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Highlights

Effects of hysteresis window on con-
tact angle hysteresis behaviour at large
Bond number
Jiapei Yang, Xiao Ma, Linlin Fei, Xiaoqing Zhang, Kai H. Luo, Shijin Shuai

• A modified pseudo-potential LB multiphase model with tunable sur-
face tension is proposed, which is further coupled with the geometrical
formulation contact angle scheme to investigate the motion of droplets
invoking the contact angle hysteresis.

• The droplet morphology change is investigated in the two-dimensional
parameter space, i.e., the Bond number and hysteresis window.

• The droplet oscillation phenomenon at large Bond numbers at the equi-
librium stage is observed for the first time.

• The phase diagram of droplet oscillation with varying Bond number,
receding angle, and advancing angle is obtained.
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Abstract
Contact angle hysteresis, defined as the difference between advancing and
receding contact angles, is an important phenomenon in multiphase flow on a
wetting surface. In this study, a modified pseudo-potential lattice Boltzmann
(LB) multiphase model with tunable surface tension is proposed, which is
further coupled with the geometrical formulation contact angle scheme to
investigate the motion of droplets invoking the contact angle hysteresis. We
focus on the dynamic behaviour of droplets driven by a body force at the
Bond number ranging from 1 to 6, which is defined as the ratio of the body
force to the capillary force. The droplet morphology change is examined by
varying (i) the Bond number and (ii) the hysteresis window. Results show the
droplet morphology evolution can be classified into different stages, including
stretch, relaxation, and equilibrium. The droplet oscillation phenomenon at
large Bond numbers at the equilibrium stage is observed for the first time.
In addition, it is found that such oscillation can lead to the breakup and/or
coalescence of droplets when the surface waves spread on the top of the
droplet. Furthermore, there is slight oscillation of the normalized length,
width and height at the equilibrium stage for the neutral hysteresis window
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while more dramatic oscillation will appear for the hydrophobic hysteresis
window.
Keywords: lattice Boltzmann method, contact angle hysteresis, multiphase
flow, Bond number

1. Introduction

The dynamic behaviour of water droplets on a solid surface is a ubiqui-
tous phenomenon in daily life, such as raindrops on glass panes and industrial
applications, such as in droplet cooling of gas turbine blades, spray coating,
and droplet sliding in flow channels of proton exchange membrane fuel cells,
and so on. Among the diverse phenomena of droplet dynamics, contact angle
hysteresis is a critical problem, which is far from being fully solved. When
a droplet moves on a flat surface, the droplet shape will be changed and the
contact angle at the contact line falls in between the maximum (advancing)
and minimum (receding) values [1]. Here, the difference between the advanc-
ing and receding contact angles is defined as contact angle hysteresis [2]. One
cannot accurately capture droplet deformation and adhesion force without
considering contact angle hysteresis [3]. The contact angle hysteresis can
cause an additional pressure drop in mini and micro channels [4, 5]. In the
simulation of the slug flow, the contact angle hysteresis can be attributed to
the slug elongation and the post-detachment instability [6]. Hence, it is of
essential significance to study the effects and mechanisms of contact angle
hysteresis.

Considerable efforts have been devoted to model and study contact angle
hysteresis. Zhang and Qin [7] proposed a theoretical method of correlations
for contact angle hysteresis through force balance for a moving droplet on
a hydrophobic surface. A single parameter model, which depended on the
fractal structure of the contact line was derived by Wu and Ma [8] to describe
the connection among the equilibrium, receding and advancing contact an-
gles. With the rapid development of the computing technology, it is more
and more efficient to explore the phenomenon of contact angle hysteresis by
numerical experiments. The large-scale molecular dynamics (MD) was used
by Fernández-Toledano et al. [9] to simulate a nano droplet moving across a
solid surface driven by an external force. A correlation between the contact
angle hysteresis and the velocity of the contact line was coupled in a vol-
ume of fluid (VOF) method by adding an uncompensated force in Young’s
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equation to simulate the droplet deformation with contact angle hysteresis
on a surface by Theodorakakos et al. [10]. Similarly, Santos and White
[11] developed a contact angle hysteresis model by adding a friction force in
Young’s equation based on the hysteresis window rather than the contact
line velocity, which was then solved by a finite-elements method. A geo-
metrical formulation of wetting condition for diffuse-interface simulations is
proposed by Ding et al. [12] and used to investigate a 3D sliding droplet in
shear flows. Ba et al. [13] introduced a numerical method based macroscopic
contact angle to their multiphase model to simulate the droplet motion in
shear flow.

