EIGENFUNCTION SCARRING AND IMPROVEMENTS IN L* BOUNDS
JEFFREY GALKOWSKI AND JOHN A. TOTH

ABSTRACT. We study the relationship between L°° growth of eigenfunctions and their L? con-
centration as measured by defect measures. In particular, we show that scarring in the sense of
concentration of defect measure on certain submanifolds is incompatible with maximal L growth.
In addition, we show that a defect measure which is too diffuse, such as the Liouville measure, is
also incompatible with maximal eigenfunction growth.

1. INTRODUCTION

Let (M,g) be a C* compact manifold of dimension n without boundary. Consider the eigen-
functions

(_Ag - )\?)uAj =0, Hu)\j||L2 =1 (1.1)

as A\; — oo. It is well known [Ava56l Lev52l, [H6r68] (see also [Zwol2, Chapter 7]) that solutions
to (|1.1)) satisfy

n—1
l[ux; oo ary < CA;° (1.2)

and that this bound is saturated e.g. on the sphere. It is natural to consider the situations which
produce sharp examples for . In many cases, one expects polynomial improvements to ,
but rigorous results along these lines are few and far between [IS95]. In the case of negatively curved
manifolds, log improvements can be obtained [Bér77]. However, at present, under general dynamical
assumptions, known results involve o-improvements to [TZ02l, [SZ02l, [TZ03, [STZ11l [SZ16al,
SZ16b]. These papers all study the connections between the growth of L norms of eigenfunctions
and the global geometry of the manifold (M, g). In this note, we examine the relationship between
L> growth and L? concentration of eigenfunctions. We measure L? concentration using the concept
of a defect measure - a sequence {uy,} has defect measure y if for any a € Sp, (T*M \ {0}),

(a(x,D)uy,, uy,) — a(x,&)dp. (1.3)
S*M

By an elementary compactness/diagonalization argument it follows that any sequence of eigen-
functions uy; solving possesses a further subsequence that has a defect measure in the sense
of ([Zwol2, Chapter 5],|Gér91]). Moreover, a standard commutator argument shows that if
{uy,} is any sequence of L?-normalized Laplace eigenfunctions, the associated defect measure p
is invariant under the geodesic flow; that is, if Gy : S*M — S*M is the geodesic flow i.e. the

hamiltonian flow of p = %\f@, (Ge)wpp = p, YVt € R.

DEFINITION 1.1. We say that an eigenfunction subsequence is strongly scarring provided that for
any defect measure p associated to the sequence, supp i is a finite union of periodic geodesics.

THEOREM 1. Let {uy;} be a strongly scarring sequence of solutions to (L.1). Then
[u, L = o(A;2 ).
1
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We also have improved L*° bounds when eigenfunctions are quantum ergodic, that is, their defect
measure is the Liouville measure on S*M, pur (see e.g. [Sni74, [CAV85, [Zel87] for the standard
quantum ergodicity theorem).

THEOREM 2. Let {uy;} be a quantum ergodic sequence of solutions to (L.1). Then

n—1
Ju;llLee = o(A;? ).

Theorems [1] and [2| are corollaries of our next theorem where we relax the assumptions on p and
make the following definitions. Define the time T flow out by

T
A = U G (S*M).
t=—T

DEFINITION 1.2. Let H" be n-dimensional Hausdorff measure on S* M induced by the Sasaki metric
on T*M (see for example [Blal0, Chapter 9] for a treatment of the Sasaki metric). We say that
the subsequence uy;;j = 1,2,... is admissible at x if for any defect measure p associated to the
sequence there exists T > 0 such that

H™(supp pla, ) = 0. (1.4)

We say that the subsequence is admissible if it is admissible at x for every x € M.

We note that in (1.4) pla, , denotes the defect measure restricted to the flow out A, r; for any
A that is y-measurable,

Ul e (A) = (AN Ay ).

THEOREM 3. Let {uy;} be a sequence of L?-normalized Laplace eigenfunctions that is admissible

in the sense of (L.4)). Then

lux, oo = o(X;2 ).

Remark 1.3: We choose to use the Sasaki metric to define H™ for concreteness, but this is not
important and we could replace the Sasaki metric by any other metric on S*M.

