ON MELTING AND FREEZING FOR THE 2D RADIAL STEFAN
PROBLEM

MAHIR HADZIC AND PIERRE RAPHAEL

ABSTRACT. We consider the two dimensional free boundary Stefan problem de-
scribing the evolution of a spherically symmetric ice ball {r < A(t)}. We revisit
the pioneering analysis of [31] and prove the existence in the radial class of finite
time melting regimes

(T - t)1/267§ llog(T—)[+0(1)
— k+1
A(t) = (C+0(1)) (T—t) 2k+1 7 ke N* ast — T
log(T—1)| 2%
which respectively correspond to the fundamental stable melting rate, and a
sequence of codimension k € N* excited regimes. Our analysis fully revisits a
related construction for the harmonic heat flow in [60] by introducing a new and
canonical functional framework for the study of type II (i.e. non self similar) blow
up. We also show a deep duality between the construction of the melting regimes
and the derivation of a discrete sequence of global-in-time freezing regimes
1

Aoo — A(t) ~ logt, . as t — +oo
{ tk(logt)2? keN

which correspond respectively to the fundamental stable freezing rate, and ex-
cited regimes which are codimension k stable.

1. Introduction

1.1. Setting of the problem. We consider the classical two dimensional one-phase
Stefan problem on an external domain. The unknowns are the moving domain
Q(t) € R? and the temperature function u : () — R which evolve according to:

Ou—Au=0 in Q(t)
Onu = Vaor on 00Q(t) (1.1)
u=0 on 00(t)

where Vjq(;) stands for the normal velocity of the moving boundary oQ(t)L. The
temperature u may either be assumed to be positive initially in £(0), in which case
the maximum principle and the Dirichlet boundary condition ensure that it will re-
main positive in 2(¢), or on the contrary the data may be undercooled with initially
non positive temperature in some regions in space. The cavity represents a circular
block of ice kept at constant temperature v = 0. If the cavity vanishes at a later
time we refer to this process as melting and if it expands, we refer to it as freezing.

In many applications it is important to include the effects of surface tension into
the description of melting. This is done by replacing the Dirichlet condition in (1.1)

Lror any given parametrisation y(t,-) : S' — R? of 9Q(t), the normal velocity is given by the
formula Vaq) = —0¢y - n, where n stands for the outward pointing unit normal with respect to
Q).
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2 M. HADZIC AND P. RAPHAEL

by the so-called Gibbs-Thomson correction
u = okaou) on 0Q(t), (1.2)

where o > 0 is known as the coefficient of surface tension and kg is the mean
curvature of the moving boundary 9€(t). For the physical justification of the con-
dition (1.2) we refer the reader to the monograph [64]. When o > 0 the model
can account for phenomena such as superheating (undercooling), phase nucleation,
crystal growth etc. It is therefore a small scale description of a phase transition
and it adds a o-dependent energy contribution from the phase interface, while the
classical Stefan problem (corresponding to o = 0) neglects the energy due to surface
tension and represents a macroscopic description of melting [26].

In this paper we shall only be interested in the description of melting and freezing
within the framework of the one-phase classical Stefan problem ¢ = 0. While it is
fundamental from the physics point of view to understand the singularity formation
in both cases, the energy concentration phenomenon displays essential differences
related to the type II (for o = 0) vs type I (for o # 0) singularity formation process
as explained below.

1.2. Cauchy theory for the classical Stefan problem. There exists a large
literature pertaining to the questions of existence, uniqueness, regularity, and well-
posedness for the classical Stefan problem. Weak solutions were first defined and
shown to exist in [33] and their properties were further studied in many works,
see [17, 3, 4, 18, 19, 64] and references therein. The classical Stefan problem lends
itself to a different notion of a weak solution, the so-called wviscosity solutions. For an
overview of the seminal works on the regularity theory for such solutions we point
the reader to [5] and references therein, and for further results on existence, unique-
ness, and regularity of viscosity solutions to [34, 35, 7, 6]. In the class of classical
solutions, first existence results are traced back to [28, 45|. For well-posedness re-
sults in energy-based Sobolev-type spaces see [26, 27] and in LP-type spaces [20, 55].

In this article, we work in a radially symmetric situation and therefore the Cauchy
theory is simpler. The domain €Q(t) is given by
Qt) = {z € R |z > A1)},
and the Cauchy problem (1.1) becomes:

Up — Upp — %ur = 0 in Q(¢)
ur(tv )‘(t)) = _)‘(t)

w(t, A(£) = 0

U(O, ) = ug, )\(0) = )\0.

(1.3)

It is well posed in H?: for all (ug, \g) € H? x R? with wug radially symmetric, there
exists a unique solution (u(t),A(t)) € C([0,T), H*(22)) x C}([0,T),R%) to (1.3), and

T < 400 implies (}1_)1(% lu(®) |l 72 (e)) = +oo or th_)rr% A(t) = O> .

We recall the classical proof? in Appendix D. A simple integration by parts using
the boundary conditions (1.3), see (D.4), ensures the uniform control of the Dirichlet

2see for instance [30, 16] and references therein for a Cauchy theory in the class of Holder spaces.



energy:

/ Vu(t,2)[2dz < / Vo (z) 2dz (1.4)
(127 (e12A(0)

in the melting regime A <0,
1.3. Previous results on melting. The first description of melting regimes is

given in the pioneering work by Herrero-Velazquez [31] which predicts the existence
of a discrete sequence of melting rates®:

(T — t)1/2€—§\/|10g(T—t)\

At) ~ k1
®) =D 2 ke N
llog(T—1)| 2k

Their analysis adapts the methodology developed in [29, 32] for the construction of
non self similar type II blow up bubbles. Following in particular the chemotactic
approach [32], the authors first consider a change variable related to some partial
mass, and analyse the problem as a connection problem between a soliton like be-
haviour near the origin, and a far out tail connection. As mentioned by the authors
themselves [30, 65], this approach, which relies on a delicate matching procedure
cannot as such address the question of stability of the corresponding regimes, and
is restricted to radial data.

There has been for the past twenty years an immense activity in the field of
construction of type II blow up bubbles, in both parabolic and dispersive problems,
see for example [54, 46, 37, 59, 48, 60, 61, 62, 41|. The general approach is to split
the energy concentration problem into a finite dimensional part which contains the
leading order dynamics?, and an infinite dimensional part which is controlled using
purely energy methods. In other words, the matching procedure is replaced by the
derivation of the leading order finite dimensional system driving the concentration
mechanism, and the full flow is closed using adapted robust energy estimates. This
scheme allows both for the description of local manifolds of constructed solutions
[8, 42], in particular the stability of the fundamental mode, which is an essential
step for the complete description of the flow near the solitary wave [41, 53], and it
is not in principle restricted to radial data [41, 46, 9] or scalar problems [48|.

1.4. Main results. The main result of this paper is the existence and stability of
a discrete sequence of melting rates with k nonlinear instability directions, k£ € N,
which revisits and completes the pioneering construction of [31].

Theorem 1.1. [Melting dynamics| There exists a set of data (ug,\g) in H? x
R%, with ug arbitrarily small in Hl, such that the corresponding solution (u, \) €
C([0,T), H?) x C*([0,T),Ry) to the exterior Stefan problem (1.3) melts in finite
time 0 < T = T(ug, A\g) < 0o with the following asymptotics:

1. Stable regime: the fundamental rate is given by

A(t) = (T — £)/2e= % VIoe@—0+01r(1) (L.5)

3A different version of (1.5) is computed in [31], but a correction is suggested in [30]. We note
that the rate in [31] arose due to a minor algebraic mistake, and the same proof would yield the
correct rate stated in [30]. We also mention that the correct asymptotic formula is given in [2]. A
similar issue occurs in [32], see the correct law in [62].

4see (1.23) in the strategy of the proof below.
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and is stable by small radial perturbations in H?; this regime corresponds to positive
data ug > 0.
2. Excited regimes: the excited melting rates are given by

: (T -1+ :
A(t) = (c*(ug, Ao) + 0457(1)) ——"—57, k€N, (1.6)
log(T — 1)/ 5
for some c*(ug, Ao) > 0; it corresponds to undercooled initial data lying on a locally
Lipchitz H?* manifold of codimension k.

3. Non concentration of energy: In all cases, there exists u* € HY such that

lim [[Vuxqej=acy — Vu'llz@2) = 0. (1.7)

Comments on the result.

1. Role of the dimension. This paper deals with the case d = 2, which is the energy
critical case, but the higher dimensions d > 3 could be treated by an entirely anal-
ogous approach. In fact, the case d = 2 is the most complicated case, displaying
small logarithmic gains only and strong coupling between the various components
of the solution®.

2. Stefan problem with Gibbs-Thomson correction. As already mentioned in Sec-
tion 1.1, the Stefan problem with Gibbs-Thomson correction (1.2) ( as a replacement
of the classical Dirichlet boundary condition u[sq ;) = 0) is an important phase tran-
sition model taking surface tension effects into account (which are non-negligible at
a certain microscopic spatial scale). Existence (without uniqueness) of global-in-
time weak solutions was shown in deep works [40, 1] relying on the gradient-flow
structure of the problem. In the realm of classical solutions, local well-posedness
results as well as global-in-time stability results can be found in [58, 13, 24, 25, 56].
In the context of melting for the one-phase Stefan problem with surface tension,
to the best of our knowledge the only available result is an important theorem of
Herraiz, Herrero, & Velazquez [30]. The authors show that radius Agr of radially-
symmetric melting solutions in the presence of surface tension in dimensions d = 2
and d = 3 obeys the asymptotic law

1

Act(t) ~ir (Bo(T —1t))3 . (1.8)
The rate (1.8) thus exhibits a very different qualitative behaviour from the Type II
rates observed in [31] (in dimensions d > 2) and in our Theorems 1.1 and 1.2 (in
dimension d = 2). In fact, rate (1.8) honours the self-similar scaling invariance of
the related Hele-Shaw problem with surface tension and it is dimension-independent
see [30], and hence belongs to the setting of type I blow up. This stands in contrast
to the melting rates for the classical Stefan problem in higher dimensions. It is an
important open problem to understand whether the rates (1.8) are stable outside
the class of radially-symmetric solutions. A second important open problem, even
in the class of radial solutions, is to prove the existence and describe melting rates
in the context of the physically important two-phase Stefan problem with Gibbs-
Thomson correction.

3. Nonradial dynamics. Formal asymptotics for finite time melting is presented in [2]
in addition to a wealth of other possible singularity formation scenarios. There the
problem is formulated via the Baiocchi transform and the authors identify ellipses

Ssee for example (3.32).
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in 2D and ellipsoids in 3D as the asymptotic attractors for the melting dynam-
ics in suitably rescaled variables. We also mention the formal asymptotics derived
in [43, 44|, wherein the same melting phenomenology as in |2] is identified for the
Stefan problem confined to a compact domain, melting inwards.

Theorem 1.1 lies in the continuation of the methodology developed for the con-
struction of type II blow up bubbles for both parabolic and dispersive problems
[48, 59, 60, 61, 62, 8|. The strategy consists of two steps: construction of a high
order approximate solution based on the expansion of the blow up/melting solution
with respect to a well chosen small parameter, and development of an energy like
method to control the remaining infinite dimensional part. The main novelty of the
proof of Theorem 1.1 with respect to these previous works however is the derivation
of a new and sharp functional setting for the construction of type II, i.e. non self
similar blow up bubbles, here applied to a melting problem, which we expect is uni-
versal and robust both with respect to the extension to the non radial case and the
full classification of type II scenarios. Our analysis relies on new weighted energy
bounds with a degenerate Gaussian weight based on the spectral decomposition of
the leading order linear operator after a suitable renormalisation, see the strategy
of the proof below. This is conceptually a continuation of the Giga-Kohn approach
[22] to the type I blow up in the energy subcritical range. Our new set of estimates
simplifies both the derivation of the approximate solution and the closure of the
nonlinear energy bounds by using in an optimal way the dissipative structure of the
problem, see in particular (3.48). The existence of a degenerate resonance leading
the blow up rate is reminiscent of the derivation of the celebrated "log-log law" for
the mass critical nonlinear Schrédinger equation, see [39, 54, 47, 46]. A recent series
of works by Merle and Zaag [50, 51, 52| suggest that this approach may be of great
interest for dispersive wave-like problems as well.

Moreover, our approach applies equally well to the construction of freezing so-
lutions (i.e. A > 0) that asymptotically converge to a steady state (u = 0,A =
const > 0). The proof exploits a deep underlying duality between the derivation of
the melting and the freezing rates.

Theorem 1.2. [Freezing dynamics| There exists a set of data (ug, Xo) in H* x R,

arbitrarily small in H, such that the corresponding solution (u, \) € C([0,T), H?) x
CL([0,T),R,) to the exterior Stefan problem (1.3) exists globally-in-time. Further-
more the solution freezes asymptotically

Hm A() = Ao > 0,

t—+00

Aoo = \/)\(2) — 717/9 uo(x) dz, (1.9)

and it has the following asymptotic behaviour:
1. Stable regime: the fundamental freezing rate is given by

where

C(u0> AU)(l + 0t%+oo(1))

Moo — A(t) = o

(1.10)

for some c(ug, Ao) > 0; it is stable with respect to small well localised smooth radial
perturbations; this regime contains negative data ug < 0.
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2. Excited regimes: excited melting rates are given by
cr (o, M) (1 40t 100(1))
th(logt)? ’

for some cp(ug, \g) > 0 and correspond to superheated well localised initial data
lying on a locally Lipchitz manifold of codimension k in some well localised norm.
3. Energy asymptotics: in all cases, the Dirichlet energy dissipates at the rate

di(uo, M) (1 + 04— 400(1))
tht+llogt ’

Ao — A(t) = ke N, (1.11)

[Vu(®)] L2y = k€N, (1.12)

for some d(ug, \g) > 0.

Comments on the result.

1. More melting regimes. In the setting of the Stefan and Hele-Shaw problems, the
authors consider in [57] a melting scenario for the one-phase Stefan problem out-
side a fixed domain containing the origin and kept at a pre-fixed non-negative and
nontrivial temperature, acting as an effective heat source. The liquid thus expands
to infinity for positive initial data and an asymptotic rate of expansion for the free-
boundary radius is obtained. Note that this situation is quite different from our
setting as there is no such heat source in our case, and the freezing/melting process
is driven entirely by the choice of initial conditions.

2. Solitary wave regimes. A non trivial global-in-time dynamics with convergence to
the solitary wave similar to that described by theorem 1.2 has been derived in other
critical settings, see for example [23], [41], [42]. The quantised convergence rates
with logarithmic corrections are reminiscent of some classical nonlinear dynamical
systems scenarios, see for example [21].

The first main open problem following this work is the understanding of the full
non radial stability of the free boundary problem in the stable melting regime k = 0
which should be amenable to our approach. Let us mention that a related problem
in the context of evaporating drops was recently studied and solved in the setting of
a self-similar collapse in the very nice work [15]. The second main open problem is
to give a complete description of the flow for small initial data, and here we expect
that the constructions and underlying functional framework of Theorem 1.1 and
Theorem 1.2 are essential steps.

Acknowledgements. The authors thank the anonymous referees for their help-
ful comments. P.R is supported by the Institut Universitaire de France and the
ERC-2014-CoG 646650 SingWave. M.H. kindly acknowledges the hospitality of the
Laboratoire J.A. Dieudonné, Université de Nice Sophia-Antipolis, where part of this
work has been carried out.

Notations. We denote the ball of radius K by
Bg(RY) := {z € R, |z| < K}
and set
A = y0,.
For any o > 0 we denote the external domain:

Qo := {z € R?| |z] > a}.



When « = 1, we shall simply write €21 = ). We define the weight
E
pi(z) =2

and the scalar product on § 5 by

<f7 g)b,:l: = /\/E faprzdz

and the associated norms

1
_ 2 - 2 2 ’
HuHLi,b,i = </\/E u pizdz> ; HUHH;’bi = (HaZuHL,%,b,i + ||uHLi,b,:|:>

and
1
_ 2 2 2
lullgz, , = (I1Aullpz, , +l0ullfs +lul?z )
We define for b > 0 the Hilbert space
H;’bd: ={u:Q;— R, wuradial with ||UHH;1;bi < 400 and u(Vb) =0} (1.13)
equipped with the scalar product (-, -); +, and for b = 0:
H;,O,i = {u:R* 5 R, w radial with \\u||H;0i < +o0}

equipped® with the scalar product (-, )o. similarly, we define the renormalised quan-

tities:
2

o 4 byl
(fs9)o+ = fopv+ydy, pp+ =e> 2
1

and the norms

oo 2
ol = ([ onsan) " Tolly, = oty
) :
and the Hilbert space
Hyy ={v:Q—R, vradial with |[o||yy  <+co and (1) =0}.  (L.14)

b ol = Mol +Av]b,
b, £ b,+

We define the sequence of numbers:

7j—1

ag =0, ozj::z ,1

—1
i=0 /

for j > 1. (1.15)

Throughout the paper, summations over 0 < j < k — 1 are empty for k = 0.

1.5. Strategy of the proof. Problem (1.3) is invariant under an energy critical
scaling: if (u, \) solves (1.3), then so does

uy(t,r) = u(pt, ur), A (t) = ==, (1.16)

and the scaling leaves the Dirichlet energy” unchanged. We therefore renormalise
the flow p
S 1 x
tor) = i = 1.1
U( 7r) U(‘S?y)? dt )\2(t)7 y )\(t)7 ( 7)

60bserve that u(v/b) = 0 ensures that H;,b can be isometrically embedded into H;’O by consid-

ering the map u — ul_ .