Recently, the lattice Boltzmann method (LBM) has been widely adopted
for numerical simulations of complex fluid flows [14, 15, 16, 17]. For the study
of multiphase flows with contact angle hysteresis, Wang et al. [18] used the
He-Chen-Zhang [19] and Lee-Lin [20] LBM model incorporated with geomet-
rical boundary conditions proposed by Ding et al. [12] to study the motion
of a droplet driven by a shear flow for varying hysteresis window. Related
simulations were carried out by Liu et al. [21], which adopted the color-fluid
LBM model coupled with geometrical wetting boundary conditions to simu-
late the behaviour of contact angle hysteresis for a wide range of kinematic
viscosity ratios. But the density ratio was not large enough to represent a
water-air system.

In the past, many researchers focused on the motion of droplets under
a body force [18, 22, 23, 24, 25]. Semprebon et al. [23] adopted an energy
minimization method to describe the onset of motion of a droplet driven by
a body force with contact angle hysteresis. In their simulations, the Bond
number, which is defined as the ratio of the body force to the capillary
force, is in the range of 0.0 − 1.6, that can include a critical value for the
transition from pinned to depinned state for the droplet. In Refs. [18, 24],
the Bond number is also set to be less than 2.0 to simulate a droplet on a
tilted wall. A open source software, Surface Evolver, based on the principle
of minimization of energy and conservation of volume subject to constraints
was used by Janardan et al. [25] to obtain the effect of initial conditions on
the shape of a droplet on an inclined plane, which was on the threshold of
sliding.

However, there is a big gap in the study of droplets with contact angle
hysteresis driven by an external force at high Bond numbers (>2.0). Besides
droplets on a vertical plane, a high Bond number may be present in situations
like curtain coating [26], droplets on a horizontal substrate with acceleration
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(e.g., a rotating disk [27, 28]), and droplets with electrowetting [29, 30].
In this study, a modified pseudo-potential multiphase model with tunable

surface tension and the geometrical formulation scheme is developed to simu-
late contact angle hysteresis. We focus on the dynamic behaviour of droplets
with contact angle hysteresis at high Bond numbers from 1 to 6. This paper
is organized as follows. We start with the description of the pseudo-potential
multiphase model and geometrical wetting boundary condition. Then we
compare our LBM results with those of Semprebon et al. [23] and verify the
independence of the system setup. Next the droplet dynamic behaviours in
respond to (i) varying Bond number and (ii) varying hysteresis window are
examined. Finally, the conclusion of this study is given.

2. Numerical method

2.1. The multiple-relaxation-time LB model
A three-dimensional LB model with a multiple-relaxation-time (MRT)

collision operator based on D3Q19 discrete velocity model is adapted to sim-
ulate the dynamics of a liquid droplet. For the details of the D3Q19 discrete
velocity model, the interested readers are kindly directed to [31, 32, 33]. The
evolution of the particle distribution function fi can be written as

f i (x+ ei∆t, t+∆t) = f i(x, t)−Λi,k

[
fk − f eq

k

]∣∣
(x,t)

+

(
I− Λi,k

2

)
F i(x, t)∆t

(1)
where x is the position vector, t is time, ei is the discrete velocity vector, ∆t
is the lattice time step, f̄i = fi−∆tF̄i/2, f eq

i is the corresponding equilibrium
distribution function, I is the unit tensor matrix, and Λi,k = (M−1SM)i,k.
The forcing terms F̄i read [34]

F̄i = ω
(
|ei|2

) [ei − u

c2s
+

(u · ei) ei
c4s

]
· F (2)

where the weighting factors are ω(1) = 1/6 and ω(2) = 1/12, u is the fluid
velocity, cs = 1/

√
3 is the lattice sound speed, and F is the total force

including the pseudopotential interaction force and any body force

F=Fint + Fg (3)

The diagonal matrix S specifying the relaxation rates is given by

S = diag (s0, se, sε, s0, sq, s0, sq, s0, sq, sv, sπ, sv, sπ, sv, sv, sv, st, st, st) (4)
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where sv is related to the kinematic viscosity through ν = (1/sv − 1/2) c2s.
In this work, we use νl = 0.01 and νg = 0.1497 for liquid and gas fluids,
respectively, the ratio of which corresponds to the realistic kinematic viscosity
ratio (1:14.97) for the water-air system at 20 ◦C.

