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On the maximal L,-L, regularity of solutions
to a general linear parabolic system

Tomasz PIASECKI ¥  Yoshihiro SHIBATA I and Ewelina ZATORSKA *

Abstract

We show the existence of solution in the maximal L, — L, regularity framework to a class
of symmetric parabolic problems on a uniformly C? domain in R™. Our approach consist in
showing R - boundedness of families of solution operators to corresponding resolvent problems
first in the whole space, then in half-space, perturbed half-space and finally, using localization
arguments, on the domain. Assuming additionally boudedness of the domain we also show ex-
ponential decay of the solution. In particular, our approach does not require assuming a priori
the uniform Lopatinskii - Shapiro condition.
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1 Introduction

In this paper we consider the following initial-boundary value problem:

ZRM atU,g 1‘ t —div (Z Bkg VU,g xT t)) = Fk(.%',t) in  x (O,T),

1.1
ZBM )Waug(z,t) - n(z) = Gp(x,t)  onT x (0,T), 1)
ugli=0(z) = uok(x) in €,
where n is an arbitrary large natural number, k € {1,...,n}, Q a uniformly C? domain in R
(N > 2), T is the boundary of 2, n is the unit outer normal vector to I', z = (x1,...,zn) is a

point of 2, and t € (0,7) is a time variable.
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The n-vector of unknown functions is denoted by u = (ug,...,u,)" where (-)7 denotes
the transposed (-). Similarly, F = (F1,...,F,)", G = (Gy,...,G,) ", and ug = (ugy, ..., uom)"
denote given n-vectors of functions prescribing the right hand side of the equations, the boundary
and the initial conditions, respectively.

The n x n matrices B = [Byy(z)] and R = [Rye(x)] are given and we assume that all their
components Byg(x) and Rye(x) are uniformly Holder continuous functions of order o > 0 and
that V By and V Ry are integrable with some exponent r € (N, 00), i.e. we have

|B($)|, |R($)| S MO fOI‘ any x S Qa HV(B’R)HLT(Q) S M(),

1.2
B(s) - Bly)| < Mole — 4", |R(z)— R(y)| < Molo — | forany sy 70

for some positive constant M.
Moreover, we assume that the matrices B and R are positive and symmetric, and that there
exists constant m; > 0 for which

(B(z)v,¥) > mi|v]}, (R(z)v,¥)>my|v]? (1.3)

for any complex n-vector v and any x € 2. Here and in the following, ¥ denotes the complex
conjugate of v and (-,-) denotes the standard inner product in R™.

In the rest of this paper we will rather use the following more compact matrix formulation
of the system (LT):

Ropu —div(BVu) =F inQx(0,7), B(Vu-n)=G onl x(0,7), (1.4)

subject to the initial condition: uj;—p = ug in 2, where we follow the convention:

N
Vu=[0u,...,0,u], Vu-n= anaju,
j=1

and divergence of a n X n matrix A is understood as a vector
div A = [div [4]1.,...,div[A]..]",
where [A]j, . is the k-th row of A, n = (n4,... N, Vug = (D1, ..., Onug) T, 0; = 0/0x;.

The issue of maximal regularity for linear parabolic problems is nowadays well investigated
area. The development of the theory dates back to papers of Lopatinskii [24] and Shapiro [32]
from the early fifties, where certain algebraic condition was introduced that guarantees the well
posedness for a class of parabolic problems. This condition, referred to as Lopatinskii-Shapiro
condition (LS), corresponds to uniform, with respect to the parameter, solvability of the family
of elliptic problems on a half space. The LS condition has been ever since assumed in many
well-posedness results for parabolic problems as it provides resolvent estimates allowing to show
maximal regularity for corresponding parabolic problems. The earliest results concerning the
resolvent estimates for elliptic operators satisfying this condition have been shown by Agmon
[2], and by Arganovich and Vishik [4].

As far as the Cauchy problems are concerned, the maximal regularity in L,(X), where X is a
Banach space with the Unconditional Martingale Difference property (UMD property) has been
shown by Da Prato and Gisvard [10], Dore and Venni [13], and Priiss [31] and Giga and Sohr [17],
among others. For a summary of these results we refer the reader to the monograph of Amman
[, Theorem 4.10.7]. One should also mention a different approach based on potential theory



applied by Ladyzhenskaya, Solonnikov and Uraltseva in [23] to prove the maximal regularity in
L,((0,T), L,(G)) for G bounded and 1 < p < oo.

The concept of R-sectorial operators and operator-valued Fourier multipliers, essential from
the point of view of the present paper, originates from the work of Weis [38]. In this paper
a characterization of the class of operators with maximal regularity was given in terms of R-
boundedness of family of associated resolvent operators. This approach has been applied for the
first time to show maximal L, regularity for the Cauchy problem by Kalton and Weis in [22].
Further results in this spirit have been shown by Denk, Hieber and Priiss in [I1]. In particular,
Theorem 8.2 from this work concerns the maximal L,-regularity for a class of parabolic initial-
boundary problems. We also recommend it as a collection of auxiliary results and for extensive
list of references on the subject.

The above overview is obviously far from complete, but it should be emphasized that all
above mentioned results assume a certain version of LS condition. However, for some problems
this condition could be rather difficult to check. A classical way around this obstacle consist
in applying energy estimates to show the existence of weak solutions and regularizing it using
a priori estimates in the maximal regularity setting, see for example [25], [26]. Another way to
solve the problem directly, without assuming the LS condition, consists in solving the problem
first on the whole space, then on a half-space, further its perturbation and finally, with a
standard localization procedure, on a domain. This idea has been used, for example, in the
work of Enomoto and Shibata [14], where the maximal L, — L, regularity of solutions was
proven first for the Stokes operator and then for the compressible Navier-Stokes equations.
This has been then extended in [I5] to the case of some free boundary problem. Our strategy
relies very much on the technique developed in these two papers. Let us also mention that a
similar idea in critical regularity Besov space framework has been developed in [8], [9], [7].

All of above mentioned results deal with a single equation or a system of two-three equations.
The main contribution of our paper is that it provides the maximal L, — L, regularity result
for arbitrary large and more general system without the LS condition.

Symmetric parabolic systems of type (1) arise in particular in mathematical description
of multicomponent systems with complex diffusion. Equations (I can be regarded as lin-
earization of complex systems that model, for example, the motion of multicomponent mixture,
transport of ions, or the evolution of densities of interacting species. Although in above de-
scribed models the original problem is often non-symmetric and only positive semidefinite, it
reveals entropy structure which allows to rewrite the problem in the so-called entropic variables
and to reduce the problem by one equation. The resulting system is then symmetric and it is
reasonable to assume or even in certain cases it is possible to show that the system is strictly
parabolic. An overview of such models together with a self contained description of entropy-
based approach is presented in monograph [20]. In this context the present result has been
already used in a very recent work of the authors [29], where we proved the existence and max-
imal regularity of solutions to the Navier-Stokes type of system of (n + 1)- component mixture.
We used the main result of this paper, Theorem [B] to generate stability and maximal L, — L,
regularity result for linearization of the species subsystem. In particular, as we are interested
in short time existence, linearizing around the initial conditions we obtain time-indepentent
coefficients. Earlier, in [28] we also considered a simplified version of this system modelling the
two component compressible mixture. In that case the linearized system was reduced to a single
equation, and therefore much more straightforward to deal with. Up to our knowledge, the only
other result for such type of systems, is due to Herberg, Meyries, Priiss and Wilke [I8], and it
is restricted to the incompressible, isothermal and isobaric multicomponent flows. Rather than
eliminating one equation from the system of reaction-diffusion equations and symmetrizing it



using the entropy normal form, the authors work with the whole system of (n + 1) equations.
Its principal part is only normally elliptic on the space E = {e}, where e is a (n + 1)-vector of
all entries equal to 1. However, it allows for verification of the LS condition at the linear level,
which we do not require here.

1.1 Preliminaries
Here we recall some definitions and auxiliary results which are used in the paper.

Definition 1. We say that Q is a uniform C? domain, if there exist positive constants K, L1,
and Ly such that the following assertion holds: For any z¢ = (zo1,...,zon) € I' there exist a
coordinate number j and a C? function h(z') defined on B}, (x() such that ||A]| s B () S K
o0 al
and
QN Br,(z0) = {x e RY | z; > h(2') (2 € B} (())} N Bry(20),

I'N By, (zg) = {z € RV | z; = h(z') (a' € B (x())} N Br,y(wo).
Here, we have set
y, = (yl,' o Yi—1,Yj41, - 7yN) (y € {QT,,IO}),
By, (zp) = {o' € RV [ |2’ — ap| < Lu},
Br,(z0) = {z € RY | |z — 20| < La}.

