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MIXTURE FLOW*
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Abstract. We investigate a system describing the flow of a compressible two-component mixture.
The system is composed of the compressible Navier—-Stokes equations coupled with nonsymmetric
reaction-diffusion equations describing the evolution of fractional masses. We show the local existence
and, under certain smallness assumptions, also the global existence of unique strong solutions in an
Lp-Lg framework. Our approach is based on so-called entropic variables which enable us to rewrite
the system in a symmetric form. Then, applying Lagrangian coordinates, we show the local existence
of solutions applying the Ly,-Lq maximal regularity estimate. Next, applying an exponential decay
estimate we show that the solution exists globally in time provided the initial data is sufficiently close
to some constants. The nonlinear estimates impose restrictions 2 < p < co, 3 < ¢ < co. However,
for the purpose of generality, we show the linear estimates for a wider range of p and q.
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1. Introduction. The Navier—Stokes—Maxwell-Stefan equations provide a de-
scription of the multicomponent reactive flows. The system consists of compressible
Navier—Stokes equations for the barycentric velocity and total density as well as the
convection-diffusion equations for the constituents of the mixture. The two subsys-
tems are coupled by the form of the pressure in the momentum equation and the
form of the fluxes in the species equations. The relation between the diffusion deriv-
ing forces for the constituents and the diffusion fluxes is called the Maxwell-Stefan
equations.

In this paper we are interested in analysis of a simple two-component mixture
model with neglect of the heat-conduction and reactivity. The associated system of
PDEs reads as follows:

Orp + div (pu) =0 in Q x (0,7),
(1.1) O¢(pu) +div(pu®@u) —divS +Vp =0 in Qx (0,7,
Orpr + div (ppu) +divF, =0 in Qx (0,7,

where p denotes the total density of the flow and is a sum of partial densities of the
species p = p1 + p2, u denotes the velocity vector field, p denotes the pressure, F1, Fq
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denotes the diffusion fluxes for both species, and S denotes the stress tensor given by
(1.2) S = pD(u) + (v — p)div ul,

where D(u) = Vu + V "u is the doubled deformation tensor. We assume the system
(1.1) is supplied with the initial and boundary conditions

u=0, F; - n=F,-n=0 onlI' x (0,7,
(1.3) {( ' ’ w0 D)

u, p1, p2)|i=o0 = (o, p10, P20) in €.

Note that assuming the constraint on the diffusion fluxes F1 + Fo = 0, the species
equations, when summed, give the continuity equation. Therefore we have p; = p—pa,
and so, the unknowns of the system are p, u, and one of the partial densities p; or
p2. For the derivation of system (1.1) from the kinetic theory of gases in the general
multicomponent, heat-conducting, and reactive case we refer to the monograph of
Giovangigli [18].

In this paper we consider the mixture of ideal gases, and therefore the internal
pressure of the mixture is determined through the Boyle law
(1.4) p=1LL P2

my m2

Above, my denotes the molar mass of the species k and for simplicity, we set the
gaseous constant equal to 1. We are interested in the case when the pressure essentially
depends on the densities of different species, and therefore we assume

mi # ms.

The simplest form of the diffusion fluxes widely used in particular applications is the
Fick approximation F & —cV(2:) (see [14]). The Fick law states that the flux of a
species is proportional to the gradient of the concentration of this species and does
not take into account the presence of all other components. However, in the real-
word applications the cross-diffusion effects cannot be neglected (see, for example)
[6, 45, 44, 1]). This issue can be solved by considering the so-called Maxwell-Stefan
equations for multicomponent diffusion. These equations relate the diffusion velocities
V,; defined as F; = p;V; and the molar and the mass fractions, respectively,

Xi = &7 Y; = &7
p P
where pj = %, in the implicit way:

)

(1.5 v - (- X0 Viowp = Y- (S5 ) (v, - v,

j=1
=d; J#i

where D;; > 0 denotes the binary diffusion coefficient, D;; = Dj;;. The Maxwell-
Stefan system (1.5) was first treated by Giovangigli [16, 17], who used iterative meth-
ods to solve these equations, i.e., to find the inverse matrix that allows one to char-
acterize the fluxes as the functions of gradients of concentrations. It was proved that
for positive concentrations Maxwell-Stefan relations lead to the following form of the
fluxes:

(16) Fk:_zckldl, k:L...,?’L,
=1

where Cj; are multicomponent flux diffusion coefficients and d; = (d},d?,d}) is the
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species [ diffusion force

i P1 P1 Pk 1< Pl >
1.7 d =V (P) 4 (P22 9, togp = = (Vaopr — P2Vap ),
7 l (p) <p p) gp =y (Ve Vb

appearing in the Maxwell-Stefan equations (1.5). The main properties of the flux
diffusion matrix C' discussed in [18, Chapter 7] are

(1.8) cy=ycT, N(C)=Iln{Y}, R(C)=U",

where ) = diag(Y,...,Yn), Y = (Y1,...,Y,)!, N(C) is the nullspace of C, R(C) is
the range of C, U = (1,...,1)T, and U~ is the orthogonal complement of lin{U}.

In this paper we will use the explicit form (1.6). In the case of two components
it reduces to

an onod(Ze(2)-2v(2)). meon
pAp my P ma

Under the assumption (1.6), global in time strong (unique) solutions around the
constant equilibrium for the Cauchy problem were proved by Giovangigli in [18]. He
introduced the entropic and normal variables to symmetrize the system (1.1) and ap-
plied the Kawashima and Shizuta theory [23, 24] for symmetric hyperbolic-parabolic
systems of conservation laws. For the local in time existence result to the species
mass balances equations in the isobaric, isothermal case we refer to [2] (see also [20]).
Later on, Jiingel and Stelzer generalized this result and combined it with the entropy
dissipation method to prove the global in time existence of weak solutions [22], still
in the case of constant pressure and temperature. For a detailed description of the
method and its applicability for a range of models we refer to [21]. For the qualita-
tive and quantitative analysis of the ternary gaseous system together with numerical
simulations we refer to [6]. One should note that the constant pressure assumption
in (1.5) not only significantly simplifies the cross-diffusion equations but basically
decouples the fluid and the reaction-diffusion parts of the system (1.1). Stationary
problems for compressible mixtures were considered in [48] under the assumption of
Fick law and later in [19, 34, 35] with cross diffusion, however, for equal molar masses.
Existence of weak solutions for the mixture of non-Newtonian fluids has been shown
in [7]. Let us also mention some results on existence of weak solutions to equations
of nonreactive multiphase systems [15, 25]. In these models each constituent has its
own velocity vector field, and the part of momentum exchange due to difference of
gradient of species densities is neglected. More recently, there have also been a couple
of developments devoted to the incompressible model of mixtures, i.e., the model in
which the barycentric velocity u is divergence free, but the partial densities/molar
concentrations are not constant. For relevant literature on global in time existence
of weak solutions we refer the reader to [26, 8] and to [4] for modelling and existence
theory in an Ly-setting. We would also like to mention the theoretical results for
the systems describing the compressible reacting electrolytes [10], where the authors
prove the existence of global in time weak solutions to the Nernst—Planck—Poisson
model originating from the modelling approach developed by Bothe and Dreyer in
the previous paper [3]. The classical mixture models in the sense of [18] were studied
in the series of papers [49, 50, 29, 30, 31], where the global in time existence of weak
solutions was proved without any simplification of (1.7). This was possible thanks
to the postulate of the so-called Bresch—Desjardins condition for the viscosity coeffi-
cients, which provides an extra estimate of the density gradient and a special form of
the pressure. The last restriction was recently removed by Xi and Xie [51].
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The global well-posedness in the framework of strong solutions for the compress-
ible Navier—Stokes(—Fourier) system under smallness assumptions on the data is al-
ready well investigated; see among others [27] in Ly framework, [47] in L, setting
with slip boundary condition, or [37, 12] for a free boudary problem. However, for the
system coupled with reaction-diffusion equations admitting cross-diffusion the issue
of global well posedness of initial-boundary value problems has remained open.

The purpose of this work is to prove the global in time existence of strong solutions
to the system (1.1). Our basic observation is that this system enjoys some smoothing
effect when written in terms of entropic variables [18]. Its symmetric structure enables
us to apply an L,-L, maximal regularity estimate to show the local well posedness
and exponential decay estimate to show the global well-posedness under additional
smallness assumptions. The linear estimates are based on the theory of R-bounded
operators (see, for instance, [9], [32], [33], [36]). The symmetrized system is derived in
the next section. Afterward we formulate our main results and discuss the structure
of the remaining sections.

2. Symmetrization and main results. Since F; and F2 are not independent,
we reduce two diffusion equations to one diffusion equation introducing the normal
form (see [18, Chapter 8]). Let

1 1
(2.1) (h,p) = (— log p2 — —logpr, p1+ ,02> = W(p1, p2).
ma mi

Noting that ¥ : Ry x Ry — R x Ry is a bijection, let us denote its inverse by ®.
Computing Vh, Vp from (2.1) and solving the resulting linear system for Vpi, Vps
we get

Vo = mip1 Vp— mip1map2 Vh,

(2.2) mip1 + map2 mip1 + map2
Vo = map2 Vp+ mipi1mzp2 Vh.

mip1 + map2 mip1 + mop2

From (2.2) and the third equations in (1.1), we have

1 1 1 1
Oh+u-Vh = O¢p2 — Op1 + u-Vpg— ——u-Vpyy
map2 mip1 map2 mip1
1 1
= (—pgdiVH—diVFg) _ (—pldivu—diVFl)
map2 mip1
1 1 1 1
:—(———)divu— divFsy + div Fy.
ma2 m1 map2 mip1
Since F; = —F5, we have

1 1 1 1
8th+u-Vh:—( + >divF2—(———)divu,
mip1 map2 ma my

which leads to

(23) A2 gy gy TR g i
mip1 + map2 mip1 + map2
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Moreover, noting that m; and ms are positive constants, by (1.9) and (2.2) we have

(2.4)
1
—Fy=F; = (ﬂvpz - ﬁvm)
P\ pmz2 pmy
_ 1{ ( P1P2 B p1P2 >V mypips + map1p3 Vh}
p L\ p(mip1 +map2)  p(mip1 +map2) p(mip1 + map2)
bp

Combining (2.3) and (2.4) formulas gives

(25)  UTRPI2 o gy MR G (mw),
mip1 + mop2 mip1 + map2 pp
By (1.4) and (2.2), we have

14 V4 p1p2(my — m2)Vh.

1 1
Vp= —Vpi+—Vp = —L
my ma mip1 + map2 mip1 + map2
Inserting this formula into the second equation in (1.1), we obtain

14 Vp 4+ p1p2(my — mz)Vh

(2.6)  pldutu-Vu)—divS+—PL
mip1 + map2 mip1 + map2

=0.

Concerning the boundary conditions, by (2.4) the condition F; -n = 0 is transformed
to (Vh) -n = 0. Thus, setting

1 1
¥, =map1 +map2, po = pro+ p0, ho= —1logpz —— logpio,
mao mq

by (2.5) and (2.6) we have the following equations for p, u, and h:

Op +div (pu) =0
in Q% (0,7),
p(Oru+u- V) —divs + Ly ML= mdoeag,
s, s,
in Q% (0,7,
(2.7) MUMAPILE (5 g gy 4 TR g g (MW)
Xp Xp bp
in Q% (0,7),
u=0, (Vh)-n=0
onI'x (0,7),
(p;u, h)|t=0 = (po, uo, ho)
in €.

To solve (2.7) in the maximal L,-L, regularity class, we introduce Lagrange coordi-
nates {y}. Let v(y,t) be the velocity field in the Lagrange coordinates and we consider
the transformation:

(2.8) xr = y+/0 v(y,s)ds.
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Then for any differentiable function f we have

(29) atf(ta d)(tv y)) = atf +v- vmf

Moreover, since

8xi ¢ 81)1-
2.10 — =0 + —(y, s) ds,
where 0;; are Kronecker’s delta symbols, assuming
t
(211) sup [ 9V 8) 1o ds <9
te(0,7) Jo

with some small positive constant §, the N x N matrix 0z/0y = (0x;/0y;) has the
inverse

(2.12) <g;>1 =1+ V(ky),

where k, = fot Vv(y,s)ds, Iis the N x N identity matrix, and VO(k) is the N x N

matrix of smooth functions with respect to k = (k;; |, =1...,N) € RN* defined
on |k| < § with V°(0) = 0, where k are independent variables corresponding to k.
We have
& ]

2.13 Ve=04+V(k))Vy, —=> (0 +Vi(ky)) s
(213) V)T, o= Yl + V)
Moreover, as was seen in Stréhmer [42], the map: x = ®(y,t) is a bijection from Q
onto §2, and so setting

(2.14) v(y,t) =u(x,t), ny.t)=pxt), Iy,t)=nh(z1)
we see that (2.7) is transformed into the following equations:
O +ndivv = Ry1(U)
in 2 x (0,7),

(m1 —m2)p1p2

5, VY = Ry(U)

N0V — pAv — vVdivv + Ean +
P

in 2 x (0,7,

m1m2,01,028 9+ (ml - mz)plpz
t

(2.15) S S

divv — div (%w) = Ry(U)

in Q x (0,7),
V=0, (V9)-n=RiU)
onI'x (0,7),
(1, v,9)|t=0 = (po, w0, ho)
in Q.

Here, R1(U), R2(U), R3(U), and R4(U) are nonlinear functions with respect to U =
(n,v, ), which are given in section 3 below.

Our main results are the following two theorems. The first one concerns the local
well-posedness.
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THEOREM 2.1. Let2 < p < 00, 3 < g <00, and L > 0. Assume that 2/p+3/q <
1 and that Q is a uniform C* domain in RN (N >2). Let p1o(z), pao(z), and up(x)
be initial data for (1.1). Assume that there exist positive numbers a1 and ag for which

(2.16) a1 < pro(z), pao(z) < ag  for any x € Q.

Let (ho(z), po(x)) = ¥(p1o(x), p20(z)). Then, there exists a time T > 0 depending on
a1, az, and L such that if p1o, p2o, Wo, and hg satisfy the condition

(2.17) IV (p10: p20) | y(02) + 10l 21 -1/ ) + ol p2a-17) () < L

and the compatibility condition

(2.18) u0|r =0, (Vho) : 1’l|r =0,

then problem (2.15) admits a unique solution (n,v,d) with

n—pPo € H;;((Oﬂ T)’ H;(Q))7 v e H;;((Oa T)a LQ(Q)B) n LP((07 T)7 H(?(Q)B)a
0 € Hy((0,T), Le(2)) N Lyp((0,T), HF (2))
possessing the estimates
Im = poll 0.1y, () + 196V DI, 0,79, 242) + 1V D)L, (01),120)) < CL,
T
a1 < pla,t) < 2as+ay for (w,8) € Q x (0,T), / Vv ()l ds < 6.

0

Here, C is some constant independent of L and § is sufficiently small for (2.12) to
hold.

The second main result gives the global well-posedness.

THEOREM 2.2. Let2 < p < 00,3 < q <00, and L > 0. Assume that 2/p+3/q <
1 and that Q is a bounded domain whose boundary I is a compact C® hypersurface.
Let p1x and pas. be any positive numbers and set (hi, ps) = V(p1a,p2.) € R X Ry.
Then, there exists a small number € > 0 depending on p1., pas such that if the initial
data (po,ug, ho) satisfy the smallness condition

(2.19) [[(p10 = pres poo = pae) 3 (@) + 0ol p2a-1/0 ) + [P0 = Bl p2a—1/m ) < €

and the compatibility condition (2.18), then problem (2.15) with T = oo admits a
unique solution (n,v,?) with

n e HA(0,00), HX(Q)), v € HY(0,T), L()™) 1 L, ((0,00), HA()™),
9 € H((0,00), Ly(€2)) N L,((0,T), H2(%))

possessing the estimates

17Vl L, (0,000, Lo () + €7 Omll L, (0.00) 123 2)
+ || 0 (v, 9)

€7V 1, ((0,00), 13 () F (015 92) = (P15, P2) | L ((0,00), 12 (2)) < Ce,

|2 ((0,00),2.4(2)) T €7 VI L,y ((0,00), 512 (02))

T
pix /4 < pi(x,t) < 4dpi  in (x,t) € Q x (0,00) fori=1,2, / IVv(,s)llLo <0
0

for some constant C > 0 independent of €.
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The rest of the paper is organized as follows. In section 3, we derive the formulas
R;(U) (i =1,...,4) in the right side of (2.15). In section 4, assuming the maximal L,-
L, theory for the linearized equations, we prove Theorem 2.1. In section 5, assuming
the decay properties of solutions of the linearized equations, we prove Theorem 2.2.
In section 6, we prove the maximal L,-L, regularity for the linearized equations, and
in section 7 we prove the decay theorem for the linearized equations.

