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Abstract

We study problems relating to the D(2)-Problem for metacyclic groups
of type G(p,p — 1) where p is an odd prime.

Specifically we build on Nadim’s thesis [12], which showed that the
Z[G(5,4)]-module Z admits a diagonal resolution and a minimal representa-
tive for the third syzygy Q3(Z) is R(2) @[y —1). Motivated by this result, we
show that the Z[G(p,p—1)]-module R(2)®[y—1) is both full and straight for
any odd prime p. Given Johnson’s work on the D(2)-Problem [5], this leads
to the conclusion that G(5,4) satisfies the D(2)-property, as well as providing
a sufficient condition for the D(2)-property to hold for G(p,p — 1), namely
the condition that R(2) @ [y — 1) is a minimal representative for Q3(Z) over
Z|G(p,p — 1)], which we refer to as the condition M(p).

Following this result, we prove a theorem which simplifies the calcula-
tions required to show that the condition M(p) holds. Finally, we carry out
these calculations in the case where p = 7 and prove that the condition M(7)

holds, which is sufficient to show that G(7,6) satisfies the D(2)-property.



Impact statement

This thesis studies the D(2)-Problem, specifically for metacyclic groups
of type G(p,p — 1) where p is an odd prime. Notable strides forward are
made in the study of this problem, namely the results that the D(2)-property
holds for the groups G(5,4) and G(7,6). In the future, it is hoped that the
methods which are described and used in this thesis, particularly relating
to the Swan homomorphism and the condition M(p) can be utilised and/or

improved upon to further the study of the D(2)-Problem.
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1 Introduction

1.1 Motivation
1.1.1 The D(2)-Problem

The motivation for this thesis comes primarily from Wall’s D(n)-Problem

which was first formulated in [16].

The D(n)-Problem: Let X be a finite connected cell complex with

geometric dimension n + 1 and with universal cover X such that:
H,1(X;Z) =0 and H"(X;B) =0,

for all coefficient systems B on X. Is X homotopy equivalent to a finite

complex of dimension n?

In his paper [16], Wall solved the D(n)-Problem in the affirmative for
each natural number n such that n > 3. The D(1)-Problem was later solved
in the affirmative by Stallings and Swan [14], [15]. This left only the D(2)-

Problem, the primary focus of this thesis.

The D(2)-Problem: Let X be a finite connected cell complex with
geometric dimension 3 and with universal cover X such that:

Hs(X;7Z) =0 and H*(X;B) =0,

for all coefficient systems B on X. Is X homotopy equivalent to a finite
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complex of dimension 27

The D(2)-Problem is intrinsically connected to a second problem in
topology, which is known as the two-dimensional realization problem, or the

R(2)-Problem.

1.1.2 The R(2)-Problem

Let G =< 21,...,24 | Wi,...,W, > be a presentation for a group G, and
let Kg be the presentation complex of G, a two-dimensional CW complex
satisfying 7 (Kg) = G. Let K¢ be the universal cover of Kg, also known as

the Cayley complex of G. The cellular chain complex of K¢ gives rise to:
C.(G) = (0 = my(Kg) — Co(Kg) 2 C1(Kg) 25 Co(Kg) 25 7 — 0),

an exact sequence of right Z[G]-modules. Here, we have identified the mod-
ule Ker(dy) = Hy(Kg) with my(Kg) via the Hurewicz isomorphism and the

isomorphism induced by the covering map K, ¢ — Kg.

Since each C,,(Kg) is a free Z[G]-module, this construction suggests that
it might be informative to consider algebraic 2-complexes over (G, which are

exact sequences of Z[G]-modules of the form
0—=>J—FFK—>F —>F—7Z—0,

where each F), is a free Z[G]-module. By the third syzygy of Z over Z|G], de-
noted by Q3(Z), we mean the stable module [J]. While considering algebraic

2-complexes, an obvious question arises: whether each algebraic 2-complex

10



over G can be written as C,(G) where G is some presentation for G.

The R(2)-Problem: Let G be a finitely presented group. Is every

algebraic 2-complex over GG
0—J—F—F —F—7Z—0,

geometrically realizable; that is, homotopy equivalent to an algebraic 2-

complex of the form C,(G), where G is some presentation for G

Johnson showed in [5] that for finite groups G, the R(2)-Problem is
equivalent to the D(2)-Problem, that is, if the R(2)-Problem holds true for
a finite group G, then the D(2)-Problem holds true for all cell complexes X
satisfying m (X) = G and vice versa. This result has since been extended
further by Johnson, before reaching its current form, due to Mannan [10]: the
R(2)-Problem and the D(2)-Problem are equivalent for all finitely presented
groups G. If the D(2)-Problem holds true for a group G, we say that G
satisfies the D(2)-property. In this thesis, we focus on problems relating to
the D(2)-Problem for metacyclic groups of type

Glp,p—1)=<zy|a? =1,/ =Lyz =2y >,

where p is an odd prime and m is chosen so that the group isomorphism
6 € Aut(C,) given by 0(z) = 2™ satisfies ord(§) = p — 1. In Nadim’s thesis
[12], some work has already been completed relating to the existence of a
diagonal resolution for Z over Z[G(5,4)], we use this work as motivation to

study the more general case of G(p,p — 1).
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1.2 Statement of results

We begin in chapters 2 and 3 by taking a ring A with unity, and covering
some preliminary information relating to the abelian group Ewt (A, B) and
the derived module category of A, Der(A). In §3.3 we restrict to the case
where G is a finite group and A = Z[G], in this context we consider exact

sequences of A-lattices and homomorphisms
0=J58 M= 0,

such that S is stably free. We can then define an additive group homomor-

phism, known as the Swan homomorphism

SJ : AUtDeT(J) — f(o(A),

F e llim (£,

which plays a key role throughout the thesis.

In chapter 4, we state some results from [11] relating to Milnor squares,
we then outline a method which uses Milnor squares to classify Projective
modules over a ring A. This is followed in §4.3 by two theorems, adapted

from [3]:

Theorem 4.3.1.([3], page 30, 4.1.1) Given a quasi-augmentation sequence
S=0—=5 S5AL S, —0),
satisfying the condition

12



o Homp(S4,5-) =0;

there exists a Milnor square

A —" s Enda(S.)

|k

Endy(S-) —2— Endpe(S_),

where 71, jo and j; are surjective.

Theorem 4.3.2.([3], page 41, 4.5.2) With the hypotheses of the above the-
orem, if f_ € Endx(S_) is such that f_ € Autp,,(S_), then

li(f_, i) = M(Endy(Ss), Enda(S-), 7).

These theorems allows us to both construct Milnor squares from quasi-
augmentation sequences and find the kernel and image of the Swan homo-

morphism in some special cases.

In chapter 5, we outline some results from [5] which allow us to formu-
late a sufficient condition for the D(2)-property to hold for a finite group G,

namely:

Theorem 5.5.1. If a finite group G satisfies properties 1,2 and 3 below

1. G admits a balanced presentation;

13



2. Q3(Z) is straight;
3. the minimal module J in Q3(Z) is full;

then G satisfies the D(2)-property.
This theorem motivates the remainder of the thesis.

In chapter 6 we restrict our focus to the group ring A = Z[G(p,p — 1)]

where p is an odd prime. Motivated by the quasi-augmentation sequence
0— Tp1(Z,p) > A — Z|Cpq] — 0,

from [7] and our results in chapters 4 and 5, we work towards a deep under-

standing of the ring and A-module
To-1(Z,p) = {(aij)1<ijcp1 € Mpa(Z) | aiy € pLifi > j}.
We begin by outlining results from [7], namely a group presentation
A Gpp = 1) = Tpa(Z,p),
and a ring isomorphism

Ay Cp_l(Z<<)7 g) — 7;)_1.

These results are then used to endow 7,-1(Z, p) with a right A-module struc-
ture. As a right A-module, 7,_1(Z, p) is a direct sums of its rows, with this in

mind, we denote by R(4) the i"" row of T,_1(Z, p), and so, as right A-modules,
p—1
To1(Z,p) = @D R(i).
i=1

14



To conclude the chapter, we provide a full description of the rings Hom(R(), R(j))
for 1 <i,j < p—1, as well as a description of the abelian group Ko(7,-1(Z, p)).

In chapter 7, we continue to work over A = Z[G(p, p — 1)], where p is an
odd prime. A proof is given that G(p,p — 1) admits a balanced presentation
for any odd prime p, leaving only conditions 2 and 3 in Theorem 5.5.1 to
be proven true. Given that Nadim showed in [12] that over Z|G(5,4)], the
minimal module in Q3(Z) is R(2) ® [y — 1), we are motivated in chapter 7 to
prove that conditions 2 and 3 in Theorem 5.5.1 hold for the stable module
[R(2) ® [y — 1)]. Both of these conditions are proven to be true, in two of

our main theorems:

Theorem 7.1.3. [R(2) @ [y — 1)] is straight over A = Z[G(p,p — 1)] for any
odd prime p.

Theorem 7.2.5. R(2) ® [y — 1) is full over A = Z[G(p,p — 1)] for any odd

prime p.

In chapter 8, we begin by defining the condition M(p) on Z|G(p,p —1)]

as follows:

M(p): The third syzygy of Z over A = Z[G(p,p — 1)], Q23(Z), is the
stable module [R(2) @ [y — 1)].

15



Given our work in chapters 5 and 7, this immediately leads to the fol-

lowing theorem:

Theorem 8.1.1. Let A = Z[G(p,p—1)], if A satisfies M(p), then G(p,p—1)
satisfies the D(2)-property.

As previously noted, it has already been shown [12] that the condition

M(5) is satisfied, leading to another one of our main theorems:

Theorem 8.1.2. G(5,4) satisfies the D(2)-property

The remainder of chapter 8 is dedicated to refining techniques used in
[12] and using these refinements to show that the condition M(7) holds,

which leads to our conclusion and final theorems:

Theorem 8.4.1. Over A = Z[G(7,6)], Q3(Z) = [R(2) ® [y — 1)] i.e. the
condition M (7) holds.

Theorem 8.4.2. The D(2)-property holds for G = G(7,6).
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2 The abelian group Euxt}

Let A be a ring with unity, in this chapter we briefly outline some basic
definitions and properties relating to Ext}, roughly following the scheme of

sections 4.1-4.3 in [6].

2.1 The category of extensions

We denote by Ext} the collection of exact sequences of A-modules and ho-

momorphisms of the form
E=(0—E, 5 E 5 E —0),

Ext} can be regarded as a category by taking morphims to be commutative

diagrams of A-homomorphisms as follows:

E (0 » B, —— Ey —2— E_ )
lh thr lho lh,
F (0 > FL > Fo > F > 0).

For A,B € Mods we denote by Ext} (A, B) the full subcategory of
Ext} whose objects E satisfy F, = Band E_ = A. If E,F € Ext} (A, B), a
morphism A : E — F is said to be a congruence when it induces the identity

at both ends, i.e. h takes the form:

E (0 y B—— Fy —— A > 0)
lh l[d lho l[d
F (0 > B > Iy > A > 0).

17



We write ‘E = F’ when E and F are congruent. By the Five lemma, congru-
ence is an equivalence relation on Ext} (A, B). We denote by Ext} (A, B) the
collection of equivalence classes in Ext} (A, B) under ‘=". For any A-modules

A, B, there is a distinguished extension, the trivial extension
T=0—=B2BaA™ A-0),
where ig(b) = (b,0) and m4(b,a) = a. An extension
F=0—-BL X% A0

is said to be split when it is congruent to the trivial extension. F is said to
split on the right when there exists a A-homomorphism s : A — X such that
pos = Id. F is said to split on the left when there exists a A-homomorphism
r : X — B such that roj = Idg. The splitting lemma states that for a given
F € Ext} (A, B),

F splits <= F splits on the left <= F splits on the right.

2.2 The group structure of Ext}(A, B)

We now work towards describing an abelian group structure on Ezth (A, B)
with 7 as the identity element. To define the group multiplication, we must

first describe some natural constructions on Ext} (A, B).

Pushout: Let A, By, B, be A-modules; if f : By — Bsis a A-homomorphism
and E = (0 = B, = Ey 25 A — 0) € Ext} (4, B), we define

18



fu(E) = (0 = By L lim(f,1) = A — 0) € Ext} (4, By),

By ® Lk
where hg(f, i) = % denotes the colimit and j : By — hg(f, i)

is the injection defined by j(z) = [z,0]. The correspondence E +— f,(E)
determines the pushout mapping f. : Ext}(A, B)) — Ext)(A, By). The

pushout gives rise to a commutative diagram with exact rows as follows

(E) (0 y By ——— Ey —— A > 0)
lf* f lv l[d
f.(E) (0 — By — lim(f,)) —— A —— 0),

where v(x)=[0,x]. If in addition g : By — Bjs is a A-homomorphism, it is

straighforward to see that
(g0 f)(E) = g.f.(E).

Pullback: Let A, Ay, B be A-modules; if f : Ay — Asis a A-homomorphism
and E= (0 = B — Ey 5 Ay — 0) € Ext} (A, B), we define

f1(B)=(0— B = lim(y, f) = Ay — 0) € Ext) (A, B),

where lim(n, f) = {(z,y) € Eo x Ay [ n(z) = f(y)} and € : hm(n, ) — A
is the projection €(x,y) = y. The correspondence E +— f*(E) defines the

pullback mapping f* : Ext}(As, B) — Ext}(A;, B). The pullback mapping

gives rise to a commutative diagram with exact rows as follows

>1&n(777f) - >A1 >O)

L

B >EO iU >A2

f*(E) (0 ’

E (0

~
@)
~—
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where pg : @(n, f) — Ep is the projection ug(x,y) = z. If in addition

g : Ay — As is a A-homomorphism, it is straightforward to see that
(go f)(E) = f"og"(E).
Direct product: Let A;, As, By, By be A-modules and for r = 1,2 let
E(r) = (0 = B, = E(r)y — A, = 0) € Ext,(4,, B,).
Then E(1) x E(2) is defined as the extension
E(1) xE(2) = (0 — By X By —» E(1)g x E(2)g — A; x Ay — 0),

with the obvious mappings.

Note that each of the above constructions are compatible with congru-

ence, and so they descend to Ext}.

