to z, = (7).
Thus, for ¢ € (0,7),

(18) d(zy,7(t)) = 7 =t < d(2y,7(0)).
Let us emphasize that the case s = 0 is also allowed in the above
argument. We take U = {(s,y) € Up; s < ¢} and py = 0.

Let (s,y) € U, (p,n) be a unit vector and suppose that p > py. We
may choose 19 = bn, 0 < b < 1, such that (pg, 7o) is also a unit vector
at (s,y). Then the geodesic y(s) with the initial data

7(0) = (s,¥),  10(0) = (po,7m0)
intersects I" at z,, and is distance minimizing until the intersection.
As po > 0 we have that 7(s,y; po,n) is strictly positive for (s,y) € U
and ng € S :={n e R"; |nf + p§ = 1}. Together with continuity of
7 this implies
= min 7(s,y;p0,70)/2 > 0.
(s,y)eU,noes

Let B; : [0,1;] — M be the distance minimizing unit geodesic from ()
to Yo(7vr), see Figure[l] The first variation formula, see e.g. [32, Prop.
10.2], implies that

lt . .
Drd(vo(r0), 1(1)) oo = O /0 O] = (). 00Dy

Observe that £;(0)],—o = 40(0) and that 9,3,(0) = 4(0). Hence

Ord(o(7r), 7(t))li=0 = —(30(0), %(0))g = —pop — blmoli; < —p5.
It follows from the above inequality together with the relative com-
pactness of U that there is § > 0 such that, if t € (0,9), (s,y) € U,
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p > po, then

(19) d(29,7(8)) < d(24,7(0)) = tp5/2.

The claim now follows from and by taking () = min(r,J),
x =~(0) and g = () for t € (0,6(K)). O

Lemma 5. Let I' C M be open and let v € Mr. Then, for all
qge M(I,d(x,T')) \ {z}, there is z € ' satisfying d(z,q) < d(z,x).

Proof. Let x = (s,y), s = d(z,I), in coordinates ([15), and let z be a
closest point to ¢ in I'. If 2z # y then

d(z,q) =d(q,T) < d(z,T') < d(z,z),

since z is not the closest point to x in I'. Suppose now that z = y and
write r = d(y,q). Then r < d(z,T') = s and ¢ = (r,y) in coordinates
. Moreover ¢ # x, whence r < s. 0

Lemma 6. Let 6 > 0 and let p € Mrp have the boundary normal
coordinates (s,y). Then there is ¢ = €(p,d) > 0 such that for all
z € B(p;e),

(20) M (Ban(y,€),s+¢€) € M(T,d(z,T)) U B(z, 9).

Proof. To prove we assume the contrary. Then there exist se-
quences €, — 0,

such that d(g,,I") > r, and d(gn, z,) > d. Taking if necessary a subse-
quence, we may assume that ¢, — ¢. Then it follows from the above
that

dlg,y) <s, d(q,T)=s, dlg,p)=0.
This is a contradiction since the first two conditions imply ¢ = p. [

Armed with these lemmas we are now in position to complete the
proof of Proposition [I]

Proof of Proposition [l We assume that 6 > 0 and U C Mr are as in
Lemma [4l Moreover, for p = (s,y) € U we fix € = €(p,d) > 0 as
in Lemma @ We decrease € > 0, if necessary, so that By (y,e) C T’
and that in the coordinates (15), C(p,e) C B(p,d). Then, for any
xz € C(p,€) we set

(21) hgo(2) =d(z,x) —1/k, z€T.

The set X}, is visualized in Figure . It is clear that Xj41, C Xj,
and that z € X}, for all k € N. Suppose that ¢ € X}, for all k € N.
If ¢ ¢ B(x,0) then yields that ¢ € M(I',d(z,I')). Now Lemma
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p

FIGURE 2. Left. A part of the domain of influence M(L', hy )
in gray, where (M, g) is the Euclidean unit disk, = = (0,3/5),
k = 20, and T is slightly less than the upper half circle. The black
curve is the boundary of M(Bgy(y,¢€),s + €) where p = (s,y),
y=(0,1), s =1/2 and € = 1/5. The set X}, is the white region
around z. Right. Schematic diagram of the sets Bgy(y,€) C T,
in black around the gray point y, and C(p, €), in gray around the
black point p = (s,y). Here € > ¢ > 0. The black curve is the
boundary of M (B (y,€), s+ €).

implies that ¢ € M(T, hy,)™ for large k which is a contradiction
with ¢ € X, If, however, ¢ € B(x,4) \ {z}, then Lemma 4] implies
that ¢ € M(T, hy,)™ for large k which is again a contradiction. Thus

q = x. As the sequence of sets X, is decreasing and (| Xy, = {z},
k>1
we have that diam (Xj,) — 0 as k — oo. O