Through the transformation matrix M, the collision process in physical
space of Eq. (1) can be transformed into the moment space

m∗ = m− S (m−meq) +

(
I− S

2

)
∆tF̃ (5)

where m = Mf , meq = Mf eq, and F̃ = MF.
Following the collision process, the streaming process is given as follows

f̄i (x+ ei∆t, t+∆t) = f̄ ∗
i (x, t) (6)

where f
∗
= M−1m∗.

The macroscopic variables can be obtained by

ρ =
∑
i

f̄i, ρu =
∑
i

f̄iei +
∆tF

2
(7)

2.2. The pseudopotential multiphase model
In the pseudopotential model, a pseudopotential interaction force is in-

troduced to describe the interaction among fluid particles, which makes it
easy to realize liquid-gas phase transition [35, 36]. For the single-component
model, this interaction force is defined as

Fint = −Gψ(x)
∑
i

w
(
|ei|2

)
ψ (x+ ei∆t) ei (8)

where G is the interaction strength, ψ is the pseudopotential, and w
(
|ei|2

)
is the normalized weights. For the D3Q19 model, w (1) = 1/6, w (2) = 1/12.

In order to achieve high density ratio, the square-root-form pseudopoten-
tial [37] coupled with a realistic equation of state (EOS) is considered in this
study

ψ =
√

2 (pEOS − ρc2s) /Gc
2 (9)

where pEOS is the pressure determined by the EOS. The EOS is selected as
a piecewise linear equation of state as, which is given by [38]

p(ρ) =


ρθv, ρ ≤ ρ1
ρ1θv + (ρ− ρ1) θm, ρ1 ≤ ρ ≤ ρ2
ρ1θv + (ρ2 − ρ1) θm + (ρ− ρ2) θl, ρ > ρ2

(10)
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where θv, θl and θm are adjustable parameters of slopes in different regions.
The other unknown variables ρ1 and ρ2 can be solved according to the fol-
lowing two equations∫ ρl

ρv

(ρ1 − ρv)θv + (ρ2 − ρ1) θm + (ρl − ρ2) θl = 0 (11)

∫ ρl

ρv

1

ρ
dp = log (ρ1/ρv) θv + log (ρ2/ρ1) θm + log (ρl/ρ2) θl = 0 (12)

where ρl and ρv represent the liquid and vapour coexistence densities, respec-
tively.

Here, we focus on a high density ratio with ρl/ρv = 1/0.001 = 1000,
which is a typical ratio for the water-air system at around 20 ◦C. The values
of θv, θl and θm are set to be

θv = c2s/2, θl = c2s, θm = −c2s/40 (13)

Solving Eq. (11) and Eq. (12), the parameters ρ1 and ρ2 are obtained as
ρ1 = 0.001325 and ρ2 = 0.9758.

The thermodynamic consistency is another key factor to achieve high
density ratio. According to the work of [39, 40], a modified force term is
proposed to achieve good thermodynamic consistency, which is given by

F̃ ′
1 = F̃1+

114ε|Fint|2

ψ2(1/s1 − 0.5)
(14)

where ε is an adjustable parameter to control the mechanical stability con-
dition. In this work, ε is fixed as 0.1.

To achieve the tunable surface tension in the Shan-Chen-type LB model,
a correction term can be added on the right hand of the Eq. (5) [41], i.e.,

m∗ = m− S (m−meq) +

(
I− S

2

)
∆tF̃+∆tC (15)

Inspired by the original correction formulation proposed in 2D model by
Li et al. [41], here we propose to add the following correction term C to tune
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the surface tension in the D3Q19 lattice:

C =



0
76
5
sv (Qxx +Qyy +Qzz)

0
0
0
0
0
0
0

−sv (2Qxx −Qyy −Qzz)
0

−sv (Qyy −Qzz)
0

−svQxy

−svQyz

−svQxz

0
0
0

(16)

The components of tensor Q can be derived from

Q = κ
G

2
ψ(x)

∑
i

w
(
|ei|2

)
[ψ (x+ ei∆t)− ψ(x)] eiei (17)

where κ is an adjustment factor of surface tension.