Using these constructions, we can now define the group operation on

Extl (A, B). Note that the direct product gives a functorial pairing
x : Ext} (Ay, B) x Ext} (Ay, By) — Ext}(A; x Ay, By x By).
For A-modules A, By, By there is a functorial pairing, the external sum
@ : Ext) (A, B)) x Ext} (A, By) — Ext} (A, By x By),

given by EGOF = A*(E x F), where A: A — A x A is given by a — (a,a).
Combining the external sum with the pushout, we obtain the Baer sum on
Ext} (A, B). Define the mapping o : B x B — B by (b,b) + b+ U/, let
E,F € Ext) (4, B), we define the Baer sum E + F by

E+F =a,AE x F).
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It is straightforward to see that congruence is compatible with the Baer sum,

and so we have a mapping
+: Exty (A, B) x Exty (A, B) — Exty (A, B),

which defines the group operation on the abelian group Ext} (A, B).

Now that we have defined the group structure on Extl(A, B), we de-
scribe some homomorphisms between these groups which arise as a result of
the pushout construction. If g : By — By is a A-homomorphism, the corre-
spondence £ — g.(€) gives a mapping g, : Extl (4, B;) — Ext}(A, By) such
that

ge(&1 + &) = gu(&1) + gu(&2).

Thus g induces a group homomorphism g, : Ext} (A, By) — Ext} (A, Bs).

We may also construct a mapping Homa (A, N) — Ezth(C,N) us-
ing the pushout construction. Given an exact sequence of A-modules and
homomorphisms £ = (0 — A LB Lo 0), there is a mapping

§: Homy (A, N) — Ext}(C, N), the connecting mapping, given by
d(a) = a.(€).

It is straightforward to check that ¢ is in fact an abelian group homomor-

phism. We will refer back to ¢ in § 3.2.
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2.3 Properties of the colimit

In this section, we prove some basic properties of the colimit which will
be utilised later in the thesis. All mappings in this section are A-module
homomorphisms. A A-module homomorphism g : A® B — C @ D is said to
be diagonal if, when written in matrix form

gl’llA—)O gLQIB—>O

9= )
g271ZA—)D 9272:B—>D

the matrix is diagonal, i.e. g;2 = 0 and g2 = 0. We now prove a proposition

relating to diagonal A-homomorphisms.

Proposition 2.3.1. Consider a short exact sequence of A-modules and ho-

momorphisms
0— B @ By - E(1)g® E(2)g & A & Ay — 0,

in which each of the mappings are diagonal, specifically i = i1 @ iy where
ir : B, — E(r)y and p = p1 ® ps where p, : E(r)g — A, forr =1,2. Let
f: B ® By — By ® By be diagonal, so f = fi & fo where f,. : B, — B, for
r=1,2. Then

lim(f,4) = lim(fy,41) ® Lm(f2, iz)

Proof. Recall that hgfl(f, i) = (B1®Bz)@(E(1)o®(E(2)o)’

Im(fx—i)
B, & F
while hﬂ(flail) - #x(i)iol)7
Bs @ E(2
and hgl(f2vi2) - #x(—)i;'

22



Define a A-homomorphism
(B1® B2) @ (E(1)g® E(2)) — lig(j], i1) @ Hg(fg,z'g)

((b1,b2), (€1, €2)) = (b1, e1) + Im(fi x —iv), (b2, e2) + Im(fa X —iz))

This map is clearly surjective and the mappings f and ¢ are diagonal, there-
fore

Im(f x —i) =Im(fy1 x —iy) & Im(fy X —is).
We deduce that the kernel of the mapping is I'm(f x —i), this completes the
proof. O

Corollary 2.3.1.1. Consider a short exact sequence of A-modules and ho-

momorphisms
O%BI@BQ i)E(l)o@E(2)0£>A1@A2—>O,

in which each of the mappings are diagonal and i = iy @ ia, as above. Let

fo : By — By be a A-homomorphism, then
lim(Idp, @ f2,i) = E(1)o ® lim(f2, i2).
Proof. For any £ € Ext}i (A1, By), Id.(£) = £ and so lim(Zdp, ,i1) = E(1)o.
The result now follows from the previous proposition. O
We now prove a second proposition relating to pushouts.
Proposition 2.3.2. Consider an exact sequence
0= Bi®B, 5 E— A0,

where i =11 19 and i, : B, — E forr =1,2. In this case, an isomorphism

hﬂ([dgl ®nldg,,i) = liﬂ(nldgz,, i) exists.
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Proof. Recall that

(Bi1® B) @ FE
Im(([dBl EBnIdBQ) X —i)’

hg(]dBl D n]dBQ, Z) =

(By) @ E
Tl]dB2 X —2'2).

hﬂ(n[de,Z-z) = Tl
We define a mapping

(By) @ E
Im(nldg, X —iy)’

(Bl@Bz)@E—)

((by,b2),e) = (by, e +i(b1,0)) + Im(nldg, X —iz).

One can check easily that the mapping is a A-homomorphism and by noting
that ((0,bs),€) +— (ba, e)+Im(nldp, x —iz), we see that the map is surjective.

We now find the kernel of the map.

((b1,b02),€)) € Ker <= (by,e+i(b1,0)) € Im(nldp, x —is, )
<= there exists ¢y € By such that (by, e + i(b1,0)) = (neg, —i(0, ¢2)),
= ((b1,b2),€) = ((b1, nea), —i(by, c2)),
<~ ((by,b2),€) € Im((Idp, ®nldpg,) x —1).

This completes the proof. O

We close this chapter with one final proposition relating to the colimit.

Proposition 2.3.3. Leti: ADB — M be injective and define h : A @B — A
by (a,b) — a. Then lim(h,i) = M/i(B).

Proof. By definition,
Ao M
lim(h,i) = ————.
(. 8) = T =

24



Consider the composition of the inclusion M — A & M with the projection

AGM
Ao M — Im(?x—i)’

Ao M

M -
2T T x =)

m— (0,m) + Im(h x —i).
This map is surjective:

Take a general element (a, m) + Im(h x —i) € %, m + i(a,0) is

clearly in M, and

o(m+1i(a,0)) = (0,m +i(a,0)) + Im(h x —i),

= (a’m) + ]m(h X —i).

To complete the proof, we simply note that Ker(y) = i(B).
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3 The derived module category

In this chapter we define the derived module category and discuss some of
its properties. The results in the chapter are largely adapted from chapters
5 and 7 of [6] and so complete proofs are not always given, as they can be

found easily in the reference. We take A to be a ring with unity.

3.1 Definitions

If f: M — Nisin Mod,, we say that f factors through a projective module,

written f &~ 0’, when f can be written as a composite f = £ on thus

P
AN
M / . N,

where P € Mod, is a projective module and 7, £ are A-homomorphisms. We

define

(M,N) ={f € Homn(M,N) | f ~ 0}.

By taking n = 0, we see that 0 € (M,N). If f,g € (M, N), with their
factorisations through the projective modules P, () given by f = a o 8 and
g = 7y o J respectively, then

f_g:<a’y>(,/85)-

Note that («7): P& Q — N and (%) : M - P& Q, andso f —g~0. It
follows that:

(M, N) is an additive abelian subgroup of Homy (M, N)
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We extend ~ to a binary relation on Homa (M, N) via
frg = f—g=0.

By extending & in this manner, ~ becomes an equivalence relation on Homy (M, N).

The equivalence relation ~ is compatible with composition:

Proposition 3.1.1. Given A-homomorphisms f, f': M, — My, g,q" : M1 —
M27

f=[ andgmg = gofmgolf
Proof. f=~ f',so f— f =0, therefore go (f — f’) ~ 0 and so
gofrgolf.
Similarly, ¢ — ¢’ = 0 and so (g — ¢’) o (f’) = 0, therefore
gof ~gof.
We deduce that go f ~ ¢’ o f'. O]
We define the derived module category of A, Der(A) to be the category

whose objects are right A-modules, and in which, for any two objects M, N,

the set of morphisms Hompe,. (M, N) is given by
Hompe,(M,N) = Homa(M,N)/{M,N).

Homy (M, N) is an abelian group, and so Homp,,(M,N) has the natural
structure of an abelian group. Throughout this thesis, we will use the no-
tation ‘=’ for homomorphisms in the derived module category, in the sense

that if f € Homy(M,N), f is the element in the derived module category

represented by f
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3.2 Results

Let G be a finite group with integral group ring A = Z[G|]. In this section,
we describe some results from [6] relating to Der(A). Each of the results will

be useful during calculations later in the thesis.

A A-module M is said to be coprojective if Exti(M,A) = 0. We now

quote a result, the ’de-stabilization lemma’ from ([6], page 97, 5.17).

Lemma 3.2.1. Let
O%J@Q0$Q1—>M—>O

be an exact sequence of A-modules in which Qq, Q1 are projective; if M is

coprojective then QQ1/7(Qo) is projective.
We now work towards describing an exact sequence which can be used
to describe homomorphism groups in the derived module category.

Proposition. Consider € = (0 — A LBEBC o0 e Exti (C,A). If C is

coprojective, then the connecting homomorphism
§: Homp(A, N) — Exty(C,N),

given by §(a) = . (E) which we described in §2.2 factors through Hompe, (A, N)

according to the diagram

Homa(A,N) g » Exth (C,N)



Proof. Assume that a € Homy (A, N) factors through a projective as follows

A——— N

\/

Then a.(€) = & onu(E). Now, 1. : Exth(C,A) — Exti(C,Q) is a group

homomorphism, and Fzt'(C,Q) = 0 as C'is coprojective, therefore

a,(€) = & o (&),
:g*(0)7
= 0.

In particular, § vanishes on (A, N), as required. ]

We now describe an exact sequence with connecting homomorphism 4.

Proposition 3.2.2. (/6/, page 104, 5.28) Let £ = (0 — A “BL O 0)
be an exact sequence of A-modules in which C' is coprojective; then for any

A-module N we have an exact sequence of additive groups
Hompe (C, N) 25 Hompe (B, N) 5 Hompe, (A, N) & Exth(C, N)

7, Batl (B, N) L Exth (A, N).

Here, 0, is the homomorphism described in the previous proposition and all

other mappings are the standard pullback mappings.

The above proposition has a dual proposition:
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Proposition 3.2.3. (6], page 101, 5.23) Let € = (0 - A 5 B % C — 0)
be an exact sequence of A-modules; then for any A-module M there is an

exact sequence
Homper (M, A) 22 Hompe, (M, B) 2 Hompe, (M, C) L5 Extl (M, A)
Ly BEath\(M, B) & Extl (M, C).

Here, 0,(f) = f*(€) and all other mappings are standard pushout mappings.

The above two propositions give rise to functors which will be of use to

us. Define Ezxact(6) to be the category whose objects are exact sequences
A1—>A2—)A3—>A4—>A5—>A67

and whose morphisms are commutative diagrams

Al > AQ > Ag > A4 > A5 > A6

A

B > By > B3 > By > B5 > B6.

Let £ =(0— A L BL O 0) be an exact sequence of A-modules and

homomorphisms, then Proposition 3.2.2 defines a covariant functor
Hom(&,—) : Der(A) — Exact(6).
and Proposition 3.2.3 defines a contravariant functor

Hom(—,&) : Der(A) — Exact(6).

To conclude this section, we will now explicitly describe a relationship

between the endomorphisms in the derived module category of two modules
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satisfying particular conditions. Given an exact sequence
E=0->J5PL M—0),

of A-modules and homomorphisms such that P is projective, one can define a
group homomorphism p : Endpe, (M) — Endpe-(J). Consider a homomor-
phism f € Enda(J), the universal property for projective modules implies

that a lift f: P — P exists and so a commutative diagram

0 sy J — P24 M > 0
ool
0 v J P LM > 0,

exists. Now, the homomorphism f’ need not be unique, but if we work in

the derived module category we have uniqueness i.e.
frg = f=yg.
Therefore, we have a well defined mapping p : Endpe.(J) — Endpe,(M)

One can easily check that p is a ring homomorphism, and in fact if M is

coprojective, p is an isomorphism. That is

Proposition 3.2.4. (6], page 133, 7.7) Let € = (0 — J = P 2 M — 0) be
an exact sequence of A-modules and homomorphisms such that P is projective
and M is coprojective, then p : Endpe,(J) — Endpe.(M) is an isomorphism

of rings.

3.3 The Swan homomorphism

Let G be a finite group and let A = Z[G] be its integral group ring. In this

section, we will define the Swan homomorphism S; : Autpe.(J) — f(o(A)
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and explore some of its properties. This section is adapted from chapters 5
and 7 of [6]. A A-module S is said to be stably free if there exists natural
numbers n, m such that S @ A" = A™.

Let £ = (0 — J 5 S 2 M — 0) be an exact sequence of A-modules

and homomorphisms such that S is stably free. Define a mapping
se 1 Endpe,(J) — Mody,
a li_n}(oz, i).

Proposition 3.3.1. (Swan’s projectivity criterion) If M is coprojective,

then sg(@) is projective if and only if @ € Autpe,.(J).

Proof. Assume that @ € Autp,,(J), using the pushout construction, we know

that a commutative sequence with exact rows

J—t s85_P N

bbb

0 ) T se(@) —2— M > 0,

jan}

0

exists. Let N be a A-module, the contravariant functor described in §3.2

gives rise to the following commutative diagram with exact rows

Homper (N, J) —== Homper (N, S) -2 Hompe (N, M) -% Extl(N,J)

e I |1a. Je-

Hompe, (N, J) L5 Hompe, (N, se(@)) 25 Hompe, (N, M) -2 Exti (N, J).

Id, is clearly an isomorphism, and since « is an isomorphism in the de-

rived module category, «, is an isomorphism on both Homp..(N,J) and
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Exti(N,J). S is projective, and so Hompe,(N,S) = 0, we deduce that
Homper (N, se(@)) = 0. Thus, for any A-module N, Homp,, (N, s¢(@)) = 0,

and so sg(@) is projective.

It remains to prove the reverse implication. Assume that s¢(@) is pro-
jective. By projectivity of S and sg(@), Hompe, (S, N), Hompe,(ss(@), N)),
Ezt} (S, N) and Ezt}(sg(a), N)) are all zero for any A-module N. By ap-

plying Proposition 3.2.2 to
0—>J5855 M0,

with N = J, we obtain a commutative diagram with exact rows:

0 — Endpe(J) - Exth(M,J) — 0

la* ljd*

0 — Endpe(J) - Exth(M,J) — 0.

By the Five lemma, o is bijective. Therefore, there exists a 8 : J — J such

that a*(8) = fo o = Id. Now,

a*(aoB) = (aof)oa
—ao(Boa)
~aold
~Idoa

= a*(Id).

By injectivity of a*, a o f ~ Id and so @ € Autpe,(J). This completes the
proof. O
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We can therefore restrict sg to Autpe,-(J) and think of it as a mapping

sg » Autpe,(J) — Ko(A).