Let us also recall the definition of the Fourier transform and its inverse

FUNO = [ e e, R ) = iy [ o )

Analogously we introduce the partial Fourier transform F,, and its inverse transform .7-"5_, U py
setting

FolfI(€ an) = / e~ f(o! ) de,

RN-1
1

N (1.6)
Fo'lgl(x) = 2mNT /}RN1 e g(¢ an) dE

where 2’ = (x1,...,2y-1) and £ = (&,...,&n—1). Next, we recall the definition of R bound-
edness of a family of operators

Definition 2. Let X and Y be two Banach spaces. A family of operators 7 C L(X,Y) is
called R bounded on £(X,Y) , if there exist constants C' > 0 and p € [1,00) such that for each
meN, {f;}]L; C X™, and {T;}7, C T™, we have

| Z Tk Tk frll 2, (0,0),y) < Cll Z Tk frll L, ((0,1),%)-
=1 k=1

Here, £(X,Y') denotes the set of all bounded linear functions from X into Y and the Rademacher
functions 7y, k € N, are given by 7y, : [0,1] — {—1,1}; t > sign(sin 2¥7t). The smallest such C
is called R bound of T on £(X,Y’), which is denoted by Rexy)T-

Finally we recall



Definition 3. For any Banach space X, H;/ 2(]R,X ) denotes the set of all X valued Bessel
potential functions, f, satisfying

gy = ([ 17+ 2 AR AP ar) ™ < s, (17)

where F and F~! denote the Fourier transform and the inverse Fourier transform, respectively.

To end this subsection, we introduce some fundamental properties of R-bounded operators
and Bourgain’s results concerning Fourier multiplier theorems with scalar multiplier. (see, e.g.,
[11l Remarks 3.2 and Proposition 3.4] and [0]).

Proposition 4. a) Let X and Y be Banach spaces, and let T and S be R-bounded families in
L(X,)Y). Then, T+S={T+S|T T, SeS8} isalso an R-bounded family in L(X,Y) and

Rex vy (T +8) S Rexy)(T) + Rex vy (S)-

b) Let X, Y and Z be Banach spaces, and let T and S be R-bounded families in L(X,Y)
and L(Y,Z), respectively. Then, ST = {ST | T € T, S € S8} also an R-bounded family in
L(X,Z) and

Rex,2)(ST) S Rex vy (T)Re(v,2)(S)-

c) Let 1 < p, ¢ < oo and let D be a domain in RY. Let m = m()\) be a bounded function
defined on a subset A in C and let My, (\) be a map defined by M,,(\)f = m(\)f for any
f € Ly(D). Then, Re(z,(op({Mn(M) | A € AY) < Covgoplmlz )

d) Let n = n(1) be a C'-function defined on R\ {0} that satisfies the conditions |n(7)| < v
and |mn/(7)| < 7 with some constant v > 0 for any 7 € R\ {0}. Let T, be the operator-valued
Fourier multiplier defined by T, f = F~1(nF[f]) for any f with F[f] € D(R, Ly(D)). Then, T,
can be extended to a bounded linear operator from L,(R, Ly(D)) into itself. Moreover, denoting
this extension also by T,,, we have

| Tnll 2z, ® Ly (D)) < Cpa,D7V-
Here, D(R, Ly(D)) denotes the set of all Ly(D)-valued C*°-functions on R with compact support.
We finish this section with showing

Lemma 5. Let N < g <r < oo. Then

IV(f DL,y < Collllgll e ) IV fllLgpy + IV, o) @IVl 0y + Call fllLypy) ) (1.8)

for any o € (0,1) with some constant C,, depending on a, where D is any domain in RN with
uniform C? boundary.

Proof. When r = ¢, we have

IV DN a0y S IV, )19 o0y + 1 f Lo IVl L, (D)

Since N < ¢ = r < 00, by Sobolev’s imbedding theorem, we have

IVl Lyo) = Coillglcw IV, + CarllVallL, o)l fllyyzraer py } (1.9)



with some small number 7 > 0 for which N/q+ 7 < 1, where C, ; is a constant depending on ¢
and 7 essentially. When 1 < ¢ < r, let s be a number for which 1/¢ = 1/r + 1/s, and then by
Hoélder’s inequality, we have

IV DLy < Colllglloe )V FllL, o) + IVl oyl L.y }-

Since N(1/q —1/s) = N/r < 1, by Sobolev’s imbedding theorem, we have (L3)).
Finally, by real interpolation theory,

—(N, T N T
< CIINL, o) Iy

Hf” N/q+f Lq(D) HY(D) >

and therefore we have (LS)). O

1.2 Main results

In this paper, we shall prove the maximal L,-L, regularity theorem for Eq. (LII):

Theorem 6. Let 1 < p,q < oo andT > 0. Assume that 2/p+1/q # 1 and that Q is a uniformly
C? domain in RN (N > 2).
Existence. Let g = (uoy,...,uon)' € Beo (@), F € Ly((0,T), Ly(Q)") and G €
Ly(R, Hy ()™) N H;/Q(R,Lq(ﬁ)”) be given functions satisfying the compatibility conditions:
B(Vuy-n) =G(-,0) onT (1.10)
provided 2/p +1/q < 1. Then, problem (1) admits a unique solution u = (uy,...,u,)" with
u € Ly((0,7), Hy(2)") N H, ((0,T), Ly(2)") (1.11)

possessing the estimate:

lallz, o,m),m200) + 10l 0,1),,2) < CBWT(\|UO\|nggfl/p>(Q) L2

—~t 1/2 —t
+IFl L, (0,1),L00) + 1€ Gl mp@) + (1 +7 ) |e™ G'||H;/2(]R o))

for any v > vy > 0 with some constants C and g, where C is independent of .
Uniqueness. Let u be a n-vector of functions satisfying the reqularity condition (IIIl) and the
homogeneous equations:

Roypu —div(BVu) =0 inQx(0,7), B(Vu-n)r=0, ul— =0, (1.13)
then u = 0.

To prove Theorem [B, our approach is to use the R bounded solution operator for the corre-
sponding generalized resolvent problem and Weis’s operator valued Fourier multiplier theorem
[38]. Below we state the existence theorem of such operators.

We consider the generalized resolvent problem corresponding to Eq. (L4):

ARv —div(BVv)=f inQ, B(Vv-n)=g onTl, (1.14)

where v = (vi,...,v,) ", f = (f1,..., fn)" and g = (g1,...,9n) . We shall prove the following
theorem.



Theorem 7. Let 1 < ¢ < o0 and 0 < € < m/2. Assume that Q is a unformly C? domain in
RV,
Existence. Let

Xo(Q) ={(f.8) [ f=(f1.-- s fn) € Lg(Q)", g=1(91,---,90)" € Hy ()"}, (1.15)
Xy(Q) = {(F1, Fo, F3) | F1, Fy € Ly(Q)", Fs3 € Hy(Q)"},
with the norms
(£, &)l x, ) = Ifll @) + 8]z ) (1.16)
[(Fy, Fo, F3) |, ) = 1(FL F2) 2y 0) + 1 F5 1|1 (0)
and
Se={AeC\ {0} | [arg A <7 — ¢}, Ten, = {AeZc| A > Aol (1.17)

Then, there exist a constant Ao > 0 and an operator family S(\) € Hol(Xc x,, L(X(Q), HZ (Q)™))
(holomorphic on S y,) such that for any (f,g) € X4(Q) and X € Sy, v = (v1,...,0,)" =
S\ Hy(f,g) with Hy(f,g) = (f,\Y/%g,g) is a solution of Eq. (LI4).

Moreover, we have
RL(XQ(Q),H(?*I“(Q)”)({(TaT)g()‘k/QS()‘)) [ A€ Ben}) <7 (1.18)

for k=0,1,2 and £ = 0,1 with some constant ry,, where A =+ it € C.
Uniqueness. Let v € HqQ(Q)" satisfy the homogeneous equations:

ARv —div (BVv) =0 nQ, B(Vv-n)lr=0,
then v = 0.

Remark 8. The constant gy from Theorem [6] can be chosen the same as the constant A\g from
Theorem [7}

The second main result of our paper extends Theorem [0l giving a time-independent estimate
provided boundary of the domain and zero mean assumptions on the data.

Theorem 9. Let 1 < p,q < o0 and T = 0o in Theorem[@. Assume that 2/p+1/q # 1 and that
Q is a bounded domain, whose boundary, T', is a compact C? hypersurface. Then, there exists a
Yo > 0 for which the following assertion holds: Let ug, F and G be functions given in Theorem
[@. Moreover, we assume that

/ F(z,t)dx + / G(z,t)do =0 foranyt>0 and / Rupdz =0, (1.19)
0 r 0
€7 F |2, ((0.00). Lo (2)) + 1€7 Gl o2 () + (1 + 71/2)||€7tG||H;/2(R,Lq(Q)) <oo  (1.20)

for any v < o, where do is the surface element of I'. Then, the solution u obtained in Theorem
6 decays exponentially, that is u satisfies the estimate:

€™l (0.00),130) + €7 Orll L, ((0.00) Ly (52)

< Clluoll g20-1/ gy + 1€ F |, ((0,00), Lo () + 1€ Gl 1,y (R, 12 (2)) + HGWGHH;/Q(RL(Z(Q)))

for any v < o with some constant C'.