Theorem [3| can be interpreted as saying that eigenfunctions which strongly scar are too concen-
trated to have maximal L* growth, while diffuse eigenfunctions are too spread out to have maximal
growth. However, the reason the adimissiblity assumption is satisfied differs in these cases. In the
diffuse case (see Theorem , one has pls, , = 0, so that the admissibility assumption is trivially
verified. In the case where the eigenfunctions strongly scar (see Theorem , A, # 0 but the
Hausdorff dimension of supp pla, , is < n; so again, is satisfied. The zonal harmonics on
the sphere S2, which saturate the L> bound , lie precisely between being diffuse and strongly
scarring (see section .

Observe that the condition p is diffuse is much more general than p = pr,. Jakobson—Zelditch [JZ99]
show that any invariant measure on S*S™ where S™ is the round sphere can be obtained as a defect
measure for a sequence of eigenfunctions and in particular many non-Liouville but diffuse measures
occur.

Remark 1.4: We note that the results here hold for any o()\) quasimode of (—A, — A?) that is
compactly microlocalized in frequency (see [GallT]).
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1.1. Relation with previous results. Theorem [2]is related to [STZ11, Theorem 3], where the

o(h%) sup bound is proved for all Laplace eigenfunctions on a C*“ surface with ergodic geodesic
flow. However, in Theorem [2| we make no analyticity or dynamical assumptions on (M, g) what-
soever, only an assumption on the particular defect measure associated with the eigenfunction
sequence. Recently, Hezari [Hez16] and Sogge [Sogl6] gave independent proofs of Theorem

One consequence of the work of Sogge is the relation between LP norms for eigenfunctions and
the push forward of defect measures to the base manifold M. In particular, he shows [Sogl6}, (3.3)]
that

n—1
luxllpoe(ary < CA 2 sup 52 unll 2By o) (1.5)
S

when A\~ < 6 < inj(M,g) and A > 1. We note that when uy are quantum ergodic, luxllz2(Bs (@) =~

62 and so the O(AnT_l)-bound in Theorem |2 follows from 1) as well (see also Corollary 1.2 in
Sog16]).

However, neither the scarring result in Theorem (1| nor the more general bound in Theorem
follow from (|1.5)). To compare and contrast with (|1.5)), we observe that (1.5 implies for any § > 0
independent of A,

N

lim sup A*2* Jun | < (ar) < € sup 672 (5" B (x)))
A—00 xeM
Our main estimate in (3.12)) says that for any xz(\) with d(xz()),x) = o(1),

n 1/2
imsup A'S” fux (@()] < Cf (K (supp il o729)) (1.6)
— 00

where for do > 6; the A;(01,02) = Ay, \ Az s, - This microlocalized bound allows us to deal with
the more general scarring-type cases as well. In particular, the key differences are that we have
replaced S*Bs(x) by Az(6/2,20) C A, and the defect measure by Hausdorff n measure. We note
however that unlike , 0 > 0 can be arbitrarily small but is fixed independent of A in .

In [SZ02], Sogge—Zelditch prove that any manifold on which is sharp must have a self focal
point. That is, a point  such that |£,| > 0 where

Ly :={{ € S;M| there exists T such that exp,T¢ = x}

and |-| denotes the normalized surface measure on the sphere. Subsequently, in [STZ11] the authors
showed that one can replace L, by the set of recurrent directions R, C L, and the assumption
|R:| > 0 for some x € M is necessary to saturate the maximal bound in (1.2)). Here,

R, i={eesim|ce (N UG@ansim)N (N U Gilz.onsim)}.

T>0t>T T>0t<—T

The example of the triaxial ellipsoid with x equal to an umbilic point shows that latter assumption

is weaker than the former. Indeed, in such a case |£;| = 1 whereas |R;| = 0. Most recently, in
[SZ16al, [SZ16b], it was proved that for real-analytic surfaces, the maximal L> bound can only
achieved if there exists a periodic point = € M for the geodesic flow, i.e. a point (x,§) so that all
geodesics starting at (z,£) € S*M close up smoothly after some finite time 7" > 0.