It is shown in §7 of [6] that sg is not dependant on the choice of £, and is in

fact only dependant on J, we therefore define the mapping

SJ : AUtDeT(J) — K()(A)

a— se(@).

Furthermore, S; is an additive group homomorphism, and so we call S; the

Swan homomorphism.
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4 Milnor squares

Let A be a ring with unity. In this chapter we will briefly outline some
results from [11] regarding the classification of projective modules over A
using Milnor squares. We will then describe the Milnor square of a quasi-

augmentation sequence and outline a related theorem from [3].

4.1 Projective modules over Milnor squares

Consider a commutative square of rings and ring homomorphisms

A A

s

Ay =25 A

Consider the following conditions on the above commutative square:

Condition 1 : Given any A\; € Ay, Ay € Ay such that j;(\) = ja(A2)
in A, there is exactly one element A\ € A such that i1(\) = A; and ix(\) = Aa.

Condition 2 : At least one of the two homomorphisms j; and j, is sur-

jective.

We say that a commutative square of the above form satistfying Condition 1
is a fibre square, and a commutative square of the above form which satisfies
both Condition 1 and Condition 2 is a Milnor square. For the remainder

of this section we will work only with Milnor squares. Consider projective
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modules Py, P, over Ay, Ay respectively and a A’-module isomorphism
hIP1®A1A/—>P2®A2A/.

Define
ji* : R — R ®A¢ Alu

for i = 1,2. If we define M (Py, P, h) to be the set

{(p1,p2) € PL X Py | hojip1) = Jou(p2) },

we may endow M (P, Py, h) with a right A-module structure as follows:

(P1,p2) - A= (p1-i1(N), p2 - 12(N)).

In [11], some key theorems are proven relating to the classification of projec-

tive modules using Milnor squares, which we now state without proof.

Theorem. The module M (Py, Py, h) is projective over A. Furthermore if Py
and Py are finitely generated over A; and Ay respectively, then M is finitely

generated over A.

Theorem. Fvery projective A-module is isomorphic to M(Py, Py, h) for some

suitably chosen Py, Py and h.

4.2 Classification of projective modules

Later in this thesis, we will deal with several projective modules of type

M (Py, Py, h) where P;, P, are projective modules over rings A, Ay respec-
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tively which arise within Milnor squares of the form
A1 A
10
Ay —25 N
Consequently, it will be useful to classify modules of this type up to isomor-

phism. To do this, we use results from [6].
By ([6], 3.3, page 40) we know that a 1-1 correspondence,

Isomorphism classes of
Autp, (P)\Isop (P @ N, P, N)/Autp, (Py) + modules of type ,
M(Py, Py, h)

exists, given by

[h] — M (Py, Py, h).
In particuar, when P; = Ay, P, = Ay, we have a 1-1 correspondence,

Isomorphism classes of
AN\A*/AS modules of type ;
M(Aq, Ao, h)

given by

[h] —= M(Ay, Ao, h).

4.3 The Milnor square of a quasi-augmentation sequence

A A-module S is called strongly Hopfian if for each integer n > 1 any sur-
jective homomorphism ¢ : 5™ — S™ is necessarily an isomorphism. A quasi-

augmentation sequence is then a short exact sequence
S=0—=85_—=5—5 —0)
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over A such that Sy is stably free, satisfying the following conditions:

2. 5,,5_ are strongly Hopfian;

3. Homp(S_-,S4) =0.

We note that for A = Z|G] with G a finite group, in the case where S
and S_ are A-lattices, conditions 1 and 2 are automatically satisfied. For the
remainder of this section, we take G to be a finite group and A to be the
integral group ring of G, Z[G]. We now prove a related theorem, adapted
from [3]:

Theorem 4.3.1. ([3], page 30, 4.1.1) Given a quasi-augmentation sequence
S=0—-55ALS3 —0),

satisfying the condition
o Homp(S,,5_)=0;

there exists a Milnor square

A—" s Endy(Ss)

[

Endy(S-) —2— Endpe,(S_),

where iy, Jo and ji are surjective.

Proof. We first define the maps in the Milnor square. Given an element
A € A, we define a map f) : A = A by f(1) = \. Since Homy(S-,S;) =0,

f defines two unique maps, f., f_ such that
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s, > 0)

lf* [

A > Sy

S=(0 S

I

S=(0 > S_

~
)
~—

commutes. We define i;(\) = f, and i2(\) = f_, by construction it is clear
that these two maps are ring homomorphisms. Every map in End, (S, ) lifts
to a map in End,(A) by the universal property of projective modules, and
S0 1 is surjective, as claimed. We now move on to the maps j, and j;. jo Is

simply the standard projection map
Endy(S-) — Endpe,(S-).

Now, utilising Proposition 3.2.3 we see that Endp,.(S;) & Ext}(S4,S-)
via the pullback 0, : Endpe,(Sy) — Ext}(S.,S_). By Proposition 3.2.2
Ext} (S¢,S_) = Endpe,(S_) via the pushout d, : Endpe,(S_) — Ext}(Sy,S_),
we can now describe j; as the composition of the standard projection map

Endy(Sy) — Endp,.(S;) with 9, and §;!:
Endy(S.) — Endpe(S1) 25 Exth(S,,S_) 2 Endpe(S_).

Clearly j; and j, are surjective ring homomorphisms.

We will now show that j; o7; = jys 0is. Fix a A € A, there exists a

commutative diagram with exact rows

S=(0 » S — A » S, —2—= 0),



commutative diagram factors in the sense that a commutative diagram with

exact rows
S = (0 »S. — AL 5, > 0)
f- lfi l[d
0 »S. —— M L5 5, )
l]d lff lf+
S = 0 > S_ > A > Sy > 0)

exists such that ff o fi = fi. We deduce immediately that for each
A €A, Jrin(A) = Jaia(N).

It remains only to prove that given an f, € Enda(S:), f- € Endy(S-)
such that j;(fy) = j2(f-), there exists a unique A € A such that i;(\) = f,
and i2(A) = f_. Let fi,f_ satisfy these conditions. A commutative dia-
gram similar to the one above shows that there exists a A € A such that
i1(A) = fy and iy(\) = f_, the uniqueness of A follows from the condi-
tions Homp(S_,Sy) = 0 and Homa(S4,S5-) = 0 in our hypothesis. This
completes the proof. O

We conclude this chapter with the following theorem, which will allow us
to calculate the image of the Swan map in some cases which are of particular

interest in this thesis.

Theorem 4.3.2. (/3/, page 41, 4.5.2) With the hypotheses of the above the-
orem, if f— € Enda(S_) is such that f_ € Autpe.(S_), then

liy(f-,4) =2 M(End(Ss), Enda(S-), f_).
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5 A sufficient condition for the D(2)-property

Let G be a finite group and let A be the integral group ring of G, Z[G]. In
this chaper, we will briefly outline some results from [5], concluding with a
sufficient condition for the D(2)-property to hold for a finite group G. When

we refer to A-lattices, it is assumed that the lattice has finite rank over Z.

5.1 Stable modules and their associated trees

Let M be a A-lattice. We define the stable module represented by M to be
the set

[M] = {N € Mod, | there exists a,b € N such that M@A* = NGA® and N 2 0}.

We can associate with [M] a tree structure by drawing an upward di-
rected arrow from N to N & A for each N € [M]. As the Z-rank of A,
rkz(A) = |G| is finite, it is clear that the tree extends finitely downwards

and infinitely upwards.

e We call Ny € [M] a minimal module if it has minimal Z-rank, i.e.

rkz(No) = min{rkz(N) | N € [M]}.
e We call Ny € [M] a root module if there is no N| € [M] such that

N @& AN

Note that all minimal modules are root modules, while the converse is
not true in general. Fix a minimal module Ny € [M], let N € [M]; by the
definition of [M], there exists an a,b € N such that Ny & A® =2 N & A°. As
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rkz(No) < rkz(N), a > b and so a — b > 0, we can therefore define a height

function

h:[M]— N,

N a—b.

Note that the height function is independent of our choice of minimal
module Ny. We can now think of the minimal modules of [M] simply as
the elements of [M] with height zero. The stable module [M] is said to be
straight if |[h=1(n)| = 1 for each natural number n, a straight stable module

with root module Ny will have the following tree structure:

5.2 The Swan-Jacobinski Theorem

In this section, we briefly describe a special case of the Swan-Jacobinski
Theorem [2] and explore some of its connotations which are useful in the
context of this thesis. This treatment of the Swan-Jacobinski Theorem is

adapted from section 15 in [5].
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Let Ag = R|G]. Wedderburn’s Theorem gives a decomposition of Ag

into a direct sum of simple two-sided ideals

J=1

Ap = HMdi(R) x [ Me, () x [ ] My, ().

We say that A satisfies the Fichler condition if either r = 0, or fj # 1
for all k. We say that a A-lattice M satisfies the cancellation property when,
for any A-lattice N such that rkz(M) < rkz(N),

NeAN"=2=MeAN" = N=MaeA"™™.

Now, ([2], page 324, 51.28) gives the following special case of the Swan-

Jacobinski Theorem:

Theorem. Let G be a finite group such that A = Z[G] satisfies the Eichler
condition. Let M be a A-lattice, then each N € [M| for which there exists

an Ny € Mody satisfying Ng & A = N satisfies the cancellation property.

We can use the Swan-Jacobinski Theorem to make deductions about the

tree structure of stable modules over A.

Proposition 5.2.1. Let G be a finite group such that A = Z|G] satisfies the
Fichler condition. If M is a A-lattice, and h : [M] — N is the height function
for [M], then |h=Y(n)| =1 for each n > 1.

Proof. Let M,, N, be such that h(M,) = h(N,) = n where n > 1. We will
show that M, = N,. Let My € [M] be minimal, then there exists an r,s

such that r — s = n and
Mo® A" = M, & A°,
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Mya®d A" = N, & A°.

By the Swan-Jacobinski Theorem, My ® A"~* satisfies the cancellation prop-
erty and so

My® A% = M,
My& AN = N,.

This completes the proof.

]

Therefore, if A satisfies the Eichler condition, for each A-lattice M, the

stable module [M] has the following shape:

where the minimal level of the tree has £ > 1 elements. Note that for stable
modules over rings satisfying the Eichler condition, minimal modules are
equivalent to root modules. Recall the definition of stably free from §3.3.
We say that A satisfies stably free cancellation (SFC) if every stably free

A-module is free, note that the following statements are equivalent:

e A satisfies SFC;
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o S @ A* =~ AP implies that S = AP~

e the stable module [A] is straight.

A stably free A-lattice is said to be non-trivial if it is not free. It can be shown
easily that any integral group ring which satisfies the Eichler condition also

satisfies SFC.

Proposition. Let G be a finite group and let A = Z|G]. If A satisfies the
Fichler condition, then A satisfies SFC.

Proof. Let S be a stably free A-module. In this case, there exists integers
a,b such that
S @A A

Clearly b > a, and so A*~® satisfies the cancellation property by the Swan-
Jacobinski Theorem. We deduce that S = Ab— ]

5.3 Full modules

Consider an exact sequence of A-modules and homomorphisms
q)z(O—>Ji‘>S—>M%O),

such that S is stably free. Recall the Swan homomorphism from §3.3

Sy Autpe,(J) = Ko(A),

F e M (f, )]
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We may also define a mapping
v’ Auty(J) = Autpe,(J),
f=1T

If fisin Auty(J), we know from §2.2 that a commutative diagram

o =(0 > J > S > M > 0)

AN

with exact rows exists. By the Five lemma, ¢ is an isomorphism and so

liny(f, )] = [S] = 0 € Ko(A). Therefore

Im(v’) C Ker(Sy).
We say that J is full if the reverse inclusion holds, that is, if

Im(v’) = Ker(Sy).

5.4 Balanced presentations

Given any finitely generated A-module M we know that a surjective homo-
morphism A" — M exists for some natural number n, therefore, an exact
sequence

0—J3—>A? A" A—-7Z—0,

exists. We define the third syzygy of Z, Q3(Z) to be the stable module [J3],

the third syzygy is well defined by Schanuel’s lemma. Given a group G with
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presentation G =< xq,...,x, | Wi,..., W, >, there exists an exact sequence

(the cellular chain complex of the Cayley complex for G)
0—=m(G) > A" > AN - A—>7Z—0.

A finite group G admits a balanced presentation if there exists a group pre-

sentation

G=<uxp,...,205 | Wi,..., W, >,

for G such that g = r. Therefore, if G admits a balanced presentation G,

there exists an exact sequence
0—=m(G) > AN AN - A—-7Z—0.

We say that K in Q3(Z) is realizable if there exists a presentation G for G
such that K = m,(G).

Now, if G is a balanced presentation, rkz(m(G)) = rkz(A) — 1, in this
case, mo(G) is clearly a minimal module (and, by extension, a root module)

in 23(Z). We have shown:

Proposition. If G admits a balanced presentation, then there exists a min-

imal module J € Q3(Z) such that J is realizable.

5.5 The sufficient condition

We now have a key theorem from [5]:

Theorem. ([5], page 216, Theorem III) If each minimal module J € Q3(7Z)
15 both realizable and full, then G satisfies the realization property.
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For finite groups, the realization property is equivalent to the D(2)-
property [5], we can therefore conclude the chapter with the following suffi-

cient condition for the D(2)-property to hold.

Theorem 5.5.1. If a finite group G satisfies properties 1,2 and 3 below

1. G admits a balanced presentation;
2. Q3(Z) is straight;

3. the minimal module J in Q3(7Z) is full;

then G satisfies the D(2)-property.
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6 The ring 7,_1(Z,p)

Let p be an odd prime, denote by C, the cyclic group C, =< z | 2P =1 >,
Aut(C,) = Cp—1 and so there exists a § € Aut(C,) such that ord(0) = p — 1,

let m be such that 6(x) = 2™. We define the metacyclic group
G(p’p_ 1) =<,y | xP = 17 ?Jp_l = 17 Yyr = xmy >,

whose isomorphism class is independent of our choice of m. Let A be the

integral group ring of G(p,p — 1), Z[G(p,p — 1)], we will study the ring
To-1(Z, p) = {(aijhr<ij<p—1 € Mpi(Z) | ai; € pZ it i > j}.

For brevity, we will refer to 7,_1(Z,p) as T,—1. In [7] it was shown that a
surjective ring homomorphism A — 7, exists, which allows us to endow
Tp—1 with a A-module structure. In this chapter we will outline several results
from [7] before studying some other properties of 7,_1, both as a ring and as

a A-module.