3.2. Localized solutions. We denote by | X| the Riemannian volume
of a measurable set X C M. Also, we write

Uay: L2((0,T) x 8) 3 f = uy(T,-) € L*(M),

where uy is the solution of . If is exactly controllable from
S in time T, then Uy, is a continuous surjective linear map from
L2((0,T) x 8) to L?*(M). In this case, using the fact that L*((0,T) x
S) is a Hilbert space, we can consider the restriction U; of Uy, to
U, ({0})*, where U, ({0})* denotes the orthogonal complement of
U, ({0}) in L2((0,T) x 8). It is clear that Uy is continuous and one-
to-one, from U, ({0})* to L*(M), and, since both U, ({0})* and
L?*(M) are Hilbert spaces, applying [8, Corollary 2.7, pp. 35] (see also
[14, pp. 33-34]) we deduce that U; is an isomorphism from [[J;}q({O})L
to L?*(M). Fixing Ui" g = U; ! we obtain a continuous linear map from

L*(M) to L*((0,T) x S) such that Uu U, = U,U;" = Id.
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In this subsection we will prove the following proposition that, to-
gether with Proposition [I} will allow us to enforce a sequence of solu-
tions of to converge, at a fixed time, to a point mass.

Proposition 2. Let X C M be open, x € X and let X, C M, k € N,
be a sequence of neighborhoods of x satisfying JLI{}Odiam (Xk) =0. Let
o € C°(X) satisfy o(x) # 0. Let T > 0 and suppose that a sequence
(fr)ken of functions in L*((0,T) x S) satisfies

(i) there is C > 0 such that || fill 2o.ryxs) < CIXkl™V? for all

keN,

(ii) supp(ufk(T, ) C XpU(M\X) forallk €N,

(iii) ({wg, (T, -),%0) 2(m))ken converges.
Then there is k € C such that (ugp (T,-), )2y — wp(x) for all
functions ¢ € C°(X).

Furthermore, if the wave equation 15 exactly controllable from
S in time T, then the sequence fr = ULyqlxk/|Xk|, k € N, satisfies
(i)-(11i), and the corresponding k is 1.

Let us emphasize that X is open in the topology of M, a manifold
with boundary. In particular, X may intersect M in which case x
may belong to OM.

Proof. Let ¢ € C3°(X). Observe that supp (uy, (T, -)1)) C Xj. Fixing
Ry (¢) = (up, (T, ), ) 2y — () o (T, )dVy(x),
k
where dV}, denotes the Riemannian volume, we get
<ufk (T7 ')7 ¢>L2(M) = ¢<x><ufk (T, ')7 1>L2(Xk) + Rk(w>

Using some local coordinates = in X} for all large enough k, the
remainder term satisfies

Ro) < [l DG - 0l@) @)

Xk

< Clldblon, /X g, (T, B)|d(F, )V, (3)
k

1/2
< Clldllop lus (Tl ( | @ x>dv;,<z>)
< Clldill g diam (Xy) — 0.

Notice that the constant C' > 0 may increase between the inequalities
and that, at the last inequality, we use

Hufk(Tv ')HL2(M) <C kaHL2((O,T)><S) )

k
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see [29], together with (i). We choose 1) = 1y and see that the limit

lim <ufk (T,), 1>L2(Xk) = L lim (<ufk (Tv ')7 ¢0>L2(M) — Ri(¢))

k—oo @D() (J}) k—o00

exists. We denote the limit by x. Thus for any ¢ € C§°(&X’) it holds
that (uy, (1)), V) 2y — kP (z) as k — oo.

Finally, it is clear that f, = U;’qlxk/|Xk| has the properties (i)-(iii)
with xk = 1. O

3.3. Local recovery near the set R. Armed with the localization
procedure given by Propositions [ and 2| we prove Theorem [I] in this
section.

From now on, we fix A; € C*(M;TM), ¢; € C*(M;C), j = 1,2,
and, for functions f € C§°((0, +00)xIM), ¢ € C§°((0, +00) x OM ) and
H € C§°((0,+00) x B), we consider w; r, v 4, w; g solving respectively

, , with A = A; and ¢ = ¢;. We write also
Aj =Dy —Aj—q, Aj=14, + A — (@7 — dive(4))).
Before proving Theorem [If we still need to establish two lemmas.

Lemma 7. Let I' C OM and B C M™ be open. Let T > 0 and
h:T — [0,T] be piecewise continuous. Let C C M (T, h) N M™ be open
and let k € C*(C) be nowhere vanishing. Then the condition

(22) V(T x) = kva (T, ), ¢ € CF(B(L,hT)), vel,

implies that Ay = K 1Ak on C. In the same way, for h : T — [0,T]
piecewise continuous, C C M(B,h) N M"™ and k € C*=(C) be nowhere
vanishing, the condition

(23) wy (T, 2) = kweg(T, ), HeCFB(B,hT)), vel,
implies that A, = 7= YAk on C.

Proof. Since the proof of these two results are similar, we will only
show that implies A; = & ' Ayk on C. We start by proving that

implies

(24) Aoy (T, -) = kA5va 4(T, ), ¢ € C3°(B(T, h; T)).

