UCL

University College London

DEPARTMENT OF MATHEMATICS
PhD degree in Mathematics

The Volume Preserving Mean Curvature
Flow in a Compact Riemannian Manifold

Candidate: Supervisor:

Mr. Mattia Miglioranza Prof. Felix Schulze

Thesis submitted in 2020



1, Mattia Miglioranza, confirm that
the work presented in this thesis is my own.
Where information has been derived from other sources,

I confirm that this has been indicated in the thesis.



Abstract

In this thesis we investigate the volume preserving mean curvature flow (VPMCF) of a
closed and convex hypersurface M inside of a compact Riemannian manifold N. When
the ambient manifold is the Euclidean space, long time existence and convergence of
the solution to a sphere have been already proved. In the general Riemannian case, this
approach cannot be readily generalised, because of the interaction between the evolving
hypersurface and the geometry of the ambient space.

Alikakos and Freire overcome these difficulties, using although an infinite-dimensional
dynamical systems approach and results from semigroup theory. In our work, instead,
we offer a classical and more geometric outlook. We therefore exploit the isoperimetric
nature of the flow: the hypersurface M is in fact moving inside N in a way to keep
the volume of the region it encloses fixed, while its area is strictly decreasing. Thanks
to this isoperimetric characteristic, we prove that, if the initial hypersurface is close
enough to a small geodesic ball in N (a bubble), it keeps itself close even at the final
existence time T (short time existence). The last fact, combined with good estimates
of the major geometric quantities of M, allows us to extend the flow indefinitely for all
times (immortal flow) and therefore to study its asymptotic behaviour. This is quite
interesting, since, except for special cases, geodesic spheres are not equilibria for the
VPMCF and, in general, the existence of time independent solutions is a non trivial
issue.

We conclude our work by studying the asymptotic behaviour of a solution of the
VPMCEF. We prove that there exists at least a subsequence of times such that a subse-

quence of the family of bubbles converges to a limit surface of constant mean curvature.






Impact statement

Mean curvature flow has been a very productive and flourishing area of the Geometric
Analysis over the past decades. It arises naturally in problems where a surface energy
is relevant because of its property of being the gradient-like flow of the Area functional.
It occurs, for example, in the description of the evolution of the interfaces in several
multiphase physical models and, very recently, algorithms based on MCF have been
developed extensively in the field of automatic treatment of digital data, in particular
of images, due mostly to its parabolic nature.

From a more theoretical perspective, motivations to study the MCF come from geo-
metric applications, in analogy with the Ricci flow: the techniques here developed have
been widely used as a tool to obtain classification results for hypersurfaces with cer-
tain curvature conditions, to derive isoperimetric inequalities or to produce minimal
surfaces. It is therefore clear that a research work in the mean curvature flow or, as
in this present thesis, in the volume preserving mean curvature, it is relevant for both
theoretical and applicative aspects.

Our research project offers results already known in the literature. However, these ex-
isting results have been proved by using techniques coming from very different areas
of mathematics, based on centre manifold analysis, with tools from semigroup theory
or infinite dimensional systems, and therefore far from the traditional approach. One
of the main problems that comes by using these techniques is that it is pretty much
unclear how the shape of the initial hypersurface affects the convergence of the flow.
It has been felt the necessity to present these results in a more classical way. Our work
is very effective and geometric: it proceeds in an intrinsic fashion, by starting with
natural conditions on the geometry of the initial hypersurface, deducing subsequently
some important geometric properties and studying the evolution equation of the main
geometric quantities.

In our work, the reader will immediately feel at ease, thanks to the maximum principle
for parabolic equations and by exploiting the isoperimetric nature of the flow.

Observe that the traditional approach has never been attempted so far. The reason is
simply because is not an easy task, since in the Riemannian setting the flow is a result
of a complicated interaction between the geometry of the evolving hypersurface and the
geometry of the ambient space, and, therefore, standard results like convexity proper-
ties may not be preserved if the initial surface is immersed in a general Riemannian
manifold.

Our work can also be considered as a starting point for further developments and results.
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In fact, it would be desirable to obtain, similarly to the Euclidean case, the fully con-
vergence of the flow and the uniqueness of such limit. Moreover, it would be interesting
to prove that the limit constant mean curvature sphere is a leaf of the local foliation

around a critical point of the scalar curvature, which is assumed to be nondegenerate.
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Introduction

The mean curvature flow is a nonlinear geometric evolution equation where a subman-
ifold evolves in the direction of the gradient of the area functional, in order to decrease
over time its area as rapidly as possible. Since during the evolution each point moves in
the direction of the mean curvature vector with speed given by the mean curvature, we
have that convex points move inwards, concave points move outwards, and the manifold
moves faster where the curvature is larger. Therefore MCF can be seen as the negative
gradient flow for the area functional and it is formally similar to the ordinary heat equa-
tion, with some important differences: MCF behaves like the heat equation only for a
short time, making the solution smoother; however, after more time, the nonlinearities
dominate and the solution becomes singular.

The mean curvature flow originated in the materials science literature, where for almost
a century it has been used to model structures such as cell, grain and bubble growth. For
example, around the 1950s, von Neumann studied soap foams whose interface tends to
have constant mean curvature, whereas Mullins describes coarsening in metals. Partly
as a consequence, Mullins [33] might have been the first to write down explicitly the
MCF equation in general. Subsequently, MCF and related flows have been studied
extensively in applied mathematics, image processing and other areas of science and
engineering.

As we briefly explain in the second chapter, the simplest case is when the submani-
fold is a simple closed curve. A remarkable result of Grayson [15] from 1987, based
on a joint work of Gage and Hamilton [12], shows that any simple closed curve in the
plane remains smooth under the flow until it disappears in a point in a finite amount
of time. Right before it shrinks to a point, the curve will be an almost round circle:
by Grayson’s theorem, the curve thus remains smooth until its length (area) becomes 0
and, as a corollary, one gets an exact formula for the lifespan of any curve. Therefore,
in the case of curve shortening flow, as is called the MCF in the one dimensional case,
each flow has only one singularity in all of space and time and the singularity looks just
like a shrinking circle.

In higher dimensions, Huisken [18] proved in 1984 that closed convex hypersurfaces re-
main convex and flow smoothly until they become extinct at a point; in particular, they
are almost round just before extinction. However, unlike the case of curves, there are
many new types of singularities when the initial hypersurface is not convex. Therefore
the analogue of Grayson’s theorem does not hold for submanifolds of dimension n > 2.

The main tool for analysing these different types of singularities is a blow-up method,

11
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similar to tangent cone analysis for minimal varieties, that relies on Huisken’s mono-
tonicity formula. The flow once again has a self-similar structure near the singularities,
but there are infinite families of different possible self-similar structures. Recent years
have seen a great and flourishing activity in this area, with constructing examples, clas-
sifying the possibilities in certain cases, and understanding which types of singularities
are generic.

In the present work, we want to investigate the volume preserving mean curvature flow
(VPMCF) of a closed and convex hypersurface M inside of a compact Riemannian

manifold N. We thus consider a family of immersions F' : M x [0,7) — N which

satisfies 5
aF(:c,t) =[—H(x,t)+ ¢(t)] - v(z,t),
where )
t) = —— Hdy,
(b( ) ’Mt| o Mt

and v(x,t) is the unit normal vector to M; = Fy(M) in x € M; and |M,| is the surface
area of My at the time ¢t € [0,7). Thus under VPMCF the family of immersions are
evolving in a way to keep fixed the volume of the region enclosed by M;.

Having in mind the crucial result of Huisken, where every compact convex hypersurface
evolving by standard mean curvature shrinks to a point in a finite time and becomes
spherical under rescaling, a behaviour which is usually called convergence "to a round
point", one expects that under the volume preserving mean curvature flow the evolution
of a convex hypersurface is defined for all times and converges, in the Euclidean space,
to a sphere as t — oo.

When the ambient manifold N is indeed the Euclidean space, Huisken [20], for exam-
ple, provided the expected result, by exploiting an initial condition on the principal

curvatures. We have in fact that:

Theorem. If the initial hypersurface M C R n > 2, is uniformly convez, then the
VPMCEF has a smooth solution My for all times 0 <t < co and the M; converges to a

round sphere enclosing the same volume as My in the C°°—topology as t — oo.

However, in the general Riemannian case, the flow is a result of a complicated in-
teraction between the geometry of the evolving hypersurface and the geometry of the
ambient space, and the methods developed by Huisken himself cannot be readily gen-
eralised, since, in view of the term ¢(¢) in the evolution equation, the local evolution
of M depends heavily on the global shape of the hypersurface inside N. Moreover, it
can be shown that even the convexity properties of My may not be preserved if My is
immersed in a general Riemannian manifold. The main reason is that the evolution
law is non-local and thus the maximum principle for parabolic equations is much more
subtle and difficult to apply: as a consequence, initially embedded hypersurfaces may
develop self-interactions.

In this present work we nevertheless want to prove that if the initial hypersurface My is
"close enough" to a small geodesic sphere, the volume preserving mean curvature flow

has a smooth convex solution and exists for all positive times.
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The main ingredient in our work is the isoperimetric nature of this flow: the volume of
the region enclosed initially by Mj is preserved under the flow, while the area of M; is
strictly decreasing over time. Short time existence for these types of flows are already
known in literature. However, by exploiting its isoperimetric nature, we are able to
show that if our initial hypersurface My is close enough to a small geodesic sphere in
N, it keeps itself close even at the maximal existence time T". The last fact, combined
with good estimates of the major geometric quantities of My, allows us to extend the
flow indefinitely for all times and therefore to study its asymptotic behaviour. This is
quite interesting, since, except for special cases, geodesic spheres are not equilibria for
the VPMCF and, in general, the existence of time independent solutions is a nontrivial
issue.