6.1 The cyclic algebra construction

In this section, we will describe the cyclic algebra construction, as in [6]. Let
S be a commutative ring and 6 : S — S be a ring automorphism with order
dividing ¢; in particular, 6 satisfies the identity 87 = Id. We define the cyclic
algebra C,(S, 0) as the (two-sided) free S-module

C‘](S79):S'1+S~y+--.+5’,le—17
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of rank ¢ with basis {1,y,...,y? '} and with multiplication determined by

the relations

y'=1; y&=00y (E€¥9).
Two cyclic algebras are of particular interest to us. The first is constructed
by taking S = Z[C,], we then take 6 € Aut(S) to be given by 6(z) = 2™, as

in the introduction to this chapter. It is straightforward to see that
A= 0,1 (Z[C). ). (1)

For our second cyclic algebra let ¥, =1+ 2 + -+ 2P~ in Z[C,], and let ¢
be the primitive p** root of unity e%, we can then make the identification
Z(C) = Z[C,y]/[2;), where [¥,) is the right ideal generated by X,. We take
our commutative ring S to be S = Z(¢). As 6(X,) = 0, 6 induces an
automorphism 6 : Z(¢) — Z(¢) given by (¢) = (™. We can now construct
the cyclic algebra

€y (Z(0), D).

From our constructions, it is obvious that a surjective ring homomorphism

C,1(Z[Cy),0) — C,_1(Z((),0) exists and so we have a surjection

A — Cp 1 (Z(0), 0);
x— (;
y—=y.

We can use this surjection to endow C),_1(Z((), #) with a A-module structure.

We will see later in this chapter that C,_1(Z((), ) is isomorphic as a ring to

Tp—1, and so when we endow 7,_; with a A-module structure in the obvious
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way,

7;71(2717) =A Cp—l(Z(C), 0).

~—

~~
(N}

~—

6.2 The isomorphism C, (Z(¢),0) = T, 1(Z,p)

We now describe a ring homomorphism X, : C,_1(Z(C),0) — T,_1(Z, p) which
was first formulated in [7]. Observe that {1,(,..., (P72} is a Z-basis for Z(().
Note that (¢ —1)" = > 5 _o(=1)"7*(})¢* and so

(=(C—-1)+1;
C=C-1D)+2(¢ -1+

r—1
(= )= k<7"> ck.
k:O
By making elementary basis transformations, we see that
{(C - 1)11—2’ (C - 1)1)—3’ BRI (C - 1)7 1}7

is a Z-basis for Z((). Now, consider the right action of G(p,p — 1) on Z(()

Z(¢) x G(p,p — 1) = Z(()
z-(2"y") =07°(z- 7).

Identifying Z(¢) = ZP~' with the basis {(¢ — 1)?? "}o<,<p_2, the above
action describes a representation A : G(p,p — 1) = GL,_1(Z). Observe that
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for0 <r<p-3,

A HC=1)T=(C~-1)¢
= (=D (¢,
whilst
A D=1 == 1)+ (-2
Now, it is well known ([1], page 87, 3) that p = (C—1)~1u for some u € Z(C)",

and so
A H(C =1 = (=) +put.

Therefore, A(x™!) takes the form

1+pa,—o 1 0 0 0

pay,—3 1 1 0 0

Aa—b) = pap—4 0 1 ... 0 0
: : 10

pay 00 0 11

pag 00 0 01

1

Now, 7! generates C, and A(x™!) lies in the unit group of 7,_1(Z,p),

U,—1(Z,p), and so
/\(Op) C Up_l(Z,p).

This result is expanded on in [7] to show the following:

Proposition. A\(G(p,p — 1)) C U,—1(Z,p)

We can now think of A as a map A : G(p,p — 1) = U,_1(Z, p), which

extends naturally to a ring homomorphism
At A= T, .
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It is clear from our description of A that A(¥X,) = 0, and so A, induces a ring

homomorphism

At Cpr(Z(6),0) = Tp-r.

In [7], it is shown that A, is in fact a ring isomorphism. We can therefore
endow 7,_; with a right A-module structure which is inherited from the
A-module structure of C,_1(Z((),0). As M\(¥,) = 0, we can now prove a

proposition which we will utilise later in this thesis.

Proposition 6.2.1. For anyt € T,-1(Z,p), t - £, = 0.

Proof. t-%, =t (M\(X,)) =t-0=0. O
We now use this result to prove that 7,1 =[x — 1)

Proposition. Ker(\.) = Spang{2,, X, -y, ..., Xz - y* 2}

Proof. Let S = Spanz{X;, Xz vy,..., 3z -y 2}, \(2,) = 0 by Proposition

6.2.1 and so S C Ker(\,). We now have a short exact sequence
0— Ker(\)/S —A/S — T,-1 — 0.

To prove our result, it is therefore sufficient to show that A/S is torsion free,
but {z%9° | 0 < a,b<p—-2}U{Z,,X,y,..., 5, -y’ 2} is a basis for A which

includes a basis for S, and so A/S is torsion free. O]

We now consider the map ¢ : A — [z — 1) given by a — (z — 1), we

have the following proposition.

Proposition. Ker(yp) = Ker(\.)
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Proof. Consider the exact sequence
0— Ker(p) > A S [z —1)=0.
Note that Ker(A.) C Ker(p), this gives rise to a second exact sequence:
0 — Ker(p)/Ker(A\) — A/Ker(A) — [x —1) — 0.

But A/Ker()\,) and [z — 1) are both torsion free with Z-rank (p — 1)?, and
so any surjection A/Ker(\.) — [x — 1) is necessarily an isomorphism. We

deduce that Ker(yp) = Ker(\,). O

The above propositions provide us with an explicit isomorphism
Tp1(Z,p) =[x — 1)
We have shown:

Corollary 6.2.1.1. 7,_1(Z,p) = [z — 1).

6.3 Homa(R(i), R(j))

When considered as a right A-module, one can think of 7, ; simply as a
direct sum of its rows, we denote the i row of T,_; by R(i), and so as

A-modules,
p—1
To1(Z,p) = EP R().
i=1

In this section, we will find explicit descriptions of the rings Homy (R(7), R(j)),
and then state the description of Homp,,(R(7), R(j)) from [7]. We begin by
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defining a mapping f : Z*> — {0,p — 1} by
o p—1, ifi>j,
fi,j) =

0, otherwise.
If €(4, j) is the (p — 1) x (p — 1) matrix described by €(i,j),s = ;,0;, then
T,—1 has Z-basis given by

{t(i,)) = (i, )1+ f(i,5)) [ 1 < i, j <p—1}.

We now define p — 1 vectors in M (,—1)(Z), each with a right A-action given

via 7,1 in the obvious way.
e a;=(10..00);

® 4y =(01..00);

® a, o=(00..10);
®a, 1 =(00..01).
We can think of R(i) as having a Z-basis
{a;(1+ f(0,5)) = ait(i,j) [ 1 <j <p—1},
We have shown:

Proposition. R(i) is generated over A by a;.

Therefore, any A-homomorphism ¢ : R(i) — R(j) is defined completely
by ¢(a;). Assume that

p(a;) = anan € R(j).
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Where z,, € Z for each n. Note that we have not placed any further restric-
tions on the values of x,, and so ¢(a;) need not be in R(j) as things stand,
this is done in order to simplify the following calculation, and the discrepancy

is dealt with shortly. Now, a; >, ;t(m,m) =0, and so

0= ¢(a; Z t(m,m)) = Z_:xnan Zt(m, m) = Z T,

m#i m£i n#i

and so x, = 0 for n # i. Concluding,

ola;) = z;a;.

Finally,

We have shown:

Proposition. Let ¢ € Homa(R(i), R(j)), then there exists an integer x;

such that if we take a general element v in R(i),
o = <a1(1+f(i71))7 a2(1+f(7/72))7 7ap—2(1+f(i7p_2))7 aP—1(1+f(i7p_1))) G R(Z),
then the element p(«) in R(j) is given by

o) = (zar(1+£(0,1), @iaa(14£(1,2)), - wiop—2(14+f(i,p=2)), ziap-1(1+f(ip—1) ) € R(]).

We can therefore think of elements of Homy (R(7), R(j)) as right multi-
plication by some nl,_; € 7,_; for some integer n. To deal with the discrep-
ancy mentioned above, we must ensure that right multiplication of elements
of R(7) by nl,—; gives an element of R(j). This can be ensured by placing a

condition on n, we clearly have two cases:
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o Ifi>j, Im(nl,_1) C R(j) for each n € Z;

o If i < j, Im(nl,—1) C R(j) for each n € pZ.

We have shown:

Proposition.

. _ right multiplication by nl, 1, n € Z, if i > j,
Homa(R(i), R(j)) = ’

right multiplication by pnl,_, n € Z if i < j.

From our description, it is clear that A-homomorphisms ¢ : R(:7) — R(j)
and ¢ : R(j) — R(k) compose in the obvious manner, i.e. if ¢ = nl,_; and
¢ =ml,_q, then ¢ o o = mnl, | : R(i) — R(k). It is now clear that if we
think of End(7T,-1(Z,p)) as a ring of matrices of the form (m;;)i<ij<p—1
where m; ; : R(j) — R(7), then our explicit description of Homa(R(), R(j))
shows that Endy(T,—1(Z,p)) = T,—1(Z,p), as expected.

We conclude this section by stating a result from [7] which describes the

rings Hompe,(R(i), R(j))-
Proposition 6.3.1.

ZIpZ  ifi=j,

0 if i # j.

Hompe, (R(i), R(j)) =

6.4 Projective modules over 7T, ;

3

In [13], MI Rosen showed that the ring 7,_; is hereditary. In this section, we

will use techniques from [11] to find a description for all projective modules
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over T,_1. This will provide a full description of all submodules of projective

modules over T,_;.

Consider the Milnor square

71(Z7p) é Mpfl(Z)

b

Tv
7;7 1(Fp) (]—2> Mp—1<IFp)-

Here, F), is the finite field with p elements, and 7,_1(F,) = T,-1(Z, p) /pM,—1(Z).

The mappings are the standard inclusion and projection maps. In [11], it is

shown that given such a Milnor square, there exists an exact sequence
Ky (Tp1(Z,p)) = Ki(Mp1(Z)) & Ki(Tp-1(Fp)) — K1 (M1 (Fp))
% Ko(Ty1(Z.p)) = Ko(My1(2)) & Ko(T,1(Fy)) = Ko(My1(F,)).
Here, the homomorphisms
Ko(Tp-1(Z,p)) = Ka(Mp1(Z)) & Ko(Tp-1(Fp)) = Ko(Myp-1(Fp)),

for « = 0,1 are made up of the standard induced mappings in K,, and are
defined by

x> (i (), 24 (1)),
and

(Y, 2) = J1e(y) — Jou(2).

We will now use this exact sequence to find a practical description for
Ko(Ty-1(Z,p)), along with a set of generators. As F, is a field, there is an

obvious isomorphism K;(M,_(F,)) = F;, where F; is the unit group of I,
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Moreover, the map on unit groups 7,-1(F,)* — F given by the determinant

is surjective, and so the map
K1(Mp-1(Z)) ® Kr(Tp-1(Fp)) — K1(Mp-1(Fp)),

is surjective. We deduce that the mapping 0 : K1(M,-1(F,)) = Ko(Tp-1) is

the zero mapping. By Morita’s theorem,
Ko(My—1(Z)) = Z,

and

K0<Mpfl<Fp)) = Z>

and one can easily check that the standard projection Z — I, induces an
isomorphism Ko(M,_1(Z)) — Ko(M,_1(F,)). Therefore, we can extract an
isomorphism

ins : Ko(Tp-1(Z,p)) = Ko(Tp-1(Fp)),

from the above exact sequence. Now, to find a description and set of gener-
ators for Ko(7,-1(Z,p)), we will find a description and set of generators for
Ko(T,-1(F,)) and make use of the isomorphism is.. We begin by consider-
ing some projective modules over 7,_1(F,). Let R(i) denote the i*" row of

Tp—1(Fp). As
p—1
To-1(Fy) = D R(0),
i=1
then R(i) is projective.
Proposition 6.4.1. Let R(i) denote the i row of T,_1(F,), with this nota-

tion, Ko(Ty-1(F,)) = ZP~', with free basis {R(i)}1<i<p1.
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Proof. Define N = {A = (a;;) € Tp-1(Fp) | @iy = 0+ pZ for all i}. It is
easily seen that N is a radical ideal and T,_,(FF,)/N = F?~'. By ([9], 6.37,
page 183) every projective module over 7,_1(FF,) can be written uniquely as a
lift of projective modules over 7T,_;(F,)/N. As noted, each R(i) is projective,
and the modules R(z) /N,i=1,...,p—1provide a complete list of generators
for Ko(T,-1(F,)/N), this leads to our result. O

We can now describe Ky(7,-1(Z,p)) explicitly.

PI‘OpOSitiOIl 6.4.2. K0(7;_1(Z,p)) = Zp—l; with basis {R<i)}1§i§p—l-
Proof. Clearly R(i) maps to }?(z) fori =1,2,...,p—1 under the isomorphism
ize : Ko(Tp-1(Z,p)) = Ko(Tp-1(Fy)),

the result then follows from Proposition 6.4.1. O
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7 The module R(2) & [y — 1)

Recall the sufficient condition, discussed in §5, for a finite group to satisfy

the D(2)-property.

Theorem 5.5.1. If a finite group G satisfies properties 1,2 and 3 below

1. G admits a balanced presentation;
2. Q3(Z) is straight;
3. The minimal module J in Q3(Z) is full;

then G satisfies the D(2)-property.

Let p be an odd prime and let A = Z[G(p,p — 1)]. In [12], it was
shown that R(2) ® [y — 1) is minimal in QSG(5’4) (Z), and we will see in §8 that
R(2)® [y — 1) is minimal in Q§(7’6)(Z). If this property were to hold for the
group G(p,p— 1) where p is any odd prime, that is, R(2) @ [y —1) is minimal

in QSG(p P 71)(Z) for each odd prime p, then we can rewrite properties 2 and 3

as follows:

2. [R(2) ® [y — 1)] is straight over Z[G(p,p — 1)];
3. R(2)® [y —1) is full over Z|G(p,p — 1)].
In our specific case, namely the group G(p,p — 1) where p is an odd

prime, it was shown by JW Wamsley [17] that G(p, p— 1) admits a balanced

presentation. We will now give an alternative proof of this result.
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Proposition. Let p be an odd prime and let

m

Glpp—1)=<uaz,y|a? =1y =1 yay ' =a™ >,

as defined in §6, then
G(p,p - 1) =<,y | P = ypflayxiyfl — pitl >,
where i is any integer such that i = (m — 1)~ (modp).