For this purpose, we fix ¢ € C§°(B(I', h; T)) and remark that there is
e > 0 such that supp(¢) C [¢,+00) x OM and ¢ € C°(B(T',h —¢;T)).
Thus, taking into account the translation invariance in time of and
fixing ¢, : (t,x) — ¢(s + ¢, x), we obtain that

Uj@s(T? ) = Uj#)(s + T, ')7 s € [076)7 J=12
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and implies
V(s +T,) =krvag(s+T,-), se]l0,¢).

Differentiating twice this identity with respect to s, we get ([24)).
Now let ¢ be a function in C§°(C). Applying again (22)), we can
compute

(kA5024(T, ), V) r2c) = (Kvag(T, ), B AsRb) r2(c)
= (016(T, ), K~ AsRt) L2(c)

Applying , we get
(ATvig(T, ), V) 120y = (KASV26(T, ), ¥) 120y = (v1,6(T, ')7E_1A2E¢>L2(C)

and it follows
(25) (16(T,-), (A1 = R AR)Y) 120) = 0, ¥ € C°(C).

As the functions vy 4(T',-)|c, ¢ € CgO(B(F, h;T)), are dense on L?*(C),
we deduce from (25 that A; = & ' Ask on C, which completes the
proof of the lemma. O

The next lemma will be used only for j = 2.

Lemma 8. Let I' C OM and B C M™ be open, and let V =T or

= B. Let T >0 and let h : V — [0,T] be piecewise continuous.
In the case when V = B suppose, moreover, that h > 0 pointwise.
Let C; € M(T,h) N M™ and Co C M(B,h) N M™ be open and let
ke : Co — C. Then the following properties hold:

(1) Forj=1,2, if kv (T, -) € C®(Cy) for all p € C°(B(T, h;
then Ky € C”(Cl) In the same way, if kew; g(T,-) € C*(Cy)
for all H € CP(B(B,h;T)) then kg € C(Cy).

(2) If for all x € Cy there is ¢ € C(B(I', h;T)) such that

ki(z)vj (T, x) # 0
then ki(x) # 0 for all x € Cy. If for all x € Cy there is H €
C°(B(B, h;T)) such that ke(z)w;g(T,x) # 0 then re(z) # 0
for all x € C,.

Moreover, in the case V = I' we can enforce smoothness up to the

boundary, that is, we define C=CU (SN Cy) where S is an open set
in OM such that h > 0 in S, and have the following:

(3) Forj = 1,2, if kiv;4(T,") € C=(C C) for all ¢ € C°(B(T, h; T))
then 1y € C(C).
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Proof. The proof for V =1T" or V = B being similar, we consider only
the results for V = T. Let « € C;. By Lemmal3] there is a neighborhood
U of z and ¢ € C3°(B(I', h; T')) such that v; 4(T, ) is non-vanishing in

U. We have that k; = ”i”;(é’,}T)) in U, and (1) and (2) follow.
j, b

Suppose now that © € SN Cy. Then there is a neighborhood of U C
M of x and ¢ € C3°(B(T', h; T')) such that v; 4(T', ) is non-vanishing in
U, since on S we can choose v; (T, ) = ¢(T,-) to be non-vanishing.
The function v;4(7T,-) is smooth up to dM, whence k; is smooth in

U. U

We are ready to prove the local result formulated in the introduction.

Proof of Theorem [ As the wave equation is exactly controllable from
S in time T, [3, Theorem 3.2] implies that or < T pointwise on R.
We recall that o is defined by (16)). For j = 1,2 and x € C*°(Q,), we
fix K[ given by (§) for Ap = A2 Fsr and applymg () we deduce that

(26) Kip =Kz

Let K C R be compact, and consider the sets defined in Proposition
[Mlfor I =R, U C Mg and p = (s,y) € U. We write C,(K) = C,, to
emphasize the dependence on K, and use an analogous notation also

for other quantities in Proposition [[, We will start by proving that
there exists k € C*°(C,(K)) such that the following identity holds

(27) 016(T, ) = K(x)ve4(T, ),

for ¢ € C3°(B(Bam(y,€),s +¢7T)) and x € C,(K). For any = €
C,(K), we consider functions hy, and sets X}, , satisfying the properties
described in Proposition [ We will apply the result of Proposition 2]
with X = M(Bam(y,€),s + €)™ and X;, = Xj,. Using the exact
controllability assumption, we fix

(28) fro =0 1x,, /| Xnal, k€N
We remark that
(29) Em <u17fk,z (Tv ')v 77/1>L2(M) = w(l‘)a (U C((])O(X)

Let us now show that the conditions (i)-(iii) of Proposition 2 are fulfilled
with respect to j = 2. Clearly () holds, as it does not depend on

j=1,2. The equations and (| imply that
<“1,fk,z( ), v1,6(T >L2 K Rfk ) ¢>L2((0,T)x7z)
(30) = < 2,Rka, ¢) L2((0,T)xR)
= <u27fk, ), Va,6(T > L2(M
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Finite speed of propagation implies that supp (vi 4(T,-)) C M(L, hy, )
for all ¢ € Cg°(B(R, hie;T)). Observe that uyy, (T,-) = 1x, /| Xeal
by (28)), and recall that by definition X = M (Ba(y, €), s + €)™ and
Xiow =X\ M(T, hy ), see Proposition [1] for the latter. Hence