Twhich is dissipated from (1.4) in the melting regime.
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and obtain the renormalised equation with a fized boundary:

831)—%AU—A1):0, y>1;
v(s,1) =0 (1.18)
UZ/(*S’ 1) = _%

step 1 Perturbative spectral analysis. We start with the description of melting
regimes. Let in a first approximation

As
b=-=, 0<bk1
v o<t

then for any given b the linear operator driving (1.18) is
Hy = —A+bA, v(1)=0.
Our first new input is to diagonalise this operator in a suitable Hilbert space. In-

2
deed, Hp is self adjoint with respect to the measure e_%dy, and has up to a
shift compact resolvent in the Hilbert space H}  (see (1.14)) and hence discrete
spectrum. However, the limit b — 0 is singular in the sense that the limiting op-
erator is the Laplacian with resonant eigenmodes and continuous spectrum. After
a renormalisation (i.e. rescaling the space variable by a multiple of \/5) , We may
equivalently consider
Hy=-A+A, v(Vb) =0,

which formally is a deformation of the standard harmonic oscillator, but with a
Dirichlet boundary condition. We claim that in these renormalised variables, the
operator Hy can be diagonalised using a perturbative Lyapounov-Schmidt type ar-
gument in the weighted Hilbert space H;’b’_. The first k& eigenvalues are given for
0 <b<b*(k) by

2 1
M. = 2k ke N 1.19
b = 2R g O (uogbr) ) k€ (1.19)

with a corresponding asymptotic expansion of the eigenmodes, see Proposition 2.3.
Unwinding the above renormalisation, we obtain a family of eigenvectors for the
operator Hyp:

Honok: = bk, Mk(1) = 0. (1.20)

step 2 Approximate solution and modulation equations.

The fundamental melting rate k£ = 0. For pedagogical purposes, we first summarise
our approach specialised to the the case £ = 0 - the derivation of the fundamental
melting rate (1.5). Let provisionally
As
b= A,0<b<<1.
Following [59, 60, 48] we look for an approximate solution to (1.18) in the form of
a slowly modulated profile

U(Sa y) = Up(s) (y)
and hence (1.18) reduces to
bsOpvp + Hpvp = 0, (1) =0, 8yvb(1) =0,
where Hp is given above. The basic observation is that for b = 0, Hy has a bound
state g = logy and a continuous spectrum, but for any b > 0, by (1.19)—(1.20) with
= 0, we are able to compute the bound state for a sufficiently small 0 < b < b*:

Hpnp = bApomy, Apo = Tlogb] 14 0p—0(1)], m(1) =0,

log b|



This furnishes an approximate solution to (1.18):
vy = by
with the accompanying law
b + b* A0 = 0.
The integration of the leading order dynamical system
262 _
{ bs + Tiogar = 0 (1.21)

A _ ds _ 1
TTo=0, =%

leads to the finite time melting with the asymptotics (1.5).

The general case k € N. The computation of the excited melting regimes is techni-

cally more challenging. Due to the new degrees of freedom, it is too much to ask for

the slowly varying variable b to be approximately equal to —%. Instead, we now

fix

As
L= 0<a<l (1.22)

and rewrite the renormalised flow (1.18) in the form
Osv+Hpv+ (a —b)Av =0, v(s,1) =0, Jyv(s,1)=a

for a parameter b which will be chosen later. We look for an approximate solution
of the form

k
Q(Sv y) = Z bj(s)nb(s),j (y)7
=0

where we recall the definition of 7 ; (1.19). After projecting onto each eigenmode,
we obtain the leading order dynamical system:

{ (by)s + bbjhp + 20+ Tid =0, 0<j <k

® = by + 2b(a — b). (1.23)

This system is complemented by the renormalised nonlinear free boundary condition
0yv(1) = a which forces the leading order relationship

k

2 .

a = Z b; <1 + lloz]b!> + lower order terms
=0

with (o)o<j<k given by (1.15). It remains to chose b(a) which is done through the
choice

®=0 (1.24)
which will be motivated below. If b, dominates over the remaining bj-s, j =
0,...,k — 1, the integration of the dynamical system

2 2(a—b)by, __
bs + 2b(a — b) = 0

ds 1

@~ TXTa
leads to finite time melting with the rate (1.5) for k = 0 and (1.6) for £ > 1, which
as solutions to (1.25) possess k unstable directions.

(1.25)
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step 3 Energy estimate. We now construct a solution of the form

Zb 8)M(s),5 (¥) + €(5,9)

with

(esmj) =0, 1<j<k (1.26)
and close an energy estimate for the remainder €. Here we note that for a solution
to the linear problem

Ose + Hpe + (a — b)Ae =0,
the time dependance of b(s) yields a modified energy identity
1 d 2 2
57 | € e_Mdy = —(Hpe, ) + (bs + 2b(a — b)) / ]y\nge_blg‘ dy
—_—
=d

and hence the choice of b (1.24) to cancel the second term in the energy identity®.
To the leading order, thanks to the orthogonality conditions (1.26) and the spectral
gap estimate in weighted spaces associated to the knowledge of the kernel of Hy, we
obtain the fundamental energy estimate:

1 d 2 2
5as | € e 2 dy = —(Hpe,e) < (2k+2)b/a e %dy.

An integration-in-time will produce the necessary decay to close the bound on the
dissipative part of the solution, i.e. €. The situation is however more complicated
since the problem cannot close at the level of H' Sobolev regularity, and instead
forces us to take one more derivative. However, at the H? level the corresponding
energy identity produces dangerous boundary terms. These come with a particular
structure and may beautifully enough be handled through time integration?®, see
Proposition 3.10. This part of the analysis is a replacement for the polynomially
weighted estimates in [60], and uses in an optimal way the dissipative structure of
the equation'® and the nonlinear algebra induced by the free boundary.

The construction of the manifold of initial data to avoid the codimension k instabili-
ties of the system of ODE’s (1.23) is finally performed using a now classical Brouwer
type argument as in 11, 8, 62, 49].

step 4 Freezing. These regimes correspond to an expansion of the circular ice block,
reflected in a change of sign in (1.18), (1.22):

A
Z2—A>0.
h\ >

This causes a modification in the spectrum of the operator
Hp=—-A—BA, v(VB)=0, B>0,

which admits the eigenvalues:

1
App=2k+2+ > k € N.

logB] ¢ <uogB\

8which involves a different type of norm for which the spectral gap constant is not explicit and
would thus lead to severe difficulties.

9This is reminiscent of similar essential issues in [47].

10whereas the energy method in [60, 59, 48] works in both the dissipative and dispersive settings,
but barely uses the dissipative terms in the energy estimates.
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Computations parallel to the melting case lead to the dynamical system

2 2(B-A)B, _
(Bi)s + (2 + iy ) BB+ 2 =0
Bs+2B(B—A)=0
2
4l )
@& =x x=4
which after integration-in-time produces the global-in-time freezing regimes (1.10).

The energy method is run along similar lines for very well localised initial data,
2

since the energy spaces are naturally weighted with the confining measure e dy,
B > 0. The analysis is slightly simpler thanks to the better decay of the By mode
which induces a stronger decoupling from the remaining modes.

1.6. Plan of the paper. In section 2, we use a Lyapounov-Schmidt like argument
to compute the bound state of H; and the associated spectral gap in weighted norms
in both the melting regime % < 0, Lemma 2.6, and the freezing regime % > 0,
Lemma 2.8. In section 3, we construct the melting regimes. We introduce the
nonlinear decomposition of the flow, section 3.1, compute the modulation equations
using the free boundary geometry, sections 3.2 and 3.3, and close the key energy
bound, Proposition 3.2. The proof of Theorem 1.1 now follows from a classical
shooting argument & la Brouwer detailed in section 3.6. In section 4, we deliberately
follow a parallel plan for the construction of the global-in-time freezing regimes.

2. Spectral analysis in weighted spaces

We compute in this section the k first eigenvalues of the linear operator
Hp+ = —A FbA with boundary condition u(1) =0

and the associated spectral gap estimate in the perturbative regime 0 < b < b*(k),
b*(k) < 1. The proof relies on a Lyapunov-Schmidt type bifurcation argument at
b = 0 performed in weighted Sobolev spaces.

To ease notations, we fix
=
+=—, Hpy=Hp—, p=p—=¢e 2, b>0, insections 2.2,2.3,24 (2.1)
and we omit the — subscript for the sake of simplicity. The case b < 0 with the p4
weight and the operator Hy 4 is addressed in section 2.5.

2.1. Coercivity for the harmonic oscillator. We recall in this section without
proof the classical estimates for the harmonic oscillator.

Melting case: consider —A + A on (H;,707 (-,-)0). This operator is self adjoint for
the (-,-)o,— scalar product as is easily seen by writing

-A+A= —%62 (p—20;). (2.2)

The normalised Laguerre polynomials [63]

e’ dk —x _k

solve
XL+ =X)L}, + kL, =0
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and hence
r
Py(r) = Ly <2> (2.4)
diagonalises the harmonic oscillator:
(—A + A)Pk = 2k Py, <Pn, Pm)p,O = 1. (25)
Moreover, they satisfy the double normaliaation condition:
+00
/ L,Lpe *dx = 6pm, Ln(0) =1
0
or equivalently
(Pj, Pr)o,— =0k, Pi(0) =1, (2.6)
and the classical induction formula
AP, =2k(P, — Py—1), k>1. (2.7)

An extensive overview of Laguerre polynomials can be found in [63]. We recall the
standard sharp Poincaré inequality for the harmonic oscillator: Yu € H;,70 with

<U7Pj>0,— = Oa 0 S] < ka
there holds:

0ulz | > @k +2)uls (2.
Freezing case: Consider —A — A on (H;J“O, (,)0). Then the map
Ly, — Lg,_Z
E2]

V—w=¢€ 2 v

is an isometry and integrating by parts:

212
/|VU‘26|2,0+d2::/‘Vpr_dZ+2B/‘w’2pB7_dZ (2.9)

or equivalently:
2|2

(=A = A = (—Aw + Aw + 2w)e™ 2 . (2.10)

Hence the family of eigenvectors

2
~ 2]

Pj = Pje_ 2

diagonalises the operator, and there holds the spectral gap estimate: Yu € H;J”O
with

(u, Pjo+ =0, 0<j<F,
there holds:

|0:ullz_, = 2k +Dluly (2.11)

Remark 2.1. The shift 2 = d in (2.11), where d stands for the dimension of the
ambient space, will be crucial for the computation of the freezing rates.
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2.2. Almost invertibility of the renormalised operator. Recall the notational
convention (2.1). We consider the renormalised operator

Hy, = —A + A with boundary condition u(vb) =0

in the radial sector and for 0 < b < b* small enough. Thanks to the boundary
condition u(v/b) = 0 and (2.2), Hy is self adjoint for the scalar product (-,-), on
the Hilbert space H;b given by (1.13). We claim a near invertibility property of H,
which is the starting point of the Lyapunov Schmidt argument.
Before stating the lemma, we introduce some notations. We first fix a frequency
size
KeN

and a sufficiently small parameter
0<b<b(K) L.

Universal constants in the sequel may depend on K, but are uniform in b €
(0,b*(K)). We define the Gramm matrix

My = ((Pi, Py)o)o<ij<k: k< K. (2.12)
Observe from (2.5) that
(P, P)s = (Pry P)o + O(/ 2dz) = 6y + O(b) (2.13)
l2I<vb
and hence
My, = Id+ O(b) is invertible (2.14)

for 0 < b < b*(k) small enough. We introduce the vector:
Pr = (Pj)o<j<k

and consider the function

(b, 2) = (M Pr(Vb), Pi(2), (2.15)
which by (2.3) and (2.14) satisfies:

k
mr(h,2) = 3 [1+ O(B)] Py(2). (216)
j=0

We now claim:

Lemma 2.2 (Near inversion of Hy — 2k). Let k € N and 0 < b < b*(k) small
enough. Then for all f € Lg’b with

(P =0, 0<j<k (2.17)
there is a unique solution u € le p to:

{ Hypu = f where I;Tb,ku = (Hp — 2k)u — Vbmy (b, 2)0,u(\/b)

(u, Py =0, 0<j<Fk (2.18)

Moreover,

8wl gz, + 10-ull 2, + IAullzz, + ul gz, + Nlogbl|VB0.u(VB)] < [1F]1z2,- (219)
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Proof of Lemma 2.2. We use a Lax Milgram type argument in H;b. Let £k € N and
define the constraint set

C:={uecH,,|(u,P),=0, 0<j<k}.

We consider the problem of minimising the functional F : H; p — R

Fw)= [ 0alpdz =2k [ padz— (fu
2>vb

ZZ\/B
over the constraint set u € C. Let
Iy = inf F(u).
b ueC ( )

We recall from the standard Poincaré inequality for the harmonic oscillator (2.8)
and the compactness estimate (A.1) that for spherically symmetric v € H;,o with
(v, Pj)o =0, 0 < j <k, there holds:

/|8zvl2pzdz - Qk/UQpZdZ 2 /(1 + 1213 |v*pzdz. (2.20)
Applying this to v(z) = ul o 5 € H;’O, we conclude that I, > —oo and that

any minimising sequence u,, is uniformly bounded in H; »- Therefore, up to a subse-
quence, using the compact Sobolev embedding H;’b — Li’b and (2.20), we conclude:
Up — U in H;b, U, — U in Lf,’b.
In particular, using the local compactness of the embedding H*(R) C L°°(R), this
implies
uw(Vb) =0, (u,Pj)y=0, 0<j<k

and u is a minimiser of F over C. By a standard variational argument, there exist
Lagrange multipliers A\; € R such that

k
Hyu=f-> \P;. (2.21)
=0

Hence from standard regularity argument, u € Hl%)c(r > \/I;) We may then take
the scalar product with P; and compute:

(Hyu, P)p = —/ y leﬁz(zpazu)]%pzdz = Ve 2 Pi(V)8.u(Vb) + (u, HyP,)y
z2>vVb
= Vbe 2P (VD)0.u(Vb) + 2i(u, B)y = Vbe 2 Pi(Vb)8.u(Vb).
We conclude from (2.21), (2.17), (2.12) that
\/Be_b/zazu(\/l;) (PZ(\/B))nggk = _Mb,k()\i>0§i§k
or equivalently
(Mo<i<k = —Vbe 20.u(Vb) M, Pi(Vb)

and hence u solves (2.18) from the definition (2.15) and (2.21). We now observe
that u € C ensures

<mk(b7 ')7 u>b =0
and hence taking the scalar product of (2.18) with u, using (2.20) with v =ul__ z,
and the identity (Hyu,u), = ||8zu|]i2 yields:
p,b

lullfe S 0:ullFe —2klull72 = (f,u
p,b p,b p,b
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and hence

gz, + 19l 2, < 1F gz . (2.22)
P, P ps
We now integrate by parts to compute:
1
(Hyu,logz)y = (u, 1), — §|logbl\/l;e_b/28zu(\/5). (2.23)
We estimate from (2.16)
[l (b, )l 2, S 1 (2.24)

and hence (2.23), (2.18) ensure
Vio.u(VB)| £ g7 (Helos, + ullzz, ) < ,logb‘ (171122, + [VBO-u(vVB)])
which together with (2.22) yields
10=ull 2, + llul 2, + Nlogh|[VO-u(VB)| < I £l2 -
We now use the equation (2.18) again and teh bound (2.24) which yield
[Hyullzz S 11 22, -

We then use a Pohozhaev type integration by parts to compute:

}N“

/ 20 u(Hyu)zpdz = —/ Gz(zpazu)zpazu%
>Vb 2>vb P
“+oo
- -[prreary] -3, et
2 Pl 2)>vh

1
- Au)?zpdz
2/22«5( 22

1
= O(lf13 = Au)?zpdz.
(122 ) + 3 / |y Awtapds

which after a simple application of the Cauchy-Schwarz inequality yields ||Au|| ;2 , <
P,

= %be_b/2|8zu(\/l;)]2 +

| flz2 , and (2.19) is proven.
o,

2.3. Partial diagonalisation of H,. We are now in position to diagonalise Hj for
frequencies 0 < k < K under the smallness 0 < b < b*(K).

Proposition 2.3 (Eigenvalues for Hy). Let K € N. Then for all 0 < b < b*(K)
small enough, Hy admits a sequence of eigenvalues

Hybpp = Mo Vo ks Yok € H;,b, 0<k<K, (2.25)

such that for each 0 < k < K, the following properties hold:
(i) Expansion of eigenvalues: there holds the expansion of the eigenvalue

2 ~ 1 1
Aok = 2k A Mo =0 0 2.26
bk + Togh) + Aoks  Abk (‘1 bP) s %Akl S Blogh2’ (2.26)
(ii) Expansion of eigenvectors: there holds the expansion

{ ok = Th(2) + Ppk(2)

Ty (2) = Pr(2) [logz — log(\/ls)} + Zf;é 11,1 Pj (2) [logz _ log(\/g)} (2.27)

with

2 1 1
P - [ [l L P— b [l e — 22
Mok = (3= ) lTogdl + i ks b,k = O (|1 b\2> ; b, e = O (|1 bg) (2.28)
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and
1Al 2, + 1200 llzz, + Ikl
~ 1
+ [logb|[Vb0- 4k (VB)| S (2.29)
[logb|
1
106011, + Nogdl| Vo040 1 (VO S 4 (2:30)
and
1z, + 2%kl 2, < llogb]. (2.31)
iii) Spectral gap estimate: let w € H, with
p,b
(u,pj)p =0, 0<j <k,
then
1
||azu||§2 2k+2+0 [ (2.32)
pb ’1 | psb
Moreover,
Y
= inf —™ 2.33
0=, Tl .
and
Yoo(2) >0 for z>Vb. (2.34)
(iv) Further identities: there hold the algebraic identities for 0 < j < k:
[logb|? 1
= 1+0 . 2.35
(V> Vo k)b 1 + Togh (2.35)
(DO, Vo k)b 1 ( 1 )
g0 Poklb S +0(—— ), 2.36
(Vb ks Vo k)b [logd] 7" |logb|? (2:36)
Moreover,
[ Avp1 — 21?(1/% k— Vb kfl)HHQ’b S (2.37)
1
by i -+ < 2.38
160t og |¢b Kz, Togh]” (2.38)

1% W0k + (2 + 2)Wp ki1 — (A + 2)tpk + 2kt pal gz, S (2.39)

Remark 2.4. From standard Sturm-Liouville oscillation argument, v ;, vanishes k
times on z > v/b, and hence only the ground state p,0 is nonnegative.

Remark 2.5. Constants in Lemma 2.3 depend on the frequency K but are uniform
in 0<b<b*(K).