Notation. We conclude this section by summarizing the symbols used through-
out the paper. For any domain G in RV, let L,(G), H"(G), and B ,(G) be the
standard Lebesgue, Sobolev, and Besov spaces on G, and let || - ||z ), || - [lmm(c),
and || - IBs () denote their respective norms. Let (-,-)g,p and (-,-)g denote the
real interpolation functor and complex interpolation functor, respectively. Note that
BH(G) = (HMG),H"™(G))s,p. For a Banach space X with norm || - [|x, let
X4 ={(f1,...,fa) | fi € X (i = 1,...,d)}, and write the norm of X¢ as simply
| - ||x, which is defined by ||f||x = ijl I fillx for f=(f1,...,fs) € X Let

Hy(G) = {F = (f1,f2, f3) | fr € Hy(G), f2 € Ly(G)N, fs € Ly(G)},

1Fl4,6) = fillmre) + 1(E2, fs)llL,q)  for F = (fi.f2, f3) € Ho(G),

Dq(G) = {U = (Cavaﬁ) | C € qu(G)v v e Hq2(G)N7 Y € H(?(G)}7

1Ulp,@) = lCllmr ) + (v, Dllaz6)  for U= (¢, v, V) € Dg(G),

Dy.o(G) = {Uo = (Co,v0,%0) | ¢o € H}(G), voe B\ VP(G)N, 9ye B20-1/P/(G)},
10ollp, . = lIollaz(c) + [1(Vo, Do)l g2a-1/m 5y for Up = (Cos Vo, o) € Dp,q(G).

Let (u,v)g = [gu-vdz and let (u,v)se = [, u-vdw, where dw denotes the surface
element on JG. For 1 < p < oo, Ly((a,b), X) and H}"((a,b), X) denote the standard
Lebesgue and Sobolev spaces of X-valued functions defined on an interval (a,b), and
I lzp(caw),x)s I ez ((a,p),x) denote their respective norms. Let HJ(R,X) be the
standard X-valued Bessel potential space and || - || s (r,x) its norm. Let C5°(G) be
the set of all C*° functions whose supports are compact and contained in G. For a
domain U in C, Hol (U, £L(X,Y)) denotes the set of all £(X,Y)-valued holomorphic
functions defined on U. Let ¥, = {A € C\ {0} | |argA| <7 — €} and X5, = {A €
Zc | |Al > Ao}. Moreover, the letter C' denotes a generic constant and Cy p c,... denotes
that the constant Cg ... depends on a, b, c,.... The value of C' and C,,.. may
change from line to line.

3. Lagrange transformation. In this section we rewrite all necessary differen-
tial operators under the Lagrange transformation (2.8) under the assumption (2.11).
This way we obtain the exact form of the right-hand side of (2.15). We have

8’Ui

(3.1) divy, = divy, + > Vi(ky) 5
dy;j

4,j=1

and therefore by (2.9), (2.13), and (2.14), we obtain (2.15); with

a Ov;
(3.2) Ri(U)=-n ) Vz'?(kv)ay;'

ij=1

Here and in the following, we set U = (n,v,?¥). Now we have to transform second
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order operators. By (2.13), we have

3 3
0 ov
= Okt + VI(ky)) =— | (Opm + V2 (ky))=— |,
=Y () =, 3 G Ve g (6 + Ve )
and so setting
0*v
A lv=2 7Y 7Y ,
ST 5 G 3 VL
: ov
AatVy = 3 (ViVE,) (k) / @V sy
L,m=1 m
> ¢ ov
+ > VER)(ViViR)(K) [ 0 Vvdso—
0 MYm
k., m=1
we have
Au = Av + Asp (ky ) V2V + Aja (ky ) V.
And also, by (2.13), we have
0 > 0 > dug
—divu="Y (6, + Vi(ky))s—|divv+ V2 (ky)=— |,
axj ];( Jk jk( ))ayk ( L’,gzl Y4 ( )8ym
and so setting
3 920, 3
0 0
Asaiv ,j(k)V V_émzzl @m(k)aymayj ; Jk(k)a divv
3
821)@
Vi (k)Ve (k
+k;1 ]k( ) ém( )8yk8ym
> t v
Araiv j(K)VV = > (vkvg;l)(k)/ aijdsayf
Lm=1 0 m
3 81)@
+ Y VEER(VVE,) (K / Vv dsg =,
k,4,m=1
we have 9 5
8—%dw u= 5_y]dlvv + Aogiv (ky) V3V + Algiv (k) Vv.
v (2.13), we have
L v ww_ (Vi + VO (ky) V)
%, s, 2,
(EM (V0 + VO (ky ) V) .
P

Thus, noting that dyu + u - Vu = 9;v and setting

Ro(U) = pAoa (ky) V2V + pAia (k) VY + vAsgiv (ke ) V2V + vA1gie (ky ) VV
(3.3)

ivo(kv)vn _ (ml - m?)ppo Vo(kv)Vﬁ,
5 5,
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where A'Ldiv (k)Vlv = (Aidiv’l(k)viv, . ,Aidiv’]\/(k)viv)T (Vl = V), we have

(ml - mz)ﬂ1p2

Vi = Ry(U) in Q x (0, 7).
ZP

nov — pAv —vVv + an +
Xp
By (2.13), we have

div . (%w) - %(Aﬁ + AsaV2(ky )9 + Aya (ky) VD)

Pip2 0
+vm(—pp )+ (V0 + VO (k) V0)

= div, (p;gz Vﬁ) + p;zz (A2a (ky) V20 + Ay (ky ) V)

V) +(V0k0)?) ¥y (20290

Thus, noting that d;h + u - Vh = 99 and setting
Rs(U) = %(Am(kv)v%‘ + A1a(ky) V) + V(%)Vo(kv)Vé‘

3
(m1 —ma)p1p2 0 v,
- IR N (k) 2t
Ep ]k}( )ayk

(3.4)
jk=1

we obtain (2.15)s.
Finally, by the Taylor formula we have

o) =n (3+ | V.s) s) =n(+ | () (47 ] v 9) is) ar [ V(ys) ds.

and so setting
Ri(U)=—n (y + /O v(y, 5)ds) (vO(kv)w)

- (/01<Vn><y+r/0t v(y,5) ds) dr/;v(y,s) is) - v,

4. Local well-posedness—Proof of Theorem 2.1. Let pio(z), p2o(z), and
up(z) be initial data for (1.1). Let ; and as be postive numbers for which we assume
that

(3.5)

we obtain (2.15).

(4.1) o1 < p1o(x), pao(x) < g for any z € Q,  [[V(p1o, p20)1,0) < 2,
where a; and s are some positive constants and 3 < r < co. Let (ho(z), po(z)) =
U(p10(z), p20(x)), where ¥ is defined in (2.1). Obviously, since po(x) = p1o(z)+p20(x),

we have

(4.2) 201 < po() < 202, |ho(7)| < as,
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where a3 = (— + —)(| log a1 | 4 |log az]). We linearize (2.15) at (p10(z), p20(z),0).
Let

p= po(x) +¢, Eg(ﬁ) = mlplo(x) + mgpgo(x), 1 (x) = g%((z))’
_ P1o(@)p20(2) o) = @) p(@)
Ya(z) = po@po(@) po(z) eyl

We then write (2.15) as
0:¢ + podivv = f1(U)
poOrv — pAv — vVdivv + 11 V( + 12 Vi = £,(U)
(4.4) Y30:0 + yodivv — div (74 VI) = f3(U) in Q x
v=0, (Vi) n=gU)
(¢, v, D)le=0 = (0,10, ho)
where we have set U = (p,v, ), p = po(x) + ¢, and

f1(U) = R1(U) — ¢div,

1 1 +
£,(U) = R2(U) — ¢Ov — (po + ¢) <E_ - g) Vipo +¢) — pozo CV(ﬂo)
P 14 P
¢ p1P2  P10P20
EO VC ( m2) < Ep - Eg )v’ﬂa
P1P2 £10P20 P1P2 P10P20 .
f3(U) = R3(U) — myma ( >, — 50 ) 0 — (mq — ma) ( 5 — 50 ) divv
+div ((w _ M) w) ,
pp Popo
(4.5)
g(U) = Ra(U).

To prove the local well-posedness, we use the Banach fixed point theorem and the
maximal regularity result for the following equations:

¢ + po(x)divv = f; in Qx (0,7)
po(2)0rv — pAv — vVdivv + y1(2)V( + 12 (2) VI = £, in Qx (0,7),
(4.6) ~v3(2)0p) + o (z)div v — div (y4(2)VI) = f3 in Qx(0,7)
vir=0, (V#)-n=g onl x(0,T),
(¢, v, 9)|t=0 = (Co,V0,¥0)  in €L
Here v1(z), 72(z), v3(z), and v4(z) have been given in (4.3). We assume that pio(z),
p20(x) are uniformly continous functions defined on € satisfying (4.1). Then we see
immediately that there exist positive constants a3 < ay depending on «; and as for
which
ag < po(2),71(x),3(x),7a(2) < aq for z € Q,
(47) ||v(p0771772773774)||LT(Q) S ay.
For a Banach space X with norm ||- || x, let H;(R, X) be an X valued Bessel potential
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space of order s € (0,1) defined by

Hy (R, X) ={f € Lp(R, X) | |||l 5=, x) < o0},

1 ez ) = IF A+ 72 PFIA L, @),
where F and F~! denote the Fourier transform and its inverse formula. The following
theorem gives a maximal L,-L, regularity estimate for the system (4.6).

THEOREM 4.1. Let1 < p,q< o0, 2/p+1/q+# 2, and2/p+1/q # 1. Assume that
Q is a uniformly C? domain. Then, there exists a constant vy for which the following
assertion holds. Let

Co € Hy(Q), vo € BG~P(Q)°, 9o € B ~P(9),
fr € Lp((0,7), Hy (), f2 € Lp((0,7), Lg()%),  f3 € Lp((0,T), Ly (),
e g € Ly(R, H}(Q)) N HY*(R, Le(Y))
for any v > 9. Assume that vy and 9 satisfy the compatibility conditions:
volr =0 onT for2/p+1/g<2, (Vi) n=gli=o onT for2/p+1/q<1.
Then, problem (4.6) admits unique solutions ¢, v, and ¢ with

¢ € Hy((0,7), Hy(Q)), v € Hy((0,T),Le(2)*) N Ly((0,T), HF(2)%),
0 € Hy((0,T), Ly(2)) N Ly ((0,T), H (2))

possessing the estimate

ISl 2 (0,1, 12 (2) + 10:(Vs D)l 1,y ((0,1), g @) ™) + 1V, D)2, 0,7), 12 (02))
< Cye{lpoll a2 o) + 1(vo, Do)l a1/ ) + [1(f1: B25 f3) L, 0.7 L0 (2))
+ e gl L, @m0 + H€7W9||H;/2(R7Lq(g))}

for any v > o, where C is a constant depending on .
Remark 4.2. All the constants appearing in Theorem 4.1 depend on «; and as.
Postponing the proof of Theorem 4.1, we prove Theorem 2.1. Let Hr ar be the
underlying space for our fixed point argument, which is defined by
(4.8)
Hr v
={(¢,v,9) | ¢ € Hy((0,7), Hy (), v € Hy((0,7), Le(2)*) N Ly((0, T), Hy (2)%),
0 € Hy((0,T), Le(2)) N Ly((0,7), HF (), (¢, v, 9)le=o = (0,0, ho) in Q,
(¢, v e =<l a2 0,7y, 12 (92)) + 10V, D)2, (0,7, 20 (2) + 1V, D)l 2, (0,7, 2 (02)) < M-
Here, T' and M are positive constants determined later. Since T" will be chosen a
positive small number eventually, we may assume that 0 < 7 < 1.

Remark 4.3. In order to apply a fixed point argument combined with Theorem 4.1
we have to show that the nonlinearities f;(U), g(U) defined in (4.5) with U € Hr m
satisfy the regularity assumptions required on the right-hand side in Theorem 4.1.
Most of this section is devoted to the proof of these nonlinear estimates which are
given by (4.29), (4.30), (4.31), and (4.37) below.
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First, by Sobolev’s inequality and Hoélder’s inequality, we have

T T
| IVl dt <€ [ Ive e

, T 1/p ,
<7 ( | MO0 dt) < MTVY.

Thus, choosing T > 0 so small that MT"/ P <5, we may assume that the condition
(2.11) holds for any (¢, v,9) € Hr . Let

I= HVPOHH;(Q) + H(Vvho)Hngfl/p)(Q),
and then by (2.17) we have
(4.9) I<L

because po(z) = pio(x) + p2o(x). Let ¥ be the map defined in (2.1), which is a
C*° diffeomorphism from Ry x R; onto R x R;. Let ® be its inverse map. Let
(w,w, ) € Hrm, let U = (po(x) + w,w,p), and let (p1,p2) = ®(p, po + w). Since
(w, w, ¥)|t=0 = (0,up, hp), we have

(4.10) (p10(7), p20(7)) = (0, po () + w)|e=0-

Let R;(U) be functions given in (3.2), (3.3), (3.4), and (3.5), where 7, Vv
(v1,...,vn) ", and ¥ are replaced by po +w, w = (w1, ..., wx) ", and o. Let (¢,v, V)
be a solution of (4.6) with (o = 0,vg = ug, 99 = ho, f1 = f1(U), f = £(U),
f3 = f3(U), and g = ¢g(U), where (, v, and ¢ are replaced by w, w, and ¢, respec-
tively.
First, we estimate fi = f1(U), f =£(U), f3 = f3(U) and g = g(U). Notice that
(4.11)
sup |Jw(-, )|z < THP'M < M,
te(0,T) a
sup lo(+,t) = holl g2a-1/m ) + sup [[W(,t) — ol gea-1/m) o) < C(M + L).
s TR B o)

In fact, since w(-,0) = 0, we have

t
||W('at)||H;(Q) S/ ||3tw)('75)||H;(Q) ds < TP ||3tw|\L,,((o,T),H;(Q)) <TYP" M < M,
0

where we have used the fact that 7" < 1 in the last step. To prove the bound for the
second term in (4.11), we use the extension map er defined by

0, t <0,
£, 1), 0<t<T,
4.12 b)) =
(4.12) er[f](-,t) f(2T—t), T <t<?2T,
0, t>2T.

Obviously, er[f](-,t) = f(-,t) for t € (0,T). If f|i=o = 0, then we have

0, t<0,
_ (atf)('at)v 0<t<T,
(4.13) orer[f](-t) = ) 2T — 1), Totoor
0, t>2T.
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Let X and Y be two Banach spaces such that X is a dense subset of Y and X C Y
is continuous, and then we know (cf. [43, p. 10]) that

(414) H;;((Oa OO), Y) N LP((07 OO), X) C C([Oa OO), (Xa Y)I/P,P)
and
(4.15) t:(gf(’)o) ||U(t)||(X,Y)1/p,p < (”UHZEP(((),OO),X) + ||U||Z;1’}((o7oo)7y))l/p

for each p € (1,00). Applying this fact and using (4.12) and (4.13), we have

sup [[(-,t) = holl g2a-1/m oy < sup |l — holll g2a-1/s)
te(0,T) Bap () te(0,00) Bap (@)

= (ller[y — hO]Hip((o)oo))Hg(Q)) + llerle — hO]H;}){;((OpoLLq(Q)))l/p
< C(ll = holl L, (0,000, 12 () + 101 Ly (0.7, Ly(02))) < C(M +TPL) < C(M + L).

Here and in the following, C' denotes a generic constant independent of M, L, and T.
C depends at most on a; and as, for which (2.16) holds. Analogously, we have the
third inequality in (4.11).

Since 2/p+3/q < 1, we have 14+3/q < 2(1 —1/p), and so by Sobolev’s imbedding
theorem and (4.11) we have

(4.16) (0, W)l Lo (0,7, HL () < CM.
Since po(x) = p1o(z) + p20(z), by (2.16) we have
(4.17) 2a1 < po(x) < 2ay for xz €L
If we choose T' > 0 so small that T/?' M < ay, by (4.17) and (4.11), we have
(4.18) a1 < po(z) + w < 2a9 + a;

for all (z,t) € 2x(0,T). Since ® is a C*° diffeomorphism from R x R4 onto Ry xR,
for any compact set A C R x Ry ®(A) is a compact set in Ry x R, and so by (4.18)
and (4.16), there exist positive constants a4 and as depending on a1, a2, and M for
which

(4.19) ag < p1(x,t), pa(z,t) < as for (z,t) € Q x (0,7).
We now prove that

(4.20) 1(p1, p2) = (P10, P20) | Loc (0,7, 112 (02)) < C(L + M)T?/

6 € (0,1). By (4.10) we have

sup |[(p1(+1), p2(+1)) — (p10(); p20())ll L, ()
t€(0,T)

T
(421) < / 1000 (2 1), po() + Wl 1) | e dt

T
< / 19 (0160, 0() + 0 Dl i | Gr0-s £), Buto (s ) . e .
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By (4.16) and (4.18), we have

(4.22) sup ([ (p(-, 1), po(-) + w(-, )L (@) < as
t€(0,T)

for some positive constant ag depending on ai, as, M but independent of 1. Thus,
by (4.21) we have

sup |[(p1(+1), p2(+1)) — (p10(); p20()) Il L, ()
te(0,T)

T
(4.23) <o [ 10l 1). 0, o
0
< agT" |00, W)l ((0.1).L, ) < asMTH?
Moreover, by (2.17) and (4.9) we have
[V (p1(-,1), p2(-, 1)) — (p10(-), p20 (D)l L, ()
<2 (p(-5 1), po () + W )| L@ (Vo (5 1), Voo () + Vo, ), @)
+ IV (p10, p20) Il L, ()
< as(|Ve( )L, + IV, )z, @) +asllVoollL, ) + [IV(p10, p20)l L) -
Thus, by (4.11)

(4.24) tes(té%) [V{(p1(-s1), p2(, 1)) — (p10(-); p20 (D) Hl L, () < C(L + M).

