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HIGH-FREQUENCY BOUNDS FOR THE HELMHOLTZ EQUATION
UNDER PARABOLIC TRAPPING AND APPLICATIONS IN
NUMERICAL ANALYSIS*
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Abstract. This paper is concerned with resolvent estimates on the real axis for the Helmholtz
equation posed in the exterior of a bounded obstacle with Dirichlet boundary conditions when the
obstacle is trapping. There are two resolvent estimates for this situation currently in the literature:
(i) in the case of elliptic trapping the general “worst case” bound of exponential growth applies, and
examples show that this growth can be realized through some sequence of wavenumbers; (ii) in the
prototypical case of hyperbolic trapping where the Helmholtz equation is posed in the exterior of two
strictly convex obstacles (or several obstacles with additional constraints) the nontrapping resolvent
estimate holds with a logarithmic loss. This paper proves the first resolvent estimate for parabolic
trapping by obstacles, studying a class of obstacles the prototypical example of which is the exterior
of two squares (in two dimensions) or two cubes (in three dimensions), whose sides are parallel. We
show, via developments of the vector-field/multiplier argument of Morawetz and the first application
of this methodology to trapping configurations, that a resolvent estimate holds with a polynomial loss
over the nontrapping estimate. We use this bound, along with the other trapping resolvent estimates,
to prove results about integral equation formulations of the boundary value problem in the case of
trapping. Feeding these bounds into existing frameworks for analyzing finite and boundary element
methods, we obtain the first wavenumber-explicit proofs of convergence for numerical methods for
solving the Helmholtz equation in the exterior of a trapping obstacle.
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1. Introduction.

1.1. Context, and informal discussion of the main results. Trapping and
nontrapping are central concepts in scattering theory. In the case of the Helmholtz
equation, Au + k*>u = —f, posed in the exterior of a bounded, Dirichlet obstacle Q_
in two or three dimensions, 2_ is nontrapping if all billiard trajectories starting in an
exterior neighborhood of 2_ escape from that neighborhood after some uniform time,
and Q_ is trapping otherwise (see Definitions 1.3 and 1.12 below for more precise
statements, taking into account subtleties about diffraction from corners).
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This paper is concerned with resolvent estimates (i.e., a priori bounds on the
solution u in terms of the data f) for the exterior Dirichlet problem when k is real.
We can write these in terms of the outgoing cut-off resolvent 1 R(k)ya : L?(Qy) —

L2(Q4) for k € R\ {0}, where Q4 := R*\ Q_, x1,x2 € CZp(Q4) and R(k) :=

(A+k?)~1, with Dirichlet boundary conditions, is such that R(k) : L?(Q1) — L*(2y)
for Sk > 0. When _ is nontrapping, given kg > 0,

1
(11) ||X1R(k)x2||L2(Q+)*>L2(Q+) g % for all k& > k07

this classic result was first obtained by the combination of the results on propagation
of singularities for the wave equation on manifolds with boundary by Melrose and
Sjostrand [68, 69] with either the parametrix method of Vainberg [88] (see [79]) or
the methods of Lax and Phillips [56] (see [67]), following the proof by Morawetz,
Ralston, and Strauss [72, 74] of the bound under a slightly stronger condition than
nontrapping.

In this situation of scattering by a (Dirichlet) obstacle, there are two resolvent
estimates in the literature when ) _ is trapping. The first is the general result of Burq
[12, Theorem 2] that, given any smooth Q_ and kg > 0, there exists o > 0 such that

(1.2) xR Xl 120,y 5 120,y S € for all k> ko.

If Q_ has an ellipse-shaped cavity (see Figure 1.1(a)) then there exists a sequence of
wavenumbers 0 < k; < by < ..., with £; — oo, and a > 0 such that

(1.3) ||X1R(kj)x2||L2(Q+)_>L2(Q+) 2 eakj7 J=12...,

(see, e.g., [7, section 2.5]), and thus the bound (1.2) is sharp. More generally, if there
exists an elliptic trapped ray (i.e., an elliptic closed broken geodesic), and 9Q_ is
analytic in neighborhoods of the vertices of the broken geodesic, then the resolvent
can grow at least as fast as exp (ozk?), through a sequence k; as above and for some
range of ¢ € (0,1), by the quasimode construction of Cardoso and Popov [17] (note
that Popov proved superalgebraic growth for certain elliptic trapped rays when 9)_
is smooth in [78]).

(a) - (b) (c)

Fi1G. 1.1. Ezamples of (a) elliptic trapping; (b) hyperbolic trapping; (c) parabolic trapping.

The second trapping resolvent estimate in the literature concerns hyperbolic trap-
ping, the standard example of which is when )_ equals two disjoint convex obstacles
with strictly positive curvature; see Figure 1.1(b). The work of Tkawa on this prob-
lem (and its generalization to a finite number of such obstacles satisfying additional
conditions—see Definition 4.5 below) implies that there exists N > 0 such that

(14) ||X1R(k)X2||L2(Q+)*>L2(Q+) § k'N fOI' all k Z k‘o

[48, Theorem 2.1], [14, Theorem 4.5], and this bound was later improved by Burq [14,
Proposition 4.4] to

log(2 + k)
(1.5) Ix1R(E)x2ll 20 )20, — for all k > ko,
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i.e., the trapping is so weak there is only a logarithmic loss over the nontrapping
estimate (1.1).

Summary of the main results and their novelty. This paper considers the exterior
Dirichlet problem for a certain class of parabolic trapping obstacles, and the heart of
this paper and its main result is the following theorem, which is subsumed into the
more general Theorem 1.10 below.

THEOREM 1.1. For the class of obstacles in Definition 1.4 below, the simplest ex-
ample of which is two squares (in two dimensions) or two cubes (in three dimensions)
with their sides parallel (see Figure 1.1(c)), given ko > 0,

(1.6) IxaR(F)xall L2,y s r200) S for all k> ko.

We believe that (1.6) is the first resolvent estimate proved for parabolic trapping
by obstacles. A simple construction involving the eigenfunctions of the Dirichlet
Laplacian on an interval gives an example of a compactly supported f such that
IX1R(E)fll 220,y 2 Ifllp2@,) (see [25, end of section 3]), so that (1.6) is at most
one power of k away from being sharp. Furthermore, we prove that if either supp x1
or supp xz is sufficiently far away from the “trapping region” (this is defined more
precisely below, but in the example of two squares/cubes one can think of it as the
region between the two obstacles), then ||x1R(k)x2||;2_, 2 S 1, and if both supp x1
and supp x2 are sufficiently far away from the trapping region, then the nontrapping
estimate ||x1R(k)x2l ;22 < 1/k holds.

We prove these resolvent estimates by adapting and developing the vector-
field/multiplier argument of Morawetz; this argument famously proves the estimate
(1.1) for the Dirichlet resolvent for star-shaped domains [72, 73] (see also [25]) using
the vector field z, and (in d = 2) for a class of domains slightly more restrictive than
nontrapping [72], [74, section 4]. The present paper represents the first application of
this methodology to trapping by a bounded obstacle. Our argument is based on using
the vector field eqx 4 (with eg4 the unit vector in the x4 direction) in the trapping region
and the vector field x in the far field; see Figure 1.4 below for an example obstacle
along with the corresponding vector field. The main technical challenge is achiev-
ing a transition between these vector fields (and other coefficients in the multiplier)
in a controllable way, and a main source of difficulty in accomplishing this is that
the derivative matrix of ejzy is only semidefinite, in contrast to related transition-
ing arguments applied in nontrapping configurations where the derivative matrices
of the vector fields are positive definite (e.g., [72, Lemma 2, Proof of Lemma 5]); a
more detailed outline of the ideas behind the proof is given in section 3.1. We note
that the vector field egxq (on its own) has been used by Chandler-Wilde and Monk
[24] to prove a priori bounds on solutions of scattering by unbounded rough surfaces,
and also by Burq, Hassell, and Wunsch [15] to study spreading of quasimodes in the
Bunimovich stadium.

An advantage of these vector-field arguments in this obstacle setting is that
they avoid the substantial technicalities involved with propagation of singularities
on manifolds with boundary. Indeed, the only other results in the literature that
deal with parabolic and/or degenerate hyperbolic configurations, these proved with
propagation-of-singularities methods, are the results of Christianson and Wunsch
[27, 26] in the setting of scattering by metrics (where there is no boundary); see
the discussion in section 1.3. Moreover, using these propagation-of-singularities tech-
niques to prove resolvent estimates for scattering by nonsmooth obstacles is highly
nontrivial; the only result for nonsmooth obstacles obtained with these methods is

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/15/20 to 193.60.238.99. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

848 CHANDLER-WILDE, SPENCE, GIBBS, AND SMYSHLYAEV

that of Baskin and Wunsch [5], that the nontrapping resolvent estimate (1.1) holds
in two dimensions for nontrapping polygons (in the sense of Definition 1.12 below).

Additionally, our vector-field arguments lead naturally to the improvements de-
scribed above in the k-dependence of (1.6) if either suppy; or suppys is sufficiently
far away from the trapping region. In the case of scattering by smooth obstacles such
improvements have been established by propagation-of-singularities arguments, but
only when suppyi = suppxz2 and both are sufficiently far away from the obstacle;
see Burq [13, Theorem 4] and Cardoso and Vodev [18, Theorem 1.1]. Related results
where the cut-off functions are replaced by semiclassical pseudodifferential operators
restricting attention to areas of phase space isolated from the trapped set have been
proved in the setting of scattering by a potential and/or by a metric (but not an
obstacle) by Datchev and Vasy [32, Theorems 1.1, 1.2].

One further advantage of these vector-field arguments is that, for & > kg for some
explicitly given kg, they enable us to obtain an expression for the omitted constant
in (1.6) that is explicit in all parameters (in particular, parameters describing the
geometries of the domain, and the choice of the cut-off functions; see Lemma 3.5
below); thus our resolvent estimates are “quantitative” in the sense of, e.g., Rodnianski
and Tao [82].

The resolvent estimate (1.6) has immediate implications for boundary integral
equation formulations of the scattering problem, for the numerical analysis of these
integral equation formulations, and for the numerical analysis of the finite element
method (FEM) (based on the standard domain-based variational formulation of the
scattering problem); these implications are outlined in sections 1.4 and 1.5.3 below. In
this sense, this paper follows the theme of [25], [84], and [4] of proving high-frequency
estimates for the Helmholtz equation and then exploring their implications for integral
equations and numerical analysis. Novelties of the present paper with respect to [25],
[84], and [4] include the following:

1. We show how to write down the passage from resolvent estimate, to bound on
the Dirichlet-to-Neumann (DtN) map, to bounds on integral operators, ex-
plicitly as a general black-box “recipe,” and use this recipe—applied implicitly
to C* nontrapping scenarios in [4]—to deduce the first bounds for trapping
scenarios. As a consequence, this paper includes the first wavenumber-explicit
proofs of convergence for a numerical method for solving the Helmholtz equa-
tion in a trapping domain (see sections 1.4 and 1.5.3).

2. Whereas [25], [84], and [4] proved bounds on integral operators posed only
on the space L?(T'), where I' := 9€)_, we prove wavenumber-explicit bounds
for the Sobolev spaces H*(I') and HZ(T') for —1 < s < 1 (defined in section
2.3). One motivation for this is that, just as there is a large interest in the
L?(T)-theory of these integral operators, there is also a large interest in the
theory in the “energy spaces” H*'/2(I") and Hkil/Q(I‘) (see, e.g., [65, Chapter
7], [83, Chapter 3], [87, Chapter 6]).

3. To complement the upper bound on the integral operator under parabolic
trapping proved in Corollary 1.14, we prove a new lower bound in this sce-
nario in Lemma 6.3. The arguments used in the proof of the lower bound
additionally lead to a counterexample to a conjecture on k-uniform coercivity
of integral operators made in [8, Conjecture 6.1]; see section 6.3.2 below.

1.2. Statement of the main resolvent estimate and DtN map results.

1.2.1. Geometric definitions. Let Q_ C R¢, d = 2,3, be a bounded Lipschitz
open set such that the open complement 2, := R%\ Q_ is connected, and let I' :=
004 = 0Q_ and Rr := maxger |z|. Let v+ denote the trace operators from Q4 to I,
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let 9:F denote the normal derivative trace operators (the normal pointing out of £
and into Q. ), and let Vg denote the surface gradient operator on I'. Let H} ()
denote the set of functions, v, such that v is locally integrable on Q2 and yv € H(Qy)
for every x € C5up(Q4) = {xla. : x € C*°(R?) is compactly supported}. We
abbreviate r := |z|, and z; and n;(z) denote the jth components of = and n(z),
respectively, so that n;(x) = e; - n(x), where e; is the unit vector in the z; direction.
Let Br(x) :={y € R%: |z — y| < R} and Bpg := Bg(0). Finally, let Qg := Q, N Bg.

In discussing resolvent estimates, the following geometric definitions play a central
role.

DEFINITION 1.2 (star-shaped, and star-shaped with respect to a ball). We say
that a bounded open set €) is

(i) star-shaped with respect to the point z¢ € Q if, whenever x € 2, the segment
[an fE] - Q;

(ii) star-shaped if there exists an xo € 0 such that Q is star-shaped with respect
to xq;

(iii) star-shaped with respect to the ball B, (x¢) if it is star-shaped with respect
to every point in Bgy(xo);

(iv) star-shaped with respect to a ball if there exists a > 0 and x¢ € Q0 such that
Q is star-shaped with respect to the ball B,(xo).

Recall that if _ is Lipschitz, then it is star-shaped with respect to xg if and only
if (x — o) -n(z) >0 for all x € T for which n(z) is defined, and Q_ is star-shaped
with respect to By (o) if and only if (x — x¢) - n(z) > a for all z € T' for which n(z)
is defined; see, e.g., [70, Lemma 5.4.1].

DEFINITION 1.3 (nontrapping). We say that Q_ C R?, d = 2,3, is nontrapping
if T is smooth (C°°) and, given R such that Q_ C Bpg, there exists a T(R) < oo
such that all the billiard trajectories (in the sense of Melrose—Sjéstrand [69, Definition
7.20]) that start in Qg at time zero leave Qg by time T(R).

We now introduce the classes of Lipschitz obstacles to which our new resolvent
estimates apply (Definitions 1.4 and 1.6). The most general class is the class of
(Ro, R1) obstacles (Definition 1.4). The definition of this class is somewhat implicit,
in terms of existence of an appropriate vector field Z that we use when proving
the resolvent estimate (1.6). But it follows from the definition and Remark 1.5 that,
expressed in terms of the geometry of the obstacle, membership of this class is nothing
more than a requirement that, for some concentric circles centred on the origin of radii
Ry and R; with R;/Ry > e'/%, it holds that x4ng(x) > 0 for almost all z € T inside
the smaller circle, that « - n(z) > 0 for almost all 2 € T outside the larger circle, and
that some particular convex combination of x4ng(z) and z - n(z) is nonnegative for
almost all € T' in the transition zone between the two circles.

DEFINITION 1.4 ((Rp, R1) obstacle). For 0 < Ry < Ry we say that Q_ is an
(Ro, Ry) obstacle if there ezists x € C3[0,00) with
(i) x(r) = 0 for 0 < r < Ry, x(r) =1, forr > Ry, 0 < x(r) < 1, for
Ry <r < Ry; and
(ii) 0 <rx'(r) < 4, forr > 0;
such that Z(x) -n(x) >0 for all x € T’ for which the normal n(z) is defined, where

(1.7) Z(z) = eqra(l — x(r)) + ax(r), z€R™

Remark 1.5 (constraint on Ry/Rp). If Q_ is an (Ro, R1) obstacle, then Ry /Ry >
el/4 x5 1.284. For, if x € C®[0,00) satisfies (i) and (ii), then
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R, Ry
1:/ X’(T)dr</ ;dr:4log(R1/RO).

Ro RO

Conversely (see the proof of Lemma 1.7 below), if R; > e'/4Ry, then x € C?[0, )
can be constructed satisfying the constraints (i) and (ii) of the above definition.

An important subclass of (R, R1) obstacles is the class of strongly (Ro, R1) obsta-
cles (Definition 1.6 and see Figures 1.1(c), 1.2, and 1.3). The difference between these
definitions is precisely that we require that both x4nq(x) and x - n(z) be non-negative
for almost all z € I' in the transition zone between the two circles for an obstacle to
be strongly (Ro, R1).

DEFINITION 1.6 (strongly (Ro, R;) obstacle). For Ry > e'/*Ry > 0 we say
that Q_ is a strongly (Rp, R1) obstacle if, for all x € T for which n(x) is defined,
xand(x) > 0 if |z| < Ry, while - n(x) > 0 if |x| > Ry.