Theorem [6] can be proved by applying Weis’ theorem [38] to the representation formula of
solutions to (II]) given by Theorem [7l Thus, this paper is devoted to the proof of Theorem [7
mainly. In Section 2] we solve the problem in the whole space. Section [Blis dedicated to problem
in a halfspace. This is the most technical part of the proof because of complexity of the solution
formula. In Section F] we consider a result in a perturbed halfspace and finally, in Section B we
use the properties of a uniform C? domains to prove Theorem [[l The two concluding sections
are then dedicated to the proofs of Theorem [Blin Section [6l and Theorem [ in Section [7

2 Analysis in the whole space

2.1 Constant coefficients case

Let ¢ be any point of  and set B® = B(xg) and R = R(x¢). In this subsection, we consider
the constant coefficients system

AR’v — B°Av =f in R". (2.1)

By assumptions (L2 and (L3]), R and B° are symmetric matrices and satisfy the following
conditions:
RO, |BY| < Mo, (R'a.@) >mifa]®, (B%,3) > mlal’ (2:2)

for any a € C". Applying the Fourier transform to Eq. 21]) gives
(R°A + B2 Flv] = F[f] in RY. (2.3)

Lemma 10. Let 0 < ¢ < 7/2. The matriv RO\ + B°|€2| is invertible at least for (\,€) €
e X (RN\{O}) and there exists a constant mg > 0 depending on My, m1 and €, but independent
of xg € 2, for which

[(ROA+ BYIE)?) ™ < ma(|A + (€2 (2.4)
for any (X,€) € B x (RN \ {0}).

Proof. Let (\,€) € X x (RY \ {0}). We take A = |\|(cos § + isinf) and we compute

IMRa,3) + [¢*(B%,3)* = ((R%, )| A| cos 0 + [¢*(B%a,7))* + ((R%a, &) A| sin 0)?

2.5
(R, &) *[A1? + 2/l [€* (R, &) (B a, &) cos 6 + [¢]*|(Ba, ) . 29

Because 0] < 7 — € thus cos > cos(m —€) > —1 and so

IMRa, &) + [¢*(B%,a) [
> [(Ra, )P\ - 2|A[[¢|*(R"a,3)(B"a,@)| cos(m — )| + [¢[*|(B°a, )|
= [ cos(m — O)|(|A\|(R°a. &) — [¢[*(B°a,7))* (2.6)
+ (1= |cos(m — D[(IN(R%a, 7)) + (|¢|*(B%, &))?]
> (1= Jcos(m — e)ymilal* (IAP + [¢[).

Note that |cos(m — €)| = |cose|, and

2
1
| sin > —|sinel?,

1- _ _ISmel
| cos e 1+ |cosel — 2



therefore

(R + B°[¢]*)a, )| > C|sin(e)|V/AI? + [€]*]al”. (2.7)
Thus, if (ROA+ B°[¢]?)a = 0, then a = 0, which means that the matrix ROA+ B°|¢|? is injection,
and so det(R°\ + BY|¢|%) # 0. Thus,

(ROX+ BI¢*)™" = [det(R°A + B°[¢]*)]~ cof (RA + BPI¢[?) (2.8)

exists. We now prove ([24). Let

A A,
Al + [€[? Al +[€1?

and then det(R°\ + BO|¢|? ) = (M + €]2)" det(ROX + BO|€]?). Since (X, €) ranges on some
compact set in C x RY as [X| 4+ |€]2 =1 for (A, &) € B x RV \ {0}, there exists 1o such that

| det(ROX + BO|€%)| > s,
This m9 depends also on € and My, but is independent of 2y € 2 due to (L3]). Thus, we have
| det (RN + BYl]?)| = ma(|A] + €)™

Since the cofactor matrix of RA + B°|¢|2 is bounded by some constant independent of xg times
(JA] + [£]?)™t, we have (Z4]). This completes the proof of Lemma [I0 O

One of the main tools in proving the existence of R bounded solution operators in RY is
the following lemma due to Denk and Schnaubelt [I2] Lemma 2.1] and Enomoto and Shibata
[14, Theorem 3.3].

Lemma 11. Let 1 < ¢ < 0o and let A be a set in C. Let m = m(\,§) be a function defined on
A x (RN \ {0}) which is infinitely differentiable with respect to & € RN \ {0} for each \ € A.
Assume that for any multi-index oo € NY there exists a constant C,, depending on o and A such
that

[0gm(\, )] < Cale| ™ (2.9)

for any (X, €) € A x (RN \ {0}). Let Ky be an operator defined by Kyf = fgl[m()\,g)ff(g)].
Then, the family of operators {Ky | A € A} is R-bounded on L(Ly(RY)) and

< .
R,y {Ex | A€ A}) CqN‘ IIQ?@LC (2.10)

with some constant Cy n depending only on q and N.
By Lemma [0, we can define a solution v of Eq. (21]) by
v =F (RN + B¢)?) T FIE )], (2.11)

and so for any multi-index a € N} we have
9ev = F (i) (RN + BI¢*) T FIE](€))- (2.12)

Differentiating (ROX + B°|¢|2)~! expressed by the formula @Z38) w.r.t. &€ = (¢1,...,&V), and 7,
respectively and using (2.4]) we can estimate

08 (ROA + Ble[) ™Y < Ca(IM] + [€) 72 e 1o,

‘3?((7'@)(}20)\4- BOJE[2) )] < CulIA] + [€2) Y] (2.13)

9



for any multi-index o € N)Y, A = v +ir € X, and ¢ € RV \ {0}. Applying Lemma @] to
the solution operator defined by ([ZI1]) and ([ZI2]) for o = 1,2, we have the following theorem,
which is the main result of this subsection.

Theorem 12. Let 1 < ¢ < oo and 0 < € < w/2. Then, there exists an operator family
To(A) € Hol (B¢ g, L(Lg(RN)", HZ(RN)™)) such that for any X\ € Xy, and f € Ly(RY)",
v = To(Mf is a unique solution of Eq. (ZT).

Moreover, for any Ao > 0 there exists a constant ry independent of xo € Q for which
RL(Lq(RN)",Hg*k(Rn))({(TaT)E()‘k/Q%(A)) | A€ Beno}) <o (2.14)

fork=0,1,2 and £ =0, 1.

2.2 Perturbed problem in RY

In this subsection, we consider the case where the coefficients of the matrices R and B depend
on x variable. Let us fix g € . Let M; be a small positive number to be determined later.
Let dy > 0 be a positive number such that

|R(x) — R(xo)| < My, |B(z) — B(wo)| < M (2.15)

for # € By, (x0), Let ¢ be a function in C§°(RY) which equals one for € By, j2(z0) and zero
for = & Byg,/3(z0). Let

B(x) = ¢(x)B(x) + (1 = ¢(x)) B(xo),

where B(z) and R(z) denote the functions extended to the whole space, we consider a perturbed
problem: . .
ARv — div(BVv) =f in RV, (2.16)

In this subsection, we shall prove the following theorem.

Theorem 13. Assume that the coefficient matrices R and B satisfy the conditions in (L2)) with
some exponent r € (N,00). Let 1 < ¢ <r and 0 < e < /2. Then, there exist My > 0, Ay > 0
and an operator family Ti(X) € Hol (S x,, L(Lg(RN)™, HZ(RN)™)) such that for any X € Xz,
and £ € Ly(RM)", v = Ty (\)f is a unique solution of Eq. (218) and

Rl:(Lq(RN)",H,?’j(RN)n)({(TaT)Z()‘j/27E(>‘)) | A€ Xent <21

for £ =0,1 and j = 0,1,2 with some constant r, independent of xo € 2. Here, Ao and 1y, are
the same constants as in Theorem [12.

Proof. To construct an R-bounded solution operator for Eq. (ZI8]), we consider the equation:
AR(z0)v — B(zg)Av +Rv =f in RY. (2.17)
Above we have set

Rv = Ap(2)(R(x) — R(zo))v — div (p(2)(B(x) — B(z0))Vv).

10



Let To(A) be the R-bounded solution operator given in Theorem [[2] and we set v = 7o(A)f in
@I7). Then, we have

AR(z0)To(Nf — B(x0) ATo(Mf + RTo(Mf = T+ R(N)f  in RY, (2.18)
where
RME = Ap(x)(R(z) — R(z0))To(Mf — div (p(2)(B(x) — B(x0))VTo(Mf).
Applying (L8) and using the conditions (L2]), we have

[div (o(-)(B(:) = B(x0))VTo(M)]| ., ®n)
< CMo(My + ) [V To(NE | @y + Ca MoV To(VE |l 1, v)-

By (L2), we also have
[Ae()(R(:) = B(20))To(ME| 1,y < CMoMi[A[[To(ME| L, @)
Using Theorem [[2] and Proposition @ we have
R, @y ({70 RO | A € S, 1) < C{Mo(My + @) + CoMoA] Y.

for any Ay > A\g. Thus, choosing M; and « so small that C Myr,M; < 1/8, CMyrya < 1/8 and
choosing Ay > 0 so large that CC’aMorb)\al/Q < 1/4, we have

Ry @y ({(70-) R | X € Tep ) < 1/2.