Since W/9(Q) € Loo(Q) with some small e for which 3/q + € < 1 and this inclu-
sion is continuous as follows from Sobolev’s imbedding theorem, by real interpolation
theorem

(4.25)
sup |[(p1(-, 1), p2(- 1)) = (p10(-), p20()) ()
te(0,T)
0
< ( sup |1+ 8), (1)) — <pm<->,pgo<->>||Lq<m)
0€(0,T)

1-6
X < sup |[(p1(- 1), p2(-, 1)) — (Plo(')ap20('))|H;(Q)> < C(M +L)r°"
0€(0,T)

with 8 =1—(3/¢+¢€) € (0,1). By (4.25), (4.19), and (2.16), we have

4 Hmpz _ P1op20
Ep

sl H
HEP SN Lac((0.7), Lo () 0 ML ((0,7), Lo (92))

4|22z _ poem < C(M + LT

(4.26)
pp Popo HLOO((O>T)>LOG(Q)) B

Moreover, by (4.24) we have

sup [[V(p1(-5), p2(s 1)Ly ) < C(L+ M),

te(0,T)
and so by (4.19) and (2.16) we get
(4.27) Hv(@ — LuoP) H < C(M +L).
bp Popo /11 Loo((0,T),Lq(€2))
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Using (4.16), (4.11), (4.26), and (4.27), we conclude

H(Po +w)(2ip - ELB)V(PO +w)‘

< Cllpo+ w||2Lm((o,T),H;(Q))T1/p(M + LT < C(M + L)3T1/P+0/7);
Po + v, ‘

20 L, 0,00y L) T

w
v ‘ <C TP < CL*TY?,
%9 “lo0m).La@) = lollzoecom. ycom) a

p1P2  P10P20
(z—p - z—g)v |
(;01,02 B ,010020) ‘
2, =0
< CM(M + L)T"/"
o
< O(M + YT TV |wl| 0.y, 120y < C(M + LT/ 41/,

. P1P2 £10P20
aiv (55~ pere ) 7% )|
MG ]
pp Popo Loo((0,T),L4(2))
< C(M(M + LYT® + (M + L)>T/7).
(4.28)

Lp((0,T),Lq(2))

< C(M + L)LT"?;

< C(M + L)LT®/P'+1/p),
Ly((0.7),Lq(9)) ~

<CO(M + L)T" |0
O L) = (M +L) 10:w | 2, ((0,7),L,(22))

Lp((0,T),L4(2))

< C(M + L)T"
Lp((0,7),Lq(Q)) — (M +1L) H@HLP((o,T),Hg(Q))

IVl Lo (0.7, oo () TP

Next, we estimate nonlinear terms from the Lagrange transformation. In (4.4), we set
U = (w,w,¢). Recall that 3 < ¢ < co. By Sobolev’s inequality and (4.11), we have

lwdivwl g1 () < Cllwlla o) Wl < CTY? M|[wl| 720,
and so we have
llwdivwl|z,(0.1).m2(2) < cr'/r M|z, (0,1),H2(0)) < CTY? M2,

Replacing v by w in (3.2), by Sobolev’s inequality and (4.11), we have

t
[R1ll 1) < Clllpoll ) + ||WHH;(Q))/O [w(, )20 dslW(-, )] H2(0)
< C(L+ M)TYP ||wll 1, 0.1). 220 W ) 2 (92

and so we have
Bz, (0,m),H2(02)) < C(L+ M)M>TV?

Thus, we obtain

(4.29) £ @) 20,7y, 1122y < C(MP + (L + M)M?)TH?
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Next, we consider f5(U). By (4.16), we have

| Twle,8) dsTPwi, 1)

<TIVWr 01,0 @I VW)L, 0)
Lq(Q)

< CMT|V?*w(-, )|,

and therefore

<CTML.
Lp((0,7),Lq(Q2))

|| w(.,s) dsTPwi, 1)

By Hoélder’s inequality and (4.16), we also get

T 1/p
<Tl/r (/ IVQW(nt)I’Eq(m) VW (e, Dl L)
Lg(9) 0

< CMTl/p/HWHLP((O,T),Hg(Q)) < CTML.

|/ Vw(, ) dsTw(- 1)

In this way, setting k., = f(f Vw ds, we have

[[(Aza (kw) VW, A1a (kw) VW, Aodiv (kw) VW, A1aiv (kw) VW) 2, (0,7),L,(9)
< CTLM.

By (4.11), (4.18), (4.19), and Sobolev’s inequality we obtain

po+w

SV ) Vo )

Lq(Q)
T
<c / 19w (-, )Ly ds(1¥ ol oy + IV Dl 2.0
< CTY7||Wl| o). 1209 (L + [V (1) 1, 0) < CT(L + M)M.

Analogously, (4.18), (4.19), and Sobolev’s inequality give

VO (kw) Ve <oTr Wz, 0,1), 1260 IV D)l 2, (0)

Lg(2)
< CTM?>.

(m1 — m2)p1p2
EP

Putting the estimates above and the estimates obtained in (4.28) together gives
12U, (0.7, Ly (02)) < C{(LM + M2 4 LT + (M + L)>T /7 +1/p)

(4.30) /
+ (M + L)TY? + L2TYP 4 (M + L)LT®/? +1/P>}.

Next, we consider Rg3 defined in (3.4) replacing ¥ and v by ¢ and w. By (4.27),
(4.16), Sobolev’s inequality, and Holder’s inequality

I (252 ) (292 w) + (V° (0))?) Vel o

T
<O +1) [ W)z sl Vet Ol o

< C(M + L)M>T.
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Other terms in R3 can be estimated in a similar manner to the estimate of Ry, and
hence we obtain
| Rsllz,0.1),0,) < C(M+ L)LT,

which, combined with the estimates obtained in (4.28), leads to

(4.31)
If3(U) L, 0,1y, L)) < CU(LM + M? + LT + M(M + L)T%/"

(M + LTV +1p) 4 N(M + L)T?P + (M + L)2T/?).

Finally, we estimate R4 defined in (3.5) replacing v and ¥ by w and ¢. For this
purpose, we have to extend R4 to the whole time interval R. Let er be the extension

operator defined in (4.12). Let hg be a function in Bg,%_l/p) (RN) such that kg = hg
in © and

Iholl gz -2/m @y < Cllholl 2w .

Let
T(t)ho = A=t hg = F~ e 1420 F[Ro) 6)),

where F and F~! denote the Fourier transform on RN and its inverse transform. We
know that

(4-32)  [[€"T ()l (0,000,122 @) + €7 0T (V|1 (0,00, Ly (BN )) < Cllhll gaa-17 g -

Let (t) € C°°(R) be one for t > —1 and zero for t < —2. Since w|i—g — T(t)h|t=0 =
h—h=0in €, we set

érfw] = erfw = T()h] + ()T (|t])h.
Then, by (4.12), (4.13), and (4.32), we have
(4.33) le™ er[W]llL, @ mz(@) + lle” " derw]lL, @ L,@) < Ce'L+ M)

for any v > 0, where C' is a constant independent of ~, T', L, and M. To treat Ry,
setting

R =~ (v [ wioo)as) Vi)

+/01(Vn) <y+T/OtW(Z/75)dS) dT/OtW(yvs)dS},

we write it as Ry = Rw V. Here, we may assume that~n is defined in RN and
[0 g2 myy < C. Notice that Ry|i=0 = 0. We then define Ry by

Ry = er[Ruw]V (Er[g]).

Ry is an extension of R4 to the whole time interval R. Obviously, Ry= R, in (0,7).
To estimate R4, we use the following lemma due to Shibata and Shimizu [39).

LEMMA 4.4. Let 1 < p<o00,3<g< o0, and 0 < T < 1. Assume that Q is a
uniformly C? domain. Let

f € HL(R, Ly(92)) N Loo(R, Hy(Q), g € Lyp(R, Hy () N Hy2(R, Ly(%2)).
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If we assume that f € L,(R, H}(Q)) and that f vanishes for t € [0,2T] in addition,
then we have

1falle,@my@) + 17912 r, @) < CUTLw@mz @)

(1-3/(2 3/(2q)
+ T D0 1 191138 s ) Ul oz + 19l 12 1, )

Remark 4.5. (1) The boundary of 2 was assumed to be bounded in Shibata and
Shimizu [39]. But, Lemma 4.4 can be proved with the help of Sobolev’s inequality
and complex interpolation theorem, and so employing the same argument as that in
the proof of [39, Lemma 2.7], we can prove Lemma 4.4.

(2) By Sobolev’s inequality, || fgllm: (o) < Cllfllmr)ll9]lL, (), and so the essential

part of Lemma 4.4 is the estimate of Hfg||H;/z(R’Lq(Q)).

Since © is a uniformly C? domain, we may assume that n is defined on the whole
RN and |[n|| g2 mv) < co. We then have

T T 2
meﬂhﬂhmm<C{AIWhﬁhwm%+(A|W@$Mmm®)}
< C(TY" M +T%7 M?),
and so

(4.34) ler[Ra]ll Loz, () < C(TYY M +T27 M),

Choosing T > so small that TV/?' M < 1, by (4.13) we have

0 for t <0,
W) 2 for0<t<T,
[0cer[Rw](, ) |1() < C i@
¢ |lw(-, 2T — t)HHg(Q) for T <t < 2T,
0 for t > 2T,
and therefore
(4.35) ”ateT[RW]”Lp(R,H(}(Q)) < C”WHLP((O,T),Hg(Q)) <CM.

To estimate V(ér[y]), we use the following lemma.

LEMMA 4.6. Let 1 < p,q < co. Assume that Q is a uniform C? domain. Then
Hy (R, Ly(Q)) N Ly(R, Hy () € Hy* (R, Hy ()

and
IVull gz 1y < Cllull,@mz@) + 100l L@ L,@))-

Remark 4.7. As was mentioned in Shibata and Shimizu [40], in the case that
Q0 = RV, Lemma 4.6 can be proved by Weis’s operator valued Fourier multiplier
theorem. In the uniformly C? domain case, localizing the estimate and using the
uniformity of the domain and the partition of unity, we can prove Lemma 4.6. The
detailed proof was given in Shibata [38]. In the case that p = ¢ and  is bounded,
Lemma 4.6 was proved by Meyries and Schnaubelt [28].
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Applying Lemma 4.6 and using (4.32), we have

||6*”tVéT[SO]||H,1,/2(R,Lq(ﬂ)) + e Ver[ell L, @ m )
(4.36) < Cle™erl@lllmr L @) + lle” " erlelllL, @ m2@)
< Cllellzy o)) + 1ellyo.m,za) + €771+ M) < O L+ M)

for any v > 0. Since er[Ryw] =0 for t & (0,27, applying Lemma 4.4 to R, and using
estimates (4.34), (4.35), and (4.36), we have

(4.37)

|\677tR4HLP(R7H(}(Q)) + ”eith‘lHH;“(R,Lq(Q)) < C(Tl/p M+T(q73)/(pQ)M)(e27L+M)

for any v > 0.

Applying Theorem 4.1 to (4.4), using (4.29), (4.30), (4.31), and (4.37), noting
that 0 < T < 1, and fixing v > 0 a large positive number, we see that there exists
three positive constants C' and Cis, 1, and 7 for which

(4.38) (¢, v, 97 < CePT(L+T"Cwr 1)

Here, Cp,1,4 is a constant depending on L, M, and 7. Letting M = 2Ce?7L and
choosing 7' > 0 so small that T7Cys,1,, < L, we have

(4.39) (¢, v, 9] < M.

Let S be a map acting on U = (w,w,¢) € Hr a defined by SU = V, where V =
(¢,v,Y) is a unique solution of (4.6), and then by (4.39) we see that S maps Hr
into itself. Let Uy, Us € Hr,m, and then applying the same argument as that in
the proof of (4.38) to V4 — V4 with V; = SU;, we see that there exists a constant K
depending on M and L for which

(4.40) [SUy — SUs]r < KT7[Uy — Us)r.

Here, (U; — Us)|t=o = 0, and so constructing the extension of the term corresponding
to R4 in the previous argument we can use er[p; — 2] instead of ér[p; —@s]. Namely,
we de not need to use the operator T(+), and so v does not appear in the estimate,
because er[p1 — @3] vanishes for t & (0,27).

From (4.40) we see that S is a contraction map from Hr s into itself, and so
by the Banach fixed point theorem there exists a unique V = ((,v,9) € Hr a with
M = 2CL such that V = SV. This V is a unique solution of (4.4), which completes
the proof of Theorem 2.1.

Employing the same argument as that in the proof of Theorem 2.1 we can prove
the following theorem, which is the so-called almost global existence theorem and is
used to prove the global well-posedness.

THEOREM 4.8. Let2 < p < 00,3 < g < oo, andT > 0. Assume that 2/p+3/q <
1 and that Q is a uniform C3 domain in RN (N >2). Let pio(z), pao(z), and uo(x)
be initial data for (1.1). Assume that there exist positive numbers a1 and as for which

(4.41) a1 < pro(x), pao(x) <as for any x € Q.

Let (ho(z), po(x)) = ¥(p10(x), p20(z)). Then, there exists a small constant eg > 0
depending on ay, as, and T such that if p1o, p20, Wo, and hg satisfy the condition

(4.42) IV (P10, P20)l Lo () + W0l g2a-1/01 ) + [1holl p2a-1/m () < €0
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and the compatibility condition
(4.43) ulr =0, (Vhy) njp =0,
then problem (2.15) admits a unique solution (n,v,?) with
0 po € HY(O.T), HA(Q), v € HA(0.T), L(©)") 0 L,((0.T), HX())
9 € H((0,7), Ly()) N L,((0,T), HA(Q))
possessing the estimates
= pollmz(o,7),m2(2)) + 10:(v, DL, 0,7),L,2) + (Vs D)z, (0,1),12(0)) < Ceo,

T
a1 < p(x,t) <2a3+ay1 for (z,t) € Qx (0,T), / Vv (-, 8)llLo ) <6.
0

Here, C is some constant independent of €q.

5. Global well-posedness—Proof of Theorem 2.2. In this section, 2 is a
bounded domain whose boundary I is a compact hypersurface of C2 class. Let pi.
and po. be any positive numbers and set (h., px) = U(p14, p2:) ER X R4, Let T >0
and let (n,v,9) be a solution of (2.15) such that

n € H,((0,7), Hy (), v € H,((0,T),Ly(Q)°) N Ly((0,T), H(Q)*),

T
9 € HY((0,T), L(2)) N L, (0, T), H2 (%)), / Vv )]l ds < 6,

To prove the global well-posedness, we prolong (7, v,?) to any time interval beyond
T. Let ( =n — p« and h =19 — h,, and let
Z = |lpo = pellmz(e) + [[(wo, ho — h*)HBg’}fl/m,
€V = 17"V, ((0.1). Lo + 1€ 0| L, 0.7y, 12 (2) + 1€V ]| 2, (0.7, 12 ()
+ VAl 0.1y 11 2)) + 1€ e (v, R Ly (0.1 Ly (2) -

Here, v is a positive constant appearing in Theorem 5.1 below. The key step is to
prove the estimate

(5.2) (e"'V)p < C(T + (e7'V)2)

for some constant C' > 0.
To prove (5.2), we linearize (2.15) at (p1, p2) = (P1x,p2+), 1 = px, v = 0, and

¥ = hy. Namely, n = p, + (, v, and ¢ = h, + h satisfy the following equations:
6,5C + ao*leV = fl(U)
a0x0:v — pAvV — vVdivv 4+ a1,V + a2.Vh = fg(U)
(5.3) a3+ O0th + a0, divv — ag Ah = f3(U) in Q x
v=0, (Vh)-n=g(U)
(C7V7 h)ltZO = (PO — Px, Uo, hO - h*)
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Here, we have set

agx = P A1y = & Qo = (ml - mZ)pl*pQ*
’ 2. s, ;
G — M1M2P1x P2 gy — Pl P2
3« — T « = —,
EP* p*ﬂ*
P1x P2x
Hor = QL F Mafes Pr = my | my’ U=(nv,9)=(ps + (v, hi+h),
1 2

Fi(U) = Ri(U) - (divv,
£2(U) = Ry(U) — COyv — ( no_ P )VC— (my _mQ)(ppo B pl*pz*)w’

Ep Zp* EP EP*
3 _ . P1P2 . P1xP2x - . P1P2 _ P1xP2x .
fg(U) = Rg(U) mlmg( Ep Ep* )Vh (m1 mz)( Ep EP* )leV
. P1pP2  P1xP2x
5.4 + div Vh
@4 (50 = 5)™)
(5.5)
g(U) = Ry (U).