Our approach is very effective and geometric and proceeds in intrinsic fashion, by study-
ing the evolution of the geometric quantities of M. In the first chapter we introduce
some useful notions and definitions of Riemaniann geometry and we derive the evolu-
tion equations of the main geometric quantities which are going to be essential in our
work, together with the maximum principle for parabolic equations, and we conclude
the chapter with some important isoperimetric inequalities in both Euclidean and Rie-
mannian settings.

We then continue with a review of the main existing results in the literature. After
starting with Huisken’s cornerstone work in MCF and the generalisations to other flows
where the speed is represented by symmetric, positively homogeneous functions of the
principal curvatures, we introduce the main results in the volume preserving mean cur-
vature flow in the Euclidean ambient manifold and the further attempts to generalise
the same results to the noneuclidean case. In particular, we dedicate time to introduce
the approach of Alikakos and Freire who obtain our same results. Their work is inter-
esting mainly because it is entirely based on semigroup theory and dynamical systems
analysis, therefore far from the traditional approach which we do follow here.

In Chapters 3 and 4 we give a full, complete proof of our main result both in the Eu-
clidean (Ch. 3) and Riemannian case (Ch.4). The reason to distinguish between the
flat and non-flat case arises for two main purposes: firstly, even if the exact same re-
sults are already known in the literature, dealing with the Euclidean case allows us to
explain well the ideas and the strategy which we are going to apply to the Riemannian
case, given the fact that all the quantities and the evolution equations are much simpler
and easy to treat, since the Riemann tensor is null. On the other hand, we are not
able to replicate the full convergence to a limiting sphere and the exponential decay
of the speed of the flow (and therefore of the other main quantities), if the ambient
manifold is non-flat. In the Euclidean space, in fact, the full convergence is assured
by the combination of three main facts: the volume-preserving nature of the flow, the
use of the Alexandrov’s Theorem (the only compact embedded hypersurfaces with con-
stant mean curvature are the round spheres) and indeed the fact that the speed decays
exponentially. In a general Riemannian manifold, the Alexandrov’s Theorem does not
hold and the average term of the mean curvature introduces a non-local effect to all

the evolution equations, which are now much more complicated to treat. Therefore we



14 Introduction

are only able to guarantee the existence of a subsequence of surfaces converging to a
surface of constant mean curvature. However, this leads to problematic situations, like
the fact that the solution of the flow could converge to two (or more) different surfaces
of the same constant mean curvature H, or that the flow could move around the limit
surface without ever reaching it. It would be interesting to overcome these problematic
situations and prove full convergence also in the Riemannian case, but this needs the
introduction of new ideas and techniques, which however goes beyond the scope of the

present work.

We conclude this Introduction by summarizing the main results that we present in
this thesis.
In both the Euclidean and the Riemannian case, we have proved the monotonicity
of the isoperimetric ratio. When the ambient manifold is the flat Euclidean space,
we have established the long time existence for this particular class of VPMCF, the
exponential decay of the speed of the flow and of the main geometric quantities, which
leads to the full convergence of the solution to the unit sphere at an exponential rate.
In the Riemannian case, we have shown the long time existence of the flow and the

subsequential convergence of the solution to a small bubble of constant mean curvature.



Chapter 1

Preliminary results

1.1 Hypersurfaces in Riemannian manifolds

Let (N,g) be a compact Riemannian manifold of dimension n + 1. We denote by
a bar all the quantities on N. For example we write the metric with g = g,s and
1 < a,8 <n+1, the coordinates by i = {#*}, the Levi-Civita connection I' = {fgﬁ},
by V the covariant derivative and by R,gs the Riemann tensor. We always make use
of the Einstein summation convention for the sum of repeated indices, unless otherwise
specified. Therefore we write the Ricci tensor as Ric = {R,p} with R,p = gV‘;RM&;,

1— gaﬁ is the inverse metric of g.

and R = g*# Rag the scalar curvature of N, where g~

Let now F': M — N be a smooth hypersurface immersion, i.e. a smooth map such
that its differential F} is injective at each point and where M is a closed Riemaniann
manifold of dimension n, therefore a compact topological space without boundary. We

denote the induced metric on M by g and in local coordinates we have

_(OF , = OF _ OF*, OFF
95(9) = 9 () 5, (1)) = Fas o (D) 5 (),

for any p € M. We furthermore denote without a bar the intrinsic geometry of the
induced metric g on the hypersurface, i.e. {F;k}, V and R;ji; with Latin indices i, j, k, 1
ranging from 1 to n.

If v is a local choice of unit normal for F'(M), we often work in an adapted orthonormal
frame {v,e1,..., ey} in a neighbourhood of F(M) such that e;(p), ..., en(p) € T,M C
T,N and g(e;, e;)(p) = 0i; forpe M, 1 <1i,j <n.

Then the second fundamental form A = h;; as a bilinear form
A(p) : T,M x T,M — R,
and the Weingarten map W = hg = gikhkj as an operator
W :T,M — T,M,

15
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are given by
hij =g (v&;l/» ej) =g (Va vff«;ej)'

Since W is a selfadjoint operator, we have that A(p) is symmetric and its eigenvalues
k1(p), ..., kn(p) are called the principal curvatures of F'(M) at F'(p). At any given point
p € M it is always possible to choose normal coordinates and, possibly after a rotation,

we can always arrange that
gij = 0ij,  Vee;=0,  hl=diag(ks,... k).

We also have that the classical scalar invariants of the second fundamental form are
symmetric homogeneous polynomials in the principal curvatures. We can write the
mean curvature as

H=g"hy =k + -+ kp,

and the total curvature as
A2 = BlhE = ki + -+ K2

It is also important to recall the rules of computations involving the covariant deriva-
tives, the second fundamental form of the hypersurface and the curvature of the ambient
space. The commutator of the second derivatives of a vector field X on M is therefore
given by

ViV, X%~ V;ViX* = Rijjng™ X™,

and for a one-form w on M by
Viijk — Vjviwk = —Rijmkwm = Rijklglmwm~

Since we are dealing with hypersurfaces immersed in a Riemannian manifold, it is useful

to recall the Gauss equations which relate the curvature of M with the one of IV:

Rijii = Rijii + hirhj — hahjy, 1<4,5,k 1 <n,
Rix = Rip — Ryink + Hhi, — hihl, 1<ik <mn,
R = R-2R,,+H?—|A]?

where with the index n we indicate the normal direction v, so for example Ry, =

Ric(v,v). We also keep in mind the Codazzi-Mainardi equations:

Vihjk — Vihij = Rpjki
Vihik = ViH = Rp.

We want to introduce the following commutator identities for the second derivatives of

the second fundamental form as in [21], which were first found by Simons [45]. They
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provide a crucial link between analytical methods and geometric properties of M and

N. See also [39] for a derivation of the following facts from the structure equations.

Theorem 1.1. The second derivatives of the second fundamental form A satisfies the

following identity:

ViVihi; = ViVihg + hghimhmg — hemhihmg + hijhimbn
himhbiihmi + RiitmPmg + Riijmhm
+  Rujithkm + Ruinghit — Rognihij + Rungjrhim
+ ?kanil + %Rnuk-

Proof. See for example [21]. O

If we trace the previous identity, we obtain the following result that plays an impor-

tant role in the mean curvature theory.

Corollary 1.2. The Laplacian of the second fundamental form A satisfies the identity

Ahij = ViVjH + Hhimhmj — hij| A + H Ryin;
Ronhij + Riikmhmg + Rijkmbim
—  2Rpimjhrm + ViRnjik + ViR

1.1.1 The Exponential Map

In our work we want to investigate how an immersed surface M moves inside a compact
manifold IV accordingly to a particular law that we will define later. In order to better
understand the geometry involved in this process, we need to clarify some more ideas
of Riemaniann geometry.

We first start with a general manifold (IV,g). Let p be a point in N and V' € T,N
a tangent vector. We indicate with 7y the unique geodesic such that v(0) = p and
4(0) = V, and let [0,1) be the nonnegative part of the maximal interval containing 0
on which + is defined. For any a > 0, we have the rescaling property vov (t) = v (at),
with ¢ < [, (the maximal existence time for v,1/) and with I, = a ! 1.

We therefore consider O, C T, N as the set of vectors V' such that 1 <, so that vy is
defined on [0, 1].

Definition 1.1. The resiricted exponential map at p is the map O, — N such that
exp,(V) = (1), V €O,

The restricted exponential map can be combined to form a smooth map exp: O — N,
where O = |J O, and where exp |p, = exp,. This map is just called the ezponential

map.

We have the following important lemma, where we show that the exponential map

is a local diffeomorphism.



18 Chapter 1

Lemma 1.3. (Normal Neighbourhood Lemma) For any p € N, there is a neighbourhood
V of the origin in T,N and neighbourhood U of p in N such that exp, : V — U 1is

diffeomorphism.
Proof. See for example [27]. O

Any open neighbourhood U of p € N that is the diffeomorphic image under exp,
of a star-shaped open neighbourhood of 0 € T,V as in the preceding lemma is called a

normal neighbourhood of p.

This lemma also justifies the following definitions.

Definition 1.2. The injectivity radius of p € N is the largest radius for which the
exponential map at p is a diffeomorphism. If it exists, the injectivity radius of N,

inj(N, g), is the infimum of the injectivity radii of all points of N.

Definition 1.3. Let € be the injectivity radius of p and consider, Vr < ¢, the following
subset of T, N
B(0) ={V e LN : |[V]lg <},

where the map exp,, : B,(0) — N is a diffeomorphism.
The image exp,(B,(0)) C N is called geodesic ball and exp,(0B,(0)) C N is the geodesic

sphere.

Definition 1.4. The convezity radius at p € N is the supremum of r € R such that
Vp < r the geodesic ball exp,(B,(0)) is strongly geodesically convex, i.e. Vr,y in the
ball, there exists a unique minimising geodesic connecting the two points inside the ball,
except possibly the endpoints.

If it exists, the convezity radius of N, conv(N,g), is the infimum of the convexity radii

at all points of V.

