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Abstract

We prove long-time existence and convergence results for spacelike solutions to mean
curvature flow in the pseudo-Euclidean space R, which are entire or defined on
bounded domains and satisfying Neumann or Dirichlet boundary conditions. As an
application, we prove long-time existence and convergence of the G;-Laplacian flow
in cases related to coassociative fibrations.
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1 Introduction

Whilst mean curvature flow (MCF) in Euclidean space, particularly in the case of
hypersurfaces, has been much studied with many celebrated results, and continues to
be a very active area of research, the corresponding MCF in pseudo-Euclidean space
R™"™ has received relatively little attention. A simple but important observation is that
the condition for an n-dimensional submanifold M of R™™ to be spacelike, in the sense
that the ambient quadratic form of signature (n, m) restricts to be a Riemannian metric
on M, is preserved by MCF, naturally leading to the notion of spacelike mean curvature
flow, whose critical points are called maximal submanifolds. Surprisingly, as we shall
demonstrate in this article, spacelike MCF is very well-behaved in R"™" for any m > 1
(i.e. regardless of the codimension of the flowing spacelike submanifold). This is in
marked contrast to the usual mean curvature flow of n-dimensional submanifolds in
R"*™_ where the difference between the setting of hypersurfaces (i.e. m = 1) and
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higher codimension submanifolds is significant. We show that spacelike MCF for
entire graphs in any codimension always has smooth long-time existence under weak
initial assumptions. We also show the same is true for spacelike MCF on bounded
domains satisfying the natural Neumann and Dirichlet boundary conditions, where
we also get convergence to a maximal submanifold. These results for the boundary
value problems are particularly striking in the context of the Dirichlet problem, since
it is known that for higher codimension MCF with Dirichlet boundary conditions in
Euclidean space one cannot always have convergence by results in [23]. Moreover,
our result in the Dirichlet case can be seen as an extension of the very recent work
in [25] on the Dirichlet problem for maximal submanifolds in R"".

There is a direct, yet surprising, link between spacelike mean curvature flow and
Bryant’s [5] Ga-Laplacian flow in 7 dimensions, whose critical points define metrics
with exceptional holonomy G (and are thus Ricci-flat). Finding holonomy G, metrics
is a challenging problem, and the Gj-Laplacian flow is a potentially powerful and
attractive means for tackling it. For a simply connected domain B in R?, spacelike
MCF of B in R33 is equivalent to the G,-Laplacian flow on Z7 = B x T*, where
the evolving closed Gp-structure ¢ is T*-invariant and Z is a (trivial) coassociative
T*-fibration over B. Here, coassociative means the submanifold is calibrated by *¢,
and the aforementioned correspondence is an extension of a result in [2]. Moreover,
it follows from work in [9] that spacelike MCF in R>!? is the adiabatic limit of the
G,-Laplacian flow on Z7 which is a coassociative K3 fibration: i.e., spacelike MCF
appears in the limit as the G;-Laplacian flow in this setting as one sends the volume
of the coassociative K3 fibres to zero. Coassociative fibrations are expected to play a
key role in G, geometry, motivated by ideas both from mathematics (e.g. [2,9]) and
M-Theory in theoretical physics (e.g. [1,18]).

Despite recent progress in the study of the Gy-Laplacian flow, it seems difficult in
general to obtain long-time existence. By utilizing the link to spacelike MCF, we obtain
long-time existence and convergence results for the Gy-Laplacian flow in settings
pertinent to the study of the important topic of coassociative fibrations. These are
the first such general results for the Gp-Laplacian flow without assumptions about
closeness to a critical point or curvature bounds along the flow.

1.1 Main Results

Let ©2 be a domain in R” (which we will often identify with the standard spacelike
R” in R"™) and let X( : € — R™" be an initial smooth spacelike immersion. We
consider unparameterised mean curvature flow starting at Xo:a one-parameter family
of immersions, given by X :Qx[0,T) — R"™ with

AN\ L
dXx
<—> =H onQx|[0,T),
dr

X(-,0) = Xo(-) onQ,

(1.1)

where H is the mean curvature of M;, the image of X at time t,in R™™. Locally (in
space and time) there exists a parametrisation X of M; which satisfies the standard
mean curvature flow equation:
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X _ g (1.2)
dr ~ '

Since any spacelike submanifold in R™™ is a graph over a domain in the standard
spacelike R”, we may consider (1.1) as (locally) equivalent to a parabolic system for

graph function # = (@', ..., 4a™) : Q x [0, T) — R™ with initial condition g (see
Appendix A for details):
die ¢ (D)DXG =0 onQ x [0, T)
dt 4 T (1.3)
(-, 0) =io(") on €2,
fori, j € {1,...,n}, where g is the inverse of the induced metric.

Spacelike mean curvature flow has been studied in codimension 1 by Ecker and
Huisken [14], Ecker [11,12] and also Gerhardt [17]. The first author has also worked
on boundary conditions for this flow [21,22]. The elliptic counterpart was studied by
Bartnik [3] and Bartnik and Simon [4]. For higher codimensions, less is known. The
flow of compact manifolds was investigated by Li and Salavessa [24]. The higher
codimensional maximal surface equation was recently studied by Li [25].

Entire Graphs

There are several well-known explicit long-time solutions to spacelike MCF. Through-
out the article we let (-, -) denote the standard quadratic form with signature (n, m) on
R™™ and let |x|> = (x, x) for x € R™™_ Recall that x # 0 is spacelike if |x|*> > 0,
lightlike or null if |x|*> = 0 and timelike if |x|> < 0. The light cone is the set of lightlike
vectors.

Example 1.1 (Grim Reaper). The Grim Reaper is the unique translating solution to
(1.3) in RL1 (up to translations, dilations and rotations), given by
i(x,t) =logcoshx + r.
Example 1.2 (Hyperbolic space). In R,
M;:={x € R"||x|> = —2nt}
is a self-expander for (1.2) (i.e. X+ = tH) coming out of the light cone. For each ¢,

M, is an embedded hyperbolic space in R

Explicit solutions may be constructed from Examples 1.1 and 1.2 in higher codimen-
sion, simply by evolving in R™! ¢ R™"™,

All the examples described thus far are entire graphs, and so it is natural to study
this setting, where we have the following existence theorem.

Theorem 1.3 Let Q@ = R”, 5o the initial spacelike submanifold My is an entire graph.
There exists a spacelike solution M; of mean curvature flow starting at Mo which is
smooth and exists for allt > 0. Furthermore, if the mean curvature of My is bounded,
then M; attains the initial data My smoothly ast — 0.
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See Theorem 5.2 for further details. Notice that we make no assumption on the space-
like condition at infinity, so we can start with initial data that asymptotically develops
lightlike directions (like the Grim Reaper), and that we obtain long-time existence
even without an initial bound on the mean curvature. This theorem is an extension
and improvement of the codimension 1 result proven in [11, Theorem 4.2] (see also
Remark 4.4).

Remark 1.4 As is to be expected for entire flows we make no statement about unique-
ness in Theorem 1.3, and solutions to (1.3) are not unique in general. For example,
if we take My to be the Grim Reaper in Example 1.1 at # = 0, which is a translating
solution, then any solution constructed by our proof of Theorem 1.3 cannot remain a
translator (since it would satisfy | (x, 1) — fig(x)| < v/2n1).

We are also prove results on the qualitative behaviour of entire flows. In Sect. 8 we
develop further estimates for entire spacelike MCF in which, in particular, demonstrate
the following result.

Proposition 1.5 There are no shrinking or translating solutions to spacelike MCF with
bounded gradient and mean curvature.

Finally, in Sect. 9 we show that if M is asymptotic to a strictly spacelike cone, then
the entire renormalised flow converges subsequentially to a self-expanding solution
to MCEF, see Theorem 9.2 for full details.

Boundary Conditions

To prove Theorem 1.3, we solve auxiliary problems on compact domains with bound-
ary conditions. In this article we solve for both the Neumann and Dirichlet cases. A
key step in the proof of Theorem 1.3 is that quasi-sphere expanders acts as barriers to
the flow on compact domains, a notion we now define.

Definition 1.6 (Quasi-sphere expander). A quasi-sphere expander with centre p and
starting square radius —R? is given by

Sp:={x € R""||p — x|> = —R*> — 2nt}.
We define the inside of S; to be
Li={x e R""||p —x|* > —R?> — 2n1).

An expanding quasi-sphere S; is said to be an outer barrier if the property M; C I is
preserved by the mean curvature flow.

We have the following existence and convergence theorems for mean curvature flow
with Neumann and Dirichlet boundary conditions. Here we need the initial submani-
fold to be uniformly spacelike, i.e. the submanifold does not asymptotically develop
lightlike directions at the boundary. We first state the Neumann case.
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Theorem 1.7 Let Q2 be a bounded convex domain with smooth boundary and let M be
uniformly spacelike satisfying the Neumann boundary condition. There exists a unique
spacelike solution M; of mean curvature flow starting at My satisfying the Neumann
boundary condition, which is smooth, exists for all t > 0, and converges smoothly
to a translate of Q as t — 0o. Furthermore, expanding quasi-spheres with centre in
Q x R™ act as outer barriers to the flow.

See Theorem 6.2 for a more precise statement, including conditions for regularity up
tot =0.

For the Dirichlet condition, we require a constraint on the boundary data, which
is called acausal (see (7.1) for a definition): this condition is necessary on a convex
domain to have a spacelike graph with the given boundary data.

Theorem 1.8 Let Q2 be a bounded domain with smooth boundary and let My be uni-
formly spacelike with acausal boundary. There exists a unique spacelike solution M;
to mean curvature flow starting at My satisfying 0 M; = 0 My which is smooth, exists
forallt > 0 and converges smoothly to the unique maximal submanifold with bound-
ary 9Mg as t — oo. Furthermore, expanding quasi-spheres with centre in Q x R™
act as outer barriers to the flow.

See Theorem 7.2 for further details and a more precise statement, including conditions
for improved regularity up to the initial time. We emphasise that existence and unique-
ness of a maximal submanifold with given acausal boundary data, given as a graph on
a bounded convex domain, is shown in [25, Theorem 2.1]. Theorem 1.8 extends this
result to the MCF setting.

1.2 Applications to Gy-Laplacian Flow

If we view R7 = R3 x R* and let (x1, x2, x3) be coordinates on R3 and (yo, Y1, Y2, ¥3)
be coordinates on R*, we can define a 3-form @ on R’ by

wo = —dx; Adxo Adxs +dx; A wp +dxp A wy + dxz A w3, (1.4)
where

w1 =dyo Ady +dy> Adys, @ =dyo Adyr +dyz Adyi,
w3 = dyp Adyz +dy; Ady;. (1.5)

The stabilizer of ¢g, under the action of GL(7, R), is the exceptional Lie group G».
Given an oriented 7-manifold Z’, we can define a 3-form ¢ to be positive if at every
point p € Z there exists an orientation preserving isomorphism between T, Z and R’
identifying ¢|, with @o. A positive 3-form (which will exist if and only if Z is also
spin) naturally defines a principal G,-subbundle of the oriented frame bundle of Z;
in other words, a G;-structure. We therefore often call a choice of positive 3-form (or
simply the 3-form itself) a Gy-structure.
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The interest in G-structures ¢ comes from the fact that they always define a metric
g, and an orientation (since G, C SO(7)) and one sees that the holonomy group of
8y is contained in G, when ¢ is forsion-free, which is equivalent to

dp =0 and d:;<p =0. (1.6)

It should be noted here that the first equation is linear, whilst the second is nonlinear,
since the adjoint dj; of the exterior derivative depends on g, and the orientation ¢
defines. A metric with holonomy contained in G; is Ricci-flat, and this is the only
known means to obtain non-trivial examples of Ricci-flat metrics in odd dimensions.

Solving the torsion-free conditions (1.6) is very challenging in general, with the only
compact examples arising from sophisticated gluing techniques, going back to work
of Joyce (see [20]). The key to these methods is the fundamental work of Joyce, which
allows one to perturb a closed Gj-structure (i.e. one with dp = 0) which is “close”
to torsion-free in a suitable sense, to become torsion-free. As an alternative approach
to the problem of solving (1.6), Bryant [5] proposed the following G;-Laplacian flow
for closed G»-structures:

de
o = Dow = Ad5 + didyg.
dp =0.

(1.7)

Important foundational results for this flow have been developed [6,27-29] and recent
impressive results have been obtained in the special case when Z7 = T3 x N4,
where N* is compact and the flow is T3-invariant [16]. In general, however, there are
many unresolved questions concerning the G,-Laplacian flow, in particular regarding
long-time existence, convergence and the formation of singularities.

Semi-flat Coassociative T*-Fibrations

For our applications, we let B be a domain in R? and consider Z7 = B x T*, where
T4 = R4 / 74 is the standard flat 4-torus, which we can view as a trivial T*-fibration
over B. Everything we now describe can be found in [2,9,10].

Recall the model G»-structure ¢g in (1.4). This can equivalently be written as
@o = —Volgs + d(x1w1 + X202 + x33).

Therefore, to define a G, structure on Z we need to find a 2-form on Z to play the
role of xjw; + x2w» + x3w3. Notice that constant 2-forms on 7# are in one-to-one

correspondence with cohomology classes in H2(T*). We now observe that the cup
product on H 2(T4) naturally identifies H 2(T4) with B33 via

(la], [B]) :/ anp.
T4

Thus, given an immersion X : B — R>3 = H?(T*), we have that
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X (or]

= w
Bx,- !

for some unique constant 2-forms w;. We therefore see that we can write

dxi Aw) +dxy Awy +dxz Awsz =dX.

We may then define
¢ = —X"*volxp) + dX. (1.8)

It is observed in [9] that the condition for ¢ in (1.8) to be positive, and thus to define a
G,-structure, is precisely that X : B — R33 is spacelike. Notice that at each point p
of X (B), the mean curvature H of X(B) in R33 = g2 (T*) lies in the orthogonal com-
plement of the maximal positive definite subspace 7, X (B) = Span{[w ], [w2], [w3]},
and so H(p) can be identified with an anti-self-dual 2-form on 7% using the metric
determined by the w;. Moreover, by construction, dp = 0 and one finds from [9,
Lemma 6] that

d:;dX =H, (1.9

where H is identified with a 2-form on Z as described above. Using the formula
(1.9), we see that if X satisfies spacelike mean curvature flow (1.2) then ¢ in (1.8)
satisfies the G-Laplacian flow (1.7). This correspondence can also be deduced from
the relationship between the volume form on Z and the induced volume form on X (B),
since the G;-Laplacian flow (1.7) is the gradient flow for the volume on Z determined
by ¢, and spacelike mean curvature flow (1.2) is the gradient flow for the volume on
X(B).

Remark 1.9 Formula (1.9) shows that the torsion of the closed G-structure ¢ in (1.8)
is essentially the mean curvature H of X(B) in R3:3. The (necessarily non-positive)
scalar curvature of g, is thus proportional to ||H ||2, and so a bound on the scalar
curvature (or equivalently the torsion) along the G»-Laplacian flow in this setting
directly corresponds to a bound on the mean curvature in spacelike MCF.