<u2afk,:c (T7 ')’ UQ,¢<T7 .)>L2(M) = <u1:fk,z (Ta ')7 U1,¢>(T’ ')>L2(M) =0

and the density result of Lemma [2 implies that usy,  (7,-) = 0 in
M(T, hy, ). Therefore

Supp (uz,fk,ac (T’ )) C M \ M(F7 hk‘,$) C Xk,a: U (M \ X)a
and (ii) holds. Moreover, equations (29)-(30) imply that the sequence
(<u27fk,z (T7 ')7 U2,¢><T7 .>>L2(M))kEN

converges for any ¢ € C§°(B(Baon(y,€),s+¢€;T)). Thus, condition (iii)
of Proposition [2]is also fulfilled. Note that by Lemmal3] the function ¢
can be chosen so that vy 4(T',x) # 0. According to Proposition [2] there
exists k, such that

(31) kginoo <u27fk,z (Ta ')v ¢>L2(M) = Iiﬂﬁ(l‘), (U C((]X)(X)

We define a function & : C,,(K) — C by k(z) = k,, and remark that
applying with ¢ = vy 4(T,-) for ¢ € C5°((Banm(y,€),s+¢€,T)), and
using , we have

(32) Ul,¢(T7 JT) = kgr—i{loo <u2,fk7x (T7 ')7 U2,¢(Ta )>L2(M) = /ﬁ)(l’)’Ug@(T, ZL')

This establishes . Moreover, combining with the fact that
v14(T,-) € C®(M), for ¢ € C°(B(Bam(y,€),s +¢,T1)), and applying
Lemma , we deduce that k € C®(C,(K) U (C,(K) NR)). Finally,
applying Lemma (3| we deduce that for all z € C,(K) there exists ¢,
such that vy, (T, z) # 0. Thus, and Lemma |8 imply x is nowhere
vanishing in C,(K).

We consider now a collection {K;; i € I} of compact sets in R
and p; = (s;,y;) lying in a neighborhood of K; as in Proposition [I}
We assume that {K;; i € I} and {p;; @ € I} are chosen in such a
way that (J,.; Cp,(K;) is a neighborhood of R. Repeating the above
argumentation, for all i € I, we find x; € C*(C,, (K;) U (Cyp, (K;) NR))
such that, for all z € C,,(K;), we have

(33) v14(T,x) = ki(x)vap(T, ), ¢ € C(Boam(Yis &), si +€,T)).
Now let iy,iy € I be such that Cy, (K;,) NGy, (Ki,) # 0. Since both

Pig

Cp,, (Kiy) and Gy, (K;,) are cylindrical domains, Cp, (K;,) N Gy, (Ki,)
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is also cylindrical and we have Bays(vi,, €;,) N Bonr (v, €1,) # 0. Com-
bining this with , we obtain for any

¢ € CSO(B(BaM(in, Eil) N BaM(yiQa €i2)7 maX(Sh + €i15 Siy + €i2)7 T))
and any x € Cp, (Ki;) NGy, (Ky,), the equation
(34) Kiy (0)V2,6(T, 1) = v1,4(T, 1) = Ky, (2)v2,4(T, 7).

In view of Lemma , for any z € Cy, (Ki;) NGy, (Ki,), we can choose
¢ such that vy 4(T, z) # 0. Combining this with (34), we have

(35) Kiy (l‘) = Ky (m)’ S Cpil (]Cll) N Cpi2 (ICZQ)

Therefore, we can define k € C* (|J,.; Cy, (K;)) such that, for all i € 1,
Kic,, (k) = ki In light of , we deduce that rjz = 1 and Lemma |8
implies that x # 0. Moreover, applying Lemma [7| on C,,(K;), for any
1 € I, we deduce that

Ay =k ok = Ay — (Ay + 267 'grad k) — (g2 + k(A2 — Ag)r™)

holds true on | J,.; Cp,(K;). Therefore, we can define U a neighbor-
hood of R, contained into (J,; Cp,(K;), such that x € C*(U) and
(Atlus 1lu) € Gur(As,q2). This completes the proof of the theo-

rem. O

4. RECONSTRUCTION OF THE FIRST ORDER PERTURBATION ALONG
A CONVEX FOLIATION

In this section we prove the global result stated in Theorem [2] The
proof of this result is based on iterating the local reconstruction method
of the previous section along the convex foliation.

4.1. Local recovery near the set 3,. Let X, s € (0, 1], be a convex
foliation satisfying (F1)-(F7). Let I' C ¥, be open and let h: T — R
be piecewise continuous. We recall that M is defined in (F4), and
consider the domain of influence on M,

M (T, h) = {z € My; inf(dy, (2,y) - h(y)) < 0}-

Here dy, (x,y) is the distance function on (Ms, g). We will also use the

notation dg_(7,y) for the distance function on (€2, g).