Proof. Firstly, we note that in < z,y | 27 = 1,y?~! = 1,yzy~! = 2™ >, the

equality yz'y~! = ™! holds true, as yzry~! = 2™ implies that
yaiy =t = g
=g

i,,—1

Secondly, we see that in < x,y | 27 = P~} yz'y™! = 2™ > 2P =1 and so

yP i =1:
P = pli+Dp—ip
_ yl,ipy—lx—ip
— yxip—ipy—l

=1

)

since 27 = yP~! and so % commutes with y~!. It remains to show that

in < z,y | 2 = yP L yr'y™! = 2 > yry~! = 2™ By our hypothesis,
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i(m — 1) = 1(modp), and we have already seen that z? = 1, therefore

yl’y_l — yxi(m—l)y—l

We have shown:

Theorem 7.0.1. Let A = Z|G(p,p—1)] where p is an odd prime. If the third
syzygy of Z, Q3(Z) = [R(2) @ [y — 1)] and the properties 2', 3’ are satisfied,
then G(p,p — 1) satisfies the D(2)-property.

In §7.1 we will show that 2’ holds for any odd prime p. In §7.2 we will
show that 3’ holds for any odd prime p.

7.1 Straightness of R(2) & [y — 1)

7.1.1 An exact sequence

By the Swan-Jacobinski Theorem, discussed in §5.2, in order to show that
[R(2) @ [y — 1)] is straight over A = Z[G(p,p — 1)], it is sufficient to show

that if S is a A-module satisfying
A S=R2)y—1)dA,
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then S = R(2) @ [y — 1). To do this, we begin by showing that S can be
expressed as an extension of I(C,—1) by R(2) ® €D, R(i) where I(C,—1) will

~

be defined shortly. For brevity, we denote P, R(i) by R(k). Assume that
S is a A-module such that

A®S=R2)@[y—1)®A.

Let I(Cy—_1) be the kernel of the augmentation mapping € : Z[C,—1] — Z

when considered as a A-homomorphism. Consider the short exact sequence
0—R(1)—=[y—1)—=I(C,_q) =0,
from [7]. We can now easily construct a second exact sequence
E=0—=R2)®R(1)—=R2)@[y—1) = I(Cp_1) —0), (3)

in the obvious manner. It is also shown in [7] that another exact sequence
p—1
0— @R(j) — A — Z[Cp—1] — 0,
j=1

exists. By taking the direct sum of this exact sequence with £, we can

construct the following exact sequence:
p—1

0— R2)eR1)&EPRG) = R2)®y—1)®A — I(Cpo1) BZ[C,1] — 0.
j=1

By assumption, S ® A = R(2) @ [y — 1) @ A, and so we also have a short
exact sequence

0— R2)eR(1)a® pa; R(j) = S@&A S I(Cry) ®Z[Cpa] = 0. (4)

=1
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We will now manipulate (4) to extract an exact sequence ® of the following
form:

®=(0—R2)@R1)—S—I(C, 1) —0). (5)
To complete the manipulation we will require some propositions.

Proposition. Homa (7,1, Z[Cp—1] @ I(Cp_1)) =0

Proof. 1(C,—1) is a A-submodule of Z[C,_1], so it suffices to show that
Homy(T,-1,Z]|Cp-1]) = 0. We know from Proposition 6.2.1 that for any
teTp1,t-(1+x+---+2771) =0. Now, as x acts trivially on Z[C,_,] and
Z]|Cp—4] is a A-lattice, we may deduce the result. O

Proposition. For the surjection p : S @ A — I(Cp—1) ® Z[Cp-1] defined by
the short exact sequence (4), p(S) N p(A) = 0.

Proof. For a A-lattice M, we set Mg = M ®z Q, which we think of as a
Ag-module. As SOA=Z RQ2)®[y—1)BA, Sg®Ag = R(2)o®[y—1)g®Ag.
By Wedderburn’s Theorem, it follows that Sg = R(2)g @ [y — 1)g. By the
Wedderburn-Maschke Theorem, we can use the exact sequence (3) to form a

split exact sequence
0— (R(2)® R(1))g — Sgp — I(Cp_1)g — 0,

and so

So = I(Cp-1)e ® (R(2) & R(1))o-

Now, Homp, ((Tp-1)q, (I(Cp—1) © Z[Cp_1])q) = 0, therefore
Hom, (Sg, (1(Cp1)BZ[Cp1])a) = Hompy(I(Cp-1)g, I(Cp-1)o®Z[Cp-1]o).
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We deduce that the image of A-homomorphisms f: S — I(C,—1) & Z[C)—1]

can have rank of at most p — 2. By utilising the split exact sequence
0— Tp1, = Mg = Z[Cp_1]g — 0,

in a similar manner, we see that the maximal rank of the image of a A-
homomorphism ¢g : A — I(Cp_1) & Z[Cp_1] is p — 1. As p is surjective and
rkz(I(Cp_1) ®Z[Cp-1]) = (p—2)+ (p— 1) we can now deduce the result. [J

Let K1 = SNker(p) and Ky = AN ker(p). We can now think of (4) as

a diagonal short exact sequence of the following form.
0> K@Ky — S®A—p(S)@®pA) — 0.

Given our work in §6.4, we know that the modules K7 and K5 must be direct
sums of R(i) modules, namely K; = P/, R(a;) and Ky = @]_, R(b;) for

some a;, b; such that m +n = 2(p — 1). Recall the exact sequence
0— @R(z’) — AN = Z[Cp—1] — 0,

from [7]. Consider the following commutative diagram with exact rows:

0 —— @ R() > A » L[Cpr] —— 0
Id
0 — D), R(by) > A > p(A) —— 0.

Now, as Homa(Tp—1,p(A)) = 0 and Homp(Tp-1,Z[Cp-1]) =0, Id : A — A

induces and restricts to isomorphisms

I

Z[Cp—l] p(A)>
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and

respectively. Clearly n = p—1 and so m = p— 1. We now wish to show that

p(S) = I(Cp_1), to do this we require a proposition.
Proposition. Let J be a Z[C,_1]-module such that

J & Z[Cp1] = I(Cp1) & Z[Cp],
as Z|Cp—_1]-modules. Then J = Z[C,_4].

Proof. Let J satisfy the above hypothesis. By stabilising the augmentation

sequence on C,_1, we construct the following exact sequence:
0— I(Cy_y) ®Z[C,_y] = Z[C,1]® = Z — 0.

By substituting J @ Z[C),—_4] for I(C,_1) @ Z[C,_1], we construct the exact
sequence

0= J®Z[Cyu] L Z[C,1]® = Z — 0.

Let T = Z[Cy—1]® /Im(j|z(c, ,)), taking quotients, we can now construct the
exact sequence

0—J—->T—7Z—0.

By Lemma 3.2.1, T' is projective and so the exact sequence
0= Z[C, 1] L Z[C,1]® = T =0,

splits, therefore T' @ Z[C,_] = Z[C, 1]®®. Now, Z[C,_1] satisfies the Eichler

condition and so by the Swan-Jacobinski theorem discussed in §5.2, Z[C),_]
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has stably free cancellation. Therefore, T" = Z[C,_;] and we have a short
exact sequence

0—J—Z[Cpq] = Z — 0.

Up to sign, the augmentation mapping € : Z[C,_;] — Z is the only surjective

homomorphism Z[C),_;] — Z and so J = I(C,_1) as claimed. O

Using this proposition, we see that p(S) = I(C,_1) as a Z[Cp_1]-module.
Given that p(S) @ p(A) = I(Cp—1) ®Z[Cp—1] as A-modules, Z[C,] clearly acts
trivially on p(S), and so p(S) = I(Cy_1) as a A-module. We now have an

exact sequence

p—1
0 — @D R(a;) — 5 X2 1(C,y) — 0.
i=1

Now, K; = @~ R(i) and so

p—1 p—1 p—1
R(2)® k()@ @ R(i) = K, © Ky = P R(a;) © P R().
i=1 j=1 i=1
We can now use Proposition 6.3.1. to show that
p—1
R(2)® R(1) = €P R(a;).
j=1
We have shown that we can express S as an extension ¢ of I(C,_;) by
R(2) @ R(1):
®=(0—R2)@R1)—S—I(C, 1) —0). (5)
Which we wish to compare to
E=0—=R2)®R(1)—R2) ®[y—1) = I(Cy_1) = 0), (3)
in order to show that S = R(2) @ [y — 1).
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7.1.2  Exti(I(C,_1), R(2) @ R(1))

Let A = Z[G(p,p — 1)] where p is an odd prime. We wish to find a practical
description for Ext(1(C,_1), R(2) @ R(1)), in order to compare the exten-
sions (3) and (5). We will use the exact sequence from Proposition 3.2.2
to describe Exth (I(C,_1), R(2) @ R(1)) as a quotient of the additive abelian
group Endpe,(R(2) @ R(1)). Recall the short exact sequence

E=0—RR)®R1)—R2)®y—1) = I(C,_y) = 0), (3)
Applying Proposition 3.2.2 to &, we find an exact sequence
Hompe(Ip-1, R(2) ® R(1)) = Hompe, (R(2) @ [y — 1), R(2) & R(1)) (6)
— Endper(R(2) ® R(1)) = Exty (I, 1, R(2) & R(1))

— Exth(R(2) @[y — 1), R(2) @ R(1)) — ...

where, for brevity, we denote I(C,_1) by I,_;. We now find practical de-
scriptions for some of the groups in this exact sequence, beginning with
Hompe,(I,_1, R(2) @ R(1)). Let t € T,.1, then by Proposition 6.2.1
t-(I4ax+--+ar)y=0,andfori e, i-(1+ax+--+aP ) =p-i
Now, I, ; is a A-lattice, and so Homy (I, 1, R(2) @ R(1)) = 0, therefore
Hompe, (I,—1, R(2) ® R(1)) = 0.

We now state without proof a proposition which will allow us to simplify

the exact sequence (6).
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Proposition. ([7], page 47, 5.8)

) 0, ifk=1
Exty(I,-1, R(k)) =

Z/pZ, otherwise

To calculate the second term, we require a lemma.

Lemma 7.1.1. Hompe,([y — 1), Tp—1) =0

Proof. Recall that [y — 1) occurs in an exact sequence
0—RA)—=[y—1)—= 1,1 —0.

Applying this exact sequence to Proposition 3.2.2 with N = 7,4, we

construct the exact sequence
HomDer<]p—1’ 7};—1) — HomDeT([y - 1)7 7;7—1) — Hom'Der(R(i)’ 7;7—1)

= Bath (L1, Tyr) — Bath(ly — 1), Tp1) — Eaty(R(1), Ty0).

By the above proposition, Ext}(I,_1,T,—1) = (Z/pZ)*~2, using this result in

conjunction with Proposition 6.3.1 the above exact sequence becomes
0 — Homper([y — 1), Tp-1) = (Z/pZ)"™* — (Z/pZ)"*

— Exty([y — 1), Tp1) = ...

Therefore, if we can show that Fxtj([y — 1),T,—1) = 0, our proof of the
lemma will be complete. Let j : Z[C,] — A be the standard inclusion map

and let [z — 1)’ be the right Z[C,]-module generated by x — 1, then

Tp1 = [z = 1) = ju([z - 1)),
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by Corollary 6.2.1.1. We also note that j*([y — 1)) = Z[C,)P~2, therefore,

by the Eckmann-Shapiro lemma,

Exty([y — 1), Tym1) = Exty([y — 1), ju([z — 1)"))
~ Eathe (ZIC,) 2 [ — 1))

=0.
This completes the proof. O

Collecting our results, we can rewrite the exact sequence (6) as
0= (Z/pZ)> = (Z/pZ)P** — (Z/pZ)» ' L5 Extl (R(2)@[y—1), R2)BR(1)) — ...
We deduce that p* = 0, rewriting (6) a final time, we find the exact sequence

0 — Homper(R(2) @ [y = 1), R(2) @ R(1)) = Endoe,(R(2) © R(1))

2 Eath (1,1, R(2) ® R(1)) — 0.

We will now calculate Im(i*), and use this information to give a practical de-
scription for Exth (I,_1, R(2)®R(1)). When considered as a matrix, elements
fin Endy(R(2) @ R(1)) take the form

fi: R2)® R(2) = R2)® RQ) | fo: @, R6) - R2) © RE)

fo: R2) @ R) = @y RO) | fi: @y RO) = By y RO)

By Proposition 6.3.1, the element represented by f in the derived module
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category, f takes the form

ay1 +pZ ais + pZ
a1 +pZ  ass + pl

fl ‘ 0 as3 —i—pZ
0 ‘ fa (g4 + pZ

apfl,pfl + pZ

Here, elements in the matrix are zero if not otherwise specified. The elements
Unn+pZ are in Endp,,(R(n)) for 3 <mn < p—1. To find Im(i*), take a general
element f' € Homy(R(2) ® [y — 1), R(2) @ R(1)) which, when considered as

a matrix takes the form
fi:R@) = RQORQ)| f3:ly—1) - REQ) & R()

f3: R(2) = @@ém R(i) ‘ fiily—=1)— @i;ﬂg R(i)

We proved earlier in this section that Homp.,([y — 1), T,—1) = 0, and so the

element represented by f’ in the derived module category, 7/ is given by

7 i R(2) > ‘ [y—1) — R(2) ® R(2) - A
6R<>%@Em ) |01 = By RO) 0 |0
Now, i*(f') = f'oi = f o1 and so

ai + pZ 0+ pZ
Im(i*) = {| a21 +pZ 0+ pZ € Endpe,(R(2)®R(1)) | ay1,a21 € Z}.

0 0
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We conclude that given an a in Endy(R(2) @ R(1)), which takes the form

1,1 1,2 ai,3 a1.4 - a1,p—2 a1p—1
21 a2.2 a3 a2 4 . a2 p—2 a2 p—1
pasa bas2 as3 as 4 . as p—2 asp—1
)
pay bay 2 bay 3 Q4.4 e a4,p—2 Q4p—1
pap—11 PpPap-12 Pap-13 Pldp-14 ... Plp_1p-2 Cap_1p-1

the element in Endpe.(R(2) & €D, R(i))/Im(i*) represented by «, which

we denote by [a] is given by

0 Q12 + pZ 0
0 22 + pZ
[Oz] _ ass + j/
0 4.4 + pZ
ap—l,p—l + pZ

Using our rewritten version of (6), we know that
Endpe,(R(2) ® R(1)/Im(i*) = Bath(I,_1, R(2) & R(1))
via the mapping [a] — a.(€), we have shown:

Theorem 7.1.2. Every element of Extl(I, 1, R(2) © R(1)) can be written
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uniquely as o (E), where a € Endy(R(2) @ R(1)) is given by a matriz

0 ai2

0 a2 9

a3,3

aq.4

Ap—1,p—1

where a;; € Z and 0 < a; ; <p—1 for each i,j. Elements of the matriz are

zero if not otherwise specified.