Notice that for the closed Gy-structure ¢ in (1.8) on Z 7 we have that ¢ vanishes on
the T* fibres. It follows, by the choice of orientation, that the restriction of the 4-form
*pp 0 a T* fibre is equal to the volume form of the induced metric. This means
the fibres are coassociative, i.e. they are calibrated by *,¢. Moreover, the fibres are
obviously flat orbits of an isometric T*-action for the metric 8y» s0 the fibration is
called semi-flat.

Suppose we have a 7-manifold Z7 with a closed G-structure ¢ that is a semi-flat
coassociative T*-fibration over a simply connected domain B in R3, i.e. ¢ is T*-
invariant and the fibres are flat orbits of the action. Then the discussion above shows
the following.

Proposition 1.10 Suppose we have a T-manifold Z” with a closed Ga-structure @ that

is a semi-flat coassociative T*-fibration over a simply connected domain B in R3. The
Go-Laplacian flow on Z” starting at @q is equivalent to spacelike MCF of B in R3-3,
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This extends the correspondence in [2] between torsion-free G-structures on semi-flat
coassociative T*-fibrations and maximal submanifolds in R3:3.

Proposition 1.10, together with our Theorems 1.3 and 1.8, provides immediate
long-time existence and convergence results for the Go-Laplacian flow.

Theorem 1.11 Ler (Z7, ©o) be a semi-flat coassociative T4-ﬁbrati0n over B as in
Proposition 1.10.

() If B = R3, there is a solution @; to Ga-Laplacian flow (1.7) starting at ¢o which
is smooth and exists for all time.

(b) If B is a bounded domain in R3 with smooth boundary, suppose that g is such that
the boundary data for the corresponding initial immersion of B in R>3 is acausal.
There is a solution ¢; to the Ga-Laplacian flow (1.7) starting at ¢y satisfying
otlaz = wolaz, which is smooth, exists for all time and converges to a torsion-free
Ga-structure oo 0n Z with ¢olaz = ¢olaz-

Further discussion of the boundary value problem for semi-flat coassociative T*-
fibrations, as well as coassociative K3 fibrations, can be found in [10]. In particular, it
is expected that notions of convexity for the boundary value of a closed G, structure
suggested in [10] will imply the acausal boundary condition for the corresponding
immersion of B in R>3.

Adiabatic Limits

Another important area of study in G, geometry is that of coassociative K3 fibrations.
Here, the curvature of the K3 fibres makes the torsion-free condition more difficult
to analyse. However, one can still make a similar ansatz for a closed Gy-structure
as in (1.8), now using a spacelike immersion X : B — R>!Y = H?(K3). In [9],
Donaldson studies the torsion-free condition in the adiabatic limit as the volume of
the fibres tends to zero. If the volume of the fibres is €, then the G,-Laplacian flow
corresponds to spacelike MCF in the limit as € — 0. Thus, our long-time existence
and convergence results for spacelike MCF in R>!? have significant implications for
the study of the Gy-Laplacian flow for coassociative K3 fibrations.

1.3 Summary

We briefly summarise the contents of this article.
Sects. 2—4 consist of background material and the derivation of the key evolution
inequalities we shall require for our study.

e In Sect. 2 we introduce the basic notation and quantities.
e In Sect. 3 we derive essential evolution equations and inequality for key quantities.
e We then localise these evolution inequalities in Sect. 4.

Sects. 5-7 contain the proofs of our main results.

e In Sect. 5 we establish long-time existence of entire graphical solutions to spacelike
MCEF, assuming the long-time existence of solutions on bounded convex domains
satisfying Neumann boundary conditions, which we prove in Sect. 6.
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e We also prove the convergence of spacelike MCF with Neumann conditions in
Sect. 6.

e In Sect. 7, we prove long-time existence and convergence of spacelike MCF on
bounded domains satisfy Dirichlet boundary conditions; namely, that the fixed
boundary data is acausal (see Definition 7.1). Here, we make use of work in [25].

Sects. 8-9 concern the properties of entire solutions.

e Since we have non-uniqueness for entire spacelike MCEF, in Sect. 8 we introduce
the notion of tame solutions which satisfy mild natural assumptions. We show that
tame solutions satisfy estimates similar to expanders, and deduce some immediate
consequences.

e In Sect. 9 we show that under the assumption that M converges to a spacelike
cone at infinity (in C?), then the renormalised flow converges subsequentially in
Ci to a self-expanding solution to the flow.

Appendices A—C consist of further technical results.

e In Appendix A we derive the expression of spacelike MCF and describe the Neu-
mann boundary condition in terms of graphs.

e In Appendix B we demonstrate uniqueness for the flow over compact domains.

e In Appendix C we derive the evolution equation for an ambient symmetric 2-tensor
along the flow.

e In Appendix D we demonstrate that boundary quantities may be suitably extended.

2 Preliminaries

In this section we introduce some notation we shall employ throughout the article, and
we describe the basic quantities that are needed for our study.

2.1 Basic Notation

Throughout this paper we employ summation convention between raised and lowered
indices, where lower-case Latin indices range over 1 < i, j, k,... < n, upper-case
Latin indices range over 1 < A, B, C, ... < m, and Greek indices range over 1 <
o B, y,...<n—+m.

We take the standard orthonormal basis { fi, ..., fu, €1, ..., e,} of R such that
each f; is spacelike and each ey is timelike. Therefore, if x = x' f; + x"t4e, and
y =y fi + y"*t4e, then the R™" scalar product is given by

(x,y) = x'8;;y) — x"TA845y"E.

We recall that for any vector x € R™"™, we let
x> = (x,x),
and reiterate that (despite appearances) this quantity can be negative.
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We let M be an n-dimensional spacelike submanifold of R™"™. We let X : © —
R™™ for some 2 C R”, denote the position vector of M. We also let x* be coordinates
on 2 and let

X

Xl'l— .
ox!

We write the usual Levi-Civita connection on R™” by V. For any tangent vector
fields U, V on M and normal vector field v we write the induced and normal connection
as

= AT = L

VoV =(VyV) . Viv=(Vyv)~,
respectively. We will often use the abbreviated notation V; = Vy,, V; = Vy, and
V,.l = V)%i . We may now use the usual definition to extend tensor derivatives to tensors

taking values in the normal bundle, for example for a tensor (1+1)-covariant tensor
T =T(V,v) (for U, V and v as above) then

VuT(V,v) =U(T(V,v)) —T(VUV,v)—T(U,Vé‘v). 2.1

Throughout we will assume that at any point p € M, vy, ..., vy, are an orthonormal
frame of N,M. To avoid sign confusion for timelike quantities, for any timelike
z € R™"™ we write

2 2
0<zl* = —IzI".

This defines a norm on N M.
When dealing with a graph defined by 44 : @ — Rfor 1 < A < m, we will write

m
i=> i, .
A=1

2.2 Gradients

As in [3] we will require a quantity on a spacelike manifold M that measures how
close to lightlike the manifold is at a point. To this end we define the projection matrix

Wap:={ea, vp)

and the partial gradients

m
2.2
wy=llexll” = Z WapWag .
B=1
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We define the full gradient to be
vP=Y "wi=llesll (2.2)
A A

which is essentially a matrix norm of Wyp. We note that this is different to
the “determinant-type” gradient in [24] (although, due to the arithmetic-geometric
inequality, they are equivalent). We see that a bound on v(p) gives a measure of how
close T, M is to the lightcone and so is a key quantity. In particular, it leads to the
following definition.

Definition 2.1 An n-dimensional submanifold M of R™™ is uniformly spacelike if
there is C > 0 such that for all p € M, v(p) < C, where v is defined in (2.2).

The gradient also plays a vital role in the estimate of ambient tensors on the flowing
submanifold. Suppose T is an (a + b)-covariant tensor on R"". Defining

Ty iAo Ay =T (Xiy s oo Xy VA, oo 4,),

we have that
b
|Ti1 ,,,,, Tg Alyeees Abl < va+ |T|]R”+m' (23)

It will also be useful to consider the evolution of ||X1||2. This will be used to
calculate the gradient of cutoff functions, ultimately allowing us to obtain local gradient
estimates that only depend on C? bounds. We will repeatedly use that, since V|X|> =
2X, we have

IVIXI2? = 41X — X112 = 40X — 1XHD) = 40X + 1X51P). (2.4)
2.3 Flow Quantities

Suppose V is any time-dependent vector field on M. As in [30], for any given local
coordinates y* on R™"™ in a neighbourhood of a point in M we define

_ _ 9 Ve —
ViV =Vy [v“ }:[ +V’3HVF§V} ,
ay“

ar ar ay“ ot

where FZ), are the Christoffel symbols of V with respect to the coordinates y*. This
is compatible with the metric:

%(V,W) =(Vav.w)+(v.Vaw).

Furthermore, it is easy to see that
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and if V is a vector field on R then along MCF we have
v ¢ V = 6}1 V.
For example, since (v4, X;) = 0, we have

<§AVA,X1‘> = _<VA,$X,~H)-
dr

On the other hand <§ ¢ VA, V B) is not determined by the flow. However, we may make
the following choice.

Lemma 2.2 Suppose that V is a set with compact closure in the preimage of X and
at some time ty > 0, for all p € V there exists a smoothly varying orthonormal basis
vi(p,t0), ..., vm(p, t0) of Nx(pyMyy. Then there exists an € > 0 such that for all
t € (to—e, to+€)and p € V there exists an orthonormal basis vi(p, t), ..., vyu(p, t)
of NpM; such that

gdgvA = —<UA, VfH>ginj.
t
Proof Due to the above calculations there exists an orthonormal frame vy, ..., Uy,
such that
— - _ l lj . B~
Vs = —<vA, v; H)g X; +CBig,
t

where C f is smooth in both time and space and satisfies C8 = —C g (as (Vg, Up) is
constant). We suppose that Z(p, t) is a time-dependent m x m matrix and define

= ZEf)B.

We see that

d
dr

= T\ ij dzp B~D |~
\% vAZ—(UA,Vi H>g X+ T_‘_ZACB Vp.

. . .. . . . dzP
By the Picard-Lindel6f Theorem, there exists a unique solution on V to —4 =

—Z/Ifcg for t € (ty — €, ty + €) starting from Z/If(p, t) = S/If forall p € V. We see
that for such a solution, writing Z’ for the transpose of Z,

d
G (Zhz) = —zhchz — zhcfzg —o
due to the skew-symmetry of C. Since Z ff is orthogonal at time #y, Z g is orthogonal
for all t € (tyg — €, to + €). The v, therefore form an orthonormal frame with the
claimed property. O
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All normal quantities in evolution equations below will be calculated locally in
such a basis. Furthermore, to avoid sign changes we raise and lower normal indices
by minus the normal metric:

T4 = 7854,
2.4 Curvature
For U,V € T,M, we define the second fundamental form by
nHw,vy=wyv)"
and we use the notation
1 =1(X;, X)) =(Vx,X)t.

Therefore, forv e NM,

(Viv) " =—(v, 11;;) g/ X3
We write
h?j = —(Il;j,va) sothat II;; = hlfij )

Similarly we define

HA = — (H,vp) = gijhlfj .
We observe that

Vil = Vihfiva .

The Codazzi—Mainardi equations imply that

VEI(V, W) = VEIH(W, V) = Vel (U, W).

3 Evolution Equations

In this section we derive equations and inequalities that are satisfied by key quantities
along the spacelike MCF. We will use the notation A = g/ Vl.z. for the Laplacian
on M and recall that M; denotes the spacelike submanifold at time 7 along the mean
curvature flow starting at M.
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3.1 €° Quantities

We begin with the following standard observation.

Lemma3.1 Let f : R"™ — R be a C? function. Then under MCF we have

d e
<a - A) f= —8”Vi2jf-

Proof We have:
Vif = <§f7 Xi)a
— = — = —2 —
Vi f =V, (V). Xi) + (V. Vi, Xi = Vx, Xi) = Vg x, £+ (VL 1),
Af=g"Vyx, [+(Vf H),
4 f=(Vf H).
dr
The result follows immediately from these formulae. O

We define the following quantities at x € R™"™:

up=—(ea, x),

r2i= |x|2 + Zui
A

Since ﬁ%,v Ix|> =2 (U, V) we have the following corollary to Lemma 3.1.

Corollary 3.2 Under mean curvature flow,

4 A 1X)? = —2n, 4 A (R? —2nt — |X|*) =0,
dr dr

d d 5 5
(d—t—A>uA=O, (E—A)r :—Zn—ZXA:(u}A—l).

The second equation in Corollary 3.2 shows that we have a good cutoff function with
support on shrinking quasi-spheres.

3.2 Gradient Quantities

We first write down a general observation.

Lemma 3.3 Suppose that V is a smooth 1-form on R™"™. We write the components of
the restriction of this tensor to N M, as

Va=V(y).
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Then V4 satisfies
ViVa = ViVa + VDR,

and, choosing vy, ..., vy locally as in Lemma 2.2, we have that

9 A vy=— UN,VVa = 2ViV(XDh'L — VghPh']
ar A g A ! Bhiihy .

Proof We see that

d _ _ _
VA =VaV ) + V(T gva) = VaV(va) = V(X)) (fo, uA>.

We calculate
ViVa = ViVa + V(Tioa) ) = ViV — V(X)) (112, vA).

Furthermore, recalling (2.1) we have that

3
VjViVa = 25 (ViVa) = Yoy x,V(va) = Vi, V (Vi va)
= gx,vxi V(va) + gﬁx.xi V(va) + Vy, V(ng va)
X J

=V, v (i va) = varn (il va)
— V(X)) [(vjillf + 11X, Y, X)), UA> + <11§, V§ij>]
— Yy, x,V(va) = Vx,V (Vi va)

=V, Vx,Va) + Vi, Vva) + Vx,V((Vx,v0) ) + Vx, V(XDhi 4
i <11§, vA> — VX)) (vjillﬁ, v1>

=V,;ViVa+ Vi, Va+ ViVih§ y + V;V(XDhi 4 + Veh¥ihi ,
= VX)) (VE I va).

Finally, using Codazzi—Mainardi gives the claimed result. O

Lemma 3.4 Along MCF we have that

d .
<E_A) = —2ea, i) g7 g (111, e4) < (Xive}), ,,el)),

d L2 = ij (X7
(E >||X 12 =—2(x, 11 )<11 X) (H, X)+2< (xi, xT), 1r(x', x ))

Viwh =2(ea H(Xive})) and ViIxFI2=2(x, 11(x;, xT)).

@ Springer



B. Lambert, J. D. Lotay

Proof We define the 1-form V(Z) = (e4, Z) on R™™, and note that VV = 0, and
62 V = 0. We deduce from Lemma 3.3 that

d ..
(5 — A) VB = —Vchghlé = (6,4, II[j)(]Iij, I)B),

ViVp = V(X)hl, = —<11(eAT, Xi). vB>.

Asw] = llex ] = Y 5_ (lea, ve))* = Y %_; V2. we see that

d .
(d_t — A) |:2VB (— — A> Vg —2V;VV' VB:|

ZZWBveA (v, Iix) 87" (11 j1, ea)
B

= 2(vp. (X, e})) g (v, 11X, €]))
= —2(ea, i) g/ g" (111, ea)

=23 {vg. 11(Xise})) g7 (i 11(X ). ).
B
We also have

Viwd =23 VaViVe = -2 (v, ea) (v 1 (X e])) =2(ea, (X0, €]))
B B

Similarly, we define the 1-form U = (X, Z), where X is the position vector, and

we see that VyU(X) = (Y, X) and V2U = 0. An identical argument to the above
yields the claimed equations for || X |2. m]

As is often the case with MCF in indefinite spaces, the key to a local gradient
estimate is to estimate the first term in the evolution of w% in Lemma 3.4 by slightly
more than twice the gradient of w4 using an eigenvalue estimate, originally employed
by Bartnik [3, Theorem 3.1] (see also [11,12,14] for similar arguments).