LEMMA 1.7 (a strongly (Rg, R1) obstacle is an (Rg, R1) obstacle). If Q_ is a
strongly (Rg, R1) obstacle, then Q_ is an (Ry, R1) obstacle.

Proof. To show that a strongly (Ro, R1) obstacle Q_ is an (Rp, R1) obstacle
we just need to construct a x € C3[0,00) satisfying the constraints (i) and (ii)
of Definition 1.4. For if we do that and define Z by (1.7), then Z(z) - n(z) =
zand(x)(1 — x(r)) + - n(x)x(r) > 0. But, given any 0 < € < (Ry — Ro)/2, we
can construct a p € C2(R) such that p(r) =0, for 7 < Ry and r > Ry, 0 < p(r) < 1,
for Ry < r < Ry, and p(r) =1 for Ry + € <r < Ry —e. Then, if R;/Ro > e'/4, the

function
r Ry
X(T)ZZ/ p(s)ds// l&ds, r >0,
Ry S Ry S

is in C3[0, 00) and satisfies the constraints (i) and (ii) provided

R1 - R()el/4
(18) € S €p ‘= W .
In particular, for r > 0,
p(r) 1 1
0<rx'(r) = <7 = ,
1?01 (p(s)/s)ds 15014-; slds  log((R1—€)/(Ro+e)
and this last expression is < 4 if and only if (1.8) holds. |

Remark 1.8 (examples of strongly (Ro, R1) obstacles). It is clear that Q_ is a
strongly (Rg, R;) obstacle (and so an (Rg, R;) obstacle) if Ry > e'/*Ry > 0 and
either of the following conditions holds:

(i) Ro > Rr := maxger |z|, and z4nq(xz) > 0 for all 2 € T for which n(z) is
defined (e.g., Q_ is the union of two or more balls with centers in the plane x4 = 0,
or the union of two or more parallel squares; see Figure 1.2).

(i) minger |z| > Ry and _ is star-shaped with respect to the origin.

The second example shows that an (Rp, R1) obstacle need not be trapping, and
so it is convenient to define a class of (Ry, R;) obstacles that are trapping.

DEFINITION 1.9 ((Ro, R1,a) parallel trapping obstacle). For 0 < Ry < R
and a > 0 we say that Q_ is an (Ro, R1,a) parallel trapping obstacle if it is an
(Ro, R1) obstacle and there exist y,z € I' with ng(y) =0 and n(z) = —n(y) such that
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z =y +an(y) and, for some ¢ > 0, n(x) = n(y) for x € T' N B(y), n(z) = n(z) for
x € T'N B.(2), and

Qc={z+tn(z):0<t<aandz € NB(y)} C Q.

The point of this definition is that I' N B.(y) and T' N B.(z) are parallel parts
of T and that {x + tn(z) : 0 < t < a} is a (trapped) billiard trajectory in Q4 for
x € I'N Bc(y).

Figures 1.2 and 1.3 are examples of both Definition 1.9 and Definition 1.6. By
Lemma 1.7 they are also examples of Definition 1.4, satisfying Z(z) - n(x) > 0 for
all z € T for which n(z) is defined, where Z is given by (1.7), with R; > ¢'/*Ry as
indicated in the figures and x € C3[0,00) satisfying the conditions of Definition 1.4.
Figure 1.4 illustrates the direction of the vector field Z for the obstacle and choice of
Ry and R; in Figure 1.3, with y constructed as in the proof of Lemma 1.7.

r
>
=

Fic. 1.2. The obstacle Q_ is the union of two parallel squares. For R1 > e/*Ry > Rr :=
maxger |z|, it is a two-dimensional example both of a strongly (Ro, R1) obstacle and of an (Ro, R1, a)
parallel trapping obstacle, since xona(x) > 0 for all x € T' for which n(x) is defined.

rd ~
e ~
rd N
e N
4 N
4 N\
/7 AT2 \
4 \
// - T™= ~< \

\
n / -7 N \

/ i \ I \
// 7 \ \\
/ \

U Ry >R > \ \
1 ! \ \

I 1 a

\ 1
: : |

|
\ \ i xl,’
\ \ h h
\\ \ 7 !

\ \ // /
\ N !
N 7z /
\\ So _’ Rl /
See___- - /
N ’
\) /
R ,
N 4
4
rd
] ’
N
~ Pid

F1G. 1.3. The gray-shaded obstacle Q_ is a two-dimensional example both of a strongly (Ro, R1)

obstacle and of an (Ro, R1,a) parallel trapping obstacle, with the values of Ro, R1, and a indicated,
since R1 > e/4Ry and, for z € T, xona(xz) > 0 for || < R1 and x - n(x) > 0 for |z| > Ro.
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Fi1G. 1.4. The obstacle 2 of Figure 1.3 and the same concentric circles centered on the origin
of radit R1 > Ro, but with arrows showing the direction of the vector field Z, where Z is defined
by (1.7) with x constructed as in the proof of Lemma 1.7 (with € := €g, where €g is given by (1.8)).
Note that Z(x) = x outside the larger circle, that Z(x) = x2ez inside the smaller circle (so that Z
vanishes and its direction is undefined on the thick green line), and that Z(z)-n(x) > 0 for allz € T
for which n(x) is defined.

One example of a strongly (Ry, R1) obstacle supporting parabolic trapping that
is not an (R, R1,a) parallel trapping obstacle is a three-dimensional cube with a
circular cylinder (of diameter a) taken out of one side; to be specific let us take the
obstacle Q_ :={z : |z;| < a for j =1,2,3}\{x : 27 + 23 < a?/4 and z3 > 0}. This is
strongly (Rp, R1) by Remark 1.8(i) but is not an (Rg, R1, a) parallel trapping obstacle
because, although there exist y,z € I' with n4(y) = 0 and n(z) = —n(y) such that
z = y+ an(y) (on the inside of the cylinder), the normal vector is not constant in a
neighborhood of y, z, and so there does not exist an € > 0 such that n(z) = n(y) for
z € I'N B.(y) and n(x) = n(z) for z € T'N B(2).

There also exist obstacles supporting parabolic trapping that are not (Rg, R;)
obstacles, in which case they are also not strongly (Rg, R1) obstacles nor (Rg, R1,a)
parallel trapping obstacles. For example, let

Sy ={z:|x1| <1/2,20 >0} and Sy:={z:21>1,-3/2 <z, <-1/2}.

Then the obstacle Q_ = {z : |21| < 2, -3 < z2 < 1}\ 51, a square with a smaller, unit
square removed, is a strongly (Rp, R;1) obstacle and an (Rg, Ri1,a) parallel trapping
obstacle, if Ry > eY*Ry, Ry > \/5/2, and a = 1. But Q := Q_ \ S3, a square
with two unit squares removed from sides that point in different directions, supports
parabolic trapping for the same wavenumbers as Q_ but is not an (R, R;) obstacle
for any choice of Ry > e'/*Ry, since, where Z is given by (1.7), it does not hold
that Z(z) - n(z) > 0 for all x € 9Q N 95y for which n(z) is defined. Since the sides
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from which the squares are removed point in different directions, the obstacle € is,
moreover, not an (Ry, R;) obstacle in any coordinate system.!

1.2.2. Resolvent estimates and bounds on the DtN map. In the follow-
ing theorem x is any function such that Q_ is an (R, R1) obstacle in the sense of
Definition 1.4 and, for £ > 0 and R > Rr,

(1.9)

Il = [ (VR de and [l o, = [ (90 + 1) xd.
R R

The notation A < B (or B 2 A) means that A < C'B, where the constant C' > 0 does

not depend on k or f (but will depend on 4, R, and ko). We write A~ Bif A< B
and A = B.

~ THEOREM 1.10 (resolvent estimates). Let f € L*(Q4) have compact support in
Q.+, and let u € HL (24) be a solution to the Helmholtz equation Au+ k*u = —f in
Q. that satisfies the Sommerfeld radiation condition

(1.10) %(w) —iku(z) = o (T(dll)/z) ,

as r — 00, uniformly in T := x/r, and the boundary condition vyu = 0. If Q_ is an
(Ro, R1) obstacle for some R1 > Ry > 0, then, for all R > max,crusupp(s) 7|, given
ko >0,

(1.11) kil”“”H,ﬁ(QR) + 10aullz2(0p) + lullar@ring S Elfll20y)
for all k > ko. If the support of f does not intersect Br, and

) 1/2
(1.12) Il 2y = (/ mdaﬁ) < 00,
Q4

X

then the bound (1.11) holds with k|| f||z2(q, ) replaced by || fll12(a, 1)

This theorem contains the following important special cases:

1. Q_ is star-shaped and Ry < inf,er |z|. In this case, since x(r) = 1 for r > Ry,
the bound recovers the standard bound when €2_ is Lipschitz and star-shaped that is
sharp in its dependence on k (see [25] and the discussion in section 1.3), namely

(1.13) [ull iy 0p) S Ifllz2s)  for k= ko.

2. Q_ is an (R, Ry, a) parallel trapping obstacle, such as those in Figures 1.2 and
1.3. In this case it holds that

(1.14) ullz @p) + Ellull g @an) S K21 £l 2 (ep)-
Furthermore, if, for some R’ > Ry, the support of f does not intersect Bps, then
(1.15) lull e 2r) + Ellull a2 @rig S Ellf 220y

IThus Theorem 1.1 does not apply to . But we expect that a modified Theorem 1.1 holds for
Q, based on a more elaborate construction of the vector field Z, since the arguments related to the
construction of the vector field around a trapping region are to a large extent local.
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The simple constructions at the end of [25, section 3] show that, for every (Rg, Ry)
obstacle, there exists an f supported outside Bg, such that |[ull z1(0x) 2 1 fllL2@))
so that the power of k in front of Hu||Hé(QR;X) in (1.15) is sharp, and that, for every
(Ro, Ry, a) parallel trapping obstacle, there exists a compactly supported f such that

(1.16) lullzi@p) 2 Ellfll2@y) for k€ {mm/a:m e N}

(this quantization condition is a requirement that the length a of the billiard orbits
between the parallel sides of the trapping domain is a multiple of half the wavelength).
These lower bounds show that the power of k on the right-hand side of (1.14) can be
reduced at most from k? to k, and that on the right-hand side of (1.15) cannot be
reduced.

In the following theorem we use the notation || - ||z (r) defined by (2.16)-(2.17)
below.

THEOREM 1.11 (bounds on the DtN map). Let u € HL (24) be a solution to
the Helmholtz equation Au + k*>u = 0 in Q. that satisfies the Sommerfeld radiation
condition (1.10) and the boundary condition yyu = g. If Q_ is an (Ro, R1) obstacle
for some Ry > Ry > 0, then, for all R > Ry, given kg > 0,

(1.17) lull 2 (2r) + 107 ull L2y S k? 91l 2 (ry
for all k > kg if g € HY(T'). Further, uniformly for 0 < s < 1, provided g € H*(T),

(1.18)
107 ull o1 ry S K2 llgllrp ), and N0 ullre-1 ey S K llglmery  for k > ko.

If g = —u'|p, where u® satisfies Au® + k*>u® = 0 in a neighborhood G of Q_ U Bpg,,
then

(1.19) lull 12 0 + 10 ull 20y < K2 sup [’ ().
xT

We derive the bounds (1.17) and (1.18) from the resolvent estimate in Theorem
1.10 using the method in Baskin, Spence, and Wunsch [4] (a sharpening of previous
arguments in [54, 84]), which we capture below in Lemma 4.2. (This method was
used in [4] to deduce the sharp DtN map bound (|07 ul|r2(ry < ||9llm1 (r), When Q_ is
nontrapping, from the resolvent estimate (1.1)/(1.13).)

We also apply Lemma 4.2 to write down DtN bounds for the two other trapping
configurations for which resolvent estimates are known, namely elliptic and hyperbolic
trapping discussed in section 1.1; see Corollaries 4.4 and 4.6 below.

The final bound (1.19) in Theorem 1.11 is derived from (1.15). To illustrate
this result, suppose that u in Theorem 1.11 is the scattered field corresponding to an
incident plane wave u’(z) = exp(ikz-a), for some unit vector @, with vy u = g = —u’|r.
Then [|g|l 52 ry ~ & so that (1.17) implies |07 ullr2r) < k3 for k > ko, while (1.19)
implies the sharper bound ||8;f ul|r2(ry < k2.

1.3. Discussion of related results. In section 1.1 we discussed the resolvent
estimate in Theorem 1.10 in the context of the nontrapping resolvent estimate (1.1)
and the resolvent estimates for elliptic trapping (1.2) and hyperbolic trapping (1.5),
all in the obstacle case. In this section we discuss Theorem 1.10 in a slightly wider
context.
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Local energy decay and resonance-free regions. In the paper so far, we have only
been concerned with resolvent estimates on the real axis (i.e., for k real), but estab-
lishing such an estimate is intimately related to (i) meromorphic continuation of the
resolvent and resonance-free regions beneath the real axis, and (ii) local energy decay
of the solution of the wave equation; results about the link between these three prop-
erties can be found in [89, Theorems 1.1 and 1.2], [14, Proposition 4.4 and Lemma
4.7], [9, Theorem 1.3], [31], [90, Theorem 1.5], and [50, Theorem 1], and overviews
of results about resonances in obstacle scattering can be found in [93, p. 24], [34,
Chapter 6]. In particular, the result of Datchev [31] (suitably translated from the set-
ting of scattering from a potential to the setting of scattering by an obstacle) could be
used to prove that the resolvent estimate of Theorem 1.10 holds for & in a prescribed
neighborhood below the real axis, but we do not pursue this here.

Trapping by diffraction from corners. When a ray hits a corner of, say, a polygon,
it produces diffracted rays emanating from the corner, and in particular some that
travel along the sides of the polygon. This means that there exist glancing rays that
travel around the boundary of the polygon (hitting a corner and then either continuing
on the next side or traveling back) and do not escape to infinity; thus the exterior
of a polygon is, in this sense, a trapping domain. At each diffraction from a corner,
however, these rays lose energy, and thus the trapping is in a weaker sense than having
a closed path of rays. Baskin and Wunsch [5] proved that the nontrapping resolvent
estimate (1.1) holds when Q_ is a nontrapping polygon.

DEFINITION 1.12 (nontrapping polygon [5]). ©Q_ C R? is a nontrapping polygon
if Q_ is a finite union of disjoint polygons such that (i) no three vertices are colinear
and (ii) given R > Ry, there exists a T(R) < oo such that all the billiard trajectories
that start in Qg at time zero and miss the vertices leave Qg by time T(R). (For a
more precise statement of (ii) see [5, section 5].)

Parabolic and degenerate hyperbolic trapping by metrics. In the setting of scatter-
ing by metrics, Christianson and Wunsch [27] exhibited a sequence of metrics, indexed
by m = 1,2,..., where the case m = 1 corresponds to a single trapped hyperbolic
geodesic, but the hyperbolicity degenerates as m increases, and for m > 2 the sharp
bound

~

(1.20) Ix1R(k)xall 2y S B2/ D

holds (see also the review [91]). Observe that, as m — oo, the right-hand side of the
bound tends to k°, i.e., a constant. This case of infinite-degeneracy was studied by
Christianson [26], who proved the bound

(1.21) Ix1R(k)xz2ll oy S k°

for any € > 0 (where the omitted constant depends on &) [26, Theorem 1 and
Proposition 3.8]. The analogue of the situation in [27] in the obstacle setting is
two strictly convex obstacles being flattened (in the neighborhood of the trapped
ray), and the bounds (1.20) and (1.21) are therefore consistent with an expecta-
tion that the sharp bound for an (Ry, R1,a) parallel trapping obstacle should be
HXlR(k)XZ||L2(Q+)_>L2(Q+) SL

The situation of two convex obstacles being flattened was investigated by Ikawa in
[47] and [49], with [49, Theorem 3.6.2] bounding a mapping related to the resolvent in
a region below the real axis but excluding neighborhoods of the resonances. Although
this estimate depends on the order of the degeneracy, it is not a resolvent estimate
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per se and does not apply everywhere on the real axis, so it does not appear to lead
to a bound similar to (1.20).

Obstacles rougher than Lipschitz. The vector-field/commutator method of
Morawetz can be used to obtain resolvent estimates for rough domains under the
assumption of star-shapedness. Indeed, essentially this method was used in Chandler-
Wilde and Monk [25] to prove the nontrapping resolvent estimate (1.1), not only for
Lipschitz star-shaped €_ in two and three dimensions, but also for C° star-shaped
Q_; indeed their proof of the resolvent estimate (1.1) assumes only that R?\ € is
bounded, that 0 € Q,, and that if 2 € Q, then sz € Q, for every s > 1 [25, Lemma
3.8].