Thus, we can construct the inverse operator (I + R()\))™! = Z?’;O[—R(A)]j. Then, taking
f = (I+RO\)f in ZIF) we see that

v=TiVf = ToN)T+RMN))"'f
is a required R bounded solution operator with R bound:
R0, vt vy (70 OV 2TL(0) | X € B }) < 2y

for £ =0,1 and j = 0,1,2. The uniqueness of solutions follows from the existence of solutions
of the dual problem. This completes the proof of Theorem
O

3 Model problem in the half-space

Let x be any point on I' and set R = R(wg) and B! = B(zg). In this section, we consider
problem:

AR'v —div(B'Vv)=f inRY, BYVv-.nj)=g onR), (3.1)
where
RY ={z = (21,...,2n) | 2ny > 0}, RY ={z = (21,...,2n) | 25 = 0},
and ng = (0,...,0, —1)T. First, we consider the case where g = 0.

11



Theorem 14. Let 1 < ¢ < oo and 0 < € < w/2. Then, there exists an operator family
T2(A) € Hol (S, L(Lg(RN)™, H2(RN)™)) such that for any X € Sc and £ € Ly(RY)™, v = Toa(M\)f
is a unique solution of Eq. BJ) with gr =0 (k=1,...,n).

Moreover, for any Ao > 0 there exists a constant 1y, independent of xog € I' for which

R 1wy -y (O PT(0) | X € Seph) <7 (3:2)

fork=0,1,2 and £ =0, 1.

Proof. Given f = (f1,..., f,)" in the right side of Eq. 1)), let f5 be an even extension of f;
to xy < 0 defined by letting

fi (@) = {f(x/’mN) for zy >0,

[, —zN) for xy <0,

where 2’ = (21,...,25_1). Set F¢ = (ff,..., fS)T and we consider the whole space problem:
AR'U — div (B'VU) = F¢ in RV, (3.3)
Let X
To(NFe(z) = FH(RA+ BYE[) TF()] ().
Obviously, U = To(A\)F€ satisfies Eq. ([3.2), and so in particular
AR'U — div(B'VU) =f in RY.

Moreover, by Theorem [I2, 72(\) has the same R-bound as in (ZI4]). Thus, our task is to prove
that 9

—Ulzy=0=0. A4
5o Ulan—0 =0 (34

Each term of 73(A)F¢ has a form:

_ 1 i€ An—hg] fe
Ikl(ﬂ?) = W/}%]\f@ det(R1A+B1|£|2)fk(£) dé_

for some k € {1...n}, £€{1...n—1}. Thus,

1 e XTI 2 fe ()
_ ix'-& k
ONIki|zp=0 (2m)N /RN ¢ det(R'\ + B[¢]?) “

Applying the Fourier transform with respect to 2/, we have

RN—1 det(Rl)\—i-Bl’f‘z)

I O P AR (9)
©2m o det(RIA + B2|¢)?)
_i 00 )\n—l—£|£|2£i£N
21 J_ o det(RIA + B2|]?)

o [ 1
= A"t z/ f(£',yN)dyN2—
0 s

- T[>
P OnTulo—0)(€) = 5= [ 7

dén

/0 (e7WNEN 4 gUNEN) (¢ yi) dyn

/OO |€20iEn (eTUNEN 1 IUNEN)

déy.
o det(R'A+ BI[¢P) &N

12



Thus, in order to show ([B4)) it is enough to prove that

1 /OO €)20iEn (e7WNEN L gWUNEN)
27 det(R'\ + B1[¢]?)

ey = 0. (3.5)

We can write

det(R'A + B'[£]%) = aol¢[" + D a M [¢P ), (3.6)
j=1
Let t = |¢|?, then (B8] rewrites as

aot"—i-Za N J—aOH (t + kj|\)™
7j=1

where m and n; are constants depending on A for which n = """ | n; and k; are functions with
respect to A/|A| such that kj # kg for j # £. In view of 2.4), ao [[Z, (¢ + k;|A[)" # 0 for t > 0
and \ € 3, and so kj ¢ (—o00,0) for A € ¥.. Thus, we have

det(R'A + BY|¢]?) H E2 4|12 4 kj A" H En + iwj)" (€ — iw;)" (3.7)

with wj = /|¢’|? + kj|A| where we take Rew; > 0. We rewrite the lhs of ([B3):

Lemma 15. We have

1 00 ‘g’ﬂZSN( —iyNEN +ezyN§N m
27 /_Oo det(R'\ + B1|¢[?) Z (3.8)
with
Jj = ( 0 ) fj(ﬁ?v)ifNeingN‘ R st fj(f?\/)%NGin&N‘
PTBe e i) leveis 0 (v —iw) =i, (39)
7t -
= Jj — Jj ,
where we have set l
€' + 9]

W) = iy £ 1 + B

Proof. The proof follows by direct computation of the integral on the Lh.s. of (B8] as a limit
of curve integrals of a complex function which are computed using residue theorem. Denoting
the integrand by f(&x) we have

/ F(Ex) den = limpo / F(En) dén — Timpoa / J(en) den (3.10)
- .

R
where
L}y ={2€C:Imz >0, |2 =R}, ~% =[-R.R] x {Imz=0}UL}.

Writing £y = a+ bi we easily verify that the integral over LE vanishes as R — 0o, and therefore
by residue theorem the integral in the lhs of ([B.8]) will be equal to sum of residua of the integrand
on the upper complex halfplane. In order to compute the residua notice that by (B.7) we have

€23 v ety
)

T2 ) (En — ;)"

Jén) =

13



therefore in a neighbourhood of {y = iw; we have

9 (En)

(En —dw;)ns”

Jén) =

where .
Fi(€R)i€nevNen
(SN + in)nj
is holomorphic, which implies the form of JJT" in 33). The part with e NN is calculated in

the same way extending the integral to a curve contained in lower complex hyperplane leading
to the form of J;~. O

9;(én) =

It is easy to observe that
Lemma 16. We have the following identities
RN = ag VT @IN T + TV T +
+a25 VAR + a2V 1 (e (3.11)
RSHEX) = ag ) 17 (RN (%)f}% ”(&%) N
+ a1 ek + a1,

(3.12)
with some coefficients a,g,]i), where f;g) = (9£fj/(9yj.
Proof. 1t is enough to observe that
Oen[FH(EREN ™7 = aued T FEP(ER) + 2D (e
and 2(l—k 2(l—k)—1 2(l1—k)+1
BgN[fQI’k(S?V) zé_ )] _ b;ﬁé}é —k)— f(2l7k)(§]2v) +2f(2lfk+1)(§]2v)§]\§ —k)+
for some coefficients ay, by, therefore (B.I1]) follows by induction. O
By Lemma [I6], there exist some functions g](.z) for which
_ . (20—1 20
N I3 e =iy = =i @]g, RS le—siy = 977 (). (3.13)

Notice that the uppercase index g does not denote differentiation contrarily to f). By Leibniz
rule, we have

<i> " LR igw et ey ‘
(£N + iwj)nj En=xtiw;

/3N
i—1
_ Z ok (g1 fiEiEve iy |
gN (En = ZW]) EN=Tiw;
_ ’L§N( )nj,1 fj(é-]zV)eiingN )njf2 fj(é‘]zv)eiinfN
0EN (§N + in)nj En=tiw; 0EN (§N + in)nj En=tiw;

_ (n;—1) ;4 (n;=2) .r+

D DR/ ¥ % oh S W € Wyt 1 5

k1+k‘2+k‘3:nj—1 k1+k‘2+k‘3:nj—2

14



where

2 2 a 3 . —n
Ly ZSN( ) f](fN)( 9En )k igNyN(ag )k (En £ iwj)™™ .
2 7 8 3 n
Ly = ( DEn ) fg(fN)( DEn )k igNyN(ag )k (En £ iwj) JgNzﬂwj

with some permutation numbers C’,g?]k; k) nd C’,Sf]k ,33 Now our goal is to show
LI=L;7, i=12 (3.14)

Then by (B9) we have J;r = J;, and therefore (3] holds due to ([B.8). Let us start with
observing that

ak2 +TiENYN — (4 ko EtilNYN — (+i ko —wiyn 315
v ‘ En=Tiw; ( ZyN) ‘ En=Tiw; ( ZyN) ¢ ( )

and
aff; (En Eiw;)™ ™ =dys(Env £ iwj)fnffk:”, (3.16)

where dgz = (—nj)(—nj —1)---(—n; — k3 + 1). In order to show that Lj = L we assume
ki + ko + k3 = n; — 1 and consider first the case when k; is odd. Using (B13)),3I5]) and (BI6)

we get

L:E (:Fw])(j:zg]( )( )wj)(jij)kQ —WiYN 9N — k3dk (:I:zw]) nj—ks

= (i)F2 (i) R ke 2ha =1 (g gl (o2 2ewrun (94,) T Re gy gy (3.17)

- oks—ky (K1), 2y 2 — —k
= —i 2R g (T e (2uwy) T RS dy 2

where we have used that (41)%3+F1+1 = 1 because k; is odd. In the same manner, when ki is
even, we have
L = 0" () i) 20 27 oy, (i)
_ (:l:i)kQ(ﬂ:Z)_ —k2—2k3(:':wj)(iw]) 1 J(2l) (w )w]ylm —WjYN 9= — k3d oy —k1—ko—2k3 (3.18)
_ifk172k3wjgj(2l) (w )wjy e~ WiYN Q=T — ksdkgwj k1—ko— 2k37

since this time (£1)* %2 = 1 because k; is even.
In order to show that L;r = L, we assume n; = ki + kz + k3 + 2 and again consider first k;
odd. Then

Ly = %ig\™ (wP)w; (Fiyn ) 2e 9N dy, 27 7R (i) ks
:(ii)H—kQ(ii) —ko—2k3— 29]( )( Z)ijﬁc\?e—wjyzvdkg(zwj)—nj—ks (3.19)
—k1—2k3— 1gj( )( )wjyécve waNdkS(ij)*nj*kS,

)—k1—2k3—1

where we have used (41 = 1 because ki is odd. When k; is even, we have

Lg: = g§k1)(wj2)(iin)k2e—wijd 9—nj—ks3 (iiwj)_nj_k3

= (i) (i) TR R =220 2y ke omwun gy (91;) 7 he (3.20)
= iR m2gB0 2y Re e . (9u;) TR,

since (+1)7%172k-2 = 1 as k; is even. From (BI7)-@B20) we conclude (BI4), which leads to
[B3) as explained above. This completes the proof of Theorem [I41 O
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We now prove the existence of an R bounded solution operator for Eq. BJ).