Notice that ag«, @14, a3+, and a4y are positive constants, while as. is a real number.
We consider the system of linear equations:

O¢ + apdivv = g1 in Qx (0,7)
0+0:v — AV — vVdivv + a1, V( 4+ a2, VI = go in Q x (0,7,
(5.6) a3:010 + a2, divv — ag,, AV = g3 in Qx (0,7)
v=0, (V) n=g onT'x (0,7),

(¢, v, D) |i=0 = (Co, Vo, ¥o)  in

For (5.6), we have the following decay theorem.

THEOREM 5.1. Let1 < p,q<o0,2/p+1/q#1, and2/p+1/q # 2. Assume that
Q is a bounded domain whose boundary T is a compact hypersurface of C3 class. Let

po € Hy(Q), voe B VP(Q)P, i e BX)7P(Q),
g1 € Ly((0,7), Hy (), g2 € Lp((0,T), Ly()*) N H,((0,T), Ly ()°),
93 € Ly((0,7), Lg(2)),  E[e™'gs] € Hy (R, Lq(Q)) N Lp(R, Hy(9))

for some v, > 0. Here, E[e"'gy] denotes some extension of e’'gy to the whole time
interval R. Assume that v, ¥, and g4 satisfy the compatibility conditions:

vo=0 onT for2/p+1/qg<2, (Vi) -n=gali=o onT for2/p+1/q<1.
Then, problem (5.6) admits unique solutions n, v, and ¥ with

n € Hy((0,7), Hy (), v € Ly((0,7), Hy(Q)°) N Hy((0,T), Ly(2)%),
0 € Ly((0,T), H () N H, ((0,T), Ly(92))
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possessing the estimate

€7V L, (0.7, Lo(2)) + €7 0enl L (0.7.112 2)) + 1€7 VI L, (0.7, 112(92)
+ [|e"' VY|

Ly((0,1),HL(9)) T 170, (v, )| 1, ((0,1),L4(2))
< ClIGollmz @) + 1(vo, Do)l g2a-1/m ) + " (g1, 82, 93) |, ((0.7), L, ()
+ HE[e’Yltgﬁl]HH;/Q(R)LLI(Q)) + ”E[evltgd”LP(R,H;(Q)))

for some constants v € (0,11] and C > 0.

Postponing the proof of Theorem 5.1, we prove (5.2). For this purpose we
have to find the estimates for the nonlinearities f;(U),g(U) defined in (5.4). Let
(p1(x), p2(z)) = ®(J,7n). Following the ideas from [36], we first prove that

17 = poll w07y, 12 02)) < CLT V)1,

(5.7)
|9 — ho|‘Loo((0;T),B§f;—1/p>(Q)) <C(Z+('V)r),

where (ho, po) = (9,1)]t=0 (cf. (2.15) in the introduction). In fact, by Holder’s in-
equality we have

T
|W@ﬂ—ﬂ@mMgmﬁ§A|@MwmmNnﬁ

T 1p' ;T 1/p
< ([ erta) ([ @ ot ol a)
0 0

S C<67tV>T.

Recalling that ¢ — h, = h and Y9 — hs = hg — h., we have

T
19(-,8) = doll L) < / 105k $)l| 2,0 ds + o = hullL,0) < CUeV)r +T).
0

Let H(z,t) = h(z,t) — |Q|7' [, h(x,t)de. Since [, H(z,t)dz = 0, by Poincaré’s
inequality we have

IH ()l m20) < CIVHC Ollm19) = CIIVR(, )| H1(0)-
Moreover, noting that 2(1 — 1/p) > 1, we have

[He=oll g2a-1/m ) < [ Hle=0ll o) + IV Hlt=oll g1-2/0

< Cllho = bl (@) + IV Roll =2 )

= Clito = hell gz -2m e

On the other hand, employing the same argument as that in the proof of (4.11), by
real interpolation theory, we have

sup ||H(-,t)
t€(0,T)

< sup |ler[H](-,1)
te(0,T)

lgzg-2m @)
Ig20-17 )

S CUH| Ly 0.1).200) + 10:H | Ly (0.7). Lo (2)) + 1 H =0l g2a-1/0 )
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Therefore, since ||0;H||L, ) < C||0:h| L, (@), We obtain

sup ||H(-,1)

| g2c-1/2)
te(0,T) P S

< CUIVAIL, 0.y 12 @) T 1021 L, (0.1). Lo + 1ho = hall g2a-1/0 )

Since
sup |h(-,t)llL, )
te(0,T)
T
< ko = hullzye) + / 10, 1)1, e
< C(|[ho = hall L) + CV)1),
we have

sup ||All gza-1/0) ) < sup [[H| gea-1/m oy + sup [[A(8)[L 0
te(0,7) Bap ) te(0,T) Bap ) te(0,7) @

< C(||ho — h*Hng—l/m ot (e"'V)r) < O(Z + ('V)7),

(
which shows the second inequality in (5.7). Next we show that
(5.8) [(p15p2) = (pres 2| Lo (0.7), 1 () < C(Z +(7V)1).
In fact, by the Taylor formula, we have

(p1, p2) — (P10, p20) = ®(V, 1) — P(ho, po)

1
< [ @ (o) + 000 ~ D01~ ) 8D~ ho,n ~ po),
0
where (hg, po) = (¥, 1)]t=0. Set

D={(¢,n) eR*|[¢| < |hil/4, pu/A<n<Ap.},

and then by (5.1), (¥9,n) € D for any (z,t) € Qx (0,T). Let Cy be a positive constant
for which

sup |[®'(9,n)] < Co,  sup [®"(9,n)(¥,n)| < Co.
(9,meD (9,meD

We then have
[(p1; p2) = (P10, P20) | s ((0,7), 112 (02)) < 3C0|[(V = ho, 1 — po)ll L ((0,7), H2(2))
which, combined with (5.7), leads to (5.8), because ||(p10, p20) — (P14, p2*)||Hr}(Q) <7
By (5.1) we may assume that there exist two positive constants a; and ag de-

pending on p, and h, for which

(5.9) a1 < p1(x,t), pa(z,t) < ag for any (z,t) € Q x (0,T).
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By (5.8) and (5.9), we have the following estimates:

Hew(i P ) H Hew(mpz _ P1xP2x
X, X, Lo ((0,T),Lq(2)) >, >,

iy (P22 PuP2 gy H < O + (V) V),
+He N(( pp p*p*) )LM«O,T),Lq(m)_ T+ Vir) eV

) HLOO«O,T),L(AQ»

*

(5.10)

By Sobolev’s inequality and (5.7), we have
Il 0) < Clln = pollaz o) + oo — pull 2 ) < CZ +(*V)1),
and so

€7 Cdiv vl L, o.1),m1(2) < ClCl Lo, 12 @) 1€V VI L, ((0,1), 12 (92)
< C(T+ (V) eV,

Similarly, by (5.8),

P1pP2  P1xP2x t t
11 HW—— H < C(T + (V) eV ).
(5:11) ‘ (Ep . ) Loo((0,T),L4()) < C@+ VI V)

By (4.32) and real interpolation theory, we have
(5.12) ||VHLOO((O,T),ngfl/m(Q)) + VIl L (0,1, 1L (@) < C(T 4 (e7V)1).
In fact,

sup [[v(-, )| g2a-1/0

te(0,7)

S sup HéTV(~,t)|| 2(1—-1/p)
Sup lertiC Dlpza-rm g

< OV, (om).m20) + 19V L, (01,42 + 1T Vol L, (0.00).H2(2)
+ 10T ()Voll 2, ((0,00),L4(2)))>

where v € Bg,(;_l/p) (R3) equals to vq in 2 and ”VOHB(?(;*”P)(R?’) < C||VOHB§<;71/;))(Q).

Thus, by (4.32), we have the estimate of the first term in (5.12). Since 2/p+3/¢ < 1,
we have ||V g1 () < C||VHB2<1_1/;,)(Q), which completes the proof of (5.12).
o P

Now we shall estimate R;(U). By Sobolev’s inequality and Holder’s inequality,
we have

[souss

Lq(Q)

T , 1/p’ T 1/p

<</ d) (/ <e“|vV<-,s>||Lm<m>”d8> V2,8 ooy
0 0

<OVt 20

and therefore

t
(5.13) e"*t/ Vv(-,s)dsV2f
0

< CV)rlle” fllL,om).H2(2))-
Lp((0,T),Lq(82))
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A similar estimate of [|| fot V2v(-,8)dsV | L, yields

(5.14) e"t / V2v( dsz‘

< C(e"'V)p|le ,
Lo(OT)Lg(@) (€ Vorlle™ fllL, o), H2(9)

By (5.1) and (5.13), we have

e Ry (U) |1, ((0,7),L4(2)) < C‘

¢
/ Vv(-,s)dsVv
0 Lp((0,T),Lq(92))

< COVITIVVE )L, 0, Ly @)) < Ce7V)7

Noting that Vi = V(, we have

VR (U)
3
(% 0 2 8’Ui

Noting that |ky| < J, we have

1€V R (U)|| 1, ((0,7),L,(2))
< CUIVC L (07), L) 1€V VI Ly (0,7, Lo (2) + (€ V)€V VI L (0,7), 11 (0))-

Since
IVCllz, < IV = po)llz, ) + VeollL, @)

by (5.7) we have
IV Lo (0,1, L, ) < C(T + (€7V)7),

and so (5.13) and (5.14) imply

1" VR(U) |, ((0.1).Ly(2)) < CT+(V)r) (V).
Summing up, we have obtained
(5.15) 1€ Ru(U) |z, (0,7, 12 (0)) < C(T + (V) 1) {eV)r.
We next consider Ro(U) given in (3.3). By (5.13) and (5.14), we have

7" (A2a (kv) V2V, A1p (ky) V'V, Aoy (kv) V2V, A1div (kv)VV) |1, (0.7), 2, (92))
< Cle"V)3.

By (5.1) and (5.13) we have

< CEe"V)7.
Lp((0,7),Lq(Q2))

et <21V0(kv)vg, %Vo(kv)Vh)
P

p
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Summing up, we have obtained

(5.16) 1€ Ra(U) |l L, (0,7, 12 (0)) < C(Z + (' V)7) (V).

We next consider R3(U) given in (3.4). By (5.1) and (5.8), we have
a1 < p1(x,t), pa(z,t) < ag for (z,t) € Q x (0,7),
IVoill L0, L4(2)) < CT + (V1) (i=1,2),

where a; and ag are some positive constants depending on p1. and po., and therefore

M H < T vyt
HV( pp ) L@ T Loty = CE T EVIT).

Thus, by (5.1), (5.13), and (5.14), we have
(5.17) 1€ Ra(U) |l L, (0.7, 12(0)) < CZ + (' V)7) (V).

Finally, we estimate R4(U) given in (3.5). Similarly to section 5, we set

Re= (o [ Vw.s) ) V(i) () (e [ Vw.s) i) ar | .s) s},

Let H(z,t) = h(xz,t) — |Q7" [, h(z,t)dz. Obviously, VH = Vh. Moreover, by
Poincaré’s inequality, we have

(5.18) e H o7y, m200) + 1€ OcH ||, (0,1, Lo (520
' < C(le"Vhl L, 0.7y 1 @) + €7 0shll L (0.1).L,2)-

In particular, we can write R4(U) as R4(U) = RyVH. We define the extension of
e'VtR4(U) by
E[e""R4(U)] = er[Ry](Vér[e H]).

To estimate E[e"*R4(U)], we use the following lemma.

LEMMA 5.2. Let 1 < p < oo and 3 < g < oo. Then, the following two assertions
hold.
(1) If f € HL(R, Loo () and g € Hy*(R, Ly(€)), then

||ngH;/2(]R7Lq(Q)) < C”f”Héo(R,Lm(Q))Hg”H;/2(R7Lq(Q))-
(2) Iff € Loo(R,Hy(Q)) and g € L,y(R, H} (), then
1f9llr, @ a2 @) < ClfllLw m@)llgle, @ m@)-
Proof. To prove the first assertion, we use the fact that
(5.19) Hy/?(R, Ly(€) = (Ly(R, Ly()), Hy (R, Lg(2)))1/2,
where (-, -)jg] denotes a complex interpolation functor for € (0,1). Since
10 Ly ®Lo(2) < Il ® 2o @) 191 2R, 20(02))
19l @ L) < NFllLe® L@ gL, @ L.@))

by (5.19) we have the first assertion. The second assertion follows immediately from
the Banach algebra property of H;(Q) for 3 < g < . d
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Recalling that n is defined on R?® and |[n| ;2 rs) < 00, by (5.12) we have

[0rer[Ry]ll Lo .2 () < ClVILo(0,1), 12 () < C(T+ (7V)7).

By Sobolev’s inequality and Holder’s inequality, we have

ferlRllessmion < © [ IV izords < ([ (@)l )"
< Cle V).
Noting that |ky| < d, we also have
ler[Ru]ll Lo a2 (0) < CLV )1
Thus, applying Lemmas 5.2 and 4.6, we obtain

1E[e" Ra(U)]|| .,y 112 (2)) + ||E[€WR4(U)]||H;/2(R,Lq(n))
< CET+(V)r)(erle” Hl| L, @ m2(0) + 0er[e” H]|| L, @ L,2))-

Since " H|;—o = H |i—o, we have
er(e H] = er[e" H — T(t)Ho| + ()T (|t])Ho,
where Hy is a function in Bg,%_l/p) (R™) such that
Hy=H|—g inQ, |\ﬁo||33§;—1/p>(RN) < C||H|t:0||33§;—1/p>(9)~
Thus, using (4.32) and (5.18), we get

e[ H][| L, .20y + 18:er[e” H]|| L, (&L, @)

< C(le”Vhl L, 0,7y, m1 @) + €7 0uhll L (0,7),,2)) + [ [e=oll p2a-1/71())-
Finally, by Poincaré’s inequality, we have
[ He=oll p2a-1/0 ) = [ H |e=0llL,(2) + IV (Hle=0)ll g1-2/» ) < CIVhol| gr-2/0 -
Summing up, we have obtained

(5.20) ||E[e" R4(U)]

1/2

2 gy + LT RAO|L, ety < O + (V) )2,

Applying Theorem 5.1 to (5.3) and using the estimates (5.10), (5.11), (5.15), (5.16),
(5.17), and (5.20), we have

("V)r <CIZ+ (T +(V)1)?).
We assume that Z < e < 1, and so (Z + (e7'V)r)? < 2(Z+ (e7'V)2.), which completes
the proof of (5.2).

We now prolong a local solution to (0,00). Let T' > 0 and 7, v, and 9 be solutions
of (2.15) satisfying (5.1). Then, by (5.2) we have

(5.21) (€*V) < CT +(7°V)})
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for any ¢t € (0,T), where C is 1ndependent of t € (0,T) and T > 0. Let ry(e be two
roots of the quadratic equation C~tx = e+, that is, 74 () = (2C) "1 £/( 20 — €.
We find a small positive number €; > 0 such that

0<r_(e) <2Ce <207 <ri(e)

for 0 < € < €. Since (e?*V), satisfies the inequality (5.21), we have (¢7*V); < r_(e)
or (€7%V); > ry(e). Since
€V -0 ast—0,

for small t € (0,T), we have (¢7*V); < r_(€). But, (€7°V); is continuous with respect
tot € (0,7T), and so (€7*V); < r_(e) for any ¢t € (0,T). Thus, we have
(5.22) (e7*V)p < 2Ce.

y (5.7), (5.8), and (5.12), we see that there exists a constant M > 0 for which

In = pollLec(0,1), 11 (0)) < Me,  [[(v, 0 — ho)|\Lx((O7T)7ng;—1/p>(Q)) < Me,
(5.23) [(p1, p2) = (prs, p2:)l Lo (0,7, H2(02)) < M.

Let o', v/, and ¢’ be solutions of the following equations:
(5.24)
o' +ndivv’ = R} (U)
in Qx (1,7 +T),
_ ’or
nOv' — pAvV' — vVdivv' + an’wVW = R,y(U)
>, >,
in Qx (T, +T1),

’o _ o ’o
amapPa o + (m1 = m2)oh div v’ — div (—pllpIQ Vﬁ/) = R5(U)
Xy Xy pp

in Qx (T,T +T1),
vi=0, (V¥)-n=R)U)

on I'x (T, T+ TY),
',V 9 )=r = (n(-,T),v(-,T),9(-,T))
in Q.