Parallel trapping domains in rough surface scattering. A resolvent estimate with
the same k-dependence as (1.6) was proved for the Helmholtz equation posed above
an unbounded rough surface in [24, Theorem 4.1]. Denoting the domain above the
surface by Q. , the geometric assumption in [24, Theorem 4.1] is that = € Q. implies
that = + seq € Q4 for all s > 0 and that, for some h < H, Uy C Q4 C Uy,
where U, := {x : 4 > a}; these conditions allow square-/cube-shaped cavities in
the surface, and therefore allow the same type of parabolic trapping as present for
(Ro, Ry, a) parallel trapping obstacles. At the beginning of section 3 we discuss how
the proof of Theorem 1.10 uses ideas from the proof of [24, Theorem 4.1].

1.4. Application to finite element discretizations. A standard reformu-
lation of the problem studied in Theorem 1.10, and the starting point for dis-
cretization by FEMs (e.g., [66]), is the variational problem (5.1) below in which
the unknown is ug := wulq,, for some R > Rr, which lies in the Hilbert space
Vi = {wlq, : w € HL.(Q4) and v4w = 0}. The following corollary bounds the
inf-sup constant in this formulation, the upper bound (1.24) taken from [25].

COROLLARY 1.13 (bound on the inf-sup constant). If Q_ is an (Ry, R1) obstacle
for some Ry > Ry > 0, then, for all R > Rr, given kg > 0,
|a(u, v)|

(1.22) Br:= inf sup > k3
0£ueVR ovevy [[Ulla1@p)llvll a2 (@r)

for all k > ko, where

(1.23) a(u,v) = / (Vu - Vv — k*uv) dz — / Wngyuds, for u,v € Vg,
Qn r

R

is the sesquilinear form in (5.1). Here «y is the trace operator from Qg to I'r := OBg,
and Pg,f is the DtN map in the case that Q) = Br and I' = T'r. Further, if Q4 is an
(Ro, Ry,a) parallel trapping obstacle for some a > 0, then

(1.24) Br< k™2 fork e {mn/a:meN}.

We point out in Remark 5.2 (and see Table 6.1) that the arguments (derived
from [25]) that we use to derive the lower bound on Sr from the resolvent estimates
in Theorem 1.10 apply whenever a resolvent estimate is available. Thus we can also
write down lower bounds on Sg for the worst case of elliptic trapping and for the case
of the mild hyperbolic trapping between two smooth strictly convex obstacles: see
Remark 5.2 and Table 6.1 for details.

Our results also prove the missing assumption needed to apply the wavenumber-
explicit hp-finite element analysis of Melenk and Sauter [66] to problems of obstacle
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scattering when 4 is trapping. Suppose that I' is analytic, R > Rr, and let 7}, be
a quasi-uniform triangulation of Qg in the sense of [66, Assumption 5.1, with h :=
maxger, diam(K) the maximum element diameter. Let 82! (75) := SPX(Ty,) N Vg,
where SP'1(T},) is the space of continuous, piecewise polynomials of degree < p on the
triangulation 7y, [66, equation (5.1)]. Then a (Galerkin) finite element approximation,
Unp € SP(Th), to the solution ug of (5.1) is defined by

a(Upp, Vpp) = G(upy) for all vy, € 85’1(72),

where the antilinear functional G is given by (5.2). Melenk and Sauter’s results imply
that if, given ko > 0, there exists ¢ > 1 such that

(1.25) Br 2 k™1 for k> ko,
then the FEM is quasi-optimal, i.e.,

(1.26) s~y SO int, - lun = vl
provided that p increases logarithmically with k, and Ny, the degrees of freedom (the
dimension of the subspace S&"' (7)), increases with k so as to maintain a fixed number
of degrees of freedom per wavelength (so that Ny, ~ k). This is a strong result, in
particular the “pollution effect” [3] that arises with standard h-version FEMs, which
implies a requirement to increase IVp, at a faster rate than k?, is avoided, and this
analysis is fully wavenumber-explicit (the constant C' in (1.26) is independent of k,
h, and p). However, the result in [66] is established only for the case when Q_ is
star-shaped with respect to a ball. Corollary 1.13 implies that (1.25), and hence
also (1.26), applies also for (Rp, R1) obstacles with I' analytic. This class includes
many domains 24 that allow trapped periodic orbits, though not (R, R1,a) parallel
trapping obstacles for which I" is not analytic. However, we expect that a version of
(1.26) can be proved for (Rg, Ry, a) parallel trapping obstacles in two dimensions that
are polygonal, by combining Corollary 1.13 with the wavenumber-explicit hp-FEM
analysis for nonconvex polygonal domains in [36].

1.5. Our main results for boundary integral equations. The results of
Theorem 1.11 can be used to prove results about integral equations. Our main re-
sult concerns the standard boundary integral equation formulations of the Helmholtz
exterior Dirichlet problem.

If u is the solution to the Helmholtz exterior Dirichlet problem, the Neumann
trace of u, 0] u, satisfies the integral equation

(1.27) . ofu= frn

on I', where the integral operator A;wz is the so-called combined-potential or combined-
field integral operator (defined by (6.7) below), the parameter 7 is a real constant
different from zero, and f , is given in terms of the known Dirichlet data yru (see
(6.6)). Equation (1.27) also arises in so-called sound soft scattering problems in which
u is interpreted as the scattered field corresponding to an incident field u?, the total
field u := u + v satisfies y;u' = 0 on T, and (1.27) is satisfied by 9, u’ with fy ,
given in terms of Dirichlet and Neumann traces of u’ on I'; see (6.12). The other
standard integral equation for the exterior Dirichlet problem ((6.8) below) takes the
form Ay ,¢ = h, where h = yTu and Ay, is the adjoint of A;wz with respect to the

real inner product on L?(T") (as defined below (2.18)).
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1.5.1. Bounds on (A;cm)_1 and A,;:7 The following corollary gives bounds
on (A;c’n)_l; bounds on A;; follow by duality (see (6.10) and (6.11) below).

COROLLARY 1.14 (bounds on (A;Cm)fl). Suppose that the (finite number of)
disjoint components of the Lipschitz open set Q1_ are each either star-shaped with
respect to a ball or C*°, that Q_ is an (Ro, R1) obstacle for some Ry > Ry > 0, and
that n = ck, for some ¢ € R\ {0}. Then, given ko > 0, for all k > ko,

(1.28) 1(A%) Hlr2y— 2y S K
indeed
(1.29) 1A% Mz @ —mz ey SK and (A4 ) " e @—me @) S K°

for =1 < s < 0. If Q_ is an (Rg, R1,a) parallel trapping obstacle for some a > 0,
then

(1.30) ||(A§€’,7)_1HL2(F)_>L2(F) 2k forke{mn/a:meN}

DEFINITION 1.15 (piecewise smooth). We say that the bounded Lipschitz open
set Q_ and its boundary I' are piecewise smooth if I' can be written as a finite union
I = Ujlel"ij where each I'; is relatively open inT', the I'; are pairwise disjoint, Ising ==
I\ Uj]\ill"j has zero surface measure, and each I'; C I'j, where I'; is the boundary of
a bounded C'*° open set.

Remark 1.16 (extensions of Corollary 1.14). If the components of Q_ are not all
C®° or star-shaped with respect to a ball, using the bounds from Theorem 6.1 that
apply in more general cases it follows that (1.28) and (1.29) still hold but with k% and
k2~5 replaced by k%4 and k%/4~5, respectively, if each component of Q_ is piecewise
smooth or star-shaped with respect to a ball, with k2 and k2~ replaced by k°/2 and
k5/2=5 | respectively, in the general case.

Remark 1.17 (How sharp are the bounds in Corollary 1.147). The numerical com-
putations in [7, section 4.7] and [44, Example 5.2] give an example of an (Ry, Ry, a)
parallel trapping domain for which, when n = +k, ||(A;g,77)71HL2(F)—>L2(F) ~ k (at
least for the range of k considered in the experiments), i.e., they indicate that the
lower bound rate of k in (1.30) is sharp.

Remark 1.18 (previous upper bounds on (A;C’n)_l). There have been three previ-

ous upper bounds for [|(A}, ,)~"||2(r)=£2(r) proved in the literature, all for nontrap-
ping cases. The first is the bound

_ k
(1.31) 1(Ak) 2@y sr2) S1+— for k>0

In|

for the case when _ is Lipschitz and star-shaped with respect to a ball [25, Theorem
4.3] ([25] assumes additionally that T is piecewise smooth, but this requirement can
be avoided using density results from [30, Lemmas 2 and 3]; see [84, Remark 3.8]).
The second is the bound ||(A;C’n)71||L2(F)_)L2(F) < 1 when Q4 is nontrapping (in the
sense of Definition 1.3) and || ~ k [4, Theorem 1.13]. The third is the bound, given
ko > 0, that

k3/4
+ ) for k > kg

(1.32) 1AG ) oy ey S B (1 -
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when Q_ is a nontrapping polygon [84, Theorem 1.11]. (In section 6.4 below we
improve this bound, when |n| ~ &, to [[(4}, )~ Yiemysrem S kY4 as a corollary of
results in [4].)

The only other known bound on (4}, )~" appears in Gibbs’s thesis [41, Theorem
5.19] and we obtain a sharpened and generahzed form of it as (1.36) below.

The upper bounds on ||(A§€777)* || L2(ry—r2(ry in Corollary 1.14 and Remark 1.18
use the representation (6.13) below that expresses (Aﬁm)_1 in terms of the exterior
DtN map and an interior impedance to Dirichlet map (the use of this representation
in [25] was implicit, and the representation was stated explicitly for the first time as
[20, Theorem 2.33]). We prove the bound (1.28) in the same way, using the DtN map
bound (1.17) along with existing bounds on the solution of the interior impedance
problem; see sections 6.2 and 6.3 below. We extend this methodology to prove the
bounds (1.29) on (A;w)*1 also as an operator on H*(T') for —1 < s < 0. These
arguments also show that, when |n| ~ k,

(1.33) 1(A%) Mz mysmpaey 1 and  [[(A4,) " ge @ mem) Sk

for —1 < s < 0 in the cases when §_ is either Lipschitz and star-shaped with respect
to a ball or nontrapping.

The arguments from [25] and [4] are summarized in Lemma 6.2 as a general
“recipe” where the input is a resolvent estimate for the exterior Dirichlet problem,
and the output is a bound on (A;CW)’1 and A,;}? We apply this recipe to the two
other existing resolvent estimates for trapping obstacles (1.2) and (1.5), showing that,
when || ~ k,

(1.34) [(A%.) M2y 22y S log(2 + k)

for the mild (hyperbolic) trapping case of a finite number of smooth convex obstacles
with strictly positive curvature (additionally satisfying the conditions in Definition
4.5). Similarly

(1.35) 1(Af) M2y 22(r) S exp(ak),

for some a > 0, for the general C*° case, this “worst-case” exponential growth
achieved, as observed earlier in two dimensions [7], when the geometry of T' is
such that there exists a stable (elliptic) periodic orbit. The same bounds hold on
[(A%.) " ey s (ry for =1 <'s <0, and they apply also to [|(A}, )~ me ) - me(r)
with the bounds increased by an additional factor £~*°. In particular, in the hyperbolic
trapping case, we have that, when |n| ~ k, given kg > 0,

(1.36) (A% )" Ni-1r20ysm-1/2ry S K% log(2+ k) for k > ko;

this is an improvement of the bound in [41, Theorem 5.19] by a factor k'/2.

These new bounds on the norm of (A;cm)_l in the cases of elliptic and hyper-
bolic trapping are of interest in their own right but also contrast strongly with the
new bounds for (Ry, R1,a) parallel trapping obstacles in Corollary 1.14. The bound
(1.34) is only worse than the nontrapping bound (1.31) by a log factor, while in the
worst case of elliptic trapping the norm of (Aj, n)_l can grow exponentially through
some sequence of wavenumbers [7, Theorem 2.8]. In between, for (Ro, Ry, a) parallel
trapping obstacles, Corollary 1.14 proves polynomial growth (through a particular
sequence of wavenumbers) at a rate between k and k2.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/15/20 to 193.60.238.99. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

860 CHANDLER-WILDE, SPENCE, GIBBS, AND SMYSHLYAEV

1.5.2. Bounds on the condition numbers of A;em and Ay ,. Many authors
[53, 52, 1, 19, 7, 4] have studied, in addition to the norm of A;c,n’ its L? condition
number, defined by

(137) COIld( k77 = HAanLQ(F —L2(T) H Ak 77) 1HL2(F)—)L2(F)'

This quantity is of interest because the condition number at a continuous level is
closely related to the condition numbers of the matrices that arise in Galerkin-method
discretizations. Indeed, if orthogonal basis functions are used and I' is smooth enough,
the condition number of the Galerkin matrix converges to (1.37) as the discretization
is refined [7, §3]. Thus, understanding the dependence of cond(4} ,) on k and on
the geometry provides quantitative information about condition numbers of matrices
at a discrete level, which in turn is relevant to the stability of numerical methods
and the convergence of iterative solvers (though see the discussion in [4, section 7.2],
[38] regarding related quantities that may be more informative still). In section 6.5
we study cond (A4} ) for trapping geometries, by combining bounds on (Aj, 77) I with
known bounds on the norm of A}, notably those in Chandler-Wilde et al. [19] and
those due to Galkowski and Smith [39, 45], proving the first upper bounds on the
condition number for trapping obstacles; see Corollary 6.4.

1.5.3. k-explicit convergence of boundary element methods. Along with
bounding the condition number of A} o,y OUr results have another important applica-
tion in the numerical solution of scattering problems by boundary integral equation
methods. Recall that the boundary element method (BEM) is the standard term for
the numerical solution of boundary integral equations by the Galerkin method when
the finite-dimensional subspaces consist of piecewise polynomials. When convergence
is achieved by both increasing the degree p of the polynomials and decreasing the
mesh diameter A the method is called the hp-BEM; when only the mesh diameter h
is decreased the method is called the h-BEM.

hp-BEM. Loéhndorf and Melenk [59] provided the first wavenumber-explicit error
analysis for hp-BEMs applied to the integral equations (1.27) and (6.8) under the
assumption that I' is analytic. Their convergence results, however, require that, for
some kg > 0 and v > 0,

(1.38) 1(A%) M2y r2) S kY for k> ko,

so that these convergence results have been proved to date only for nontrapping
domains (see [59], [4, section 1.4]). Corollary 1.14 above shows that (1.38) holds for
all (Ro, R1) obstacles, and the bound (1.34) shows that (1.38) holds also for an Ikawa-
like union of convex obstacles (in the sense of Definition 4.5). Putting these results
together with [59, Corollary 3.18] we have the following result. In this corollary
we use the notation SP(T) for the set of piecewise polynomials of degree p on the
triangulation 7 in the sense of [59, equation (3.17)].

COROLLARY 1.19 (quasi-optimality of the hp-BEM). Suppose that T' is analytic,
that Ty, is a quasi-uniform triangulation with mesh size h of T in the sense of [59,
Definition 3.15], that n = ck, for some nonzero real constant ¢, and that Q_ is either
nontrapping, or an Ikawa-like union of conver obstacles, or an (Rg, R1) obstacle.

Let 9;fu be the solution of (1.27) and let vy, € SP(Th) be its Galerkin-method
approximation, defined by

(139) (Aﬁcmvhp,v)p = (fkm,v)p fOT’ allv € Sp('ﬁl),
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where (-,-)r denotes the inner product on L?(T). Then, given ko > 0, there exist
constants Cy,Cq,Cs (independent of h, p, and k) such that, if k > ko,

kh
(1.40) o <Cp and p>Cylog(2+k),
then the quasi-optimal error estimate
(1.41) llonp — 8:u||L2(p) < C4 1)6‘%‘11’1{771) |lv— 87Tu||L2(F)
holds.

An attractive feature of this result is that it demonstrates, via the bounds (1.40),
that it is enough to maintain a “fixed number of degrees of freedom per wavelength,”
meaning increasing the dimension Ny, of the approximating subspace SP(73) in pro-
portion to k4!, in order to maintain accuracy as k increases, in agreement with
much computational experience [60] (and the numerical results in [59] show that this
requirement is sharp). This corollary applies to all (R, Ry) obstacles, including ge-
ometries that allow trapped periodic orbits, but does not apply to (Rp, R1, a) parallel
trapping obstacles for which I' is not analytic.

h-BEM. 1t is commonly believed that, for nontrapping obstacles, the error esti-
mate (1.41) holds (with C5 independent of k) for the h-BEM when hk is sufficiently
small, i.e., that a fixed number of degrees of freedom per wavelength is sufficient to
maintain accuracy; this property can also be described by saying that the h-BEM does
not suffer from the pollution effect [3]. However, the recent numerical experiments of
Marburg [62, 63, 6] give examples of nontrapping situations where pollution appears
to occur, and therefore determining the sharp threshold on h for the error estimate
(1.41) to hold in general is an exciting open question.