Corollary 17. Let 1 < ¢ < o0 and 0 < € < 7/2. Let X (RY) and X (RY) be spaces de-
fined by replacing €2 by Rf in Theorem [ Then, there exists an operator family T3(\) €
Hol (3, L(X(RY), HZ(RN)™)) such that v = T3(A)(f, M2g @) is a unique solution of Eq. (31
for any X € S¢ and (£,g) € X, (RY)".

Moreover, for any \g > 0 there exists a constant r independent of xo € I' for which

Ry 0y 12 oy {0 VAT 00) | X € Serg}) < (3:21)

fork=0,1,2 and £ =0, 1.

Proof. Notice that Vv -ng = —dyv. Let h = (B')"!g, and consider the boundary value

problem:
Aw—Aw =0 inRY, dyw=-h. onR). (3.22)

To define a solution operator of Eq. ([B:22]), we use the partial Fourier transform F,, and its
invifse transform F, ! defined in (TB). Applying the partial Fourier transform to Eq. (322),
we have

(A+1E7) = R)Furlwl(€,2x) =0 on (0,00), InFur[W(€',2n)lay—0 = —Fur [B](€',0).

Thus, we have

Fulwl€.on) = e h)(€0)
x’ w 7-%' O
A+ |€’|2
And so, we define a solution operator U(\) by setting
U0 = At [ e )] )
x').
A+ |£’|2
By the Volevich trick:
f(zn)g(0) = — ; On f((xn +yn)g(yn)) dyn,
with
e ,
flzn) = 9(yn) = Fu [b](£, yn)

VAFIER

we write U(A)h as

00 —VAHE 2 (N +yN)

L e T v P ) = VAT TEPE B ) ) d
oo}_ 1 \/W(xz\r-i-yN < [8 h]( ! ) )\1/2 x, [ 1/2 ](5 )
0 VAFIER 2+ [Onh] (€ yn Ve ” N

N—-1

i€ / /
+D mﬂ/[ﬁjh](é ,yN))} (z') dyn.

J=1
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Let YV,(RY) = {(Fy, F3) | F» € Ly(RY)Y, F3 € H(}(Rf)N}. And then, we define an operator
U(N) acting on (Fh, F3) € Yy(RY) by letting

UN)(Fy, F)

S e~ VAHE P(an+yn) ) A1/2 /
= _/O 1% [ \/W <.7:x/[aNF3](£ YN) — \/TW}}/[FQ]({ VYN
N—-1 .
+ Z L‘Fﬂﬁ/[ajFﬂ(gayN))} (') dyn,

o VAP

and then we have
U(M\h =UN)(A/?h, h).

Moreover, using the same argument as in [34] Sect. 5], we see that

R {70 NPUN)) X € Bex}) <7 (3.23)

(Lq(RY),HZ ™7 (RN )m)

for £ = 0,1 and j = 0,1, 2, where r is a constant depending on €, \g > 0, My and m1, but
independent of xy € I.

Let T3(A) be the operator given in Theorem [2} Letting F = AR'U(A\)h —div (B'VU()\)h),
and setting v = T2(A)(f — F) + Up(\)h with h = (B')~!g, we see that v is a unique solution of
Eq. 3I). The uniqueness follows from the existence of solutions of the dual problem. Thus,
combining Theorem [[2] and (3.23]), we have Corollary [[71 This completes the proof. U

4 Analysis in a bent half-space

Let ® be a diffeomorphism of C' class on RY and &' the inverse of ®. We assume that
V® = A+ B(x) and V&~ = A~ + B_4(y), where A is an orthogonal matrix with constant
coefficients, A~! is the inverse matrix of A, and B(z) and B_1(y) are matrices of CO(RY)
functions satisfying the conditions:

1B, Bl < Miy V(BB )|z, @) < Crc (41)

In the above formula r is an exponent such that N < r < co and C is a constant depending on
the constants K, Ly and Lo appearing in Definition Il We choose M7 small enough eventually,
and so we may assume that 0 < My <1 < Ck without loss of generality. Let

Q= ORY) = {y = (@) |z € RY}, Ty = d®RY) = {y = o(x) | € R)}.

Let ny be the unit outer normal to I'y and let 0, = n - V. Let yo be any point of I'y and
we fix it. We assume in this section that there exist a positive number dy for which

[R(y) — R(yo)| < My, [B(y) — B(yo)| < M (4.2)
for any y € By, (yo). Moreover, let My be a number for which
IV(R, B)||, @~y < M. (4.3)

Note that since R and B are the extensions of functions defined on 2, due to (L2), we may
take My = Ma(My). We may assume that

Ck < M. (4.4)
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Let ¢(y) be a function in C*°(R") such that
15 (/S Bdo/S( )
4.5
o) = { 0, ¥ & Bady(yo)- (5)
We define

R(y) = W) R(y) + (1 = () Ryo),  By) = ¢(y)B(y) + (1 = ¢(y)B(yo)-
In this section, we consider the following resolvent problem:
ARv —div(BVv)=f inQ,, B(Vv-ny)=g onl,. (4.6)
We shall prove the following theorem.

Theorem 18. Let 1 < g <r. Let X (Qy) and X,;(24) be the spaces defined by replacing Q by
Q4 in Theorem[]. Then, there exist a small number My > 0, a constant Ao > 0 and an operator
family T (X) with

T3 (N) € Hol (S 5, £(Xg(Q1), Hg ()"))
such that such that if ([E2) is satisfied then for any A € Xy, and (f,8) € X (Qy), v =
T+ (N (F,\Y%g, g) is a unique solution of Eq. [@8), and

Rz:(xq(m),Hg—j(m)n)({(TaT)Z(Aj/Qﬂ()\)) [AEZen ) <
for £ =0,1 and j = 0,1,2 with some constant r, independent of My and Ms, where Ms is from
@3).
Proof. The uniqueness of solutions follows from the existence of solutions to the dual problem,

and so we only prove the existence of R bounded solution operator 7;.(\). We use the change
of variables: y = ®(z) to transform Eq. (6] to the equations in the half-space. We have

<%>(Cb(a¢)) = aj, + bji(x), (4.7)

where aj, and b;(z) are the (j, k)™ components of A~! and B_;(®(z)), respectively. Since
A~!is an orthogonal matrix and thanks to (@], we have

N
Za]’ka]’g = Zakjagj = 5kg, HbijLoo(RN) S Ml, HVbjICHLT(]RN) S CK. (4.8)
j=1 7j=1

By (7)), we derive the formula for change of variables from y to x, namely

N

0 0

ay; T os(@)) 5 4.
Applying this formula we get that
92 N P 5
02y - Z (agj + bfj(x))a—w <(akj + bm(m))@—@)
I k=1
N 92 N 52
:k;1(a€jakj+b£j( Jars) (%Jz&’ﬂk ; (ag;ibrj(x) + bej(x )bkj(l“))m (4.10)
N
T A el Ay
+ Hzl(aej + bej(x)) Bos B
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Note that by (L8], we have

N N N

Z Z 32 32
ApjQlg oo = 52,
Pyl 0xs0x}, k:laxk
therefore
N 52
=> o =8+ DoVi+ DV, (4.11)
— 0y;
where
N 92 . 82
A — D _ B . . .
x Z Py’ 2V Z (ar;bej (x) + brj(x)(ag; + by (m)))&waxk’
k=1 k=1
al Oby; () 0
D1V, = 4 by J —
1V jgl(% ()= = o

We now transform the form of the outer normal vector n (y) to 'y at point y = ®(x). Since
I', is represented by xny = <1>]7V1 (y) = 0, the gradient of function <1>]7V1 (y) will indicate the normal
direction, therefore after normalization, we obtain