Corollary 3.5 We may estimate

or

d 2 1 |Vw,24|2 2 2
——A <—\|14+— 2 H|~.
(g2 wi== (e 5) P 2w
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Proof For the second term in the evolution of wf‘ in Lemma 3.4, we have that

2.2 12 el el
[Vwy ™ = 4lley]] U(Xz,eA) II(X],eA)

lexll’ llexll’

< 4wA<I[(X,,eA) II(X]9eA)>gl]‘

We now estimate the first term in the evolution of w? in Lemma 3.4. Write #;; =

(eA, IIl-j> and the eigenvalues of #;; as A1, ..., A, where A; is the largest in absolute

value. Using —1 = |eA 1> — wi, we have that

(Vw3 [P < 4idleq|” = 3 (w? — 1) < 4nfwl.

The first estimate in the statement follows from the fact that |¢|? > X%.
Since for any symmetric tensor b;;, n|b|2 > (trb)?, we have that

2
1 " 1 y
[t =27 +... +22 zx%+m <Zx,-) > <1+;>x%—g”zi,-,
i=2

where we used Young’s inequality for the last estimate. We now see that

y 1
2 (ea, i) g7 g" (111, ea) < =2 (1 + ;) A2 +2((ea, H))?

1\ |[Vw?2|?
14+ = | ’;' + 2w | HII”.
n 2wA

The second estimate in the statement now follows. O

Remark 3.6 The second estimate in Corollary 3.5 is the same as the evolution inequality
satisfied by the codimension 1 gradient (see [11, Corollary 2.5]).

We now derive an evolution inequality for || X| in a similar way.

Corollary 3.7 For e € (0, 1), at any point such that | X|*> < €| X*||*> we have that

S A) x5+ ks VIXTUE _ix, 1) 4200, 12
dr = \2 " 200+¢) ) IxL2 ’ P

Proof Since
VX2 = 4<X, n(x7, X,~)><11(x", x7), x>,

we immediately see that

2|(rr (i, X7, (x, xT))| < 20X

@ Springer



B. Lambert, J. D. Lotay

Using Eq. (2.4), and estimating as in Corollary 3.5, we have

1 VI XL]%? )
+2(H, X)*.

_ . ij _ ) T
b o', x) < = (14 1) s ey

n

Altogether these estimates imply

oA xtr <2 (i (14t s VX212
& -2 n) IXPHIXTR) IXTP

—4(H,X)+2(H, X)>.

The upper bound on | X|? now yields the claim. O

We also observe we may use the height function to get a large negative evolution
for the gradient (depending on local bounds on «). Similar ideas were used in [17].

Lemma 3.8 We have that

d
<a - A) w%e“% < —26”12‘310124(14}% - 1).

Proof Recall Corollary 3.2, Corollary 3.5 and |Vuy|? = (wi — 1). We may estimate
using Young’s inequality, for any smooth positive function ¢ : R — R:

d 2 |Vw31|2 / 2 7”2 2
o D) whowa) = —6T5 — 29/ (Vul. Via) - o] Vusl
A

N2
<u? ((‘”; Vual? - ¢”|WA|2)

We choose to write ¢ = ¢ . Then
o =v'¢. " =v"d+W)¢

and

d
(E N A) wie ) < =y pwi|Vual® = —y" pw} (w} — 1).

Setting i = ui yields the claim. O

3.3 Curvature Quantities

We recall the following evolution equations which may be found in [24, Proposition
4.1, Eq. (5.7)].
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Lemma 3.9 The following evolution equations hold:

d
(5 — A) hiy = —hi g hl 4+ 2hgh Pl — hGR® *hpr — 5P b

+ hjxh % Hp + hyh P Hp:
d
(d—t - A) HA = —np h' B,

d )
(E — A) I\HI? = —2(H. 11i,»)<H, 11’1> o VEH |

d .
(E — A> [ H|1> = —2h" ARBRY hyp — 2005 yhajm — R ghjual® = 2V W2

Corollary 3.10 The following evolution inequalities hold:

d 2
(I - A) IH|?> < == H|* = 2|V H%;
t n

d 2
(d— - A) TN < == )* =2\ VAT )2
t m

Proof Setting r;; = (H, 11,-.,~>, we have |r|2 > n~(trr)?2 = n~!||H|?, which gives
the first inequality. The second follows by the same trick applied to S48 = A lAhﬁ .0
4 Local Estimates

In this section we localise the estimates for our key quantities using an appropriate
cut-off function. To this end, we introduce the following notation.

Definition 4.1 We define the solid cylinder of radius R centred at p to be
Cr(p):={x e R""|r*(x — p) < R*} CR"",

and the solid quasi-sphere centred at p € R"" by
Qr(p) == {x e R""[|x — p|* < R’} CR"",

where if the centre is omitted, it is assumed to be 0 € R™™, that is

Cr:={x e R""r’(x) < R*} and Qg:={x € R""||x|> < R?}.
We now define
nri=(R® = |X|> = 2n1)4

and note that ng(X) > 0 for 7 < (2n)"'R?if and only if X € Q 7z,
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We remark that the above quasi-spheres have positive square radius, and the support

of the cutoff function collapses on to the interior of the light cone as ¢ goes to I;—;. These
should not be confused with the (negative square radius) expanding quasi-spheres of
Definition 1.6.

We now include a lemma which is essentially [11, Lemma 3.3].

Lemma 4.2 Suppose that, along MCF, a C*-function f : R"™ — R satisfies

(i_A>f< —(1+5)|Vf|2
dr =8 7

for some function g and § > 0. Then there exists p = p(§) > 0 such that, writing
nr = Nr(X), we have

d
(E — A) ok < gnk.

Furthermore for any A > 0, there exists g = q(5, A) > 0 such that

d -2
(5 - A) [ < g — Afnf TIVIXPP
Proof Let p > 2.1ft < 2n)"'R?>and x € Qm then at (x, t):

2 VS
R f2

d N
(— - A) ok < fnk 2[?7%]‘”8 —(148)n

2 VS v
dr PNR » VIR

f

—p(p— 1)|V77R|2:|

5 _ B
< fnk [n%f '¢+p (1 - mp) |V|X|2|2] :

Setting p = max{léﬂ, 2} gives the first equation. The second equation follows simply
by making ¢ sufficiently larger than p. O

We first observe we may easily get a local estimate for wi if ||[H||? is bounded.

Lemma 4.3 Suppose that for all t € [0, 1;—2), suppng N M; is compact and for all
y € suppngr N M;,

IHII*(y, 1) < Ch.
Then there exists p > 0 such that for all t € [0, §—Z)y

sup win’é < ¢*CHl qup w%nz.

M; My
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Proof Using Corollary 3.5 and Lemma 4.2, there exists p > 0 such that

d 2 -2C
(5 - A) wynge " < 0.

The maximum principle now yields the result. O

Remark 4.4 As w, and || H||> have the same evolution as the gradient and square of
the mean curvature in the codimension 1 case, we may follow an identical proof to
[11, Theorem 3.1]. However, note that to apply the maximum principle to

w2
g=—"—F(R* = |X|> = 2n1)?
(A — [ H|?)

we require that it is (at least) continuous; i.e. we require a bound on ||H || so that
the denominator is never zero (which is seemingly absent from the hypotheses of [11,
Theorem 3.1]). Lemma 4.3 therefore yields an equivalent statement.

In general, we may not have a uniform bound on || H |% as assumed in Lemma 4.3.
However, in the applications in Sect. 5, we will have bounds of the form

n
HH|? < >

and we now prove local estimates under this assumption.

Lemma 4.5 Suppose that for all t € [0, 1;—2), suppng N M; is compact and there is
some L > 0 such that, for all y € suppng 0 M;,

HH|(y, 1) < and  |X|*(y,1) > —L.

Y]

There exists ¢ = q(n) and C = C(n, R, L) such that for all t € [0, g—nz),

sup || X|1*n% (v, 1) < C.

M,

Proof Due to Corollary 3.7 (setting € = (1 +2n)~!), we have that at any point where
12
|X|2 < X1~

142n *
4 A xt < — (14 LY TIXTPE | 2v2n0X T X
a B an) IXE2 Ji r

We consider f = t||XL||2n7e where ¢ is chosen as in Lemma 4.2 with A = 1, which
we want to show is uniformly bounded to prove the statement.
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Suppose that at time fy, yo € M, is an increasing maximum of f (that is, f has
a maximum in space at yp and ‘i‘—{(yo, 7o) > 0). Then we have that either | X1|2 <

1+ 2n)|X|2 (which implies that f < C(n, R)), or at (yg, to)

d
0< (d— — A) X108

2
< —t|IXTIPIVIX PP 0% " + 2820t |X 0% + nl X120 + 1 X512 0%
< —4t| Xt 2+4rL||xl||2 472 £ 220t | X In% + (e 4+ DX P!

Therefore at any increasing maximum of f = ¢[| X+ ||2r;;1? such that RZ(1 + 2n) <
| X112, we have

3
F2 <2 LR Y+ 0/Bnf 2 4 (1) 8
which implies f < C(R, n, L) due to our chosen range of ¢. O
We now use Lemma 4.5 to show a full local gradient bound.

Lemma 4.6 Suppose that for all t € [0, 1;—;), supp ng N M; is compact and there is
some Cy > 0 such that, for all y € suppng N M;,

HHP(y, 1) < and  |ul*(y, 1) < Cy.

NS

There exists p = p(n) and C = C(n, R, Cy) such that for all t € [0, I;—’j),

suptvznﬁ(y, 1 <C.

M;

Proof The bound on ||u||? implies that | X|> > —C,. As a result we may apply Lemma
4.5 to give that

tIX*n% < C(n, R, Cy).

Setting [ = wA ”A, by Lemma 3.8 we have

(5-8)7=-crer
dt -

where ¢ and C depend only on C,,. Therefore at an increasing maximum of ¢ f nﬁ, for
p > g + 2, we may calculate:

d
0< (E - A) tfnk = —ctnh f2 + Cfink + fnh —2(V f, Vnh)
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+1f (=pp = Dnf 2IVIXPP)

-2
< —ctnh f2+ Cfnh + fok +1fp(p + Dk “IVIX[*2,

where we used that V(zf ’ife) = 0 on the final line. Using the estimate on || X L)% and
X2,

-2
ctf’nh < Cftnh + fnh +1Cfnk ~+Cf,

. 2
We therefore obtain that tw}e"ank = tfnk < C, where C depends only onn, R, C,.
Summing the estimates on the wf‘ and using the bound on [u||? gives the lemma. O

We now prove local estimates on the second fundamental form.

Lemma 4.7

(a) Suppose the hypotheses of Lemma 4.3 hold, and additionally we have a uniform
estimate

v (v, 1) < Cy
forall y € M;. There exists C; = C1(n, R, Cy) such that

111120k < Cysup| T |*n.
My

(b) Suppose the hypotheses of Lemma 4.6 hold. There exists C» = Ca(c, R, Cy) such
that

tHI | *nk < Ca.

Proof Part (a)follows by a calculation similar to the proof of Lemma 4.6, but estimating
|V|X|?|? and using the estimates of Lemma 4.3 instead of Lemma 4.5.

Part (b) is identical to the proof of Lemma 4.6, replacing f with f = ||II|?, and
using that (§ — A) [[11]1> < =211 |*. O

Remark 4.8 Once we have a uniform bound v?> < C,, we may use an identical proof

to Lemma 4.7 but replacing r;‘; with ﬁ%e (r)y = (R2 — rZ)i. This is exactly as in [11,
Proposition 3.6] and yields estimates in cylinders of the form

sup | 1|7 (r) < sup | I |* 7% ().
M, My

We conclude this section with local higher order estimates on the second funda-
mental form.
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Lemma 4.9 Suppose that forallt € [0,T), y € Cg N M,,
vy, 1) <Cy. P00 < Cu,

for some constants C,, Cyy. Then there exists a constant

Ce:=Ci [ Co. Crronom, k., max sup V']
1§l§kM()ﬂCR

such that forall t € [0, T),

sup |VEI)? < ¢y
MIQCE
2

Proof All required evolution equations may be estimated as in the codimension one
case, so the proof of [11, Proposition 3.7] applies without alteration. O

5 Entire Solutions

We now demonstrate the long-time existence of entire graphical solutions to spacelike
MCEF, assuming the long-time existence of solutions on bounded convex domains
satisfying Neumann boundary conditions, which we defer to Sect. 6.

The following lemma will be used to give the compactness hypothesis required in
our local estimates, and is a higher codimension version of [7, Proposition 1].

Lemma 5.1 Suppose 0 € My, My is spacelike and is given by the graph of iig : R" —

R™. Then
lim  inf [|x|2 _ ||ﬁ0||2] = 00, (5.1)

R—o00 xeR"\ Bg

or equivalently (recalling the notation of Definition 4.1),

lim inf [X|* = oco.
R—00 Mo\Cg

Moreover, there exists € > 0 such that
ol < xe (5.2)
where

—¢€  forx € B1(0),

XeCV=0 10— e forx € R\ BJ(0).
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Proof Suppose (5.1) does not hold. Then there exists a constant C > 0 and a sequence
of points x; € R” such that 1 < |x;| — oo but y; :=x; + #ig(x;) € My has

yil® = xil* = llidoGx)[I* < C. (5.3)
Since M| is spacelike there exists € > 0 such that for all x € 9 B;(0),
€ < x> = llao() 1> = 1 = [lao(x)]*. (5.4)

We define x;:= lﬁ—'l € dB1(0) and ¥; :=X; + 1o(X;) € My. Since My is spacelike,

0 < 15 — yil> = (il = * = 140 (&) — o) |1, (5.5)
Equations (5.4) and (5.5) and the triangle inequality for the norm || - || now imply

il? = 1xi 1% = (ldo () — doE) Il + lldo ) 1>

> x> — (x| — 1+ 1 —€)? = 2¢|x;| — €2

This contradicts (5.3) as i — oo.
Equation (5.2) follows from (5.4) and the fact that M is spacelike. O

We now prove our claimed long-time existence result in the entire setting.

Theorem 5.2 Suppose that My is smooth, spacelike and given by the graph of g :
R"* — R™. There exists a solution

ii € CR2(R" x (0,00)) N Co¥(R" x [0, 00))
to graphical spacelike MCF (1.3) satisfying
li(x, t) — ig(x)| < ~/2nt.

Furthermore, if there exists a constant Cy > 0 such that

sup |H|> < Cu, (5.6)
Moy

then i € C°.(R" x [0, 00)) and

loc

2 1
17" = ———— -
(Cu+ D71+ 21

Proof Case 1: || H ||> bounded initially. We first suppose (5.6) holds. Without loss of
generality we assume that 719(0) = 0.
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By Lemma 5.1 there exist radii R; such that the graph of iy over R"\ Bp, satisfies

inf [|x|2 _ ||ﬁ0(x)||2] >2i +1 (5.7)
xeR"\B R;
and therefore My N dCkg, lies outside Qg , in the notation of Definition 4.1.