The best results so far in this direction are by Galkowski, Miiller, and Spence
[38] (building on results in [44]). Indeed [38, Theorem 1.10] proves that (1.41) holds
(with C5 independent of k) if (i) Q_ is smooth with strictly positive curvature? and
hk*/3 is sufficiently small and (ii) Q_ is nontrapping and hk3/2 is sufficiently small
(two dimensions) and hk>/?log(2 + k) is sufficiently small (three dimensions).

The arguments and results in [38, 44], combined with the bounds on
H(A;c’n)_lHLz(p)%Lz(p) that we obtain in this paper, enable us to prove in the next
corollary the first h-BEM convergence results for trapping obstacles. The bounds
in this corollary are, unsurprisingly, weaker than the best results for nontrapping
obstacles, but only by log factors for Ikawa-like unions of convex obstacles.

COROLLARY 1.20 (quasi-optimality of the h-BEM). Suppose that Q_ is C*% for
some a € (0,1), that n = ck, for some nonzero real constant ¢, that ko > 0, that
p >0, and that Ty, is a shape-regular triangulation of T' in the sense of Definition 6.7,
with h > 0 the mazimum diameter of the elements K € Tp,. Let d;Fu be the solution of
(1.27), and let vy, € SP(Ty) be the Galerkin-method approzimation to 8, u, defined
by (1.39).

(a) If Q_ is an Ikawa-like union of convex obstacles, then there exists C' > 0 such
that, provided k > ko and hk*/3 log(2 + k) < C, it holds that

(1.42) lvnp — O ullL2ry Slog(2+ k) inf  |lv — 9, ull 2.
vESP(Th)
2Here (and elsewhere in the paper), when d = 3 we say that a piecewise-smooth T' has strictly
positive curvature if there exists ¢ > 0 such that, for almost every = € T', the principal curvatures
at x are > ¢. When d = 2 we say that I' has strictly positive curvature if the above holds with the
principal curvatures replaced by just the curvature.
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(b) If Q_ is a piecewise smooth (Rg, Ry) obstacle, then there exists C > 0 such
that, provided k > ko and hk™/?log(2 + k) < C, it holds that

(1.43) [onp — O ull L2 ry S *° veég(fn) lv — O ullL2r).

The hidden constants in (1.42) and (1.43) are independent of h, p, and k.

1.6. Outline of paper. In section 2 we establish notation and definitions and
collect a few basic results that are used throughout the paper. In section 3 we prove
Theorem 1.10 (the resolvent estimates for (Rg, R1) obstacles). In section 4 we prove
Theorem 1.11 (bounds on the DtN map for (Rg, R1) obstacles) and deduce DtN
bounds also for hyperbolic and elliptic trapping. In section 5 we deduce bounds
on the inf-sup constant for trapping confugurations, proving Corollary 1.13. We
consider applications to boundary integral equations in section 6, proving Corollaries
1.14 and 1.20, and discussing the other issues summarized in section 1.5. We also,
as an extension of the proof of the lower bound (1.30), provide in section 6.3.2 a
counterexample to the conjecture of Betcke and Spence [8, Conjecture 6.2] that A;m
is coercive uniformly in k for large k£ whenever €)_ is nontrapping. Table 6.1 provides
a useful summary of the results of this paper and of the existing known sharpest
bounds.

2. Preliminaries.
2.1. Morawetz-/Rellich-type identities and associated results.

LEMMA 2.1 (Morawetz-type identity). Letv € C?(D) for some open set D C R,
d > 2. Let Lv := (A + kv with k € R. Let Z € (CY(D))¢, B € CYD), and
a € C*(D) (i.e., Z is a vector and (3 and o are scalars) and let all three be real-
valued. Let

(2.1) Zv:=7-Vv—ikfv + av.
Then, with the usual summation convention,
2R(Zv Lo) = V- [2R(Z0 Vo) + (Ko = [Vol?) Z - ValoP?]
+ (20— V- Z) (K*|v]* — |Vv]?)

(2.2) — 2R(0:Z;0;v0;v) — 2R (kv VB - Vv) + Aalv|®.

Lemma 2.1 can be proved by expanding the divergence on the right-hand side; see
[86, Proof of Lemma 2.1]. The identity (2.2) was essentially introduced by Morawetz
in [72, section I1.2]; see the bibliographic remarks in [86, Remark 2.7]. Identities arising
from the multiplier Z - Vu are often called Rellich type, due to Rellich’s use of the
multiplier z - Vv in [80] and the multiplier e4 - Vu in [81] (see, e.g., the discussion in
[20, section 5.3] and [71, section 1.4]).

We now prove an integrated form of the identity (2.2); when we use this in the

proof of Theorem 1.10, it turns out that we only need to consider constant 3, and so
we restrict attention to this case.

LEMMA 2.2 (integrated form of the identity (2.2)). Let D C R be a bounded
Lipschitz domain with outward-pointing unit normal v, let v denote the trace operator,
and let 0, denote the normal derivative operator. If Z € (CY(D))? and o € C*(D)
are real-valued, B € R, and v € V(D), where

(2.3) V(D) := {v € H'(D) : Av € L*(D),yv € H'(8D), dyv € L2(aD)},
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and if Lv := (A + k?)v with k € R, and Zv is defined by (2.1), then

/ (2R(Z0 L) + 2R(0,2,000;0) — (20— V - 2) (|o]? — [VoP) — Aafo]?) da
D

“/,

(2.4) +2R ((Z - Vs(yv) +ikpyo + a%)ayv) - gj|7v|2] ds.

(2 v) (10,01 = [V s(y0) 2 + K20l

Proof of Lemma 2.2. We first assume that Z, «, and § are as in the statement
of the lemma, but v € D(D) := {U|p : U € C°(R%)}. Recall that the divergence
theorem [,V -F = [, ~F -v is valid when F' € H'(D) by [65, Theorems 3.29,
3.34, and 3.38]. Recall also that the product of an H'(D) function and a C1(D)
function is in H'(D), and the usual product rule for differentiation holds. Thus
F =2R(ZvVv) + (k*|v]* = |Vv|?) Z — Valv|? is in HY(D) and V - F is given by the
integrand on the left-hand side of (2.4). Furthermore,

~NF-v=(Z v) (‘?)Z

2
+ k2 |v]? — |V502>

= 0 0
+ 2R ((Z - Vv + ikfv + a)62> - 8—3 Yol

on 0D, where we have used the fact that Vo = v(0v/0v) + Vgv on 9D for v € D(D);
the identity (2.4) then follows from the divergence theorem.

The result for v € V(D) then follows from (i) the density of D(D) in V(D) [30,
Lemmas 2 and 3] and (ii) the fact that (2.4) is continuous in v with respect to the
topology of V(D). d

LEMMA 2.3 (Morawetz-Ludwig identity [73, equation 1.2]). Let v € C%(D) for
some open D C R4, d > 2. Let Lv = (A + k?®)v and let

ov «
(2.5) Muv =71 <8r —ikv + Tv) ,
where o € R and v/dr = x - Vv/r. Then
2R(MavLy) =V - 2R (MavVo) + (K2|v]* — |Vo]?) x}

(2.6) + (2a—(d—1)) (E*|v|* = |Vo|*) = (|Vo|* = |0v/0r|?) — |ov/or — ikU}Q.

The Morawetz-Ludwig identity is a particular example of the identity (2.2) with
Z =z, 8 =r, and a a constant, and some further manipulation of the nondivergence
terms (using the fact that « = 8V ). For a proof, see [73], [85, Proof of Lemma 2.2],
or [86, Proof of Lemma 2.3].
The Morawetz—Ludwig identity (2.6) has two key properties. With this identity
rearranged and written as V - Q(v) = P(v), the key properties are as follows:
1. If u is a solution of Lu = 0 in R?\ Bg,, for some Ry > 0, satisfying the
Sommerfeld radiation condition (1.10), then, where I'g := JBgp,

(2.7) (u)-2ds -0 as R— o0
I'r
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(independent of the value of « in the multiplier M,u); see [73, Proof of
Lemma 5], [85, Lemma 2.4].
2. If Lu =0 and 2o = (d — 1), then

(2.8) P(u) > 0.

The two properties of the Morawetz—Ludwig identity above mean that if the multiplier
that we use on the operator £ is equal to M4_1)/2 outside a large ball, then there
is no contribution from infinity. A convenient way to encode this information is the
following lemma due to Chandler-Wilde and Monk [25, Lemma 2.1].

LEMMA 2.4 (inequality on I'g used to deal with the contribution from infinity).
Let u be a solution of the homogeneous Helmholtz equation in R\ Bg,, d = 2,3, for
some Ry > 0, satisfying the Sommerfeld radiation condition (1.10). Let a € R with
2> d — 1. Then, for R > Ry,

(2.9)
ou
o (1

where Vg is the surface gradient on I'r = O0BR.

2
—|Vsul? + /4;2u|2> ds — 2kRS/ ﬂ@ ds + 2a ﬂ@ ds <0,
T'r or I'r or

We have purposely denoted the constant in (2.9) by « to emphasize the fact that
the left-hand side of (2.9) is fFR Q(u) - £ds with Q(u) arising from the multiplier
Mau = x - Vu — ikru + au. We will see below that the Morawetz—Ludwig identity
proves the inequality (2.9) when 2a = d — 1, but it will be slightly more convenient
to have this result for 2o > d — 1. For the proof of this we need the following, slightly
simpler, inequality on I'g.

LEMMA 2.5. Let u be a solution of the homogeneous Helmholtz equation in RY \
Bg,, d = 2,3, for some Ry > 0, satisfying the Sommerfeld radiation condition (1.10).
Then, for R > Ry,

(2.10) w [ a2%ds <o,
Tr 87"

Proof of Lemma 2.5. This result is proved in [76, Theorem 2.6.4, p. 97] or [25,
Lemma 2.1] using the explicit expression for the solution of the Helmholtz equation
in the exterior of a ball (i.e., an expansion in either trigonometric polynomials, for
d = 2, or spherical harmonics, for d = 3, with coefficients given in terms of Bessel and
Hankel functions) and then proving bounds on particular combinations of Bessel and
Hankel functions. 0

Proof of Lemma 2.4. This result is proved in [25, Lemma 2.1] by using the explicit
expression for the solution of the Helmholtz equation in the exterior of a ball, as in
the proof of Lemma 2.5, and proving monotonicity properties of combinations of
Bessel and Hankel functions. We provide here an alternative, shorter, proof via the
Morawetz—Ludwig identity but note that in fact, [25, Lemma 2.1] is a slightly stronger
result than Lemma 2.4 when d = 3, showing that (2.9) holds whenever 2o > 1.

By the inequality (2.10), it is sufficient to prove (2.9) with 2o = d — 1. We now
integrate (2.6) with v = w and 2o = d — 1 over Bpg, \ Bg, use the divergence theorem,
and then let Ry — oo (note that using the divergence theorem is allowed since w is
C® by elliptic regularity). The first key property of the Morawetz—Ludwig identity
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stated above (as (2.7)) implies that the surface integral on |z| = R; tends to zero as
R; — o0 [85, Lemma 2.4]. Then, using the decomposition Vv = Vgv + Z9,.v on the
integral over I'g, we obtain that

(u) - Zds :/ R(
I'r 'r
ou

ou
—2kRS u—d d—1 u—d
RJ/FRuaT s+ ( L3 FRuar s

ou

or

2
— |Vsul* + k:2|u|2> ds

- /]Rd\B ((‘VUP - |3U/3T|2) + |0u/or — iku|2> dz <0

(where this last inequality is the second key property (2.8) above); i.e., we have
established (2.9) with 2a = d — 1 and we are done. d

The inequality (2.10) combined with Green’s identity (i.e., pairing Lv with v) has
the following simple consequence, which we use later.

LEMMA 2.6. Let f € L*(Q2) have compact support in Q, and let u € HL _(Q4)
be a solution to the Helmholtz equation Au + k?u = —f in Q. that satisfies the
Sommerfeld radiation condition (1.10) and the boundary condition vyu = 0. For any
R > Rr such that suppf C Bp,

(2.11) / |Vul? dr < k2/ lu|? dz + ?R/ fa.
Proof. By multiplying Lu = —f by u, integrating over 0, and applying the
divergence theorem, we have
2 2 2 = _Ou
|Vu|*dz — k |ul® dz — fadz = a— ds.
Qr Qr Qr T'r 8T
The result then follows by taking the real part and using (2.10). O

2.2. A Poincaré—Friedrichs-type inequality. The following Poincaré—
Friedrichs-type inequality will play a key role in the proof of Theorem 1.10 (see Lemma
3.3 below).

LEMMA 2.7. For R >0 and v € H*(RY) it holds that

(2.12) / lv|> dz < 8/ lv|? da +4R2/ |04v|* da.
Bar B 35 \B2R B 3R

Proof. Suppose that ¢ € C§°(R) and h, H > 0. Then, for 0 <t < h <s<h+H,

o0 =o(s) - [ drar
t
so that, by the Cauchy—Schwarz inequality and the inequality
(2.13) 2ab < ea® +b*/e for all a,b,e >0,

we have

O < 1+ )lo(s)” + (1 +e (s — 1) /t |/ (r)[? dr.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/15/20 to 193.60.238.99. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

866 CHANDLER-WILDE, SPENCE, GIBBS, AND SMYSHLYAEV

Hence, for 0 < h<s<h+ H,
h h h+H
| loPar < s anlors) + 1+ | {<s =] |¢'<r>2dr}dt
0 0 0

1 h+H

= (1+€)h|o(s)|* + 5(1 + e Hh(2s — h)/ |¢/ (r)]? dr,
0

so that, integrating with respect to s from A to h + H and dividing by H,

(2.14)

h € h+H 6_1 h+H
[sopar< B2 [T o pas ¢ R BOEED [T g par

For hi < hs and A > 0 let U(hl,hz,A) = {33 = (f,l‘d) S R . hi < Ty <
ha,|Z| < A}. Then, for v € C§°(R?) in the first instance, and then by density for all
v € HY(R?), it follows from (2.14) with e = 3 that, for h, H, A > 0,

4h 2h(h+ H
/ lv[dz < — |v|? dz + g/ |00 da.
U(0,h,A) H Juh s m,a) 3 U(0,h+H,A)
Similarly,
4h 2h(h + H)

/ lv]?de < — |v|2dx+7/ |0gv|? dz
U(—h,0,4) H Juy(—h—m,—na) 3 U(—h—H,0,A)

for v € H'(R?). Thus, for v € H'(R?) it holds for h > 0 that

/ |U|2dx§/ |v|? dz
By U(=h,h,h)
4h
< — / |v|? der/ |v]? dz
H | Juh-—m,-nn) U(h,h+H.h)

2h(h + H
+ Zhih + H) / |0qv|*
3 U(—h—H,h+H,h)
4h 2h(h + H
< = |v|? da + 7( + H) / |0gv|? dz,
B(ho\/R2+(ht H)?) 3 B0,/ (ht H)?)

where for 0 < hy < hg, B(h1,hg) := Bp, \ Br,. Applying this bound with A = 2R

and H = R we obtain the required result. ]
COROLLARY 2.8. Ifv € HY(QRr) with yyv =0 on T, and R > /13Ry, then
(2.15) / lv|? de < 8/ |v|2dx+4RS/ |04v|? da.
QZRO QR\Q2R0 QR
Proof. This follows from Lemma 2.7 since, given v € H'(2g) with v, v =0 on T,
we can extend the definition of v to R? so that v € H*(R%) and v = 0in Q_. d

2.3. Boundary Sobolev spaces and interpolation. We use boundary
Sobolev spaces H*(T") defined in the usual way (see, e.g., [65, pp. 98, 99]), and denote
by Hj(T') the space H*(I') equipped with a wavenumber dependent norm | - || s (r).
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Precisely, we equip H(I') = H(I') = L*(T') with the L*(T") norm. We define ||-|| g«
and || - || g (ry for s =1 by

(2.16)
1017y = IVsll72ry + 19172 and ||¢||?1;(r) = [IVsol 2y + K10l 72

and for 0 < s < 1 by interpolation, choosing the specific norm given by the complex
interpolation method (equivalently, by real methods of interpolation appropriately
defined and normalized; see [64], [23, Remark 3.6]). We then define the norms on
H*(T') and HZ(T') for —1 < s < 0 by duality,

(2.17)
||¢||HS(F) = sup M and ||¢||H]:(F) = sup M,
ot oy Télla—eco o) Telleco

for ¢ € H*(T'), where (¢, 9)r denotes the standard duality pairing that reduces to
(¢,%)r, the inner product on L?(T"), when ¢ € L?*(T'). In the terminology of [23,
Remark 3.8], with the norms we have selected, {H*(I') : —1 < s < 1} and {HZ(T) :
—1 < s < 1} are ezact interpolation scales, so that if B : H;’(T') — H,ij () is a
bounded linear operator and

| B]] <0y, forj=1,2,

HY (D)= H, ()
with s;,t; € [-1,1], then B: Hf(I') — HL(T') and

(2.18)

IBll sy e ry) < C17°C3 for s = 0s14+(1—0)s2 and ¢ = 6t1+(1—0)ta with 0<f<1.