In this present thesis we assume that (N, g) is a compact manifold, and therefore
every closed bounded set in N is compact, i.e. N satisfies the Heine-Borel property. By
Hopf-Rinow theorem, N is thus geodesically complete, i.e. all the geodesics are defined
for all times (and, in particular, Vp € N and VV € T, N, there exists a geodesic starting
in p in the direction of V' defined for all times), and it is complete as metric space. As
a consequence, any two points in N can be joined by a segment, a curve such that its
length is exactly equal to the distance between the two points.

In particular, given the compactness of IV, it is possible to prove that both the injectivity
radius and the convexity radius of NV exist and they are strictly positive. Moreover, a

nice result from Berger [4] shows that, if N is compact, the following estimate holds
_ 1. . _
0 < conv(N, g) < §IDJ(N, g)-

For the reasons above, we indicate with € = inj(JV, g) the injectivity radius of the com-

pact manifold N.
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Let us consider a normal neighbourhood U of p and {e;} an orthonormal ba-
sis for T,N. Note that such a basis gives an isomorphism E : R"*! — T,N by
E(x!,---  2"*) = a2fe;. If U is a normal neighbourhood of p, we can combine this

isomorphism with the exponential map to get a coordinate chart
@:=E""! oexp,;1 U — R™

Any such coordinates are called (Riemannian) normal coordinates centred at p. Given
p € N and a normal neighbourhood U of p, there is a one-to-one correspondence between
normal coordinate charts and orthonormal bases at p.

In any normal coordinate chart centred at p, we can define the radial distance function
r=v(x) =d(p,z) as

and the unit radial vector field O,

aTzwzlxiai: !

, W I’lai.

In the Euclidean space, r = 9 (x) is the distance to the origin, while 0, is the unit vector
tangent to the straight lines through the origin. By the next important Proposition,

they also have some special geometric meaning for any metric in normal coordinates.

Proposition 1.4. (Properties of Normal Coordinates). Let (U, (x')) be any normal

coordinate chart centred at p.

(a) For anyV =V'9; € T,N, the geodesic vy starting at p with initial velocity vector

V' is represented in normal coordinates by the radial line segment
o=tV .. vt

as long as vy stays within U.
(b) The coordinates of p are (0,...,0).
(¢) The components of the metric at p are g;; = 0;;.

(d) At any point ¢ € U — {p}, O, is the velocity vector of the unit speed geodesic from
p to q, and therefore has unit length with respect to g.

(e) The first partial derivatives of g;; and the Christoffel symbols vanish at p.

Proof. See for example [27]. O

We also have the following useful Lemma.

Lemma. Let p € (N,g), with N compact, and ¢ its injectivity radius. Then for each
r < ¢ and x € N such that B.(x) C exp,(B:(0)),

expy (B (0)) = By (x),
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and moreover

exp, (B,(0)) = By (z).
Proof. See for example [36]. O

That means that as far as exp, is a diffeomorphism, any Riemannian ball is a

geodesic ball, where as Riemannian ball we define as usual the open set in N
B,(p) ={x € N :7(p,x) <r},

and where 7(p, ) is the infimum over all the lengths L(7) of piecewise smooth curves

connecting the two endpoints, i.e.

7(p, @) = inf{L(y) [y : [0,1] = N, 4(0) = p, »(1) = z}.

The exponential map plays an essential role in our work, as it will be clear in Chapter
4. Here below we want to illustrate another important consequence of the exponential
map.
Let B, (z) be a Riemannian ball inside U, C N and consider 0B, (z) = S. Then we can

define the normal bundle of S as the following space
TS+ ={veT,N:peS, ve (T,S)" C T,N}.

Here (7,5)" is the orthogonal complement of T,,S in T,N. So for each p € S, we have
the orthogonal direct sum T,N = T,S @ (T,,5)".

Definition 1.5. The normal ezponential map exp™ is the restriction of exp to
expt : ONTST — N.

By standard theory, the differential of exp'’ is nonsingular at 0, for a point p € S
and it follows that there exists an open neighbourhood V' of the zero section in 'S+ on
which exp™ is a diffeomorphism onto its image in N. Such an image exp (V) is called
a tubular neighbourhood of S in N, because intuitively it looks like a solid tube around
S, containing S.

Note that in the tubular neighbourhood of S = 0B, we can "build" a surface M
in the following way. We first identify through the exponential map the Riemannian
sphere S with the Euclidean sphere S;' of radius r. Then we define a "shape function"
f(g) : S} — R for any g in S} (therefore Vg € S = 0B, = S'). In doing so, we can
model the surface M as

M = exp, (f(q) - v(q)), (1.1.1)

for v(q) the outer normal (unit) vector to T,S" = T,S in (T,S")* = (T,9)*.
Recall that for a given function f : W — R, for an open region W C R”, the C¥—norm
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in W is defined as
I fllergiy = Y sup | D*f(x)],
o<k zeW
where we are using the multiindex notation, such that, given |a| = aq + -+ + a, for

nonnegative integers a; and k, we have

ol £(z
e fa) DI @)

©0xt - Qx|
We are now able to define the following important concept.

Definition 1.6. Given a § > 0, the surface M, as defined in (1.1.1), is said to be
d—close to S = AB,(z) in the C2—norm if the function f = f(q)/r is such that,

1 llezsm = Y sup [D*f(a)] <6,

la|<2 €57

where f : S? — R is the shape function, » > 0 the radius of the Riemannian sphere S
and D’ can be thought as the covariant derivative on the sphere induced by the standard

metric.

We use the "corrected" function f because we want to have a "dimensionless mea-

sure" of the deviation of M from the sphere S compared to its size.

We conclude this paragraph with another important result. We will often work with
normal coordinates in the open set U, = exp(B.(0)). It is therefore useful to remember
that the metric g of N can be Taylor expanded at a point ¢ € U, (See for example Prop.
2.1 in [30], where the proof can be found in the Appendix). This expansion has the
following form which depends on the curvature of N and on the radial distance:

_ 1 - 1 _
gz‘j(q) = 0y + 3 Rkilj‘p oFat + 6 Vi Riimj ’p ghxlam™ 4 ...

1 -
= 51‘]‘ + g Rki[j‘p xkxl + 0(7‘3), (1'1'2)

where Rijkl is the Riemann tensor of N computed in p, r = ¥ (z) = d(p, z) is the radial

distance function defined above and ¢ has coordinates ¢ = (2!, 22, - - 2"T1).
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1.2 Evolution equations

We are interested in studying one-parameter families of smooth hypersurface immersions
F: M x[0,T) — (N,g) into a compact Riemannian manifold, with M; = F(-,t)(M),

that satisfies an initial value problem

gtF(p,t) = f(p,t) v, p€ M,tel0,T), (1.2.3)

F(p,0) = Fy, pE M,

where v(p,t) is a choice of unit normal at F(p,t), f(p,t), called speed, is some smooth
symmetric function of the principal curvatures k; of the hypersurface at F'(p,t) and M)
is a closed hypersurface.

Short time existence for this particular type of flows is already known in the literature,
even when the ambient space is a general Riemannian manifold. One could for example
check Section 7.5, in [21], where short time existence has been proved for a very broad

class of immersions of the type

gtF = (= (APH +(F,v, A, VA V?A, ... . V* 1 A),

for any nonnegative integer p, and for an arbitrary ¢ smooth in all its arguments. In
particular, Theorem 7.17, [21], illustrates how the evolution equation may be reduced to
strictly parabolic, quasilinear scalar equation, and hence that it has short-time solution
under appropriate initial conditions.

Once short time existence is guaranteed for some class of flows, one is in general inter-
ested to investigate if the solution exists for all times and therefore to understand its
asymptotic behaviour, both for large times and near the singularities. For this specific
purpose it is essential to establish for all the relevant geometric quantities their evolu-
tion equations, in particular for the second fundamental form.

For a general speed f, we have the following result [21].
Theorem 1.5. On any solution My of (1.2.3) the following evolution equations hold:
(i) %9ij = 2fhaj,
(ii) Ldp = fHdp,
(iii) Ghi; = —ViVif = f(=hih® + Ruinj),
(iv) Ghi ==V f — f(hich?T + R, 7 ),
(v) %—Ig = —Af — f(JA* 4 Ric(n,n)),
(vi) ZIAPP = =20V, V; f — 2f(tr A% + h' Ryinj).

Here du is the induced measure on the hypersurface and A is the Laplace-Beltrami

operator with respect to the time-dependent induced metric on the hypersurface.
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In the present work we are interested in studying a particular class of initial value
problems (1.2.3) called volume preserving mean curvature flows; we also set that the

initial surface is strictly convex.

Definition 1.7. An hypersurface M C N is said to be strictly convex if all the

principal curvatures are strictly positive k; > 0, Vi 1 < ¢ < n.

Definition 1.8. Let (XN, g) be a compact Riemannian manifold of dimension n+ 1 and
F a family of hypersurface immersions F' : M x [0,T) — (N, g), with Fy(M) = M.
Then the volume preserving mean curvature flow (VPMCF) of Fj is such that the

map F': M x[0,T) — (N, g) is a solution of the following normal deformation problem

0
i, t) = [=H (1) + ¢(0)] - v(x,1),

where H(z,t) and v(x,t) are respectively the mean curvature and the unit normal of
the hypersurface F;,(M) = M, at the point x € M, and where

1
o(t) = =7 Hdp,
(¥ | M| g,

is called the average mean curvature.

We also suppose from now on that My = Fy(M) is closed and strictly convex.
In the particular setting of the VPMCEF, thanks to Thm. 1.5, we have the following

results.

Corollary 1.6. Under the volume preserving mean curvature flow, for the following

geomeltric quantities we have:

0
(Z) ahl] = Ahw — 2thmhmj + h”|A|2

Ronhij — Riikmbmj — RijemMbim
2Rpimihim — ViRnijr — Vi Rokik
P(t) hirhij — ¢(t) Ruinj-

AH + (H — ¢) (JA]* + Ric (n,n)).

+ 4+ o+

—
.
<.