Recall @, the short exact sequence (5), we deduce that & = «a,(E) for
some o € Endy(R(2)® R(1)) of the above form. We now prove some lemmas

which allow us to place restrictions on the form of a.

Lemma. Assume that a.(£) = ®, then it can not be true that a; 5 = as 9 = 0.

Proof. Recall that ® takes the form

® = (0 R(2) & @ R>G) = S — I(Cpo1) = 0).
i#1
Assume that a9 = as2 = 0, then by Proposition 2.3.1 S must take the

form

S~ R(2) ® R(2) ® X.

for some A-module X. We know that S® A= R(2) @ [y — 1) @ A, and so

Hompe (R(2) ® R(2) & X ® A, R(2)) = Hompe, (R(2) ® [y — 1) ® A, R(2)),
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but
Hompe (R(2) ® R(2) ® X & A, R(2)) = (Z/pZ)> ® Homper (X, R(2)),

while

Hompe, (R(2) ® [y — 1) ® A, R(2)) = Z/pZ.
This gives a contradiction, completing the proof. O
Similarly, we can prove the following:
Lemma. Assuming that o, (€) = @, it can not be true that a;; = 0 for any

1 satisfying 3 < i < p—1.

7.1.3 Realising the matrices as automorphisms
In this section, we will prove that there must exist an automorphism
a:R(2)® R(1) = R(2) @ R(1),

such that ® = a,(€), by the Five lemma, this results leads to the conclusion
that R(2) ® [y — 1) = S. Let a be a general element of Endy(R(2) @ R(1)),

when considered as a matrix, a takes the form

1,1 a2 a3 ay 4 cee a1.p—2 ayp—1
a2.1 a2.2 a2.3 2.4 . a2.p—2 a2 p—1
bas basz2 as ;3 a3 4 . as p—2 a3 p—1
basa bay 2 bay3 Q4.4 cee a4,p—2 Q4p—1
pap—11 pPap-12 Pap-13 Plp—14 ... Plp_1p—2 aAp_1p-1
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Define a map

k: Endy(R(2) ® @D R()) — (Z/pz)y",
i£1

a > (19 +pZ,azs + pZ, a3 s + P, ass + pZ, ..., ap-1p-1 + DZ).

By §7.1.2, Endpe,.(R(2) @ R(1))/Im(i*) = Exti(I,_1, R(2) ® R(1)) via the
pushout map ¢, and so if a, 8 € Endy(R(2) @ R(1)), then [a] = [5] if and
only if k(a) = k(B). Therefore §() = 6(B) if and only if k(a) = k(5). We
noted in the lemmas at the end of the previous section that ® = «, (&) for
some « such that k(a) can have at most one zero entry, and a; ;+pZ # 0+ pZ
for 3 <1 < p — 1, therefore, if we can find an automorphism « for each of

these cases, it must be true that S = R(2) @ [y — 1) by the Five lemma.

Define the set of units

U(a1,27a2,27~-'7ap71,p71) = {O./ € AUtA(R(Q) D R(i)) | k(a> =
(a12 +pZ,azp + pZ,az 3+ pZ, . .., ap-1p-1 + pZL)}.
To prove that S = R(2) & [y — 1), we will show that U, 45,5, 19

non-empty whenever a; 5, as2 are not both zero (modp) and a;; # 0(modp)

for 3 <17 < p—1. We begin by noting some generating elements:

= 3

fona,..1) = €Umin,.. 1)




01
0
fao1,..1) = 10 € Unon,..1)
Lo |1 0 0
-1 2 (0 0 0
0 1
fo21,1,..1) = € Upga,n,..1)-
0 0 1
0 0 1

Note that

U(al,27a2,27~~~7ap—1,p—1) : f(0,2:1,~~-,1) - U(2a1,272a2,27a3,37~~-ap—1,p—1)'
Therefore, by considering automorphisms of the form
a a
f(’ﬂ,l,l,...,l) ' f(07271717“'71) and f(1?071’71) ) f(07271717“'71)7

one sees easily that U, ,.a5,,1,1..,1) 18 non-empty whenever ay 2, a2 are not
both zero.

We now note two more generating elements:

Lo |10 ... 0
0O 110 0 . 0
0 2
foi21,..1) = p € Uw,2.1,..,1)
0 1
00 1
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S
+
—

Ew|
[N J—

6U(01P“21

f(O,l,L;rl,Z,l,...,l) = 1,5552,1,.1)

1

By considering automorphisms of the form f(% 121,..1) We see that
U0,1,a3.3.,1,...1) is non-empty whenever az 3 # 0(modp).

NOW, note that f(0712 1,..,1) ° f(O,l,%,Z,l,...l) S U(0717172717m71). If we define the

s Lyt

automorphism fo1,12,1,...1) = f0,1,.2,1,...,1) * f(ojl’p%rl&lwl), then by considering

automorphisms of the form f(‘}) 11,21,..1) We can see similarly that
U(0,1,1,a1.4,..,1) s non-empty whenever as4 # 0(modp).

Repeating this process, we see that Ug11,...4;,,...,1) 1S non-empty whenever

-----

a;; Z 0(modp) for 3 <i <p—1. Now, note that
Uo,1,a3.5,1,.1) - V0,1, 1,a0.4,001) " 77 U1, ap-1p-1) € U0,1,a5 5,014, 0p-1.9-1)-
We deduce that
U0,1,a5.5,04.4,.p_1.,_1) 15 DON-empty whenever a;; # 0(modp) 3 <i < p — 1.
Finally, we note that
f(a1,27a2,2,1,.~71) : U(O,l,as,s,a4,4,~~,ap71,p71) - U(al,2,a2,2,a3,3,a4,4,~~.,ap71,p71)'
We have shown:
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Proposition. U is mon-empty whenever ajga,azs are not

a1,2,02,2;--,0p 1 p—1)

both zero (modp) and a;; # 0(modp) for 3<i<p-—1

Therefore, there exists an automorphism o € Auta(R(2) ® D, (7))

such that ® = o, (&). In conclusion:

Theorem 7.1.3. S= R(2)® [y — 1) and so [R(2) ® [y — 1)] is straight over
A =Z|G(p,p—1)] for any odd prime p.

7.2 R(2)@[y—1)is full

In this section, we will show that for any odd prime p, R(2) & [y — 1) is full
over A = Z|G(p,p — 1)]. We will begin by showing that R(2) and [y — 1)
are both full A-modules, before building upon these results to show that
R(2)® [y —1) is full.

To show that R(2) is full, we must find the kernel of the Swan homo-
morphism discussed in §3.3, Sge) : Autpe (R(2)) — Ko(A). Recall that
Endy(R(2)) = {nldrp) | n € Z} = Z, and Endp.,(R(2)) = Z/pZ, so

Autpe,(R(2)) = {nldprp) | 1 <n < p} = (Z/pZ)*, the units of Z/pZ. Recall

the exact sequence
p—1
0— D R>G) = A — Z[Cpa] — 0,
i=1

which is in fact a quasi-augmentation sequence which satisfies the condition
that Hom(Z[C,_1], @, R(i)) = 0. Using this exact sequence, we can form

an exact sequence
0 = R(2) 2 A 5 AJu(R(2)) — 0.
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In order to find Ker(Sg(2)), we must answer the question: ’for which 7 €
(Z/pZ)* is lig(m, t|r(2)) stably free?” As A satisfies the Eichler condi-
tion, and so by the Swan-Jacobinski Theorem satisfies SFC, we simply need
to find when @E(WR@), t|r@)) = A. Using the Five lemma, it is immedi-
ately obvious that forn =1, n = p — 1, @(W? Ur@) = A We will
show that these are the only two choices for m € (Z/pZ)* such that this

isomorphism holds.

Let the mapping

p—1 p—1
nldre) : @ R(i) — EP R(),
i=1 i=1
be defined by
(7'177”2, r3,... ,7},71) — (7’1, nro, T3, .. .rp,l),

by Proposition 2.3.2, li_n;(njde(/g),L) = lilg(n]dR(g), t|re2)). We can there-
fore use the Milnor square of the above quasi-augmentation sequence which
also satisfies the extra condition Homy(Z[C, 1],@"—)) = 0 to calculate

Ker(Sgre)). The Milnor square takes the form

A s Endy(Z[C,_1))

. Js

Endy (@) R(i)) —2— Endp.. (@7} R(i)).

Recall that in matrix form, Endy (@7~} R(i)) = T,-1(Z, p) and Endpe, (@'~} R(i))
is the ring of (p—1) x (p—1) matrices with elements of Z/pZ on the diagonal,

and zeroes elsewhere. The map j; : Enda(@"— R(i)) — Endpe, (@] R(3)),
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when considered in matrix form is given by

a1 Q1o ... G1p a1 + pZ
Pasi G2 ... A2p—1 as 2 + p
}—>
Pap—11PAp—12 - Ap—1p-1 ap—1p—1 + pZ

By Theorem 4.3.2, @(nIdR(Q), t) = M(Endp(Z[Cp-1]), Tp—1,nldgs)). As
aresult of our work in §4.2, projective modules of type M (Enda(Z[Cp-1]), Tp-1, h)

are in 1 — 1 correspondence with the quotient set

J2(Enda(Z[Cp])* \Autver@R )/ (T,2)-

To show that lig(n?ﬂg(/g), t) 2 A when n # +1(modp) it is therefore sufficient
to show that the class of I/d;g is different to that of n?d\}zz) in the above
quotient set. In order to do this, we begin by simplifying our description of

the quotient set.

Lemma.

J2(Enda(Z|C,—1])* )\Autper(@ R(1))/51(T,) = AUtDer(@ R(i))/j1(T,-1)

Proof. Take aunit f € Endy(Z[Cy-1]), f clearly lifts to a unit f\ € Endy(A),
which in turn lifts to an f € Enda(@"—] R(i)) such that

0 —— @' R() > A » Z|Cpy) —— 0

0 —— @ R() > A » L|Cpy] — 0,
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commutes. By the Five lemma, f is an isomorphism, and by our construction

of the Milnor square, j;(f) = Ja(f). Therefore, there exists an fe T, such

that j1(f) = j2(f), completing the proof. O

To show that hg(n?cl:g(/g), ) 2 A for n # £1(modp), it is now sufficient
to show that no unit in 7,7 | has (1(modp), n(modp), 1(modp), ..., 1(modp))
on the diagonal. Basic considerations relating to the determinant show that

any such matrix would have determinant n(modp), and so if n Z +1(modp),

hﬂ(n%), t) 2 A. We have shown:

Proposition. Over A = Z[G(p,p — 1)], Ker(Sr«)) = {£1d}.
Now, {£1d} C Im(vE®) and so Im(vF®) = Ker(Sg)), concluding:
Proposition. Over A = Z|G(p,p — 1), R(2) is full.

We will now show that [y — 1) is full, to do this, we will first consider the

problem over Z[C,_1]. Let [y — 1)’ be the right Z[C},_1]-module generated by
(y =1
Proposition 7.2.1. Over Z[C,—_1], [y — 1)’ is full and

Spy-1y + Autper([y —1)") = Ko(Z[Cpi])

s the zero map.

Proof. Consider the standard augmentation sequence
0—=[y—1)—Z[C,1] >Z—0,

where €(y) = 1. By Proposition 3.2.4, Autp..([y — 1)) = Autpe-(Z), and
so Autpe(ly — 1)) = {m[y,l)/ | ged(n,p—1) = ;1 <n < p-—2}. We
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will find a representative for each element of Autpe,.([y — 1)) which is also

an element of Auta([y — 1)'), and our result will follow by the Five lemma.

Fix an r such that 1 <r <p—2 and gcd(r,p— 1) = 1. Let
I+y+ oty ) ily—1) = [y-1)

be the Z[C)_1]-homomorphism given by multiplication by (14y+---+y" ).

Firstly, we will show that (1+y+---4+y" ') :[y—1) = [y—1) is an
automorphism by showing that y — 1 lies in its image. By assumption, r is
coprime to p — 1, so there exists an s such that rs = 1(mod(p — 1)). Clearly
(s—=D)r

y =Ly =y, YT —y are elements of Im(1+y+---+4 1), and

their sum is y — 1. Therefore (1 +y+---+y ') € Autr([y — 1)').

To complete the proof, it remains only to show that

(1+y+---+y 1) =rid € Endpe,(ly — 1)).
To prove this, it is sufficient to show that
—r+(1+y+--+y Hely-1)
But

—r+ Aty toty ) === Dty +yi ey
=y-D+@ -D+-+@y ' -ely-1)
Therefore, each f € Autpe,([y — 1)') lifts to an automorphism over A and
Sy—1y = 0, as required. O
Before we can extend this proposition to A-modules, we first need a

description for Endp.,([y — 1)).
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Proposition 7.2.2. Over A = Z|G(p,p — 1)],
Endper(Jy — 1)) = (a1 |0 < n < p—2} 2 Z/(p— 1)L
Proof. Consider the exact sequence of A-modules and homomorphisms
0—=y—1)—=A—=[2,)—0,
where ¥, =1+ y + -+ y?2. By Proposition 3.2.2,
Endper(ly — 1)) = Exty([2,), [y — 1)).

Let j : Z|Cp—1] — A be the standard inclusion, and let [y — 1)’ be the right

Z|C,_1]-module generated by (y — 1). By the Eckmann-Shapiro lemma,

Exty([Sy), [y — 1)) = Eatye, 1(7([5)), [y — 1)").

We claim that j*([%,)) & Z&Z[C,_1]. Fix the basis {X,,3,-z,..., %, -27"'}
for [¥,). The action of y on the basis gives rise to a representation of 7*([%,))

of the form
110

0X

€ GL,(Z),

where X is a (p — 1) x (p — 1) matrix with exactly one non-zero element in
each row and column, and every non-zero element is 1. Clearly X represents

a Z[Cy_1]-module which is isomorphic to Z[C,_1], so j*([2,)) = Z & Z[Cp—1]
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as claimed. Therefore

Endpe(ly — 1)) = Batj([2,). [y — 1))
= Butgye, (7 15), [y — 1))
= Fatye, (Z®ZICyl, ly — 1))
= Fatye, (Z,ly — 1))
=7Z/(p—1)Z.
Here, the final isomorphism follows from Proposition 3.2.4 and the exis-
tence of the exact sequence
0—=[y—1)—Z[Cyp] = 7Z —0.