Moreover (by definition) H~*(T") is an isometric realisation of (H*(T"))’, the dual space
of H¥(T), for —1 < s < 1, so that if A : Hi(T') — HL(T) is bounded and B is the
adjoint of A with respect to the L?(T) inner product, or with respect to the real inner
product (-, )}, defined by (¢, ). = [, ¢¥ods, then B : H, *(I') — H, *(T) is bounded
and

(2~19) HBHH;f(r)—m;S(r) = HAHH;(FHH;(W

Combining these observations, if A : Hi(T') — H(T') is bounded and self-adjoint, or is
self-adjoint with respect to the real inner product, meaning that (A¢, )} = (¢, AY)F,
for ¢, € H*(T), then
(2.20) Al g oy — 7y < Al s @)= B2 (D)
foro=60s—(1-0)t,7=0t— (1 —0)s,and 0 <9 < 1.

3. Proof of Theorem 1.10 on resolvent estimates.

3.1. The ideas behind the proof. The proof is based on the Morawetz-type
identity (2.2). Recall that in [72], [74, section 4], Morawetz and coworkers showed
that if there exists a vector field Z(x), R > Rr = maxgcr |z|, and ¢; > 0 such that

(3.1) Z(x) =z« in a neighborhood of I'r = 0B,

(3.2)
R(0:Z;(x)&:&5) > 0 for all £ € C%and z € Qp, and Z(z)n(zr) >c; forallz €T,
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then (2.2) can be used to prove the resolvent estimate (1.1) ([74, section 4] then con-
structed such a Z for a class of obstacles slightly more restrictive than nontrapping).
Implicit in [72] is the fact that one can replace the two conditions (3.2) with

(3.3)
R(0;Z;(2)&:&;) > c2lé)? for all € € C* and z € Qp, and Z(z) -n(z) >0 for all z € T,

for some co > 0; i.e., one needs strict positivity either in Qg or on I'. Note that
Z(x) = z satisfies this second set of conditions, implying that the resolvent estimate
holds for ©_ that are star-shaped (see also [73, 25]).

We cannot expect to satisfy one of these sets of conditions on Z (either (3.1) and
(3.2) or (3.1) and (3.3)) for every (Ro, R1) obstacle, since we know the nontrapping
resolvent estimate (1.1) does not hold for (Ry, Ry, a) parallel trapping obstacles. The
Z that we use in our arguments is the one in the definition of (Ry, R1) obstacles,
namely (1.7). By the definition of (Rg, R1) obstacles, we have Z(x) - n(x) > 0 for all
x € T', but now, for r < Ry at least, §R(3iZj (x)@g) = |&4|%, which is only positive
semidefinite. (Note that the vector field ejxq is often used in arguments involving
Rellich-/Morawetz-type identities in rough surface scattering; see [81, 92, 24, 57], [20,
section 5.3], [71, section 1.4], and the references therein.)

We apply the Morawetz-type identity (2.2) in Qg with Z given by (1.7) in terms
of a function x that satisfies the constraints of Definition 1.4, § = R, and « defined
by (3.7) below (the rationale for this choice of « is explained below (3.11)). Using
Lemma 2.4 to deal with the contribution at infinity, we find in Lemma 3.1 below that

/Q (2100l (1 = x() + V(2 = @x(r) + gk |ulx(r) + 2r[0ul>' (1)) da

R

— 2R 2q0qu0rux’' (r) dz
Qr

< - QkR%/ fudx + R f(2:vd8dﬁ(1 — x(r)) + 2royux(r) + 2aﬂ) dzx
Qr Qr

(3.4) + Aalul? dz

Qr
for any g € [0, 1]. We see that in the “trapping region,” namely when y = 0, we only
have control of |Jqu|?, but in the “nontrapping region” (in supp()) we have control
of [Vu|? + k2|u|? (as expected, since here Z = z).

We then proceed via a series of lemmas. In Lemma 3.2 we get rid of the sign-
indefinite “cross” term on the second line of (3.4). In Lemma 3.3 we use the Poincaré—
Friedrichs-type inequality of Corollary 2.8, and then Lemma 2.6, to put first |u|?
and then |Vu|? back in the trapping region—here is the place where we lose powers
of k compared to the nontrapping estimate, since, in the Poincaré—Friedrichs-type
inequality, |9qu|? is bounded below by |u|? without a corresponding factor of k.

Finally, in Lemmas 3.4 and 3.5 we obtain bounds that imply the resolvent estimate
(1.11). In particular, in Lemma 3.5 we bound the term involving the Laplacian of
«, using that, by our assumptions on x back in Definition 1.4, A« is continuous and
vanishes for r < Ry.

As discussed in section 1.3, the analogue of the resolvent estimate (1.11) in the
case of rough surface scattering was proved in [24, Theorem 4.1]; the proof of this
estimate uses Z(z) = eqzq, along with the analogue of Lemma 2.4 in this case [24,
Lemma 2.2], avoiding the subtleties of transitioning between the vector fields ez 4
and x that we encounter here.
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After Theorem 1.10 we discussed how quasimodes can be constructed that indicate
that the power on the right-hand side of the bound (1.14) should be reduced from k2
to k to obtain a sharp bound. Choosing § in the multiplier Z (2.1) to be zero when
x = 0 has the potential to produce this new bound, but 8 cannot then be brought up
to equal R on I'g (so that one can use Lemma 2.4 to deal with the contribution from
infinity) while keeping the resulting cross term involving V3 in (2.2) under control.

3.2. Lemmas 3.1-3.5, their proofs, and the proof of Theorem 1.10.
Throughout this subsection x will be any function such that Q_ is an (Ry, R1) obstacle
in the sense of Definition 1.4, so that, in particular,

(3.5) ¢y = sup (rx'(r)) < 4.
>0

The vector field Z will be defined in terms of x by (1.7), and we will take
(3.6) R > max(Rr, R1, V13 Ry)
so that, respectively, Q_ C Qg, x = 1 in a neighborhood of dBg, and Corollary 2.8
applies.

LEMMA 3.1. Let Q_ be an (Ro, R1) obstacle, and let
(3.7 200:=V-Z —qx(r)
for some q € [0,1]. If u is the solution of the exterior Dirichlet problem described in

Theorem 1.10 and R is large enough so that supp(f) C Qg, then (3.4) holds.

Proof. The regularity result of Necas [75, section 5.1.2], [65, Theorem 4.24(ii)]
(stated for u the solution of the exterior Dirichlet problem in [84, Lemma 3.5]) implies
that u € V(Qg) defined by (2.3). We use the integrated Morawetz identity (2.4) with
D = Qg, Z the vector field in (1.7) (observe that Z € (C3(R%))? by Definition 1.4),
B =R, and a € C?(Qg). We fix a as given in (3.7) later, but assume at this stage
that « is constant in a neighborhood of I'g and 2a¢ > d — 1 on ' := OBg. Using the
fact that vyu =0 on I' and Z = x on I'p, we obtain

/ [~ 2R(Zu 1) + 2R(2:2,00T70) — (20— ¥ - 2) (Fluf? — [Vul?) — Aaul?|dz
Qr

ou
+/Z~n aands:/ R |—
[(Z-mpras= | r||5

(3.8) + 2R <(ikRu + o) a“) ds.
Tr or

2
— |Vsul* + k2u|2> ds

Since 2a¢ > d — 1 on T'g, the right-hand side of (3.8) is nonpositive by Lemma 2.4.
Then, since Z - n > 0 almost everywhere on I' from the definition of an (R, R1)
obstacle (Definition 1.4), we have

/ [20(0,2,0007) — (20— V- 2) ([ul? - |Vul?) — Aajul?] dz
Qr

(3.9) < 21 (Z -Vu +ikRu + Oéﬂ) fdzx.
Qr

Simple calculations imply that (with the summation convention for the indices ¢ and
j but not d)

(3.10) Z - Vu = z40qu(1 — x(r)) + rdyux(r)
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and
(3.11)  0;Z;0;udju = |0qul*(1 — x(r)) + |Vul>x(r) + (r[0ru|® — zq0qud,u) X' (r).

We now choose @ € C?(Qg) as in (3.7), the rationale behind this choice being that
(1) we want 2« to be constant in a neighborhood of I'p and indeed satisfy 2a > d — 1
there, allowing the application above of Lemma 2.4, and (ii) we want 2o = V - Z in
the trapping region to kill the sign-indefinite combination k2|u|? — |Vu|? in (3.9) and
leave 2R(9; Z;0;ud;u) as the only volume term in this region. Using (3.10) and (3.11)
in (3.9), we find

2R (|8du\2(1 —x(r) + [Vul*x(r) + (r|0yul* — z40qudru) X' (r) — Aa|u|2) dz
Qr

~a [ XOTP - Bl ds
Qr
< —9kRS / fadz + R f(Qxdada(l —x(r)) + 2rdax(r) + Qaﬁ)dw
Qr Qr

which rearranges to the result (3.4). 0
LEMMA 3.2. Let Q_ be an (Ro, R1) obstacle. If v € H'(QR), then

[ [2000P (1= x() + V0B (2 = x() + 2010103 ()] da

— 2% 240400, vy (r) dz
Qr

(3.12) > (2—q—u— C—X) |0qv|* dz + p |Vol?x(r) dz
27 Jag Qn

forall g,p >0 with 0 < g+ p < 2.
Proof. By the inequality (2.13), it follows that

’28‘% 240400, vy (r)dx
Qr

Sefl/ r|8dv\2xl(r)dx+6/ 02X (r) dz

for all € > 0. Using this last inequality with e = 2, along with the definition of c,
(3.5), we have that the left-hand side of (3.12) is

> 2(1— x(r)) — 2) [8av]? + [Vo[2(2 - 9)x(r) | da.
[ 5) |

Further, since 2 — g — p > 0 and |Vo|? > |04v|?,
20040[*(1 = x) + (2 = @)|Vo*x = 28av[*(1 = Xx) + (2 — ¢ — )| Vo[> x + u[Vo[*x
> (2= q— w)|0av]? + pVol?x,

and the result (3.12) follows. 0

LEMMA 3.3. Let Q_ be an (Ro, R1) obstacle and p,q > 0. If v € H (Qg) with
v+v =0, then

2 qk? 2 b 2
D |Ogv|* dz + — [v[*x(r)de > —5 |v]* da
Qr 2 Qr 4R0 Qr

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/15/20 to 193.60.238.99. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

HIGH-FREQUENCY BOUNDS UNDER PARABOLIC TRAPPING 871

if k is large enough so that

9p
3.13 KRZ2> — <~
(3.13) 0= 2¢x(2Ry)

Proof. Since x satisfies the constraints (i) and (ii) of Definition 1.4, x(r) > x(2Ry)
for r > 2Ry, so that

k> k% x(2
ax lv[2x(r) dz > M/ lv|? da. |
18 Jag 18 Qr\Qar,

Using Corollary 2.8 (which applies since R > v/13R, by our assumption (3.6)), and
provided that (3.13) holds, we have

2
p / Oaode+ 28 [ P x(r) da
Qn 18 Qr

p 2 2 2 p 2
> —— 4R0/ |0q] dm+8/ [v|*dz | > —/ |v|* da,
4R(2) < Qr Qr\Q2rR 4R(2) Qar,

so that
k2
p [ WowPdst B [ i) do
QR 2 QR

k‘2
> p/ e+ 25 [ oPy(r) de
Qor,

4R2 18 Jag
k*x(2R
> LQ lv|? dz + L(O)/ lv|? dz > LQ lv|? dz.
4R0 Q2RO 18 QR\QZRO 4R0 Qr

LEMMA 3.4. Let Q_ be an (Ry, R1) obstacle and o be defined by (3.7) for some
q € (0,1]. If u is the solution of the exterior Dirichlet problem described in Theorem

1.10, p > 0, R is large enough so that supp(f) C Qg, and k is large enough so that
(3.13) holds, then

p 2 2,12 3q Cx 2
_Z 9_ 25 IX
8,\ﬂRg/%(|w| + K[l )dx+( 4y 2)/Qﬁadu| de

+9/ (1Vul? + k2[ul?) x(r) do
2 Jag

<P 23%/ fade —2kRS | fadez+ [ Aafu?dz
S2RZ Jq, o o

(3.14) +R f(2xd8dﬂ(1 —x(r)) + 2ro,ux(r) + 2a11> dz.
Qr
Proof. By Lemmas 3.1 and 3.2, for all ¢, u > 0 with ¢ <1 and ¢+ p < 2,

(2-a-n-%) [ lowPderp [ [VuPxe)do gt [ i) do
2 Qr Qr

Qr

< —2kR& fudz
Qr

+ R f<2xd8dﬁ(1 —x(r)) + 2rorux(r) + 2aﬂ) dz + Aalu|? de.
QR QR
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If also p > 0 and (3.13) holds, then it follows from Lemmas 3.3 and 2.6 that
k‘2
p/ Ol dr + L= [ Jul?x(r) dz
Qr 2 Qr

p 2 21 12 p _
> — k dr — ——=R dx.
SRR /QR (|Vu| + k%|ul ) T e’ J, fudx

Combining these two inequalities and choosing 1 = ¢/2 gives the required result. 0O

In the following lemma « is defined by (3.7) (with Z given by (1.7)), so that

(3.15) 2a(z) = 1+ (d — ¢ = 1)x(r) + (r* = z)X'(r)/r
and
_ ) — 22
2ate) = (o) [ D=0 =2 @1 ]

22 (r? — 22)

(3.16) +x"(r) {Qd —q-— T—g(d + 1)} + x’“(r)Td.
Moreover, we use the notation

(3.17) me(r) := sup Aa(x), for r >0, and M, :=m,(R).

zEB,

It is clear from (3.16) and since xy € C®[0,00) and x(r) = 0 for 0 < r < Ry that
me € C(0,00) with mq(r) =0 for 0 < r < Ry.