We will now solve a sequence of auxiliary problems for spacelike MCF with Neu-
mann boundary conditions and use our interior estimates to show that these converge
to a solution of (1.3). Unfortunately, to get a solution to our auxiliary problem which
is smooth to t = 0, we need our initial data to satisfy compatibility conditions. To
this end we now describe a way to modify i so the initial data satisfies compatibility
conditions of all orders.

For some A > 0, we define

’/At()(x) for x € BRl--i—Aa
g,i(x) = quo((Ri + A — [Ri + A — |x|)g7) forx € Bagitoa \ Brita,
0 forx € R" \ Bag,+2A-
Clearly iig; is continuous (as iip(0) = 0) and smooth away from the boundary
(0BRr;+a) U (0Bap;424) of the annulus. We now let ito,; be a smoothing of g ;
such that iio; = iip,; on Bg, and iip; = 0 on R" \ Bag,+34. By choosing A large

enough depending only on C i, we may assume that the mean curvature of i1 ; satisfies
IH|* < Cr + 1 and [do|* < |dol* + 1.

We now consider the spacelike MCF problems with Neumann boundary conditions
given by

dii; . .

d_tl — ¢ (D)Da; =0 on Bag,43a+1 x [0, T),

Dy =0 on dBag,+3a+1 % [0, T), G-8)
i (-, 0) = o, (-) on Bog,+3A+1-

Since compatibility conditions of all orders are satisfied, Theorem 6.2 below implies
there exists a solution it; € C*°(Bag,+24 X [0, 00)). Furthermore, as #; is sufficiently
regular, we have the bound

IH;|I> < (1 +Cp)~ 't +2n710)71,

which is uniform in i.

We let M, ;:=graphi;. By Lemma 5.1 and the preservation of height bounds for
lu;|l, forallz > O and j > i we have dM; ; N Qr, = @. Therefore, each M, ; N Qp,
has compact closure. We may now apply the interior estimates of Lemma 4.3 to obtain
that forall x € M, ; N Q \/m, we have a uniform bound on v. In particular, for all

2
t < f_;i and j > i, we may apply Lemmas 4.7 and 4.9 on M, ; HC% to imply uniform

C*:% bounds for all k.
We now use the Arzela—Ascoli theorem to take a diagonal sequence which converges
in C° to the claimed solution & € C) (R" x [0, 00)) satisfying (1.3).
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Case 2: No initial | H |2 bound. If || H ||2 is not bounded initially, we proceed solving
auxiliary problems as above, but this time on the solutions #;, we only have

0 (x) — i (x.0)| < V2t and  |H|? < % (5.9)

However since ||itg|| < x. by Lemma 5.1, we see that for any x € 9 B} (0) the quasi-

sphere centred at ex of radius —(1 — €)2 contains g and therefore Up,; is contained
within this quasi-sphere for any i. We therefore see, by evolving such solutions that

i G, Ol < Xeors

where

Xet(X) = \/

We also observe that (writing points in R™" as pairs (x, z) for x € R” and z € R™)

X —€—

2
o +1—€2+2nt = |x|2 — 2elx| + 1 + 2nt.
X

V ={(x,2) e R""lizll < xe, ()}

has compact intersection with Qg for any finite R. Indeed, at any point (x,z) €
VN Qg,

x> — R? < [lzI* < |x|* — 2€|x| + 1 + 2nt,

which implies that |x| < (26)1(1 + 2nt + R?). As a result of the above,‘writing
M} = graphii; (-, 1), for any time ¢ € [0, T) and any point (x, i(x, 1)) € M; N Ok,
we have the estimate

lii(x, )l < C(e. T, R),

which is uniform in i.
We may now apply Lemmas 4.6 and 4.7 to obtain estimates on gradient and cur-

vature on M ,’ N Qg forallr € (0, f—;) which are uniform in i. Uniform higher order

estimates also follow from Lemma 4.9.

Taking a diagonal sequence as before now yields C°. convergence to a solution
which is smooth for r > 0. Since for each #; the estimates (5.9) hold, these estimates
pass to the limit, providing the claimed regularity of & to time r = 0. O

6 Neumann Boundary Conditions

In this section we suppose that our spacelike MCF is over a compact domain 2 C R" C
R™™ with smooth boundary 9<2. We shall prove long-time existence and convergence

@ Springer



B. Lambert, J. D. Lotay

of spacelike MCF under the assumption of Neumann boundary conditions. This, in
particular, completes the proof of long-time existence in the entire setting of Sect. 5.

Definition 6.1 We define the boundary manifold to be the hypersurface
=02 x R" c R" x R" =R""™.

We denote the unit outwards (spacelike) normal to ¥ by u and, by abuse of notation,
we will also write the outward pointing unit normal to Q2 C R" as . We denote the
second fundamental form of X by

=X, Y)=—(Vx¥, pu),

and observe that this tensor has m zero eigenvectors in the directions ey, ..., e,;. The
sign has been chosen so that the remaining eigenvalues are nonnegative if 2 is convex.

We consider a Neumann boundary condition by requiring that at X, the normal

space to M; must be contained in 7 ¥; that is, for any basis vy, ..., vy,
(va,u)y =0 (6.1)
for A = 1,...,m. MCF with a Neumann boundary condition is therefore a one-

parameter family of immersions of a disk, X : D" x [0, T) — R™™, such that
(%)L =H on D" x [0,T),

X(, 1) = Xo(-) onD",

X@@D",r)yc X forallt €[0,7T),

(va,u) =0 ondD" x [0,T).

6.2)

Equivalently this may be rewritten in graphical coordinates. We say that i : Q x
[0, T) — R satisfies MCF with a Neumann boundary condition if

dﬁ i A 2 A

a_gJ(Du)Dijuzo on Q x [0, T),

Duii =0 on 92 x [0, T), (63)
4, 0) = dio(+) on 2.

See Appendix A for details.

Since we have boundary conditions, if we want a solution which does not “‘jump” at
time r = 0, we need some compatibility conditions (as mentioned in Sect. 5). Clearly
we will require the zero order compatibility condition

Dyiip(x) =0

for all x € €2 and more generally the /th order compatibility condition
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l
Dﬂwﬁo(x) =0

for all x € 92, where g—,fto is defined recursively using the first line of (6.3). Higher
order regularity is important as otherwise we cannot apply the maximum principle to
quantities such as curvature to get estimates that depend on the initial data.

We now state our long-time existence and convergence theorem in this Neumann
setting. The proof is somewhat lengthy and technical, and forms the remainder of this
section. Here we give an outline of the proof assuming the key technical results we
shall prove below. Recall the notion of uniformly spacelike from Definition 2.1 and
what it means for a quasi-sphere to be an outer barrier in Definition 1.6.

Theorem 6.2 Suppose 2 is a bounded convex domain with smooth boundary 02 and
g is smooth, uniformly spacelike and satisfies compatibility conditions to Ith order
for some | > 0. There exists a solution

1421 +a

i e CHHHe =57 (Q x [0, 00)) N C®(Q x (0, 00))

of (6.3) which is unique if | > 1 and converges smoothly to a constant function
ast — oo. Furthermore, expanding quasi-spheres centred in Q2 x R™ act as outer
barriers to the flow, and we have the uniform bounds

liig(x) — @i(x, )| < ~/2nt and ||i||* < sup |lio]?,
My

and, ifl > 1,

1

IH|* < NI
(supy, 1HI) ™" + 52

Proof Although (6.3)is a system, it has linear boundary conditions and is in the form of
m parabolic PDEs. Therefore, standard application of fixed point theory and Schauder
estimates for parabolic PDEs, for example by minor modifications of [26, Theorem
8.2], one obtains short time existence: there exists 7 > 0 such that a solution to (6.3)
exists with it € CIT1H4 55 (Q % [0, T)) N C®(Q x (0, T))).

As stated in Appendix A, the components 714 of # satisfy a uniformly parabolic PDE
(given by the first line of (6.3)) if and only if v? is bounded. Furthermore, we may apply

standard Schauder estimates as soon as we know that 44 € C1+% e (2 x1[0,T)) for
allAe{l,...,m}.

In Lemma 6.9 we demonstrate uniform C° estimates for solutions to (6.2). In
Lemma 6.10 we give uniform estimates on v2, which imply both uniform parabolicity
and C! estimates on ii. As the Nash-Moser—De Giorgi estimates do not hold for
systems we then derive uniform curvature estimates (which imply C? estimates) in
Proposition 6.13. As Schauder estimates now apply, by bootstrapping we have the
long time existence claimed.

Lemma 6.15 then implies that the solution converges smoothly to a constant.
Uniqueness of the solution is proven in Proposition B.1. O
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6.1 Boundary Derivatives

We first study derivative conditions at the boundary, particularly those which are
consequences of the Neumann boundary condition. We begin with two elementary
observations.

Lemma 6.3 On dM; we have that
VMMA =0.

Proof We see that V,u®t = (i, e4) = 0. o

Lemma 6.4 Suppose that Q2 is convex and 0 € Q2. Then, at any y € dM; we have
VX2 (y) > 0.

Proof We have that V,, IX12=2 (i, X) > 0 due to the convexity of €. O

By differentiating the Neumann boundary condition (6.1), we immediately have the
following consequences. As these estimates will be applied to curvature quantities, we

need a sufficiently differentiable solution for the curvature evolution equations to be
. . ~ cAta
valid. From now on we will assume that i € C*t% 2 (2 x [0, T)), but remark that

often this is overkill, for example for estimates on the gradient we only really require
3

ie C1+°“HTO[(§2 x [0, T)) N C3+% 75 (Q x (0, T)). Some of the boundary identities
below hold in even weaker function spaces.

Lemma 6.5 Suppose that we have a solution to (6.3) in cHe e (2 x [0, T)). Then
foranyt €[0,T),y € dM; andU € TyM NT,Z%,

HWU. W)+ Y 1™ a, Uyvpa =0 and Vi H+ Y 1¥(va, Hyvy = 0.
A A

Proof We differentiate (6.1) in direction U to obtain
0="U (va, w) = (Vuva. 1) + (va, Vo) = — (va, U, w) + 11 (va, U),

which yields the first claimed equation.
We differentiate (6.1) in time to get

0=<§§UA,M>+<UA,$(%,U,>= —<vA,VlJL‘H>+IIE(UA, H),

giving the second claimed equation. O

+o

Corollary 6.6 Suppose that we have a solution to (6.3) in cHte e (2 x [0, T)). Then
foranyt € [0, T) on dM; we may calculate that

Vowh = —211%(ej, e)) and V,|H|* = —21I*(H, H).
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Proof We have

Vawh = 23" . en) s (. ) = 2 ek 11 (1. ).
B

Lemma 6.5 implies
\Y wA_ZII (eA,eA)—2IIE( e:';,eA) 2[]2(61—,61—)
We have that V,, | H ||* = =V, |H|* = —2(V;; H, H). From Lemma 6.5 we have
<ij, H> —UZ(H, H) =0,

so the result follows. O

We now calculate the second derivatives in space of the boundary condition. At any
point p € M, we choose an orthonormal basis Ey, ..., E, | of T,M; N T, X. For

the rest of this section, indices written with a hat such as 7, J, 12, ... will be assumed
to have valuesin 1, ...,n — 1.

Lemma 6.7 Suppose that we have a solution to (6.3) in C4+"‘ (Q x [0, T)). Then
foranyt €[0,T),y € dM; and U,V € TyM N Ty X we calculate that at y,

VoI, V) =Y [=VEI*U, V) — I (vp, U, V)] va
A=1
+ 1>, V) (1, 1)
n—1
=Y [V, EpI™(E;, U) + H U, EYIT” (E;, V)]
=1

Proof We have that

0= V{va, IU, ) = ¥ (va, U)]
= (Virva, @, ) + (va, VEIW, 1) + (o4, VU, )
+ (va, (U, Vy )
— VEIZ(vp, U) — I (VFva, U) — 1% (4, VEU)
= <UA, v&nw,m) — VEIE (v4, U) +<V¢UA, II(U,;L)) — IIE(VEv4, U)
+ (va, (Vv U, ) = ¥ (g, VyU) + (va, IH(U, Vy )
- <vA, VI, V)> —VEUEU, V) — WU, V) (va, (1, 1)
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n—1

— 1% (p, U, V) + Y [(a, TV, ED) 1T (E;, U)
i=1

+ v U, Ep) 117 (E;, V)]

where we used Lemma 6.5 repeatedly to obtain the third equality. O

Corollary 6.8 Suppose that we have a solution to (6.3) in C4+°‘ (Q x [0, T')). Then,
forallt € [0, T), on dM; we calculate that,

m n—1 n—1

Vil () = ZZ[VUEAHZ(E Epval+2 Z [11%(E;, Ep)1I(E;, E;)]

1i=1 1,j=1

n—1

Z IT¥ (a1 (o w)va — 1% (Ey EDIL (1, 1)
A=1 =1

Proof Noting that I1(u, ) = H — Y ; II(E;, E;), the result follows immediately
from Lemmas 6.5 and 6.7. O

6.2 C° and Gradient Estimates

We now derive height, gradient and mean curvature bounds for solutions to spacelike
MCEF with Neumann boundary conditions.

Lemma 6.9 Suppose we have a spacelike solution to (6.3) for t € [0,T) and 2 is
convex.

(a) Expanding quasi-spheres centred in Q x R™ act as outer barriers to the flow.
(b) Forally e Myand1 < A <m,

1nfu <u (y t)<supu
Moy

(c) Asa graph over xg € ,
ll(x0, 0) — ii(xo, )|l < ~/2nt.

Proof Lemma 6.4 implies that V,L(|X|2 + 2nt) > 0. Corollary 3.2 and the maximum
principle (see [31, Theorem 3.1]) therefore imply that if | X|> + 2nt > — R? initially,
then this is preserved, giving (a).

The claim in (b) follows similarly from Corollary 3.2 and Lemma 6.3.

The final statement follows by attaching an expanding quasi-sphere of radius 0 at
x € graphiig. Att = 0, this is exactly the lightcone. Since i is spacelike the lightcone
cannot touch the graph anywhere except this point and so we may apply (a) to see that
M; stays inside the expanding quasi-sphere. This implies (c). O
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Lemma 6.10 Suppose that 2 is convex. Then for allt € [0, T) and y € M,,

wi(y, ) <supw?i, v2(y,1) <supv?,  |H|(y,1) <sup|HI>
My My Mo

Proof Convexity implies that /7% is nonnegative definite and so Corollary 6.6 yields

Vawi <0, Vot <0, VH|*<0.

The maximum principle (see [31, Theorem 3.1]), Lemmas 3.8 and 3.9 then give the
estimates. O

6.3 Curvature Estimates

The main difficulty in estimating ||Z7]|> for MCF with a Neumann boundary condi-
tion is that we cannot obtain useful estimates on V|| I] ||2 directly (in general), as
the boundary derivatives we studied above give us no information on V, 11 (1, E;).
However, since we have a uniform gradient estimate we may use methods similar to
those of Edelen [15] to obtain curvature estimates. The idea is to perturb /7 so that u
is an eigenvector, and then get estimates on the perturbed second fundamental form.
This is the core of the technical work in this Neumann problem.