~—

(i41) Q\AP = A|AP? —2|VA]? +2|A]2(JA]? + Ric(n,n))
— 4hij (RiikmMim — Riimjhim) — 2hij (Vj Rokik — Vi Ruijk)
— 2¢(tTA3 + hl]ann])

where the index n indicates the normal direction.

Proof. (i) Starting from Thm. 1.5 with the speed f(x,t) = —H(z,t) + ¢(t),

0

ahij = —VZ‘Vj[—H + (b] + [—H + ¢}(hzkh§: - any) =

= ViVjH + [*H + Qb](hzkh? - Rm‘nj)a
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we then make use of Cor. 1.2 to get the desired result.
(ii) Tt is immediate, by Thm. 1.5.

(iii) From Thm. 1.5, part (v) with speed f(z,t) = —H(xz,t) + ¢(t), we have
9\ 42 ij 3 iR
AP = 20TV T H -+ 2(H = 6)(6r A® + 1Y Ruing).

Using now Cor. 1.2, the symmetries of the Riemann tensor, and the following observa-

tions
(a) 2h¥ Ah;j = A(hijhY) — 2(Vihij VFRY) = A|A]? — 2|V A%
(b) 2h¥h;;|Al? = 2|Al%,
(¢) 2h¥h;j Ry = 2| A|? Ric(n, n),
(d) —2h" Hhjmhmj + 2H trA3 = —2Hh§-hzmhzn + 2thh§”hﬁn =0,
(e) 2h" RyjkmMhim = 20 RiigemNjm,

we get the result. O

We introduce here the x—notation, a useful convention to write a product of two or
more tensors. In particular, we will write S % T for any linear combination of tensors
formed by contraction on S and T' by the metric g. This means that we start from the
tensor field S®T and use the metric to switch the type of any number of components of
the tangent bundle to components of the cotangent bundle, or vice versa (i.e. raising or
lowering some indices) and take any number of contractions, and switch any number of
components in the product. A very interesting property of this x-product is that allows
us to write

S %T| < KI|S||T)
where the constant K depends only on the algebraic "structure" of S« T.

In the specific case of VPMCEF, for example, the metric evolves like

7% = 2fhij =2(¢ — H)hijj = ¢ A+ Ax A, (1.2.4)

after plugging the speed f = —H + ¢ in Thm. 1.5.

We also prove the following Lemma.

Lemma 1.7. We have the following evolution equation for the Christoffel symbols:

0

aTZ:¢VA+A*VA. (1.2.5)
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Proof. Using the definition of the Christoffel symbols in normal coordinates in a point

p and the evolution equation for the metric (1.2.4), we have

ot = 30 {%(Gom) + (o) -G} -
= ¢7{V,[(6 = H)hwa| + Vi[ (6 = H)hya| = V[ (6 = H) | } =
= ¢VA+AxVA.

Since we want to study the evolution equation of the covariant derivative of any order
of the second fundamental form, it is essential to introduce the following commutating

formulas for a general tensor 7.

Lemma 1.8. The following formula for the interchange of time and covariant derivative
of a tensor T under the VPMCF holds:

;VT V§T+ (pVA+AxVA)*T. (1.2.6)

Proof. W.l.o.g. we suppose that T' = T;

is analogous, as it will be clear by the following computation. We thus have:

1...i 18 @ covariant tensor, since the general case

0 0 (0T,
at ’Ll ’Lk t 83:] SZ ]'Ls 11 K -1 1s +1Zk
k
— ial—‘lllk _ Z l aﬂl---i‘sflli&klik
axj ot Jis ot
s=1
_Z ot jls Ty g rligarin, =
9Ty, i, -
= v] 8t - Z (d) VA + A * VA) Z ’Ll ZS 1l7,5+11k7
s=1
which is exactly what we wanted to prove. O

Lemma 1.9. Let T be a general tensor acting on (M, g). Then we have the following

commutation formula:
AVT — VAT = Rm«VT +VRmxT, (1.2.7)

where Rm is the Riemann tensor of M.

Proof. Let T be a general tensor. We also use the following convention for the third
covariant derivative:

V.V;ViT = V3T(0;, 0,0, .. ).
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Then we have:

VEAT = AViT = g (ViViV,;T — ViV;V,T) =
= gij([vk, Vi]VjT + Vivkva - Vivjva) =
g" ([Vk, Vi VT + Vi([Vi, Vj]T))'

Using the x—notation we get:

A, V]T = Rm*VT—I—V(Rm*T):Rm*VT—l—VRm*T—I—VRm*T:
= Rm*xVT+VRERmx*T.

Remark 1. It is convenient to recall the Gauss equation in terms of the x—notation,
which relates the Riemann tensor of M with the one of N, and the relation between the
covariant derivative V of N with ¥ of M, for a general tensor T well defined. Therefore
we have:

Rm = Rm+ Ax A, (1.2.8)

and

VT =VT+ AxT. (1.2.9)

Therefore for a general tensor T the (1.2.7) becomes

AVT —VAT = (Rm+A*xA)« VT +V(Rm+AxA)xT =
= Rms«VT+AxAxVT+VRm*T+AxVAxT.

Example 1.1. If we consider the second fundamental form A, the formula for inter-

changing the Laplacian and the covariant derivative becomes:

BRm+«VA+AxAxVA+VRmx*A
= Bm+«VA+AxAxVA+VRmxA+ AxAx Rm.

AVA - VAA

We rewrite the evolution equation of A in the x—notation as

;A:AA+A*A*A+A*m+vm+¢A*A+¢m, (1.2.10)

in order to prove the following Propositions.

Proposition 1.10. Under the VPMCF, the evolution equation for the covariant deriva-

tive of A in the x—notation reads as

OGA = AVA+ A« AxVA+LVA«Rm+ AV Em+ V2 Rm +

ot
+p AxVA+ ¢V Rm + ¢Ax Rm. (1.2.11)
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Proof. Using the formula (1.2.6),

0 0
aVszaA—l—qbVA*A—f—A*A*VA,

and substituting with the evolution equation for A, we obtain:

OGA = VAA+LAxAxVALVA«Rm+ AV Em+ VY R+

ot
+¢pAxVA+ ¢V Rm.

We make now use of Ex. 1.1 for the interchange formula, and we have:

%VA = AVA+A+xAxVA+Rm*VA+VRmxA+
= +AxAxRm+AxVRm+VVRnm+ pAxVA+dV Rm
Note that:
AxVRm = AxAxRm+ A%V Rm;
VVRm = V?Rm+ A%V Rm;
&V Rm = ¢V Rm+ ¢Ax Rm.
Therefore:
%VA = AVA+AxAxVA+VAxRm+ AxVRm+V?Rm+

+¢p AxVA+ ¢V Rm + ¢Ax Rm.
O

Proposition 1.11. The following formula for the evolution equation of the higher
derivatives of A holds:

9 m m i j k i 7] Doy
5 VA = AV A+' Z ViAxVIA%V A+'Z VA« VI Rm +
i+j+k=m i+j=m
+P(A, VA Rm,V Rm) + V" Rm+ ¢V"Rm+¢ Y  V'AxV/A
i+j=m
+¢ > VAxVIRm+ ¢Q(A VA Rm,V Rm), (1.2.12)
i+j=m—1

where P(A, VA, Rm,V Rm) and Q(A, VA, Rm,V Rm) are the x-product of a term Rm
or its i—covariant derivative V' Rm of order at most i < m — 1 with at most m—terms

among A and V'A.

Proof. We proceed by induction on m. Note that we have already proved the zero case.
We then have:
0 0 0

Zxomt+l g 7 m —v__ m m
5 VA= S V(VIA) = Vo (VIA) + (9VA + A% VA) £ V"4,



28 Chapter 1

by the formula (1.2.6) of interchange of time and covariant derivative. Applying the

inductive hypothesis we now get:

gtvm“A = VAVmAJrVL Z V"A*VjA*V’“A}Jr
i+j+k=m
+V| > VA« Rm| + VY R+ 6V V" R +

i+j=m

+¢v[ 3 viA*vjA]+¢v[ 3 viA*W}me
i+j=m i+j=m—1

+V[P(A, VA, Rm,V Bm) + ¢ Q(A, VA, R,V Rm)] +

+oVAxVT"A+ AxVAx VA,

It is clear that the following terms behave as we would wish to:

V ) VAxVIAsVFA= Y VAxVIAxVFA,
i+jt+k=m i+j+k=m+1

and
OV Y VAxVIA=¢ > VAxVIA,
i+j=m itj=m-+1
and the terms ¢VA * V™A and A*x VA x V™A are of the same type of the two above.
Moreover, the x—products VP(:) and ¢VQ(-), are still of the same type: because of
(1.2.8) and (1.2.9), we have for example that

V P(A, VA, Rm,V Rm) = VP(-) + A% P(\) ~ P(A, VA, Rm, ¥ Rm).

For similar reasons, applying (1.2.9), the following terms behave as:

V Y VAxVIEBm = ) VA«xVIRm+ Y VAxVV/Rm
i+j=m i+j=m+1 i+j=m
= > VA«VIEm+ > VAxVIRmxA,
i+j=m-+1 i+j=m

where the last addend above clearly belong to P(-). Analogous reasoning stands for the
term ¢V, . 4 ViA % VI Rm.
Observe now that, always by (1.2.9):

VV™ 1 Rm = V™2 Rm + V™ Rm « A,

and therefore the second addend clearly belongs to the term we previously treated.

Similar reasoning for ¢V V™ Rm.
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Finally, just observe that by Remark 1, (1.2.8) and (1.2.9), setting 7" = V™A, we obtain:

VAV™A = AV A4+ Rm+« V™" A+ Ax Ax V™ A+ VRm« V™A +
+AxVAxV"A =
= AV" M A+ Rm« V" A+ Ax A« V™ A+ VRm « V™A +
+Rm+x AxV"A+ A+ VAxV"A.