Proof of Proposition 2.3. The argument is of Lyapunov-Schmidt type. We remove
the b subscript as much as possible to simplify notations.

step 1 The Lyapunov-Schmidt argument. Let Ty (2) € le , be given by (2.27), and
introduce the universal profile

Ty(2) := logz — log(VD).
Then

(Hy — 2k)Ti(2) = Qi(2) + X520 n 20/ = F) To(2) Py (2) + @y
PI(2) (2.40)
Qj = 2= —+ F(2).
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Observe from (2.4) that Q; = Q;(r?) with degQ; < j — 1 and hence
V0 <j <k, QjcSpan(Pj)o<j<i- (2.41)
We solve the eigenvalue problem
(Hp — 2k) = ), (2.42)
by representing v in the form
) =Tj + . (2.43)
and hence (2.42), (2.43) give an equation for 1) :

(Hy —2k)p = —(Hp— 2k)Tk + pi(The + )
k—
Q) = S 26— WTPAE) + Q)]+ T+ )
7=0
= J(¥). (244)

We define (11;(¢)))o<j<k by imposing the relations:

<{gizﬁ>> = VB0G(VB) (M Pu(VD)) L 0= 0., (2.45)

which is proved below to correspond to an invertible linear system on (1% )o<j<k—1, tk)-
Observe that (2.45) allows us to rewrite (2.44) as

i = f - Zuf;”” = (W) (2.46)

with ﬁb,k given by (2.18). Thus to find t, by Lemma 2.2 we are left with solving
the fixed point equation

-
Y= Hb,kF (1/’)
and we indeed claim that the operator ﬁl; kl o F' is a strict contraction from the

closed ball
Boi={d € B}, | 180] 52, + VBIOS(VE) + 5],

)

_MM
B(VB) =0, (P =0, 0<j <k}, (247)

to itself for o universal large enough.
Computation of pjk, px: We invert (2.45). Indeed, we rewrite

~ logb 2logz ~
f) = —Qk+| 8 |NkPk 14 82
2 [logb|
k—1
[logb| 2logz 20Q);
—k P; |1 .

=0

.

Let
f= (Hoks - - - s M(k—1)ks k) and  |fl]oo 1= max{|pxlo<j<r—1, [1x]}-
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Using the almost orthogonality (2.13) and the (,-);-orthogonality of ¢ and p;,
7 =0,...k, we obtain:

N k-1
W = (k — j)[logblujr — (Qr, Pj)o + (C@)j + pe Y wen(Pj, PeTo)s + O(Jb]),
= (2.48)
- k-1
<{g}f)’Pf§zb = ’102gb _ <Qk,Pk>0 + Uk ZMM(PR’ Pg’n>b + (Cl_j)k + O(‘b‘)a
) =0
(2.49)

where C' = (Cjj)i j=0,.k = O(1),is a (k+ 1) x (k + 1)-matrix with bounded entries
in the regime where b is small and (Cf{); = ZZ o Cietter + Cippy is the i-th entry
of the vector Cfi, i = 0,...,k. The above system contains quadratic terms and
it can be solved for i by the following simple iteration argument. Given ﬁ =
(ft0ks - - - -fi(k—1)k» fik), consider the system

W = (k = )llogblu . — (Qk, Pi)o + (Cii); + O(Jb),
<ffaff}af§>b = i (Qu P)o + (G + O(),

where Cl] = Cyj + ban Zg 0 Mzk< P;, PiTy)p, 7 =0, ...k —1. Assuming that ]ﬁ]oo <1,
we have C' = O(1) and we can invert the above system to obtain

- {Qr, Pj)o 1 V|0, (Vb)| :

S (rlogbz T el )0 R RE
_ 2(Qk, Pr)o 1 Vo9V

H = logd) +O<uogb\2+ log?) ) 251

and therefore |fi]o < < 1 for b < b* sufficienty small, where we used (2.47).

Ilogbl
Contractive property follows easily in a similar manner and for a given 1/1 € B, we
obtain the unique solution . We may moreover integrate by parts and use (2.6) to
compute:

Pl
(Qk, Pr)o = <—27k + Py, Py)o = PZ(0) = 1.

similarly for j < k — 1:
/ '

P,
<QI€7‘F?]'>O = _2<7k7P]>0 - 2 + <7]7Pk>0 = 2

/

since i is a polynomial of 72 of degree < j —1 < k. Note that by (2.50) and (2.51)
we addltlonally have the bound

P 1 Vblo (VD)
Hloo llogb| [logb| '

(2.52)

Estimating F (@E) Let us introduce the approximate projection operator:

f_zu JH
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Observe that (I —P;)P; = O(b) and by (2.41) (I — Px)Q; = O(b) for any j €
{0,1,...,k} and the almost orthogonality relation (2.13). From (2.47) we have that
(I = Py)y = 1. Thus, from (2.44) and (2.46) we obtain that

F(y) = pup(I—Py) [Pk:k)gz + Pk:’ gb} + )

+Zu], =)+l (= B | Piogs + 5| 4 001+ 1)
kel
= pi(T = Pg) [Prlog2] + pxth + Y e [2(k — 4) + ] (1 = P) [Pylogz]
i=0
+ O (b(1 + |filoo) + bllogd|| o) -
Therefore

IF @)z, S 1loo (14 191122, ) +O (01 + |7l + Hlog| )

oL+ VOla-b (V)| <1+ a >

2.53
- llogb| [logb| (2:53)

for 0 < b < b* with b* sufficiently small and a universal constant C' > 0. Applying
Lemma 2.2 and using (2.53) we conclude from (2.46)

18]z, + 1], + Nogbl VO (VO)] < IF @)z,

oL VUONWVO (L a
[logb| [logb|
and hence
~ ~ ~ ~ Q
18953, + 161, + hogbl[VEOG(D) + [F )z, < oo
’ ’ » ogb|

and 1 € B, for @ > 0 universal large enough and 0 < b < b*(k) small enough.
Therefore ¥ € Bay.

Contractive property. To show the contractive property, note that for any ¢1, ¢ €
B, by (2.44) we have that

f(o1) — f(d2)

= 5% o) — ) o [14 ]+ 060) = )+ 10(62) (1 — )
k—
1ogb| . 2logz 2Q);
Z (ke (P1) — pji(92)) {[Q(J — k) =l B [1 lo gbl} " Jlogd }

By a calculation analogous to (2.48) and (2.49), we can evaluate the (-,-),-inner
product of f(¢1) — f(¢2) with P, j = 0,1,...,k and thereby estimate |, (¢1) —

Hik(2)]5 e (1) — pe(d2)]- Usmg (2.47), we arrive at
(1) = f(2)llL2, S log |H¢1 P21z,

which together with F' = (Id —Py) f gives | F(¢1) — F(¢2)HL,§ S \loilgb|H¢1 - ¢2HLﬁ .
The operator H b 1is continuous by Lemma 2.2 and therefore for a sufficiently small
0 < b < b, the operator H b Lo F is a strict contraction. By the Banach fixed point
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theorem, there exists a unique 1, € H} o Satisfying (2.25). The Fréchet differen-
tiability of 1, with respect to b at any ﬁxed b > 0 follows similarly, the classical
details are left to the reader.

step 2 Proof of (2.31). We estimate from (2.28), (2.27):
IATb k12, S [logh]

and (2.29) now implies
1A% kll 22, < logh]- (2.54)

We may now apply (A.1) to zt, and (2.31) follows from (2.54).

step 3 Spectral gap estimate. Let u € H;’b satisfy

(u,p)p =0, 0< 5 < k.
Let

1 P; Hl
~Uheavh T ZHPan ©

then by the Poincaré inequality (2.8):
J0:0l% > (2% + Dlol% (2.55)

We now compute from (2.27) for 0 < j < k:

0= (u,v)p = <U, +Zuz [ i (\[)] +1/)bk;>

and hence using (2.28), (2.29):

1
Dol S <j<
|<u"P]>b| ~ |10gb| ||u”Li,b7 0 =7 k

b

from which
[l 2 .
ps

logb|

=l <

Injecting this into (2.55) implies

1
loull?: > [2k+2+0( )] [ (2.56)
psb ’1 ‘ p,b

To prove (2.33), (2.34), let

. 10zullZz

pp = inf ————2
ueCy HuHL2

Then any minimizing sequence normalised by ||unH 2, = 1 is bounded in H} (r >

Vb). By the compactness of radial Sobolev and trace embeddings and (A.1) it
strongly converges in szb. Hence the infimum is attained and from Lagrange mul-
tiplier theory:

Hypp = ppgy.
Moreover, since |¢y| is also an infimum, we may assume ¢, > 0. If pp # Ay, then
(¢, Yp,0)p = 0 and hence from (2.32):

o = H@%H%gb 21
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l0- 312,

sz’b > p by the definition of u,. Together with (2.26) this
L2

p,b

contradicts the definition of yy, for 0 < b < b* small enough. Hence A\pp = pp is
the bound state. The simplicity of the first eigenvalue follows from a classical ar-
gument [14]- and hence ¥y, = ¢, > 0. Note that 1y, > 0 for z > /b by the strong
maximum principle.

Note that A\, =

step 4 Estimate for Oy A ;. Applying 0p to (2.25), we obtain
HyOytby 1 = Op Ao kWb ke + Ao kOptb k- (2.57)

Evaluating the (-, -), inner product of (2.57) with v and integrating by parts we
obtain

O b ke || V0, i %i ot Aok (Ov b ks Vo k)b = (HpOy Uk, Vb k)b

= (Oytn.ks Hyth k) — Ot 1. (VD) D00 1 (VD) p(VD) Vb
= Mot (O ks Vo 1o — Otk (VD) D2t 1 (VD) p(VB) V.

Therefore
abT/Jb,k(\/B)azwb,k(\/B)P(\/B)\/g.

[k
p,b

From %bb,k(\/g) = 0 it follows that 851/11)7;@(\/5) = —ﬁ@zwbk(\/l;) and therefore
from (2.58)

Op Aok = — (2.58)

O s = lazwb,k(\/g)Pp(\/B)‘

k= (2.59)
202,

In particular, since |9, x(VD)| = O(%) by (2.27) and (2.29), and ||¢b,k”%2 2
p,b

[logb|? by (2.28) - (2.29) it follows that
1
MMkl S ——- 2.60
’ b b7k’ ~ b‘logb|2 ( )
which is the last claim of (2.26).

step 5 Estimate for |Opup k|, @ =0, ...,k — 1. From (2.27) we obtain
1 k—1 =
Ty = _%Pk + ]Z_g Oppin, 1k P Ty — % jz_% o kP (2.61)

From (2.27) and (2.57) it follows that
Hyyiby 1. = Fr + Mo 1 Optn i, (2.62)

where
Fy = —Hy0y Ty i + (Mo aTh k) + Ao s - (2.63)

Rewriting (2.62) in the form Hbab@bb’k = (81))\1)71431,/;1,71C + )\b,kalﬂ;b,k) + )\b7k8bTb7k and
evaluating the (-, -);-inner product with P;, j =0,...,k — 1, we obtain

(HpO¥b ks Pi)o = No e (O6Th ks Py)o (2.64)
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since (1/)b ks Pj)y = (8b¢b ks Pj)p = 0. On the other hand, from (2.61) we have that

k—1

1 |10gb|
(O6Th e, Py = =55 My + ZZ;@bub,ik (Mji 5 T+ (Bilogz, Fj) ) % ZHb ik M.
k-1
]logb\ 1
Ot it O ipi , 2.65
blb,ik 0 +§Cg bbb, ik + (bllogb]) ( )

where (c¢;j)i,j=0,... k—1 = O(1) and we used Mj; = 0;; +O(b) for 7 =0,...,k—1 and
the first two claims of (2.28) which have already been proven above. On the other
hand, observe that by integration-by-parts and the orthogonality <ab1/J(, ks Pj)y =0
we have

(HyTh 1o, i)y = p(VD)Vb (azabTb,k(\/E)Pj(\/B) - abT,,,k(\/B)aZPj(\/E)) . (2.66)

By (2.61) |0yTyx(vb)| < 1/b and

k—1 k-1
1
0:00Tok = —5; 0. Pr(VD) + ) i jr0-P;(VD) | + 7 > Oppun ik Pi(VD),
=0 §=0

which together with (2.66) leads to
(HpOTh 1, Pj)y = Z Dot 1 P (VD) + O(1), (2.67)

where we note that 0, P (vb) = VbL,(3) = O(Vb) implying % max;—g__ |0:Px(VD)| =

O(1). To see that L;C(g) = O(1) observe that by the definition (2.3) of the k-th La-
guerre polynomial, it follows that L) is a polynomial of degree k—1. From (2.64), (2.65),
and (2.67) we conclude that

[logb| 1

9 8bubzk6ﬂ—|—cﬂ(9bublk (w), C;Z- = O(l), 1,7 =0,...,k—1. (2.68)
The system (2.68) is invertible for 0 < b < b* sufficiently small, and as a consequence
1
sup  [Opavikl S e 2.69
i=0,....k—1 | i b[long ( )

which completes the proof of (2.28).

step 5 Estimate for H&ﬂﬂbk”b Recalling that Wb wPi)y =0,5 =0,1,...k, by
the construction of wb,ka we conclude that <8b¢b ks Pj)y = 0 since 1/1(, k(\/) = 0.
Moreover, the spectral gap estimate (2.8) with v = abT/)b,k1Z>\[+ab¢b,k(\[)10<Z<\/5
together with the bound Ay = 2k + Ay imply

O (g

2k: +2+ O(|10gb|)

10:000 k172, + ClOt (VD). (2.70)

Evaluating the (-, -), inner product of (2.62) with dyy, integrating-by-parts, using
Cauchy-Schwarz, and the Poincaré-type inequality (2.70) we obtain

||3z3b15b,k||2L§b N HFkHiib + V0|90, 1 (VD) Oyt 1 (VD) | + [9p (VD)2 (2.71)
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From @bk(\/l;) = 0 it follows after differentiating with respect to b that

L 0. (VE) <

|8b711b,k:(\[) B Bllogb?

5 (2.72)

To estimate /|0,y 1(v/b)| we note that
0 = (Dptho s 1)p = (Optp k., Hylogz)s
_ _ 1 _
= (HyOpo 1, 1ogz)p + €20y 1 (VD) + §|10gbi\/Bazab?ﬁb,k(\/g)e_m-

1
" bloghl?

where we used (2.62) in the first estimate and the Poincaré inequality (2.70) in
the last. Using the Cauchy-Schwarz inequality and plugging this bound and (2.72)
into (2.71) we obtain

Therefore

1
i\f(? 3b¢bk(\[)i S |logb| <HFkiL2

1
< ——|| B —— 0.0y —_—

o

b|logh|?

From (2.61) and (2.69) we conclude that ||} k|| 2 S 1. To estimate || Fy]| 2 , note
o P,

that from (2.40) we have the identity:

|iazab7;b,k”[,§7b S HFkHLib + (2.73)

k—1 k-
. 1 .
Hy0y Ty = 2k05Th i + Y Oppin i 207 — B) Ty Py + Q] + 3 Z pib,jk(k — J) P

and therefore using (2.61) and (2.26) we have

—HyOu Ty 1 + Ao 1O T 1 = O )OIy 1

1
|logb|

T
L

o, jr(k — ) P;.

S| =

k-1
+ E Oppin,jr [2(5 — k) To Py + Qj] +
j=0

<.
Il
o

Hence, using (2.69) and (2.28):
1
~ bllogh|

Thus, using the definition (2.63) of Fj, bounds (2.60), (2.29), and the previous
bound we obtain
Li,b)
1

1 1 1
<1i (o < .
S5 bloghP? (' ogh| + |logb|> ~ Bllogh]

Plugging this back into (2.73) we get

I = HuOsTok + Mok OsThkll 2, S

1
A
I1Filzz, S grog * 100 (

1
0,0
ii bwbkiiL N b’iogb’
and therefore, by the spectral gap estimate (2.8), just like in (2.70), we obtain
1
[ ollzz,

S b|logh|
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and the proof of (2.29) is completed.

step 6 Proof of (2.35) - (2.39).
Proof of (2.35). We estimate from (2.27), (2.29):

|logb|?

1 [<Pk,Pk>0 +0 (\lolgb|>] (2.74)

(Vs Yo k)p =

and (2.35) follows from the normalisation (2.6).
Proof of (2.36). We compute from (2.61), (2.28), (2.29):

1 1
bOtok + 50k S (2.75)
‘ 2 H2, |logb|
and hence using (2.35):
(b b5 Vb )b 4 [ < 1 >] [ P, ]
AP0,y WOk 1ro( - B VLo
(Vo> Vb k)b (logb)? logh { 5 Vo) + O(1)

4 1 1 1
- —Z|logb|(P;, P 1| = - -
(Togh)? [ 418b 5 Py 4 O >] Toge] ¢ (rlong)’
this is (2.36).

Proof of (2.37): We compute from (2.27), (2.7):

k-1
Ay = APTy+ Py + Z o jk A (P Ty) + Ay,
=0
k-1 )
= 2k[Pp — Poct|To+ Pe+ Y pu je APy Ty) + Ay
=0

= 2k(Ypr — Ypk—1) + Ebk
where the remainder estimate
1€k llrr2, S 1

holds due to (2.28), (2.29) and (2.37) is proved.
Proof of (2.38). Note that

k-1
2
IS lTog |{wbk ¢bk—Pk10gZ—ZMbng7Z}

=0
and therefore

|60y p 1 + og |1/1z;kHH

k-1
1
S 00uk + 5 Pellmz, + s og ‘ 10,k + Pilogz + > ik P Tollwz,
1=0
1
[logb|’

where we used (2.75) and (2.28), (2.29). This concludes the proof of (2.38).
Proof of (2.39). We have from (2.27), (2.29):

logb
22 - L8 2p ) <1

Let ®), = 22P,, then
(—A + A)(I)k = (Qk + Q)CI)k — 4P, —4AP, = (2]{ + 2)‘I)k — 4P, — Sk(Pk — Pkfl)
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and hence the relation

2k(®y, Pr)o = (2k + 2)(Pg, Pr)o — 4 — 8k ie (Pg, Pr)o = 2 + 4k

(2k — 2)(®j, Pr—1)0 = (2k + 2)(Pk, Py—1)0 + 8k ie (Py, Pr)o = —2k

(Pk, Pj)o=0, 0<j<k-—2.
Since Py is a polynomial we conclude that there exists a ¢, € R such that

2Py = ¢, Ppy1 + (4k + 2) P, — 2kP_1.
Since Py (0) = 1, we obtain by plugging in z = 0 into the above relationship:
2P, = —2(k + 1) Pyy1 + (4k + 2) P, — 2k P4,

which yields (2.39). O

2.4. Diagonalisation of H;. We are now position to derive the bound state and
the spectral gap estimate for the operator Hj.