LEMMA 3.5. Let Q_ be an (Ro, R1) obstacle and « be defined by (3.7) with
(3.18) ¢=g(4—cy),

where ¢y, is giwen by (3.5). Suppose that u is the solution of the exterior Dirichlet
problem described in Theorem 1.10, that R is large enough so that supp(f) C Qg, that
Ry < Ry < Ry and R, 1is chosen small enough so that

q
1 L) < ——,
(3.19) ma(R:) < 1552

and that k is chosen large enough so that

4M, 9
3.20 k?* > max ( =, ) .
(3.20) ax(R.)" ARGX(2Ro)

Then (where the k-dependent norms are as defined in (1.9))

2 2
q 2 2 2 q 2
732/@]%8 H“”H;(QR) +4q ||adu||L2(QR) + ZHUHH;(QR;X)

2¢> R}

sy < (

If the support of f does not intersect Qp, and (1.12) holds, then also

+ 128R? (k2R2 + |\a||im(QR)) +4R? + R?) 11220, )-

5¢° 2 2 2 9 2
mHUHH;(QR) +4q ||3du||L2(QR) + gHUHH;(QR;X)

2¢°R3

(3.22) < ( T+ 128R3)|02 0, + AR +R%) 1By + SR B, .
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Proof. The assumption (3.20) ensures that (3.13) holds with p = ¢/2, so that
(3.14) holds with p = ¢/2 and ¢ given by (3.18), which implies that

q q
WHUH?{;(QR) +2q)|0aul 20 + 5”“”?{;(%%)

<—R fudJ;—Qk:RC‘ fudx + Aa|ul? dz
16k2Ro Qr Qg u

(3.23) +R f(2xd8da(1 —x(7)) + 2ro,ux(r) + 20411) dz.
Qr

We proceed by bounding, in terms of the left-hand side, the various terms on the
right-hand side of this last inequality. First, we note that

Aalul*dz < ma(R*)/ |ul|? dz 4+ M, |u|? dz

Qg Qr, Qr\Qr,

M
< Mg (R)|ul|?2 +7a/ ul?x(r) dz
(Ro)llullz2(qp) &S Jo, Jul"x(r)
q 2 qu 2 d
(3.24) < mHUHLQ(QR) T o, [ul"x(r) dz
since (3.19) and (3.20) hold. Second, using (2.13), we see that, for €, e3 > 0,
R f(2xd8dﬂ(1 —x(r) + 2r8rﬁx(r)) dz
Qr
< e R f 1T 20. + e1lldaultaon + B2 120, + 62/Q [Vul?x(r) dz
R
R? AR? q
(3.25) = i”fHQLZ(m) + qll0aull72 o) + T||f||2L?(Q+) T2 /Q [Vul*x(r) d
R

if €, = ¢ and ez = ¢/4. Similarly, for €3, €, > 0, since k?RZ > 9/4 by (3.20),

3?/ fudx + 2R faudx

Qr

/ faudz
Qr

qa —
< Ao 1) + esllulaan + €5 lalim @ I 132, + eallulzp

2qR2 128 R2 q
(3.26) = °||fHL2(Q+) + —= el e @ 72,y + mIIUII%z(QR)

16l<:2R2

q

< L
— 36

+2

fudz
R

if 3 = €4 = q/(128R3). Finally, for € > 0,

—2kRS | fude <E*R%e |72, + ellulizaan
Qr

128k2R2R2 ., q 5
(3.27) = = e + g e

if e = ¢/(128 R3). Combining (3.23), (3.24), (3.26), and (3.27) we obtain (3.21).
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If the support of f does not intersect 2, and (1.12) holds, then we can replace
(3.27) by

—sz%/ fude < R fll72 0, 01 +ek2/ lul?x(r) dz
Qr

Qr
SR? qk?
(3.25) = S W s + 5 [ Py as
if we choose ¢ = ¢/8. Combining (3.23), (3.24), (3.26), and (3.28) we obtain
(3.22). 0

Proof of Theorem 1.10 from Lemma 3.5. The bound (3.21) implies that there ex-
ists a constant C' > 0, depending only on the function x in Definition 1.4, such that

1
(3:29)  pp-llullmy @ + 10aullzz @) + el y@pn—x < CRA+ kR0l fllz2y)

for k > ki and R > max(R;, V13 Ry), where k; > 0 is given by (3.20). Clearly,
(3.29) implies that the same bound holds also for R < R < max(R1, V13 Ry), with
C replaced by max(R;,v/13 Ry)C/Rr. Thus (1.11) holds for k > k;. Given ko > 0,
that the bound (1.11) holds for k € (ko, k1) follows by standard arguments; see the
text after Definition 4.1.

Arguing similarly, if the support of f does not intersect Qp, and (1.12) holds, then
(3.22) implies that there exists a constant C’ > 0, depending only on the function
in Definition 1.4, such that

1
(3.30) T&)HUHH;(QR) + HaduHLz(QR) + ||U||H,1(QR;17X) < C/R||f||L2(Q+;X—1)

for k > k1 and R > max(R1, V13 Ry), and it follows that the bound (1.11) holds with
k||f||L2(Q+) replaced by ||fHL2(Q+;X71). 0
4. Proof of Theorem 1.11 on the exterior DtNN map.

DEFINITION 4.1 (K resolvent estimate). For K € C[0,00), with K(k) > 1 for
k > 0, we say that Q4 satisfies a K resolvent estimate if, whenever u € HL ()
satisfies the radiation condition (1.10), the boundary condition vyu = 0, and the
Helmholtz equation Au + k?>u = —f in Qy, with f € L*(2y) compactly supported, it
holds for all R > max,crusupp(f) || that

(4.1) lullzrrr) S KR fllr2yy  for k>0,

where the omitted constant depends on R.

To show that Q. satisfies a K resolvent estimate it is enough to show that (4.1)
holds for all sufficiently large k. For, as observed at the end of section 5 below in (5.7)
and Lemma 5.1, the bound (4.1) holds for every €24 for all sufficiently small & > 0.
Further, for every kg > 0, it then follows, by continuity arguments and well-posedness
at every fixed k£ > 0, that (4.1) holds for 0 < k < k. (Concretely, one route to
carrying out these latter arguments is to note that the inf-sup constant S, given
by (5.4) below, is positive for each fixed k and depends continuously on k, and then
apply Lemma 5.1.)

The bounds (1.17) and (1.18) in Theorem 1.11 follow from Theorem 1.10 combined
with the following lemma; this lemma encapsulates the method laid out in [4, section
3] for deriving wavenumber-explicit bounds on the exterior DtN map from resolvent
estimates in the exterior domain.
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LEMMA 4.2 (from resolvent estimates to DtN map bounds). Suppose that Q4
satisfies a K resolvent estimate for some K € C[0,00) with K (k) > 1 fork > 0. Then,
whenever u € H{ (Q4) satisfies the radiation condition (1.10) and Au+ k*u = 0 in
Q, it holds for all R > Rr that, given ko > 0,

(4.2) lull 2 () + 107 wll 2y S K(K) gllmz oy for k = ko,
provided g := v, u € HY(T'). Moreover, for k > ko,
43) Moy ullge-rpy S KB)gllmpry  and (07 ullge-s vy S KK F)gllr=(ry,

uniformly for 0 < s <1, assuming, in the case s > 1/2, that g € H*(T').

Proof. We sketch the proof, which is essentially contained in [4, section 3]. Sup-
pose that Q. satisfies a K resolvent estimate, with the given conditions on K, and
that u € HL () satisfies (1.10), Au + k*u =0 in Q, and g := vyu € H (). Let
w € HY(Q) satisfy Aw+ (k? +ik)w = 0 in 2 and the boundary condition v, w = g.
Green’s identity can then be used to show that, given kg > 0,

(4.4) lwllar o) S N9l  for k= ko

[4, Lemma 3.3]. Choose ¢ € C§°(R?) that is equal to one on Q_, and define v :=
u —w. Then v € H} _(Q4) satisfies (1.10), y4v = 0, and Av + k*v = h := ikpw —
wAY — 2Vw - Vip € L(T'), and h is compactly supported. Thus, for all R > Rr,

(4.5) ||UHH,1(QR) N K(k>||hHL2(Q+) < K(k’)HwHH;(QJr)
for k > ko. Combining (4.4) and (4.5) we see that, for all R > Rr,
lullzr@p) S K(R)gllmr @y for k = ko.

That [|0;f ul|2(r) is also bounded by the right-hand side of this last equation follows
from [4, Lemma 2.3] (essentially Necas’ regularity result [75, section 5.1.2], [65, Theo-
rem 4.24(ii)], proved using a Rellich identity). Using the notation P, : HY/2(T') —
H~Y2(T) to denote the DtN map for the exterior domain Q, we see (4.2) implies
that

IPenllmr )2y S K (k) so [|Phwllay—r2ry S KE (k)

for k > ko. It is well known (e.g., [20, Theorem 2.31]) that P;},5 can be extended
uniquely to a bounded mapping from H*+/2(T") — H*~1/2(T) for |s| < 1/2. Since
P}y is self-adjoint with respect to the real inner product (-, )1 (see [20, section 2.7]),
(4.3) follows from (2.20) (cf. [84, Lemma 2.3]). O

Remark 4.3 (previous uses of the arguments in Lemma 4.2). The method in
Lemma 4.2 is a sharpening of arguments used to obtain bounds on the DtN map
from resolvent estimates in [54, 84], with this type of argument going back at least to
[55, section 5]. Indeed, in [54, 84] the equation Aw + (k? + ik)w = 0 in the proof of
Lemma, 4.2 below is replaced by Aw — k2w = 0, losing a factor k in the final estimates.

To prove the last part of Theorem 1.11, namely the bound (1.19), we use the
interior elliptic regularity estimate that if, for some x € R? and € > 0, v € C?(B.(z)),
Av = f in B.(z) and v, f € L>(B.(x)), then [43, Theorem 3.9], for some constant
C4 > 0 that depends only on d,

Cq
[Vo(z)| < - ([vll oo (B @)y + NSl Lo (Boa))) -
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In the particular case that f = —k?v, so that Av + k?v = 0, this estimate is

(4.6) Vo) < c; L)

0] Lo (B (2))-

Proof of Theorem 1.11. The bounds (1.17) and (1.18) follow immediately from
Lemma 4.2 and Theorem 1.10, which shows (under the conditions on 2, Ry, and Ry,
and taking into account the text after Definition 4.1) that Q. satisfies a K resolvent
estimate with K (k) = 1 + k2. The bound (1.17) and (4.6) imply a version of (1.19),
but with k2 replaced by k. To show the sharper bound (1.19), choose ¢ € C§°(R?)
supported in G that is equal to one on 2_ U Bpr/, for some R’ > Ry, and let w :=
u+u’. Then w satisfies (1.10), v, w = 0, and Aw+k?w = h := 2Vu'-Vip+u* A in
Q. Further, h € L?(Q,) is compactly supported, h = 0 in Bgs N €y, and, applying
(4.6) with € = min(e, k1) for some sufficiently small €, we see that

Pl 22y S (1 +K) I;leaé<|u’(x)| for k > 0.
It follows from Theorem 1.10 (see (1.15)) that, given kg > 0 and R > Rr,

lwllmry S kllhllz2@)

for k > ko. Applying [4, Lemma 2.3] we deduce that also [|0;f w2y < Kl|hll2(0.)-
Applying (4.6) again, with the same choice of €, we obtain also that

[l g ey + 105 @'l 20y S (1+ k)gleaglui(w)l for k> 0.

Combining these inequalities it follows that (1.19) holds. d

Using Lemma 4.2 we can derive other bounds on the exterior DtN map that apply
to classes of trapping domains, using the two other trapping resolvent estimates in
the literature, which we discussed in section 1.1.

COROLLARY 4.4 (worst case bounds on the DtN map). Let u € HL (Q4) be

a solution to the Helmholtz equation Au + k*u = 0 in Q4 that satisfies (1.10) and
yru=g. If Q_ is C° there exists a > 0 such that, given kg > 0,

(4.7) 107wl 20y S exp(ak) 9]l a2y
for all k > kg if g € HX(T'). In fact, for k > ko,
(4.8) H@J{UHH;*(F) S exp(ak)||gllas ey and |0 ullgs-1 ) S kexp(ak)|lgllmsr),

uniformly for 0 < s <1, assuming, in the case s > 1/2, that g € H*(T).

The second resolvent estimate, developed by Ikawa [46, 48] and Burq [14], is for
mild, hyperbolic trapping, where Q_ is an ITkawa-like union of convex obstacles in the
following sense.

DEFINITION 4.5 (Ikawa-like union of convex obstacles [48, 14]). We say that Q_
is an Tkawa-like union of convex obstacles if
(i) for some M € N, Q_ = UN,0;, where ©4,...,0y5 C R? are disjoint compact
C™ strictly convex sets with k > 0, where k is the infimum of the principal
curvatures of the boundaries of the obstacles ©;;
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(ii) for 1 <i,j,0 <N, i#j, j#L L#1,
Convex hull(©; UO;) N O, = 0;

(iii) of N > 2, kL > N, where L denotes the minimum of the distances between
pairs of obstacles.

COROLLARY 4.6 (DtN map for Tkawa-like union of convex obstacles). Let u €
H} (Q24) be a solution to the Helmholtz equation Au + k*u = 0 in Q4 that satisfies
(1.10) and y1u = g. If Q_ is an Ikawa-like union of convex obstacles then, given
ko >0,

(4.9) 10 ull 20y S log(2+ k) gl
for all k > kg if g € HY(T'). In fact, for k > ko,

(4.10)
10 ull g0y S log @+ Mllgllazy and 10l ey S K1og(2 + k)lgllaze o,

uniformly for 0 < s <1, assuming, in the case s > 1/2, that g € H*(T).

5. Proof of Corollary 1.13 on the inf-sup constant. Since ), is unbounded,
standard FEMs cannot be applied directly to the exterior Dirichlet problem. A stan-
dard fix is to reformulate the exterior Dirichlet problem as a variational problem in
the truncated domain Qg for some R > Rp. The effect of the rest of Q4, i.e., of
QE := Q4 \ Qg, is replaced by the exact DtN map on I'p for QE, abbreviated as
PE (our notation as in Corollary 1.13). As QE is a geometry in which the Helmholtz
equation separates, the action of P;g can be computed analytically (e.g., [25, equations
(3.5)—(3.6)]). o

Given f € L?(Q;) with compact support in 4, consider the problem of finding
u € HL.(Q4) such that u satisfies the radiation condition (1.10), the Helmholtz
equation Au+k%u = —fin Q4 , and v, u = 0 on I". Tt is well-known that a variational
formulation in 2z can be obtained by multiplying the Helmholtz equation by a test
function vy € Vg, integrating by parts, and applying the boundary condition y4u = 0.
In particular (e.g., [76]), if the support of f lies in Qg, u satisfies this BVP in Q if
and only if ugr := ulq, € Vg and

(5.1) a(ugr,vr) = G(vg) for all vg € Vg,

where a(-,-) is defined in (1.23), Vg is defined immediately before Corollary 1.13, and
(5.2) G(v) := / vfdx for v € Vg.
Qr

The following lemma is proved as [25, Lemmas 3.3, 3.4].

LEMMA 5.1 (link between resolvent estimates and bounds on the inf-sup con-
stant). Suppose that R > Rr, L > 0, k > 0, and that
(5.3) lullzi ) < Ll fllz20y)

for all f € L*(Q4) supported in Qr, where u € H (Q4) is the solution of Au+k*u =
—f in Q4 that satisfies (1.10) and yyu = 0. Then
|a(u,v)|

(5.4) Br:= inf sup > a,
0#£ueVr ozvevi Ul p) IVl a2 (@r)
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where a = (1 + 2kL)~1. Conversely, if (5.4) holds for some a > 0, then (5.3) holds
for all f € L?>(Q4) supported in Qp, with L = o~ min(k™!, cg), where

0] L2 ()
(5.5) R oioeve Vol 2 @m)
ozveve VOllL2(an)

Corollary 1.13 follows immediately from Theorem 1.10 and Lemma 5.1.
We remark also that (see [76] or [25, Lemma 2.1])

56  fn> inf Rla(u,v)) Ja,, (IVV]? = k?[of*)dz J 1ok
’ B = otvevn ||v||§ié(QR) T oveve [o (Vo2 +Ek2[v[?)de T 14+ k3ck

This, combined with Lemma 5.1, shows that, if kcg < 1, (5.3) holds for all f € L?(Q)
supported in Qg, with

1+ kQC%2

Remark 5.2 (bound on By' from a K resolvent estimate). In the language of
Definition 4.1, Lemma 5.1 tells us that 2, satisfies a K resolvent estimate (with K
satisfying the conditions of Definition 4.1) if and only if the inf-sup constant satisfies

(5.8) Br' S (1 +k)K(k), fork >0,

for all R > Rp. Table 6.1 lists the known resolvent estimates for scattering by an
obstacle, as well as the bounds 51;1 that follows from these.

Remark 5.3 (upper bound on Sr). The simple constructions in [25, Lemma 3.10]
(see also [84, Lemma 4.12]) show that for every Q4 and every R > Rr,

(5.9) Br<(1+k)™t for k>0,
and the nontrapping resolvent estimate combined with (5.8) shows that this is sharp.

6. Combined-potential integral equation formulations and the proof of
Corollary 1.14. Integral equation methods are widely used for both the theoretical
analysis and the numerical solution of direct and inverse acoustic scattering problems
(e.g., [28,29, 20]). In this section we recall the standard integral equation formulations
for the exterior Dirichlet problem and derive new wavenumber-explicit bounds in the
case when ()_ is trapping, combining the resolvent and DtN estimates in Theorems
1.10 and 1.11 (proved in sections 3 and 4) with the sharp bounds for the interior
impedance problem recently obtained in [4].

6.1. Integral equations for the exterior Dirichlet problem. If u is a solu-
tion of Au+ k?u = 0 in Q0 that satisfies the radiation condition (1.10), then Green’s
representation theorem (see, e.g., [20, Theorem 2.21)) gives

(6.1)  wu(z)= —/Fék(x,y)a;fu(y) ds(y) + T(y)7+u(y) ds(y), =€y,

r

where @ (z,y) is the fundamental solution of the Helmholtz equation given by
(6.2)
i

i k (@-2)/2 (1)
O (z,y) == 1 <2W|~T—?J|) H(d—2)/2(k|x —yl) = eiklz—yl d—3
drlz —y|’ -
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where H,(,l) denotes the Hankel function of the first kind of order v. Taking the
exterior Dirichlet and Neumann traces of (6.1) on I" and using the jump relations for
the single- and double-layer potentials (e.g., [20, equation 2.41]) we obtain the integral
equations

1 1
(6.3) SO u = <—21 + Dk> ~vyu and (21 + D;) Ofu = Hyyiu,

where Si, Dy, are the single- and double-layer operators, Dj, is the adjoint double-
layer operator, and Hy, is the hypersingular operator. These four integral operators
are defined for ¢ € L?(T), v» € H'(T'), and almost all x € T' by

(6.4)
Siota) = [ oulenet st Diota) = [ G o) dsto)

6.5)

Dho@) = [ 220D ) 0y, o) = 0 [ 22ED ) 44y,

 on(x) " on(z) Jr only)

When I is Lipschitz, the integrals defining Dy, and D), must be understood as Cauchy
principal value integrals and even when I' is smooth there are subtleties in defining
Hy1 for ¢ € HY(T') which we ignore here (see, e.g., [20, section 2.3]).