O

We can now extend Proposition 7.2.1 to an analogous result over A.

Proposition 7.2.3. Quer A, [y — 1) is full and

Sty-1) : Autper([y = 1)) = Ko(Z[Cp1])

1s the zero map.

Proof. Let j : Z[C,p—1] — A be the standard inclusion. Fix an r such that
1 <r<p-—2and gcd(r,p—1) = 1. By Proposition 7.2.1 a commutative

diagram of Z[C,_1] modules and homomorphisms with exacts rows of the

form
0 —— [y—1) — Z[C, 4] Y/ > 0
l(1+y+-~-+y’“‘1) lz lld
0 —— [y—1) — Z[C, 4] W/ » 0,
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exists. By applying j. to the above diagram, we construct a second com-
mutative diagram with exact rows, this time made up of A-modules and

homomorphisms,

o———+@_1

1+y+ 4y

><—>
¢«
<

00— [y—1)

where ¥, = 14y +--- +y?~2. By Proposition 7.2.2,

Autpe-([y — 1)) = {m[y_l) | ged(n,p—1)=1,1<n <p-—2},

and (1+y+---+y 1) =7 € Endpe([y — 1)) by the same argument used
over Z[C,—1]. This leads to our result. O

We have shown that both R(2) and [y — 1) are full A-modules. In order

to extend these results to R(2) @ [y — 1), we require a lemma.

Lemma 7.2.4. Let A, B be full A-modules. If A, B satisfy the following

properties:

e Hompe.(A,B) = 0;

o Hompe (B, A) =0;

o Sp: Autpe.(B) — Ko(\) is the zero mapping.
Then A ® B is full.

Proof. Let f be an element of Ker(Saeg), then

_ A= A B— A i 0
7= B x - @ 7| € Autpo(A@ B),
f31A->B f42B—>B 0 f4
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So fi € Autpe,(A) and fy € Autpe.(B). Now, Saws(f) = Sa(fi) + Sz(f1)
by Proposition 2.3.1, by our hypothesis, S = 0 and s0 Saep(f) = Sa(f1).
We assumed that f € Ker(Sagp) and so S4(fi) = 0, but A is full and so
f1 € Im(v?) = Ker(Sy). Finally, f; € Autp,.(B), but Sg = 0 and B is full,
therefore f, € Ker(Sg) = Im(v?). Concluding, because f; € Im(v*) and

fa € Im(vB), f € Im(vA®B), completing the proof. O

By Lemma 7.1.1 and Proposition 7.2.3, Homp,..([y — 1), R(2)) =0
and Sp,_1y = 0. To utilise the above lemma to show that R(2)® [y —1) is full,
it remains only to show that Hompe,(R(2),[y — 1)) = 0, we instead prove

the following, stronger result:
Proposition. Hompe,(Ty,-1,[y — 1)) = 0.
Proof. Recall the exact sequence
0—=Tp1 > A= Z[Cpq] =0,

from [7]. By applying Proposition 3.2.2 to the above exact sequence with
N = [y —1), we see that

Homper (Ty-1, [y — 1)) = Exth(Z[Cy-1], [y — 1).

Let j : Z[Cp—1] — A be the standard inclusion mapping. If [y — 1)’ is the
right Z[C),_1]-module generated by (y — 1), then j.([y — 1)) = [y — 1), and
J(Z|Cy-1]) = Z|Cp—1]. Therefore, by the Eckmann-Shapiro lemma
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Hompe(Tp-1,ly — 1)) = Exty (Z[Cpa], [y — 1))
= Extye, (Z[Cypl, [y — 1))

= 0.

Collecting our results:

Theorem 7.2.5. R(2) ® [y — 1) is full over A = Z|G(p,p — 1)].
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8 The condition M(7)

In this chapter, we will begin by defining a condition M (p) over Z|G(p,p—1)]
where p is an odd prime, which we will use to give a practical sufficient
condition for the D(2)-property to hold over Z[G(p,p — 1)]. We will then
prove a theorem which significantly shortens the calculations necessary to
show that the condition M (p) holds. We will close the chapter by proving
that the condition M (7) holds, which in turn leads to one of our main results,

namely that D(2)-property holds for the group G(7,6).

8.1 The condition M(p)

Let A = Z|G(p,p — 1)] where p is an odd prime, we define the condition
M(p) on A as follows:

M(p) : The third syzygy of Z over A = Z[G(p,p — 1)] is the stable
module [R(2) & [y — 1)].

Basic considerations relating to the rank of R(2)® [y —1) as a Z-module
show that if M(p) is satisfied, then R(2) @ [y — 1) is in fact a minimal
representative for Q25"?V(Z). Therefore, if M(p) is satisfied, our results
relating to R(2) @ [y — 1) in §7 mean that all three conditions in Theorem

5.5.1 are satisfied, we have shown:

Theorem 8.1.1. Let A = Z|G(p,p—1)], if A satisfies M(p), then G(p,p—1)
satisfies the D(2)-property.

It has already been shown [12] that M(5) is satisfied, this leads to one

of our main theorems.
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Theorem 8.1.2. G(5,4) satisfies the D(2)-property

The remainder of this thesis will be devoted to showing that M(7) is
satisfied.

8.2 A theorem relating to the condition M (p)

In this section, we take p to be an odd prime and let A = Z[G(p,p — 1)]. We
wish to study Ext}(Z[C,-_1], R(7)) by expressing its elements as pushouts of
elements of Fxth(Z[C,_1], @] R(i)). Recall the exact sequence,

p—1 )
U= (0= EPR() > A= Z[Cpi] - 0),
i=1
from [7]. Applying Proposition 3.2.2 to ¥ with N = R(n), we find that
p—1
HomDer(@ R(i), R(n)) = Ext/l\(Z[Cp—IL R(n)),
i=1
via the map

p—1

5. : Homper@ R(i), R(R)) — Exty(Z[Cy_1], R(R)),

Given our discussion in §6.3, we can explicitly describe the additive

groups Hom (@~} R(i), R(7)) and Hompe, (@'~; R(i), R(7)) in matrix form:

Let f € Homy(@~] R(i), R(7)), we can think of f as a (p—2) x (p—1)
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matrix such that:

Homy(R(7), R(1)), ifi<n-—1
(fij €
Homy(R(j),R(i+ 1)), ifi>n.

This is equivalent to
Z, ifti<n—1landj>1
pZ, ifi<n—1landi>j+1

(f)ij €
Z, ifi>nandj>i+1

\pZ, ifir>nandi+1>7j+1.

The representative of f € Hompe (@'—] R(i), R(7)), f can then be ex-

pressed as a (p — 2) x (p — 1) matrix such that

(

Z/pZ, ifi=jandi<n-—1

(f)ij €S Z/pZ, iti+1=jandi>n

{0},  otherwise.

\

Note that the standard projection map

HOmA(é R(l), R(ﬁ)) — HomDer(é R(Z)7 R(ﬁ))

takes the obvious form when considered in matrix form.

Consider an f € Homx (@, R(i), R(7)) in matrix form, we define an
additive group homomorphism

p—1

k+ Homa (@D R(i), R(R)) — (Z,pZ)" ™2,

i=1
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by

f — (fl,l +pZ7 f2,2 + pZ7 teey fn—l,n—l + pZ7 fn,n—i—l ‘*’pZ, sy fp—?,p—l + pZ)

Note that £ descends to an isomorphism in the derived module category i.e.

k(f) = k(f") if and only if f = f’. Therefore k(f) = k(f') if and only

if 0.(f) = 0.(f"). It is now clear that for each ® € Euxt)(Z[C,-1], R(7)),
there exists an f € Homa(@"—, R(i), R(7)) such that & = §,(f), moreover
5.(f) = 6.(f") if and only if k(f) = k(f’), we therefore classify Exth (Z[C,_1], R(k))
by the k-invariants of f, which we define to be

Jin + DL, fao + DL, . .., fomin—1 + DLy famsr + DLy ..., fp—2p-1 + PL.
We aim to show that if there exists a short exact sequence
S=(0— R(n) —» K — Z[Cp_q] — 0),

with all non-zero k-invariants, then there exists an imbedding i : R(n) <— A

such that K = A/i(R(n)).