Lemma 2.6 (Renormalised eigenfunction). Let K € N. Then for all0 < b < b*(K)
small enough, the renormalised operator

Hy = —A + bA  with boundary value u(l) =0

has a family of eigenstates ny 1. satisfying:

Homp e = 0o ko, 0 <k < K, (2.76)

with the following properties:
(i) Structure of the eigenmodes: there holds the expansion

{ Mo,k = Sbk(Y) + 7ok (Y) - (2.77)
So.(y) = Pe(Vby)logy + D725 .1 P (Vby)logy '
with
| ATy || 12 1
— 0,7 bl|7 b|| A7 logbl|0, 7 1 (1)] < 2.78
CE 10,4 VBl o+ VBNl 2B, k()] S o (278)
(ii) Further estimates on the eigenvector: there holds
[logb| 2 |logb|
< 7ol < =7 2.
lymklls S L Ny mbkllo S oo (2.79)
|logb|
bo < = 2.80
16061, [0 S NG (2.80)
Moreover:
1
| A1 — 2k — Mo 6—1) |6 + %”ay[Anb,k — 2k (e — Mbe—1)] |l
1 1
+5H7'lb Ay — 2k (o — Moe—1)] [lp S 7 (2.81)
and
1200pmp,; — A -+—2 -\+i\\8[2ba — A '+—2 ;
bnb,j le,j ’logb’nb,] b \/B Yy bnb,j T,b,_] ’logb‘nb,] b
1 2 1
My |20 — Ay + ——mi |y S ———— 2.82
 [Ho | 200005 — Ao 5 |logb|nb’]} llo N (2.82)

(iii) Normalisation:

_ [logb|? 1
(o s Mo ) = === |1+ O Tog] )| (2.83)
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Remark 2.7. Observe that (2.81), (2.82), (2.83) imply the bound:

1
160sm6,1 — (M6, — Moge—1)[l6 + %Hay 001,k — k(Mo — Mo e—1)] [
1 1
- b —k — My < —. 2.84
+bH7'lb[ ook — k(Moke — mor—1)] 6 S 7 (2.84)
Proof of Lemma 2.6. Given u : Q — R, let v(y) = u(v/by), it is straightforward to
check that
Hyv = b(Hyu)(Voy), 050l = b7 |ofull 2, ¢eN. (2.85)
We therefore let
Mow(y) = Yoi(2), z=yvb. (2.86)
and (2.76) follows. The estimate (2.81) follows by rescaling (2.37), and (2.83) by

rescaling (2.35). The decomposition (2.77) follows from (2.27), and (2.29) implies
(2.78). The bounds (2.79) follow by rescaling the bounds:

lewoillz, + l1220ll2, < lloghl.
P P

Directly from the definition (2.86), we compute:

A
by 1 = [ Yok

2
which together with (2.30), (2.31) yields:

+ babwb,k} (Vby), (2.87)

|logb|
\/B )

1601 k|16 S

thus proving (2.80). From (2.87):

20016, — Ao = 2 [bOutbe i] (Vby)
and hence from (2.38):

2 1 1 1
2005k — Aok + 7 S = 100tk + 77 <
H bl = Al + o ogme|| \/5” b,k |logb|¢b,k||1:gb NG
and similarly for higher derivatives. O

2.5. Diagonalisation of Hp. We now change sign and consider the operator for
B>0
Hp = —A — BA with boundary value u(1) =0, (2.88)

which is a self adjoint operator on H}i-&- given by (1.14).

Lemma 2.8 (Renormalised eigenfunction). Let K € N. Then for all 0 < B <
B*(K) small enough, the renormalised operator

Hp = —A — BA with boundary value u(1l) =0

has a family of eigenstates

. _ Bly? . . . .

Bk =€ 2 NBk HBNBE=BABKNBEK ABEr=MBr+2, 0<k<K, (2.89)
with nB x, Ak giwen by Lemma 2.6. Furthermore, there hold the following proper-
ties:

(1) Structure of the eigenmodes: there holds the expansion

R _Bly?
{ ek = Spr(y)e” 2 +1 - (2.90)
Spk(y) = Pu(VBy)logy + >7= 1 jx P (v By)logy
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with
1A%5 k|12 . < . :
75 + 10yiB.klls + VBlnskls + VBl AMipkls + |log Bl|dyis k(1)]
1
< - 2.91
(ii) Further estimates on the eigenvector: there holds
) logB| 2 logB|
< < 2.92
lynsklls S g lv*nBkllB < BVE (2.92)
. logB
1BIBnB Kl < llog 5] \/gEI‘ (2.93)
Moreover:
|BOBiBk — (k+ DB ki1 — 0BkllB
1 R R R
+ ﬁllay[BaBnB,k — (k+ DBk — 0xllB
1 1
— Bognigr — (k+ 1)[n — 7 < 2.94
+ FlIHe[BIpis, — (k+ Dlipre — ikl 5 < 75 (2.94)
and
12BOpin, — Mip + ——iinlo + ——110,[2BOBis; — A + —— i
BnB,] nB,] ‘logB’nB,] b \/E Yy BT,B,] T,B,] ’].OgB|nB7J B
1 2 1
+—||Hp |2BOgNB.; — Ang.; + ——1n ] < —. 2.95
5Ms B = Anpg + [ BB 5 VBllogB (2.95)

(iii) Normalisation:

) ) ]logB|2 1
= — |1 . 2.
(NB,ks B k) B 1B +0 oz B| (2.96)

Proof of Lemma 2.97. This is a direct consequence of Lemma 2.6. Indeed, the map

%4, > L%
b Bf}‘yg is an isometry (2.97)

vV—mw=e€e 2 v

and integrating by parts:
o Bl _ 2 2
[Vol*e™ 2" pp ydy = | [Vw|"pp—dy +2B | |w|*pp,-dy (2.98)

or equivalently:

Bly|?

Hpv = (—Aw + BAw + 2Bw)e” 2

Together with Lemma 2.6, this yields (2.89). We now renormalise (A.1) which
yields:

k1

B |ly*wllp.~ < 0ywls -+ VBluwls.-. (2.99)

The isometric relation (2.98) and (2.99) imply the following comparison of norms:
10yvll5,+ < 110yw]B,~ + VBlwlp+ (2.100)

IAv][B+ = [Aw — By*wl|p,— < |Aw]|5,- + —=l0ywl5,~ + [w]5(2.101)

—|
VB

Iy ollp+ S lly*wl s, (2.102)
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Using (2.99):
IAvlps S Awls,- + Bllwlls~ + BllAw| - + By*w| s -

S Aulls,- + Blwls,- + BlAulls- + VEBo,uwls.. (2103)
We also observe that
0yw(D)] S [0y0(1)] if w(1) = 0.
Using the above bounds together with (2.89), (2.90), (2.78), (2.79), and (2.83) yields
(2.91), (2.92), and (2.96). Moreover,
lyl?

. ,Lvﬂ
OBk = | OBNBE — 7773 k 2.

Hence (2.93) follows from (2.80), (2.79). We now observe the fundamental conjuga-
tion )
Blyl

A’I?B’j — 2B83773,j = (AnB,j — 23837737]‘) e 2 s
and hence (2.95) follows from (2.82). Moreover from (2.39):

Blyl*npx = 2*¢Ypx = —(2k+2)n5 g1+ 4k +2) 1.5 —2knB 11+ Fry ||Frllp S \/—

and hence using (2.84):
2
1 ~
BOpnpk — B’Z;‘UB,k = k(B —npr-1) = 5 [= 2k +2)05k01 + 4k + 2)05k = 2knp 1] + Fi

= (k+1)[nBkt1 —nBxl + Fir with ||Fk||B~\f

and similarly for higher derivatives, and (2.94) is proved. O

3. Finite time melting regimes

This section is devoted to the existence and stability of the melting process. In
all the section, we let
+=—, p=p_, b>0.

3.1. Renormalised equations and initialisation. We start with the classical
modulated nonlinear decomposition of the flow. We let

r
—, AM0)=1 3.1
where A(0) = 1 is assumed without loss of generality thanks to the scaling symmetry
(1.16). We define the renormalised time

u(t,:n) = U(Svy)a Yy =

s(t) = s +/t I s (3.2)

and obtain the renormalised flow:
Osv+Hv=0, a= —%,
{ v(s,1) =0, Oyv(s,1)=a (33)

We now prepare our initial data in the following way:

case k = 0: We first claim that given 0 < b* < 1 and €* with
b*

* (|2 <
HE Hb ~ |10gb*|27
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there exists a locally unique decomposition
b*

b* =19 ith = b—b" < —us. A4
Mp=,0 + € Mo +€ with (g,m0)p =0, | | < Tog b 2 (3.4)
Indeed, we define the map
F(b,e") = (b"mp0 — bipo + €5 m,0)b
which satisfies F'(b*,0) = 0 and
| log b*|? 1
a F b* 0 - — * b* 6 —b* * * = 1 O 0
b F'(b,0) (M=,0 + 0" (Op1,0) lb=b*» M6*,0)1 e + og b°] <

from (2.83) and the degeneracy (2.84) for k£ = 0. The claim then follows from a
standard application of the implicit function theorem. A Taylor expansion of F
about (b,e*) = (b*,0) yields the bound

| log 0*[? [ ( )] | log b
b—b" 1+0 S e o Imx ollor S 11€%|o* —

and hence
VEVE
| log b]* | log b|*

LRSS

which concludes the proof of (3.4).
We therefore pick an initial datum

b*

2

o = b + €6 51 S oo
and decompose the solution

v(8,Y) = bo(8)Mby(s),0 + (s, y) with b(s) =bo(s) and (g,7p0)p =0 (3.5)

which makes sense as long as (s, y) is small enough in the L? weighted sense. We
let
g9 = 7‘[{,8 (3.6)
and define the energy
€ = |[Heellz,

which is a coercive norm thanks to the orthogonality condition (3.5), see Appendix
A. We assume the initial smallness

b*(0)

< e
FO= g0 0
case k > 1: Let
k+1 (k? + 1)Oék
Ck,1 = T Top2 Ck2 = Ck,1 — - (3.8)
Then we freeze the explicit value
1 Ck.1
b(s) : = — : 3.9
() 2ks + slogs (3:9)
and the sequence
e _ k+1 Ck,2
bk — 2ks + slogs? (3.10)
b§:07 OSJSk_17

where the index “e" stands for exact.
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Remark 3.1. Letting

ae:k+1+ Ck,1

A1
2ks  slogs’ (3.11)
then (a® b, b) satisfy
e e 2 2(a®=b)by, 1
(bk)s + bbk [Zk + |logb|:| + [log b] t=0 <s2(logs)2)
bs + 2b(a® — b) = O (W) (3.12)
e e 2a _ 1
a”— bk (1 + |logkb|> =0 (s(logs)z) )
We define i
Qsy) = _bimi(v) (3.13)
§=0
and introduce the dynamical decomposition
U<3a y) - Q,B(s) + €(S,y), (nb,j<3>7€)b =0, 0<j<k. (314)

We let again

g2 =Hpe, € := |Hpellp,
which due to the orthogonality conditions (3.14) is a coercive norm, see Appendix
A. We assume the initial smallness

b°(0)
£0) < ———.
= Togb(o)]
For k > 1, the set of initial data will be built as a codimension k manifold. To this
end and in order to prepare the data, we consider the decomposition

e T T ‘/](3)
bjs:bjs—i—bjs,17‘73:7§
(5 = B5(6) + (o), By(s) =2 2

(3.15)

, 7=0,....k. (3.16)
Let the (2 x 2)-matrix Ay be given by

-1 -1 1
A = dy := ———. 1
k < 1 1+dk>’ T k(D) (3.17)

The matrix Ay is diagonalisable with one strictly positive u]f > 0 and one strictly
negative eigenvalue u§ < 0. Let Py be an orthogonal matrix diagonalizing Ay, i.e.

k
A = Pl;lAkPk, A = < #o 0 >

0 ub.

We define the new unknowns Wj, Wi_1 by setting

Wi, Vi
= P 3.18

and now assume the initial bound
(Wk(0)] <1 (3.19)
k—2 2

V;(0)
Wi_1(0)|? 2 < K? 3.20
[Wi—1(0)]" + jg() 5| = (3.20)

for some universal constants K > 0, 0 < 0(k) < 1 to be chosen later. We then
consider the bootstrap bounds

Db3
LV for k=0,
£< { flogg? "1 (3.21)

3
|£gb| for k>1
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for some large enough universal D = D(k) to be chosen later, and

e fork=0
0 < bo(s) < b* (3.22)

o for k> 1,
[Wi(s)] < K (3.23)

and
k— 2
(Wi_1(s Z K? (3.24)
=0
and define

« _ J supgse {(3.21),(3.22) hold on [sg,s]} for k=0,
5= supg>,1(3.21),(3.23), (4.13) hold on [sg,s|} for k> 1.

The main ingredient of the proof of theorem 1.1 is the following:

Proposition 3.2 (Bootstrap estimates on b and €). The following statements hold:
1. Stable regime: for k =0, s* = +o0.

2. Unstable regime: for k > 1, there exist constants K, 6 = §(K) < 1 and
(Vo(0), ..., Vik—2(0), Wi_1(0)) depending on (0) satisfying (3.15), (3.19) and (3.20),
such that s* = 4o00.

Remark 3.3. Let us observe that our set of initial data is non empty and contains
compactly supported arbitrarily small data in H', see Appendix C.

Remark 3.4. The proof of the Proposition 3.2 is presented in section 3.5.

From now on and for the rest of this section, we study the flow in the bootstrap
regime s € [sp, s*). Note in particular the rough bounds
b3

\/ [logb|

bk| S b, 0<j<k—1 and €<

b

for sp > so(K) large enough.

3.2. Extraction of the leading order ODE’s driving the melting. We derive
in this section the main dynamical constraint on the parameters (a,b, (bj)o<j<k)
which lead to the leading order modulation equations, and are a combination of the
linear diagonalisation of the H; operator and the nonlinear boundary conditions.

We start with the constraint induced by the boundary conditions.

Lemma 3.5 (Boundary conditions). There holds:

k
205 b VE
a=) b; |1+ J]+0 + , 3.26
= ! [ |logb| <|10gb2 \logb\\ﬂ;) (3.26)
e9(l) = —ala — b), (3.27)
20 b2
dyea(l ZAbdbb [1+ bJ +0 me'?) (3.28)

Proof of Lemma 3.5. We compute from (2.77), (2.78), (2.28) and recalling the def-
inition (1.15):

Jj—
1 2005 1
5 _ —1+ 2 Lo ——1). (329
g (1 Z G—i |logb| <|1ogb|2) " Jiogt] © (\long) (329
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b
o8 ] o <|1ogb|2>'

k
205
0yQp(1) =D boym (1) = b, [1 + T Jb|
=0 :

k
Jj=0

This implies that

Since v = (g + ¢, it follows that

As
5y}y:1 = Uyly:1 - ayQﬁ‘y:1 T 9,Qp(1)
k
2a b
= a— Y bj|l ! O ——
’ g[ = foati) +© ()

which together with (A.10) yields (3.26). From (3.3), v(s,1) = 0 and 9yv(s,1) =
A

-3 =
’ 0=Hqv(1) = (Hpv + (@ — b)Av)(1) = e2(1) + a(a — b),
this is (3.27). Now from 9,v(s, 1) = a, we have
050yv(s, 1) = as.
On the other hand, taking 9, of (3.3), we have:
0 = 050yv + Oy(Hpv + (a — b)Av) = 0:0,v + Oyea + Oy HpQp + (a — b)yAwv.
We evaluate the above identity at y = 1. From (3.3) and dsv(s, 1) = 0, 9yv(s, 1) = a:
Av(1) = aAv(1) = a*.
By construction, .
Oy HyQp =Y _ o jbbiOymsj,
=0
and hence: J

k
205 b
as + Oyea(1) + Z Ab,b0; [1 + |1Ogjb|} ta'a—b)=0 <|1Cng|2> ‘
=0

We inject into the estimate the rough bound
la| S0 (3.30)
which follows from (3.25), (3.26) and (3.28) is proved. O

We now show how @3 is prepared to generate an approximate solution to (3.3)
with the suitable leading order dynamical system for (3, ) induced by the spectral
diagonalisation of H,.

Proposition 3.6 (Leading order modulation equations). Under the a priori bounds
of Proposition 3.2, there holds

0sQp + HaQp = Mod + ¥ (3.31)

where we defined the modulation vector

2(a - b)bk kbk
Mod := br.)s + bbp A AT MY ) 3.32
0 [( k)s + b Ap i + llogh) + b Mb,k ( )
k—1 ) )
2(a=b)b;j  jbj— (i +1)bjya
E bi)s + bbiy s J J I P ,
+ = |:( ]) + 7 A\b,j + HOgb’ + b nb:]’

the deviation
® := by + 2b(a — b), (3.33)
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and the remaining error satisfies the bound:

1 1 b3 ]CD\
s + =10y s + S IHe Pl S 7o + (3.34)
VA lobl
Proof of Proposition 3.6. By definition
and we therefore compute from (3.13):
k
b.
05sQp(s)(y) + HaQp = Z [(bj)snb,j + bszjbabnb,j + bbj Ay 1,5 + (@ — b)bjAnb,j]
§=0
k b
= Z {[(bj)s + b Ay j]m,j + (@ — b)bs[Any,; — 260pmp,;] + bjbabnb,jq)}
§=0
k .
2((1 - b)bj jbj‘I)
= jzz;) { [(bj)s +bbjApy j + \logb\] Mb,j + T[Ub,j — Mbj—1]

b
The bounds (2.82), (2.84), (3.25), (3.30) now yield (3.34). O

2 b .
0 DA — 2004 — ]+ T DO s ~ nb,jm} |

Remark 3.7. The presence of the [logh| in the denominator on the right-hand side
of (3.34) makes it a true error term with respect to our bootstrap regime, and
this term is one of the leading order errors when closing the energy estimates in
sections 3.3 and 3.4.