2.3. Boundary conditions
The periodic boundary condition is applied in the X-axis and Y-axis di-

rections. And the top is non-slip boundary condition. Next we consider
the implementation of contact angle hysteresis. It is well known that there
are various schemes of wettability boundary conditions including density-
based contact angle scheme [42, 43], pseudopotential-based contact angle
scheme [44, 45], and modified pseudopotential-based contact angle scheme
[46]. These schemes achieve a prescribed contact angle through modelling
the force between the fluid and solid phases. However, these types of scheme
can not simulate the contact angle hysteresis. Thanks to the work of Ding
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et al. [12], the geometrical formulation scheme obtained from the geome-
try relationship of the triple contact line is proposed and performs well in
prescribing contact angle hysteresis.

y

z

0

θ

θ
B

C

A

Figure 1: Schematic of the geometric relationship along the triple contact line.

Thus, the geometrical formulation scheme is adopted in our work. As
shown in Fig. 1, the geometric relationship can be described by [18]

tan
(π
2
− θ

)
=
AC

AB
= −∂ρ

∂z
/

√(
∂ρ

∂x

)2

+

(
∂ρ

∂y

)2

(18)

Then, the approximate derivative can be calculated using difference quo-
tient:

ρi,j,0 = ρi,j,2 + tan
(π
2
− θ

)
ξ (19)

where the subscripts represent x, y, z coordinates, respectively. ξ is given by
[47]

ξ =

√
(ρi+1,j,1 − ρi−1,j,1)

2 + (ρi,j+1,1 − ρi,j−1,1)
2 (20)

Any arbitrary contact angle can be imposed by assigning the value of θ
in Eq. (19). Because of the existence of contact angle hysteresis, the contact
line keeps still when the local contact angle θ is within a hysteresis window
[24, 18] :

θR ≤ θ ≤ θA (21)
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where θR and θA are the receding angle and advancing angle, respectively. If
θ is geater than θA, the contact line will keep going forward. On the other
hand, if θ is less than θR, the contact line will keep going backward. In our
simulation, the contact angle hysteresis window is specified firstly and then
the critical density corresponding to θR and θA is found through Eq. (19).
Therefore, Eq. (21) can be rewritten as

ρR ≤ ρi,j,1 ≤ ρA (22)

After that, let us compare ρi,j,1 with ρR and ρA.

ρi,j,1=


ρA, ρi,j,1 > ρA
ρi,j,1, ρR ≤ ρi,j,1 ≤ ρA
ρR, ρi,j,1 < ρR

(23)

Based on the model as described above, contact angle hysteresis can be
realized easily, whatever the source of hysteresis is.

3. Model validation

3.1. Model validation
It is necessary to valid the model proposed in this paper. The Young-

Laplace law validation has been done in our previous work [48, 49]. However,
in order to derive the value of surface tension, three-dimensional static droplet
simulation is carried out with different droplet radii, R=[25 30 35 40 45 50],
in a cubic domain of 200× 200× 200. According to the Young-Laplace law,
∆p = 2γ/R, surface tension γ at κ = 0.0 can be derived from the slope of
the line as shown in Fig. 2.

After that, we compare our LBM simulation results with the simulation
results of the energy minimization method (by minimising both free interface
and gravitational energies) [23]. The comparisons of temporal evolution of
length/width ratio, side-view and top-view of droplet contours at the ini-
tial contact angle θin = 72◦ and Bond number Bo = 1.85 are presented in
Figs. 3(a)(b)and(c), respectively. From the graphs we can see that the LBM
simulation results concur well with the results of the energy minimization
method.
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Figure 2: The Young-Laplace law validation based on the static droplet simulation.

(a)
(b)

(c)

Figure 3: Validation of droplet contact angle hysteresis model with the results of Sempre-
bon et al. [23]. (a) temporal evolution of length/width ratio. (b) and (c) side-view and
top-view of droplet contours, respectively

3.2. Independence validation
The independence analysis of the mesh, droplet initial radius and droplet

equilibrium contact angle (or droplet initial contact angle) is carried out to
guarantee a parameter independent results. The detailed parameter setup
of independence analysis at Bo = 1.0, θA = 105◦, θR = 75◦, are shown in
Table 1. Here we choose contact angle and length/width ratio as indicators.
It can be seen that radius = 30, mesh 100× 100× 800, θeq = 0.5× (θA + θR)
are enough for independent solution as portrayed by Fig. 4.
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Table 1: Independence analysis at Bo = 1.0, θA = 105◦, θR = 75◦.
Radius Equilibrium contact angle Mesh size