Together with our analysis, the results of [STZ11] imply that any sequence of eigenfunctions,
{uy} having maximal L growth near x and defect measure p must have (A, 7) > 0 for all T > 0
and |Rz| > 0. In particular, the results of [STZ11] show that u) can only have maximal L> growth
near a point with a positive measure set of recurrent points and Theorem [3] shows that a point
with maximal L> growth must have p(A;7) > 0. As far as the authors are aware, the results in
[STZ11] and in [SZ16al [SZ16D] do not give additional information about pu.
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On the other hand, under an additional regularity assumption on the measure u, Theorem [3| can
be used to show that when u) has maximal growth near x, p|a, , is not mutually singular with re-
spect to H™. Since the measure for a zonal harmonic is a smooth multiple of H" (see Section, this
implies that the measure p resembles the defect measure of a zonal harmonic . In [Gall7], the first
author removes the necessity for any additional regularity assumption and gives a full characteriza-
tion of defect measures for eigenfunctions with maximal L* growth, in particular proving that if )
has maximal growth near = and defect measure j, then p|s, . is not mutually singular with respect
to H"™. Finally, we note that unlike [SZ02, [STZ11},[SZ164al [SZ16b], the analysis here is entirely local.
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reading and many helpful comments. J.G. is grateful to the National Science Foundation for support
under the Mathematical Sciences Postdoctoral Research Fellowship DMS-1502661. The research of
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13-BS01-0007-0.

2. A LOCAL VERSION OF

In the following, we will freely use semiclassical pseudodifferential calculus where the semiclassical
parameter is h with h=! = X € Spec \/=A,. We write r(z,y) : M x M — R for the Riemannian
distance from x to y and write B(x,d) for the geodesic ball of radius § around x. We start with a
local result:

THEOREM 4. Let {up} be sequence of Laplace eigenfunctions that is admissible at x. Then for any
6(h) = o(1),
1—n

lunll oo (B@s(h)) = o(h 2 ).
Theorem [3] is an easy consequence of Theorem [4]
Proof that Theorem[{] implies Theorem[3. Suppose that u is admissible and
lim sup h'T lup||zee # 0.
h—0

Then, there exist ¢ > 0, hy, — 0, x3, so that

n—1

|up, (xn,)] > ch;T.

Since M is compact, by taking a subsequence, we may assume x5, — x. But then r(z,zp,) = o(1)
and since u is admissible at x, Theorem {4 implies

n—1
limsup by * |up, (zp,)] = 0.
k—oo

3. PROOF OF THEOREM [4]
In view of the above, it suffices to prove the local result: Theorem [4]
Proof. Fix T > 3§ > 0 and let p € S(R) with p(0) = 1 and supp p C (9, 26). Let
S*M(e) == {(2,8);[[¢lo — 1] < &}
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and x(x,&) € C§°(T* M) be a cutoff near the cosphere S* M with x(x, &) = 1 for (z,§) € S*M(e) and
X(z,€) = 0 when (x,8) € T*M \ S*M(2¢). Let x(x, hD) € Opp(C5°(T*M)) be the corresponding
h-pseudodifferential cutoff. Also, in the following, we will use the notation

Iy :=supp pla,r

to denote the support of the restricted defect measure corresponding to the eigenfunction sequence
{up,;} in Theorem
Then, we have

1 A 15— — oo
Up = p(ﬁ[_hQA - 1]>uh = /Rp(t)e 3[=h?A U (y, hDy)up, dt + Oz (™). (3.1)

3.1. Microlocalization to the flow out A,. Set
V(t,y,h) = (p0)e 34y, hD,) ) (1, y).
Then, by Egorov’s Theorem [Zwo12, Theorem 11.1]

WFI;(V(tv R h)) - {(3375,%77); (x>€) = Gt(yvn)7 ||£|I - 1‘ < 2‘5}' (32)
(see e.g. [DZ16], Definition E.37] for a definition of WF}).
Let by e (z, hD) € Opp(CG°(T*M)) be a family of h-pseudodifferential cutoffs with principal symbols

bee € Co°({(y;m) | (y,m) = Gi(wo, &) for some (z9, ) € Sy M (3¢) withr(z, zo) < 25,% <t <36},
with
bee =1 on {(y,n) | (y,n) = Gi(wo, &) for some (z0,§) € S, M (2¢) withr(x, z0) < e,0 <t < 20}.
By the definition of W F} together with and (3.2)), it follows that for r(z(h),z) = o(1),
wn(e) = [ V(). o) bl D, s}y + O-(0) (33)
where,

V(x(h),y,h) = /Rﬁ(t) (e"2=M* AUy (y, kD)) (t, 2(h), y) dt.