Just putting all together and we obtain the formula (1.2.12) we wanted to prove. O

Proposition 1.12. The following evolution equation holds:

;NmAP = AVTAP —2V™TIAP 4+ Y VIAxVIAxVFAx V™A +
i+j+k=m
+ > VA« V™A%V Rm+ P(A, VA V™A Rm,V Rm) +
i+j=m
+VTAx V™I Rm 4+ gVTA« VT Rm+ ¢ Y VAxVIAxV"A+
i+j=m
+¢ Y VMAxV'A«VIRm+ ¢Q(A VA V™A Rm,¥V Rm).
itj=m—1
(1.2.13)
Proof. Observe first that:
0 moA12 9 m m _ 9 m m g m m
VAl _a[g(v AV A)} _(8tg)(v AV A)—i—Qg(atV AV A).

Using (1.2.4), the first term on the RHS can be written as:

(%g)(va,va) = (A*A+¢A)x VA« V™A =
= AxAxVTAxVTA+ pAx V" AxVT"A.

For the second term, we plug the formula (1.2.12) and we recall the following formula:
29 (Ava, va) = A|VM A2 — 2]Vl AR,

Just also observe that the expressions P(-) and Q(-) are still defined as before, but now

the x—product must contain the term V™A. O
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1.3 Maximum principle and consequences of the evolution

equations

In studying the long term behaviour of solutions for parabolic equations, an important
step is trying to obtain some a priori estimates. The main tool in order to get point-
wise estimates is the maximum principle, in particular in the context of the mean
curvature flow, and therefore specifically in the VPMCF one. We state in the Theorem
here below both the weak and strong maximum principles for scalars, whose proofs can
be found in [31].

Theorem 1.13. Assume that g;, for t € [0,T), is a family of Riemannian metrics on
a manifold M, with a possible boundary OM , such that the dependence on t is smooth.
Let u: M x [0,T) — R be a smooth function satisfying

Ou < Agu+ g (X(p, u, Vu, t), Vu) + b(u),

where X and b are respectively a continuous vector field and a locally Lipschitz function
in their arguments.

Then, suppose that for every t € [0,T) there exists a value § > 0 and a compact subset
K C M\OM such that at every time t' € (t — 6,t +0) N[0,T) the mazimum of u(-,t")
is attained at least at one point of K (this is clearly true if M is compact without
boundary).

Setting Umaz(t) = maxyen u(p,t), we have that the function wmqy is locally Lipschitz,

hence differentiable at almost every time t € [0,T) and at every differentiability time,

%umaaz (t) < b(umax (t) ) .

As a consequence, if h: [0,T") — R is a solution of the ODE

{h'(t) = b(h(t))
h(0) = tUmaz(0)

Jor T <T, thenu < h in M x [0,T").
Moreover, if M is connected and at some time 7 € (0,T") we have Umaz(T) = h(T), then

u=hin M x [0,7], that is, u(-,t) is constant in space.

The relevance of the maximum principle can be seen in the proof of this new useful
Theorem, which has been inspired by the works of [10], [18], [19] and [20].

Theorem 1.14. Let assume that |H(x,t)| < C1 and |A(x,t)|> < C, Vt € [0,T'], by
positive constants C' and Cy. Let also assume that there exists a small positive constant
Cy such that [Rm| < Cq and [VRm| < Cy, Vt € [0,T']. Then there exists a constant only
depending on the dimension of My, C, Cy and Cy, such that ¥Vt € (0,T'] the covariant

derivative of the second fundamental form stays bounded. In other words we have

sup t|VA|? < D,
xeﬂ[t
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vt € (0,717].

Proof. By direct computation, using (1.2.11), in the same spirit of (1.2.13), we have:

;WAP = A|VAP —2[V2AP + Ax A+« VA*VA+VAxVAxRm+
+A*VA*VRm+VAxV>*Rm+¢pAxVAxVA+
+¢VA*V Rm+ ¢pA* VAx Rm. (1.3.14)

W.lo.g. we rename Cy with C;. Note also that by Thm. 1.5 and equation (1.2.13),
by using the property of the *—product (and naming with C; the algebraic structural
constant /), and the estimates on ¢(¢) (from the ones on H), the ones on the Riemann

tensor and its covariant derivative, we have these following estimates:

0
(55— A)IAP < —2VAP + 241 + Co(lA] + A+ AP),
(% —A)|VAP? < —2|V2AP + Ci|APR|VAP + C1 VAP + Ci|A| VA

+ C1|A||VA? +C1|VA.
Using now the assumption of |A|?> < C, we can manipulate the latter as

(ﬁ - A)|VA|2

5 —2|V2AP? + CCL|VA]? + C1|VAP + CCy|VA]

C C1|VAP? +C1|VA|
—2|V2A]2 + K |[VA]? + K |VA],

IN + IA

with K7 = (2CC + C1). Since we always have that:

1

1
Al < =|VA?2 + =
v \_Q\V | +3

we can rewrite the previous evolution equation as

Al2
)

(gt SA)IVAP < 2|VPAP 4 K VAP 4 K
= -2 ’V2A|2 + K> IVA‘Z + Ks,

with Ky = (K1 4+ $K1) and K3 = 1 K.

Applying the estimates for the second fundamental form, and knowing that |A| <

%\A|2 + %, we can also rewrite its evolution equation as:

(5 - )14

IN

—2|VAP +2[A]" + Cr(|A] + AP + |AP)

2
1
< VAP +2A + ¢4 (20 + % + 5)

—2|VAP* + K.

A
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with K4 depending on C and (.

It is useful to recall that for any two smooth functions B(x,t) and C(z,t), we have
that

(% _ A)(Bc) _ [(% . A)B}C+B[(% - A)c} ~ 9VBVC.

We can then compute:

(% ~A) VAP = [(% —A)t][vap +t[(% - A)vap],

hence

(%_A)t\VAF < VAR — 26 V2AP + 1 Ks|VAP +t Ks.

We now study the following function, for positive constants A, L1 and Lo that we define

later: I
Fla,t) = t|VAP(A + Li|AP) + f!A\Q,

and we compute, line by line, its evolution behaviour
0
— — A) x,t).
(5 —2)fG.0
Then we have, without using yet the estimates on |A|?:

((gt — A)VAPR) (A + Ly|A]?) <

< ([VA]? = 2t|V2A2 + t Ky|VA|]? + t K3)(A + L1 |A]?)
< |VAP(A + LiAP) = 2¢[V2AP(A + L1 |AP)
+ 1 Ko VAP (A + La|A]?) + t K3(A + La|A]%),

And also
(t|VA?) (gt — A) (A L1|AP?) < tLi|VAP(=2|VAP? + Ky).
We study the "gradient terms" as follows:
2V (t|VA|?) - V(A + L1|A]?) = 4t g(V2A,VA) - 201 g(VA, A).
Now we have, using the x-product notation:
(i) 4tg(V2A,VA) =4t V2Ax VA < 4tK|V2A||VA|,

(ii) 2Ly g(VA, A) = 2L, VA x A < 2L K|V A||A],
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where K is the positive constant of the s-product. Putting all together, the estimate

for the gradient term is:

2V (t|VAP)- V(A + L1|A]?) < 8L1K*t|V2A| [VA]? | A

t|A”
|2|VA|47

1

where we have made use of the following Young inequality:
2 b2

ea
pl < €47
jab] < =~ + 5.

with € = (A + L1C), a = 2v/t|V?A| and b = 4L K?\/t|V A|]?| A|.

For the final term
Ly (0 2 _ Lo 2 4 2 L2 0
(= < 24 (_ — _ s
: ((975 A)\A| < Z(=2AVAR +2/A1 + Ki) = ~L2 | VAP + Z2CIAP + Ks,

with K5 = 1 L,K, and we estimated for convenience and w.lo.g. 2|A[* < C|AJ%.
Putting all together, we finally get:

(2 - A)f(@1) < VAP + LilAP) — 2097 APA + L] AP)
+ tKo|VAR(A+ L1]A]?) 4+ t K3(A + Ly|A]%)

— 2L |VA* +t L1 Ky VAP
t|AJ?

2|IV2AP(A + L1|A]?) + SL2K*— 11

\VA|4
Reordering the terms as follow, we have:

(9 - A)f(:c,t) < |VAPR(A + Li|APR) — Ly [VA]2 — 2¢|V2A2(A + L1|A]?)

ot
+ 2t V2AP(A + Li|A]®) — 2Ly [VA[*
tC
A+ L C

L
+ LKy VAP + 2CIAP + t Ka(A + Li|AP) + K.

+ 8LIK? IVA* +t Ko| VA2 (A + L1|A])

We now simplify the two opposite terms |[V2A|? and we finally set the values for our
constants. We choose L = ﬁ and Ly = A+ L1C (but we keep using Ly and Lo
for the terms |V A|? and |AJ? for simplicity); note that A + L;C > C + 1 (therefore
A>C(1—L;)+1>1). We then obtain:

)
(a—A>f(:c,t) < tKo|VAPR(A + Li|A]?) + t LUKy VAP + t K3(A + Li|A]?)

L
+2C1 AP + Ks.
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Estimating the term t K3(A+ L1|A|?) <t R, with R = K3(A+ L,C), and factoring out,

we obtain:

LKy
A

(g—A>f(x,t) < t\VA|2(A<K2+

L
2 2 2

Choosing now L = max{Ks + Llf“ ,C'}, we get:

IN

L
(% —A)f(x,t) HVAP(AL + LLy|AP?) + L2 AP 4+t R+ K

IN

L
L(UVAPR(A + L1 AP) + 72|A]2) +tR+ Ky
Lf(z,t)+tR+ K.

N

We set frax(t) = max,ens f(x,t) and we apply the maximum principle. For this purpose
we study the associated ODE:

B'(t) = Lh(t) + tR + K5, h(0) = fmax(0).
As it is well known, this equation has solution:

t
h(t) = eXh(0) + / =% (sR + K3) ds.
0

We then study:

eLt/Ote_Ls(sR—FKE))ds - eLt<[— e_LLs (sR+K5)];+/Ot e_LLsts) _
= (- B_LLt(tR+K5) + % - ge*” + %) _
= LRt Ky) sy et TRIER
And then: . . " L LKs 4R
B(t) = €MR(0) = (LR + Ks) — =5 + e 220 T

Applying finally the maximum principle, we can say that
fmax(t) < h(t), Vtel[0,T7].