30 90 100× 100× 800
35 90 100× 100× 800
30 90 200× 200× 1000
30 82.5 100× 100× 800
30 97.5 100× 100× 800
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R = 30, 
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R = 35, 
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 = 90.0°, Mesh = 100 100 800

R = 30, 
eq

 = 90.0°, Mesh = 200 200 1000

R = 30, 
eq

 = 82.5°, Mesh = 100 100 800

R = 30, 
eq

 = 97.5°, Mesh = 100 100 800

Figure 4: Independence analysis of the mesh, droplet initial radius and droplet equilib-
rium contact angle based on temporal evolution of advancing angle, receding angle, and
length/width ratio.

3.3. Physical problem
To simplify the problem, a drop on a plane substrate with a horizontal

driving body force Fg is considered, as shown in Fig. 5. This condition
can represent droplets on a vertical plane [23] or on a horizontal plane with
acceleration. Here we define the body force Fg in Eq. 16 as

Fg=(ρ− ρg) g (24)

where g is the gravitational acceleration.
Therefore, besides contact angle hysteresis window, this system is also

characterized by a critical non-dimension parameter Bond number defined
as the ratio of body force and surface tension, which is given by [23]

Bo =
ρg

(
V 1/3

)2
γ

=

(
V 1/3

)2(
(γ/ρg)1/2

)2=
λ2v
λ2c

(25)
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Figure 5: Schematic overview of system setup.

where λv=V 1/3 and λc=(γ/ρg)1/2 are characteristic length based on the vol-
ume and the body forces, respectively.

4. Results and discussion

4.1. Bond number effect
In this section, the dynamic behaviour of contact angle hysteresis of

droplets with large Bond numbers is investigated at θA = 130◦ and θR = 120◦.
In order to quantify the droplet deformation, the length scale is normalized
by L0 = V 1/3 and the time scale is normalized by t0 =

√
L0/g.

Figure 6 presents the morphology change of the droplet at different Bond
numbers, in which (a), (b) and (c) respectively represent the time evolution of
normalized length, width and height. It can be clearly seen that the normal-
ized droplet length, width and height evolve in different stages as time pro-
gresses, including stretch, relaxation,and equilibrium. At the stretch stage,
the normalized length increases while normalized width and height decrease
with normalized time. Because the droplet is more susceptible to stretch
along the direction of body force and shrink in other directions. Further-
more, it can be noted that after the Bond number reaches a certain value,
the stretching or shrinking speeds of normalized length, width, and height
almost remain unchanged at the stretch stage. This implies that the droplet
stretch is mainly controlled by the body force due to the small y-component
(along the direction of the body force) of the surface tension force at the
stretch stage even if the y-component of the surface tension force gradually
increases with time. And excessive stretch and shrinkage will happen with
the aid of inertia.

Following the stretch stage, the relaxation stage occurs, which acts as
a transition state from the stretch stage to the equilibrium stage. At this
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(a)

(b)
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(c)

Figure 6: Morphological analysis of (a) normalized length, (b) normalized width, (c)
normalized height at different Bond numbers for different stages: (1) stretch stage, (2)
relaxation stage, (3) equilibrium stage.

stage, surface tension stands out from the competition with the body force.
Hence the droplet gradually recovers from the maximum stretch or shrinkage
in the last stage. But due to the viscous force, the normalized length is
gradually weakened with normalized time, while normalized width and height
are gradually enhanced with normalized time. Finally, the droplet reaches
the equilibrium stage. As predicted, the normalized length, width and height
almost remain constant at a small range of Bo (Bo < 4) owning to the
balance of body force and surface tension. An interesting phenomenon is
found that the oscillation of length, width and height starts to occur at large
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values of Bo (Bo ≥ 4). The oscillation frequency of length is much lower
than that of width or height. At Bo = 4, this oscillation appears first but
gradually disappears with time. And the oscillation period of droplet length
at Bo = 6 is longer than that at Bo = 5, while that of width and height
shows no obvious difference for both cases. However, as Bo is increased to
6, oscillation of normalized length, width and height consistently exists with
much larger oscillation amplitudes during the whole equilibrium stage. To
the best of our knowledge, such an interesting phenomenon of oscillation at
large Bo has not been found before.