For the exterior Dirichlet problem, the integral equations (6.3) are both equations
for the unknown Neumann trace 9 u. However, the first of these equations is not
uniquely solvable when —k? is a Dirichlet eigenvalue of the Laplacian in _, and the
second is not uniquely solvable when —k? is a Neumann eigenvalue of the Laplacian
in Q_; see, e.g., [20, Theorem 2.25].

One standard way to resolve this difficulty (going back to the work of [16]) is to
take a linear combination of the two equations, which yields the integral equation

(66) ;c,na:u = Bkm'YJrUa
where
1 1
(6.7) ke = 5] + D), —inS, and By, := Hy +1in (2I — Dk> .

If n € R\ {0}, then the integral operator A;wz is invertible (on appropriate Sobolev
spaces) and so (6.6) can be used to solve the exterior Dirichlet problem for all k& > 0.
Indeed, if n € R\ {0}, then A} , is a bounded invertible operator from H*(T') to itself
for —1 < s <0 [20, Theorem 2.27].

An alternative resolution (proposed essentially simultaneously by [10, 58, 77]) is
to work with a so-called indirect formulation, looking for a solution to the exterior
Dirichlet problem as the combined double- and single-layer potential

uw) = [ ZE Do) asto) —in [ oute ot dst). w e 9y,

for some ¢ € HY?(T) and n € R\ {0}. Tt follows from the jump relations [20,
equation 2.41] that this ansatz satisfies the exterior Dirichlet problem with Dirchlet
data h = yyu € HY?(T) if and only if

(6.8) Ap o = h,
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where
1
(69) Ak,n = 5] + Dk — 1775k

If n € R\ {0}, then Ay, is a bounded invertible operator from H*(T') to itself for
0 < s <1 [20, Theorem 2.27]. The operators A;mn and Ay, are closely related in
that A;Cm is the adjoint of Ay, with respect to the real L? inner product on T, i.e.,

(Ao, V)L = (@A;C,ni/z); for all ¢, € L?(T"). Thus, by (2.19),

(6.10) I ;c,n)_luH;S(rHH;S(r) = A ez 0y )y and
6.11) (AL g @—a-—@ = A g m—me@ for0<s<L.

For the general exterior Dirichlet problem it is natural to pose Dirichlet data in
H'Y?(T) (since y,u € HY?(T')). The mapping properties of Hy and Dy, (see [20,
Theorems 2.17, 2.18]) imply that By, : H*TH(T") — H*(T) for —1 < s <0, and thus
By yru € H=Y2(T). Thus, for Dirichlet data in H'/2(I), the invertibility of Ay
on H~'/2(I') is particularly relevant and, for the solution of (6.8), the invertibility
of Ay, on H'2(I'). The major application of (6.6), however, is the solution of
problems of sound soft acoustic scattering (see [20, Definition 2.11, Theorem 2.46]),
in which u is interpreted as the scattered field corresponding to an incident field u’
that satisfies Au’ 4+ k?u’ = 0 in some neighborhood G of Q_, and here the Dirichlet
data v;u = —u'lr € HY(T) is smoother, so that By ,v+u € L*(T). Indeed, in this
case [20, Theorem 2.46], the unknown 9; u' satisfies the integral equation,

(6.12) O ut = fry = Ofu' —inyu’ € L*(T).

where u! := u + u® is the so-called total field satisfying v, u’ = 0. Therefore, in
applications to acoustic scattering, the invertibility of A;W on L?(T') is also important.
Indeed, L*(T) is a natural function space setting for implementation and analysis of
Galerkin numerical methods for the solution of the direct equations (6.6) and (6.12)
and the indirect equation (6.8) (e.g., [59, 22, 44, 35, 38] and recall the discussion in
section 1.5.3).

6.2. Inverses of the combined-field operators in terms of the exterior
DtN and the interior impedance to Dirichlet maps. We introduced in the
proof of Lemma 4.2 the notation Pgt n for the exterior DtN map. Similarly, for the
Lipschitz open set Q_, let P;;] : H~Y/2(I') — H'/?(I") denote the interior impedance
to Dirichlet map that takes impedance data g € H~'/2(T") to y_u € H'/?(T"), where u
is the solution of Au+k?u = 0 in Q_ that satisfies the impedance boundary condition
(6.16) below. Pl extends uniquely to a bounded mapping from H*(T') — H*1(T)
for —1 < s <0 (see [20, Theorem 2.32]).

The inverse of A;c,n can be written in terms of P, and P, as

(6.13) (Ak) ™! =1 = Py Pryp +inPp

[20, Theorem 2.33]. The fact that P}, as well as PgtN, appears in this formula is
because a boundary integral equation formulation of the interior impedance problem
leads to the same operator Aj : see [20, Theorem 2.38]. To use (6.13) to bound
(A;m)_1 one therefore needs bounds on the exterior DtN map, provided for (R, R1)
obstacles in Theorem 1.11, but also bounds on the interior impedance to Dirichlet
map given by the following theorem.
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THEOREM 6.1. If Q_ is either star-shaped with respect to a ball or C*°, then
(6.14) 1Pl sy mztrey S 1 for k>0,
uniformly for —1 < s <0, and
uniformly for —1 < s < 1. If Q_ is only piecewise smooth, the bounds (6.14) and
(6.15) hold with 1 and k="' replaced by k'/* and k=3/*. If Q_ is only Lipschitz, the
bounds (6.14) and (6.15) hold with 1 and k™" replaced by k'/? and k=/2.

Proof. We first show that (6.14) holds for s = 0. Given g € L*(T') let u € H*(2_)
denote the solution to Au + k*u = 0 in Q_ that satisfies

(6.16) O u—igy_u=g onTl,
with 7 = ck, for some ¢ € R\ {0}. Then, for k > 0,

(6.17) 10, ull 2y + Ellv—ull L2y S llgllz2my

by Green’s theorem; see, e.g., [84, Lemma 4.2]. If Q_ is either star-shaped with
respect to a ball or C°°, then

(6.18) IVs(v—u)llz2ry S llgllz2

by [71, equation 3.12] and [4, Corollary 1.9], respectively. Combining (6.17) and (6.18)
then gives (6.14) for s = 0.

Since P;, 7 is self-adjoint with respect to the real inner product (-, )} [20, p. 130],
it follows from (2.20) that (6.14) holds for —1 < s < 0, uniformly in s. Further, it
is immediate from the definition of the norm on H;(T') that the embedding operator
from H{(T') to H; *(T') has norm < k~! for k > 0 and s = 0,1, and hence for
0 < s <1 by interpolation (see (2.18)). Thus (6.15) follows from (6.14).

If Q_ is piecewise smooth, then, given ko > 0, the bound (6.18) holds for k& > ko,
but with ||g||z2(r) replaced by k/*||g||z2(r) and in the general Lipschitz case (6.18)
holds for k > ko with ||g||z2(r) replaced by k/2||g||z2(r); see [84, Lemma 4.6]. The
adjustments to (6.14) and (6.15) then follow. O

6.3. From resolvent estimates to Corollary 1.14. The following lemma
captures arguments made in [4] for the nontrapping case (where K (k) = 1 for k >
0) and provides a general recipe for bounding (A} ,)~" as a corollary of resolvent

estimates in €2;. Bounds on A,;; (as opposed to (A}, )~" ) then follow immediately
from (6.10) and (6.11).

LEMMA 6.2. Suppose that Q) satisfies a K resolvent estimate for some K €
C10,00) with K(k) > 1 for k > 0, and that n = ck for some ¢ € R\ {0}. Then, given
ko > 0, provided each component of Q2_ is either star-shaped with respect to a ball or
ce,

(6.19)

¢ ;c,n)_luH,i(F)ﬁH,z(F) S K(k) and ||( ;c,n)_luHS(F)%HS(F) S kT K (k) for k > ko,
uniformly for —1 < s < 0. The bounds (6.19) hold with K (k) and k~—*K (k) replaced by
EYAK (k) and kY4~ K (k), respectively, if each component of Q_ is either star-shaped
with respect to a ball (and Lipschitz) or piecewise smooth. They hold with K (k) and
k=K (k) replaced by kYK (k) and k'/>~K(k), respectively, in the general Lipschitz
case.
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Proof. The first bound in (6.19) follows by combining Lemma 4.2, (6.13), and
Theorem 6.1. The second bound in (6.19) when s = 0 and s = —1 follows from
the first and the fact that ||’(/)HH’:1(F) S lla-1ry S kHinH;l(F) for v € H=Y(T")
and k > ko. The second bound in (6.19) when —1 < s < 0 then follows by the
interpolation bound (2.18). d

The upper bounds (1.28) and (1.29) in Corollary 1.14 and the comments in Re-
mark 1.16 follow immediately from combining Lemma 6.2 and Theorem 1.10. The
following lemma proves the lower bound (1.30) and so completes the proof of Corol-
lary 1.14. In this lemma, for x = (z1,...,24) € R? we write T := (29, ...,24) € R4™1
so that z = (z1, 7).

LEMMA 6.3. Suppose that € > 0, as > a1, and that Ty UT's C T and Q¢ C Q4
where I'; := {z = (a;,7) : |7| < e} for 3 = 1,2, and Q¢ = {z = (21,2) : |7| <
€ and a1 < 1 < ag}. Then, where a := ay — a1, provided |n| < k,

(6.20) 1(A%) Mo @y—z2ry 2k for k € Q :={mm/a: m e N}.

Observe that the geometric assumptions in Lemma 6.3 include every (Rg, Ry, a)
parallel trapping obstacle, if necessary after an appropriate change of coordinate
system.

Proof of Lemma 6.3. Let S := {¥ € R?! : |Z| < ¢/2}. Choose a nonzero y €
C§°(R471) supported in S. For some ¢; € C with |e1] = |c2| = 1, let ¢;((a;,7)) :=
c;x(T), T € R for j = 1,2. Let ¢ € CY(T') be defined by ¢(z) = ¢;(x), x € T;, for
j =1,2, ¢(z) = 0 otherwise, and define u € H}_(R?) N C(R?) N C?(R?\ supp(¢)) by

(6.21) u(z) = / Oy (z,y)p(y)ds(y) for x € R
r
Using the standard jump relations [20, p. 115], we see that

(6.22) ke ® = frm = 0, u—iny_u.

Clearly, ||¢|lr2ry 2 1. We prove the lemma by showing that || fi, |2y < k71 if
k € Q and |n| < k, provided we choose the phase of ¢y/¢; correctly.
Let X denote the Fourier transform of y, given by

O = [ x@ T geri
Rd—1
Clearly u = u™™ + (), where

(623) u(@) = / @4(,9)6(0) ds(y)

(6.24) = 2@ 1/Rd1 k2 |§|2 exp(( &+ |1 — ajl k2—|§|2))d

for j = 1,2 and # € R, with /k2 — [{2 = i\/|¢]2 — k2 for |¢] > k. The fact

that (6.23) and (6.24) are equivalent follows from Fourier representations for layer
potentials and boundary integral operators; see, e.g., [21, Theorem 3.1].
For z € RY,

IC]

@D () = oiklzi—a;l ©)
u (@) = 22 x(@) el o) (a),
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where

Gy i ooy ze [Pz —ai| VR —[€2) elklr1—aj]
v / (!L‘) - 2(27{';d*1 /Rd—l X(f)e < /—kz — |£|2 k d€

The point of this decomposition is that v)(x) = O(k~2) as k — oo, uniformly on
every bounded subset of R?, and, provided k € @, one can choose ¢; and ¢ such that

i01 : _ iCQ ~ i _
(7 elk\xl al‘—l—fx(x)elklxl az|

(6.25) ok (7) 5%

is zero for z € T' (indeed for all x ¢ Q¢); these observations will lead to the required
estimate || frpnl L2y = O(k™1).
To obtain the bound on v7)(x) we observe that, for 2 € R%,

&) _ - exp(ilzy — a;|(/E2 — €2 — k) — 1
[V (2)] < 2(27r)d—1 /Rd*l 1X(6)] ( \/m
S (i Bt
k2 — €7
dg,

cfn-ulti ) Ol
- 2(27T)d_1k2 Rd—1 |, k2 — |§‘2|

since |e't — 1] < |t| for t € R,

(626)  |VEEZJER — k| = €/ |V/EE € + k| < |€*/k for € e RO,

and, for [¢| > k and b > 0,

(6.27) [exp(ib(v/R? = €7 — k) — 1] < 2 < 2J¢f*/k%

Moreover, since ¥ is in the Schwartz space S(R?~1), it vanishes rapidly at infinity,

and thus for some C' > 0 we have |(£)| < C(1 + [£])727¢ for € € R4, so that, for
some C’,C" > 0,

(©)lle o ar
L@1WW—WH%SCA N (Esr

<a/1/%“dr+1/ﬂywr%r—ow*)
= 2 k)2 |/k27r2| k Jo B )

Thus vV (z) = O(k~2) as k — oo for j = 1,2, uniformly in z in every bounded subset
of R%.

Since Q¢ € Qy, we have I' C Q, and T'\ (T'; UT'2) C Q., where Q, := {z € R¢:
r1 < ay or T1 > asg gm > ¢/2}. Choosing ¢; = 1 and ¢z = —e'*® we see that (6.25)
equals zero for x € Q, and k € @, and thus

6.28)  u(z)=uM(x) +u?(z) = oW (z) +vP (), sothat wu(z)=0OKk2)

for k € @, uniformly on bounded subsets of Q,, in particular uniformly on I'. Since
Au+ k?u = 0 in €, it follows using (4.6) that Vu(z) = O(k~1) for k € Q, uniformly
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for x € T\ (I'y UT2). Finally, from (6.24) we have that, with this choice of ¢; and ¢
and k € @, for x € I’y Uy,

o )| = s | [ RO (explial T EF — 1) - 1) dg‘
(6.29) < s [ K@ s

using (6.26), (6.27), and that 7 < ka for k € Q. Putting these bounds together in
(6.22), we have shown that fi,(z) = O(k™!) as k — oo with k € Q and |n| < k,
uniformly on T. 0

The proof of Lemma 6.3 was inspired by the billiard-type arguments used to
construct high-frequency quasimodes, going back to Keller and Rubinow [51]; see,
e.g., [2] and the references therein. We also expect that lower bounds on ||(A§m)*1||
similar to that in Lemma 6.3 can be obtained when €, supports arbitrary closed
finite billiards and T is flat in the neighborhood of each reflection.

6.3.1. Comparison between Lemma 6.3 and the results of [19]. In the
proof of Lemma 6.3, f , is bounded via its representation (6.22) as boundary data for
an interior impedance problem satisfied by u. In [19] a less-sharp bound is obtained
in two dimensions that [|(A} )" |L2)—r2(r) 2 k210 for k € Q, via an alternative
formula for f,. Precisely, with ¢ and fi , as in the above proof, it is shown that
¢ = O, u® is the normal derivative of the total field for sound soft scattering when the
incident field is

(6.30) ui(z) = /Q (e, y)f(y) ds(y), =€ RY,

with f supported in Q¢ C Q4 given by f(x) := k! Sin(k:xl)ﬁx(f), for x € Q¢, where
A is the Laplacian in R9-1. Tt follows from (6.12) that fr, = O u’ — iny;u’. This,
together with (6.30), is a formula for fi, as an oscillatory integral over supp(f) C
Q¢. Estimating this integral (suboptimally) in [19, Theorem 5.1] led to the bound
|l frenll 2oy S B0

6.3.2. Counterexample to a conjecture on coercivity. Under the assump-
tions that Q_ is C3, is piecewise analytic, and has strictly positive curvature, [86]
shows that there exists an 79 > 0 (equal to one when Q_ is a ball) and ko > 0 such
that if n > nok, then A;e‘,n is coercive uniformly in k for k > kg, meaning that

(6.31) ‘( ;7n¢,¢)F‘ > il 3y for all k > ko and ¢ € L2(T), with o 2 13

this is shown via a novel use of Morawetz identities in [86], generalizing an earlier
result for the case of a circle/sphere obtained via Fourier analysis [33]. This result
implies that || <A;<,n)_1 | z2(r)y—2(ry < 1, but this bound on the inverse does not imply
the stronger (6.31).