3.3. Modulation equations. From (3.3), (3.31) we obtain the equation satisfied
by the perturbation ¢ :

Ose + Hoe = F (3.35)
where

F = —Mod — V. (3.36)
The nonlinear decomposition and the orthogonality conditions (3.14) generate a
differential equation for the modulation vector 8 = (bj)o<j<k in the setting of the
bootstrap lemma 3.2 which we now compute exactly.

Lemma 3.8 (Modulation equations for bj). 1. k= 0: the b law is given by:
2 2

26 | b

llogb|| ~ |logb|?

bs + (3.37)

2. k > 1: the modulation dynamical system for the vector (Bj)ogjgk s given by

k k
1 1| k—1- ~
(br)s + 3 bk +(k+1) J:E . s bk 1)s + 3 2 br—1— (k+1) E b

k—

[\

¥ VbVE

. 3.38
S TogsP "+ Tlogdl (3.38)

+

Bi)s + 15| <

.
Il
o

Remark 3.9. The constants in Lemma 3.8 are independent of D, K, see also Re-
mark 3.13. We need to keep track of the coupling between the modes in (3.38) in
order to study the linearised system close to b2 and close the shooting argument,
see (3.59).
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Proof of Lemma 3.8. This lemma follows from the orthogonality conditions (3.14)
and the boundary conditions of lemma 3.5.

step 1 Computation of Mod. The Mod estimate follows from the sharp choice of
orthogonality conditions (3.14). Indeed, for any 0 < j < k, we take the scalar
product of (3.35) with 7, ; and use the orthogonality condition (3.14) to compute:

—(&,0smpj ) + — b ( yl*ms)6 = (F,mb3) — (@ — b)(Ae, myj).

We now integrate by parts and use (3.14) again to compute:
bs
—(&,0smp )0 + = ( yI* 6,5 + (@ — b)(Ae, mp5)
b
= (&= b0 + f\yl o5 + (@ = b)[=A1b, + by’ ])

P by?
= (&5 |00 + | + (e =) 260105 — Anp.5])

We evaluate all terms in the above expression. From (2.79), (2.80), (A.10):

P by? |<I>\ |log b |‘I>H logb| VE
1y R ‘
Similarly from (2.82), (2.83), and (3.30):
|b—al < VE

e, (a —b)[2b0ym,; — Amp,;]) lells S —-
(&, ( [ J DS =7 el 5 7
We now estimate the F terms given by (3.36). From (3.34), (2.83):

3
b2 |2]| [logh <0 |@[[logb|
logb| =~ vb| Vb b

The collection of above bounds together with (2.83) and (3.36) yields

(W, 7,5)6] S T sll0,50l6 S [

Mod, 0y P||logb ®||logd &
((Mod.mgl| b, [@]llog |+[1+ ] 10g r} VEL  3a9)
(.5, m,5)6 " [logb| b b Vb
We now argue differently depending on k.
step 2 Case k = 0. In this case, b = by and thus from (3.26):
b? VbVE
® = (by)s + 2bg(a — bg) = bs + O .
This together with (3.25) implies the bound:
b2
P| < b .40
915 o + I (3.40)
and thus (3.39), (3.32), and (3.26) imply:
b? |05 [bs|[log b ] VOVE
bs + b 1 : A1
b+ llogh] [ TR flogeP (341

Using the rough bound (3.25), this gives:

1 2b2 1 b2
bs |1 1 < 42
[+O<u 0}+m@ﬂ[+O(M@OHNI%W (3.42)




35

and (3.37) follows.
step 3 Case k > 1. In this case, we have from (3.9):
[bs] < b

and we therefore need to estimate ®:

& = by+2b(a—b) =by+2b

k
20
bi (1 !
“ Z;( *b@)}
. e 2aj e 2aj
+ 20> (b —bf) 1+|10gb’ +2b |, 1+|10gb| —b

j=0

b? VbVE
= 92 4
be +0 <|1ogb|2 \1ogb\> (3.43)

where we used (3.26), (3.12) and the bootstrap bounds (3.23), (4.13) in the last
step. This implies in particular the rough bound

bQ
ol < —— 3.44
o< (3.44)
From (3.39) it follows that:
|(Mod, m)b] b VOVE _ b (3.45)
(Mg .3)e = [logbl* * [logb* ™ |log >’ '
We now recall (3.11) and compute from (3.26), (3.12):
@ = zk:(bwﬂ)[u 20 }+o by Ve
pr | log b| [log b |log b|vb
k
; b VE
= a“+)» bj+0 + : 3.46
20 <|logb|2 |1ogb|\/z;> (3:40)
We now use (3.43), (3.12), (3.46) to compute explicitly:
Q(G—b)bk kbk
br)s + bbrA —_— Y+ —®
(br)s + Db v, + g ;
- - 2 1 2(a® — b) (b5 + by,)
= (b + bx)s + 0(b%, + b) |2k +0
B ) 204 a0 (g )+ g
k
2(a — a®)by, - - b VE
F 20O s+ b)) |2 b+ 0 +
ogs + R D) 1200, (uogbv Villogd

k
L : B VVE
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similarly for j = k — 1:
2(a=b)bg—1 | (k—1)bp_1 — kb

br_1)s + bbr_1Ap k— P

(bk—1)s + bbr_1 Ap -1 + Togh) b

- - 2 1 2(a® — b)b_1
= (bp1)s+ by |20k — 1)+ —— 4+ 0 [ —— | | + L

(Brt)a b [ ( )+ log b| " <\logb\2>} " [logb|

- k

2(a — a)by—1 - . " b VE

b 2O e Dby — kS +bp)| (23 8+ 0 +
k

. 1| k—1. - b? VbVE
= (bp_1)s + - bt — (k+1)> 0| +0 .

(br—1) To | T Ot (k + >j;0 il |logb|? * llogb>

Finally for 0 < j <k —2:
2(a—=b)b;  jbj — G+ Dbjn
[logb| b

. j- b? VbhVE
= (bj)s +=0b; .
(i)e + ”O<|logb|2 ¥ ogt)

o

Injecting the above bounds into (3.45) yields (3.38). O

3.4. Energy bound. We now arrive at the second main feature of the analysis
which is the derivation of suitable energy bounds for . The key here is the dissi-
pation embedded in the problem and its geometry which feeds back into the energy
estimates through the boundary conditions. A careful analysis of this interaction
will allow us to close the energy estimates.

Proposition 3.10 (Energy bound). There holds the pointwise control:

1. for k=0:
1d b3 bt
——RE+O| —— bE < — 3.47
2ds{ * <uogb\2>}“ S Togh? (3:47)

1d b Kbt
-2 S < =2 4
3 {5 +0 <|10gb’5/4> } + 13+ BE S o (3.48)

for some universal constant ¢ > 0.

2. for k> 1:

Remark 3.11. The sharp coercivity constant 3k in (3.48) which follows from the
sharp Poincaré estimate (A.3) is essential to close the energy bound, see (3.58).

Proof of Proposition 3.10. We compute the energy identity for £ and estimate all
terms.

step 1 Algebraic energy identity. Recalling from (3.6) that eo = He, it follows
from (3.35):
Ose9 + Haca = [85, 7‘[1,]8 + [HQ, 7‘[1,]8 + HpF.

To compute the commutators [Js, Hp), [Ha, Hp] we use

(A, A] = 2A (3.49)

)
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which yields:
[0s, Hple + [Ha, Hple = bsAe + [Hp + (a — b)A, Hple = bsAe + (a — b)[A, —A]
bsAe + 2(a — b)Ae = (bs + 2b(a — b))Ae — 2(a — b)[—Ae + bAg]
= PAc+ 2(b — a)62.

Hence the g5 equation:

0se9 + Haeo = PAe + 2(b — a)eg + HpF. (3.50)
We now compute the modified energy identity:
1d 1d b2 bs 91 19 _blul?
——& = / gse” 2 ydy = —— Yy lea|“e” 2 ydy + (0se2,€2)p
2 dS 2ds y>1 2 4 y>1 s

bs
= —ZHyEZHg + (PAe +2(b — a)ez + HoF — Hag2,€2)p-

We carefully integrate by parts to compute:

_? _by?
—/ eoHqee” 2 ydy = —/ eo[Hpea + (a — b)Aeg]e™ 2 ydy
y=1 y=>1

b 2
= Oy(ppyOyea)eady + (b — a) /Egy(‘)yagegydy

y>1
b 2
= —p(De()d,e(1) - / Byeale"% ydy
y>1
b—a b—a

b 2
- pb(l)ag(l) — />1 5% [2 — byz] e’%ydy
y>

b(a—b b—a
= seall + (0= Dl - N Pyl - m(Dea(1) B0+ P | 1),
This yields the algebraic energy identity:
1d P b—a
52f = ~10eall— @Bl - lveal} - e oy + 5 0| 1)
+ P(Ae,e2)p + (HpF,e2)p. (3.51)

We now estimate all terms in the right-hand side of (3.51).

step 2 Nonlinear estimates. From (A.10), (3.44), (3.25):
v VE &
P VE ey E
[logb| b [logb|
Moreover from (3.14) (HsMod, e2)p, = 0, and from (3.34), (3.44):

|[@||(Ae, e2)e] S

b3
[logh|”
We now estimate from (A.12), (3.44), (3.27), (3.30):

B2 [)9,e02 |0yealp | b*
o 2< Y b b3 < Y b .
lyeall S oy |10 + 8] 5 D o

|(Hp T, e2)p S DVE

It now remains to treat the boundary term in (3.51) and we argue differently de-
pending on k.
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step 3 Conclusion for £ = 0. We compute from (3.28), (3.37):

2h? b2 2h2 b2
dyea(l) = —as— O] =—(a=b)s—(bs+ )+ O
ver(l) = —as = o <|logbr2> (@ =b)s = (b oggp) + (rlogb\2>

VWE B
— —(a—1b),
(@ =00 < loghl " TlogP

and hence using (3.27):

b—a

py(1)e2(1) [ay@ + 52] (1)

a(a—b)2+0<\/5\/§ b2 )]

= e 2a(a—b) | —(a—b)+ +
2 [logb|  [logb|?

_b b%\/g i
= e 2 [—(a—b)*(a—b)s—bla—Db)(a—b)s] +0O (b llogh] \1ogbl2>

— b)? b:iVE b B(a—b)?
Ma— b2 o (p22VE LGl B
llogb| ~ |logd| [logb|
We now observe from (3.26), (3.25) that

b

—b S —— .52

and hence the collection of above bounds yields the control:

1 3 2 2 3 4
150 (jogam) | = 100 o (‘@ﬁ?”b el bEVE D ) |

2ds [logb|? [logd| [logb|  [|logb|?

We now inject (3.27), (A.11) with £ = 0 and (3.47) follows.

step 4 Conclusion for k£ > 1. Let

k
CNL:CLB-FZZN)]'

J=0
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be the leading order part of a, see (3.46). Then from (3.38), (4.13), (3.12):

k
5 2005
ag + E Ab,jbbj |:1 —+ |10 Jb|:|
=0 &

QOék 20% b2
= e—_bp0 |1 1 be A bbS O ——
(a k[ +\logb\Ds+< +|logb|>[( b)s Ao gD (!bgb!?)

K 2 e _ k K 2

o b +\/5x/5 I Gt A b +\/B\@
llogh|3/2 ~ [logb] | log b [logh[3/2 ~ |logb|

_ o kwl o KV VBVE

~ 2ks?|log s llogh|3/2 ~ |logh| |

We therefore estimate using Lemma 3.5:

“a| 0

—PbE2 [3y€2 +

k
2 .
= —e_%a(a—b) as + g Ap,;bb; {l—i- lajb] +0
= |logb|

| (%)

_b [ . k+1 Kb’ vbvE
= e taab) @@y O(Ilogb|3/2+ logh)

1 Kb 2
LS Y B GAN 1A%
2ks?logs [logh[3/2 ~ |logb]

= —e_ga(a —b)a—a)s+e

b

= —e 2(a—a)s[(a—a)®+ (a—a)(2a—b) +aa—"b)]

b Kb' bbaVE
O(——)+0
* (\logb\) * (long/2 + [logd|

_ _d% {_6—3 [W—gd)?’ G ‘2‘”2(2&_ b) + (a — a)i(a — b)}}

b Kbt bb3V/E

bla—al .

+O logh + lo b3/2+ logh +0%a—al
g

We have the bound from (3.46):

a—a = O b + Ve .
llogh| ~ [logb|v/b

Injecting the above bounds into (3.51) and using the rough bound (3.25) we obtain
the bound:

L fe o (VN 2 joel = (= bl
2ds [logb| o ye2llp — ¢ c2ll2

3
o [19ElE +lleallf | b2vE bt
|logd| llogb| ~ |logd| |
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We now estimate from (3.46):

1 b b
—b=—+0 =kb+ O 3.53
0= 5350 () =0 (fogp) %)
and (3.48) now follows from (A.11) with (3.27). O

3.5. Proof of Proposition 3.2. We are now in position to give a sharp descrip-
tion of the singularity formation for our set of initial data. The key is to close the
bootstrap bounds of Proposition 3.2. We distinguish the cases £k =0 and k > 1.

step 1 Closing the bootstrap bounds. Our goal is to show that the bounds (3.21),
(3.22) improve in the case k = 0 and similarly for the bounds (3.21), (3.23), (4.13)
in the case & > 1. The improvement of the energy bound (3.21) will follow from
proposition 3.10, while the bounds (3.23), (4.13) will be improved for a suitable set
of initial data constructed via a topological argument.

k = 0. First observe that (3.37) ensures
bs < 0 and hence b(s) < by < b*.

From (3.52),
A oY (3.54)
A B B [logb| '
and hence:
s 1
logA(s) = —/ b {1 +0 (“ ’)] do < +oo implies A(s) > 0. (3.55)
0

We now rewrite (3.48) (with £ = 0) as

d (1 b3 % bt
) <
s {2“0 <u b|2>}+bc [‘”O <|10gb|2)] ~ Togh?

with ¢ > 0. Using (3.54) we obtain:

d (171 b3 bt
—d—|zt+0(—— < 2 3.56
ds{/\c [2 * <!10gb\2>]}N A¢[logb|? (3.56)

We now integrate in time. To evaluate the right hand side, we integrate by parts
using (3.37):

S b4 S )\s b3 b4
-  _do= _As 7 —__)ld
/0 Nellogh? ™ /0 [ Mc\logb|2+0<|1ogb|3>] 7

B 1 b3 5_1/8[)8 3b2 N 2b2 4 +/SO b4 4
= lenefogh |, e Jo 2 logbl2 T logbl?] “ T Jy 7\ NeflogbPP ) 7

Using the smallness of b we get:

s b b3
P ge< (s,
/0 N logb 2% S Seloghz )
Hence (3.1), (3.15) and the time integration of (3.56) ensure:
b [ b b b
E(s) < A€ E(0 0 < A\¢ 0
(S) ~ ‘logb|2 <S> + (S) i ( ) + :| ~ |10gb|2 (S) + (S)

We moreover estimate from (3.37):

df _ B b e N B [ b 0
ds |\ Alogb]2 [ ~ Aeflogbl2 | b  bllogh] X ] Alogb|? [logb|2

w

(3.57)

llogbo|? [logbo|?
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and hence using (3.1) again:
o b

which together with (3.55) implies b(s) > 0 and closes the bound (3.22). Injecting
this into (3.57) improves the energy bound (3.21) for D universal large enough,
which concludes the proof of Proposition 3.2 for &k = 0.

k > 1. This case requires a shooting argument to build the nonlinear manifold of
perturbations (Vj)o<j<ip—1. We first rewrite (3.48) using (3.9):

d b c11 K
Lle+o0 3+ 7] 65—
ds { * <llogbl>} T kl s~ ™~ stllogs|
Using (3.15), an integration-in-time yields:
3+k 3 3 s 77 3+
b b 1 Ko’k
£(s) < o+ —0 e | =2
3+ | log bo| |logb| = 3Tk Js, otllogo]
K b
< ) 3.58
s3(logs) ™~ [logb| (3:58)

This means that there exists a C' > 0 universal large enough such that if D = CK,
the bound (3.21) gets improved, and we assume it now. We inject this relation into
(3.38) and conclude:

k k

~ 1 1[k—1+ =

(be)s + - bk + (k+1)) by | |+ [(br—1)s st bk_l—(/-H—l)ij
7=0 Jj=0

k—2

- ~ VKbV VK
+ (bs)s + ib 2~ 3 3/2°
= ks 7|~ |logb|3/ s2(logs)3/

Equivalently using the change of variables (3.16):

k+1)3F v 1] 1 k
Vi)s J= Vic)s+ - |-V — (K+1 V.
(Vi)s + : + | (Vi) + kk1<+)§0g
k—2
—k K
+ v 5{. (3.59)
§=0

The bootstrap bound (4.13) implies that |V;| < 6K, j = 0,...k — 2. Therefore,
from the first two bounds in (3.59) we conclude that for a sufficiently large K the
following bound holds

(Ve + Vi) | +

i

k+1 0K
](vk_n L s @ dgvin| £ 2K

where we remind the reader that dj, = k(k g Recalling the definition (3.17) of the

matrix Ay, the above inequalities can be succinctly rewritten in the form

Vi k+1 Vi 5K
8S<Vk:—1> s Ak(Vk—1)+O<s '

which in turn leads to

0K

(k +1)p§ S (3.60)

Ha Wi,
s

k+1)uk
(Wk)s + (S)MIWk’ + ‘(Wk—l)s +
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where Wy, Wy_1 are defined in (3.18) and ,u’Q“ < 0 < p¥ are the eigenvalues of Ay.
This first yields the control of the stable direction Wy, since after integrating-in-time
the first bound in (3.60), we arrive at

(k+1)py s (k1)
s 1 Ko M
W < |W 0 <1 K
Wils)] < k<0)’5(k+1)#§ + s(E+1)ub /50 o do <1+ CoK,

where we used (3.19) and the positivity of p¥. This improves (3.23) for K suffi-

ciently large and § < % We now argue by contradiction and assume that for

all (%, R V’“(f ,Wi_1) € Br(R?1), the bootstrap time s* is finite, so that from
(4.13);

Vi(s)|?
JT = K2 (3.61)

k—2
Wi—a (s + )
=0

We claim that this contradicts the Brouwer fixed point theorem. Indeed, us-
ing (3.59), (3.60), and the strict negativity of u5:

2

k—2
1d 2 ‘/J(S) *
3 4 W)+ 30| 226 )
J=0
1 k-

k 2 * — 2/ % 2 3/2
= < | I+ W (s H; VA +0 (07 + K72)
> S [K*-C5K?],

s
for some universal constants ¢, C' > 0. Hence
k=2 2
d (2 Vi(s") N
a5 VW (8P + 1= (5*) >0 (3.62)
Jj=0
for 0 < § < 1 universal small enough in (4.13). Let
- W Vi—2
V=_(— .. .6— W
(57 Ty k 1)7

then this implies from standard from standard argument that the map
Br(R*1) 3 V(0) s s* (V(O))
is continuous, and hence the map
B (R¥1) — By (RI-1)
V(0) = 7 [5(7(0)]

is continuous and the identity on the boundary sphere Sy_;(K), a contradiction
to Brouwer’s fixed point theorem. This concludes the proof of Proposition 3.2 for
k> 1.