Lemma 9. Let 3, s € (0,1], be a convex foliation satisfying (F1)-
(F7), and let s € (0,1]. Let h : Xy — R be piecewise continuous.
Then

(36) M, (S, h) U, = M (%, 1),
where h(y) = max(sup,y, (h(z) — dg (2,9)), dg, (y, 0)).
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Proof. Let us show first that
d(x,z) =dy,(x,2), x,2€ M.

It is enough to show that a shortest path v between x and z stays in
M. To get a contradiction suppose that S < s, where

S =inf{r € 0,s]; yNX, # 0},

and we have used the notation >y = Ry. Let p € yNXg. Let us consider
first the case S > 0. Then 7 is a geodesic near p. As yN Qg = 0, the
intersection is tangential. But then the strict convexity of ¥g implies
that v is in {2g near p, which is a contradiction. On the other hand, if
S = 0 then the intersection must be tangential again, since a shortest
path is C', see [1]. But this is impossible by the strict convexity of
o C'R. B

Let us now show (36). Note that i(y) > h(y) for y € &, and that

h >0 on Q. Hence M,(S,,h) UQ, C M(,,h). On the other hand,
if 2. € M(Qq,h)\ Q, then there is y € Q, such that d(z,y) — h(y) <0
and z € X, such that h(y) = h(z) — dg_(z,y). Thus

dar,(2,2) = h(2) = d(z, 2) — dg (2,9) = hly) < d(z,y) ~ h(y) <0,
and x € M(3s, h). O
Let us prove next the following analogue of Theorem [I| with internal

data on Q. Note that contrary to Theorem [I we do not require x to
have a specific value on 3,. We recall that for and open set U C M™®

and f € C5°((0,00) x S),
7},U,nf = /fuj|(0,oo)xU,
where u; is the solution of for A= A; and ¢ = g;.
Lemma 10. Let S C OM be open and suppose that the wave equation

is ezactly controllable from S in time T > 0. Let ¥4, s € (0,1],
be a convex foliation satisfying (F1)-(F7), let s € (0,1], and let ko €

C>(Q) be nowhere vanishing. Then there is a neighborhood Us C M
of Xs such that the condition

(37) Ti0.1 = T2.0. k0
implies that there exists k € C(Us) such that

k(z) # 0,2 € Us
and

(38) Ay

u = K T Agk

Us -
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Proof. For j = 1,2, we fix K, given by () for B = Q, and Tq, » =
Tj.0.x and applying we deduce that

(39) Klijs,l = KQT,QS,M)'

Let IC C X, be compact, and consider the sets defined in Proposition
with M replaced by M;, I' replaced by ¥;. We fix U(K) the neigh-
borhood of K in Mj satisfying the properties of Proposition [ For all
p = (s,y) € U(K), we define B,(K) = B(£2s, h,T) (see the beginning
of Section 2.2 for the definition of this set), where A is as in Lemma

with the choice h = (s + €)1p,(x), and € is as in Proposition . For
all H € C3°(B,(K)) and j = 1,2, we denote by w; y the solution of
(11) with A = A;, ¢ = ¢;. We will start by proving that, for all
p=(s,y) € U(K) there exists k € C*°(C,(K)) such that the following
identity holds

(40) wy, g (T, 2) = k(z)wy y (T, ),

for H € C3°(B,(K)) and z € C,(K). For any = € C,(K), we con-
sider functions hy, and sets X}, , satisfying the properties described in
Proposition [1| with X = M,(£2,, h)™. Analogously to the proof of The-
orem , we use Lemma [2| together with Lemma @, and Proposition
, with X, = X} ., to define fr, € C5°((0,400) x S, k € N, such that

wl,H(Ta ZL‘) = kEI—Poo <ul,fk’Jc (Ta ')7 wl,H(Ta )>L2(M)
= kgr—i-noo <u21fk,z (Tv ')7 Wa, H (Tv .)>L2(M) = wa?,H(T7 l‘)

We introduce the function « : C,(K) — C by k(x) = k,, and we get
. Moreover, applying Lemma , we deduce that x is smooth and
nowhere vanishing in C,(K) U (C,(K) N Xy).

We consider now a collection {K;; ¢« € I} of compact sets in X
and p; = (s;,¥;) lying in a neighborhood of K; as in Proposition .
We assume that {K;; i € I} and {p;; @ € I} are chosen in such a
way that (J;,.; Cp,(K;) is a neighborhood of 3,. Repeating the above
argumentation, for all ¢+ € I, we find x; € C*(C,, (K;) U (Cyp, (K;) NR))
such that, for all z € C,,(K;), we have

(41) wy (T, ) = ki(2)wo g (T, z), H e CF (B, (K;)).