In order to give a quantitative analysis of the relationship between the
normalized shape parameters and the Bond number, we obtain the time av-
eraged value of the normalized length, width and height with the average
taken over the equilibrium stage, as shown in Fig. 7. A positive correla-
tion between the normalized length and the Bond number while a negative
correlation between the normalized width and height and the Bond number
are found. This trend concurs well with the results of Semprebon et al. [23],
who focused on the cases of low Bond numbers without oscillation, indicating
that the time averaged value of oscillation also follows the rule of that of the
non-oscillation case.

1 2 3 4 5 6
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L / L
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W / L
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Figure 7: The time averaged value of the normalized length, width and height with the
average taken over the equilibrium stage as a function of the Bond number.

The snapshots of droplet motion with varying Bond numbers for hys-
teresis window of (120◦,130◦) are displayed in Fig. 8, in which (a), (b),
and (c) are the processes of droplet motions at the stretch, relaxation, and
equilibrium stages respectively, and (d) are the isosurface images at the fi-
nal normalized time step of simulation. The detailed time evolutions of the
droplet are illustrated in Supplemental Videos. Due to the large given Bond
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number, the droplet soon reaches the hysteresis window and starts to move
from the initial position. As expected in Fig. 8(a), the stretch stage of the
deformation of all droplets at different Bond numbers can be described as a
stretched droplet with a big head in the upstream side, which corresponds
to the stretch stage as stated above. And we note that there is a neck (the
box with a solid line) between the head and tail of droplet, which is consis-
tent with the MD results of Fernández-Toledano et al. [9]. Subsequently,
the droplet breakup (the box with a dash line) and the surface wave (the
box with a dash-dotted line) appear for Bo ≥ 4 in addition to the neck at
the relaxation stage as shown in Fig. 8(b). Finally, as indicated in Fig.
8(c), which corresponds to the process of droplet motion at the equilibrium
stage, the droplets gradually become stable and move at a constant speed
for Bo < 4 while an obvious surface wave (the box with a dash-dotted line)
is observed again in the droplet for Bo ≥ 4.

The surface wave propagates from the downstream to the upstream driven
by the body force, which plays a leading role in the local region of surface
wave. The unavoidable deformation perpendicular to the direction of droplet
motion results in oscillation of normalized width and height. Finally, surface
wave coalesces into the head of the droplet. The momentum in the pro-
cess of coalescence stretches the droplet length for the time being and the
competition between the body force and the surface tension will make the
droplet tend to be equilibrium. So the oscillation period of length depends
on the average length of the droplet and the body force, which may cause
the oscillation period of length for Bo = 6 to be longer than that for Bo = 5.
In addition, it is now understood that the oscillation frequency difference
between length and width/height is due to the fact that the length oscilla-
tion caused by the coalescence between surface wave and droplet head only
happens at the end of propagation while width/height oscillation caused by
the deformation can happen during the propagation process. It can also be
observed that the next surface wave is successively generated at some mo-
ment of the motion of last surface wave and then spreads in the droplet. In
general, the continual emergence of surface waves leads to the oscillation of
normalized length, width and height. For more details, Fig. 8(d) compares
the shapes of the droplets at the final normalized time for different Bond
numbers. The peaks and troughs induced by surface wave (the box with a
dash-dotted line) can be found on the droplet surface. And the number of
peaks and troughs of droplet that simultaneously appear increases with the
Bond number.
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(a) The process of droplet motion at the stretch stage

Bo=1

Bo=2

Bo=3

Bo=4

Bo=5

Bo=6

(b)

(b) The process of droplet motion at the relaxation stage
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(c)

(c) The process of droplet motion at the equilibrium
stage
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Bo=6Bo=5

Bo=4

(d)

(d) The isosurface images at the final normalized time step of sim-
ulation

Figure 8: The snapshots of droplet behaviours with varying Bond numbers for hysteresis
window of (120◦,130◦). The processes of droplet motions at the stretch, relaxation, and
equilibrium stages are shown in (a), (b), and (c) respectively. The isosurface images at
the final normalized time step of simulation are presented in (d). The box with a solid
line represents neck between the head and the tail of the droplet. The box with a dash
line refers to droplet breakup. The box with a dash-dotted line represents surface wave of
droplet.
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To further investigate the phenomenon, we carry out a quantitative anal-
ysis of peaks and troughs induced by droplet surface waves at varying Bond
numbers. Figures 9(a) and 9(b) respectively plot changes of the number
of waves that simultaneously appear and the average wavelength over the
simulation time, for different Bond numbers. Apparently, the surface waves
begin to appear at the relaxation stage and reach a relatively steady state at
the equilibrium stage. As indicated in Fig. 9(a), there is a slightly growing
tendency of the number of waves with increasing Bo although that of Bo = 6
returns to 1 intermittently. According to Fig. 9(b), with the enhancement of
Bo, the average wavelength increases slightly, which describes the distance
between the peaks. This may account for the longer oscillation period of
length for Bo = 6 than that for Bo = 5.