Remark 3.12. Note that (Vy(go), - ... Vi—2(c0), Wk_1(c0)) are by construction lying
on a nonlinear codimension k£ manifold of initial data. The fact that the set of such
initial data forms a Lipschitz manifold in the H? topology reduces to a local unique-
ness problem in the class of solutions satisfying the a priori bounds of Proposition
3.2. Such a uniqueness problem has been recently solved in a related framework
in the more complicated case of the wave equation [8] and the KdV equation [42],
see also [12, 10], and a completely analogous approach can be applied here. We
therefore omit the details.
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Remark 3.13. Note that the presence of /K on the right-hand side of (3.59)
is essential to the closure of the estimates. It originates from the bound (3.38),

where we carefully tracked the constants and proved that only v/€ appears on the
right-hand side of (3.38).

step 2 Global H? control. From Proposition 3.2, the solution remains in the boot-
strap regime of Proposition 3.2 as long as it exists in H? which requires: Vs > 0,

lw(s) | 2 (a2 a0s)) T IVl L2 (21> a05)) T 1AU(S) || L2(ja|A(s)) < +00 (3.63)
and
A(s) > 0. (3.64)

In the case k = 0, the positivity of A follows from the time integration of (3.37)
which implies

5 1
logA(s 5/b(l—|—0>da<—|—oo,
foe(s) < [ (Togi?

while in the case k > 1 we use a = —A;/\ and the estimate (3.53), which implies
the above bound again. The global L2-bound follows from the basic dissipation law
satisfied by the solutions of (1.1):

5@”“\&2(9@)) + [IVullz2 o) =0,
which immediately implies that [|u(s)|z2(jz|>A(s)) < 0. The global H'-bound fol-
lows directly from the dissipation of the Dirichlet energy (1.4). For the global

H2-bound, we take a cut off function y = 0 for r < 1 and r = 1 for r > 2, then the
weighted control (3.21) ensures

[Au(s)[|L2(rs)<r<2) < C(s) < +00 for s >0

since the exponential weight is uniformly bounded from below and above in A(s) <
r < 2. To obtain the bound in the region » > 2 we compute:

%% x|Au? = /XAatuAU— /XA2uAu
1
= —/X|VAU|2+2/AX|AU|2 (3.65)

and hence

|
2 2 2
/X|AU (s) < [IxAu(0)]|72 +/0 m||AU(S)HL2(,\(a)§r§2)dU < +oo.

Hence s* = +o00 which concludes the proof of Proposition 3.2.

3.6. Proof of Theorem 1.1. We are now in position to conclude the proof of
Theorem 1.1.

step 1 Finite time melting. We claim that the solution melts in finite time with the
law (1.5), (1.6) as a consequence of the time integration of the modulation equa-
tions.

case k = 0: From (3.37), (3.21), we obtain the following pointwise differential in-

equality for b :
2b2 b2
bs —0(—2). 3.66
" Togd) (uogb\2> (3.66)
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We now follow [59, 62] to derive the melting speed of A and sketch the proof for the

sake of clarity. Multiplying (3.66) by lj’)—g" we obtain

bslogb 1
—240 .
oot (rlogbr>

10g2u is — logu
u

The primitive of — % and therefore

logh 1 |
= e e ) —d
b -l-b s+0(/0 ol T)
which implies
logs <p< logs‘
s S

Hence:

1+ logb 1 /1 1+ logb 1
b= — 1 - dr )| = — 1 - .
2 [ +O(5/0 fogh )] 2 [ +O(|1ogb>] (3:67)

Taking the log yields

1
logh = —log2 — logs + log(—logb) + O
[logb|
which reinserted into (3.67) ensures:

1 logl logl
b="8% 1110 25%5) | 1ogh = loglogs —log2 —logs + O [ ~&%8% )  (3.68)
2s logs logs

Injecting this into (3.67) again yields:

1+0

b = — —
2s logs
logs loglogs 1
= —= - of-]. 3.69
2s 2s * ( ) ( )
Recalling from (3.26) that
As b
b=—"7T4+0 | —— 3.70
3+ (o) 70
we conclude that
logs loglogs 1
—(logA)s = —— — -),
(logh)s = —~ 5~ TO0)
which gives
1 , 1
—logh = Z(logs) — ilogsloglogs + O(logs),
which in turn gives
logl 1
“2log(\2) = (logs)? |1 — 2229%% L o~ )].
logs logs
This leads to
logl 1
—2log(A2) =logs |1 — 0808 L o
logs logs
= logs — loglogs + O(1) (3.71)

from which

eV —205(02) _ 5 o)
logs
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and hence from (3.70), (3.69):

= mpaof R 21088 o) _ - vEleeon)
A slogs 2s

This yields the pointwise ode:
fe\/2\10g/\2|+0(1)()\2)t =1
which integration in time yields:

)\2(t) _ (T B t)ei 2|log(T—1)|+0(1) (372)

and (1.5) is proved.

case k > 1: We estimate from (3.21), (3.8):

As k+1 E+1 1
_5 g = — 0] 3.73
X T ks 2k?slogs * <s(logs)3/2> (3.73)
and hence there exists ¢* = ¢*(up) such that
k+1 k+1
—log\(s) = 2—; logs — 2}; loglogs + ¢* + 05— +00(1)
or equivalently:
(logs) 2%
0gs) 2k
A(s) = e(ug)(1 + o(1)) 22 c(ug) > 0. (3.74)
S 2k

We conclude that
“+o0
T= / M (s)ds < 400
0

and
+oo +oo 1 b 1 '
ri= [0 = [T o) B o = ket o) 8
S S O-T SE
This implies
1 T —t)k

S llog(T — 1|
which together with (3.74) yields the melting law:
: (T -1
At) = (¢"(uo) + 07 (1)) ———557,
log(T" — )| 2=
this is (1.6).

step 2 Non-concentration of the energy. Pick R > 0 and a cut-off function

T 0 for t <R
Xr(7) =X (E) - { 1 for = > 2R.
Then for ¢ sufficiently close to the melting time T':
1d
2dt
= —/Au [XrAu + Vxg - Vu] dz

_ 2 1/ 2, 9 (Xg
= /XR‘AU| + 5 |Vul il dx (3.76)

XR]VU\Q dx—/XRVU-Vﬁtudx—/XRVu-VAud:r
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and hence the uniform bound on the Dirichet energy ensures:
T
VR >0, / Xr|Auldx < +oo.
0

Hence for all 0 < 7 < T — t,

/XR|Vu(t+T) — Vu(t)2de = /XR

t47 2
/ (0:Vu)(o,x)do| dz
t

T T
S 7'/ Xr|0:Vul?dz < 7'/ xr|VAu?dz < C(R)T,
0 0

where the last estimate follows by integrating-in-t equation (3.65) with x = xr and
using (3.76). Hence for all R > 0, Vu(t,z) is a Cauchy sequence in L?(|z| > 2R) as
t — T. We conclude from a simple diagonal extraction argument that there exists
u* € H'(R?) such that

VR >0, Vu(t)— Vu* in L*(|z| >2R) as t — T. (3.77)
Moreover, the uniform bound on the Dirichlet energy (1.4) ensures
Vu* € L2, Vu(t) = Vu* weaklyin L? as t — T. (3.78)

Pick now

_J A)B(1), Q(t)b() Lilogh(t)| for k=0
Rt = { A(t)B(t), B*(t)a(t) = 2( t)[loga(t)| for k> 1.

Note that in both cases we have B(t) > 1. Then from (3.76):

d 1
= [ xeolVuPas| < g [ 1vutr)Rar + / Xy | Au(r)? do

(3.79)

and hence integrating over [t,T') and using (3.77), (3.7 1.4):
-t

'/XR(t)|Vu(T)|2dx—/XR(t)|Vu*|2dx < 20) / / |Au (T | dxdr.
>A(1)

If k=0, we use (1.5) to estimate
T—t 20()(T—t) 1
R2(t) A(t)  |logb(t)]
The above limit holds since by (3.72)
()T —t) 1 _ b(t)eV?Ioell 0l _pp)e2VIROI g
(D) Togh(D] ~ fogh®] 7 Jlogh(D]  ~ Jlogh(?)]
where the last bound follows from (3.68) and (3.71). If k > 1, then
T—t a(t)(T—t) 1

—0 as t—T.

— 0, ast—T,

—0 as t—>T.

R0~ N0 cllogal?)
The above limit holds since by (3.72)
0" (1 — )
at)(T—t) 1 _ jogr—n|"k b T
A2(t)  |loga(t)| ™ %\loga( ¢)] = Noga(t)] ’ ’
[log(T—t)| %

where we used (3.73) and (3.75). Letting t — T, we conclude:

/|Vu"‘|2 :}er%/xR(t)]Vu(T)de. (3.80)
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We now claim that

lim (1-— XR(t))]Vu(T)\de =0 (3.81)
=T JJel>A(0)}

which together with (3.80), (3.78) concludes the proof of (1.7). Indeed, in the case
k =0, from (2.78), (A.10), (3.21), and (3.79) we obtain:

(/ <1—meMVuuﬂ%mzs/“ V() 2da
{2220} A()<[a|<2R(2)
= / [Vo(t,y)|>dy

1<]y|<2B(t)

< BB [ / 160y 110, |* ppydy + || 0ye ||§]
1<y<2B(t)

2

=0 Rogh? | S o2 > 0 as 0T

[logb|
and (3.81) is proved. A similar algebra holds for £ > 1. This concludes the proof of
Theorem 1.1.

4. Infinite time freezing regimes

This section is devoted to the existence and stability of the freezing process
emerging from strongly localised initial data. Throughout the section, we let

4.1. Renormalised equations and initialisation. We let

u(t,z) = v(s,y), y= ﬁ A(0) = 1, (4.1)

with the renormalised time
(t) = s0 + /t ! > 1 (4.2)
S S S .
0 0 AQ( ) Y 0 Y

and obtain the renormalised equation:

Osv +Hav = 0, A:%’
{ v(s,1) =0, 0Oyu(s,1) =—A. (4.3)
We now prepare our initial data in the following way. We let
1 1
B(s)=—, Bi=—F—7—= (4.4)

257 kT skt1(log 5)2
so that with A¢ = B*€:

2\ 2(B— A9)Be 1
Bg)s + BiB ( 2k + 2 E=O0| 5 ) (45
(Bi)s + Bi < + +logs>+ log s <Sk+2(logs)3) (45)

We define .
Qs(y) === _ Bjiin;(y) (4.6)
=0

and introduce the dynamical decomposition

U(Say) = QB(S) +5(S7y)7 (ﬁB,j(3)75)B =0, 0<j<k. (47>
We let again
e9 = Hpe, & := ||Hpel%,
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which due to the orthogonality conditions (3.14) is a coercive norm, see Appendix
A. We assume the initial smallness

B(B})*(0)
£(0) < R 4.8
= Tog5(0) )
and consider the bootstrap bound
DB(B¢)?
DB(By)” (4.9)
| log B

for some large enough universal D = D(k) to be chosen later. Moreover, we assume
initially

Bk(s(]) = BE(SO), S0 > 1 (4.10)
and bootstrap the bound
|Bi(s)] < 10Bj(s). (4.11)
For k > 1, we also let
V.
B;(s :%, j=0,...,k—1. (4.12)
skt+1(log s)2
and assume
k-1
Vi(s)]” < K2, (4.13)
§=0

We define
« | supeg {(4.9), (4.11)hold on [sg,s]} for k=0,
T T supysy {(4.9), (4.11), (4.13) hold on [sg,s]} for k> 1.

The main ingredient of the proof of Theorem 1.2 is the following:

Proposition 4.1 (Bootstrap estimates on B and €). The following statements hold:
1. Stable regime: for k =0, s* = +o0.

2. Unstable regime: for k > 1, there exist constants K, 6 = §(K) < 1 and
(Vo(0), ..., Vik—2(0), Vx-1(0)) depending on £(0) such that s* = +o0.

From now on and for the rest of this section, we study the flow in the bootstrap
regime s € [sg, s*). Note in particular the rough bounds
B(B})?

\/|logB|

Bi| <|Bf|, 0<j<k and €< 414
I~ k

for sop > so(K) large enough.

4.2. Extraction of the leading order ODE’s driving the freezing. We start
with the constraint induced by the boundary conditions:

Lemma 4.2 (Boundary conditions). There holds:

k
200 1 VE

A=30 |14 oe0 (s )|+ o (). 415

2 i1+ s +© (e los BB )
e2(1) = A(B — A), (4.16)

k

A a2 Y 2a; 1

Oyea(1) = As — A*(B—A)+ Y Ap;BB; {1+|10g3|+0 Tog B 17)

J=0



Remark 4.3. Note that (4.15), (4.14) imply
VE
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Al < B+ ——~— < B (4.18)

llogB|v/B ™~
Proof of Lemma 3.5. We compute from (2.89) (3.29):

|y

Oynp,;(1) = dynp(1)e”

This implies that

K 1
9,Qs(1) ZB Oy, (1 Z [ \ o (HogBPﬂ '
=0

Since v = (g + ¢, it follows that

llogB] [log B|?

As
Ey‘y:1 = ”y‘yzl - ayQﬁ‘yzl - 9yQs(1)

k
2005 1
S o L)
= [log B [log B

PP +0< ! > (4.19)

Which together with (B.2) yields (4.15). From (4.3), v(s,1) = 0 and 0yv(s,1) =

= —A:
0=Hav(l) = (Hpv+ (B — A)Av)(1) = e2(1) + A(A — B),
this is (4.16). Now from 9yv(s,1) = —A, we have
0s0yv(s,1) = —As.
On the other hand, taking 0, of (4.3), we have:

/\

0 = 0s0yv + 0y (Hpv + (B — A)Av) = 050yv + Oyea + Oy HpQs + (B — A)yAv.

We evaluate the above identity at y = 1. From (4.3) and dsv(s,1) = 0, 9yv(s, 1) =

—A:
Av(l) = —AAv(1) = A%
By construction,
k
Oy HyQp = — Z AB,jBB;OyNB

=0
and hence:

_As + 8y€2(1) -

M-
P
s}

We now compute the leading order modulation equations.

205 1
BB |1 J o|——— A%(B — A) = 0.
J{ﬂlogm* <uogB\2ﬂ+ (B=4)

O

Proposition 4.4 (Leading order modulation equations). Under the a priori bounds

of Proposition 4.1, there holds

9sQp + MHalQp = Mod + ¥ (4.20)
where we defined the modulation vector
2(B-A)Bj| .
Mod = -— BB; A —_ ; 4.21
o Z [ cHBBip+ S iy, (42D
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and the remaining error satisfies the bound:

\FB,C;
|log B|

|y + 8 Ullp+ =||Hs¥ BN (4.22)
] f” | H |

Proof of Proposition 3.6. Let the deviation

® := B; +2B(B — A).
By definition

Ha=Hp+ (B—AA
and we therefore compute from (4.6):

_8SQB(S) (y) - ,HAQﬁ
k B, )
= Z [(Bj)sﬁB,j + BSEJBﬁBﬁB,j + BBjAp,jip,; + (B — A)BjAﬁB,J}
=0
k

. B;
= > {[(Bj)s + BBjy;liB,; + (B — A)Bj[Aip,; — 2BOpiB ;] + EBaBnB,] }
=0

k

- ;{[(Bj)S+BBjXBJ (?lA)I] 0B,j

2 B;
B— A)B; | A7 2BOpipg.; — ——1p.4 ZLOdBOghHg.; v .
+ ( )B; < nB,; — 2BOpns,; llogB]nB’j) +35 BnB,y}

We now estimate from (4.18):
|| S [AB| < BB;, (4.23)
and hence using (4.14), (2.93):

|10gB|(B) VBB
VB ~ Tlog B

and similarly for higher derivatives. Moreover from (2.95), (4.14):

B R
ng@B@BUB,jHB <

. VBB
\F|logB| s |log B
and similarly for higher derivatives, and (4.22) is proved. U

H(B — A)B; [AﬁB,j — 2BOgiB,j — B’UB,J]

4.3. Modulation equations. The relations (4.3), (4.20) yield
Ose + Hae =F, F=—-Mod—-V (4.24)
and we now compute the exact modulation equations.

Lemma 4.5 (Modulation equations for Bj). There holds for 0 < j < k:

4 BB¢
B B:B(2j+2 < 7k 4.25
‘( Dst B (” +|1gB|>‘~|logB|2 (4.25)

Proof of Lemma 4.5. Let 0 < j < k and take the scalar product of (4.24) with 7p ;
and use the orthogonality condition (4.7) to compute:
|2

s 5 NB,j)B = (F,ipj) + (A — B)(Ae,iB ;).