The curvature estimates will rely on our earlier gradient and mean curvature esti-
mates, and thoughout this subsection we will assume that

v < Gy, IH|? < Ch . (6.4)
We take smooth uniformly bounded extensions of the tensor /1> and the vector j

to R™™ which, by abuse of notation we will also write as II* and j respectively. For
simplicity we also assume that at ¥,

iV T 7%
Vup =0, Vi~ =0.
Such smooth extensions exist, see Lemma D.1. By assumption we may estimate using

(2.3) and (6.4) to obtain that on M;, in normal coordinates we have that there exists a
constant C depending only on the extension /7> and C, such that

IViViII®(Xj,va)| < C.
Similar estimates hold for all other derivatives of II> and , and this will be used

liberally in the following lemmas.
We now define the N M-valued tensor

U, V)=IU,V)+c(U,Vyef + > [TWU,V,va)]va,
A=1
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for some ¢ > 0 to be defined later, where
TW,V,W)=1*U, W)V, )+ 1>V, W) (U, ).

ye note that due to our assumptions on the extensions of I X and u, on X,
VuT(,-)=0. o
One key property of /1 is that, by Lemma 6.5, at the boundary we have that

m
T, Ey) = I(E;, )+ Y 1T (E;, vp)va =0
A=I1

holds for all E;; that s, u is an eigenvector of (II(U, V), v4) forall A € {1, ..., m}.
A second important property is that we may choose ¢, depending on our bounds on
v2, ||[H||* and the tensor T, to be sufficiently large so that

IH I :=llg" TT3;11* = n.
This implies an important lower bound, namely
IT)? = 1. (6.5)

From now on we assume ¢ = c(Cy, Cy, T) > 0 is sufficiently large so that (6.5)
holds. As a result, we also have that there exists a constant C = C(C,, Cg, T) such
that

11> < AT +1) < 2C|TT) . (6.6)

We now estimate the boundary derivative of the size of the perturbed curvature
tensor I/ in this Neumann setting.

Lemma 6.11 Suppose we have a solution of (6.3) satisfying (6.4). Then, there exists

a constant k > 0 depending only on n, m, 1= VEI= T, Cy and Cy such that at
any point p € dM;,

VI |? < eI
Proof We see that (using Lemma 3.3)

L
VM 11 (E;, Ej)
=V II(E;. Ej) + c8;;1 (e] . )

M§

(VT (Es, Ejovn) + T UL, Ep), Ej, o)

~
I

1
(Es, 1, Ep), vi) = T(Ex, Ej, XD{IL(X ), vr)| vr

S

+
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=V, I (E;, E) + e8I (ef . o)

+ ) [TUI(w, Ep). Ej,vp) + T(Ep, H(w, Ej), vi)] vr

M=

~
I

1

Using the inequalities (6.4), (6.5) and (6.6) and Lemma 6.7, we may therefore estimate
that

IV II(E;, Ep| < i)
where k1 depends on n, m, II*, V¥II*, T, C, and Cy. Similarly,

Vi (1, )
= Vi () +cll(e] , p)

+ D [T Ge ), v + TG, 1 ), v1)
I=1

= T s X L, X0), v1) Jor
and again we may estimate

IV T (1, | < K2l TT |

where again « depends on n, m, I X VEIIIE T, C, and Cp. Hence, due to the
eigenvector property of 1 in /1, we see that

VT2 = -2 (ﬁ,-,-, vlfﬁ"f)

n—1
= 2T, ), VTl ) =2 Y (TTCEz, Ep), Vi TIE E))
i7=1
<«
as required. O

We now estimate the evolution of || 77 ||%.

Lemma 6.12 Suppose we have a solution of (6.3) satisfying (6.4). Then there exists a

constant C > 0 depending only on n, m, IE vVEIZ U, V,u, T,VT,Cyand Cg
such that

d_ T2~ _ 2 T3
o &)= I11" + ClI]".
t m

@ Springer



B. Lambert, J. D. Lotay

Proof We write C for any constant depending only on the quantities in the statement
of the lemma, where C is allowed to change from line to line. We write Il = I + S
and note that

ITT* = 1> = 2h)S) +|SI%,

where S;ja = T(X;, Xj,va) + gij (e1, va). We have that

m

T(Xi, Xj,va) = Z (11> (X, en) (X, p)+ T (X, er) (Xi, 1)) (er, va)
=1

Z (117 (X, ) (X, 1) + =X, fi) (X, 0] (o va)

As we have written T (and therefore §) as a concatenation of tensors of the forms
considered in Lemma C.1 (for the square brackets) and Lemma 3.3 (for the normal
inner product), we may see that there exists a C such that (in orthonormal coordinates),

d
(FRORE

Since the same lemmas also imply that |V S;;4| < C||IT ||, we have that

d _
(— — A) 112 < C||?
dr

<c(u)*+1 < |’

Similarly we see that using Lemma 3.9

d A oij ij(d A afd ij Aok gif
(E—A>(—hijSA)=—SA oA hi; = hi; oA S{ +2Vihi;VESY

CITT|’ + 2Vih; vksl

IA

Therefore,

d — 2 —ii _
(a - A) 1717 < == = 20V 2 + 4Veh(s VIS + CIITP

2 _
< —=H|* + P,
m

where we used Young’s inequality to estimate the third term on the right hand side of
the first line. O

Putting all of the results of this subsection together provides the following curvature
estimate.
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Proposition 6.13 Suppose we have a solution of (6.3) satisfying (6.4). Then there

exists a constant C depending on n, m, IHE Vi, W, ?,u, T,VT, My, C,andCyg
such that

|1)* < C.

Proof Let C be as in the previous lemma. We take the standard Euclidean distance to
02 in R” and extend it to R by pullback under the standard projection. We call this
function d and see that due to the gradient estimate for all # € [0, T)

d
(E—A>d§C0nM, and V,d=-—1ondM;.

Lemma 6.11 implies that the function f = ||ﬁ||2e)‘d satisfies
Vuf=&=20f

on dM;. We choose A sufficiently large so that V, f is negative, meaning that no
boundary maxima may occur. At any interior increasing maximum,

d
0o<|——-—A
_<m )f
. B - _ _
<M —wa4+cwm3—m&vww%V@+cwHV—JHVMwHV]
S B B _
=M _Z”””4 + C|I|? + CATT | + AZWdIZIIIIIIZ]

2 _
<M _Z”””4 + C||II||3] )

Hence at any increasing stationary point, ||77||? is bounded, and so f is bounded. The
maximum principle indicates that f is therefore bounded (as d is bounded) and hence
|77 |? is bounded everywhere. The result now follows. O

Remark 6.14 The above proof holds for much more general boundary manifolds . In
fact, for any mean curvature flow in R with a perpendicular boundary condition on
a smooth manifold ¥, an identical proof will show that gradient and mean curvature
estimates imply full boundary curvature estimates. This therefore replaces the missing
Nash—Moser—De Giorgi estimates for this parabolic system.

6.4 Convergence

We now complete the proof of Theorem 6.2 by proving convergence of spacelike MCF
under Neumann boundary conditions.
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Lemma 6.15 Suppose that we have a solution i to (6.3) for T = oo with uniform
Ck;g(Q x [0, 00)) estimates for all k > 0. Then i converges uniformly in C* to a
constant function as t — 0o.

Proof The proofis in fact identical to the codimension one case [21], which we include
here for the convenience of the reader.

By Lemma 6.9 we have that ||&i 12 is uniformly bounded for all time by its initial
value. By considering the metric in terms of the graph function #, we see that

/ dVI/ ‘/detgijdxg |L2].
M, Q

We therefore see that since

d 2
S av=[ yHPAV
dr M, M,

(which follows from [24, equation (4.1)] and the Neumann boundary condition) we
have that

T
/ / VHI? <190 — [Mo] < 192
0 M,

By Corollary 3.2, Lemma 6.3, the L? estimate on H, and divergence theorem we see
that

d
5 uidv = —2f |wA|2+f ul | H|*dv
M, M, M,

= —2/ (wﬁ — 1)dV+/ ui || H|*dv
M; M,

or, due to the uniform estimate on u 4 and |M;|, and calculations in Appendix A,

o0
/ / (w} — 1)dVdr < C(Mo, ).
0 M,

Rewriting this over €2, using the uniform gradient bound and (A.1) gives
o0 ~
/ / |Dii4|*dxdt < C(My, ) .
0o Jo

. Lk . . A A
The uniform CX2 estimates imply |Dii4| — 0 as t — o0o. The range of ii4 is also
monotonically decreasing with time due to estimates as in Lemma 6.9. Therefore,

R . . ko
each fi4 converges uniformly to a constant as 7 — o0o. The uniform C%?2 estimates
and Ehrling’s lemma now imply that the convergence is in fact smooth. O
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7 Dirichlet Boundary Conditions

In this section we wish to consider evolving a topological disk by spacelike mean
curvature flow, where the boundary is held on some fixed (n — 1)-dimensional spacelike
submanifold of R™".

We state this boundary condition graphically. Suppose that 2 C R” is a compact
domain with smooth boundary 92 . We denote the outward unit normal to 92 by w. The
boundary data for the Dirichlet problem is given by smooth functions ¢ : @ — R™.

To ensure that the Dirichlet problem is well-posed we require a constraint on our
choice of boundary data as follows.

Definition 7.1 We say that ¢ : Q@ — R is acausal if for all x, y € 9

lo(x) —dWI < |x — yl. (7.1)

Clearly, in a convex domain this is a necessary condition if we are to have a spacelike
graph, due to the mean value theorem. Due to compactness, the boundary data is in
fact strictly acausal: there exists a § > 0 such that

lo(x) =Wl = A =8)|lx —yl.

The acausal condition for the Dirichlet problem for maximal spacelike submanifolds
in R™™ arises in the recent work of Yang Li [25]. We shall assume that our chosen
Dirichlet data ¢ is acausal.

Mean curvature flow with a Dirichlet boundary condition starting at an initial graph
o is now defined by u : Q x [0, T) — R™ where

du ..

d—l: — ¢ (Di)D;jii =0 on Q2 x [0, T),

u=¢ on 9Q x [0, T), (7.2)
i, 0) = do() on Q.

As previously, we define M;:= graphii(-, t). As in the Neumann case, to have higher
order regularity initially, we require some assumptions on .
The zeroth order compatibility condition is defined to be that

no(x) = ¢(x) forallx € 9Q2

We define the kth order compatibility condition is given by

k

d
d7ﬁo(x) =0 forallx € 022,

where éi—,ﬁo is defined recursively by the first line of (7.2).
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The key difficulty in proving long time existence for 7.2 is in obtaining suitable
boundary gradient estimates. Fortunately, Li [25] has recently produced suitable bar-
riers for the Dirichlet problem for the higher codimensional maximal submanifold
system (i.e. the elliptic equivalent of (7.2)): these are the higher codimensional equiv-
alents of the barriers in [4]. We will show below that (unsurprisingly) these also act
as barriers to (7.2).

We now state our long-time existence and convergence theorem in the Dirichlet
setting. The proof is again quite long and technical, and forms the remainder of the
section. We shall, as in the Neumann case, give an outline of the proof where we
assume the key technical results proved below. We again recall the definitions for
an expanding quasi-sphere to be an outer barrier and of uniformly spacelike, from
Definitions 1.6 and 2.1 respectively.

Theorem 7.2 Suppose 2 is a bounded domain with smooth boundary 0S2, ¢ is acausal
boundary data and tig : Q — R™ is uniformly spacelike satisfying compatibility
conditions to the Ith order for some | > 0. There exists a solution

20

i e CHHE 35 (Q % [0, 00)) N C®(Q % (0, 00))

of (7.2) which is unique if | > 1 and converges smoothly to the unique maximal
submanifold with boundary data ¢ ast — oo. Furthermore, expanding quasi-spheres
centred in Q2 x R™ act as barriers to the flow and we have the uniform bounds

liig(x) — fi(x, )| < /2nt and |lul* < sup |lull?,
My
and, ifl > 1,

1
IH? < —
(supyg, 1H[) ™" + 5t

Proof The system (7.2) is in the form of m parabolic PDEs with linear boundary

conditions. This implies that short time existence (the existence of 7 > 0 such that
1+1

there is a solution 4 € C'*1H 77 (Q x [0, T)) N C®(2 x (0, T)) to (7.2)) follows
from a standard application of fixed point theory and Schauder estimates for parabolic
PDE:s, for example by very minor modifications of [26, Theorem 8.2].

As stated in Appendix A, each component 44 of # satisfies a uniformly parabolic
PDE (given by the first line of (7.2)) if and only if v? is bounded. Furthermore, we
may apply standard Schauder estimates as soon as we know that our solution satisfies
a4 e 15 (Q % [0, T)) for all A.

In Lemma 7.4 we demonstrate uniform C° estimates for solutions to (7.2). In Propo-
sition 7.9 we give uniform estimates on v, which imply both uniform parabolicity

and C! estimates on . Lemma 7.11 then implies that we have uniform estimates
in C11* 72", As Schauder estimates now apply, by bootstrapping we have uniform

higher order estimates and the long time existence claimed.
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Lemma 7.12 finally implies that the solution converges smoothly to the unique
maximal submanifold with boundary data ¢. The fact that the maximal submanifold
is unique is a consequence of [25, Theorem 2.1]. Uniqueness of the flow solution is
proven in Proposition B.1. O

Remark 7.3 The existence and uniqueness of a solution to the Dirichlet problem for
maximal submanifolds in R"" with acausal boundary data is given in [25, Theorem
2.1]. Theorem 7.2 can be viewed as an extension of this result.

Throughout this section we will write a point (x, y) € R = R" & R™. For any
two vectors y, z € R™ we will write the inner product associated to the norm || - || as
y - z: this is just the standard Euclidean inner product on R"™.

7.1 €° Estimates

We first derive some simple C° bounds on solutions to spacelike MCF with Dirichlet
boundary conditions, just as in the Neumann case.

Lemma 7.4 For any spacelike solution of (7.2) we have the following.

(a) Expanding quasi-spheres centred in 2 x R™ act as outer barriers.
(b) Forall (x,t) € 2 x[0,T),

[i(x, 1)] < sup |do(y)|-
yeQ

(c) Forall x € Q,
llio(x) — i(x, )| < ~/2nt.

Proof Let p € R™"™. Suppose that for all y € My, |y — p|> > —R?. Clearly, as
the boundary of M, is fixed, this implies that for all z € dM;, |z — p|2 > —R? >
— R? —2nt. The weak maximum principle applied to f = |X — p|>42nt and Corollary
3.2 now imply (a).

Similarly, (b) follows from Corollary 3.2 and the weak maximum principle.

Part (c) follows from considering an expanding quasi-sphere starting from a light
cone centred at (x, #£(x)). O

7.2 C' Estimates

Our goal now is to obtain bounds on the gradient and mean curvature of solutions
to spacelike MCF with Dirichlet boundary conditions. This forms the main technical
work required in this Dirichlet problem.