But Vt € [0,77] it is also true that:

LK
LR) =D,

f(x,t) < fmax(t) < h(t) < LT (h([)) + =

which implies that for f(z,t) =t |VA[2(A+L1|A]?)+ 22| A2, with A > C(1—Ly)+1 > 1:

t|VAP <t|VAP(A+ Li|A]?) + %|Ay2 <D,
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and finally we have proved that

sup [VA| <
€My

)

SIS

vt € [0,T7). O

We can extend the previous result to the higher covariant derivatives of A, assum-
ing though, as it will be clear from the proof, that we also have an initial bound on
|VA(z,0)|.

Theorem 1.15. Let the mean curvature and the second fundamental form of M; be
bounded ¥t € [0,T]. If for each m > 1 there is a small positive o such that |V™ Rm|? <

«, then Ym > 1 there is a positive constant C,, depending on My such that
‘VTYLA‘Q S Cm;

uniformly on My for 0 <t <T < 0.

Proof. In view of (1.2.13), we have:

gtyvaP = AVTAP—2V™TIAP 4 YT VIAxVIA«VFAx V™A +
i+ji+k=m
+ Y VA« VA% VI Rm + P(A,VA,V™A,Rm,V Rm) +
i+j=m
+VTAx V™ Rm 4+ gVTAx VT Rm+ ¢ Y VIAxVIAxV"A+
i+j=m
+¢ Y. V"AxVA«V/ Rm+¢Q(A, VA, V™A, Rm,V Rm).
i+j=m—1
(1.3.15)

Recall the following fact (Young’s inequality) which we are going to use below:

jal* | |b]?
bl < — + —.
lab| < 5 + 5

Note also that we assumed that the second fundamental form is bounded, and therefore
we have already proved the m = 0 case, since |A]? = |[VYAJ2. Moreover the mean
curvature H is bounded as well, and this implies that the average term ¢(t) for each ¢
is bounded too.

Let now consider the following. If we look to the term V/A x VA x VFA x V™A, we

ideally have two different cases:

(1) i =j = 0 and k = m and therefore we estimate the term as |A* AxVFAx V™ A| <
K|A2|V™A|?, using the properties of the *—product, with K the structural con-

stant.

(2) all the 4, j, k < m: we then estimate the same term as |[VIA*VIAxVFAx V™ A| <
|VIA % VIA % VFA|2/2 4+ |[V™A|?/2 by the Young’s inequality above.
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It is clear that we can apply the above process to each term in the sum of (1.2.13). We

thus estimate (1.2.13) as following:

QW’”A\Q < AVTAP + P(|A],... [V"TTAL |V Rml, ... V™ Rml, |¢])) [V A]* +

ot
+Py(|AL,... [V ALV R, [V Rl |6])),

where P; and P, are smooth functions independent of time (and actually they are
polynomials in their arguments).

We now proceed by induction on m. Since the case m = 0 is true by hypothesis, we
assume that all covariant derivatives of A up to order m are uniformly bounded by C,,.
Since even the terms |¢| and |[V™ Rm| are bounded Vm € N, we also deduce that the
functions P; and P, are bounded. Therefore we write for some Cy depending on Cp,

and o 5
51| VAR S AVTTLAR 4 Co(VTTRAR 4 1),

Choosing N > Cy and h = |V A2 + N|[V™A?, we have:

0 0 m+1 412 0 m A2
<
—th = —t|V A+ N t|V Al

AIV™HAPRZ 4 Oy(|V™H AR + 1) + NAIVT A2 — 2NV AP 4 Oy
Ah — N|V™ AP 4 Cs,

IN

IN

applying the inductive hypothesis at the case m, with C5 = C5(C,y,, C2, N, a). But this
implies that:

0

5l < Ah — Nh+Cy+ N?Cy,.

We have that a solution for the auxiliary problem

%0(15) = —No(t) +C34+ N*Cp,  9(0) = h(0),

1S:

which implies, substituting and by maximum principle and simple estimates,

Cs+ N2C,,
|Vm+1A(x,t)|2 < <|vm+1A(l’, 0)‘2 + N|va(LE,O)|2> -1+ ﬁT’
and finally

‘v’m-‘rlA(x’ t) ‘2 S Cm+17

with Cp, 11 depending on Cyy,, C3, N, o and max,e g, |V A(z,0)|?, since by induction
V™ A(z,0)|> < Cp,. This concludes the proof. O
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1.4 Convergence of surfaces

The aim of this section is to introduce some important results about the convergence of
surfaces. We will also introduce some isoperimetric inequalities both in the Euclidean

and Riemannian setting, and, as a consequence, results about convergence.

1.4.1 Isoperimetric inequalities

Let us initially suppose to be in a (n + 1)—dimensional Euclidean space endowed with
its standard metric (R"™1,8;;). If Q@ € R™"! is an open bounded region with smooth

boundary 0f2, as in [37], the classical isoperimetric inequality reads

09" (A(s™)"H
QF = (VB

where, with abuse of notation, we have denoted with |0€| the surface area of the
boundary, with |Q| the volume of the open region, with A(S™) the area of the n-
dimensional unit sphere and by V(B"*!) the volume of the (n + 1)-dimensional unit
ball. Note that the equality holds only if the region is the unit ball.

Observation 1. Note also that this ratio is independent of the radius of the ball. In fact,

considering a ball of radius R with the same notation as before, we have:

(A(S"(R)))"* A(S™(R)) \™ 4/ an nlye
V(B I(R)" (m) - A(S (R))=< = ) - A(S™MR" =
= (n+1)"-A(S") = C.,

calling with C, the above ratio.
Since the area of the unit sphere in R"*! can be written using the gamma function T,

we have in this case that o

2m 2
n+1
r()

Observation 2. The isoperimetric inequality above also shows that, amongst all regions

C. = S+ 1)

with the same boundary area, the Euclidean balls have maximum volume. The inequal-
ity tells furthermore that, amongst all sets with the same volume, Euclidean balls have

minimum boundary area.

If (N, g) is a smooth (n+ 1)—dimensional complete Riemannian manifold, we define
the isoperimetric profile of N the function Iy : (0, |N|) — R, with

Iy(v) = inf{]09Q] : @ CC N has smooth boundary, || = v},

for a region © of N. Note that, with an abuse of notation as before, |- | denotes both the
area of the boundary and the volume of the region, i.e. the n and (n + 1)—dimensional
Riemannian measures.

The isoperimetric profile gives an isoperimetric inequality in N, since any region {2 CC
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N with smooth boundary satisfies
09 = In(|€2)-

The isoperimetric inequality is optimal in the sense that, if some function I exists so
that [0 > I(|€?|) for any region Q@ CC N with smooth boundary, one trivially has
Iy > 1.

Given a positive v < |N|, the isoperimetric problem consists in studying, among the
compact hypersurfaces ¥ C N enclosing a region  of volume Q = v, those which
minimize the area |X|.

Note that the following fundamental existence and regularity theorem holds. (See for a

general review [32] for example).

Theorem 1.16. If N is a compact n—dimensional manifold, then, for any v, 0 <
v < |NJ|, there exists a compact region Q@ C N whose boundary ¥ = 0Q minimizes
the area among regions of volume v. Moreover, except for a closed singular set of
Hausdorff dimension at most n — 8, the boundary > of any minimizing region is a
smooth hypersurface with constant mean curvature and, if ON N'Y # (), then ON and X

meet orthogonally.

In particular, if n < 7, ¥ is smooth. In general a minimizing sequence {Q};cy of
sets with smooth boundary and volume v so that [0€;| — In(v) may converge, in a
weak topology, to some set with non-smooth boundary. This motivates therefore the

following definition:

Definition 1.9. An isoperimetric region of volume v in N is a finite perimeter set

so that |Qg] = v and P(Qy) = In(v), where the perimeter of a region 2 is defined as
P(Q) = sup{/ divX dN : | X]| < 1},
Q

for any smooth vector field X of N with compact support and where | X| is the supremum
norm sup{|X|, : p € N}.

Note that the existence of isoperimetric regions are guaranteed, under some condi-

tions, in compact manifolds, but not in non compact ones.

We are ready to prove the following Theorem.

Theorem 1.17. Let {Q}ren be a family of open sets of (R, 68;;) endowed with gfj

Riemannian metrics defined on B4(0), such that Vk
Q C B4(0),

with smooth boundaries 0, and such that gfj — 0;; smoothly to the Euclidean metric.

Given two positive constants C and C’, let us also suppose that the family of regions is
such that Vk:
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(1) |Q%] =1 and |0Qy] < 7,

(2) |Alsq, < C and |VA|sq, < C,

o0 n+1
(5) l ‘lej|n < Ce + pg,

with pr — 0, and where A and VA denote respectively the second fundamental form of

the boundary and its covariant derivative. Then we have that:
8Qk — 8BT($) C §4(0),

in C?-norm and such that |B,(z)| = 1.

Proof. Observe that for any k& we have Qi C B4(0), and therefore, by the Bolzano-
Weierstrass Theorem, there exists an accumulation point p € B4(0) for the family
{Q%}r. Note that the curvature estimates (2), combined with the Uniform Graph
Lemma (see for example [35], Lemma 4.1.1), imply that there exist R = R(p) > 0
and disjoint graphs U ,2 C R™*! of functions u}c defined over disks on the corresponding
tangent planes T,0Q, i.e. B(p,2R) N (p+ < vi >1), where v} are the corresponding
unit normal vectors, B(p,2R) = Bar(p) and with 1 <i < s = s(p, k), such that:

i) 9, N B(p,R) = (UL U---UU;) N B(p, R).

i) |ull, [Vui| and |V?ul| are uniformly bounded in the corresponding disk of radius
2R, forall ke Nand i =1,...,s.