(aame o gmN)T (an1 +bn1(),...,ann +byn(z)) T
n.(y) =ny(®(2) = ——5——5, - =~ i . (412)
‘(8y177ayN)‘

where for the second equality we used (471]). Having this we note that

N N ;
Z aNj + ij(x) aul(x)
= b
Vi (y) -mely JZ: ]%::1 akj + by (@ d(x) Oz
’ (4.13)
ou'(z
{(akj + by (2))bnj (%) + anbe;(2)} %
Tk
where we denoted u‘(z) = v’ o ®(z). Note that by (@J) we have
N N
d(z) = | Y (an; +by;(x))? = Z 2an;byj(z) + bj(x)2).
Jj=1 j=1
Therefore, choosing M; > 0 sufficiently small, we have
dNz) =1+d(z) (4.14)
with |d(z)| < C| Z;yzl(QaijNj(x) + bnj(z)?)] < CM; and
. N
IVl @yy < C > (lanill @y + 1085l @) VBN £, @) < CCl < C My,
j=1

where in the last inequality we have used (4.4)).
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Finally, by (£9)), (@I1), (£12), (AI3) and [@I4), the system (L0 is transformed to
AR(yo)u — B(yo)Apu+ F(w) = inRY, B(yo)(Vou no(x)) + Gw) =& on RY, (4.15)
where ny = (0,...,0,—1), and
uz) =vod(z), f(z)=Ffod(x), g)=god(x),
and, by (£3) and (£12)-(ZI4),

F(u) = {A[p()(R() = R(yo))v] = [divy(o(y)(B(y) — B(yo))Vyv)]} o @
—B(yo)(DQV u+ DV, u),
G(u) = B(yo)dVu-ng + {(y)(B(y) — B(y0))Vyv-ni} o

N
B(yo) ou
- > (argbu + b lan + ij))—axk-

k=1
Using (LX), (£2), (£3), and [@I4]), we have
IFWllz,@y) < CUANMallp, @y + (M1 + @)l gz @yy) + Cans gy @y,
A2 IG )|, ey < CMIA2 all g ) (4.16)
HG(u)”qu(Rf) <C(M+ a)Hu”Hg(Rﬁ) + Coz,MQHUHHC}(Rﬁ)

for any a > 0, where C'is a constant independent of o, M7, A1 and Cy r, is a constant depending
on a and Ms.

Let T3(A) be the R-bounded solution operator for Eq. (B given in Corollary [Tl Taking
u=T3(\)(f, 1?8, g) in [@IH), we get

AR(yo)T3(A\) (F,\%g, 8) — B(yo) AuTs(V) (£, A28, 8) + F(T:(\ (£, \/%g, &)
—f+F<75< )(£.A\%g,8)) inRY,
- o o (4.17)
B(yo)(VaTs(A\) (£, A28, 8) - ng(2)) + G(Tz(\)(F, /%8, §))
=g+ G(T:(\)(E, \?g,8) onRY

Let us now denote

R+(NHA(E, &) = (F(T3(\) HA(£,8)), G(Ts(M HA(F, 8))), (4.18)

where H)\(f, g) = (f, A8, g).
By (@.16]), Corollary [I7] and Proposition ] we have

Rg(xq(w))({(TBT)ZHAR+(>\) A€ )) <{C(M; +a)+ Ca,Mg)\l_l/Q}Tb

for ¢ = 0,1. Thus, choosing o and M; so small that Car, < 1/8, CMyr, < 1/8 and choosing
A1 > Ag so large that C’a7M2)\171/27“b < 1/4, we have

R,y (Lm0 HAR L (A) | A € B, }) < 1/2 (4.19)

for £ = 0,1. Next, let us denote
R, (A\)(F,8) = Ry(VHA(F, 8). (4.20)
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Since for any A # 0 the norm Hf‘,guxq(w) is equivalent to ||HA(f,g)||Xq(M) (according to

definition (LI6])), we can construct an operator

I+Ry() = STRyO)™ in X, (RY).

m=0
Rewriting now (LI7) as
L(yo)Ts(VHA(F, ) = [T+ R (V)] (F, &), (4.21)
. AR(yo)() ~ Blu)A() + F()
_ Y0)(+) — B(yo)A(-) + F(-
Hu0)O= | " By)(v() - no(@) + G() 422
and taking B .
in (L21)) we see that

u=TsNH\(I-R+(\) (£, &)

ue HQQ(RQY)" is a unique solution of Eq. ([@I3).
As for the R bounded operator, the estimate (ZI9) implies the existence of

o0

(I+HR(A) ™ =D (~H\R(V)™

m=0

By (£20) we have
HA(I =R (V)™ = (I-R(\) ™ Ha,

and so we have

u= TN (I~ RM\) " Hy(f,8). (4.23)

Thus, setting
Ta(A) = Ts()T = RW) ™,

by @23), (EI19), and Corollary M7 we see that u = T3(A\)Hy(f, ) is a solution of BEq. EIH),

and

Ry, @z @y LT (VETa) [ A € Be }) < 21
for =0,1 and j =0,1,2. If we set
To(NF = [Ta(\F o @l o @™,

for F' = (F1,Fy, F3) € X;(21), then, T, is a required R bounded solution operator for Eq.
(5D, which completes the proof of Theorem O

5 Proof of Theorem [T

To prove Theorem [7], we need to use several properties of uniform C? domain, which are stated
in the following proposition. For the proof of this result we refer for example to [I4], Proposition
6.1.
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Proposition 19. Let Q be a uniform C?-domain in RN with boundary T'. Then, for any positive
constant My, there exist a constant d € (0,1), at most countably many functions ®; € C2(RY),
and points :cjl € Q and ﬂ:? €I (j € N) such that the following assertions hold:

(1) For every j € N, the map RY 3 2 — ®;(z) € RY is bijective.

(2) Q= (U2 Balzj)) U (U721 (2;(RY) N Ba(23))), Ba(z}) C Q, ®;(RY) N Ba(z}) = QN
Bd(:cj), and P, (RY )ﬂBd( ]) FﬂBd(Cﬂj)

(3) There exist C* functions C;, 5]’ (i =1,2,7 € N) such that

supp (!, supp ¢} C By(z}), HC;HH? ®N) < ¢o, |’§;|’H§O(RN) < co,

o0 o0
Ejzl on suppC]i», ZZ(}:l on Q, ngzl on T.
j=1

i=1,2 j=1

Here, ¢y is a constant which depends on d, N, q, ¢' and r, but is independent of j € N.

(4) V@, =R;+R;,V(P;)~! =R, +R;, where Rj and R; are N x N constant orthogonal
matrices, and R; and R} are N X N matrices of HY, functions defined on RN which
satisfy the conditions:

IRl o@yy < My, [|R) ||y < M,

and
IVRjllLo@myy < Ck, VR |[L @) < Ck

for any j € N. Here, Ci is a constant depending only on constants K, Ly and Lo
appearing in Definition [

(5) There exist a natural number L > 2 such that any L + 1 distinct sets of {Bd(ac;») | i =
1,2, j € N} have an empty intersection.

By the finite intersection property stated in point (5) of Proposition [[9, we have
1/q
(> Sl ey S Callflzye (5.1)
i=1,2 j=1
for any f € Ly(Q2) and 1 < ¢ < co. In particular, by (G.I]) we have

Corollary 20. Leti=1,2 and 1 < q < oo. Let {f] o be a sequence of functions in Ly(§2)
such that 3772 HfjHLq(Q < 00, and supp f; C Bg(x ]) (J € N). Then, 3222, fj € Ly(2) and

132521 Fill gy < (2520 3115, ()9

In what follows, we write 2; = ®;(RY) and I'; = ®;(R)’) for j € N.
Moreover, we denote the unit outer normal to I'; by n;. Notice that n; =n on T';.
By (2)), choosing d smaller if necessary, we may assume that

|R(z) — R(z%)| < My, |B(z)— B(z})| < My for = € By(al) N (5.2)
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Let C]’ and C}Z be functions given in Proposition [I9 and set

RY(z) = (H(x)R(x) + (1 — {i(a))R(a?), BY(x) = {i(x)B(x) + (1 — (i(2))B(xh)
Notice that ' - ‘ ' N ‘
()R (2) = Ci(2)R(z), (i(x)BY(z) = Ci(2)B(x), (5.3)

because C}Z =1 on supp CJ’ To construct a parametrix for Eq. (LI4]), given (f,g) € X,(Q2), we
consider the following equations:

Lol g Uoyly — g o N
)\R JVj—diV(B IVvji)=¢Gf inRY, ) (5.4)
ARYv3 —div(B¥Vvi) = Cf inQ;, B¥(Vv}-n;)={g onlj. (5.5)
By Theorem [[3] and Theorem [I8 there exist R bounded solution operators D;-()\) for Eq. (54
and Eq. (B3] with
Dj(A) € Hol (Zen, L(Lg(RY)", HF(RY)™)),  DF(A) € Hol (Ben, L(Xg ()", HZ (25)")) (5.6)

such that for any (f,g) € X,(Q)", v]l = D}(A)E}f is a unique solution of Eq. (&) and

v]2. = DJQ.()\)H A(g:ff , szg) is a unique solution of Eq. (5XI), respectively. Moreover, we have

Rl:(Lq(RN)”,Hg*’“(RN)n)({(TaT)g()‘k/QtDjl'()‘)) |A€EXcn}) <1,
RE(X,](QJ-)%,H(?*’“(Q.)n)({(TaT)g()‘k/QDJQ'()\)) [AEZen}) <o

J

(5.7)

for ¢ = 0,1 and k = 0, 1,2, where Ay and 7}, are independent of j € N. In particular, by (&),
we have

2
Z |>\|k/2||V]1'||Hg—k(RN) < TbHC}fHLq(RN)a
=0 (5.8)

2
> \/\\k/zHV?HHgfk(Qj) < {1 E |y (2,) + AN 8l Ly () + 118l 122 0}
k=0
Let us now introduce the notation
UN(F,g) = > > v, UNF =D (DjNF+ > GDFNF
i=1,2 j=1 j=1 j=1

for (f,g) € X,(Q) and F = (F1, F3, F3) € X, (Q). By (&1), Corollary 20, (5.6) and (5.8), we
have U(A)(f, g) € H(Q)", U(X) € Hol (Se 5y, L(X(Q), HF(Q)")),

2

Y MU E, @)l 2+ 0y < Cara(IE L) + N2l Ly () + gl @), (5.9
k=0 .