We begin by defining the set U, 4, y as follows:

~~~~~ Tn—1,Ln+1,Tn+2;---LTp—1

{'LL € E*l(zap)* |'LL has (y17 Y2, -+ o5 Yn—1, %, Yn41, - - - 7y]7*1) on the diagonal

and y; = x;(modp) for all i},
where * can represent any integer.

Lemma. For any (p — 2)-tuple of integers (ci, ... ¢n—1,Cnt1,- - -, Cp1) which

are not i pZ, the set Uiy, .cn_yenpr,ncpr) 1S NON-EMPLY.
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Proof. By Bézout’s lemma, U, 1.1,...), Ut,ep1,.1)5 - - - Ut 1, 1,¢,1) are all non-
empty. By taking the product of an element from each of these sets, we

construct an element of Uy, . completing the proof. O]

Ch—1,Chf15e,Cp—1))

Fix a (p — 2)-tuple of integers (dy,da, ..., dp—1,dp+1, . .., dp—1) which are
not in pZ. We will find an f € Homa (-, R(i), R(7)) such that

k(f) = (dl +pZ7d2 +pZ7 s 7dn—1 +pz’7dn+1 +p27 s 7dp—1 +pZ)7
and 0. (f) takes the form
3.(f) =(0— R(n) - A/R(n) — Z|Cp_1] — 0.

By the lemma, U, 4s,.. is non-empty, and so contains an ele-

-7dn—17dn+1 ----- dp—l)

ment u, we can therefore push out ¥ along u to give the following.

£=(0 —— @~ R(i) - » Z[C, 1] —— 0)

> A
|- | [
> A

u.(E) = (0 — P, R(i) — » Z[Cpo] —— 0),

where the central mapping is an isomorphism by the Five lemma. Define

h € Homa(@P~! R(i), R(7)) to be the (p —2) x (p — 1) matrix described by

1, 1=j7andi<n—1

(h)ij =41, i+1=jandn>k

0, otherwise.
\

We can simply think of A as the mapping

h: R(R) @ R(n) — R(n)

(n,n) — n.

93



By Proposition 2.3.3, if i : @"_] R(i) = A is an injection, then an
isomorphism lim(h, i) = A/i(R(n)) exists. This leads to the conclusion that
lim(h o u,j) = A/i(R(n)). But

k(how) = (dy + pZ,ds + pZ,...,dn1 + pZ,dpi1 + DZ, . .. ,dp_1 + pZ).
Therefore, if we define f = h o u, then
k(f) = (dl +pZ7d2 —|—pZ, s 7dn—l +pzvdn+l +pZ7 s 7dp—1 +pZ)7

and

~

3.(f)=0— R(k) = AJi(R(n)) — Z[Cp—1] — 0.
Concluding:

Theorem 8.2.1. For every extension
O— R(n) —» K —Z|Cp—1] — 0,

with all non-zero k-invariants, there exists an imbedding i : R(n) — A such

that K = AJi(R(n)).

This theorem is useful in showing that the condition M (p) holds, as if we
can show that a surjective homomorphism 7 : A — R(1) exists with kernel &,
and that K is an extension of Z[C,_,] by R(2) with all non-zero k-invariants,
then K = A/R(2). Given that the Kernel of the augmentation map e : A — Z
is isomorphic to R(1) @ [y — 1) [7], the isomorphism K = A/R(2) then leads
to the conclusion that Q5"?™(Z) = [R(2) @ [y — 1)]. This is the scheme of
proof which was used in [12] to show that the condition M (5) holds. We will
use this scheme later in this chapter to show that the condition M (7) holds.
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8.3 Ti(Z,7)

For the remainder of this thesis, we will work towards a proof that the con-

dition M(7) holds. Fix the presentation
G(7,6) =<,y |y’ =1La" =1 yx = 2’y >,

for the group G(7,6). Let A be the integral group ring of G(7,6). In this
section, by studying the representation A : G(7,6) — T(Z,7)* described in
§6.2, we will find characteristic equations for each of the rows of Tg(Z, 7). We
will then use these characteristic equations to find representations for each

of the rows of 74(Z, 7). For brevity, we abbreviate T4(Z,7) to Ts.

As in §6.2, we take ¢ to be a primitive 7** root of unity, we define the
mapping 0 : Z(¢) — Z(() to be the obvious extension from the map defined
by ¢ = ¢3. We then define a right action of G(7,6) on Z(¢) by,

Z(C) x G(7,6) = Z(C),
z- (@) =07 (z- 7).
Now, as Z({) &z Z° with Z-basis given by
{(C - 1)57 (< - 1)47 (C - 1)37 (C - 1>27 (C - 1)17 1}7

the above action defines a group representation A : G(7,6) — GLg(Z). In
fact, as discussed in §6.2, A is a group homomorphism A : G(7,6) — T which
extends to a ring isomorphism X, : C¢(Z(¢),8) = T5(Z, 7). One can calculate
Az~ and A(y~!) by hand, giving the following result:
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-6 1 0 0 00
-21 11 0 0 O
. -35 01 100
)\(SL’ ): 9
-35 0 01 10
-21 0 0 0 1 1
-7 0 0 0 0 1
5 -5 3 -1 0 0
3 —-31 18 —6 0 0
. 105 —84 48 —-17 1 0
AMy™) =
175 —126 70 —-26 3 0
161 —105 56 —21 3 0
70 —42 21 -7 0 1

The A-action on Tg is given by
t-x=t-Aat),

and

toy=t-Ay").

Let v; = (20, —10, 4, —1, 0, 0) € Ts. One can easily check that
v -y = —v; - (1 + ). Now, [v1) is a right A-module with A-action given
by the representation A. Also, since v; € R(1),[v1) C R(1), but R(1) is
generated by (1, 0, 0, 0, 0, 0) and
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-1 00000
0 00000
0 00000
(20, —10, 4, —1, 0, 0) =(1,0, 0,0, 0, 0),
0 00000
—21 00000
0 00000

therefore [v) = R(1). We deduce that a six-dimensional A-lattice M is

isomorphic to R(1) if and only if the following conditions are satisfied:

o M(Z):m-(1+xz+a®+---+a% =0 for each m € M;

e M(1): M has a generator vy such that vy -y = —v; - (1 + ).

Similarly, if we define v, = (7, —1, 0, 0, 0, 0) € Ts, then it is easily
checked that vy -y = vy - (1 + x)? and [vg) = R(2). We deduce that a six-
dimensional A-lattice M is isomorphic to R(2) if and only if the following
conditions are satisfied:

o M(Z):m-(1+x+a?+---+2a% =0 for each m € M;

e M(2): M has a generator vy such that vy -y = vy - (1 + )%
Similarly, if we define v3 = (21, —7, 1, 1, —1, 0), then v3 -y = —v3 and
[v3) = R(3). We deduce that a six-dimensional A-lattice M is isomorphic to
R(3) if and only if the following conditions are satisfied:

e M(X):m-(1+z+a2*+---+2% =0 for each m € M;
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e M(3): M has a generator v such that vs -y = —vs.

Similarly, if we define vy = (0, 0, 0, 1, —2, 2), then vy -y = v4- (1 + z) and
[v4) = R(4). We deduce that a six-dimensional A-lattice M is isomorphic to
R(4) if and only if the following conditions are satisfied:

e M(X):m-(1+z+a2*+---+2% =0 for each m € M;

e M(4): M has a generator vy such that vy -y = vy - (14 2).

Similarly, if we define vs = (77, —49, 28, —14, 6, —2), then one can easily
check that vs -y = —vs - (1 + x)? and [v5) = R(5). We deduce that a six-
dimensional A-lattice M is isomorphic to R(5) if and only if the following

conditions are satisfied:
e M(Z):m-(1+xz+a?+---+a% =0 for each m € M;
e M(5): M has a generator vy such that vs -y = —vs - (1 + z)2.

Finally, if we define vg = (7, =7, 7, =7, 7, —6), then vg -y = vg and
[vs) = R(6). We deduce that a six-dimensional A-lattice M is isomorphic to
R(6) if and only if the following conditions are satisfied:

e M(Z):m-(1+x+a?+---+a% =0 for each m € M;

e M(6): M has a generator vg such that vg - y = vg.

Using the above characteristic equations, we can find representations

Or : Z|G(7,6)] — Tg for each row R(k) of Ts. We give these explicitly now:
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8.4 The mapping 7, : A — [r)

In this section, we define an element 7 € A and show that [r) = R(1) using
the characteristic equations from the §8.3. We then go on to find the kernel

of the map m, : A — [r) defined by a — 7 - a.

We begin by defining

7= (z = D(2+a? +2”)y + (=1 + 2" +22° + 22" +2%)y +°) (1 - ).

Let v = 7(1 + 2?), Clearly [v) C [r), but

v(1+2)(1+ 2% =7(1 4+ 25 (1 +2)(1 + )
=r(l4+z+2*+---+27)

=T

and so [v) = [r). One can check easily that v-y = —v - (1 4 ), and so since

[7) is clearly a 6-dimensional A-lattice, we have shown the following:

Proposition. The right A-module [7) is isomorphic to R(1).

We therefore have an explicit description of a surjection 7, : A — R(1),
we define K = Ker(m,). We now proceed to find a Z-basis for K which
includes a Z-basis for R(1,3,4,5,6). This will be followed by a proof that
K/R(1,3,4,5,6) = Z|Cg], and so K is described by an extension of the type
mentioned in §8.2. Utilising the identity (1 — 3®)(1 + y3) = 0, we see that
[y +1)N[z—1) C K. We now define a Z-basis {e(i) }1<;<1s for [y +1)N[z—1):
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o c(i)= (1P +1)(z — D", 1 <i<6;
o (i) = (y' +y)(z— 17, 7 <i <12

e c(i)=(y° +¢y*)(x — a3 13 <i < 18.

If we define the representation L' : A — G Lg(Z) by

00 0O0O0 —1 1 0 0 0 0 O

1 00 0 0 -1 1 0 -1 1 0 O
o 01000 -1 o 1 0 -11 0 -1
L'(z™") = ; Ly =

00100 -1 1 -1 0 1 0 -1

00010 -1 1 -1 0 1 -1 O

00 0O0T1 —1 O 0 o0 1 -1 0

standard calculations on the basis {e(i)}1<i<1s produce the representation

L:A— GLg(Z) for [y> + 1) N [x — 1) given by

L1 0 0
L(z™") = 0 L'(z™1) 0 ;
0 0 L)
and
0 0 Ly
Ly =] L'y o 0

0 Ly 0
In order to show that [y + 1) N[z — 1) = R(1,3,5), we begin by defining
the following representation 6035 : A — GLs(Z) for R(1,3,5) using the

representations found in §8.3:
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and

91,3,5(,@‘1)

Now, if we define

00 -1 100
00 -1 01O
00 -1 001
00 -1 000
10 -1 000
01 -1 00O
00 -1 100
00 -1 01O
b 0 0 -1 001
00 -1 000
10 -1 000
01 -1 000
00 -1 100
00 -1 01O
00 -1 001
00 -1 000
10 -1 000
01 -1 000

| l (@] (@) (an) (an)
—_ =

- o o o o o o o

—_ =

o o o o O

[en}

-1

o o o o o o o o

Os5(x1)
0
0
Os(y~")
0 0
-1 0
0 O
0 O
0 0
0 -1
0 1
0 0
0 0
0 1
-1 0
-1 1
1 -1
1 0
1 0
0 -1
0 0
0 0

= o o O O O

o O = O

_ o = O O O

o




Then h has determinant 1 and satisfies the following:
e h-O135(x7 1) -hl =Lzt
e h- 917375(y71) -hl = L(yil).

We deduce that [y2 +1) N[z —1) = [n(1)) + n(3)) +[n(5)) where [(i)) = R(i) and

the elements 7(i) are defined as follows:
o n(1) =h(v) = (v’ + DA +y +y*)(a* - 2%);
o 1(3) = h(vs) = (v° + 1)(=(a* = 2%) + y(2° — 2) + y*(2° — 2?));

o 7(5) = h(vs) = (y° + 1)(—(2° = 2°) + y((2® = 2°) + (2* —2°) + (2 — 1)) +
v (= (' —2%) — (z = 1)).

Now, as {e(i)h1<icis U{y' - 27 | 0<i <2, 0<j<6}U{y y*y°} is a basis for
A, and {e(i)}1<i<1s is a basis for [y + 1) N [r — 1), A/[y> +1) N [z — 1) is torsion

free. From the exact sequence
0= K/’ +1)nz—1) = A/* +1)Njz—1) = R(1) =0,

we can now deduce that K/[y>+ 1) N[z — 1) is torsion free. We therefore have the

following short exact sequence of A-lattices:
0=[+1)Nz-1)—=K—>K/’+1)n[z—1) = 0.

Using this exact sequence, we can form a basis for K using bases for [y3+1)N[z—1)
and K/[y3+1)N[z—1). As [y +1)N[zr—1) = R(1,3,5), in order to find a basis for
K which contains a basis for R(1,3,4,5,6), we will find elements n(4),7(6) € K
such that there exists a basis for K/[y* + 1) N [z — 1) which contains the set
{n(@)X7 | i = 4,6; 7 = 0,1,...,5} and [n(i)) = R(i) for i = 4,6. Here, we
use capitalisation to represent the image of z in K/[y®> + 1) N[z — 1). We define

n(4),n(6) as follows,
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o n(4) = (z = 1)((1+2°) + (—z+2* + 2%)y + (¢® + 2° + 2* + 2°)y® + (¢° +
)y + (1 -z —22% — 2% — M)yt + (—2? — 23 — 2h)yP),

e n(6) =(z—1)(1+2)A+y+y*+y>+y' + 7).

Through tedious calculations one can check that 7 -n(4) =0 and 7 - n(6) = 0 and
son(4),n(6) € K; it is immediately clear that n(6)-y = n(6), and through another
tedious calculation one can check that n(4)-y = n(4)-(1+=x), therefore [n(i)) = R(7)
for i = 4,6. We will now find a basis for K/[y®> + 1) N [z — 1), before transforming
the basis to find a basis which contains {n(i)X? | i = 4,6 j = 0,1,...,5}. We

begin by expressing the mapping
AP+ DNz—1) =), a+[P+D)Nz—1)—7- «
in matrix form, where we take A/[y® + 1) N[z — 1) to have basis
{1, X, X2 X3 X4 X° X0V, vX,vX? VX3 vyX,vX° yXx®
Y2 Y2X,V?X2 V2X3 v2 X4 v2XO0 v2X0, v v Yo}

Here, capitalisation is used to represent the image in A/[y®> +1)N[x —1). We take

[7) to have basis

{m,m-z,m-2® w23, w2t w25,

Now, 7(1 + 2?)y = —7(1 4+ 22)(1 + z) and so
my = (14 22)(1 +2)(1 + 2ty
= 7(1+ 2?)y(1 + 2°)(1 + 2°)
= —m- (L+2?)(1+2)(1 +2°)(1 + 2%,

= (=14 22 + 223 + 22* + 25)
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Using this equality, we can form the following matrix for m,:

i00000-1-1-1-10 1 112-110-11-2-11 -2
g1r0000-10 -2-2-11 220101-10-10 0 O
o01000-11 -1-3-20 231-12000-20 —-1-1
ooo0100-12 0 -2-3-1130002-11-220 -2 0

ooo0010-12 1 -1-2-2020-11010-10 -2 0

o00001-11 1 0 -1-1-111-101-12-2 0 —-1-1

By utilising elementary linear algebra we can now easily find a Z-basis for
K/[y® +1) N[z —1). By expressing {n(i)X7 | i =4,6 ,57 = 0,1,...,5} in terms
of the basis for Ker(7) and utilising the Smith Normal Form, we construct the

following basis for K/[y> +1) N[z — 1):

()X |0<i<6lU{n6)X |0<i<6lU{l+Y3 —2— X2 X°+V?
24+ X2+ X4V, 14+ X2 42X3 42X+ X0+ V41— X% —2X3 —2X1 - X° 4+,
I+ X+ X2+ X3+ X4+ X5 4+ X°).

We therefore have a basis for K which includes bases for [n(i)) for i = 1,3,4,5,6.

Using basic linear algebra one can calculate the representation p : A — GLg(Z)

for K/R(1,3,4,5,6). The result it as follows.

100000 01 00 0 0

010000 00 00 1 0
» 001000 » 00 01 0 0
p(z™t) = sy ) =

000100 1 0 00 0 O

000010 1 -4 45 =5 7

000001 0 -3 33 -3 5
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Now, if we let

1 1 0O 0 -1 o0

0 -1 0 1 1 0
f =

-1 0 1 10 0

1 0 0 -1 0 1

2 1 -1 -2 -1 1
Then f~'p(g)f = o(g) for each g € A, where o(g) is the regular representation of

the A-module Z[Cgs]. We deduce that K lies in a short exact sequence of the form
0— R(1,3,4,5,6) - K — Z|Cs] — 0.

By Theorem 8.2.1, to prove that K = A/i(R(2)) for some injective A-homomorphism
i: R(2) — A, it is sufficient to show that the above exact sequence has all non-zero
k-invariants. The representation ¢ : A — G L3g(Z) of K given by the above exact

sequence after the change of basis defined by f takes the following form:

01 (x1) 0 0 0 0 C(1)
0 O3(x~1) 0 0 0 C(3)
. 0 0 Os(x™1) 0 0 C(4)
plz™) = ;
0 0 0 O5(zY) 0 C®)
0 0 0 0 Os(x~1) C(6)
0 0 0 0 0 Is
01(y~1) 0 0 0 0 D(1)
0 O3(y~1) 0 0 0 D(3)
. 0 0 a(y™t) 0 0 D(4)
ey ) =
0 0 0 O5(y~1) 0 D(5)
0 0 0 0 Os(y~1) D(6)
0 0 0 0 0 oly™h)



Now, to check that the k-invariant corresponding to Ext}(Z[Cs], R(4)) for
i1=1,3,4,5,6 is non-zero, we must show that the extension defined by
_ Oi(z~) C(i) _ Oi(y~')  D(i)
el =| el )= :
0 Ig 0 oy
is not congruent to the trivial extension in Ext}(R(i),Z[Cg]) for any i. This is

equivalent to showing that there is no matrix v; € GL13(Z) of the form

Iy X;
i =
0 Ig
such that
Iy X; 9@($_1) C(Z) «91'(1'_1) 0 Iy X;
0 Ig 0 Ig 0 I 0 Ig ’
and
Iy X; Qi(y_l) D(’L) Hi(y_l) 0 Iy X;
0 I 0 oy 0 oy 0 I

This is equivalent to showing that there is no X; € Mgy(Z) such that

and
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In our case, we calculate the C(i) and D(i) to be:

3 -2 -8 -1
—6

-1
4

-2

)
14

—-14 -4 6

—6

-4 -8
-7

-5

7

-3

-3

4

-1 -1

—4

-5

—1

-2

-2

7T -3 -4 =8

10
)

-5 —11
-3

-2

-5

-2

-2 -1 -1 2 1

1

-1 -2 0 1

0
-2

-1 -1 2 1

1

-1 -2

0
0

2

-2

—1

2

-1

—2

4 7 -3 -4

3

—2

-2

-2 -3

-7
—6

-7 6

—1

-3 =7 4 7
-1

—4

-2

-9

—1

-1 2

1

-2 -2 —6

6
5

2
1

-1 -5

-2

-1

-1 0

1

109



o 1 1 0 -1 -1 3 2 7 -3 -2 T
1 0 1 -1 0 -1 4 3 13 -4 -3 -13
-1 0 1 1 0 -1 3 4 13 -3 -4 —13
D(4) = ; D(5) =
1 0 -1 -1 0 1 4 2 6 -4 -2 —6
-1 0 -1 1 0 1 -1 -1 0 1 1 0
0 -1 -1 0 1 1 1 -3 4 -1 3 4
-1 0 -1 1 0 1
-2 0 -2 2 0 2
0 -1 -3 0 1 3
D(6) =
-3 0 -1 3 0 1
1 0 -1 -1 0 1

-2 1 1 2 -1 -1

One can check easily that there are no solutions X; € Mgxs(Z) for equation
(7) for i = 1,3,4,5,6. We have shown that the kernel K of the map 7, lies in an

extension of the form
0— R(1,3,4,5,6) = K = Z[Cp—1] = 0

with all non-zero k-invariants. Therefore, by Theorem 8.2.1, and our discussion

at the end of §8.2, we have shown:

Theorem 8.4.1. Over A = Z[G(7,6)], Q3(Z) = [R(2) ® [y — 1)] i.e. the condition
M (7) holds.

Therefore, by Theorem 8.1.1

Theorem 8.4.2. The D(2)-property holds for G = G(7,6).
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