By a standard stationary phase argument,

V(z,y,h) = h 2 e "oz, y, h) plr(z,y)) + O=(h), (3.4)

where a(z,y, h) € S°(1).
To see this, observe that by [Zwol2, Theorem 10.4]
V(z,y,h) = (2rh)™ / PGzt ot gy, m, h)p(t)dndt + O(h™)
where b € CZ° and ¢ solves
oup = (10up2) 1) 90,2,5.m) = (@~ y,n) (3.5)
In particular, for all (¢, z,y,n), exp(tH%‘glg)(&]cp +y,n) = (x,0,p). The phase function
ol 2,9,m) = {expy (@), ) + 5 (2~ 1)

satisfies (3.5)).



6 JEFFREY GALKOWSKI AND JOHN A. TOTH

We next perform stationary phase in (¢,7). First, observe that the phase is stationary at
eXp(tH%\ag)(yaﬁ) - (maafﬁp)’ ’833()0‘5](96) =1

In particular, t = r(z,y) and the geodesic through (y,n) passes through z. Since supp p C (4, 24),
by performing non-stationary phase, we may assume t € (,260) and hence ¢ < r(x,y) < 2. Then,
we observe that G(Qt’n)go is non-degenerate for t € (d,29). The solutions (t.,7.) of the critical point
equations 0y = 0 and J,p = 0 are given by

exp, ' (z)
r(z,y)

Consequently, (3.4 . follows from an application of stationary phase. (see also [Sog93|, Lemma 5.1.3]
or [BGTO07, Theorem 4

Then, in view of (3.4] and .,

up(2(h)) = vn(z(h)) + O(h™)

te=lexp, (@) = r(@,y),  ne=—

) (3.6)
on(a(h) =hz / ey e D aa (), y, h)p(r(2(h), ) bae(y, hDy)un (y)dy.
Now, note that for any ¢ € C§°(M),
vn(x(h)) = Ii(x(h), h) + I2(x(h), h) (3.7)

where

I = (27Th)15n/ e WD g (z(h), y, b)p(r(@(h), ) Y(y) (bee(y, hDy)un) dy
/2<r(z,y)<28

I := (2wh) = / e D ha(z(h),y, h)p(r(z(h),y)) (1 = $(y)) (bee(y, hDy)uy) dy.
/2<r(z,y)<20

Therefore, by Cauchy-Schwarz applied to I; and I,

n—1
[h2"on(x(h)| < Cs([[9]| 221, (y, R Dy )un(y) | 2 + |(1 = () [bre(y, hDy)unl| 2)-
Hence letting h — 0 then ¢ — 0, and using that (see for example [Zwol2, Theorem 5.1])

”bm,s(ya hDy)uh(y)”B < (sup ’bx,e, + 0 (1)) [|un 2

we have )

timsup 5 un (o ()| < Gl + ([ (1 - p()’dn)’) (39)

h—0 Az 35\ Ng 572

3.2. Further microlocalization along supp p|a,. Let H™ be the n-dimensional Hausdorff mea-
sure on the flow out A,. By assumption, H"(supp p|a,) = 0. In view of the microlocalization above,
we are only interested in the annular subset

Am<5/2, 35) = Ax,35 \ Ax,5/2'

Since H™ is Radon, for any 1 > 0, there exist n-dimensional balls B(r;) C A;(6/4,49);j =1,2, ...
with radii r; > 0,7 = 1,2, ... such that

supp 41, (572,36 C | B(ry), H"( U B(Tj)) < H"(supp pa,(s/2,35))+¢€1-
i=1 =1
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Note that for § > 0 small enough, the canonical projection w : T*M — M restricts to a
diffeomorphism

o Ag(6/4,40) = {y € M;0/4 < r(x,y) < 460}
Consider the closed set
K = m(supp pfa,(5/2,35) C M

with open covering
G = 71'( U B(rj)), satisfying  H™(G) = H"(K) + O(e1). (3.9)
j=1

By the C*° Urysohn lemma, there exists xr, € C§°(M;[0,1]) with

xr.lk =1,  suppxr, CG. (3.10)
(Note that yr, depends on €1, but we suppress this dependence to simplify notation.) We now

apply (3.8]) with ¢» = xp,. First, observe that by (3.9)) and (3.10))
el < (HM(@)"? < (1K) + 0. (3.11)