_(5aasﬁB,j)B - Bs(5 9
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We integrate by parts using (4.7):

2
—(€,0sMB,j)B — Bs(e, |y2‘7713,j)B + (B — A)(Ae, 0B j)B

2
~ Yyl . ~ ~
= —(e,0smB,;)B — Bsle, s 2‘ ip,;)B — (B — A)(e, Bly|*is,; + M) B

By +2B(B — A)
B

= (e 5 (B, +2B(B - A)lyl*im)s — (c.
+(B — A)(e,2BOpNB; — AiB,j)B

—(e, %[%B’y\QﬁBJ’ + BOgip,;l)p + (B — A)(¢,2BOpip,; — AMs,;)B-
We now estimate from (B.2), (2.92), (2.93), (4.23):

BOpiB,;)B

@1 A | [log B _  VE
—(e, = [ Bly|*i; + Bosie;|)e| < llellp— <
(e, 5[5 Blyl B, sipi))B| < lelsg VB ~ g BIVE
and using (2.95) and (4.7):
B VE
B — A)(e,2Bpip; — A )al < —=ellp < —Y5 .
I( ) B1B.; — AMB.j) Bl \/E” [Pz oz BIVB

We now estimate the F terms given by (4.24). From (4.22):
VBB |log B
U, 95.) 8l < 1P s0E.l5 < k < B¢.
|( 7773,])B| ~ H HBHT/B,]HB ~ |10gB’ \/E ~ Pk
The collection of above bounds together with (2.96) and (4.24) yields
VE el - BB
llog BWB | |log B?

|(Mod, 78,j)8| . B
(1B, MBj)B ~ |logB|?

or equivalently:

k
. 2(B — A)B, BB¢
Bj)s + BBjA\p,; / k. 4.2
2 |(Bide t BEAR o B | S Tiog P (420
We conclude from (4.26), (4.18), (2.89):
4 1 BB¢
Bi)s+B;B |2j+2 0] < k.
@+ B8 a2+ 0 (1w )| | < gy
this is (4.25). O

4.4. Energy bound. We now derive the energy estimate in the freezing regime

Proposition 4.6 (Energy bound for freezing). There holds the pointwise control

1d B(B§)? B(B$)?
——E+0 k B(2k + 4 2 < B—k 4.27
2ds{ ! (rlogBr)}+ R arallels S 5o, gy 20

for some universal constant ¢ > 0.

Proof of Proposition 4.6. We compute the energy identity for £ and estimate all
terms.

step 1 Algebraic energy identity. Recall e9 = Hpe. We compute from (4.24):
Osea + Haez = [0s, Hle + [Ha, Hple + HpF.
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and hence using (3.49):
[0s, HBle + [Ha, HBle = —BsAe + [Hp + (B — A)A, Hple
= —BAe + (B - A)[A,—A] = —B;Ae + 2(B — A)A¢
= —(Bs+2B(B — A))Ae —2(B — A)[-Ae — BAe] = —PAe — 2(B — A)es.

Hence the g9 equation:

Ose0 + Hpcog = —PAe — 2(B — A)EQ + HpF. (4.28)
We now compute the modified energy identity:
1d 1d By? B Bly|
~le - 22 2075 ydy = 5/ 2eglPe™2 ydy + (O
9 ds 9 ds y2152€ 2 yay 1 y21y |eal"e™2 " ydy + (0se2,€2) B

Bs
= llyeslls + (~®Ae = 2(B — A)es + HpF — Hacz,2)p.

We carefully integrate by parts to compute:

2 2
_/ 52HA52€BTyydy = —/ eo[Hpea + (B — A)A52]eBTyydy
y>1 y>1

2

y=>1 y=1
9 By®
= —prVeWde) - [ el udy
y>1
B—A B—A 2
2 ea VB + 25 [ BBy e ydy
y>1
B(B-A B—A
= —oyeally+ (B = Al + 2 el - pa(ea(t) 0,00 - T3 R 1)
This yields the algebraic energy identity:
1d i) B—-A
o€ = —10eallh — (B = A)leall3 + Flveallh — o [a - ] 1)
— ®(Ae,e9)p+ (HpF,e2)B. (4.29)

We now estimate all terms in the right-hand side of (4.29).

step 2 Nonlinear estimates. From (B.12), (4.23):

& &
D||(A <BB;— <B——.
2/1(Ae,22)5] £ BBy £ B g

Moreover from (4.7), (4.21), (HgMod, e2), = 0, and from (4.22), (4.14):

VBB _ . B(B*

|log B] ~  |log B

We now estimate from (B.14), (4.23), (4.16), (4.18):

el 30)] _ 10yl | B4°
B2 B |~ |logB| ' |logB]

|(Hp¥,e0)p < BVE

Blyell < BB [

< Hay52||23 33 (36)2—1— g

~  llog B log B k BllogB|2
g g g

< |0ye2l% BB(BE)2

| log B |log B|?
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step 3 Boundary term and conclusion. It now remains to treat the boundary term
n (4.29). First from (4.16), (4.17), (4.18):

|B = Alle2(1)]* S |BI(AB)* < B*(By)*.

k
~ 204]
4= ZBJ< |logB|>

=0
and observe the bounds from (4.15), (4.14), (4.25):

~ B6 ~ .
A-AlS ot 1A S BB (4.30)

We now rewrite (4.17) using (4.25), (4.18), (4.26):

Iye2(1) = ( +i( 2% > ( j)S+XB,jBBj}+O< 5B )
BB

Let

|log B|?

from which:

— pp(1)A(B — A) [(A—fl)ﬁO <|1BBG| +B2B’“>}

0, (B <ﬁ£§’22>> + pp(1)A(B — A)(A — A),.

We now compute using (4.30):

—pp(DA(B — A)(A - A), = pp(1)(A— A), [(A= A + (A= A)(A - B) - A(B - 4)]

-4 {me W AR, WA AZE) (4 Ayreai(s - 4) }
B,

2

(A—SA)3 N (A—A);(A—B) —(A— ADA(B - 4)

pB(1)

+pB(1) [(14_214)2(1213 - Bs) - (A - A)(AS(B - A) + (Bs - AS>A)

d B Bk 2 B2 B¢ 2
- 1o ( e) +0 ( k‘)
ds | log B|? | log B
Injecting the collection of above bounds into (4.29) yields:
1d B(B2)?
2ds {”O < [log B

Dyeal|? B(Bg)?
_ 2 B—A 2 H y<2llB B k
19,22lll = (B = Dlleallh + O | 15 + BTz B

and hence using the coercivity (B.13), (4.16), (4.4) and (4.18):

s {00 (i) -2 22090 () 1ot = i
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and (4.27) is proved. O

4.5. Proof of Proposition 4.1 and Theorem 1.2. We may now close the boot-
strap estimates of Proposition 4.1.

= |A| < B and thus [log\(s)| <
C(s) 1mphes A(s) >0 on [0,s ] The control of the & norm easily implies the H?
control ||u(s)|| g2z < C(s) and hence the solution is well defined from the point of
view of the H? Cauchy theory on [0, s*]. We now integrate in time the bound (4.27)
and obtain for some ¢ > 0

S0 2k +3+e B(s)(Bg(s))” 1 /S B*(Bp)® opiss
< (2 “d
E(s) < (s) £(0)+C Tog 5| +082k+3+c ]10gB|U o

<@>zk+3+05(0) +CB(5)(B,§(5))2 < B(s)(Bg(s))Q'

s | log s ~ |log s
2
Hereby we used the explicit formulas (4.4) to infer that SQkig = B“(EgBB)' Zht3te do <

e 2
W and in the last inequality the initial data assumption (4.8). This closes

the energy bound (4.9).

step 2 Control of B;. We estimate from (4.25):

4 BB
B BBy, | 2k +2 < L
0.+ 8B (3424 )| <
from which
(5 tog 5B)| £ oy
ds s(log s)?’
An integration-in-time yields:
1 Bk(SO) 1
B = O 4.31
k() skt1(log 5)2 [Bz(so)+ log s (431)

and the initial data assumption (4.10) now improves (4.11).
For k > 1, we now argue by contradiction and assume that for all (V})o<j<r—1 with

> 475 [V3(0)]* < K2, there holds s* < +o00 ie.

We estimate using the variables (4.12) and (4.25):

k—j 1

VA _ V- < R =1 ,]{7—1

’( ])5 s J| ~ S\/@
Hence at the exit time:

k—1 k—1

1d 1 *

>ds Z|V|2 Zsj V;(s")]? >0

=0

and a contradiction follows as in the melting case using Brouwer fixed point theorem.
This concludes the proof of Proposition 4.1.
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4.6. Proof of Theorem 1.2. The proof of Theorem 1.2 now follows from a simple
time integration of the modulation equations.
We estimate from (4.25)

’(Bk)s+i’“<k+1+ 2 )'55(32

log s log 5)?2
and hence
L+ (l0g 52 By)| € — -
ds ~ s(log s)?

which implies for s large enough:

c(up)(1+0o(1))

By(s) = sF1(log 5)2

for some universal constant ¢ = ¢(ug). We conclude from (4.15):

As o clug)(1+o(1))
A A= skt1(log 5)2

from which there exists Aog > Aoo (1) > 0 with

c(uo)(1+0ss+00(1))  §f f — 0,

Aoo — A(S = c(u lc;gs .
) { O AL

Since for large s > 1 we have % ~ - (1.10) and (1.11) follow. Finally, recalling
dt ~ 2L

By2
that 7p ; = e_TynB,j we estimate:

~ _ 2 2
/ IV(iBj)I* = / 0ynp,; — Bynp;|> e By dy =/ 0408, — 2B e 2dz
ly|>1 y>1 2>vVB

1
— NlogBPLy +o(V)] [ [P~ 2PyPezdz = enlL+ o()]log B
2>0
for some universal constant ¢, > 0. Note that we used (2.27). Hence using (B.2):

k—1

/ V(0 - Byipp)? < [log BES B2 + [|Vel2 < (B)°.
j=0

Therefore, since the self-similar rescaling preserves the Dirichlet energy, it follows

that
/ Vul? = / Vol? = B? / Vi
Q(t) ly|>1 ly|>1

which yields (1.12). To prove (1.9), note that by integrating (1.1) and using the
Stokes theorem, we arrive at the following conservation law:

4 u(t, x) de — A2 =
4 ( /Q RCEL /\(t)) 0, (4.32)

which holds as long as u € LY(Q(¢)). To see this and evaluate lim;_,o lull 21 ey
first observe that v satisfies

1/2

By2 1
vl =/ v|ydy < ||v]|B </ e 2 ydy) S —=lvlls-
|| HL( ) y21| y>1 \/E

*+0((B7)?)
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On the other hand by (4.7) it follows that

k
B ]10gB| v B
ol < > IBjlllns;lls + lells < *H”HBé?lle
2 |Billne logBE VB Tlog B

where we used (4.4), (2.96), (4.12), (B.12), and (4.9). The two previous inequalities
lead to .
||U||L1( N“ ’—>() as § — 00.
Therefore
HUHLl Q1) = Z(t)HUHLl(Q) —0 ast— o0

since |A(t)| remains bounded. It follows in particular that the conservation law (4.32)
holds and formula (1.9) follows.
This concludes the proof of Theorem 1.2.

Appendix A. Coercivity estimates in the melting case

This appendix is devoted to the derivation of various coercivity estimates in the
melting regime
+=—, p=p-, b>0
which are used along the proof. We start with the standard compactness of the
harmonic oscillator.

Lemma A.1 (Weighted L? estimate). Let u,d,u € L,%(R2). Then Yk > 0,

/z2ku2zpdz <k /(azu)2pzdz + /ugz,odz. (A.1)
Proof of Lemma A.1. Indeed, we use 0,p = —zp and integrate by parts to compute:

/(Bzu — 02%u)2pzdz = /(azu)szdz + (52/z2ku2pzdz — 25/zk+1u62upzdz

= /(8Zu)2pzdz + 62 / 2R pzdz — §[2M pu?) 0 + 5/u2[(k‘ + 1) tzp — 2% pldz

and hence for 0 < 6 = §(k) < 1 small enough:

/ZQkUQpZdZ <k /(8Zu)2pzdz—l—/quzdz—f-/qu%szdz

and (A.1) follows by induction on k£ > 1. O

We now claim the main coercivity property at the heart of the energy estimate.
Lemma A.2 (Coercivity of Hy). Let k € N and 0 < b < b*(k) small enough. Let
u € HS(T‘ > /b) satisfy

u(Vh) =0, (u,p;)p =0, 0<j<k.
Then the following inequality holds:
[Hyul7: 2 llAu]: + (1 +2)0.ull7 (A.2)
p,b p,b p,b

~

+ I+ 2)ulF2 | + blloghl*(9:u)* (V).

Moreover, there exists a constant ¢, > 0 such that

1
|0 Hyul32 | > [2k+2+0(1 |)] |Hyull}: | — bl Hu(VDP  (A3)
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and
HZHbUH%ib S HaszuH%zb + b| Hyu(VD)[*. (A.4)

Proof of Lemma A.2. This lemma is a simple perturbative consequence of the har-
monic oscillator estimate (2.8), (2.32), and a careful integration by parts to track
the boundary term in (A.2).

step 1 Proof of (A.2). Pick a small constant § > 0, then from u(v/b) = 0, we may
integrate by parts and compute:

|(Hp — my@i .= ((Hy = 0)u, (Hy — 0)u)p = ||Hbu|]ii , — 20(Hyu, u)y + 52”““%% -

We may now use the spectral gap bound (2.32) with (A.1) and conclude that for §
small enough:

IIHbUIIQL;)b 2 10:ull2,, + 11+ Z)U\I%[gb + [[(Hy — 5)“H%ib‘ (A.5)
We integrate by parts using the general formula
v
(021, 0)p = —Vbu(Vb)o(VB)p(Vb) = (u, D20}y — (u, St {u,z0)y (A.6)
to compute:
2 2 d.u 2
2, = 1Auls | — 2use + 5, 20.) + Al
= Auls | — (0.0, 20 — 200:ulZs -+ [[AullZs
= HAUHii A+ 0(0:u)* (VB)p(VD) + ((0:u)?, 1)y + ((0:u)?, 1
—[Aullfz —20ullfz + [|Aull
pb p,b p,b
= | AullZz + b(0:u)* (VB)p(VD). (A.7)
I3
On the other hand, integrating by parts:
(Hyu,logz), = (u, 1), + Vb u(Vb)log(Vb)
and thus:
1
b|0u(Vb)|* <
where we used (A.5). Together with (A.7), (A.5), claim (A.2) follows.

1
2 2 < 2
[l + sz, | S ol Hoels

step 2 Proof of (A.3), (A.4). Define the radially symmetric function

_ Hu(\@) for 0<2z<+vb
v(z) _{ HZu(z) for z>+/b (A.8)

and note that v € H,},o' Consider

k
<U7Pj>0
= — ———P;.
vy Z<Pjan>0 J

Then from (2.8):

L2 2 L2
/ |0.w|?e™ 2 zdz > (2k + 2)/ lw?e™ 7 zdz > (2k + 2)/ lw|?e™ 7 zdz.
2>0 2>0 2>vb
(A.9)



58 M. HADZIC AND P. RAPHAEL

On the other hand, from (2.27):

-

(v, Pj)o = H (x/l?)/ Pie™% ads + (Hyt, 1) + O Ml
v, Yo = pU e 2 zdz pU, b.j)b >
! 0<2<vh ’ logb| ’ |logb|

from which for 0 < j < k:

= 2 )+ O b|Hu(\/I;)\+% _0 b!Hu(\/E)|+%
el b fogtl ] ’ [logd|

where we used the orthogonality (u, ;) =0, 0 < j < k. Therefore

||'UHL5J7
|logb|

Injecting this into (A.9) yields (A.3). We now apply (A.1) to v and conclude from
(A.3), (A.8):

leHyuliz, S llevlze ) + | Hyu(VO)I* S [10:0]72  + [lv]72 | + b2 Hpu(VE)*

o~ wllys, < blHpu(VD)| +

S 0:Hyulz, + | Houll 7z + blHu(Vh)* S 10-Hul 72 + b|Hyu(VD)|?
and (A.4) is proved. O

We now renormalise Lemma A.2 by letting e(y) = u(v/by) which yields exactly:

Lemma A.3 (Coercivity of Hyp). Let k € N and 0 < b < b*(k) small enough. If
e € H3 (y > 1) satisfies

(1) =0, (,m,4)p=0 for 0<j <Kk,

then
1Heell; 2 1 Acllg + blloyell; + 0% (| Ael (A.10)
+ U°[(1+ Vby)e§ + bllogd|*(9ye)?(1).
Moreover,
1
[0y Heell32 > [2k+2+ O [ —— | | bl Heellz — cxb®[Hpe(1)[? (A.11)
pib [logb|
and
1
bllyHoell S 110y Heells + | Hae(1)[. (A.12)

Appendix B. Coercivity estimates in the freezing case
We now consider the freezing regime
:t:+7 P = P+, B >0

and the operator
Hp=-A—A, u(vVB)=0.

We claim the analogue of Lemma A.2:
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Lemma B.1 (Coercivity of Hg). Let k € N and 0 < B < B*(k) small enough. Let

Bly|?

Up; =1bpje 2 (B.1)

and u € Hg’(r > \/B) satisfy
u(VB) =0, (utp;)p=0, 0<j<k
then the following inequality holds:
1Hpuly | 2 IAuls |+ I+ 20l (B.2)
+ I+ 2)ulgz |+ BllogB[*(0:u)*(VB).