We first recall the barriers constructed in [25]. We consider a 2-parameter family
of curves I'x o € RL! < R™™ from which we will produce a hypersurface I'gx x C
R™™ by assuming an SO(n — 1) x SO (m — 1) symmetry.
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Deﬁnitiqn 7.5 Let K > 0 and let A < 0. Taking orthogonal coordinates r, w of R
(where a% is spacelike) we write I'x o graphically as

Tr.a={(r,w) e R w = fx A(rD},
where

r K + n*lAtn .
0 V1272 4 (K +n-TA1m)2

fr.a(r) =

Let & € R" and n € R™. We define the functions
re,y)i=lx —§&l, wx, y):=[y—nl
for (x, y) € R™™. We then define the barrier hypersurface I K.A,centred at (€, n) by
T ={(x,y) e R"w(x,y) = fx.a(rx, )}

When f , < 1 we write the unit normal to r K.A at (x,y) by

(—vw + fI/(’Agr) .

1
TET) E . —
NAETTANG

Several observations in [25, Sect. 3.1] will be of use to us. We note that

Kr!'™" 4+ An~! Tk
fin= e EAN T g TR
' \/1—i—(Krlf”—i—Anflr)2 1= (fr 2)?

We will therefore always assume that

(m)i
O<r<|— .
[A]

Within this range 7 is timelike, r k. A has a nondegenerate semi-Riemannian metric,
and 'k A is a spacelike curve. As r — 0, both 'y A and I'x A are tangent to the
lightcone.

= An"Yr + K

1
We may estimate that if K = ¢!, A < 0 such that € < (2|’j\| ) " then

€ 2n—2
Sr.a(€) =/ \/1 - ! dt > ey 1 —4e2n, (7.3)
0

12772 + (K —n~ 1A )2
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Spacelike Mean Curvature Flow

Atany point p € T k.ANC ok (&) and any n-dimensional spacelike hyperplane

TA]
ITC Tpf‘K,A, we define

Hr[ = Z(b,‘,vbilﬂ s
i
where by, ..., b, is an orthonormal basis of I1. The folloyving observation, proven in
[25, Lemma 3.1], will be vital in demonstrating that the ' A are barriers.

Lemma7.6 Let p € IZ‘K,A NnC B 1(&) and T1 C Tplz‘K,A be an n-dimensional
AT

spacelike hyperplane. Then
Hpg > —A.
The following demonstrates that the solutions I'x act as barriers and is a parabolic

version of [25, Lemma 3.2].

Lemma 7.7 Suppose that M, is a spacelike solution to (71.2) and € € R*\ Q, n € R™,
K > 0and A < 0 are chosen such that

1

r(z) < (%)n forall z € Q and My C {(x, y) € R*"w(x,y) < fK,A(r(x, y))}.

Forallt € [0,T),
M, C {(x,y) e R"w(x, y) < fr.a(r@x, »)}
Proof Let K > K , and observe that

Mo C {(x,y) € R"™|w(x,y) < fk.a(r(x, »)}
C{Gy) eR"™w(x,y) < fg o (r(x, m)}.

We consider the function
h:= w — fk,A'

Clearly this is negative on M. We suppose that £ is the first time when there exists
Po € M;, such that h(pg) = 0. As 9M; = dMy for all ¢ and & is negative on

My, po cannot be a boundary point. Furthermore, pg € r gA and Vh(pg) = 0, so
TpyMyy C TPOFIE,A'

Let by, ... b, be an orthonormal basis of 7,y M. Since Vh=-—]1- (fI/E A)zfz,

IV = _<vb,.( - (f[’z’A)zﬁ>,bi>= = (7 ) Hiyon,.

@ Springer



B. Lambert, J. D. Lotay

As po is a nondecreasing interior maximum, Lemma 3.1 implies

d 2
0§<5—A)h(po) —IV; h=— 1—(fKA) Hryomy <4[1=(fz )70
The assumption A < 0 yields a contradiction. Therefore,

C G,y eR"™w(x,y) < fr A (r(x, )}

forallt € [0, T) and all K > K. Limiting K to K yields the statement. O
We now demonstrate that suitable barriers may be attached to d M.

Lemma 7.8 Let iig be smooth uniformly spacelike initial data on Q2 with acausal
boundary values. Then for any x € 32, 0 € R™ and A < 0O there exists ¢ € R",
neR" K > 0and$ € (0, 1) such that the following hold.

(a) QCB( K)l(é)
TAT
(b) Mo C {(x.y) € R"™w(x,y) = fr.a(r(x.0)}.
(©) (%, dg(%) € P a. N
(d) Let M:=graphu for some smooth u : Q@ — R", such that IM = Mo and
M C {(x,y) € R"™w(x,y) < fx,a(r(x, )} Then

D_yi-0<1-5.

Furthermore, K and § can be chosen to depend only on n, A, 2, sup v and |ﬁ0|C3(9).
My

Proof Our strategy is to find a suitable I k. Awhich touches M( only at the point
(X, (%)) € dMy. We take € > 0 and begin by setting K = ¢!,

Step1 Pick r k. A SO that (¢) holds. We translate and rotate coordinates so that X = 0,
#(0) = 0 and © = —e,. Then, we rotate coordinates in R"~! = 7592 so

D? (ﬁo . 9) lo = ae;

for some a € (0, 1), where D? is the gradient operator on 9€2. y
We now show that we can choose a centre for I'k 4 so that (c) holds and I'g A is
tangent to d M. Concretely, for any € > 0, we set

€
= _—(ba 07 ) 07 1)7 = - s (6)97
TR =

for some b to be determined. We observe that for this choice, I’ K. A goes through the
origin and so (c) is satisfied.
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Spacelike Mean Curvature Flow

Step2 Pick € so that (a) holds. We observe thatfore < €] = € (A, n, diam Q) < 1,
1
diamQ 42 < (nK)n
iam <({— .
[A]

As & is at most distance € from the origin, this implies that (a) is satisfied.

Step 3  Pick b so that l:‘K,A is tangential to dMy at (X, tig(x)). For l:‘K,A to be
tangent to d My at 0, we require that

D [w(x, fio(x)) — fx.a(r(x, do(x))](0) = 0;
that is,

- b
Dd (M() . 9) — fl/()A(E)ﬁel =0.

We now want to choose b = b(¢, a) so that
, b
fK,A(G)— =a,

V1+ b2

which is only possible if fz , > a. By our choice of K,

1 +n_1A61+"
Ve (14 n—TAaenth?2

fl/(,A(G) =

Since My is uniformly spacelike, we deduce that fi , > a is satisfied for all € <
ex(a,n, A, €1) < €1, and for such € we have that

a

Sk a©? —a?

b=

Step4 Show that for sufficiently small € > 0, (b) holds. We consider the function
g=w(x, i) = fr.a(r(x, 2(x))) = lio(x) + fr.a(€)0] — fx.allx — &

on Bg, (0) C R" neQ. By our construction so far we have that g(0) = 0 and D‘Sg(O) =
0, and our aim is to show that this is nonpositive everywhere. We first note that

é/“l“ ~ 1 7
= < Dpug -0 — ——==fg a(€)
H . Vi kA

= Dyito -0 — \/(f5 p(€)? —a?.
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As My is spacelike at 0, | D(iig - 0)|*> = |D,, i - 0% + a® < 1, and so there exists an
€2 > €3 = €3(supyy, v, n, A) such that for all € < €3, D,,g(0) < 0.

Furthermore, we may calculate that

Diiig - Ditig — D; (g - 0)D i (i1g - 0 R
iUo juo ;i (ito ) ]( 0 )+Dij(’40'9)

D2 g(0) =
58O Jk,a(€)
o EE Tka®© ”_Siéj)
A T <5” &)

We now suppose that € < €4 = €4(A, n, €3) < e3 is sufficiently small so that for
€ < €4 the estimate (7.3) holds. We shall now restrict our attentionto 1 < i, j <n—1;

that is, to 7pd€2. On this range we have that
Djdig - Djiig — a®8;18; R
D;g(0) = —— L=+ Dij(io - 6)
K fr.a(€) N

b? WG] b?
— 81:815 fx A (€) s KA (Sij - 51;'51]'1_}_—1)2) .

Again using the fact that M is uniformly spacelike, there exists tT:=t(supv) €
Mo

[0, 1) such that, as matrices, D;ilg - Djitg < (1 — 7)8;; (see Appendix A). Hence,

WG] b2
N N 2 K,A
Diitg - Djiig —a“8;18j1 — fx.a(€) . (Sij —511'51]'14_—[72)

b2
< =1)sj — a28,'18j1 —V1-= 262”fl/<’A(6) <5,’j — 51,’31jm>
A1 —2¢2n
=(1-1)8;j+|——— -1 a28,-18j1 e 262"f1/( A(€)d;;
f[(,A(G) ’
< (1= )8 +€a818;1 — vV 1 — 262 fi \(€)8i;
dij
foralle < €5 = e5(sup v, €4) < 64.Estimating|fl/(”A| < |Al+n—1,Djjig-0 < Cé;;

My
we finally see that for all € < €5 = €6(n, A, |ﬁ0|C2(Q), €5) < €5 we have

T
D},g(0) < (C + |A| +n— 1) — 528 <0.

Therefore, for any € < €g there exists R = R (A, n, sup v, |iig|-3) such that on
M

0
Bpg, N 02, the Hessian of g is negative definite and V,,g < 0. We deduce that g < 0.
Moreover, there exists Ry < Rp depending on the same quantities such that g < 0 on

QN By, (0).
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For € small enough we have that dist(§, d Bg,) > %. As the gradient f ,’( A mono-
tonically increases as ¢ — 0, we may choose € < €7(€g, supv, Ry, 902, ¢) < €6
My
sufficiently small so that outside Bg,, fr , > max{|Du'|, ..., |Du™|}. Integration
now implies (b) where we note that our estimate here also depends on 9<2 and acausal-
ity to cross any nonconvex regions.

Step5 Show that (d) now holds. Suppose now that we have some other function
such that it = f1p on 3R and |i — n| < fk A in Q. Then, for all A > 0,

1 1
T (Ja@E = 2p) —nl —Inl) < T (frAG = 2p) — fra(®).

Taking the limit as A — 0,

Cd , 5\ _ Jkal®
D_Hu-ezﬁhzolu(x—w)—nlSfK,A(€)<MsE>_ IK:bz

Since fl/(’A(e) < 1 depends only on €7, (d) holds. O

Proposition 7.9 Suppose we have a solution of (7.2) over a compact domain 2 with
smooth uniformly spacelike initial data which is acausal at the boundary. There exists
a constant Cy, depending only on My such that for allt € [0, T) and y € M,,

U(yv t) S CU'

Proof For any X € 92 and unit vectors & € R™, we attach barriers to My at X as
constructed in Lemma 7.8. Lemma 7.7 implies that for all # we have

M; C {(x,y) e R"™w(x, y) < frx.a(r(x, )},
and so Lemma 7.8 yields
|D_ju(x,t)-60] <1-36,
for all 8 as above. For any v L p, we also have that
|Dyu(%,1)-0] < 1 -3,

for some § > 0, due to the uniform spacelikeness of M. These conditions now imply
that at X, v < C(8, §) and so

sup v2(y) < Cp = Cy(8, 8).
yeaM;

Applying the maximum principle (using Corollary 3.5) gives the result. O
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We now observe that the above estimates give us decay for the mean curvature.

Lemma 7.10 Suppose that i € CH2(Q %[0, T)) is a solution to (7.2). Suppose further
that the estimates of Proposition 7.9 hold and

sup [ H|* < Cy.
Moy
Forallt € [0,T),
IH|? < ——.
Cy' + 2t
Proof Clearly at & € 32 we have 3 = 0. Recall §a5 = — Y p'_, (ea, vc) (vc, ep)

from Appendix A, and as M, is spacelike at 32, g4 is invertible with inverse g4Z.
We compute
_ da?

= =(H, ep) 884 = HC (vc, ep) 824,

Invertibility of g¢4p implies (H, eg) = 0 forall 1 < B < m, and this in turn implies
H =0,as (vp,ec) =0forall 1 < C < m contradicts that vp is timelike. As a result,
on dM,,

IH|* = 0.

We may now apply the maximum principle to f = (C;I1 + %t) I H||%. O

7.3 C'+7 Estimates
We now prove the final estimates required for the long-time existence of spacelike
MCEF with Dirichlet boundary conditions.

Lemma 7.11 Suppose that we have a solution to (7.2) such that there is a uniform
constant C, > 0 so that
v? < Cy. (7.4)

Then for any € > 0, there exists a constant C depending only on €, 3R, ity and C,
such that

u BEY <
| |Cl+a’Ta(Q><[e,T))

Proof By Remark 4.8, we may take sufficiently small cylinders near the boundary 92
to deduce there exists C > 0, depending on M( and the maximum curvature of 92,
so that for all ¢ such that the flow exists,

sup || 11 ||dist(x, 92) < Cj.
M;
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The gradient bound (7.4) now implies that | D% dist(x, 3S2) < C,. To conclude, we
must now deal with boundary estimates.

We may apply an observation of Krylov, see [26, Lemma 7.47], to (7.2), which
implies that forall A < R < Ry = Rp(0%2, C,) we have

OSCBRNQ

ﬁA(f—w,z)—¢>A(£)<C R\“
Py = (R_())

for all x € 92, where C and « depend on C,, and n. Interpolation estimates may now
be applied, exactly as in [25, Proposition 4.3] to yield the claim. O

7.4 Convergence

We finally demonstrate convergence of spacelike MCF in the Dirichlet setting, as
in [11, Theorem 4.1], thus completing the proof of Theorem 7.2. We recall that [25,
Theorem 2.1] proves the uniqueness of maximal submanifolds with prescribed acausal
boundary data.

Lemma 7.12 Suppose u is a smooth solution of (7.2) with T = oo with uniform
k
Ck’f(SZ X [0, 00)) estimates for all k > 0, such that for allt > 0 and y € M;

vz(y) < Cy.

Then, M; converges smoothly to the unique maximal surface with boundary data given
by 0 M.

Proof Lemma 7.10 implies that

sup||H|| — 0.
M;

Furthermore, Lemma 7.11 and Schauder theory imply that we have uniform higher
order estimates on u.

Using the uniform C k% estimates and the Arzela-Ascoli theorem, any sequence
of times ; — o0 has a subsequence f;(;) such that M, ; converges uniformly to
a maximal submanfold M = graphu for some & : @ — R™. [25, Theorem 2.1]
states that this limit is the unique maximal submanifold with the given boundary data.
Therefore, #i(x,t) — i(x) uniformly as t — oo as otherwise we may construct a
sequence of times contradicting subsequential convergence to &. Smooth convergence
now follows using higher order regularity and Ehrling’s Lemma. O

8 Global Properties of Entire Solutions

In this section we consider graphs My over R" such that for some C,, Cy > 0

supv’ <C, and sup|H|> <Cpq . (8.1)
My My
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Although we have constructed a solution for such initial data, since M is noncompact
we do not know that the solution from Theorem 5.2 is the only solution and it is
plausible that quite wild behaviour is possible in general.

To deal with this issue, we introduce the following natural class of entire solutions
to spacelike MCF.

Definition 8.1 An entire solution of (1.3) with initial data satisfying (8.1) will be called
tame if there exists a continuous real-valued function f = f(¢) such that f(0) = Cy
and

sup [|[H 1> < f£(1).
M;

We note tame solutions always exist due to Theorem 5.2. We will show that tame
solutions satisfy estimates which are similar to expander solutions.

First we demonstrate a noncompact maximum principle under the assumption of a
uniform gradient bound.