Next, by construction, for all e; > 0,

(1= xr,)(y) =0, Vy€m(supp pla, 5\, 5,)

and hence

/ (1= xr,)*dp = 0.
A:L‘,35\A:):,5/2

Using this together with (3.11)) in (3.8) and sending £; — 0 gives
. n-1 n 1 N 1/2
hglsgph 2 fun(x(h))| < Cs(H™(w(supp p|a,(s5/2,35))))* < Cs (H (SUPPM\AQC(5/2,35))> - (3.12)
_>

where the last inequality follows from the fact that 7|4(s/235) is a diffeomorphism. Finally, since
uy, is admissible at x,

H" (supp pla,(s5/2,35)) = 0
finishing the proof.

Remark 3.1: For r(z(h),z) = o(1), the estimate

. n—1 1/2

timsup b2 ()| < 5 (H" (supp ol 3/236))
_>

in (3.12) holds for any sequence of eigenfunctions with defect measure p. It gives a quantitative

estimate relating the behavior of the defect measure to L* norms of eigenfunctions. This estimate

can also be obtained as a consequence of [Gall7, Theorem 2] by replacing the absolutely continuous

part of p with lgpp ), dH". O
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4. THE EXAMPLE OF ZONAL HARMONICS

Let (52, gean) be the round sphere and (r, ) be polar variables centered at the north pole p =
(0,0,1) € R3. The geodesic flow is a completely integrable system with Hamiltonian

H =|[¢]; =& + (sinr)7°¢5, 7€ (0,7) (4.1)

and Claurault integral p = &p satisfying {H,p} = 0. The associated moment mapping is P =
(H,p) : T*S? — R? and the connected components of the level sets are, by the Liouville-Arnold
Theorem, Lagrangian tori A. indexed by the values of the moment map (1,c) € P(T*S?).

The associated quantum integrable system is given by the Laplacian A, and the rotation operator
hDg. The corresponding L?-normalized joint eigenfunctions are the standard spherical harmonics
YE with

~AYE =k(k+1)YE hDyYE =mYk.
These eigenfunctions can be separated into various sequences (i.e. ladders ) associated with different
values (€ P(T*S?); specifically, the correspondence is given by ¢ = limy;, ;o0 7). The eigenfunctions
with maximal L blow-up are the sequence of zonal harmonics given by
V2k+1 [*7
up(r, 0) = Y (r, 0) = 2+/ (cosr +isinrcost)¥dr; h=k1 k=1,2,3,.. (4.2)
T 0
It is obvious from (4.2)) that
Y5 (p)| = K2

and thus attains the maximal sup growth at p (similarily, at the south pole). At the classical level,
the zonals up = Yok concentrate microlocally on the Lagrangian tori Ag = P~!(1,0). From the
formula (4.1)) it is clear that away from the poles (where (r, 6) are honest coordinates),

Ao\ {£p} = {(r 0,6 = £1,& = 0), 7 € (0,m)} = 5%\ {£p}. (4.3)
The choice of & = +1 determines the Lagrangian torus (there are two of them) and also, either
torus clearly covers the entire sphere. At the poles themselves, the projection mp, : Ag — S? has a
blowdown singularity with
Tao (£p) = S1(5%) = 5. (4.4)
To see this, consider the behaviour at p (with a similar computation at —p). Rewriting the integral
in involution in Euclidean coordinates (z,y,z) € R3 one has H = (2§, — y&;)? + (2€, — 2&,)? +
(y&, — 2&,)% and & = &, — y&,. Setting H = 1, 2&, — y&; = 0 and (=,y, 2) = (0,0, 1) gives

T (p) = {(&, &) ER% G+ & =1}

It is then clear from and that 7a, : Ag — S? is surjective and a diffeomorphism away from
the poles (modulo choice of Lagrangian cover) and the fibres above the poles are S% (5?) = S1. We
also note that the Lagrangian Ay = A, o is the 2m-flowout Lagrangian of S;(SQ) and the cylinder
Ap(6/2,36) is just a local slice of this Lagrangian.