(a)

(1) (2) (3)

(b)

Figure 9: Quantitative analysis of peaks and troughs induced by droplet surface wave
varying with Bo: (a) Number of peak; (b) Average wavelength. (1) stretch stage, (2)
relaxation stage, (3) equilibrium stage.

Besides aforementioned droplet oscillation, droplet breakup is also ob-
served in process. When the surface wave occurs, the peaks and troughs
will correspondingly occur. If the local height of droplet can not meet the
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requirement of trough, the droplet will break up into several parts. Figure
10 illustrates analysis of droplet breakup with varying Bo and time evolution
of normalized surface area. The normalized surface area S/S0, where S0 is
the initial droplet surface area, is adopted to describe the droplet deforma-
tion characteristic [50] and represents a combination parameter of normalized
length, width, and height of the droplet. It is noted that the tendency of the
normalized surface area is similar with that of the normalized length, which
means length plays an important role in the of droplet shape change. As
shown in Fig. 10(a), droplet breakup firstly occurs at the relaxation stage
and is concentrated at the end of the relaxation stage. At the same time
of droplet breakup, there is a sharp drop in the normalized surface area.
Although the breakup phenomenon occurs in the troughs of the wave, the
droplet pieces merge together again quickly. Subsequently, the surface of
the droplet keeps on oscillating from the downstream to the upstream. This
process of breakup and merge of droplets also appears in Refs. [51, 52]. Fig-
ure 10(b) presents, in further detail, analysis of droplet breakup, including
maximum number of the droplet pieces and starting time for breakup. As Bo
increases, the droplet breakup is enhanced and the starting time for breakup
significantly increases, which can be explained by the fact that larger Bo
increases the amplitude of surface waves and reduces the average droplet
height, which makes it more likely to break up in the trough of the wave.

Based on the above results, it can be concluded that this oscillation phe-
nomenon induced by surface wave of the droplet is related to locally unbal-
ance force, which is similar to the instability of a liquid jet of Donnelly and
Glaberson [53]. The body force is exerted on mass of the droplet while the
surface tension is simultaneously exerted on the contact line between the
droplet and the substrate. When the droplet is stretched to a certain point,
the mass distribution of the droplet will exhibit a dumbbell shape. In addi-
tion, the body force increases with the growth of the Bond number and is
proportional to the mass distribution of the droplet. Thus, this perturbation
makes the significance of the local body force comparable with other forces
in certain regions of the droplet tail. Due to the net unbalanced force, the
surface wave will appear in the droplet tail and migrate from the downstream
to the upstream. After that, surface wave reaches the head of the droplet
and then they merge with each other. At high Bond numbers (Bo > 4),
this process is repeated for multiple times, leading to the observed oscillation
phenomenon of the droplet morphology.
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(1) (2) (3)

(a)

(a) Normalized surface area and number of
the droplet pieces. (1) stretch stage, (2) re-
laxation stage, (3) equilibrium stage.
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Figure 10: Analysis of droplet breakup for varying Bo.
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4.2. Hysteresis window effects
Having shown the basic behaviour of droplet oscillation at large Bo, in this

subsection, the effects of different hysteresis windows on oscillation phenom-
ena are further investigated in terms of morphological analysis. Three typ-
ical scenarios including hydrophilic (30◦, 60◦), neutral (75◦, 105◦) (80◦, 100◦)
(85◦, 95◦), and hydrophobic (120◦, 130◦) (120◦, 140◦) hysteresis windows are
examined at Bo = 5.0. Figure 11 presents the effects of hysteresis window on
morphological changes. It is noted that ratios of normalized length, width
and height at the stretch stage stay almost constant with time. This also
proves the droplet stretch is mainly controlled by the body force at the stretch
stage as mentioned above. And the maximum stretchable or shrunken values
of length, width and height at the end of the stretch stage increases with the
equilibrium contact angle for all three typical hysteresis windows.