Moreover, there exists a constant ¢, > 0 such that

1
HaszuH%%B > [% +4+0 (uogb\)] HHBuH%ﬁB — e B?|Hu(VB)?  (B.3)
and

HzHBuHiiB S HazHBuHiiB + B|Hpu(VB)[*. (B.4)

Proof. We follow the proof of Lemma (A.3).

step 1 Proof of (A.2). Pick a small constant § > 0, then from u(v/B) = 0, we may
integrate by parts and compute:

H(HB_(S)uH%ib = ((Hp—0)u,(Hg—d)u)p = HHB“H%;B_%(HB“?U>B+52HUH%§B-
We now use the isometry (2.97) and (2.9). We first obtain from (2.32) the spectral

gap:
Vu with (u,¥p;)p =0, 0<j <Kk,

then
1
H > [2k+4+0 2 B.5
(tz i) > |2+ 4+0 (ol (B:5)
and similarly from (A.1):
2,2 2 2
/z u‘zpdz < /(@u) pzdz + /u zpdz. (B.6)
We therefore conclude that for § small enough:
HHBUHi;]’B 2 10:ull7z, 5+ (1 + Z)UH%;B- (B.7)

We integrate by parts using the general formula
(0-u,v)5 = —VBu(Vb)v(VB)p(VB) — (u,d,0)p — (u, §>B —(u,zv)p  (B.8)
to compute:
Hpul2: = ||Aul?: +2 Ot g Aulf?
| BUHL;B = || U||L’2)’B + 2(uzz + — 7 -u)B + || UHL;B
2 2 2 2
= [l + (0.0 g + 200l + Al
= [ Aul: | - B(0:u)*(Vb)p(Vb) = ((9:u)* 1) 5 — ((8:u)*, 1)
2 2 2
~ Al |+ 210l +IAulR,

= lAullzz | - B(3.u)*(VB)p(VB). (B.9)
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On the other hand, let
1 for VB<z<1
)= Ses

0 for z>2
then integrating by parts:
(Hpu, x(2)logz)p = —(u, Hp(x(2)log 2)) g + V B,u(vVB)log(VB)
and thus:

1
BIo:u(VB)P S o (sl , + s | S 1o sz

where we used (B.7). Together with (B.9), (B.7), claim (B.2) follows.

1

step 2 Proof of (B.3), (B.4). Define the radially symmetric function

<z<
o(z) = Hpu(vVB) for 0<2<+B (B.10)
Hpu(z) for z>+B
and note that v € H;,o- Consider
k A
w :U_Z <Ej’ f>0 P;
=0 < J?Pj 0
Then from (2.11):
2 z2
/ |0, w|?e? zdz > (2k:+4)/ lw|?e7 zdz
2>0 2>0
22
> (2k+4)/ lw|’e? zdz. (B.11)
2>V
On the other hand, from (2.27), (B.1):
A 0 =
¢ B[z, TlogBl
p,B
from which for 0 < j < k:
(v, P;) H (\/E)/ P 2d + (H 2 Upi)p+ O 1H5ulsz
v, = BU e 2 zaz BU, ———=VB,j)B _—
70 0<z<VB logB| "7 |logB|

= O|B|Hpu(VB [zl

where we used the orthogonality (u, T/AJB,]') B =0, 0 < j <k. Therefore

vllzz
logB| -

Injecting this into (B.11) yields (B.3). We now apply (B.6) to v and conclude from
(A.11), (B.10):

lzHpull72 < llzvllf. + B Hpu(VB)]® S 0:0(3: +vl7. + B*[Hpu(VB)P
p,B p,0 p,0 p,0

o —wly < BlHpu(VB)| +

S N0-Hpullze |+ | Hpullze |+ BlHpu(VB)P S 1|0:Hpullz  + BlHpu(vVB)
P P )

~

and (B.4) is proved. O
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In analogy to Lemma A.3, we now renormalise Lemma A.3 by letting £(y) =
u(v/By) and obtain:

Lemma B.2 (Coercivity of Hp). Let k € N and 0 < B < B*(k) small enough. If
€€ Hg’B (y > 1) satisfies
6(1) = 07 (&nB,j)b =0 fO?" 0 S] < ka
then
IHpellz 2 AclB +blloyell + B2 AcllB (B.12)

+ B?|(1+ VBy)e|% + Bllog BI*(8,)*(1).
Moreover,
1
2 2 2 2
loHaelly, > [2h+4+0 (g )| Biell - aBHacOP (B3
and .
BllyMpells S EllayHBsH% + [Hpe(1)]*. (B.14)

Appendix C. Non trivial melting initial data

In this appendix, we show that our set of initial data for melting is non empty
and contains compactly supported data arbitrarily small in H'. We show the con-
struction for £ = 0, an analogous construction holds for £ > 1 and is left to the
reader.

To see this define a cut-off function x(y) = 1 for y < 1 and x(y) = 0 for y > 2, and
set xB = X(%), where

B2 — [logbo|
20y
By abuse of notation, we denote by by the initial value of bg in this section. Let
750112
a= % (C.1)

(X B> Moo )by

1_
Note that a — 1 = %. Furthermore
(XBMbg Mg ) bg

2
b

|((1 = XB) Mo Mbo )b | 5/ M, Pbo 5/ 1og?(y) pvy + 7601
y>B y>B

1 > 1
= — 102\/1)2 2)dz + ————
bo /\/EB 8 (Vboz)p(z) bo|logbo |?

<10g260/Oo (z)alz—l—i B Vi (z)dz—I-#
~ b \/%Bp bo J B P bo[logbo >

< 10g2506_b032/2 4L toB/a 1
b() b() bo“Ogbo‘Q

log?by _ 1 _ 1 1

< [logbo|/4 | ~ _—|logbol|/8 < C.2
STy © 5t " bollogbol? ~ bolloghol®’ R
where we used (2.77) and (2.78). Therefore

1 1 1
bologbo |2 < bollogbo” _ boflogho” _ 1

((1_XB)77b0777b0)b0 ~ H77boH§0 ~ % B ‘10gb0|4’

la—1] S 5 (C.3)
”T’bOHbO -
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where we used (C.2) and (2.78). Consider the initial data
u(0) = v(0) = boaxBM,-

Note that by (C.2) we have the bound || < 1. Then using (2.77), (2.78):
2 < 32 2 7o |
‘8yu(0)| ~ bO ’8?/7750‘ + B2
1<y<2B Bo<y<2Bo
2 b [logby |
S B o, + | < 08 5 hogh +

< L

by |logbo|
K 2b

On the other hand, we have by definition €(0) = —(1—axB)bons, = —(1—a)boms, —
a(l — xB)bom, and hence:

M, ()12 <82 / D0 oyt i+ 11— PR
y=

O |2 M2
06 /B< <2B [| ng”' * ﬁ * 5(2)?7130 Proy dy-
SYS

Using (C.2) we can estimate the first term:

1 b3
b2 bo\ 2 oo ydy < BANZ < pEaZ < 0
0/y>B‘ 0 bonbo‘ Poo¥0Y S V9 s, < Yo bObOHOgbO‘Q ~ |10gb0|47

For the second term we use (C.3) and (2.78) and readily obtain

b
logbo[®

similarly using the decomposition (2.77) (with £ = 0), we have

|0y, |2 1 |0y, 1 ]
b%/ L pooy dy S By — Py dy + b ey dy
B<y<2B Y B<y<2B Y B<y<2B Yy
—4_—byB2 -
S 5B e 2 L bEB 2|0y b, 1 1,
b b . B

<
~ |logbg|*  |logbo|* ™ [logbo|*’

where we used (2.78) in the last line. In a similar fashion

) Ty ) llogy|? 2 Moy 1
bo 1 PhY dy < bg T PhoY dy + b T PhoY dy
B<y<2B Y B<y<2B Y B<y<2B Y
SEBosBP [ pnydy+ BB Y,
B<y<2B
b(?i —boB2?/2 bg
[logbo|? llogbo |6
bg e~ [logbo|/4 bg < bg

™ [logbol? [logbo|® ™ [logbo|®



63

if by is sufficiently small. Finally,

b / by Py dy S g / (logy)?pvey dy + b||mb0,1 117,
B<y<2B B<y<2B
1
4
+ Obologho|?

llogbg| 1 b3
< b3 |loghg|?e™ 1 b3 0.
= o8t 0 ioape2 = Togbo ?

< billogBJ? e
0

and hence (3.15) is satisfied. Moreover,

(5(0)7771)0)170 =(-(1- O‘XB)bOUbovnbo)bo = _b0||77bo||130 + O‘bO(XBonbmnbo) =0
by (C.1), and therefore the orthogonality condition from (3.14) is satisfied.

Remark C.1. Observe that by our construction, the initial temperature ug is non-
negative in €. In this case, the solution u(¢, -) remains non-negative by the maximum
principle.

Appendix D. Cauchy theory in H' x H?

Theorem D.1 (Well-posedness in H?). Let ug € H*(Q(0)), Ao > 0, up(Xg) = 0.
Then there exists a time T = T(|luol|g2(q), Ao) > 0, a constant C' > 0, and a
solution (u, \) to the Stefan problem (1.3) on the time interval [0,T] such that

ue C(0,T), H2(Q)) n L2([0,T), H3(Q)),
ur € C((O7T)7L2(Q)) N L2([O7T]7H1(Q))v
A e (o, 7),R), (D.1)

and the following bounds hold:

Ao
[ull a2y < C = Clluoll gz r), AE) > =

2
for some universal polynomial function C of the initial data. Moreover, if T is the
mazximal time of existence of a solution (w, \) satisfying (D.1), then

th li t,- = lim A(t) = 0.

cither T [lu(t, )l oe) = o0 or  lim M)

Remark D.2. The Stefan problem allows for an instant smoothing effect. It is
well-known that the solution u becomes infinitely smooth on (0,7) in both the
time- and the space variable, see for instance [38, 55, 36].

The proof of Theorem D.1 is presented at the very end of this section, as a simple
consequence of Theorem D.5.

We start by pulling-back the problem (1.3) onto the fixed domain Q := {y €
R2?, |y| > 1}. We denote the points in € by bold y, while the radial coordinate |y|
is denoted by y. We define the pull-back temperature function w : & — R by

w(t,y) = u(t, A(t)y)
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A simple application of the chain rule gives the following system of equations for
w:

A 1 .
wy — XA’U) — ﬁAw =0 in Q; (D.2a)
wy(t,1) = =A(E)A(t); (D.2b)
w(t, 1) =0, (D.2¢)
w(0,-) = wo , A(0) = Ao. (D.2d)

Lemma D.3 (Energy identities). Assume that (w,\) is a smooth solution to the
Stefan problem (D.2) on some interval [0,T]. Assume that A\(0) > 0, wo‘yzl =0,

and that w(t,-) € H*(Q) for t € [0,T]. Then on the interval [0,T] the following
enerqy identities hold:

1d 1 ) A

thuwum IVl = =S Tola() (3)

2 dtvaHm + sl Aulag = A, (D.4)

il Avlie + 5 g (W) + 198wl
—HAwHLg + TAOAS, (D.5)

Proof. Multiply (D.2a) by w and integrate over §2. We obtain

1d A 1
0= Qw2 dy — / Awwdy + 3 Vw72
1d 2
2dt|| ”L2 2/\/ dy+ )\2va||L2(Q)
1d
= 5@”10”%2( 7”w||L2 )\2 ||vaL2

which is precisely (D.3). Multiply (D.2a) by —Aw and integrate by parts. We
obtain

0—/Vw thdy—27r(8nwwt)| /AwAwdy—i-)\QHAwH%g(Q)
1
2dt||VwHL2 +27r(wywt)‘y:1+27r)\/1 AwﬁyAwdy—l—FHAwH%g(Q)
A 2 1 2
. dtnwup B

= 5 lVwlag) = A + Sl AwlZg,

where we used the fact that w(t,1) = 0, Aw = %ayAw, and Aw‘y:1 = wy}y:l =
—M\. Note also that d,w|y—1 = —d,w|y=1.This proves (D.4). To prove (D.5) we
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apply V to (D.2), multiply by —VAw and integrate-by-parts. We obtain

0:—/ th~VAwdy+i/ VAw-VAwdy + ]VAwH%z(Q)
Q Q

1
2!

1d ) A
=50 Q(Aw) dy + 271'(8ythw)|y:1 -3 /Q AAw - Aw dy
A 1 )

From (D.2b) it follows that
aywt‘yzl = —815()\A)

Restricting (D.2a) to y = 1 we conclude that —%wy‘yzl — /\%(Aw)’yzl = 0. Us-
ing (D.2b) this implies that
252
(Aw)\y:1 = \\2 (D.7)
The previous two boundary identities imply that
21 d <\ 3
27T(8yUJtAU])|y:1 = —?% ()\)\) . (D8>

Note that 0yAw = wy + yw,, and therefore, when restricted to y = 1 we conclude
that (%Aw)‘yzl = (Aw)’y:r From (D.7) we infer that

(ByAw)|,_ = A2N%.
Therefore

A :
—QWX((?yAwAw)‘yzl = 27 A3\, (D.9)

It remains to evaluate the term f% fQ AAw - Awdy. A direct calculation yields
AAw = AAw + 2Aw.

Therefore
A 2 A [
-3 /Q AAw - Awdy = —THAwHig(Q) - 27r)\/1 OyAwAw dy
2\ A
= —THAU}H%Q(Q) + T‘—X(Aw)Q‘yzl' (DlO)
Plugging (D.8), (D.9), and (D.10) into (D.6), we obtain (D.5). O

Let us define the energy-like quantities
1 1 1
B(t) = sup {Slw(s, ) 3aq + 51 Vuls, MEa + 5 18u(s, M }, - (D11)
0<s<t L 2 2 2

1

1 1
PO = 3wr

2 2 2
IVw(t, ')||L2(Q) + W"Aw(tv ‘))HL?(Q) + W”VAw(t’ ‘)HLQ(Q)'
(D.12)

Lemma D.4 (A priori estimate). Assume that (w, \) is a smooth solution to (D.2)
on some interval [0, T*]. Assume that Ao > 0, wg}yzl =0, and that w(t,-) € H*(Q)
fort € [0,T*]. Then there exists a T = T(E(0), o) > 0, T' < T*, such that for any
t € [0,T] the following a priori bounds hold:
E(t) < 4E(0), (D.13)
Ao

A(t) > 5 (D.14)



66 M. HADZIC AND P. RAPHAEL

Proof. From Lemma D.3 we infer that

+ /Ot D(s)ds <E(0) + %”A%A(O)?’ - %”A(t)%(t)?’ + /t A) ds E(t)

0 A(s)
b /Ot (A3(s)]}\(s)\5 n A(s)x(s)i*) ds (D.15)
Note that
wyl,y S 1Aw[[72 ) + IVwllZq)
Therefore
A1) < ;E(t), C>1. (D.16)

Using (D.16) we obtain
FIAGs)| ! : -
E(t)/o 0 ds—|-7r/0 (A3(5)|)\(s)!5+)\(s)|)\(s)\3) ds

1
< C't <E2(t) + E32(t) + EY 2(t)) sup
0<s<t )\ ( )
To bound the error term —2%)\(15)3)'\(15)3 we need a more refined estimate than (D.16)
due to the absence of the integral-in-time. Note that by the trace inequality and
the interpolation between fractional Sobolev spaces, we have

(D.17)

1/2
[y (D] S V@l 2y S IVl Vel g,

Therefore, upon using the Young inequality
3 2 3 2
AP S IVl i) IVl o) < SVl ) + CsllVula)
< 5E+C’5||VwHL2(Q). (D.18)

Integrating (D.4) over [0, t], we have

t
s [Vl < [Vunlfta + 7 [ Me)li(s) s

1
< By + C*tE2(t) s .
= ( )ogggt A% (s)

Therefore, we obtain from (D.18) that

. 1
IM|? < Co+ 0E + Ctp(E)q( sup
0<s<t A2 ( )

where p and ¢ are increasing polynomial functions of their arguments. Plugging this
bound back into (D.15), using (D.17), and the definition of E(t) we conclude that

%)

t
1
+/ D(s)ds < Co + Ctp(E(t))q( sup ~5—~), (D.19)
0 0<s<t A(s)
where Cp = Cp(E(0), Ag). Since A(t )+ fo s)ds, it follows that
A(E) = Ao —t sup [A(s)] = Ao — SLEV2().
0<s<t A

Let
T'" = sup{t > 0| E(t) < 4E(0), A(t) > A\o/2}.
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By the continuity of E(-) and A(-) it follows that 7" > 0. On [0,7"] we therefore
have

1

)
Xo — 43EE(0)1/2

By a standard continuity argument, there exists a sufficiently small 7' = T'(E(0), Ao),

A
T é W such that

+ /OtD(s) ds < Cop+ Ctp(E(t))q( (D.20)

E(t) < 2C,, t€0,T).

By the choice of T, we also have the bound A() > 2\ > X for t € [0, 7] and this
concludes the proof of the lemma. U

Theorem D.5 (Local well-posedness). Let wg € H?(2), A\g > 0, and wo‘yzl =0.

Then there exists a time T = T'(||wol| g2(q), A(0)) > 0 and a solution (w, ) to the
Stefan problem (D.2) on the time interval [0,T] such that

w € C([0,T), H*()) N L*([0, T], H*(Q)),
wy € C((0,T], L*(Q)) N L*([0, T], H'(Q)),
A e CY([0,T],R), (D.21)
satisfying the energy estimate
E(t) < Co = Co(E(0)), t€[0,T]
and the lower bound
A(t) > /\(20) t €0,T],

where the energy E(-) is defined by (D.11). Moreover, if T is the mazimal time of
existence of a solution (w, \) satisfying (D.21), then

ther i t,- - lim A(t) =
cither i [lu(t, o) =00 or  lim A()

Proof. The proof of existence follows a standard iteration argument for the sequence
of approximations (A, (t),w,(t)), n € N. For a given \,(-) we define w11 by solving

An 1
Opwp+1 — 8;\ Awyyq — )\—QAwnH =0 in Q; (D.22a)
wn+1(t, ].) = 0.

We then update A, 41(-) by solving
8ywn+1(t, 1) = —8tAn+1(t)An<t)

Estimates analogous to the a prlorl estimates of Lemma D.4 can be used to ob-
tain uniform bounds on E(wp, \,) + fo (wn, A) ds, where E and D are defined
by (D.11) and (D.12) respectlvely Note that we can also get uniform bounds
on HatwnHLm(()T] LQ(Q) + 10cwn 20,77, 51 (0)) as the latter norms are controlled
by E(wp, An) + fo (wp, Ap) ds from (D.22a). Upon passing to the limit, we ob-
tain a solutlon to which the energy estimate of Lemma D.4 applies. The proof of

uniqueness is standard. The breakdown criterion is a simple consequence of (D.11),
and (D.16). (]

Proof of Theorem D.1. Let w be the solution to (D.2) as given by Theorem D.5.
It is easy to check that ||w(t, )| g2) S E(t), t € [0,7T). Theorem D.1 now follows
from the change of variables u(t, r) = w(t, )\(t)) and Theorem D.5.
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