The defect measure p associated with the zonals is

dp = |d6,dbs|,
where (01, 04; I1, I) € R?/7Z? x R? are symplectic action-angle variables defined in a neighbourhood
of the Lagrangian torus Ag [TZ03]. One can choose one of the angle variables 6, € S;(Sz) to
parametrize the circle fibre above p (a homology generator of the torus). Then, by the Liouville-
Arnold Theorem, the geodesic flow on the torus Ag = {I1 = ¢1, [2 = ca} is affine with

0H
0;(t) = 0;(0) +ayt, ;= Z-#0.
J
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2m
(Aps) = / dby - / aodt =6 #0
0 [t]<é

and supp p|s, = Ap. Therefore, this case violates the assumption in Theorem [3[ and that is of
course consistent with the maximal L* growth of zonal harmonics.

The analysis above extends in a straightforward fashion to the case of a more general sphere of
rotation [TZ03].

It is then clear that

5. EIGENFUNCTIONS OF SCHRODINGER OPERATORS

Consider a Schrédinger operator P(h) = —h?A, + V with V € C°°(M;R) on a compact, closed
Riemannian manifold (M, g) and let uj, be L?-normalized eigenfunction with

P(h)yup = E(hup, E(h)=E+o(1), E>minV,  |uplp = 1. (5.1)

Any sequence up, of solutions to has a subsequence uy, with a defect measure y in the sense
that for a € C§°(T* M)
(a(z, hD)up, up) — ady.
™M
Such a measure p is supported on {p = 0} and is invariant under the bicharacteristic flow G; :=
exp(tH,).
In analogy with the homogeneous case, we define for x € M the time T flow out by

Apy - U Gi(Z

where

Se ={£ € ;M | [¢; +V(2) = E}.

DEFINITION 5.1. Let H" be n-dimensional Hausdorff measure on {|¢|2 + V(z) = E} induced by
the Sasaki metric on T*M. We say that the sequence uy of solutions to (5.1) is admissible at z if
for any defect measure p associated to the sequence, there exists T > 0 so that

H*(supp pla, 7y ) = 0. (5.2)
With these definitions we have the analog of Theorem

THEOREM 5. Let B C VYE) be a closed ball in the classically allowable region and u be a
defect measure associated with the eigenfunction sequence up. Then, if the eigenfunction sequence
is admissible for all x € B in the sense of ,

1—n

sup |up(z)| = o(h™2").
r€B

Proof. In analogy with the homogeneous case [CHT15, Lemma 5.1], we have

p(h ™ [P(h) = E)(,y) = b " a(w,y, h)e 49" 4 Ra,y, b)
where A(z,y) € [(2Co) e, 2Cpe] for some Cp > 1 and is the action function defined to be the
integral of the Lagrangian L(z,§) = |§\§ — V(x) along the bicharacteristic in {p = E} starting at
(y,n) and ending at (z,&). For (z,y) in a small neighborhood of the diagonal, there is a unique such
7 satisfying this condition. The remainder R(z,y,h) = O(h*°) pointwise and with all derivatives.
The proof then follows using the same argument as in the homogeneous case. O



10

[Ava56]
[Bér77]
[BGTO7]
[Bla10]
[CAV85)
[CHT15)
[DZ16]
[Gall7]
[Gér91]
[Hez16]

[Hor68)
[1S95]

[1299]

[Lev52]

[Sni74]
[Sog93]

[Sog16]
[STZ11]
[5202]
[SZ16a]
[SZ16b)
[TZ02]

[TZ03)

[Zel87)

[Zwo12]

JEFFREY GALKOWSKI AND JOHN A. TOTH

REFERENCES

Vojislav G. Avakumovié¢. Uber die Eigenfunktionen auf geschlossenen Riemannschen Mannigfaltigkeiten.
Math. Z., 65:327-344, 1956.

Pierre H. Bérard. On the wave equation on a compact Riemannian manifold without conjugate points.
Math. Z., 155(3):249-276, 1977.

N. Burq, P. Gérard, and N. Tzvetkov. Restrictions of the Laplace-Beltrami eigenfunctions to submanifolds.
Duke Math. J., 138(3):445-486, 2007.

David E. Blair. Riemannian geometry of contact and symplectic manifolds, volume 203 of Progress in
Mathematics. Birkhduser Boston, Inc., Boston, MA, second edition, 2010.