Subsequently, for the hydrophilic hysteresis window, the droplet morphol-
ogy remains almost unchanged and no oscillation occurs at the equilibrium
stage. For the neutral hysteresis window, there is slight oscillation of nor-
malized length, width and height at the equilibrium stage. However, more
dramatic oscillation of normalized length, width and height at the equilib-
rium stage appears for the hydrophobic hysteresis window. This is because
the smaller the contact angle, the lower the center of gravity of the droplet,
which makes droplet more stable.

In addition, the results of Figs. 11(d) - 11(i)show that the oscillation
amplitude of morphological changes for neutral and hydrophobic hystere-
sis windows become more intensive with increasing width of the hysteresis
window. We think that the difference between the upstream and the down-
stream hysteresis windows acts like a ”container” for the droplet mass. And
the non-uniform mass distribution of the droplet and droplet deformation
will be enhanced as that difference is enlarged, which leads to more dramatic
oscillation.

The surface area and analysis of droplet breakup with neutral and hy-
drophobic hysteresis windows at Bo = 5.0 are presented in Fig. 12. It is
clear to see that the droplets for all hysteresis windows exhibit a breakup
phenomenon and the breakup time almost starts from the beginning of the
relaxation stage. However, the number of droplet pieces for breakup almost
stay a steady level in the neutral case while the number of droplet pieces
for breakup is oscillating in the hydrophobic case, which means the droplet
is in a state of alternate breakup-coalescence. A possible explanation for
such results might be the oscillation of droplet length induced by surface
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Figure 11: Morphological analysis for different hysteresis window at Bo = 5.0.(a)(b)(c)
is the time evolution of normalized length, normalized width, and normalized height in
the scope of the hydrophilic hysteresis window, respectively. Similarly, (d)(e)(f) is in the
scope of the neutral hysteresis window and (g)(h)(i) is in the scope of the hydrophobic
hysteresis window.

wave. After the droplet breakup in the trough of surface wave, the oscilla-
tion of length of the droplet will make the downstream part catch up with
the upstream part if the oscillation is large enough. Obviously, the degree
of oscillation with the neutral hysteresis window can not push the droplet
parts to coalesce with each other and thus move forward as separate parts.
Finally, the hydrophobic case can have continuous breakup and coalescence.

To complete our analysis, the Bond number, receding angle, and advanc-
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Figure 12: The surface area and analysis of droplet breakup with varying hysteresis window
at Bo = 5.0

ing angle are used as variables for the droplet oscillation transition phase
diagram, as shown in Fig. 13. We note that the hydrophobic case keeps
coalescing after oscillation occurring while the hydrophilic and neutral cases
remain broken up after oscillation occurring.

5. Conclusion

In the present study, a modified pseudo-potential LB multiphase model
with tunable surface tension is proposed, which is further coupled with the
geometrical formulation contact angle scheme to investigate the motion of
droplets invoking the contact angle hysteresis. The proposed model can
be used to simulate the practical water-air system with large density ratio,
good thermodynamic consistency and tunable surface tension. Simulation is
conducted to validate the computational model compared with existing lit-
erature. Using the validated model, the dynamic behaviour of contact angle
hysteresis of droplets for a broad range of the Bond number is investigated on
a flat plane. The time evolutions of normalized length, width and height of
the droplet are classified into different stages, including stretch, relaxation,
and equilibrium. At the equilibrium stage, the oscillation phenomenon of
droplet at large Bond numbers is reported for the first time. In addition, it
is found that oscillation can lead to the breakup and/or coalescence of the
droplet when the surface waves spread on the droplet. To find the deeper
mechanism of droplet oscillation, the time evolution of droplet morphology
for varying hysteresis window is analysed. Droplets in the hydrophilic hys-
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Figure 13: The droplet oscillation transition phase diagram with varying Bond number,
receding angle, and advancing angle.

teresis window trend to remain unchanged and no oscillation occurs at the
equilibrium stage. For the neutral hysteresis window, there is slight oscil-
lation of the normalized length, width and height at the equilibrium stage
while more dramatic oscillation is observed for the hydrophobic hysteresis
window. Finally, the phase diagram of droplet oscillation with varying Bond
number, receding angle, and advancing angle is obtained. In future, a full
phase diagram of droplet oscillation as a function of more influence factors
will be created and the phenomena will be created in the laboratory.
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