In a similar way to the end of the proof of Theorem I}, applying Lemma
, we can define k € C* (U,c; Cp(K;)) such that, for all i € I,
KiCy, (i) = Fi- Combining this with , we can define U, a neigh-
borhood of ¥, such that is fulfilled. O
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4.2. Gluing of the gauges. Let S, R C OM satisfy the assumptions
of Theorem , and let X, s € (0,1], be a convex foliation satisfying
(F1)-(F7). From now on, we assume that is fulfilled and our goal
is to prove @ For this purpose, we define the set

(42) J ={s € (0,1]; there exists U; C M an open set of M
containing €, such that
(Ai]u,; ilv.) € Gu.r(A2,¢2) }

According to Theorem [1] and condition (F6), we know that J # ) since

for s small enough we have that Q, C U, where U is a neighborhood

of R as in Theorem[l] Moreover, the continuity condition (F5) implies

that J is open. Therefore, since (0, 1] is a connected set, the proof of

Theorem [2| will be completed if we show that J is closed. This will be

our main task from now on. We start with four intermediate results.
Let U C M™ be open. We define

K(U) :={k € C°U); klgnp =1, k(z) #0, x € U}.

Lemma 11. Let U C M™ be open and connected and suppose that
UNOM C R and that the interior of U N'R in OM is nonempty.
Assume that there exists a piecewise smooth function kg : U — C with
the following properties:

(i) ko(x) #0 for allz € U,

(ii) there is a neighbourhood W C M of R such that kg is smooth

in UNW and extends smoothly to U N'R,
(iii) the smooth extension satisfies ko =1 in U NR.

Suppose that} fO’," A] — Ag — A] — q]; ] = ]_7 27 the Condl.tions Cbnd
(43) Ailu = kg Askolu

are fulfilled. Then ko is smooth and has a smooth extension r to U.
The smooth extension satisfies k € K(U) and the condition

(44) 7'1,U,1 = E,U,n
1s fulfilled.

Proof. We will divide the proof in four steps.

Step 1. We will show that holds with U replaced by a small
subset of U lying close to R. As the interior of U N'R in OM is
nonempty, we can choose a nonempty open set I' C UNR and r > 0
such that M(T',r) C U. For j = 1,2, f € C5°((0,+00) x S) and ¢ €
Ce°((T —r,T) x T') we consider uj s, v, solving respectively (T]),
with A = A; and ¢ = ¢;. By the finite speed of propagation (e.g. [21]
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Lemma 3.9]), we know that, for all t € [0, T, supp(ve4(¢,-)) C M(L,r).
Then, and the uniqueness of solutions of imply
(45) vip = (o)~ v2,-
By Lemma [1} the condition (4)) implies that
(i(T, ), ur g (T, ) r2any = (V2,6(T ), u2,p (T, ) 2oy

and combining this with we get

(vi(T, ), ur g (T, ) = Koz, (T, ) r2(ar) = 0.

Then, using the density of the functions vy 4(7, ), ¢ € C(T' —r,T) x
), in L*(M(T,r)), given by Lemma [2| we find for z € M(T,r) that

(46) u (T, x) = koue, ¢ (T, ).
Now allowing 7" > 0 to be arbitrary, we deduce that
(47) Ti.81 = T2,Bx0>

where B = M (T, r)™.
Step 2. Supposing that p € U and € > 0 satisfy B(p,2¢) C U, we
will show that

(48) ﬂ,B(p,e),l = E,B(p,e),noa
implies
(49) 7—17B(p,25),1 - B,B(p,QG),Ho'

For H € C§°((0,400) x B(p,€)), we consider w; y solving with
A= A;j and ¢ = g;. Applying Lemmal(l]and (48], for H € C5°((0, 00) x
B(p,e)), f € C((0,00) x ), we get

(Wi, (T, "), up (T, ')>L2(M) = (Wogn (T, ), uz ¢ (T ')>L2(M)-

On the other hand, for H € C5°((T —€,T) x B(p,¢€)), the finite speed
of propagation and imply wozn (T, ) = Rowy,u(T,-). Then we
have

(Wi (T, ), ur,f (T, ) — Kouz, ¢ (T, ')>L2(M) =0
and using the density of the functions wy g (7, -), H € C5°((T'—¢,T) x
B(p,€)), in L*(M(B(p,¢€),€)), given by Lemma [2| we find

u (T, x) = kous s (T, ), x € B(p,2e).

Allowing T > 0 to be arbitrary, we get .

Step 3. We will show that 711 = Tovk,. Let p € U and p' €
M(T, 7)™ and connect p to p’ with a path ~: [0,1] — U. Then there
is € > 0 such that B(vy(t),2¢) C U for all t € [0,1] and B(y(0),¢) C
M(T,r)"*. Now we can iteratively prove that

TiB((01 = T2,B(v(),0m00 T € [0, 1]
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Since p € U can be chosen arbitrarily, we deduce that 77 1 = To,vx,-

Step 4. We will show that kg is smooth and that it has a smooth
nowhere vanishing extension to U. Let zo € U N M. By Lemma
there is f € C5°((0,00) x 8) and a neighborhood B C M™* of x4 such
that ug (T, ) # 0 for © € B. Therefore,

_ Uiy <T7 l’)
ug (T, )
As u; (T, -) € C>(U) for both j = 1,2, this implies that g is smooth
in BN U and has a smooth extension to BN U. By varying g, we
see that kg has a smooth extension to U N M™. Recalling also the

assumption (ii), we see that xo has a smooth extension to whole U.
The extension is unique and we denote it by x. The smoothness of x

and for x € U imply that

(50) u ¢ (T, x) = k(x)ug (T, ),

for all x € U_and all f € C5°((0,00) x §). To see that r is nowhere
vanishing in U, let x € U N M™ and choose f € C5°((0,00) x §) such
that u; ¢(T,z) # 0 (using Lemma (3| again). Now implies that
k(x) # 0. O

A direct consequence of this last result is given by the following.