Proposition 8.2 Suppose that for all t € [0, T), v> < C, uniformly on M,. Suppose
that f € C°.(M" x [0, T)) is a smooth function such that f > 0,

loc

Cr=supf < oo,
Moy

and there exists § > 0 such that

<%—A>f§—8f2.

Then forallt € [0, T) and y € M;

(7t)§—‘
A C;1+at

Proof Let ¢ : R — [0, 00) be a smooth cutoff function such that:

o |pr(x)| < 1land pgr(x) = 1o0n (—o0, 1], pr(x) =0on [l + R, c0);
o okl < % lokl < -
It is easy to see that such a cutoff function exists by considering cubic polynomials.
For r as in Corollary 3.2, we see that when r > 1, we have that

(-2)
— —=Ar
dr

where C depends only on n. Assuming R >> 1, p > 3 and writing C for any bounded

constant that depends only on n and p which may vary from line to line, we have that
at any increasing maximum point of g:=f (pg (),

<Cv%, |Vr| < Cv,
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d
0<|{—-A 4
- <dt )f PR
< —8ppf>—2(Vf, Vek)

1 (d -2 =1
+ f <pso}eso,’§ <E - A) r— [p(p — D(pp)*ek " + peh w}e] IVrlz)

L /d
=—SpRfi+ f (W}ewﬁ (5 - A) r

-2
+h [p(p + D(pp)? — pprw}é] IVrIZ)
< —8ph f2+ FC(R™ + R Hph 42,

where we used that V(f gag) = 0. We therefore see that for p = 3,
8(@pf) = R fCR™ + RIC,,
which implies that

2C(R™'"+R7%)C
3 £ < max \/_ v ,Crp =:A.
(pr — \/E f

Now setting p = 5, the above evolution inequality for g = f (pﬁ, implies that for
any t € (0, 1), if

g > VT 18- 1CCy (R~ + R-D)A

then

i_ 8.2 -1 -2 _ _ 2
5~ A)g=-8 + CORT + RN < —5(1 - 1)g’,

where we used that f > g everywhere. Therefore,

1
(supp, )71 +8(1 — 1)t

g §max{ VT8 1CC, (R +R‘2)A}.

Setting T = R™? and sending R — oo now implies that on M; N Cy,

1
8= — i
(supM0 )1+ 6t

As the center of the cylinder was arbitrary, this estimate holds everywhere. O

The next proposition shows that tame solutions satisfy estimates similar to expander
solutions.
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Proposition 8.3 Suppose that on My, (8.1) holds and additionally that we have a
solution to (1.3) that is tame. Then for all t € [0, 00),

m
V2 <Cy |HIP S ———— and ||’ <.

Cy +2nt 2t
Proof Since the function f given by Definition 8.1 of a tame solution # is continuous,

there exists a maximal time 7 such that for all ¢ € [0, T) sup||H||2 < 2Cy. We
M,

may now apply Lemma 4.3 to obtain the existence of p = p(n) such that at the point
y € M; with r(y) = 0 (where r is as in Corollary 3.2),

2 R2 g 4Cyt
V3, 1) <Cy| —u— ) &*CH
0.1 = ”(R2+||u||2—2m>

for all ¥ < min {T, ’;j } We now choose R = 1 and T to be sufficiently small so

that forall t < T, ( — 2m> ¢*Cut < 2 Clearly T depends only on Cp and n. Let

T = min{T, T}. As the origin may be chosen arbitrarily, we see that for t < T,
v < 2C, everywhere on M;, and we may apply Proposition 8.2 to ||[H||> (using
Corollary 3.10) to obtain that on M;,

IH|?* < (8.2)

We therefore see that T = 7.
We now use (8.2) and Corollary 3.5 to estimate for any é € (0, 2n)~ 1,

d Vw3 |2 1 2
——A)uwi<—(1+49 57— +4nd— wy.
dr wy CH1+%I

Applying Lemma 4.2 to w% (C;,l + %t)_“’"S on Qg we see that on M; N {x €
R™™|r(x) = 0},

148
2 5 4né
U2 <Cy R— ’ 14+ 2Cx .
- R2 —2nt n

Suppose now that for some 0 < 1y < f‘, and xo € M;, with r(xp) = 0 that

v(xp, 1) = Cy + €.
Then we may form a contradiction, for example by choosing & sufficiently small
4ns
so that [1 + MTHIO] < ,/1+ 5, and then choosing R sufficiently large so that

ﬁ = \/ﬁ Therefore, we see that for all 7 € [0, T),
(==
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sup v2 < Cy.
M;

AsT depended only on n and C,,, we may iterate the above process to get the statement.
The final estimate comes from applying Proposition 8.2 to || 71 ||?, using the evolution
equation in Corollary 3.10. O

Corollary 8.4 Suppose that on My (8.1) holds and that we have a solution to (1.3) that
is tame. Then for all k > 1 there exists a constant ¢y = cx(n, m, k, Cy) such that for
allt € [0, 00),

IVEIT 25 < ¢,

Proof As noted in [11, Proposition 3.7] the evolution equations for || vkIn? may be
estimated as in the Euclidean graphical case, and we have the same estimate on ||/ || 2,
The proof of [13, Theorem 3.4] then carries through identically. O

The estimates in Proposition 8.3 have three straightforward, interesting corollaries.

Corollary 8.5 The expanding quasi-sphere given by Definition 1.6 acts as an outer
barrier to any tame solution to (1.3).

Proof We consider the function /1, (x, t) = |x — p |2 4+ 2nt + R2, and we suppose that
inf p, B > 0. The estimates of Proposition 8.3 imply that for any 7 > 0 there exists
p = p(T,C,, Cg) such that for all r € [0, T), infMt\cp(p) hp = 0. Therefore, we
may apply the maximum principle on M; NC,, to see that this is preserved on the time
interval [0, 7). As T was arbitrary, the statement now follows. O

Corollary 8.6 Let M, be an entire tame solution to (1.3) and suppose there exists R > 0
such that for all t > 0, M; N Br # @, i.e. that M, does not escape to infinity. Then
there exists a sequence t; — o0 such that My, converges to an n-plane.

Corollary 8.7 There are no entire shrinking or translating solutions to spacelike MCF
in R™™ with bounded v and H.

9 Convergence of Entire Solutions

In this section we prove convergence of tame (in the sense of Definition 8.1) entire
solutions to spacelike MCF (1.3) with initial data M which is asymptotic to a spacelike
cone.

Suppose that L is a uniformly spacelike cone centred at the origin, smooth away
from the origin, given graphically by functions U : R" — R™ such that forall A > 0
and x € R", U(Ax) = AU (x).

Definition 9.1 We say that M, given by the graph of i, is asymptotic to the cone L
if

lim sup |ug—U|=0. 9.1
R—0orn\ By

Note that, in this setting, L satisfies the same gradient estimate as M.
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We recall how to renormalise solutions to MCF in the standard way. We write
s=4 log(2t 4 1), and define

~ 1
X(X,S)=ﬁX(X,I). 9.2)

We will write all quantities for the rescaled flow with a tilde to avoid confusion. We
also recall that submanifolds satisfying

H=Xx! 9.3)

are called self-expanders and are critical points of the renormalised MCF.
We now state the following convergence statement, whose proof shall take up the
remainder of the section.

Theorem 9.2 Suppose that M; is a tame entire solution to spacelike MCF (1.3) such
that My is asymptotic to the cone L as in Definition 9.1. For any sequence t; — oo there
is a subsequence (also labelled t; ) and a self-expander Moo such that the renormalised
flow satisfies A?,i — My in Cpe asi — oo.

We first show that (9.1) is preserved by the flow, by attaching expanding quasi-
spheres of arbitrarily large radius to the initial data. For this purpose, we begin with
the following result.

Lemma9.3 Let p € R*™, let R > 0 and recall the inside I; of the quasi-sphere
expander from Definition 1.6. Suppose that Mo C Iy and Mg has v? < C, everywhere.
Fore < 1, let

Oc={x+yeR"|x € My, y € R" = spanley, ..., en}, |yl <€}

There exists C = C(Cy, R) > 0 such that, for alle < 1, O C Ice/n.

Proof Without loss of generality we may take p = 0. By observations in Appendix
A, since v2 < C, there exists 7 € (0, 1) such that for any direction 8 € R™ (using the
notation of Sect. 7),

Ditig -0 <1 —1.

Hence, a short calculation using the gradient estimate (and mean value theorem) shows
that if we take

1—1
pP=R ,
T

then the graph of &1y over R” \ B,(0) C R” cannot intersect the quasi-sphere So. We
may therefore estimate

ol < Vv R% + |x|? on B,(0),
VT =1 (x| = p)+VR>+ p?2 onR"\B,(0).
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We consider a point x + y € O,. Over B,(0) we have

R n n R
IvlI> < (lioll 4+ €)% = lldoll* + 2€lldioll + € < |x* + R* + 2e—=+ €2,

7

and so at any point x 4+ y € C, N O¢ (where C, is as in Definition 4.1),

|x+y|2>—R2—e Zi—i—e .
JT

Now we consider the minimum value of |x 4+ y|> on O, \ C,. We have that

2
bty = P = [VT= 7 (el = p) + VRZ 4+ 7 + €]
— x> 42 [,0(1 —r— (\/RZ Fol+ e)\/l - r] Ix|
—(1—0)p? +2p\/ﬁ(\/1e2 ¥ 2 +e) - <\/R2 ¥ p2 +e)2
=Y (|x]).

Note that v is a quadratic in |x| with positive highest order term. Therefore, v attains
its global minimum at

( R2+p2+6)4/1—r—p(1—f) -1
T

lx| = €,
T
and
2
1—1 € 3 22
v =\p+ € —[—+ R +p]
T T
2
€ €
:pz—(Rz—i—pz)—i-Z[p\/l—T—\/Rz—i-pz:lg—l—[l—‘t—l];
1 ep €2
= —R*-2 —Jl-1| == —.
[«/l—r }T T
The claim now follows. |

Lemma 9.4 Suppose that w is a tame solution to (1.3) and the initial data satisfies
(9.1). Then, forall t > 0,

lim sup |w(x,t)—U(x) =0.

R_)OO)CER”\BR
More precisely, for any €, T > 0 there exists p = p(€, T) such that forallt € [0, T),

sup lwx,t) —Ux)| < e.
(x,1)€(R"\B,)x[0,T)
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Proof Our aim is to show that sufficiently far away from the origin we may attach
quasi-spheres to My with arbitrarily large negative square radius, which then contain
My. As the barriers starting from these quasi-spheres move arbitrarily slowly the
theorem will then be achieved. We make this intuitive argument explicit, due to the
difficulty in visualising higher codimension submanifolds.

For any p in the asymptotic cone L and any unit vector v € N, L we define

Gpovi(X):=Ix — p — Av[* + 2%

We now complete the proof in several steps.

Step 1 There exists Ry > 0 such that for any x € dB1(0) C R" and any v €
N, vy L, we may attach a quasi-sphere of square radius —Ré in any unit direction
v which contains L; that is, ¢ v (x)),v,R, = 0 everywhere on L.

Proof We observe that at p = (x, U(x)), ¢p.,,2(p) = O for all A and, since L is
spacelike, ¢, ,,0 > 0 on L. Furthermore,

i(p)::inf{k €[0,1]1¢p,v = 0on L forall unitv € N,L} >0

as otherwise we may contradict uniform spacelikeness using the mean value theorem.
Furthermore, the fact that L is uniformly spacelike implies that there exists R such that
if A(p) < 1, then there is y € B such that ¢p’v’5»(y, U(y)) =0.As ¢, . is smooth

in p, v, A, we see by standard methods that A is (Lipschitz) continuous. Therefore A
has a positive minimum, Ry, on d B1(0) as claimed. O

Step2 Foranye > 0, R > 0, there exists py = po(R, €, tig) > 0 such that for any
x € R"™\B,(0), and any v € N uw))L, Mo is contained inside a quasi-sphere of
square radius —R? with centre (x, U(x)) — (R — €)v.

Proof By the scaling properties of the cone and quasi-sphere, we may choose p; =
p1(R, Ro) sufficiently large so that Step 1 implies that for any p € L \ Cp, and any
unit v € N,L we can attach a quasi-sphere of square radius —R? in direction v
which contains L. The condition (9.1) now implies that for any € > 0, there exists
p1 < p2 = p2(Mo, €, p1) such that

sup lag —U| < €.
R™\By, (0)

Lemma 9.3 now implies that by choosing € to be sufficiently small and relabelling
constants the claim follows. O
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Spacelike Mean Curvature Flow

Step 3 Completing the proof. Given any € > 0, T > 0, we choose R > 0 so large
that the quasi-sphere expander starting from square radius —R? as in Step 2 moves at
most 5 in direction v on the time interval [0, 7']. We now apply Step 2 to find a 5 such

that for all x € R"\ B, (0), we may attach expanding quasi-spheres in any direction as

in Step 2. The proof is complete by choosing € < Ciu O

The following result is proved in a similar way to Proposition 8.2, and indicates
that if we have only small osculation of ||u||, then v> decays exponentially in time.

Lemma 9.5 Forany € € (0, 1) and tame entire solution to (1.3) such that
v’ <Gy |HI? < Ch,
there exists R = R(e, Cy) > 1 such that: if forallt € [0, T)
O<ui <Cyu<lonCgrn M;,

then for all y € C1 N My,

wi (1) < (1+6)e + ¢ sup wiea.

CrNMy

Proof We see from Lemma 3.8 that for f = wj 2 4 we have that

d
<5 - A) < —e“iwf\(wi —1) < —e Cufrqp f.

We choose ¢g as in Proposition 8.2, and set g = cpllg f, where R will be determined
later. Arguing as in the proof of Proposition 8.2, we have at an increasing maximum:

d
0§<E—A>f<pR(r)< 8<pr +f(pR+fC(R + R~ )p22’

where § = ¢~ Cu, Taking p = 3,
8(pr)? < o3 FIC(R™" + R7HC, + 11,

which implies that

-1 )
031 < max { VACR +RC 4 1) - f} .
\/S MyNCg

Taking instead p =5,

d
(E—A>g< —8¢>+g+C(R"+ RAC,
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or, writing g = g — %, we have that

4 A g < -8+ CR "+ RHAC, + 1
dr = 48

2

Using the concavity of y(x) = C — x*, we may estimate that for

53 = \JSC(R™ + R2)AC, + 1 /4i=b

we have

d

— —A)g < -2bg

<dt ) § =708
Hence,
b b
g <max{e P'supg, -t < - +supge .
My ) ) My

Picking R sufficiently large depending on € and C, (where we estimate § by 1), we
may assume that b < % Hence on C; N M,

2 —
wie's < (14 €)eCr + 71297 qup w?

CrNMy

2
e'a

as claimed. O

Corollary 8.5 implies that there exists a constant ¢y depending only on the initial
data such that, on M;,
0 <r?<co+2nt+ X% 9.4)

Hence, on M), there exists C depending on the gradient bound C, such that
X7
—— <C.
co+ X2

1x42

We now use (9.1) to show that X

decays far away from the origin.

Lemma 9.6 Suppose M satisfies (9.1). For all T > 0, there exists R(T, L) > 0 and
C = C(Cy) such that forallt € [0, T) and p € M; \ Cg,

|~

[l
e 2.
X2
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Proof We pick ¢ < ¢2T sufficiently small such that (1 + €)e — 1 < e~T. Let R be
as in Lemma 9.5 with this choice of €.