Ryt ) (L0 (FPUL)) | A € Seng}) < Gy,

Obviously, we have
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Moreover, noting (5.3) and using (5.4]) and (5.5), we have

ARU)(E,g) — div (BYUO)(Fg) = - Vo)(f.g)  m@
B(VU\)(f,g) -n) =g — Vy(A)(f,g) onT. '
In the above we used the fact that 5;(; = Z, Zi:m Z‘;il CJZ =1, and so
D PESED PH P
i=1,2 j=1 i=1,2 j=1
and we denoted
VoN(E ) = Y > div(BY(V()VS Z Z V() - (BYVVS),
i=1,2 j=1 i=1,2 j=1
Viy(\)(f,g) = > B¥(V( -ny)v3
j=1
Let us also denote
VoM F = div(BY(V¢HDj (N F)) + Y BY (VDG F)
jfl jfl
+ Z (V) - (BYVD}(A)(() F)) + Z (V¢F) - (BIVDI (WG F)),
7j=1
V(AN F = Z B¥(VE - n))Di(N(GF),
j=1
for F' = (F1, Iy, F3) € X,(Q2). Moreover, we set
VA(E,8) = (Vo(N)(£,8), Vi(A)(£,8)), VNF = (Vo(AN)F Ve(A)F).
In particular, we have
V(N)(E,g) = V(A H\(f, g) (5.12)
for any (f,g) € X,(2). By Proposition @l (5.7), (I8) and (L2]), we have
R, ) ({(700) (HAV(N) | A € S, ) < OMoroAy
for £=0,1 and \; > A\g. Thus, choosing \y so large that CMOTb)\Il/Q < 1/2, we have
R, ) (T (HAVN)) [ XA € Seno}) < 1/2 (5.13)
for £ =0,1. By (5I12) and (5.I3]), we have
IHAV(A)(£, 8)llx,0) < (1/2)[|HA(F, 8) |3, (0)- (5.14)

The ||H(f, 8)|lx, (o) is equivalent norm to ||(f, g)| x, () for A # 0, and therefore, it follows from
(5I4) that the inverse operator (I — V(\))~! = >0 V(\) exists in X,(Q). Moreover, by
(513), the inverse operator (I — H\V(A\))™! = ZJO-’;O(HAV()\))j exists in A, (Q?). By (.12,

H\I-V) ' =T -HYV\) 'Hy. (5.15)
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In view of (5II) and (EI0), v = U\)(I — V(A\)~!(f,g) is a unique solution of Eq. (L4) or
(LI). The uniqueness follows from the existence of the dual problem. By (5.10) and (515, this
v is represented by v = U(N)(I—HV(N)) L H,(f,g). Thus, setting S(A\) = UN)(I—- H\V(\))7!,
by (EI0), (EI1) and Proposition d] we see that v = S(A)H)\(f,g) is a unique solution of Eq.

(1) and
RL(XQ(Q),H(?”“(Q)%)({(TBT)K()‘k/QS()‘)) | A€ Xex}) <2rp

for =0,1 and k = 0,1,2. This completes the proof of Theorem [l O

6 Proof of Theorem

To prove the existence part of Theorem[Gl we first consider an artificial initial-boundary problem:
ou— R Miv(BVu) =0 in Qx (0,7), B(Vu-n)|lr =0, uli—o=uo. (6.1)
The corresponding resolvent problem of Eq. (6.1)) is the following system:
MW — R div(BVv)=f inQ, B(Vv-n)p=0. (6.2)
If we set
D,(Q) ={veH()"|B(Vv-n)=0 onT},
Av = R 1div(BVv) for v € D,(Q),
then Eq. (6.2]) is written in the form:
A=A =Hf. (6.3)

Let S(\) be the R-bounded solution operator given in Theorem [7 then a unique solution of
[63) is given by v = S(A)(Rf,0). Therefore, by Theorem [l and (L3]), we have

2
Z P\’k/QHVHHg*k(Q) < Crnymollflln, )
k=0

for any A € 3 5, and f € L,(Q)". By the semi-group theory, the operator A generates an Cy
analytic semigroup {7'(t)}:+>0 possessing the estimate:

1T (t)uoll L, ) + tIOT ()l 1, ) < Ce[luollL, ),
18:T (t)uoll L0y < Ce¥[[uoll 2 (05

for any ¢ > 0 with some constants v € R and C' > 0. Using the real interpolation theorem (cf.
Tanabe [37, Subsec. 1.4]) we can prove:

Theorem 21. Let 1 < p,q < oo. Assume that Q is a uniformly C? domain. Let

Dy p(2) = (Lg(2)", Dg(2)1-1/p,ps

where (-,+)1—1/pp 5 a real interpolation functor ([1, Chapter 7]). Then, for any ug € Dy (),
problem (6.1]) admits a unique solution u with

e_,Ytu € H]%((Oa OO), LQ(Q)n) N LP((07 OO), qu (Q)n)
possessing the esitmate:
le™ |, ((0.00).12(2)) + €77 Oeutl| 1, ((0,00), Lo(@2)) < Clluoll ge-1/m) g

for any v > Ao with some constant C depending on A\ that is the same as in Theorem [7
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Proof. The proof of Theorem 2]] follows the same lines as the Theorem 3.9 in [33], so we skip
it. O

Remark 22. Note that ug € BqQ,(pl_l/p)(Q)" satisfies the condition:
B(Vup-n)=0 onT,

then uy € Dy () when 2/p + 1/g < 1. Moreover, when 2/p + 1/¢ > 1, than any ugy €
Bg,(pl*l/p)(Q) belongs to D, ,(2)".

We now proceed the existence part of Theorem B Let S(X) € Hol (S, £(X,(Q), HF (Q)™))
be a solution operator of problem ([LI14)) that exists due to Theorem [ Let

F € Lp((0,7),Ly(0)"), e "G € Ly(R,Hy()") N H;/Z(R, Ly()™).

for any v > Ao. Let F( be the zero extension of F outside of (0,7), that is Fo(-,t) = F(-,¢t) for
t € (0,7) and Fo(-,t) =0 for ¢t ¢ (0,7"). We consider the following time-dependent problem:

Roywv —div(BVv)=F; imQxR, B(Vv-n)=G onl xR. (6.4)

Let £ and £7! be the Laplace transform and the Laplace inverse transform, that is

LI = [ e b= Fle ) (= +in),

Cg)(t) = — / T gy 4 in) dr = CCF gy + in)](1).

T )
Applying Laplace transformation to (G4, we have
ARL[V] — div (BVL[V]) = L[Fo] inQ, B(VL[V] -n)=L[G] onT.
In view of Theorem [7} we have
LIV] = S(N(L[Fo] (M), N2 LIG](V), LIG] (V)
for 4 > Ao with A = v + i € C. Thus, a solution v of Eq. (G) is given by
v = LSO (L[Fo)(N), A2 LIGI(N), LIG](A))](¢)
= ' FS(y + i) Fle T (Fo, AY2G, G))(7)](1)
for any v > Xo. Here, AY/? is the operator defined by setting
AY2g = LN LIg ().

By the Cauchy theorem in theory of functions of one complex variable, the value of v is in-
dependent of choice of v > A\g. By Theorem [7 and Weis’s operator valued Fourier multiplier
theorem [38], we have

le™ VI, (a2 + e 0Vl L, Ly(@)

< C(lle”"Foll, @ Ly@) + e A Gl @ o) + 167" Gl @)
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for any v > Ao with some constant C' depending on \g. Since |(70,)AY2(1+72)~ V4| < C(1+4+/2
for any A = v +i7 € C with v > Ao, by Proposition [] we have

le ™ A2 Gl 8,0 < CO+D) Gl 1 -

Summing up, we have proved that v satisfies Eq. (64]) and the estimate:

VI, (.. 1200)) T 1106V L, ((0,7), L4 (02)
< COT(IF| 1, 0.1),Lq(0) + (1 +71/2)||€_VtGHH;/2(R,Lq(Q)) + e "Gl L, ®m1(2))

for any v > Ao with some constants C' depending on Ag.
Next, to compensate for the lack of the initial condition, we consider the following initial
problem:

Royw —div (BVw) =0 in Q2 x (0,00), B(Vw-n)[r =0, Wl =ug—v|t=. (6.5)

By (LI0), we see that ug—v|i=g € Dy ,(€2) when 2/p+1/q # 1, and so, by Theorem 2], problem
(65) admits a unique solution w with

e*’ytw € H;((07 00)7 LQ(Q)n) N LP((07 00)7 H(?(Q)n)
possessing the estimate:
e Wl 1, (0,000,112 (2)) + €™ OWI| 1, (0,00, Lg(2)) < Clluto — Vol g20-1/m )
for any v > A\g. Again, by the real interpolation theorem we have

IVle=oll g21-1/m g < Clle™ | L, (0000, 12(2)) + 16770V L, (0,000, Lo ()

for some v > \g, because e "'v|i—g = v|i—o.