Corollary 1. Let s € J where J is defined by (@) Then implies
that there exists ks € K(Qg) such that

Ai

Let us also consider the following result which will be important for
the gluing of the gauge class.

Lemma 12. Let s1,s9 € J where J is defined by (@, and suppose

that s, < so. Then implies that there exist k, € K(Qs,), € = 1,2,

such that m2|931 = k1 and such that the condition

(51) Al Qséu ﬂ,ﬂse,l = 7—2;QSZ:R£7 g = 17 2

15 fulfilled.

Proof. By Corollary [1] there exist x, € K(£,), ¢ = 1,2, such that

(51) is fulfilled and the proof will be completed if we can show that

/<a2|981 = k1. For this purpose, we remark that implies
B,Qsl,ﬁlf<x> = B,QSQ,Kzf(I)v f S Cgo((ov OO) X 8)7 LS Qsl'

We fix = € Q. By Lemma [3| there is f € C§°((0,00) x S) and a
neighborhood B C M™ of x such that us (T, z) # 0 in B, where uy
is the solution of for A= Ay and ¢ = qo. Thus k1 = Ky in BN Qg

Ko(x rze BNU.

-1
0, = Ky Ak

Qs 7'1,93,1 = 757987/{5'

-1
Qs, = Ky Azky
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and allowing = € €1, to be arbitrary, we deduce that o, = k1. This
completes the proof of the lemma. O

Lemma 13. Let (s¢)sen be a strictly increasing sequence of R such that
sg € J, 0 €N, and suppose that limy_.., sy = s. Here J is defined by
“9). Then implies that there ezists k € K(§s) such that

Ay

Proof. An induction using Corollary [1] and Lemma [12] shows that, for
all £ € N, there exists x, € K(£,), such that the following conditions
are fufilled

(52) A

0. = Kk T Agk

. T10.1 = T2.0, k-

—1
o, = ke Askda,,,  Tio,r=Tao,k, CEN,

(53) fevila, = ke, £ €N

According to , the functions kg, ¢ € N; fit together and give a
function ks on €2, defined by

ReolQs, = K, ¢ e N.
Moreover, by (52)) we have
Ay Q. = :‘igolAglioo Q.-

Here we recall that s, is smooth in QS,_ up to Qs N R, Koo is nowhere
vanishing in €, and satisfies ko, = 1 in Q;N'R. Now Lemmaimplies
that ks has a smooth extension x € K(£2). O

Armed with the above lemmas, we are now in position to complete
the proof of the global result.

Proof of Theorem[Z Tt remains to show that J is closed. Let (s¢)pen
be a strictly increasing sequence of R such that s, € J, £ € N, and
suppose that limy_., sy = s. We will show that s € J. By Lemma [13],
there exists ko € K(€2,) such that

(54) Ay

Combining this with Lemma [10, we deduce that there exist a neigh-
borhood Us C M, of ¥y and k1 € C(Us) such that

-1
Q, = Ko Askg

Qs> 717QS71 = 7579&”0'

A1|L{S = Hl_lAglﬁﬂus.
Combining this with , we obtain that for x defined by

() = {no(x), x € g,

H1<$), Xz GZ/{S,
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and for U; = Q, UU, we have
Ay

It is immediate that x is piecewise smooth, and Lemma|l1|implies then
that  is in K(Us). Thus J is closed and since J is also open in (0, 1],
we deduce that J = (0,1]. In particular 1 € J which completes the
proof. O

U, = k1 Aok

Us+

5. COMPLEMENTARY RESULTS

In this section we show that instead of assuming exact controllability
from § and strict convexity of R, we may assume that exact controlla-
bility holds from either S or R and that one of them is strictly convex.
In the case that exact controllability holds from the set that is also
strictly convex, we need the additional assumption that all the points
in M can be reached from the other set in time 7. More precisely,
supposing that exact controllability holds from strictly convex R, we
assume that
(55) T > maxd(z,S).

zeM

Then we can determine A and ¢, up to the gauge equivalence, near the
strictly convex set R or S.

Observe first that the adjoint of A%y is RAL ¢R where R is the
time-reversal Ro(t) = ¢(T — t). Thus Theorem (1| implies that we can
determine the geometry and the lower order terms near S if it is strictly
convex and exact controllability holds from R.

We will show next that the conclusion of Theorem [ holds when R
is strictly convex, the wave equation is exactly controllable from
R, and holds. The fourth case, that is, exact controllability holds
from strictly convex S and holds with S replaced by R, follows
then again by transposition. The global uniqueness result in Theorem
can also be changed in the analogous manner.