Here, X, = mup} + maph, p’ = pi/m1 + ph/ma, and R;(U) are defined by replacing

fot VV(',S) dS, n, P1, P2, PV, and 9 by fQT VV(-, S) ds + f']t“ VV/(-, S) dSa 7]/’ p/lv p/23 p/
v/, and ¥. Employing the same argument as that in the proof of Theorem 2.1, we
can show that there exists a 77 depending on € > 0 such that problem (5.24) admits
unique solutions 7/, v/, and ¥’ with

n €Hy(T, T +Tv),H, (), v/ € Hy((T, T+ T1), Ly(0)*) N L,((T, T + Ty), H} (Q2)?),
9 € HY(T,T +Th), Ly() N L((T.T+T3), HA(Q)), / OV ey ds <6
(5.25) /4 <0 (x,t) < dps, |0 (z,t)] < 4|hy forT(x,t) eQx (T, T+T).
Choosing € > 0 small enough, in view of (5.23) we may assume that

Pix/2 < pi(x,T) <2p;x inzeQfori=12.
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Thus, setting

o {f for t € (0,T),
' forte(T,T+T),
for f € {n,v,9}, n”, v/, and 9" are solutions of (2.15) satisfying (5.1), where T
is replaced by T + T7. The repeated use of this argument implies the existence of
solutions 1, v, ¥ of (2.15) with 7" = oo, which satisfies the estimate (e7'V), < Ce.
This completes the proof of Theorem 2.2.

6. Maximal L,-L, regularity—Proof of Theorem 4.1. In this section, we
consider the linear problem (4.6) in a uniformly C? domain in the N-dimensional
Euclidean space RY (N > 2). To prove Theorem 4.1, we use the R-bounded solution
operators for the generalized resolvent problem corresponding to (4.6). We first make
a definition.

DEFINITION 6.1. Let X and Y be two Banach spaces, and || - ||x and || - |y their
norms. A family of operators T C L(X,Y) is called R-bounded on L(X,Y) if there
evist constants C' > 0 and p € [1,00) such that for any n € N, {T;}}_, C T, and

{fitj=1 C X, the inequality
p 1
du < C/
Y 0

/

Here, the Rademacher functions r; : [0,1] — {—1,1}, j € N, are given by r;(t) =
sign(sin(277t)). The smallest such C is called R-bound of T on L(X,Y) which is
written by Rex,y)T -

Z Tj (U)ijj Z Tj (u)fj du.
=1 j=1 X

The generalized resolvent problem corresponding to (4.6) is the following system:

A+ po(z)divv = fi in Q,
Po(2)AV — pAv — vVdiv v + 71 (2)V( + 12 (2) VI = £, in €,

6.1
(6.1) Y3(2) A + o (z)div v — div (y4(2)VI) = f3 in €,
v=0, (V¥)-n=fy on I
We assume that the coefficients po(x), v;(x), i =1,...,4, are uniformly continous

on Q and satisfy the conditions (4.7). The main part of this section is to prove the
following theorem concerning the existence of R-bounded solution operators for (6.1).

THEOREM 6.2. Let 1 < ¢ < oo and 0 < e < /2. Assume that  is a uniform C?
domain. Let

Xq(Q) = {(flvf25f3vf4) | fi.fa € qu(Q)v f, € Lq(Q)Nv I3 € Lq(Q)}v
X,(Q) = {(F1, Fa, F3, Fy, F5) | Fi, Fs € HY(Q), Fs,Fy € Ly(Q), Fy € L)V}

Then, there exist a positive constant Ao and operator families A(N\) €
Hol (Se x,, L£(Xq(9), Hy(2))), Bi(A) € Hol (Se ., L(X (), HF(Q)N)), and Bao(N) €
Hol (¢ 5y, £(Xy(22), H;(2))) such that for any (f1,%2, f3, f1) € X4(Q) and X € 3¢ »,,

¢ = AMNFy, v = B1(N)Fyx, and 9 = Ba(A\)Fy are unique solutions of (6.1), where
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FA = (f15f27f35A1/2.f47.f4)7 and

Re(xg().mi @) ({(T0) AN | A € Te g }) < o,
Rty mz= @) {(T) (W2B1(N) | A € Ben}) <
(

(A)
RE(XQ(QLHC?*J'(Q))({ Tar)é()\j/z&()\)) A€ e }) <o
for £=0,1, 7=0,1,2, and for some constant ry.

Remark 6.3. Fy, F», F3, Fy, and F5 are variables corresponding to fi1, fo, f3,
A2 £, and fi. The norm of X, () is defined by

[(Fy, Fo, F3, Fa, F5)l x,0) = | (F1 E5) | m20) + 1(F2, F3, Fi)l 1, 0)-

Since we consider the case that A € X.,, with Ay > 0, setting ( =
A7 (f1 — po(x)divv), and inserting this formula into the second equation in (6.1),
we rewrite it as

(6.2)
po(2)AV — pAvV — vVdiv v — 41 (2)A TV (po(2)div v) + 12(2) VI = f5 — X1y (2)V £1.

Since v2(z) VY and v2(x)div v are lower order terms, our main concern is to prove the
existence of R-bounded solution operators for the following two equations:

(6.3)  po(2)AV — pAvV — vVdivv — 31 (2)A ' V(po(2)divv) =g inQ, v|r=0;
(6.4) v3(2)A — div (y4(x)VY) = h1 in Q, (VY)-n|p = ha.

Let us denote

Yy(G) ={(h1,ha) | b1 € Ly(G),  hy € Hy(@)},  [l(h1,h2)lly, @) = [l @)
Vo(G) = {(F, B, F3) | F1, F2 € Ly(Q), F3 € H;(Q)},
[(F1, B2, Fs)lly,c) = I(F1, F2)ll L, + 1E3llnc)-

Then, we shall prove the following theorem.

THEOREM 6.4. Let 1 < g < 00 and 0 < € < 7/2. Assume that S is a uniform
C? domain in RN . Then, there exists a positive constant \g such that the following
assertions hold:
(1) There exists an operator family C(X) € Hol (e x,, L(Lq(Q)N, HZ()N)) such
that for any A € ¢, and g € Ly(Q)N, v = C(\)g is a unique solution of
(6.3), and

RL(LQ(Q)N,Hgﬂ'(Q)N)({(Tar)éc(/\) A€ e }) <1
for£=0,1and j=0,1,2.
(2) Let Yq(Q) and Yq,(2) be the spaces defined above with G = Q. Then, there
exists an operator family D(X) € Hol (S x,, L(Vg(R), HZ(Q)) such that for

any A € Yy, and (hi,he) € Yy(Q), 9 = D) (h1, \/2ha, ha) is a unique
solution of (6.4), and

Rg(yq(g),Hgff(Q))({(Tar)gp(/\) [ AEXen ) <o

for£=0,1and j=0,1,2.
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6.1. The model problems in RN and RJ_,’\_’. First, we consider the model

problem in RY. In what follows, let pos, 7Vi«, V3%, and 74, be positive constants.
Assume that there exist two positive constants b; and by for which

(65) by < POxs Yl V35, Vix < ba.
Let us consider the following problems:

6.6 Pox AV — AV — vV div v — v, p0x A 1 Vdivv =g in RY;
D
73*/\19 — ’)/4*A19 =h in RN.

THEOREM 6.5. Let 1 < ¢ < oo and 0 < € < w/2. Then, we have the following
assertions:
(1) There exist a large constant Ao > 0 and an operator family C1(\) with

C1(A) € Hol (Sc 5, L(Lg(R™)N, HZ(RM)N))

such that for any g € Ly(RM)N and A € . 5,, v = C1(N)g is a unique
solution of (6.6), and

RL(LQ(RN)N,Hg_j(RN)N)({(TaT)ch()‘) | A€ B }) Sri

for £=0,1and j =0,1,2. Here, \g and 1, depend solely on N, q, u, v, by,
and by.
(2) Let A\g > 1. Then, there exists an operator family

Dy (A) € Hol (Sc 5, L(Lg(RY), HZ(RY))

such that for any h € Y,(RY) and X € 3¢ \,, ¥ = D1(A)h is a unique solution
of (6.7), and

Rﬁ(Lq(RNLHgﬂ'(RN))({(Tar)Epl(/\) [ A€ Xen}) <2

for £=0,1 and j =0,1,2. Here, ryo depends solely on N, q, Ao, b1, and bs.

Proof. The assertion (1) was proved in Enomoto and Shibata [11, Theorem 3.2],
and so we may omit the proof. To prove (2), using the Fourier tranform F and its
inversion formula F~!, we define 9 by

| FIRE .
v=r [73*>\+74*|€|2}( )

Thus, by Lemma 3.1 and Theorem 3.3 in [11], we can show the assertion (2). Thus,
we also may omit the detailed proof. d

Next we consider the half space problem. Let
RY ={z = (21,...,2n) € RY |2y >0}, RY ={z=(21,...,2n5) €RY |2y =0},
and ng = (0,...,0,—1)". We consider the following problems in RY:

(6.8) PosAV — AV — vV div v — v, pox A IVdivv =g in ]Rf, V|Rév = 0;
(6.9) Y3 M) — Y AV =hy  inRY, (VY) -ng=ha onR].
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THEOREM 6.6. Let 1 < g < 00, 0 < e <m/2, and \g > 1.
(1) There exist a large constant Ao > 0 and an operator family Co(\) with

Ca(N) € Hol (S, £(Ly(RY)Y, H2(®Y)Y)

such that for any g € Lg(RY)N and X € S5, v = Co(N)g is a unique
solution of (6.8), and

RL(LQ(M)N,H(?*J'(M)N)({(Tar)ecz(/\) A€ Zen) <7

for£=0,1and j=0,1,2.
(2) Let A\g > 1. Then, there exists an operator family

Da(A) € Hol (S 5, L(Vg(RY), HF (RY))

such that for any (h1,ha) € Yy(RY) and X € ¢y, ¥ = Da(N)(h1, A}/ 2ha, ho)
is a unique solution of (6.9), and

Ra(yq(Rf),Hg—j(Rf))({(Tar)éDﬂ/\) | A€ Xen}) <o

for£=0,1and j=0,1,2.
Here, Yy(RY) and Y,(RY) are spaces defined in section 1 with G = RY, and 1y, is a
constant depending solely on N, q, Ao, b1, and bs.

Proof. The first assertion has been proved in [11, Theorem 4.1]. To prove the
second one we divide a solution of (6.9) into two parts: ¥ = 1 + ¥2, where ¥; and
9 are solutions of the problems

(610) 73*)\191 — ’)/4*A7.91 = hl in Rf, (Vﬁl) Ny = 0 on Rév;
(611) 73*)\192 - ’y4*A192 =0 in Rf, (Vﬁg) Ny = h2 on Rév

Given function Fy defined on RY, let Ff be the even extension of Fj to zn < 0,
that is, Ff(z) = Fi(z) for xy > 0 and Ff(z) = Fi(2/,—zn) for zy < 0, where
2’ = (x1,...,2N-1). We then define an R bounded solution operator D1 (\) acting
on Fy € Ly(RY) by
[ FIFFIE)
Dor(N)[Fy] = F~1 {% .
21( )[ 1] ’73*/\+’74*|§|2
Obviously, ¥ = D;(\)[h1] is a unique solution of (6.10).
To construct an R bounded solution operator for (6.11), we introduce the partial
Fourier transform F and its inversion formula Fer ! which are defined by

f€ an) = FAE 2n) = / e f(a! ay) da

RN-1
1

Fe'lg( an)(@') = GrNT /RN_1 e g ay) de’,

where & = (&,...,&n-1) € R¥N"land o/ - ¢ = Z;V;ll z;€;. Applying the partial
Fourier transform to (6.11), we have

(VA + 94§ 17)0 = 74039 = 0 for ay >0, InDley—o = —ha(€',0),
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where [¢/[2 = Y27 ¢2 and Oy = 0/0n. Thus, ¥ is given by
VL AHE 2 an , )

I h2(§ 70) (iC )
\/ Va3V A+ |§/|2

* i leV YauYa AHE 2 (N +yn) ) - ,
- [ % 1 Vst A+ €12 (€ yn) | (o)
0 \/ VauVae A+ |§I|2

9y = FL [e

° e~ VI3 L AHE R (entyn) , ,
—/ Fer — Onha(& yn) | (2).
0 \/ 73*,}/4* )\ + |€/|2
Writing
1 N-1 . .
_ V3%V ax A 26-26-
Vs A+ [P = ===~ > — ==
V3% Vax A + |€/|2 J=1 V3%V« A + |€/|2

we have

0o . e~V Yax Vi AHE 2 (TN +yN) ) . , ,
/ Fer - 13V A+ 1€ 2h2(E yn) | (2)
0 \ V3 Vg A+ €

[e%s} —1y1/2
- ; AN .
- / .7:571 [/\1/26— Ve i MHE2 (en+yn) T3 74: h2(§/,yN)] (2)
0 Ve e A (€

N-1 .00 .
-1 712 1C5
- E / Fo! [|§'|€v YouYaw MHEIE (@ tyn) 5;1 ]:I[ajhﬂ(é/ayN)] ().
j=170 1€\ ¥357as A+ €

We then define an operator Do () acting on (Fy, F3) € Ly(RY x H}(RY) by

Dos(N)(Fa, F3) = / Fo'
0

-1
[Mewsw:“f” o) FR(E W] ()
Vs A+ 2

N-1 .s0 3
X/ fs"llmeVW‘*‘*“”"”””N”N’ = f’[ang]@',ym] (&)
= €y 22+ P

/OO L em Vs AHE P (v +uw)
_ F
0

1% =
V3V A+ 1€

Obviously, Y9 = Da(A)(A/2ha, hy). Moreover, the R boundedness of the operator
Da2(A) follows from Lemma 4.2 in [11]. This completes the proof of the assertion
(2). 0

6.2. Problem in a bent half space. Let ® : RY — RY be a bijection of C?
class and let @1 be its inverse map. Writing V® = A + B(z) and V&1 = A_ +

f’[@NFg](ﬁ’,yN)l ().
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B_(x), we assume that A and A_ are orthogonal matrices with constant coefficients
and B(z) and B_(z) are matrices of functions in C*(RY) with N < r < oo such that

(6.12) 1B, B)Loo@yy < My, [[V(B, Bl vy < Ma.

We will choose M; small enough eventually, and so we may assume that 0 < M; <
1 < M, in the following. Set Q = ®(RY) and I'y = ®(R}’). Let ny be the
unit outer normal to I'y. Since 'y is represented by ®_1 y(y) = 0, where ~! =
(P11, <I>_1,N)T, n, is given by

Vo By, ... Byn)T
(6.13) n, = LN __('AN1+ N1 - ANN + ByN) .

Vo | y] \/Z;V:l(ANj + By;)?

Choosing M; > 0 small enough, by (6.12) we have

(6.14) n, = —(An1,..., Axn) " + 10y,

where ny has the estimates

(6.15) R4l Lo @yy < OnMy,  [|VOL][L &y) < Cu,.

We consider the following two equations:

(6.16) PosAV — AV — ViV v — y1.po A Vdivv =g in Q4, v, = 0;

(6.17) Vg AN — Y AV =hy in Qy, (V) -ng=hy onl;.

THEOREM 6.7. Let 1 < ¢ < 0o and 0 < € < w/2. Then, we have the following
assertions:
(1) There ezist a large constant Ao > 0 and an operator family C3(\) with

C3(N) € Hol (S g, L(Lq(24)™, Hy (Q4)Y)

such that for any g € Ly(Q4)N and X\ € 2\, v = C3(\)g is a unique
solution of (6.16), and

Re(ny @y w23 0n) {(T0)C(N) [ A € Beno}) <

for £ =0,1 and j =0,1,2. Here, rp1 is a constant depending solely on N, q,
u, v, by, and bs.

(2) Let Yy (1) and Vy(Q21) be spaces defined by replacing Q@ by Q4 in Theorem
6.4. Then, there exist a positive constant Ao and an operator family D3(\) €
Hol (2c 6o, L(Vg(Q4), HZ () such that for any (hi, ha) € Yo(Q) and X €
Yo, U =D3(A)(h1,\2ha, hy) is a unique solution of (6.17), and

RL(LQ(Q+),H3_j(Q+))({(TaT)éDQ()‘) | A€ Benet) < e

for £=0,1 and j =0,1,2. Here, rp3 is a constant depending solely on N, q,
bl, and bg.

Proof. The first assertion was proved in Enomoto and Shibata [11, Theorem 5.1],
and so we may omit the proof. Thus, we prove the assertion (2) below. For this
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purpose, we shall transform (6.17) into the equations in RY by the change of variables:
z =0 (y) with z € RY and y € Q1. We have

N

=3 (A + Byya ))a%,

k=1

0

6.18
( ) 53/]

where Ay; is the (k, 7)™ component of A_ and By;(z) is the (k, )™ component of
B_(®(x)). Let o(z) = 9(P(z)) in (6.17), and then by (6.14) and (6.18) we have
(6.19)

V35 AP — V45 [A¢+A1V2¢+A2V¢] =H, in Rf, (V) ng+(Ve)n; = Hy on Rév.