Observe first that in fact the number s of such graphs (the so called multiplicity of p)
doesn’t depend on k, since we have an upper bound for the area of the surfaces Q. Also
note that we can take a convergent subsequence for the family of unit normals {v} }1,
since they are "points" of the unit sphere, and therefore I//i — ' and the tangent planes
subconverge to a fix plane I, = p + < v/* > This also implies, by the Uniform Graph
Lemma again, that there exists a subsequence of graphs {U, lil}kz C {U}}x over disks
of radius 2R and centred in p in the plane II,, with the corresponding functions up,
uniformly bounded up to the second derivative.

The uniform bounds for the graphs functions u}%l and its first two derivatives imply
that these functions are equicontinuous on their domains and therefore, by the Ascoli-
Arzela Theorem, there exists a C2-convergent subsequence of graph functions to the
limit function u?,.

Observe now the hypothesis (3) of this Theorem. By the isoperimetric inequality and

the observations at the beginning of this paragraph, we have that

‘agk’n—i-l

Ce <
|2 |™

< Ce + k-
Since by hypothesis pr — 0, when k& — oo, and by (1), |Qx| = 1, |0Q| < C’ for any k,
the combination of these two facts gives a bound on the value of surface area and then

forces the multiplicity 4 of p to be equal to 1.
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If p € B4(0) is not an accumulation point for the family {0Q4}xen, then we can
choose a subsequence 9Q, and R > 0 such that 0Qy, N B(p, R) = 0.

Let us now take a countable dense set A = {p1,p2, ...} C B4(0). Applying the above
process around pi, we obtain a subsequence {9Q , }r, C {0} which converges in
B(p1, R(p1)) to a limit graph. Applying again the process to {0 y, }r, around ps we
obtain another subsequence {9Qq g, tr, C {0 &, }r,, which converges in B(p1, R(p1)) U
B(pa, R(p2)) to a surface of multiplicity 1. Iterating the process and taking a diagonal
subsequence, we obtain that {0y, }r, C {0Q}r converges to a surface 0 in B4(0)
of volume 1. Finally, combining (1), (3) and the isoperimetric inequality which states
that in the Euclidean space the equality holds only for balls, we therefore have that the
limit surface 9Qo = OB, (x) C B4(0), for some r > 0 and x € B4(0), and with volume
Bo(x)| = 1. m

Recall the following Lemma previously introduced, that we are going to use in the

proof of the Corollary below.

Lemma 1.18. Let p € (N,g), with N compact and € its injectivity radius. Then for
each r < e and v € N such that B.(z) C exp,(B(0)),

expy (Br(0)) = By (x),

and moreover

exp,(B,(0)) = B, (z).
In the Riemannian setting, we will make use of the following Corollary.

Corollary 1.19. Let (N, g) be a compact (n+1)— Riemannian manifold with injectivity
radius € and, for any p € N, U, the geodesic ball in p of radius . Let Q@ C Br(p) C Uy,
with R < ¢, be an open region of N with smooth boundary 0. Let C, C', C" and
C = C(In(|])) positive constants. For any given 6 > 0, there exist p > 0 and rg > 0
such that if:

(1) v <ro,
() 1920 = B, 109 < 11, |Alog < C'r 1 and [T AJon < C"r 2,
90|+
(3) ‘Q‘ﬁ <C+p,
then 0K is 6-close in the C%-norm to OB, (x), for some x € Bg(p), with |B.(z)| =
|B(p)|, and where |B(p)| is the Euclidean volume of B, (p).

Proof. Note that in the normal neighbourhood U, = exp,(B:(0)), where B.(0) is the
sphere in the tangent space T, N of radius inj(N, g) = € > 0, we have seen that we can
expand the metric g in a point ¢ € U, as
1 1
Gij (q) = dij + 3 Rkilj‘p zFat + 6 Vi Riim; ’p ghplam 4 ...

1
= 5ij + 3 Rkilj‘p zhal + 0(7“3), (1.4.16)
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where R;ji; is the Riemann tensor of N computed in p, r» = ¢(x) = d(p, ) is the radial
distance function and ¢ has coordinates ¢ = (z',22,--- 2" 1),

Therefore we also have the following estimate
l9ij — 8] = O(r*) <, (1.4.17)

by hypothesis (1).
Since the region is such Q C Bgr(p) C Uy, with R < ¢, we can make use of normal
coordinates,

expjg1 :Up = TN ~ R

that are unique up to how we choose to identify 7, N with R"™*1. This also implies that,
through the above diffeomorphism, we can consider, with an abuse of notation, that
Q c Bg(0) C T,N ~ R,

We want to prove the Theorem by contradiction. We therefore assume that the region
(9, g) satisfies (2) and (3), but it is not §—close in the C2—norm to the sphere of
radius r and centred in z, 0B, (x), for x € Br(0). But this is equivalent to assume
that there thus exists a sequence of regions {4 }ren endowed with Riemannian metrics
gfj, converging smoothly to the flat metric §;; by (1.4.17) and satisfying the following

conditions

(2) (%] = [Br(p)l, [02%] < O™, |Alpg, < C'r~" and [V Alpg, < C"r72

(3) |09 |1

AR < C + pg, with p — 0,

but not converging to the sphere 0B, (z) C T,N.

It is clear that we are exactly in the situation of Theorem 1.17. Note in fact that
the hypothesis (3), where the constant C' depends on the isoperimetric profile of the
constant volume of |Qx| = |B,(p)| (Euclidean measure), can be rewritten using the
Euclidean constant C, plus a new parameter pg, that measures how much the metric

gfj fails to be flat. We can therefore write that:

‘an ’n+1

Ce < —F—
||

<Ce+pr, pr—0.

Finally note that the estimates (1) and (2) of Thm. 1.17 can be rescaled in order to fit
the present setting.

Therefore we are in the situation of Thm. 1.17, and the family of surfaces {€} must
converge to a sphere 0B, (x) C T,N of radius » > 0 and center z € Br(0) of same
volume. Using now the Lemma 1.18 and bringing everything back to the manifold NV,
we observe that the family converges to a Riemannian sphere 0B,(z) C U, C N, of
same fixed volume, arising therefore a contradiction.

This concludes the proof. O






Chapter 2

Literature review

2.1 The existing results

Traditionally, differential geometry has been the study of curved spaces or shapes in
which, for the most part, time did not play a role. However, in the last decades geome-
ters have made a huge effort in understanding how shapes evolve in time. There are
many ways by which a geometric object can evolve over time, but the most natural one
is surely by the mean curvature flow.

The simplest case is that of a closed curve in the plane, where the flow is usually called
"curve shortening flow". A remarkable result of Grayson [15] from 1987, using earlier
work of Gage and Hamilton [12], shows that any simple closed curve in the plane re-
mains smooth and eventually becomes convex under the flow, until it disappears in a
point in a finite amount of time. As a corollary, one can get an exact formula for the
lifespan of any curve. Therefore, in the case of curve shortening flow, each flow has only
one singularity in all of space and time and the singularity looks just like a shrinking
circle.

In higher dimensions, Huisken [18], inspired by Hamilton’s paper [16], proved in 1984
that closed convex hypersurfaces remain convex and flow smoothly up until they be-
come extinct at a point, and therefore no singularity will occur before the surface shrinks
down to a point; in particular, they are almost round just before extinction. To better
describe such "round sphere" behaviour, Huisken carries out a normalization and keeps
fixed the area of the surface solution during the flow: the normalized equation has then
a solution for any positive times and converges exponentially in any C¥—norm to a
sphere of the same area.

However, unlike the case of curves, there are many new types of singularities when the
initial hypersurface is not convex. Therefore the analogue of Grayson’s theorem doesn’t
hold for submanifolds of dimension n > 2. Consider for example two spheres joined by
a long thin tube. The spheres and the tube both shrink, but the mean curvature along
the tube is much higher than on the spheres, so the middle of the tube collapses down to
a point, forming a singularity. The surface then separates into two components, which
eventually become convex and collapse to round points. Thus, differently from a curve,

a surface can develop singularities before it shrinks away.

43
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In 1986, Huisken [19] extends these results to the more general Riemannian case. He
proves that if the initial hypersurface is "convex enough" in order to overcome the ob-
structions imposed by the geometry of the Riemannian ambient space, it first contracts
to a small sphere and then to a single point. By convex enough, he means that the
principal curvatures of the initial surface are bounded from below by a positive constant
depending on the ambient manifold. If the same normalization in normal coordinates
around the 0 point is carried out as in the Euclidean case in order to keep fixed the area,
the solution assumes again a round behaviour and converges to a sphere of the same
area. Note that the use of some pinching condition or other geometric assumptions on
the initial surface is crucial when one is dealing with the mean curvature flow, to avoid
that singularities may develop even before the volume goes to zero.

Since Huisken’s work, many authors have investigated whether the same result holds for
flows where the speed is given by a general symmetric, positively homogeneous function
of the principal curvatures.

For example, flows with speed a power of the mean curvature H, the so called standard
H*—flow, have been first analysed by Schulze ([40], [41]), who later obtained a very
interesting application of this evolution to isoperimetric inequalities in FEuclidean and
noneuclidean spaces [42]. Schulze observes that the H*—flow of a smooth immersed
mean convex hypersurface (H(Mjy) > 0) in the Fuclidean space has a unique smooth
solution. Moreover, if the initial surface is strictly convex (when 0 < k < 1) or weakly
convex (when k > 1), the solution is strictly convex and contracts to a point in a finite
amount of time. He also shows that the same result can be obtained if the initial surface
satisfies a pinching condition instead (regarding the ratio of the Gauss curvature and
the n—power of the mean curvature), and that the rescaled embeddings assume as usual

the round sphere behaviour, with a C°°—topology convergence to a sphere.