We used the exact controllability only once in the proof of Theorem
[1, namely when we invoked Proposition [2J Proposition [3] below will
substitute Proposition [2|in the case when the exact controllability holds
from R instead of from §.

Proposition 3. Let X C M be open, x € X and let X, C M, k € N,
be a sequence of neighborhoods of x satisfying limg_,o, diam (X;) = 0.
Let ¢y € C(X) satisfy vo(z) # 0. Let T > 0 and suppose that a
sequence (fr)i—, of functions in L*((0,T) x S) satisfies

(0) for allk, there is 6, € L*(M) such that the sequence (uy,, (T, )72,
converges weakly to 8 in L*(M),
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(i) there is C' > 0 such that ||| p2(p < C| X|~Y2 for all k,
(ii) supp (0x) C X U (M \ X) for all k,
(iii) ((Ok, o) r2(m))5ey converges.
Then there is k € C such that ijljgozlggowf’” (T,-),¢) L2y = w¥p(x) for
all p € C2(X).
Furthermore, if holds, then there is a sequence (fu)io—, that
satisfies (i)-(ii1) and for which k = 1.

Proof. Let 1 € C°(X). Then supp (6,10) C X} and
(O, 7MLQ(M) = (x){, 1>L2(Xk) + Ry,

where the remainder term Ry converges to zero as k — oo. This can be
seen as in the proof of Proposition [2 since |6 < C|X,|~'/? for all k.
We choose 1) = 1y and see that limy_, (0k, 1) 12(x,) exists. We denote
the limit by x. Thus for any ¢ € C§°(X) it holds that

lim lim (K7 fu, %) 12(0,1)xR) = ]}LII()lO(5k, V) 2y = kY ().

k—ool—o00

Let us now assume that 7" > me}é(d(ac,S). Then Lemma [2] implies
TE

that for each k there is a sequence (f;):2, in L*((0,7) x S) such that
(ug,, (T, -))2, converges to lx,/|Xy| in L*(M). Then the conditions
(0), (ii) and (iii) hold. O

Let us now outline how the proof of Theorem [I| needs to be changed
when Proposition [2] is replaced by Proposition . Let x € C,(K) let
X and X be as in the proof of Theorem . We use the shorthand
notation X = Xj, and do not emphasize the dependence on x in the
notation below.

As in the proof of Proposition , let (fi)goo, in L*((0,T) x S) be
such that (uy g, (7T, )52, converges to 1y, /|Xx| in L*(M). Note that

lim lim <u1,fkl (T, '), w>L2(M) = 1/)(.%'), w € CgO(X>

k—4o00 l—4o0

We will show that the conditions (0)-(iii) of Proposition [3| are fulfilled
with respect to 7 = 2. Then Proposition [3| implies the following ana-
logue of equation in the proof of Theorem

lim hI?o<u2,sz(T> ')a¢>L2(M) = ’{@ZJ(IL 1/} € C(C;O(X)

k—ool—

The rest of the proof of Theorem [1|is unchanged.
Analogously to (30]), we have

(56) <u17fkl (Tv ')7 Ul,(b(T’ ')>L2(M) - <u27sz (Ta ')7 UQ,d)(T? ')>L2(M) )
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for ¢ € L*((0,T) x R). Therefore
(57) lllglo <u2,sz (Tv ')’ U2,¢(T7 ')>L2(M) - <1Xk/‘Xk’7 U1,¢(T> '>>L2(M) :

Recall that Hilbert spaces are sequentially weakly complete, see e.g.
[39, Th. V.7]. Assuming exact controllability from R, we have

(58) {v26(T,); & € L*((0,T) x R)} = L*(M),

and hence implies that (us s, (T, -))ien converges weakly in L*(M).
This establishes (0), and we denote the weak limit by J.
It follows from , using the Cauchy-Schwarz inequality, that

<|Xk|1/25k‘7 U2,¢<T’ ')>L2(M) = <1Xk/|Xk|1/2’UL¢(T7 .)>L2(M)

< HU1,¢>(T7 ')HL2(M) .

Thus together with the uniform boundedness theorem implies that
(| X1|"/201)ren is bounded in L?(M). Therefore (i) holds. Using again
, we have

(O, v2,0(T')) 2y = (Ui /I Xkl 01,6(T5 ) 2 ary) = 0
for all ¢ € C3°(B(R, hix;T)), since vy 4(T, ) is supported in the set
M(R, hy,,) that is disjoint with X, see Proposition[1} Thus the density
result of Lemma 2] implies (ii). Using once more (57)), and recalling that
X = M(Ban(y,¢€), s+¢)™, we have for ¢ € C5¢(B(Bar(y,€),s+¢€T)),
lim lim (uz,z,, (T, -), v2,6(T' ) p2ap) = V1,6(T @)

k—o0 l—00

Thus, condition (iii) of Proposition [3|is also fulfilled when ¢ is chosen
so that vy (7', z) # 0.
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