Here, we have set

N
o2
AV = 37 (AejBuy(e) + Ay By () + Big(2) By (@) 5 -
Gk, e=1
N B A
AVe= 3 (s Biy () (5 Bei (@) 5
N 8()0
(V) my = > (An;Brj(x) + 7y (x) Agj + 715 (x) By (ﬂf))a—xk-
G k=1

Notice that
HA1V2<PHLQ(R5) < CM1||V290||Lq(Rf)a
142Vl L, my) < CanlIVellL, @y,
(Vo) - anLq(Ri’) < CM1||V<PHLC,(R§),
1(70) - mill s ey < CORIT2 e, w3 + Cona IV, e

(6.20)

Let C2(A\) be an R-bounded solution operator given in Theorem 6.6 and set ¢ =
Co(N)F\(Hy, H). Here and in the following, F)\ is an operator acting on (Hi, Hs) €
Y, (RY) defined by F\(H1, Hs) = (H1,\Y/2Ha, Hy) € Yy(RY). We then have

Y3 MY — Yau (A + A1V + AoVY)) = Hy + Ri(N\)(Hy, Ho) in RY,

(6.21) N
(V) -ng + (Vo) -0y = Hy + Ra(\)(Hy, H2) on Ry,

where

(6.22) Ri(N)(Hy, Hy) = Y4 (A1 V2Co (N F\(Hy, Ho) + AoV Co (N Fy (Hy, Hy)),

Ro(N)(Hy, H2) = (VC2(N)Fa(Hy, Hz)) - n
For F = (Fy, Fy, F3) € Y,(RY), let

RUNF = 70 (A1V2Co (A F) + AsVCa(NF,  Ra(\F = [VCs(N)F] - 11,
and let RO)F = (Ri(\)F, R2(\)F) € Y,(RY) and
R(A)(Hy, H) = (R1(A)(Hy, Hz), Ro(A)(Hy, H2)).
We then have
(6.23) R(N)EX(Hy, Hz) = R(A)(Hy, Ha).

We now use the following two lemmas to calculate the R-norm.
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LEMMA 6.8. (1) Let X and Y be Banach spaces, and let T and S be R-bounded
families in L(X,Y). Then, T+S={T+S|T €T, SeS8} isalso an R-bounded
family in L(X,Y) and

Rex ) (T +S) S Rexv)(T) + Rex vy (S)-

(2) Let X, Y, and Z be Banach spaces, and let T and S be R-bounded families
in L(X,Y) and L(Y, Z), respectively. Then, ST ={ST |T €T, S € S} is also an
R-bounded family in L(X,Z) and

Rex,2)(ST) S Rex vy (TR (v, z)(S)-

LEMMA 6.9. Let 1 < p, g < co and let D be a domain in RN,

(1) Let m(A) be a bounded function defined on a subset A in a complex plane C
and let My, (\) be a multiplication operator with m(\) defined by M,,(N)f = m(\)f
for any f € Ly(D). Then,

Re(ry(0){Mm(A) [ A € A}) < Cngplmlr.a)

(2) Let n(r) be a C* function defined on R\ {0} that satisfies the conditions
[n(7)| < v and |tn/(T)| < v with some constant v > 0 for any 7 € R\ {0}. Let
T, be an operator valued Fourier multiplier defined by T,f = F~[nF[f]] for any
f e SR, X) with F[f] € D(R, X). Then, T, is extended to a bounded linear operator
from L,(R, Ly(D)) into itself. Moreover, denoting this extension also by Ty, we have

1Tl oz, ®,L,(D)) < Cp.g.D7-

Remark 6.10. For proofs of Lemmas 6.8 and 6.9, we refer to [9, Proposition 3.4,
p. 28 and Remarks (4), p. 27] (cf. also Bourgain [5]), respectively.

By Lemmas 6.8 and 6.9, (6.20), and Theorem 6.6(2) we have
(6.24) Ry, @) {70 FAR() | A € B }) < m(CMy + Ca Ay /?)

for any Ao > Ao. In fact, by (6.20), we have

q q

1 n
/ () AsVCs () F) du < CY, WVC (A F du.
o |53 L,(®Y) Ly (RY)
By Lemma 6.9, we have
a
er JVC2 )B4, gy, s = / er N ARTC, () F; du
Lq(RY)
n q
<X / Z wA)2VC (M) F du
7=1 Lq(RY)
for any A\; € X_5 and Ao > Ao. Thus, by Theorem 6.4(2), we have
n q n q
Z u)AsVCa(N))F; du < ;\aqﬂrg Z’I"J (u)F; du.
-1 L,®Y) 0 =1 L,(®Y)
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Analogously, we can estimate Rﬁ(yq(]lw% L,(RY)) norm of B; and By and
R (v, (RY), 12 (2Y)) norm of By, where By = A;V2C(\)F, By = A/2[VC3(A\)F] - n,
Bs = [VC2(N)F] - n, and so we have (6.24).

Choosing M so small that r,CM; < 1/4 and choosing ;\0 so large that r,C)y, 5\5 1/2
< 1/4 in (6.24), we have

(6.25) Ry ({79 RO [ A€ 2,5, 1) < 1/2.
Since R-boundedness implies the usual boundedness, we have
IEARA)FX(Hy, Ho)lly, myy < (1/2)[[Fx(Hy, Ha)ll 1, (3, )
Here and in the following, the norm of Y, (Rf ) is given by
1(FL, Fa, )|y, vy = 1(F1, F2)l vy + 15l s ey -

Thus, [|FX(Hi, H2)lly, (rY) gives the equivalent norm of ¥, (RY). By (6.23) and (6.25)

we see that (I+R()\)) ™1 = Z;’;O(—R(A))j exists as an operator from Y, (RY) into itself
and its operator norm does not exceed 2. Thus, in view of (6.21), ¢ = Co(N\)Fy(I+
R()\))~Y(Hy, H>) is a solution of (6.19).

On the other hand, by (6.25) and Lemma 6.8, we see that (I + F\R(\))™! =

Z;il(F)\R()\))j exists and
(6.26) Ry, @) {(T0) T+ BAXR(A) ™ A€ B 5, }) < 4.

Set C3(A) = Co(A\) (I + FAR(N)~!. Since R(A)Fy = R()) as follows from (6.23), we
have

I+ R = i(—l)j(F,\R()\))jF,\ = i(—l)jFA(R(x\)FA)j
j=1 7=0
=F i(—R(x\))j =F\(I+R\)™,
7=0

which leads to ¢ = C3(A\)F(Hy, Ha). Thus, C3()\) is an R-bounded solution operator
for (6.19). Set R
C3(NF = [C3(N)(F o™ 1)] o @,

and then C3()) is an R-bounded solution operator of (6.17). This completes the proof
of the assertion (2). 0

6.3. Proof of Theorem 6.4. To prove Theorem 6.4, we need to use several
properties of uniform C? domain, which are stated in the following proposition.

PROPOSITION 6.11. Let Q be a uniform C?-domain in RY with boundary T.
Then, for any positive constant My, there exist constants Ms > 0, d € (0,1), at
most countably many functions ®; € C*(RY), and points x]l € Q and x? el (jeN)
such that the following assertions hold:

(1) For every j € N, the map RN >z — ®,(z) € RY is bijective.

(2) @ = (UZ, Ba(e})) U (U, (®;(RY) N Ba(a2)))., Balel) C 2, ®;(RY) 0

Ba(x3) = QN By(z3), and o;(RY)N Ba(23) =T N By(x3).
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(3) There exist C*> functions C]Z(z = 1,2,j € N) such that supp C}, supp CNJZ C
Ba(z%), ||C§HH§O(§N) < co, Gz @y < co, ¢ = 1 on suppC, >y,
Z?’;l ¢G=1o0n9Q, Z;’il le = 1onT. Here,.c() is a constant which depends
on My, N,q,q, and r, but is independent of j € N.

(4) V®; = R; + R;,V(®;)” = R; + R;, where R; and R; are N x N
constant orthogonal matrices, and R; and R; are N x N matrices of HL
functions defined on RN which satisfies the conditions 1Rl myy < M,
IR | oo@yy < Ma, VRl o @yy < Ma, and VR [[p @yy < M2 for any

JN.
(5) There exist a natural number L > 2 such that any L + 1 distinct sets of
{Ba(x}) | i=1,2, j € N} have an empty intersection.

In what follows, we write Q = ®,(RY) and I'; = ®¢(R{’) for £ € N. Moreover,

we write Bg(z}) simply by Bi. Since po(x) and yx(x) (k = 1,3,4) are uniformly

J
continuous functions on €2, choosing d smaller if necessary, we may assume that

(6.27) |p0(x)—p0(x§)| < M, |’yk(x)—'yk(x§)| <M, forrxeB5NQ, k=1,34.

By the finite intersection property stated in Proposition 6.11(5), we have

© 1/q
(6.28) (X S0 mgemy) < Call o

i=1,2 j=1

for any f € Ly(Q2) and 1 < g < co. In particular, by (6.28) we have the following.

LEMMA 6.12. Leti=1,2 and 1 < q <oco. Let {f;}32, be a sequence of functions
in Ly(QY) such that Zj‘io Hfj”%q(fz) < oo, andsupp f; C B} (j € N). Then, Z;io fie

Lo(Q) and || 532, il < 50 165112, o) V/2.

We first prove the assertion (1) in Theorem 6.4. We construct a parametrix. Let
vi € H}(RV)N be solutions of the equations

(6.29) po(le)/\v} - MAV} — vVdiv le -m (x]l)po(x}))\AVdiv le = C}g in RY,

and v3 € H, 2(€2;)N solutions of the equations
(6.30)
po(xi)/\v]z — uAv? —vVdiv v? - *yl(a:?)po(xi)/\_1Vdivv? = Cjzg in Qj, V?|Fj =0.

By Theorems 6.5(1) and 6.7(1), there are R-bounded solution operators Cj()\) with
Cj(A) € Hol (Se n,, L(Lg(25)N, HF(QH)N))

such that for any g € L,(2) and A € X¢ 5, le- = C}(/\)leg are solutions of (6.29)

and v = C}()\)(7g solutions of (6.30), where we have set Q} = RY and Q3 = Q;.
Moreover, we have

(6.31) RL‘(Lq(Q;,)N,Hg*k(Q;)N)({(Ta‘l')é()‘k/2c;()‘)) [AEZen}) <1

for £ = 0,1 and k£ = 0,1,2. Notice that A\g and 7, are independent of i = 1,2 and
7 € N. Let

UhNg= Y {ciNge

i=1,2 j=1
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for g € L,(2)Y. By Lemma 6.12, we have
632 Regmm it {70 OV2UN) | X € S h) < Ongry.

In fact, by (6.31) and (6.28) we have

Zﬁc /\k ngk dCC du
i=1,2 j=1
<COZZ// Zrk )\kggk d;vdu
i=1,2 j=1
(cors) Z Z/ / Jgk dxdu
i=1,2 j=1 :
corb Z Z/ / u)gk d;vdu
i=0,1 j=1 QNB;
corb / <Z Z/ u)gk dx) du
i 01; 17 9NB;
< (Cyciry)? du,
Lq()
and so by Lemma 6.12 we have
Zrk(u)ul (Ak)gk < Cycimy Zrk (u)gk .
k=1 Lq(2x(0,1)) k=1 Lq(©2x(0,1))

In this way, we can show (6.32). Next, since
A(Clv y vi) = (AVE +2(VE)VVE + (ALHVE,
Vdiv ({! j):gjvchvvj+(v<j)dwvj+V((v<;)- vi),
V(po(2)div (¢5v5)) = Gpo(a)Vdiv v + V(po(2)(VE) - v5) + (VE))po(w)div v;
with v} = Ci(\)(lg, setting
(6.33)
- i{u(z(VE;)vc;<A)<;g+ (AGC NG g

i=1,2 j=1
+ v((V¢)divCi (Mg + V((VE)CH M 8)
+ A7 71(2)(V(po () (VE)) - CH(N)Cg) + (VE ) po(x)div CiH(A) G g) }
+ Z CH((po(x) = po(z}))ACI(N)Cig
~ n@)pole) — o)AV M) Cie)
and setting v = U, (\)g, we have

(6.34)
po(x)A\v — pAv — vVdivv — vy ($)/\71V(p0($)diV v)=g+Vi(A)g inQ, v|p=0,
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because I' N B} = T'; and (i¢! = (. Using (4.7), (6.27), Lemma 6.12, (6.31), and
(6.32), we obtain

(635)  Re(r, @ ({(10-) RO [ A €S, 5,1 < ACA(L +204) My + arp)g %}

for any Ao > Ao, where we have assumed that Ao > 1. To prove (6.35), we have to
estimate (Vpo)(V(}) - C5(M)¢ig. For this purpose, we use the following lemma, which
can be proved easily with the help of Sobolev’s imbedding theorem.

LEMMA 6.13. Let 1 < g <7 < 00 and N < r < oco. Then, the following two
inequalities hold:
(1) There ezists a constant C' depending only on N, q, and r for which

labllz, ) < Cllallr, @16l o)
(2) For any o >0, there exists a constant C' = Co ||, o, for which
labll,0) < ollbllmi) + ClbllL,@)-

For any A\, € ¥_5 , and gy € Ly(Q)N (k=1,...,n), by Lemma 6.13, (6.31), and
(4.7),

q
Zrk )(Vpo) (V) - Ch(Me)Cigr| dadu
i=1,2 j=1
q
(coas)? Zm HOWIet-% du
i= 12] 1 H(Q%)
q
(coaq)? Zrk _1/2/\]16/2(3;()\1@) ;gk ‘ du
i=1,2 j=1 H ()
q
< (coaurg /%) WA 2CH ) Cg du
i=1,2 j=1 H;(Qﬁ)
~ q
< (coaudy w)Cig du
i= 12; 1 Lq(92%)
< (C(ZJOZ45\ ‘ du
i=1,2 j=1 Lq(QNBj)

q

— (RaudsVry) / <ZZ

1=1,2 5=1
= (C, coa4)\ /2, /

2

Z

) du
Lq(QNBY)

Other terms can be estimated similarly, and so by Lemma 6.12 and (6.28) we have
(6.35). Choosing M; > 0 so small that ¢5C,(1 + 2a4)M; < 1/4 and choosing Ao >

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/13/19 to 128.41.35.142. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2834 T. PIASECKI, Y. SHIBATA, AND E. ZATORSKA
max(\o, 1) so large that c3C,carshg /> < 1/4, by (6.35) we have
(6.36) Rew,m{To) V(N [ A e 5 1) <1/2.
Thus, (I+Vi(N)~" = 3272, (=Vi(N))/ exists and satisfies the estimate
Rew @y {(T0) T+ V() [ A e 5 }) <4

Let C(\) = Uy (M) (T +V1(N) 7L, and then in view of (6.34) we see that u = C()\)g is a
solution of (6.3). The uniqueness of solutions follows from the existence of solutions
of the dual problem. Moreover, by (6.32) and (6.36) we see that C(\) satisfies the
estimate

RL(LQ(Q)N,H(?*’@‘(Q)N)({(Tar)g(/\k/zc()\)) [ A€ Xeno}) < 4CN g1

This completes the proof of assertion (1) of Theorem 6.4.
We next prove the assertion (2). By Theorems 6.5(2) and 6.7(2), there are R-
bounded solution operators D;- (A\) with

(6.37)
Dj(A) € Hol (8¢5, L(Lg(RY), HF(RY))),  DF(A) € Hol (B¢, L(Vg(1), Hy (RY)))

such that for any (h1, he) € Y,(Q2) and A € X »,, 19j1- = Djl- ()\)C}hl are solutions of the
equations

(6.38) Ya(2)) A} — va(aj)AV) = ¢fhy in RY,
and 92 = D3 (A)(}(h1, A\'/?ha, hy) are solutions of the equations
(639) ’y3($?)/\19§ - "/4($3)A19? = C]2hl in Qj, (Vﬁ?) . l’lj|p]. = 0,

where n; is the unit outer normal to I';. Notice that n; =non I'; N Bj2- =I'n BJZ. In
particular, by (6.37) we have
(6.40)

2

> |/\|k/2||19;”H3’k(Q§. < Tb{HC;fH|\Lq(n;’.)+0i(||/\l/2h2||Lq(9§)+||h2|\H;(Q§))} (i=1,2),
k=0

where 0! =0 and 02 = 1. Let
M) (hy, hy) = ZZQ Us (A Zgjpl <JF1+Z<JDZ GF
i=1,2 j=1

for (hi,he) € Y4() and F = (F1, Fy, F3) € YVy(R?). By Lemma 6.12 and (6.28), we
have
(6.41)