Y. Colin de Verdie¢re. Ergodicité et fonctions propres du laplacien. Comm. Math. Phys., 102(3):497-502,
1985.

Hans Christianson, Andrew Hassell, and John A. Toth. Exterior mass estimates and L>-restriction bounds
for Neumann data along hypersurfaces. Int. Math. Res. Not. IMRN, (6):1638-1665, 2015.

Semyon Dyatlov and Maciej Zworski. Mathematical theory of scattering resonances. Book in progress,
http://math. mit. edu/dyatlov/res/ (22 December 2015, date last accessed), 2016.

Jeffrey Galkowski. Defect measures of eigenfunctions with maximal L* growth. preprint, 2017.

Patrick Gérard. Microlocal defect measures. Comm. Partial Differential Equations, 16(11):1761-1794, 1991.
Hamid Hezari. Quantum ergodicity and [ norms of restrictions of eigenfunctions. arXiv preprint
arXiv:1606.08066, 2016.

Lars Hérmander. The spectral function of an elliptic operator. Acta Math., 121:193-218, 1968.

H. Iwaniec and P. Sarnak. L* norms of eigenfunctions of arithmetic surfaces. Ann. of Math. (2), 141(2):301-
320, 1995.

Dmitry Jakobson and Steve Zelditch. Classical limits of eigenfunctions for some completely integrable
systems. In Emerging applications of number theory (Minneapolis, MN, 1996), volume 109 of IMA Vol.
Math. Appl., pages 329-354. Springer, New York, 1999.

B. M. Levitan. On the asymptotic behavior of the spectral function of a self-adjoint differential equation of
the second order. Izvestiya Akad. Nauk SSSR. Ser. Mat., 16:325-352, 1952.

A. L. Snirelman. Ergodic properties of eigenfunctions. Uspehi Mat. Nauk, 29(6(180)):181-182, 1974.
Christopher D. Sogge. Fourier integrals in classical analysis, volume 105 of Cambridge Tracts in Mathe-
matics. Cambridge University Press, Cambridge, 1993.

Christopher D Sogge. Localized LP-estimates of eigenfunctions: A note on an article of Hezari and Riviere,
2016.

Christopher D. Sogge, John A. Toth, and Steve Zelditch. About the blowup of quasimodes on Riemannian
manifolds. J. Geom. Anal., 21(1):150-173, 2011.

Christopher D. Sogge and Steve Zelditch. Riemannian manifolds with maximal eigenfunction growth. Duke
Math. J., 114(3):387-437, 2002.

Christopher D. Sogge and Steve Zelditch. Focal points and sup-norms of eigenfunctions. Rev. Mat. Iberoam.,
32(3):971-994, 2016.

Christopher D. Sogge and Steve Zelditch. Focal points and sup-norms of eigenfunctions II: the two-
dimensional case. Rev. Mat. Iberoam., 32(3):995-999, 2016.

John A. Toth and Steve Zelditch. Riemannian manifolds with uniformly bounded eigenfunctions. Duke
Math. J., 111(1):97-132, 2002.

John A. Toth and Steve Zelditch. Norms of modes and quasi-modes revisited. In Harmonic analysis at
Mount Holyoke (South Hadley, MA, 2001), volume 320 of Contemp. Math., pages 435-458. Amer. Math.
Soc., Providence, RI, 2003.

Steven Zelditch. Uniform distribution of eigenfunctions on compact hyperbolic surfaces. Duke Math. J.,
55(4):919-941, 1987.

Maciej Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathematics. American Mathe-
matical Society, Providence, RI, 2012.

DEPARTMENT OF MATHEMATICS AND STATISTICS, MCGILL UNIVERSITY, MONTREAL, QC, CANADA
E-mail address: jeffrey.galkowski@mcgill.ca

DEPARTMENT OF MATHEMATICS AND STATISTICS, MCGILL UNIVERSITY, MONTREAL, QC, CANADA
E-mail address: jtoth@math.mcgill.ca



	1. Introduction
	1.1. Relation with previous results

	2. A local version of 3
	3. Proof of Theorem 4 
	3.1. Microlocalization to the flow out x
	3.2. Further microlocalization along supp|x

	4. The example of zonal harmonics
	5. Eigenfunctions of Schrödinger operators
	References