The advantage of coercivity, as opposed to just boundedness of the inverse, for the
numerical analysis of Galerkin methods is discussed in [86]; for example, the coercivity
result in [86] completes the numerical analysis of high frequency numerical-asymptotic
BEMs for scattering by convex obstacles [33, 35].

Based on computations of the numerical range (an operator is coercive if and
only if zero is not in the closure of its numerical range), [8] conjectured that, if Q_
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Fi1G. 6.1. The obstacle Q_ shaded gray is nontrapping, so that H(A;cm)_lﬂLz(F)ﬁLz(F) <1
if n = ck, for some constant ¢ € R\ {0}. However, section 6.3.2 shows that A " is mot coercive
uniformly in k.

is nontrapping, then (6.31) holds with n = k (i.e., A} , is coercive uniformly in k)
8, Conjecture 6.2]. This conjecture implies that [[(A}, )~ [|z2(ry—z2@) S 1 for non-
trapping domains, and this result was recently proved in [4, Theorem 1.13]. The
calculations in Lemma 6.3, however, show that this conjecture is false.

Suppose that Q. satisfies the conditions of Lemma 6.3, except that we no longer
require that Q¢ C Q4, and instead we require that _ is nontrapping (which implies
that T’ passes through Q¢), and we require that n(xz) = e; on I'y, n(z) = —e; on I's.
An example is Figure 6.1. Define ¢ € L?(T") as in the proof of Lemma 6.3, so that the
value of ||¢||z2(r) # 0 is independent of k. Equations (6.21), (6.22), (6.28), and (6.29)
still hold and still imply that fx,(z) = O(k™!) for k € Q = {mn/a : m € N} with
In| < k, uniformly on I'y UT'y (but now not on all of I since I' ¢ €2,.). Thus, provided
In| < k, since supp(¢) C I't UT,

(400 = [ fabds=OG),
Ul
as k — oo through the sequence @, so that (6.31) is false in this case. It may still hold
that A} , is coercive, but if this is the case, then the coercivity constant ¢j, = O(k™1)
as k — oo through the sequence Q.

6.4. Summary of wavenumber-explicit bounds on (A;cm)_l. Table 6.1
summarizes (i) the (sharpest) known resolvent estimates for scattering by obstacles,
discussed in section 1; (ii) the sharpest known bounds on the DtN map, taken from
[4] for the nontrapping cases, proved as corollaries in section 4 for the trapping cases;
(iii) the bounds on the inf-sup constant obtained from the resolvent estimates (as
discussed in Remark 5.2); and (iv) the upper bounds on ||(A;€717)71||L2(1")_>L2(1") that
follow from the resolvent estimates by the general Lemma 6.2. (The bounds that
were already known have been discussed earlier in section 1.5.1; the other bounds
are stated here for the first time as corollaries of the resolvent estimates and Lemma
6.2.) The upper bounds in the last column, by Lemma 6.2, are also upper bounds for
|\(A;€,n)’1HH,.:(p)_>H;(p), uniformly for —1 < s < 0, and the same bounds, multiplied
by a factor k~*, are upper bounds for ||(A;€7n)_1||Hs(F)*>HS(F). Further, bounds on
A,;z follow immediately from (6.10) and (6.11).

In the last column of Table 6.1 and in row 6 we include lower as well as upper
bounds. Each lower bound holds for at least one example in the class indicated
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TABLE 6.1

Summarizing the known wavenumber-explicit upper bounds that hold for k > ko > 0; in the
last column and in row 6 we also show the known lower bounds. Rows 1-4 apply in nontrapping
cases. Rows 5-7 apply to trapping geometries, row 6 in particular to (Ro, R1,a) parallel trapping
obstacles. In the last column we assume that n = ck for some nonzero real constant c, and g =0
if each component of Q_ is C°° or star-shaped with respect to a ball, B = 1/4 if each component
is merely piecewise smooth or star-shaped with respect to a ball, 8 = 1/2 for general Lipschitz Q_.
The bounds without citations are stated explicitly for the first time in this paper.

[Geometry of @ [K (k) [1PSx 12 [Br [1CA% ) Mlz2 ) 22
1. C°° and nontrap-|< 1 [88, 69] <14 <k [84] <1 4] (z1[19])
ping

2. Nontrapping poly-|< 1 [5] <1 [4] <k [84] < kLA (Z11[19])
gon

3. Star-shaped and|<1 [72, 25] <1 [4] <k [25] < kP (=1[19)
Lipschitz

4. Star-shaped with|< 1 [72, 25] <1 [4] <k [25] <1025,84] (=1[19])
respect to a ball and

Lipschitz

5. Ikawa-like union of | < log(2 + k) [14] | < log(2 + k) Sklog(2+k) [Slog(2+k) (=1 [19)
convex obstacles

6. (Ro, R1) obstacle |<k? (=K [25]) |< k2 S k3 (> K2[25]) | S k2R (= k)
7. Arbitrary C*>° < ek [12] < eok < kek < e (> ek (2-d) [7),
> eakq)

and for at least some unbounded sequence of wavenumbers. (The particular bound
II( ;C’n)ilHLZ(F)HLQ(F) > 1 [19, Lemma 4.1] holds for k > ko whenever part of T is
C'.) The lower bounds in the last row and column of the table, and their relationship
to the upper bound, should be interpreted as follows. First, in two dimensions there
exists an Q4 that is C°° ([7] gives specific elliptic-cavity trapping examples of which
Figure 1.1(a) is typical) and positive constants as > oy such that, with n = ck for
some ¢ € R\ {0},

exp(ank) < ||(A;c,n)_1||L2(F)%L2(F) < exp(agk)

as k — oo through some positive, unbounded sequence of wavenumbers. Second,
in both two and three dimensions, whenever {2_ permits elliptic trapping, allowing
an elliptic closed broken geodesic v, provided I' is analytic in neighborhoods of the
vertices of 4 and the local Poincaré map near - satisfies the additional conditions of
[17, (H1)], it holds for every q < 2/11 (d = 2), ¢ < 1/7 (d = 3), that there exists
ag > 0 such that

(6.32) exp(ask?) S [I(A},) " lL2r)— 2

as k — oo through some positive, unbounded sequence of wavenumbers. The lower
bound (6.32) follows immediately from Theorem 1 in Cardoso and Popov [17], which
shows the existence, under these assumptions, of exponentially small quasimodes,
which moreoever can be constructed to be localized arbitrarily close to ~, and [20,
equation (5.39)], which converts exponentially small quasimodes into lower bounds
on [|(A%,,) " remy—r2r)-

6.5. Bounds on cond(A;cm). There has been sustained interest in the con-
dition number cond(4} ), defined by (1.37), of A  as an operator on L?(T); see
Remark 6.5 below and the references therein. We therefore put the bounds in the last
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column of Table 6.1 together with existing bounds on the norm of A} , to produce the
following result giving upper and lower bounds on cond(A;C’n) and how this depends
on the geometry of Q_. The bounds in parts (iii), (iv), and (v) and the upper bound
and most of the lower bounds in (vi) are given here for the first time, with the bounds
in (i) and (ii) given in [19, section 6] and [4, section 7.1] and the lower bound (6.39)
in (vi) for a two-dimensional elliptic cavity given in [7, Theorem 2.8].

THEOREM 6.4 (bounds on the condition number). Suppose that n = ck, for some
nonzero real constant ¢, and that kg > 0.

(i)

(i)

(iii)

Let Q_ be C* and nontrapping, or star-shaped with respect to a ball and
piecewise smooth, and suppose that I' has strictly positive curvature. Then,
for k > ko,

(6.33) k'3 < cond(Aj, ) < kY3 l0g(2 + k);  indeed cond (A}, ) ~ K3

if Q_ is a ball in two or three dimensions (i.e., a circle or sphere).
Let Q2_ be C*° and nontrapping, or star-shaped with respect to a ball and
piecewise smooth. Then, for k > ko,

(6.34)
kY3 < cond (A} ) Sk'Y?log(2+k); indeed k'/? < cond (A}, ) Sk'Y? log(2+k)

if I' contains a line segment. Moreover these bounds hold without the log
factors in two dimensions; in particular cond(A;w) ~ kY2 in two dimensions
if Q_ is C* and nontrapping and I’ contains a line segment.

Let Q_ be a nontrapping polygon. Then, for k > ky,

(6.35) kY2 < cond(A,) S k¥ indeed cond(A},) ~ k'/?

if Q_ is star-shaped with respect to a ball.
Let Q_ be an Ikawa-like union of convex obstacles. Then, for k > ko,

(6.36) kY% < cond(4},,) < k'3 [log(2 + k).

Let Q_ be an (Ry, Ry, a) parallel trapping obstacle. Then, where the upper
bounds hold for all k > ko while the lower bounds apply specifically for k €
Q = {mn/a:m € N}, it holds that

(6.37)
k32 < cond(4y, ) S k*T?; indeed k32 < cond(4}, ) < k528 10g(2 + k)

if T is piecewise smooth, with § = 0 if each component of Q_ is either C'*°
or star-shaped with respect to a ball, B = 1/4 otherwise. For all k > ko the
weaker lower bound holds that cond(A}, ) 2 E1/2,

Let Q_ be C°°. Then there exists a > 0 such that, for k > ko,

(6.38) k'3 < cond(A},) S exp(ak).

Further, whenever Q_ permits elliptic trapping, allowing an elliptic closed
broken geodesic vy, provided I is analytic in neighborhoods of the vertices of ~y
and the local Poincaré map near v satisfies the additional conditions of [17,
(H1)], it holds for every ¢ < 2/11 (d =2), ¢ < 1/7 (d = 3), that there exists
o' >0 such that

(6.39) cond(A} ) Z exp(a/k?)
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for some unbounded sequence of positive wavenumbers k. Moreover, (6.39)
holds with ¢ = 1 in the two-dimensional case of an elliptic cavity in the sense
of [7, Theorem 2.8] (an exzample is Figure 1.1(a)).

Proof of Theorem 6.4. To bound Aj , it is sufficient, by (6.7), to obtain bounds
on the operators Sy and Dj (and note that Dj has the same norm as Dj as an
operator on L*(T") as Dj is the adjoint of D) with respect to the real inner product
on L%(T); see, e.g., [20, equation 2.37]). Given ko > 0, for k > ko, if ' is Lipschitz,
then

(6.40) 1Skl 2y 22y S K2 and | Dilperys ey S K2
[19, Theorems 3.3, 3.5]. Furthermore, if T is piecewise smooth, then
(6.41) k2 SISkl 2 ()= 2y S k7% log(2+ k) and
BV S D e oy L2y S K log(2 + k),
and if I is piecewise smooth and has strictly positive curvature, then
(6.42) 2% S \Skll ey 2y S k723 log(2 + k) and
AR | Dyl L2y -2y S k6 log(2 + k)

[45, Appendix A] (with the upper bounds on Sy, first given in [39, Theorem 1.2]). The
lower bound [|S||z2ry—r2(r) 2 k~'/2 holds when I contains a line segment and is C?
in a neighborhood thereof by [19, Theorem 4.2] in two dimensions and [40, Lemma
3.1] in three dimensions.

These bounds imply that with n = ck, |4} , L2 L2y S k'/31log(2+ k) if T is
piecewise smooth with each piece having strictly positive curvature; is < k'/2 log(2+k)
if T is piecewise smooth; and is < k(@~1/2 in general. These same results imply
that |4}, l[z2m)—z2mr) 2 E'/3 if T is piecewise smooth; is > k'/2 if T' contains a line
segment and is C? in a neighborhood thereof. Furthermore, ||A§C’n\|L2(F)HL2(F) ~ k13
for a ball (in two and three dimensions) by [42, 33], and, because of the compactness of
Dy, (and Sy) on L*(T') when I is C" [37), if a part of ['is C*, then || A}, [l 2(r) - r2(r) >
1/2 and ||(A§cm)_1||L2(F)HL2(F) > 2 for k > 0 [19, Lemma 4.1].

The corollary follows by combining these estimates with the bounds on
H(A;C)n)’lHLz(p)_wz(p) summarized in Table 6.1 (recalling the discussion of case (vi)
in section 6.4). ad

!

The theorem makes clear that the conditioning of A4j (with n proportional to k)
depends strongly on the type of trapping. When €2_ is a ball the conditioning grows
precisely as k'/3. The conditioning is worse than this for the mild hyperbolic trapping
of an Tkawa-like union of convex obstacles, but at most by logarithmic factors. A C'*°
nontrapping obstacle has slightly higher growth in condition number (proportional to
k'/2) if T contains a line segment.

By contrast, (Ro, R1,a) parallel trapping obstacles (the main focus of this paper)
have only polynomial growth in condition number, but at a faster rate than all the
nontrapping cases considered in the above corollary, at least as fast as k%/2 as k
increases through a particular unbounded sequence. Finally, if the obstacle allows a
stable (elliptic) periodic orbit, then the condition number grows exponentially as k
increases through some unbounded sequence.

Remark 6.5 (the history of studies of the conditioning of A} ). The study of the
conditioning of A;m’ and its dependence on the choice of the coupling parameter 7,
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and latterly also on the geometry of I', has a long history, dating back to the original
studies by Kress and Spassov [53, 52] for the case where €_ is a circle or sphere; these
studies focused on the low-wavenumber limit. The first rigorous (and sharp) high-
frequency bounds on cond(A;w)7 specifically for a circle/sphere and carried out using
the Fourier analysis framework of [53], were obtained in [33], and rigorous results for
high frequency for more general geometries were obtained in [19], [7], and [4].

Remark 6.6 (other choices of coupling parameter 7). Corollary 6.4 focused on
the case when the coupling parameter 7 is chosen proportional to k as this is the
recommendation from various computational and theoretical studies [52, 1, 11, 19, 38].
For discussions of conditioning for other choices of 7, and of the effect of choices of 7
on the condition number and other aspects of the effectiveness of numerical solution
methods, see [52, 1, 11, 19, 7, 61, 4, 38].

6.6. Proof of Corollary 1.20 (convergence of the h-BEM).

DEFINITION 6.7 (shape-regular triangulation). Suppose T is a triangulation of
T in the sense, e.g., of [59], so that each element K € T (with K C T') is the image
of a reference element K = {¢ € R™1 : 0 < & < 1,2?;11 & < 1} under a C*-

diffeomorphism Fi : K — K, with Jacobian Ji := DFy. Then T is shape-regular
if there exists a constant cg > 0 such that, for every K € T,

supge g AR™(€)

6.43 - .
( ) mfﬁeK )\III}m (f)

S657

where N3 and N2 denote the mazimum and minimum eigenvalues of J&Jy .

Proof of Corollary 1.20. With p > 0, define the boundary element space SP(7Ty,)
as in section 1.5.3, and let Py, : L*(T') — SP(T5) be orthogonal projection. The heart
of the proof is the fact that if, for some 6 > 0,

. _ ]
(6.44) |1 = Pupll 2 ()= 2|1 D — Sk || L2 ()= 1 (0 (A ) "l L2y =220y < 55
then the Galerkin solution vy, of the variational problem (1.39) is well-defined and
the quasi-optimal error estimate (1.41) holds with

1 .
(6.45) Cs = 5 (1+0)1(A) "M lz2 ) 22

see [44, Lemma 4.1], [38, Lemma 3.3].
Since SP(Tp) C S°Tn) it is clear that [[I — Pupllmmysreaey < [ —
Proll 1 (ry—r2(r)- The approximation result

(6.46) I = Proll#r (ry—2(ry < Ch,

with C' > 0 dependent only on the constant ¢g in (6.43), is proved in [87, Theorem
1.4] for the case when I' is piecewise smooth and each element K € 7T}, is flat, and the
argument extends to the case when I is piecewise C'.

Part (a) of Corollary 1.20 follows from combining (6.44), (6.46), the bound on
|‘(A;q;7n)_1HL2(F)4)L2(F) in (1.34), and the bound

1Dy, — inSkll 2y (ry S k3 1og(2 + k)
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when || ~ k, Q_ is C% for some « € (0,1), and T' additionally has strictly positive
curvature; this last bound is proved in [40, Theorem 1.5].

Part (b) of Corollary 1.20 follows from combining (6.44), (6.46), the bound on
[[(A%.,) "Iz (ry—z2(r) in (1.28), and the bound

1Dk = inSkll L2y ) < K/ log(2 + k),

when |n| ~ k, Q_ is 0% for some « € (0,1), and T is additionally piecewise smooth;
this last bound is also proved in [40, Theorem 1.5]. d
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