2

> AR U (R, ho)ll 2+ 0y < Onaro(IPall gy + A2 1h2] 2y00) + 12l m20)
k=0

for any A € 3¢ 5, and (1, ha) € Y, (), and

(6.42) Rﬁ(yq(ﬂ),Hg_k(Q))({(TaT)é(/\kﬂuQ()‘)) | A€ Xen}) < Cngro
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for k=0,1,2 and £ =0,1. For F = (F1, F», F3) € V,(Q), let

Va1 (A F
= = 3 S {div (u(@) (VC)DENGF + V() - V(DUACLF))
i=1,2 j=1
+ 32 326105 ~wEIDNGE — div (u(e) (@) VD WGP
Va2 Z (VE) - mDFNGF,

where we have set D} (A\)(}F = D;(A\)(iF1. We then have

(6.43)
"/3($))\U2 ()\)(hl, hg) — div (74(!E)VU2(/\)(}L1, hg)) = hl + Vgl()\)F)\(hl, hg) in Q,
(VUQ ()\)(hl, hg)) -n = hz + VQQ()\)FA (hl, hz) onI

for any (hi, ha) € Y,(Q), where we have set Fy(hi,hs) = (h1, \Y%ha, ha) € V,(9).
Since

1(Vya) - VDL NG F ||, 0) < olIVDS NG Fll a2 @) + Coanl VDN FIl L,

as follows from Lemma 6.13(2), by (6.37), Lemma 6.12, (6.27), (6.28), and Lemma
6.13, we have

R, ) ({(70:) (FA(Var (N), Va2 (V) | A € B, 5, 1) < {2Mi+ 0+ EC,Coa Ay 2

for any Ao > max (Ao, ) Choosing M7 and o > 0 so small that 2Myr, < 1/8,

ory < 1/8 and choosing Ao so large that cC,C, a4rb/\0 1/2 < 1/4, we have

(6.44) Re@,@){(T0) (Fa(Va1(\), Va2 (V) [ A € 2,5 1) < 1/2,
and so (I+ Fy(Va1(A), V(M) ™1 = 257 (— Fa(Var(A), Va2 (V)7 excists and
(6.45) Re@,@){(T0) T+ Fx(Var (M), Va2 (A) T [ A €8, 5, 1) < 4.
On the other hand, by (6.44) we have

[EX(V21 (AN EFx(h, h2), Va2 (A) Fx(hay ha))lly, ) < (1/2)[|Fx(ha, h2) L, o)

for any A € 35 . Since || Fx(h1, h2)lly,0) = [1hillz,c0) + A2 h2] 2,0 + 1h2ll#y @)

gives equivalent norms in Y, (2), we see that for each A€ 35, T+(Va1(A), Vaz () Fa) ™
=72 o(=(V21(N), Va2 (A))F\)7 exists as an operator in £(Y,(2)) whose operator norm

does not exceed 2. Thus, in view of (6.43), ¥ = Ua(A\)(I+ (Va1 (), Vaa(N))) 7L (h1, h2)

is a solution of (6.4). The uniqueness of the solution follows from the existence of
solutions for the dual problem. Notice that Us(N)Fx(h1,he) = Usz(N)(h1,ha). We

then define an operator D(A) by

DNEF = Us(A) (I + Fx(Var(N), Va2 (V)
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for F' = (Fl,Fz,Fg) S yq(Q) Since

o0

(T4 Ex(Va1(N), Vas (V) T Py = Y (= Fa(Var (M), Vaa (V) F
=0

=Fy Y _(—=(Var(A), Va2 (V) Fr)?

j=0
= FA(I+ (Va1(A), Va2 (A)) Fa) ™,
we have
9 = Us(N) T+ Va1 (N), Vao (M) Fx) " (hy, ho)
= Us(N)F\(T+ (Va1 (A), Voo (V) Fx) " (R, ho)
= UQ()\)(I + F)\(Vgl()\), Vzg(x\)))ilF)\(hl, hg)
= D(A)Fx(h1, ha) = D(A)(h1, A2 ha, hs).
By (6.42) and (6.45), we have
RL‘()@(Q),H?”‘(Q))({(TaT)E()‘k/ZD()‘)) XS EE,Z\O}) < 4CNgro-

This completes the proof of the assertion (2) of Theorem 6.4.

6.4. Proof of Theorem 6.2. Let C()\) and D(\) be the operators given in
Theorem 6.4. Let 99 = D(A)(0, A\Y/2hy, ho), and then the third equation of (6.1) and
the boundary condition for 9 are reduced to the equations

(6.46) v3(z) Ao + Y2 (z)divv — div (14(x)Vp) = f3 in Q, (Vo) -n|r =0.

Thus, in view of (6.2) and (6.46), instead of (6.1) we consider the equations
(6.47)
p0()AV — pAV — vVdivv — 1 (2)A "1V (po(2)div v) + y2(2) Ve = f in 0,

Y3(x)Ap + Y2 (z)divv — div (v4(2) V) = g in Q,
v=0, (Vp)-n=0 onT.

In the following, we write D(\)(g,0,0) simply by D(\)g. Let
v=CWNf, ¢=D\)y

in (6.47), and then we have

6.48
( pozx))\v — AV — vVdiv v — 31 (2)A TV (po(x)div v) + 42 (2) Ve = £ + E1 (V) (£, 9)
in Q,
Y3(2)Ap + Y2(2)div v — div (va(2) V) = g + E2(N)(E, 9)
in €,
v=0, (Vp)-n=0
on I,

where we have set

E(A)(E,9) = 13(x)VD(N)g,  EN)(F, g) = ya(z)divC (M.
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Let EN)(f, g) = (E1(MN)(£,9),E2(N) (£, g)), and then by Theorem 6.4 we have

(6.49) Ry vy ({(0:) €D | X € e, }) < mAy /2

for any A\; > A\g. Thus, choosing A\; > 0 so large that rb)\l_l/Q < 1/2, by (6.49) and
Lemma 6.8 we see that (I+&(\)) ! = E;’;O(—E(A))j exists and satisfies the estimate

(6.50) Rery @y ({(70) T+ EN) [ A € e, }) <4

Let Bi(\) = C(A)(IT+ EN)~" and Ba(A) = DOA)(I + E(N)) 1, and then by Theorem
6.4, (6.50), and Lemma 6.8, we see that for any X € 3¢, and (f,g) € Ly(Q)V !,
v =Bi(AN)(f,g) and ¢ = Ba(N)(f, g) are solutions of (6.48) and

(6.51) RL(Lq(Q)NH,Hg"“(Q)NH)({(Tar)é()‘k/z(él(/\)a32(/\))) | Ae Ee,h}) < dry.
Finally, setting

v =B\ = A0 (@)V i, fa),

¢ =" (f1 = polw)div v),

0= Ba(\)(f2 = X' 1(2) V1, f3) + D0, A2 f4, fa)

we see that ¢, v, and ¢ are solutions of (6.1). The uniqueness of solutions follows from
the existence of solutions for the dual problem. For F' = (F, Fy, F3, Fy, F5) € X,(Q),
we set

Bi(\NF = By(\)(Fy, F3) — A 1B (V) (71 () VFL, 0),
ANF = X" F — A po()div By (M) F,
By(\)F = Ba(\)(Fa, Fs) — A Ba(A) (1 (2) V1, 0) + D(A)(0, Fy, Fy),

and then we have ( = AN)F\, v = Bi(A)F,, and 9 = By(A\)Fy, where Fy =
(f1,fa, f3, A\Y/2f4, f1). Moreover, by Lemma 6.9, (4.7), and (6.51) we have

Ry, 12—+ )y (L) (2B (V) | A € Ben, 1) < (4+ Ay e,
RL(XQ(Q),H(?*’“(Q))({(Tar)g()\k/ZBZ(/\)) A€ Ten}) <4+ )\f1014)rb7
Ry ()10 {(T0-) AAN)) | A € Zen}) <1+ (A + A ag)r,.
This completes the proof of Theorem 6.2.

6.5. Proof of Theorem 4.1. We first prove the generation of a Cj analytic
semigroup associated with (4.6). Let

Dy() ={(¢,v,9) € Dg(Q) [ vIr =0, (VV) - n|p =0},
—po(z)divv
(6.52) A, v, 9) = | po(x) LAV + vVdivv — 71 (2)V( — 72 (2)VY) |,
v3(2) (=72 (z)div v + div (4(2) V)
Ag(¢,v,0) = A((,v,0) for ((,v,¥) € Dg(Q).
And then, (4.6) withf; = f5 = f3 = g = 0 is formally written as

(6.53) U — AU =0 fort>0, Ul—o= U,
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where Uy = ({o, Vo, Vo) € Hq(2) and U with
U € C°0,00,Hy(2)) N C°((0,00), Dy () N CH((0,00), Hy()).
The resolvent equation corresponding to (6.53) is
(6.54) AV —AV =F inQ,
where F' = (f1,f2, f3) € Hy(Q) and V' € Dy(Q). By Theorem 6.2, we see that the

resolvent set p(A,) of A, contains 3. 5, and for any F' € H,(Q) and A € Xz,
V=(AI—-A,) 'F € Dy() satisfies the estimate

(6.55) IMIV I3, + VD, ) < 76l Fll3, )

where
1Fll3,0) = f1llmz0) + 1(E2, f5)llL ), 1V D) = I<llH20) + (v, D H2(00)

for F = (f1,f2, f3) € Hq(2) and V' = ((,v,0) € Dy(2). Since 0 < € < m/2, the
operator A, generates a Cy analytic semigroup {7(¢)}:>0 on H4(2) possessing the
estimate

1T Fll3,(0) < Ce | Fllag,@ (t>0)

for some constants C' and .
We now consider the maximal L,-L, regularity for (4.6) in the case that f; =
f2:f3:g:0. Let

(6.56) Ep,q(Q) = (Hq(2), Dg(2))1-1/p,p-
Notice that &, 4(2) C Dp, () and that for (¢,v,V) € &, 4(2) we have
(6.57) vip=0 for2/p+1/¢<2, (V¥)-njr=0 for2/p+1/q<1.

By real interpolation theory, we have the following.

THEOREM 6.14. Let 1 < p,q < oo. Assume that Q is a uniformly C? domain.
Then, for (Co,vo,V0) € Epq(), ((,v,9) = T(t)(Co, Vo, Vo) satisfies (4.6) with f1 =
fo = f3 = g = 0 and possesses the estimate

e (¢, Vs D)2 ((0.00) 3 (2)) + 167" (VDL ((0,00). 12(2)) < Cl(C05 Vos 90) | b,y (2)-

Remark 6.15. Theorem 6.14 can be shown employing the same argument as that
in the proof of Theorem 3.9 in Shibata and Shimizu [40], so we may omit the proof.

We next consider (4.6) in the case that ({p, vo, o) = 0. Notice that g is defined
on R with respect to t. We extend fi, f3, and f3 to functions fig, fo9, and f3g defined
on R setting zero for negative times. We then consider the following equations:

(658) 8,5‘/1 — A‘/l = (f107f207 f30) in  x R, v = 0, (Vﬁl) ‘n—=g on I' x R,

where Vi = ((1,v1,91). We use the Laplace transform £ with respect to ¢ and its
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inversion formula £~!, which are defined by

LIFI(,N) = /oo e M ) dt = Fle " f](r) (A=~ +ir € C),

— 0o

1

Ll = o= [ T Mg(r)dr = S F gl 1),

2T

where F and F~! denote the Fourier transform with respect to ¢ and its inverse.
Applying the Laplace transform to (6.58), we have

(6.59) \WVi—AVi = (L[f10], L[f20], L[f30]) In Q, v1 =0, (VJ)n=L[g] onT.

Let S(\) = (A(M\), B1(M), B2(A)) be R bounded solution operators given in Theorem
6.2. We then have V;(\) = S(A\)F», where we have set

Fy = (L[f10](A), LIE20](A), LLf30)(A), A2 L] (V), LIg] (V).
We now introduce an operator A%/ ® by
A2 = LN L[] (V).

Since

(0 A1+ )] < €

for any A = v+ ¢7 € C with some constant C, depending solely on v € R, by the
Bourgain theorem (cf. Lemma 6.9), we have

(660) He_’YtAi//ngLp(]KLq(Q)) < C’yHe_’Ytg||H;/2(R7Lq(Q))

for any v > 0. Since A\Y/2L[g](\) = L[AY?g]()\), using Theorem 6.2 and Weis’s
operator valued Fourier multiplier theorem [46], we have

e (G, vi, 90 Lz @ aeg @) + €77 (Vi) | L, .12 ()
< rp(]le” " (f10, f20, f30)||Lp(R,Hq(Q))+||€77tA»1/2g||LP(R,Lq(Q))+||€77t9||LP(R,H(}(Q)))7
which, combined with (6.60), leads to

(6.61)
(¢, v, 9 m0,7),2,9)) + (VL 91)l 2, 0,1), H2(2)

< e (| (1, £, F3) L, 0.1 mt02) + Colle™ gl v 1,y + 1€ 0l oy ).

Finally, let V5 be a solution of the system

O Vo — AVy =0 in Q x (0, 00),
vo=0, (Vi) n=0 on I' x (0, 00),
V2:V0—V1|t:0 in Q.

By the compatibility condition, Vy — Vi|i=o € Dp 4(£2) provided that 2/p +1/q # 1
and 2/p + 1/q # 1. Thus, by Theorem 6.14 we see that Vo = ({2, va,J2) exists and
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satisfies the following estimate:

e (G2, V2, 92) | 12 ((0,00) 1 () + 1677 (V2,92) | 2, ((0,00), H2 (92))
< C([1(¢o = Cile=05 Vo = Vilt=0, Vo — V1]t=0)lI D, ,(2))-

By real interpolation theorem, we have

[(vile=0s D1le=0)ll p2a-1/m
< C(lle™ (v, 1)l 1, ((0,00),L4(2)) T He_'yt(vla191)||Lp((0,oo),H§(Q)))
because e~ (v, 91)|i=0 = (V1i|t=0,P1lt=0). Putting ¢ = {1 + (2, v = vi + va, and
¥ =1 + ¥2, we see that ¢, v, and ¢ are required solutions of (4.6). The uniqueness

follows from the existence of solutions for the dual problem (cf. Shibata and Shimizu
[40, Proof of Theorem 4.3]). This completes the proof of Theorem 4.1.

7. Decay estimate—Proof of Theorem 5.1. To prove Theorem 5.1, we first
prove the existence of a C° analytic semigroup associated with (5.6) that is exponen-
tially stable. For this purpose, we consider the resolvent problem:

A+ agedivv = fi in €,
MWV — ag(HAV + vVdiv v — a1.V( — a2. V) = £ in Q,
M+ azt (a9 divv — ag AY) = f3 in Q,

vir=0, (V9 -n|r=0.

(7.1)

We shall prove the following.

THEOREM 7.1. Let 1 < ¢ < 00 and 0 < € < 7/2. Assume that Q is a bounded
domain in RN (N > 2) whose boundary T is a compact hypersurface of C* class.
Assume that ags, @14, W, V, a3x, and age are positive constans and that as. is a
nonzero constant. Let

(7.2) ﬁq<ﬂ>={<f1,f2,f3>eﬂq<m|/Qf1dx=/9f3dx=0}.

Set Cy = {A € C | ReX > 0}. Then, for any X € Cy and (f1,f2, f3) € Hy(),
problem (7.1) admits a unique solution U = ((,v,9) € Dq(Q) N H4(2) possessing the
esitmate

(7.3) A+ DI v, D g + (v, Dl m20) < CIfL E2, f3)lla, )

Proof. Employing the same argument as that in the proof of Theorem 6.2, we can
prove the existence of R-bounded solution operators corresponding to (7.1), and so
there exists A\g > 1 such that for any A € ¢ », and (f1, f2, f3) € Hq(2), problem (7.1)
admits a unique solution ({,v,d) € D,(Q) possessing the estimate (7.3). Moreover,
if f1 and f3 satisfy zero average condition, then ¢ and ¢ also satisfy this condition in
the case that A # 0, which can be easily observed intergating (7.1); and (7.1)3 and
applying the boundary conditions. Thus, for A € 3. 5, the solutions obtained above
belong to Hy ().

Let By, = {A € C|ReX >0, |\ < XAo}. Our task now is to prove the unique
existence theorem for A € B),. We first consider the case where A # 0. Inserting the
formula ¢ = A™1(f1 — a.odivv) into the second equation in (7.1), it becomes

AW — ag AV + (v + XN areao,) Vdivy — a0, VI} = 5 — aglan "'V .
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Thus, we consider the following equations:

AW — ag HuAvV + (v + AN areao.) Vdiv v} + ag, a2. VO = £, in 0,
(7.4) M+ ageaztdivy — a3 ag AV = f3 in Q,
V|p = 0, (V’ﬂ) . Il|p =0.