Summing up, we have proved that u = v4+w is a required solution of Eq. (II]) or equivalently
of (L) possessing the estimate (LI2]). This completes the proof of of the first part of Theorem
devoted to the existence of a solution.

In order to prove the uniqueness of solutions of Eq. (LI]) we now consider u satisfying the
regularity condition (LI]]) and the homogeneous system of equations (LI3]). Let ug be the zero
extension of u to ¢t < 0, that is ug(-,t) = u(-,t) for t € (0,7) and ugp(-,t) = 0 for t < 0. We
define v by letting

V(o t) = {uo(-,t) fort <T

ug(-, 2T —t) fort > T.

Since u|;—p = 0, we see that
v e HAR, L,(Q)") 1 Ly(R, HE(Q)"),
that v vanishes for ¢ ¢ (0,27"), and that v satisfies the homogeneous equations:
ROywv —div(BVv) =0 inQ xR, B(Vv-n)r=0. (6.6)
Applying the Laplace transform to (G.6]) yields that

ARL[v] —div (BVL[v]) =0 inQ, B(VL[v]-n)r=0.
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Since

2T
LNV + i)l 20 < /0 v )l o) dt < T Q@D L, 0,21),m2(0)
< 2eVT(2T)1/”IIIU\lL,,((o,T),Hg(Q)) < 0,

the uniqueness stated in Theorem [0 yields that L[v](A) = 0 for A € ¥, ,. But, L[v](}) is
holomorphic in C, because v vanishes for ¢ ¢ (0,27"). Thus, L[v] is identically zero, which

yields that v . = 0. Thus, u = 0. This completes the proof of uniqueness of solutions from
Theorem [6l O

7 Proof of Theorem

We follow an argument from Section 3 of [35]. First we prove the exponential stability of
semigroup {7'(t) }+>0 associated with the problem

Roypu —div(BVu) =0 in Qx (0,00), B(Vu-n)lr =0, u|—=up. (7.1)
For this purpose, we consider the resolvent problem:
ARv —div(BVv)=f inQ, B(Vv-n)r=0. (7.2)
Let us define:
L@ = {f € L()" | [ £dv =0},
HX(Q)" ={v € HX(Q)" | B(Vv n)|r =0, /QRV dzx = 0}.
By Theorem [7, there exists a Ag > 0 such that for any A € ¥, 5, and f € L,(2)", problem (Z2))
admits a unique solution v € H, QQ(Q)" satisfying:

AIVIiz, @) + IVllEz@) < ClifllL,© (7.3)

for some constant C' > 0. In addition, if f € ﬁq(Q)”, then v € I:[q2(Q)” when A # 0. In fact,
integrating (.2 and using the Gauss divergence theorem leads to

)\/Rvdxzo,
Q

which, combined with X\ # 0, yields that
/ Rvdzx = 0. (7.4)
Q

Let B be an operator acting on v € I:[q2(Q)” defined by setting Bv = div (BVv) for v € I:I(?(Q)"
Then (AR—B) is a bijective map from ﬁg(Q)” onto Ly ()" when \ € % ,. Since Q is bounded,
by the Rellich compactness theorem (AR — B)~! is a compact operator from L,(Q)" into itself.
Thus, by Riesz-Schauder theory, especially Fredholm alternative principle, the injectiveness of
AR — B implies the bijectiveness. Let A ¢ (—00,0) and let v € ]:IqQ(Q)" satisfy the homogeneous

equations:
ARv —div(BVv) =0 in, B(Vv-n)|r=0.
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Let 2 < ¢ < 00, and then fIqQ(Q) - ﬁ%(Q) Multiplying the above equation by ¥, with ¥ being
the complex conjugate of v, integrating the resulting formula over €2, and using the Gauss
divergence theorem leads to

MRv,V)q + (BVv,Vv)q =0, (7.5)

where

n n

(BVV,Vv) := > Bu(Vu, Vo) = (BlOz,v1, 05 Tk)0 = > (B0, v, 0z, V).
k=1 Gk, d=1 j=1

In particular, (Rv,V)q and (BVv,Vv)q are real numbers. Therefore, if Im A # 0, taking the
imaginary part of (5l) we have (Rv,V)q = 0 which yields that HVH%2 (@ = 0. Thus, we have
v = 0, that is the uniqueness holds. In Im A = 0 then Re A > 0 since A\ ¢ (—00,0). Now in order
to show uniqueness we take the real part of (Z.5)) which implies

mi|[vl1Z, ) + IVVIT,q) <O.

Thus, again, v = 0. From these considerations, for A € (—c0,0), (AR — B) is a bijective map
from fIqQ(Q)" onto f/q(Q)" provided 2 < ¢ < co. In the case where 1 < ¢ < 2, the uniqueness
follows from the bijectiveness of the operator AR — B for 2 < ¢ < oo, and so the operator
(AR — B) is also a bijective map from ]:IqQ(Q)" onto Ly(2)". From the standard argument in
the theory of Cj analytic semigroups, we see that for any e € (0,7/2) the resolvent estimate
([3) holds for any A € ¥, U {0} with some uniform constant C' depending solely on e. From
this it follows that there exists a Cj analytic semigroup {7'(t)}+>0 associated with problem (7.
possessing the estimate:

T 0]l ) < Mo |10, (76)

for any ¢t > 0 and ug € ﬁq(Q)" with some positive constants M and 9.
We now prove Theorem [91 For this purpose, we first consider the shifted equations:

R(Oyw +nw) —div B(Vw) = F in 2 x (0,00),
B(Vw-n)=G on I x (0, 00), (7.7)

W|t:0 = Uy in Q.

In view of Theorem [ there exist a large positive constant 7 and a positive constant -y such
that any solution w of equations (7)) satisfies the exponential decay property:

€7 W11, ((0.00).12(2)) F €7 OW | L, ((0,.00) L)) < CF (7.8)
for any v < g with some positive constants C' > 0 and g, where we have set
Fy = HuoHng;—l/p) @ €7 F |, ((0,00) Lo () + €7 Gl (o3 0y + (1 + 71/2)HGWGHH;/2(R7L(Z(Q))-
In fact, X +n={A+n| A€ X} C Xy, for any large n > 0. Repeating the proof of Theorem

gives the assertion above.
In particular, conditions (LI9) and (L20) give that

/ R(z)w(z,t)dx =0 for any t > 0. (7.9)
Q
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In fact, integrating (7)) over Q and using the Gauss divergence theorem implies that

d
— Rwdm—i—n/Rwdx:/F(x,t)dx—i—/G(w,t)da:O
dt Jo Q 0 r

for any ¢t > 0 because of (LT9). Integrating this formula over (0,¢) and using (ILI9) give that

/ R(z)w(x,t)dx = / R(z)up(x)dez =0 for any t > 0.
Q Q
We now consider the compensation equation:
ROyv — div (BVv) = —nRw in Q x (0,00), B(Vv-n)[r =0, v]—o.

Since w(z,t) € Ly(Q)" for any t > 0 as follows from (Z9), by the Duhamel principle, we have

v(,t)=—n /Ot T(t—s)(Rw)(-,s)ds.
Choosing 7o smaller if necessary, we may assume that § > vy, and so by (0]
7Dy < M [ DD Rar) ), o
<M /0 B0 B+ (=) 35 B -, )] 0

t 1/p , [t 1/
< M(/ e~ (0—0)(t—s) ds) P </ e—(é—vo)(t—s)(evsH(Rw)(.’S)HLq(Q)))p d8> p’
0 0
which, combined with (T8]), yields that
17V L2, ((0.00),L4(2)) < OF (7.10)

for any v < 7.
Since v satisfies the shifted equations:

R(Oyv +nv) —div(BVv) = —nRw +nRv in Q x (0,00), B(Vv-n)lr =0, v|— =0,
we have, analogously to (Z.8]),
17V, (0,00, 132)) + 1€7° 01, (0,00),£0(2)) < ™ (W, V)L, (0,000,402
which, combined with (ZI0) and (Z.8]), yields that

€7 (v 4+ W) L, (0,000, 12(0)) + 1€7 0 (v + W)l| L, ((0,00), L)) < Cry

for any v < 7. Therefore, u = v + w is a required solution, which completes the proof of
Theorem 0.

Acknowledgement. The authors would like to thank the anonymous referee for suggesting
including the exponential decay result (Theorem 9).
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