At p € L,let{vy, ..., v,} be an orthonormal basis of N, L. We rotate about 0 in
R™"™ so that v4 is in the e4 direction. In rotated coordinates we will write all objects
with a check, e.g. p for the rotation of p, Cr(p) for a cylinder of radius R at p in
the new rotated coordinates. Since L is a cone, vi, ..., V, is also an orthonormal
basis of N, L for all A > 0. From scaling properties of the cone, by assuming |p| is
sufficiently large, we see that L may be arbitrarily well approximated by its tangent
plane, R". Therefore, due to the gradient bound and Lemma 9.4, there exists R; > 0
such that for all p € M, \ Cg, (in the unrotated coordinates),

0 < ii4(g.1) < eforallt € [0,T), G € Cr(p) N M.
We assume we have made R; sufficiently large so that |X| > 1 (if not, we increase
R1). We therefore may apply Lemma 9.5 so that on [0, T') we have
WA < (14 €)ef + Ce,
where C = C(C,). Rotating back, we see that for all ¢ € M; N Cvl (p) there exist
orthonormal timelike constant vectors €y, . . ., €, such that

lexll> < (1 +e€)e + Ce™" .
Let f, be an orthonormal basis of T, L (similarly extended). Since
vg = Z<fz VA>fvi — Y (va.és)és,
i B

we then have that

—1=Pnal =Y (7 vA)2 — > (va.2s).

i B

Thus,

Nk Znegn

We deduce that for any ¢ € M, N C; (), we may write ¢ = X + 1 where X € T,L
and W € N, L, to estimate

(B R
VIXE T VIR = ()2
lxl«/—\/(1+6)e€—1+Ce—f+f((1+e)e +Ce™)

VIX|? —me

N\

< Ce~
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due to the chosen bounds on €. As C depends only on C,, the statement follows. O

Recall the renormalising of MCF givenin (9.2) and that we write all quantities for the
rescaled flow with a tilde. For convenience we define the scaling factor A(1) = 1

o JV1+2t°
We see that, under the renormalisation,
X ~ =
— =H-X.
ds

We want to understand how quantities evolve under the renormalised flow based
on their evolution under MCF. We will say a quantity f (for example, a function) is
of degree « if when the submanifold is dilated by a factor of A, the rescaled quantity
satisfies f = A% f.

Lemma 9.7 Suppose f is a function of degree o.. Then

<i—A)f=A“—2(i—A>f—af
ds dr '

The same statement is true of tensors.

Proof The proof for functions is exactly asin [19, Lemma 9.1]. The tensor case follows
identically, however note that we also rescale the coordinate vectors. O

We now note that we have the following evolution inequalities along the renor-
malised flow.

Lemma 9.8 There exist Y, p > 0 depending on n and C,, such that along the renor-

malised flow,
d ~\ 1 _2
— —A)—e T >0.
ds tP -
where 72 is the renormalisation of r* in Corollary 3.2. Furthermore,

LVIHA = 342

d -\ ~ ~ - .
— - H-X'))2<2H-X*+)P--—0 - 1
( )n I”? < -2 e e av:

ds

Proof We have that

d .
<— — A) 72 = —2n —2F* — (3% — m).
ds

Since

<%—A)ef —of <<%—&)f— IVf|2>,
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if we let f = —fr—zt — plogt, we see that

d ~ 2
(——A)t_pe_“ff
ds

2 (1 2 p 4F|VF]?
— P [ ~2 ~2 I R L S
=t Pe™T (Tt(2n+2r + (@ k))jtm2 ; 22 )

F2(Y — 4C,,)>

2 1
>t P T [ —@Qn+ 277+ @ —k) =T
=1 "e (Tt(n—l— 4 (v ) p) + )

Hence, taking ¥ = 4C, and p = 4% gives the first claim.
Since Hy is degree —1, using Lemmas 3.9 and 9.7 we obtain that

d -\ ~ ~ | p ~ ~ij ~
d——A HA=—HB<V ,II,‘]'><II ,VA>+HA.
S

Similarly, for Q 4:= (X, v4) of degree 1, we may use Lemmas 3.3 and 9.7 to yield

((;j_s — A) éA = —QB <UB, 1~I,‘j><1~1ij, l)A>—2ﬁA - QA-

Writing W4 = Ha + O 4 and the nonnegative 2-tensor Sf = (v, I~Iij> <I~Iij, UA), we
have that

L A) W= WSt - W
s A= BOA A

As||H — XHP?P =30, VT’%, we have that

d - ~ o~ ~ o~ o~ ~ o~ ~ o~
<£ - A) IH — X*|1> = —2WpSBAW, —2||1H — X122 VE(H - X))

~ = 2
~ g~ o o 1|VIH - X%
< B A —2| ll PR AN

The second claim follows. O

Given equation (9.4), on M,, we now know that for ¢ > ¢¢ we have

l<c+ |)~(|2=Ztc and lim inf 7, — oo. 9.5)
R—o00 M \Cg

This leads us to a further evolution inequality along the renormalised flow.

Lemma 9.9 There exists ¢ > 0 such that, along the renormalised flow,

d - ~ ~
(- — A) |H — X% <o.
ds
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Proof Writing f = |H — X1 and estimating using Young’s inequality:
d « —1 o VP —1
(E - A) it s =gt - - Z(Vf, Vi, )
d -\ = ~
+fe! (—rcl <d— - A) X1 - 2r02|V|X|2|2)
s
< ! (-2 +20n + |3('|2)r;1) .

For ¢ > n, we may estimate (n + |)?|2)t_1 < 1, giving the result. O

Finally, we use an argument similar to [8, Theorem A.2] to get our claimed con-
vergence.

Proof of Theorem 9.2 We write f = |[H — X||>z;". Clearly f is bounded. We claim
that
limsupsup f = 0. 9.6)

t—>o00 M,

Let € > 0. We first show that outside cylinders of sufficiently large radii and for
sufficiently large times, f is smaller than €: Under the renormalised flow H is bounded,
so we only need to show that || X+ ||zrc_ ! is small. We first wait until

2C
to =2log| — |,
€

where C is as in Lemma 9.6. By Lemma 9.6, there exists R = R(#y, L) such that for
allt € [0, 2t9), on M, \ Cg,

t

f<Ce 2.

In particular, for all ¢ € [#g, 21p), on M, \ Cg,

f=

SN

On the interval [ty, 00), for a, § > 0 we consider the function

2
g=f—€—ay, wherey = (t —1ty+8) Pe Tt

We choose p, T > 0asin Lemma 9.8 so that the heat operator acting on  is positive.
Furthermore, after choosing § > 0 small (so that this is a smooth function at time
t = ty) we observe that there exists a > 0 such that at time 7y, g < 0. Outside Cg, this
is trivially true, and inside this follows since ¥ is strictly positive and continuous, and
f is bounded.
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For all t > 79, Lemma 9.6 guarantees that the set such that f > % is compact.

Observing that
d
——A)g <0,
(5-2)e=

we may therefore apply the weak maxiumum principle on larger and larger compact
domains to imply that g < 0. Since i decays uniformly to zero,

lim sup sup f < 2e.
=00 Mt

Since € was arbitrary, (9.6) holds.

As aresult, for any t; — oo, for all 1 < j € N Proposition 8.3 and Corollary 8.4
we have uniform curvature and higher order estimates on C; N M,,. Arzeld-Ascoli and
(9.6) imply there exists a subsequence which converges to a portion of MCF expander
asi — oo. Repeating this argument for each j and taking a diagonal sequence implies
the statement. O
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Appendix A: Spacelike Mean Curvature Flow of Graphs
In this appendix we consider the mean curvature flow equation in terms of a graph;
that is, for a function # : R" x [0,T) — R™ defining the parametrisation X :
R" x [0, T) — R™*™ by

X, t) =x'fi + 2 (x, tea.
We see that

Xi = fi+ Dili(x,n)%ea,  gij = 8ij — D Djiia,

and we consider the flow only when it is spacelike; i.e. g;; > 0 as a matrix. Equation
(1.1) now reads

1 2% 1
dXx i 0°X
ax'ox/
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which implies

We observe that

A . 1 L
gAB~=(€AyeB>

= <6A - <€A, )A(i>gij??j, ep — <e3, ?A(k>gklffz> = —84p — Difiag™ Diitp.

At any point we may take coordinates on R” so that D,-ﬁADjﬁ A is diagonal with
eigenvalues X; € [0, 1). We see that (without summation in A),

. (Djiip)?
=—1- — < 1, Al
gAA Z ey (A.T)
and so ¢ is a symmetric negative definite matrix (which is bounded as A; < 1). Hence,
g is invertible and spacelike mean curvature flow is equivalent to

~A

d
%—g”(Du)DzA 0 forA=1,...,monR" x [0, T), (A.2)

where, as usual, g’/ is the inverse of 8ij =8ij — D,’ﬁADjﬁA.
We see that the gradient function

v —ZneAn Z —gaa = m + Difiag D ;i _’"‘“Zl_x

Clearly while the gradient function is uniformly bounded, A; < 1 and therefore g;; is
positive definite and (1.3) is uniformly parabolic. Hence v? acts as both an estimate
on how spacelike the surface is, and also the parabolicity of the PDE. We observe that
this is equivalent to a bound for some ¢ € (0, 1)

Dyu-6:=v'Diju6y <1 —c¢ forallveR" 6 € R" where ||6]| =1, |v] =1.

One way to see this is to consider v and 6 which are maximisers of Dyu - 6 and note
that then, due to properties of maximisers, v is the largest eigenvector of Diu*D jUA
with eigenvalue A; = (D,u - 0)*. The claimed equivalence now follows.

In the Neumann boundary condition case, over the domain €2 the same equation
(A.2) holds, but we still need to consider the boundary condition. We require that u,
which by abuse of notation is both the unit normal to ¥ and the unit normal to 92, is
in T M. Thus

p=pfi=pn' = <,U«aXi>ginj = nig’ X;,
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soforalll < A <m, L
0 = ,u,iglj D]I:iA (A3)

Multiplying by Dyii 4 and summing over A we have that
0=pig" Djit" Difig = pig” (80 — gjn) = pig" — .
Substituting this back in to (A.3) yields that forall ] < A <m
D, i = Wi Dt = 0.

In graphical coordinates the spacelike MCF with Neumann boundary condition
thus becomes that, forall / =1, ..., m,

dat iy 2 A A

- g J(Du)D,-ju =0 onQx|[0,7),

Dt =0 on 992 x [0, T), (A4)
at(,0) = af () on Q,

where g%/ is strictly positive definite and bounded if and only if v < C < oc.

Appendix B: Uniqueness of MCF over Compact Domains

We demonstrate the uniqueness of solutions to the Dirichlet and Neumann problems
simultaneously.

Proposition B.1 Suppose that Q@ C R" is bounded, with smooth boundary 0S2. Let

u,z € CEHQ %[0, T)) N C>®(Q x (0, T)) be solutions to either (6.3) or (7.2) which
are uniformly spacelike; i.e. there exists ¢ € (0, 1) such that

|DiA|, DA <1 —¢  foralll < A <m.
Ifii(-,0) = 2(-,0) then forall t € [0, T), a(-,t) = z(-, t).

Proof We consider y4 = 44 — 24,

d I N L
ayA = g (D) Dijy* + (¢ (D) — g (D?)1D;;54
. Lg ..
= g'](Dﬁ)Diij +/ Eg”(Dur)erijEA
0
1

— ¢ (D) Dy — D — 2)p f 2D g™ (Duy)g? (Duy)dr Dy

0

=g (D) Dijy" — DyypV ™ D2

@ Springer



B. Lambert, J. D. Lotay

where u; = tit — (1 — 1)z and V 8/ is bounded due to spacelikeness of 7 and Z. We
see that considering everything graphically,

d T L - L
3 V1P = g7 D) DijllyI* = Diys VU Dyje"ya =237 Diyag” (Di)Djya
A=1
< gD DijlIyI* + Clyll* .
where C depends on C, and sup |D?v|.If i1, Z satisfy (7.2) then on <2, || y||> = 0.
Qx[0.T)

On the other hand if i, Z satisfy (6.3) then at the boundary D, ||y 1?2 = 0.

In both cases we may apply the maximum principle to yield

sup [|yl12(, 1) < " sup [|y[I*(-, 0)
Q Q

which implies the result. O

Appendix C: Evolution of Symmetric 2-tensors

We derive a general evolution equation for a symmetric 2-tensor along a spacelike
mean curvature flow M,.

Lemma C.1 Suppose that T is a smooth symmetric 2-tensor on R™"™. We write the
restriction of this tensor to T M; as

T =T(X;, Xj).
Then
VikTij = ViTij + Tk, X ) + T(X;, Hyj).

and

d —_ —
<E - A) Tij = HAWN, Ty + HARY Ty — 5V T3 — 2V T (115, X )

— 2V T (Xi, I1%) — hg G Tyj — Wi RS Ty — 203 P Tap.
Proof We have that

d — — _
gl =Vuly +T(ViH, Xj) +T(X;, V;H)
_v 1 1L Apk Apk o
=VuTij+T(ViH, X))+ T(Xi, Vy H) + H iy, Tej + H hy; Tk,
where we used that
ViH = VH + H RN Xy
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We calculate
ViTij = ViTij + T i, X)) + T (X, 1 g)).
We also see

ViVikTij = ViViTij + Vi, Tij + VT (Ui, X)) + VT (X, 1))
+ViT Ui, X ) + T(Vi- I i, Xj) + hfphy, Ty + T (I ki, 1)
+ VT (X, i) + T(X;, Vi) + h;f,'hg,Tip + Ty, Hyj).

Putting this together and using Codazzi—Mainardi gives the evolution of T;;. O

Appendix D: An Extension of Boundary Quantities

We demonstrate the following.

LemmaD.1 For ¥ as in Sect. 6, there exists a smooth extension of u and IIE, the
outward normal and the second fundamental form of X respectively, such that on %,

V=0, V,II*(X,Y)=0.

Proof We consider the function d : R" — R, defined to be the signed minimum
distance to 92 C R” where d is positive in 2. Since 92 is smooth, there existsacg, Cyq
such thaton the set U:={x € R"|d(x) < ¢4}, d is smoothand | Dd|+|D*d|+|D3d| <
C,.0n U, we define

A=-Dd, AX,Y)=(DxQi,Y),

and outside U we take both to be zero. Standard properties of the distance function
imply that on U, Dﬁﬁ = 0, and clearly on 9€2, A is the second fundamental form of
dQ2. Since R” is flat we have that

DRA(X,Y) = (Da(Dx@d) — Dpyx L, Y) = (Dx(Daik) — Dpyalt, ¥) = —A%(X, Y).
We therefore set
AX,Y)=AX,Y)—dA%X(X,Y)

and we see that on 92, Dﬁ;f (X,Y) = 0. We now choose a smooth cutoff function
x : R — R such that x(x) = 1 for |x| < %‘1, x(x) = 0 for |x|] > 2%. For
(x,y) € R* x R™, define u(x, y) = x(d(x))fi(x) and define /7% to be the pullback

of x(d (x));f by the standard projection. All claimed properties now hold. O
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