To solve (7.4), we introduce a new resolvent parameter 7 > 0 and we consider the
auxiliary problem

(75) T(Va 19) - A)\(Va 19) = (gla 92) in Qa
where we have set

Ar(v,0) = (A1nv — ag,t a2. VY, a3} as AV — agwaz, divv)
for (v,9) € D}(Q) x D2(Q),
DUQ) = {v € HAQ)Y |vlr =0}, DE(Q) = {0 € H(Q) | (V¥) - nlr =0},
Ay = ag (WAV + (v + A rar.ap.)Vdivy)  for v € Hs(ﬂ)

Let

Anv = agl(HAV + (v + A lag.ap.)Vdivv)  for v € D;(Q),
A2V = azlas AV for 9 € DE(Q).

Shibata and Tanaka [41] proved that there exists a 79 > 0 such that (71 — A;y)~!
exists as a bounded linear operator from Lq(€Q)" into D}(Q) for 7 > 7 possessing
the estimate

(7.6) 7wz, @) + 7'1/2HW|\H;(Q) +wllmz) < Cligiliz, @)
for any 7 > 79 and g1 € L,(Q)Y, where we have set w = (71 — A;,) 'g1. And,

by Theorem 6.4, we see that there exists a 79 > 0 such that (71 — A)~! exists as a
bounded linear operator from L,(Q) into D3(Q) for 7 > 7y possessing the estimate

(7.7) Tl @ + 72l a @) + el @ < Clgaln,@)

for any 7 > 79 and g2 € L4(2), where we have set ¢ = (7I — A3)~'g;. To solve (7.5),
we set (v,9) = ((71 — A1x) "tg1, (7T — A2) "1g2). We then have

(7.8) T(v,9) = Ax(v, ) = (81,92), + R+ (81, 92),
where we have set
R-(g1,92) = (aa*laz*V(TI — Ay) " lgs, ag*a?;ldiv (71 — Ay) " tgy).
By (7.6) and (7.7), we have
IR (g1, 92) |, 09 < CT2|I(81, 92)ll 1,00

and so for large 7 > 0, (I — R,)~! exists as an element in £(L,(Q)V*!) and ||(I +
RT)_1||£(Lq(Q)N+1) < 2. Let (I + RT)_l(gl,gz) e (th,h27)7 and then v, =
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(7T — A)hyy € DL(Q) and 9, = (7 — A2)"'hyr € D2(Q) are unique solutions of
(7.5) possessing the estimate

(7.9) TH(VTaﬁT)HLq(Q) + ||V7'a197')HH§(Q) < OH(glag2)”Lq(Q)

for any large 7 > 0. Namely, the resolvent set p(A,) of A, contains (71,00) for
some 71 > 0. We then write the resolvent operator by (71 — .Ay)~! as usual. If we
set (v, 9,) = (I — Ax)"Y(g1,92), then (v,,9,) satisfies the estimate (7.9). Using
(7I — A;)~ 1, we write (7.4) as

(7.10) (v,9) + (A = 7) (7T — Ay) " (v, 9) = (7T — A\) (g1, 92)-

Since (A — 7)(7I — A))~! is a compact operator on L,(Q)N¥*!, in view of Riesz—
Schauder theory, in particular the Fredholm alternative principle, it is sufficient to
prove that the kernel of I+ (A —7)(7I—.A4,)~! is trivial in order to prove the existence
of T+ (A —7)(7I — A1)t € L(Ly,(Q)N+1). Thus, let (g1,g2) be an element in
Ly(Q)N+1L for which

T+ A —7)(rL = Ay) (g1, 92) = (0,0).

Since (g1,92) = (1 — A (7L — Ax)"'(g1,92) € Dy(Q) x D2(Q), setting (v,9) =
(7T — Ax)(81,92), we have

(0,0) = (1 = AN)(v, ) + (A = 7)(v,9) = (AL = A\)(v, ),
that is, (v,9) € HZ(Q)N*! satisfies the homogeneous equations

apx AV — pAvV — (v + A_lal*ao*)Vdivv + a2,V =0 in €,
(7.11) a3+ A0 + a2, divv — ag,, AY =0 in €,
V|p = 0, (V’ﬂ) 'Il|p =0.
To prove (v,¥) = (0,0), we first consider the case where 2 < ¢ < co. Since (v,?) €
HZ(QN+ € HZ(Q)N*!, by (7.11) and the divergence theorem of Gauss we have

0= a0 AIVIIL, ) + 1IVVIL, @) + (v + A arao) [div vI[Z, q)
+az AN, o) + aas VI, o) + a2 {(VY, V)a — (v, Vi)a}.

Taking the real part, we have

0 = ag«Re )\HV||2L2(Q) + MHVVH%Q(Q) + (v + a1.ao.Re /\71)HdiVV||2L2(Q)
+azRe A[017,q) + aa: [ VI, ()

Since Re A > 0, we have V(v,d) = (0,0) in Q, that is, v and ¢ are constants. But,
vlr = 0, and so v = 0. Thus, by the second equation and boundary condition
(V¥) -n|r =0in (7.11), we have

Ozag*x\/ﬁdm—a4*/A19da:=a3*/\/19da:,
Q Q Q

and so ¥ = 0. Thus, in the case that 2 < ¢ < 0o, we see that (7.4) admits a unique
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solution (v,9) € DJ(Q) x DZ() possessing the estimate

(7.12) (v, N H200) < Call(f2, f3)l 2,2

for some constant C depending on A.
We next consider the case 1 < ¢ < 2. Let ¢* = ¢/(¢ — 1) € (2,00). For any
(81,92) € Ly()NT!, let (w,¢) € DL.(Q) x D2, () be a solution of the equation

MW — ag HuAw + (v + A ar.a0.) Vdivw) — ag,la2. Ve = g1 in Q,
(7.13) Ap — ag*ag*ldivw — a§*1a4*Ag0 =gs in €,
Vlr = 0, (Vﬁ) . l’l|p =0.

Replacing A and as. by A and —as, in (7.4), we can prove the unique existence of
solutions (w, ) € D}(Q) x D2(Q) of (7.13). By the divergence theorem

0 = (ageAv — pAv — (v + Aflal*aO*)Vdivv + a2. VU, W)gq
+ (a3 A0 + a2.divv — ag. A9, ©)q
= Q0x (Va gl)Q + A3 (197 gQ)Q
Thus, the arbitrariness of (g1,92) € Lg.(Q)NVH! yields (v,9) = (0,0), which leads
to the unique existence of solutions (v,9) € Dj(2) x DZ(Q) of (7.4) possessing the

estimate (7.12). Thus, we have proved that for any A € By, \ {0} and (f1,f2, f3) €
Hy(S2), (7.1) admits a unique solution ({, v, ) € Dy(€2) possessing the estimate

(7.14) 16, v, )l p, ) < Call(f1, £2, f3) 92,0 -

We now consider the case that A\ = 0. Inserting the relation divv = ag*l f1, we
rewrite (7.1) as

divv = aa*lfl in Q,
(7.15) — AV 4+ a1,V =15 + Z/ao_*1Vf1 — a2: V1V in Q,
' —a4*A19 = fg — aa*lag*fl in Q,

V|p = 0, (Vﬁ) . Il|p =0.
We first consider the Laplace equation
(7.16) —ap: A =gy inQ, (VY) -n|p=0,

and then, for any go € Ly(Q) with [, g2dx = 0, problem (7.16) admits a unique
solution ¥ € HZ(Q) with [, ¥ dz = 0 possessing the estimate 19l z2(0) < Cllg2llzy0)-
Therefore the third equation of (7.15) admits a unique solution ¥ € HZ(€2) satisfying
the estimate [|9(|z() < C||(f1, f3)ll1,(0) and [, ¥ dz = 0.

Finally, setting g1 = aa*lfl and gy = fy — Vaa*IVfl — a9+ V1, we consider the
Cattabriga problem

(7.17) — AV + a1,V =g, divv=g; inQ, v|r=0.
By Farwig and Sohr [13], there exists a Ag > 0 for which the equation

AoV — pAvV + a1,V =go, divv=g; inQ, v|p=0,
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admits a unique solution (¢, v) € H}(Q) x H2(Q)N with [, ¢ dz = 0 for any (g1,82) €
H}(Q) x Ly()N with [, go de = 0. Thus, by the Fredholm alternative principle, the
uniqueness of solutions of (7.17) yields the unique existence theorem, that is, for any
(91,82) € Hy () x Ly(Q)N with [, g2 dz = 0, problem (7.17) admits a unique solution
(¢,v) € Hy () x HZ(Q)N with [, (dz = 0 possessing the estimate

ISl o) + IVIlE20) < Clllg1llmr0) + lI82]l2,2)-

Therefore the problem of existence for (7.17) is reduced to showing uniqueness for the
homogeneous problem which is an immediate consequence of the divergence theorem.

Summing up, we have proved that for any (f1,f2, f3) € 7:[(1(9), problem (7.15)
admits a unique solution (¢, v,¥) € Dy(2) N Hy () possessing the estimate

¢z ) + (V. D) m2(0) < CUfilla20) + 1(E2, f3)llL,2)-

Since the resolvent operator is continuous and the set B,, is compact, we can take

the constants C in the estimate (7.14) independent of A € B),. This completes the

proof of Theorem 7.1. a
We now give a proof.

Proof of Theorem 5.1. Let
—podivv

PU = | ay,}(uAV + vVdivv — a1.V( — a2 VI) | for U = (¢, v,9) € Dy(Q),
—az, (a2.div v — ag. AY)

PU = PU for U = (¢, v,9) € Dy() NHy().

Here, 71,(€2) and D,(2) are the spaces given in (7.2) and (6.52), respectively. Let us
consider the Cauchy problem

(7.18) U —PU=0 fort>0, Ulo=Uo=(Covo,0) € Hyl).

The resolvent problem corresponding to (7.18) is (7.1). Thus, by Theorem 7.1, we see
that P generates a Cy analytic semigroup {T'(¢)}:>0 that is exponentially stable on
Hq(£2), that is,

(7.19) HT(t)UOHHq(Q) < Ce " Uoll2, @)
for any Uy € H,(Q) and ¢ > 0 with some positive constants C' and ;.

Let Ay > 0 be a sufficiently large number and let 0 < v < ; be a small positive
number determined later. We consider the time-shifted equations

o.Uy +\U, — PU, =G inQX(O,T),
(7.20) BU, = (0,94) onI' x (O,T),
Utli=o = Up in Q,

where G = (g1, 82,93) and BU = (v, (V9) - n). Multiplying (7.20) by e, we have

0y (e'Uy) + (M1 — )e"' Uy — P(e7'U,) = 7'G in Q x (0,7),
(7.21) B(e"'Uy) = (0,e7g4)  onT x (0,7),
e’VtU1|t:0 = UO in Q.
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Let G be the zero extension of G to R with respect to ¢, that is, Go(+,t) = G(,t) for
t € (0,T) and Go(-,t) =0 for t € (0,T). To estimate e?*U;, we consider the equations

(7.22)

0:Us + (A —y)Us — PU, = e"'GY in Q x R,
BU, = (0,€e7'g4) onI'x R.

Applying the Fourier transform with respect to ¢ to (7.22), we have

(7 23) {(/\1 -7+ iT)]:[UZ]('aT) - P]:[UQ](', 7') = ]-'[e'YtGO](.’ 7—) in Q,
| BF[US)(.7) = (0. Fl"'gal(~7))  onT.

Let S(A) = (A(A), B1(A), B2())) be the R-bounded solution operators given in Theo-
rem 6.2. If we choose A\ > 0 so large that Ay — v > Ao, then we have F[Us](-,7) =
S —~v+ iT)FA1—7+iT, where

Fa, yiir = (FIE'Gol(-,7), (M — 7 +i7) 2 FleT ] (-, 7), Fle7 gal (-, 7))
Since

(T0:) (im/ M — 7 +i1)| < Cnyy 1(70:) (A1 = +im) 2/ (L4 7)) < Oy,

for £ = 0,1 and 7 € R\ {0}, applying Weis’s operator valued Fourier multiplier
theorem and Bourgain’s theorem (cf. Lemma 6.9) to

Ui = FFIAC ) = FHUS(n = + i) Fay s,
we have

10:U2ll ., (&, 22, (2)) + U2l L, %, D, 2))
(7.24) < C(le”*Goll Lm0 + ||€7t94|\H;/2(R,Lq(Q)) + €7 gall L, w12 ()

< Cle"Gllz,0m)ma@) + 1€ 0all 12 1 0y + €7 9all 2, o2 (20))-
We next consider the Cauchy problem

8tU3+()\1—7)U3—PU3:0 ian(O,oo),
(7.25) BU; = (0,0) on T x (0, 00),
Uslt=o = Uy — Us|y=0  in €

If we choose A; > 0 sufficiently large, by Theorem 6.2 we see that there exists a C°
analytic semigroup {71(¢)}+>0 associated with (7.21), which is exponentially stable.
Setting Us = T4 (t)(Uo — Uz|1=0), we then see that U, satisfies (7.21) and the estimate

(7.26) [|€7*0:Us | 1,,((0,00),14(02)) + €7 Usl| (0,000, 04 (2)) < ClU0 = Uzli=ol| p, ,(2)-

By the uniqueness of solutions, we have e7'U; = Uy + Us, and so by (7.24), (7.26),
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and real interpolation theorem (4.14) and (4.15), we have

1€ 0 U || 1, (0,13, ) + 1€7 ULl 10,1, D4 (2))
(7.27) < C (¢, vo,90) b, ) + 1€ Gz, (0.1). 31,2

+ Hemtg‘l”H;/z(R)Lq(Q)) + ||e’Ytg4HLp(R,H(}(Q)))'
We next consider the equations
(728) atV — PV = —)\0U1 in © x (O,T), BV|F = 0, V|t:0 =0 in Q.

Let Uy = (¢1,v1,71) and set
(7.20) Th(a,t) = (Ci (. t) - ﬁ / Gy, ) dy,vi (2, 1), 91 (2, 1) — ﬁ / 91 (y,1) dy).

Then U(-,t) € H,(Q) for any t € (0,T). We consider the equations
(7.30) oV — PV =-X\U; inQx(0,T), BVp=0, V]j=o=0 inQ.

In view of (7.18), by the Duhamel principle we have V = fot T(t — s)U.(-, s) ds.
Moreover, by (7.19) we have

(7.31) 1€ VI, (0.1), 3, < Cr — )P Ul 1, (0,1), 24, (9))-

In fact, by (7.19) and Holder’s inequality with exponent p’ = p/(p — 1) we have
NV Ly

. t
< [t I )y o ds = € [ e DT ) s
o 0

. 1/ ' R 1/p
< ( / 6<M><ts>ds> (/ 6(“”)“”(e“lU(-,s>||m<m>”ds> |
0 0

and so by the change of integration order we have
T ~
| @76 )

. T ~ T

<Cru =) [ @Oy s [ e ar

0 s
T ~

= CPn =) [ @105 )

0

Thus, we have (7.31). Since V satisfies the shifted equations
OV + NV =PV ==\, +AV inQx(0,T), BVp=0, Vl]—o=0,
we have

€70V ||, (0.7), 31,0 + €7 V|, (0.7),Dy ()

< O Thllr, (0.7),34, @) + 1€ VI, (0,73, @)
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which, combined with (7.27) and (7.31), leads to

€70V ||, ((0.7). 31,2 + €7 VIIL, ((0.7),Dy ()
(7.32) < C([(¢os vo, Do)l b, 4 () + 1€ Gl ((0,7), 14 02))

+ ||€Vt94||H;/2(R,Lq(Q)) + €7 gall L, r, 11 02))-

In view of (7.29), we define V' by

V:f/—<ﬁ/@t/§2§1(x,s)da@,0,ﬁ/ot/gi%(x,s)dxdé’),

and then V satisfies (7.28). Moreover, setting V' = (2, V2, ¥2), by (7.32) and (7.27)
we have

(7.33)
1€7°0e (G, V2, D2) |, (0,7, 71, ()) + €7V Gl 0,7, 112 (92)) + €7 Vall L, (0,79, 2 (02))

+ 17V 1, 0.1y, m11.()) < CI[(Cos Vo, Do)l b, o) + 1€ Gl L,y (0,7) 34,02

t t
+ ||eV g4||H;/2(]R)Lq(Q)) + ||e’y g4||Lp(]R,H(}(Q)))'

Let ({,v,¥) = Uy + V, and then (¢, v,?) is a unique solution of (5.6). Moreover, by
(7.33) and (7.27) (¢,v,?) satisfies the decay estimate

€70 (¢, v DI, (0.1 70 (2) + 1€ V| L, (0.7), 13 (52))
+ €7Vl L, 0.1),m2(0)) + €7 VI L ((0,1), 12 (92)
< C([1(¢o, vo, D0)lIp, ) + 17 (91, 82, 93) | 1, ((0.1) 74, ()

+ ||e’Ytg4||H;/2(]R,Lq(Q)) + ||6Vtg4||Lp(]R,H(}(Q)))'

This completes the proof of Theorem 5.1. a
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