The asymptotic round behaviour of the renormalised mean curvature flow inspired
Huisken to investigate a flow where the volume enclosed by a compact immersed hy-
persurface without boundary is kept fixed instead of its area. In 1987, he proves, as
expected, that the volume preserving mean curvature flow (VPMCF) of a strictly convex
hypersurface immersed in the Euclidean space has a smooth solution which exists for all
positive times and converges exponentially in the C°°—topology to a round sphere [20].
However, the ¢(t) term in the flow equation, i.e. the average of the mean curvature,
introduces a global term in all relevant evolution equations, making the analysis of this
flow more complicated.

Cabezas-Rivas and Sinestrari [7] study the volume preserving curvature flow where the
speed is given by a m-th power of the mean curvature, a particular symmetric homoge-
neous polynomial in the principal curvatures. They show that if a closed hypersurface
immersed in the Euclidean space and satisfying a pinching condition on K, the Gauss
curvature (K > c¢H™ > 0, for a positive constant c¢), the condition is preserved, the
flow is immortal and the solution converges exponentially in the C°*°—norm to a lim-

iting hypersurface which is umbilical everywhere, and therefore is a sphere. Note also
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that the pinching condition, preserved during the flow, implies that the surface solution
maintains the principal curvatures strictly positive.

The study of the generalised H*—flow in the volume-preserving (and area- preserving)
setting has been first dealt by Sinestrari in [46]. Here, without any pinching condi-
tion or restriction on the dimensions, but just exploiting the isoperimetric nature of
the flow (the area is decreasing if the flow runs keeping the volume fixed), a strictly
convex hypersurface initially embedded in R"*! converges asymptotically when t — oo
to a sphere, and the flow is then immortal. Note that if the law is area-preserving, the
isoperimetric ratio is still decreasing since the area is fixed but the volume of the region
is increasing. In 2018, the same result has been obtained by Bettini and Sinistrari [5] by
studying the a—power of k—th symmetric polynomial in the principal curvatures (£,
a > 0) without assuming any pinching condition, but only assuming that the initial
hypersurface embedded in R™*! is strictly convex.

The immortality of the VPMCF and the exponential convergence to a round sphere
has been obtained also by H. Li in [28|, without assuming a convexity property on the
initial closed hypersruface immersed in the Euclidean space. Li instead assumes an
integral condition on the traceless second fundamental form, a positive lower bound for
the average mean curvature and an initial uniform bound for the second fundamental
form. Observe that, if the initial surface is close enough to a sphere, the lower bound
on the average term is a reasonable one, since it is always positive. In the second part
of the paper, he weakens the constraints on the second fundamental form, and replace
it with one on the mean curvature and use e—regularity theory, even though he gives a
proof only in dimension n + 1 = 3. Note also, as we will see later, that both the results
of Huisken and Yau [23] for large coordinate spheres in an asymptotically flat manifold
and of Alikakos and Freire 1] for small geodesic balls in a Riemannian manifold, can be
obtained using the same technique (he gives a proof only in the Euclidean case though).
Using the center manifold analysis from infinite-dimensional dynamical systems and
semigroup theory, Escher and Simonett [11]|, Athanassenas |3] and Hartley |17] for the
Euclidean case, and Cabezas-Rivas and Miquel [6] and Alikakos and Freire [1] in more
general cases as we will see later, have studied as well the volume preserving mean
curvature flow.

Escher and Simonett observe that if an initial surface is h'*#(S)—close to a sphere S in
the Euclidean space, the VPMCF is immortal and the solution converges exponentially
to some sphere. Here the space h!*?(S) denotes the little Holder space of order 1 + 3
(i.e. the limit sup of the Holder f—seminorm of the first derivative is going to zero), and
it is in fact the closure of C*°(S) functions in the usual Hélder norm of C1*4(S). The
most interesting fact is that the initial surface does not need to be necessarily convex to
assure the global existence of the flow, and then there exist non-convex surfaces which
are solutions of the flow and converge exponentially to a sphere.

In Athanassenas’ work [3], a smooth, compact, rotationally symmetric, initial hypersur-
face is immersed between two hyperplanes which intersects orthogonally (thus a surface
with boundary) and encloses a fixed volume. Assuming an extra condition on the vol-

ume enclosed by My, in order to avoid that during the flow the surface pinches off, she
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proves that the flow exists for all times and the surface converges to a cylinder of the
same volume. In this special case, the uniform convexity is replaced by the rotational
symmetric assumption, since she is dealing with a surface with boundary. A similar re-
sult is obtained by Hartley [17], where the rotationally symmetric condition is replaced
by the fact that the hypersurface is close enough to a cylinder of radius R (the height
function belongs to some little Holder space) and the condition on the volume is replaced
by a condition on this radius R, which still guarantees that the solution doesn’t touch
the axis of rotation along the flow. Note also that it converges to a limiting cylinder,

which might not be the same initial one.

The methods developed by Huisken in [20] about the evolution of a convex hypersur-
face moving by volume preserving mean curvature flow cannot be readily generalised to
the Riemannian case. In view of the average mean curvature term, the local evolution of
the initial surface My depends heavily on the global shape of the hypersurface immersed
in the ambient manifold, and therefore introduces a global aspect in the evolution equa-
tions of all the relevant geometric quantities, making the application of the parabolic
maximum principle, where possible, more subtle. Note also that even the convexity
properties of My may not be preserved if My is immersed in a general Riemannian
manifold: Huisken illustrates in fact that if My is for example a convex hypersurface
in the sphere S™*! with a portion of My being C?—close to an equator of S™*1, it has
in this region its average term ¢ >> Hj, such that initially the hypersurface is moving
here onto the other side of the equator, changing the sign of the second fundamental
form.

In a joint work with Yau [23] to define the center of mass in a isolated gravitational sys-
tem, Huisken extends for the first time the techniques of the VPMCF to a Riemaniann
manifold which is asymptotically flat, with the crucial assumption of a strictly positive
(ADM) gravitational mass m. More precisely, for a radius large enough, an initial co-
ordinate sphere moving by the VPMCF law evolves and converges to a constant mean
curvature sphere when ¢ — oco. The hypothesis of m > 0 guarantees that the initial
coordinate sphere is strictly stable and, in particular, is essential to prevent that the
surface drifts off to infinity during the evolution. Moreover, they prove the existence a
stable constant mean curvature foliation which can be considered as the center of mass
for an infinitely far observer.

The study of the VPMCF in a noneuclidean ambient space is also treated by Cabezas-
Rivas and Miquel in [6]. The two authors consider the case of a compact hypersurface
convex by horospheres (h-conver) immersed in a hyperbolic space of constant negative
sectional curvature and moving by volume preserving mean curvature flow. As expected,
the flow exists for all times, the convexity property is preserved and the solution is con-
verging exponentially to a geodesic sphere. Using the method of Escher and Simonett
[11] based on maximal regularity theory to prove the exponential convergence, the two
authors can strength their results to a bigger class of hypersurfaces non necessarily h-

convex, if the initial hypersurface is h!*#—close to a geodesic sphere. They also point
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out the difference with the Alikakos’ and Freire’s work, since Cabezas-Rivas and Miquel
are working in the special case of an ambient manifold of constant scalar curvature.

As observed by H. Li [28], the studies of the VPMCF in the noneuclidean cases, as the
hyperbolic space for Cabezas-Rival and Miquel from one side, and the work of Alikakos
and Freire in a general Riemannian manifold on the other side, as we will see in the
next paragraph, are massively based on the center manifold analysis and, therefore,
leave unclear how the shape of the initial hypersurface affects the convergence of the
flow. It would be interesting to have proofs of convergence with more natural conditions

on the geometry of the initial hypersurface.
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2.2 The approach of Alikakos and Freire

In 2003, Alikakos and Freire [1]| investigate for the first time the evolution of a hyper-
surface, not necessarily convex but close enough to a geodesic sphere, inside a general
compact Riemaniann manifold, that moves by a volume preserving mean curvature flow.
The two authors leave the classical approach of studying the mean curvature flows in
intringic fashion through the evolution equations of the main geometric quantities of
the hypersurface, and they embrace methods and results from semigroup theory about
maximal regularity and from infinite dimensional systems, in the same spirit of Escher
and Simonett [11]. The idea is to "decouple" the effect of the ambient manifold from the
effect of the geometry of the interface, and to describe how an appropriate "barycentre"
moves inside the bigger manifold, if the hypersurface starts and remains close to a small
geodesic sphere.

More precisely, with the same notation as in [1], let M be a n-dimensional compact
Riemannian manifold and consider the submanifold £ of the Banach manifold of the
C?*t2 "small quasispherical embeddings" X : S — M, which are radial graphs over a
small geodesic sphere in M with centre £ € M and radius R > 0, and S is the unit
sphere in the Fuclidean space. To define such an embedding, Alikakos and Freire need
a diffeomorphism F': S — S¢ (the unit tangent sphere at £ in T M) and a "shape func-
tion" ¢ : C?T® — R, which it can be taken as a C?*® function on S, with zero average
on S. Finally, after introducing two positive parameters 6 € (0,0p) and € € (0, ¢), they

consider £ = &5, ¢, as the space of embeddings which can be written in the form:

X(re,pu)(u) = expe[R(1 + eip(u)) F(u)],

with 0 < R < 1, ||¢]|c2+e < 1 and aveg[t)] = 0. Note that the positive parameters 6y and
€0 have been taken small enough that the open set int(X) bounded by ¥ = image(X)
(and containing ) is contained in a totally convex neighbourhood of &, and is uniformly
convex.

In this approach, there are some difficulties that arise. Firstly, the same embedding
X € & can be written in the form X(g¢ pyy in different ways, parametrised by § €
int(X). Therefore there is the need to find a choice of £ that is as canonical as possible,
given X. This leads to Lemma 1.1 and the definition of a barycentre. Note that, as
in [26], the definition of a barycentre for a general Riemannian manifold already exists.
However, in the setting of the center manifold analysis, the two authors have to find a
more suitable definition of it, which they call analytic barycentre. As showed in Lemma
1.1, this analytic barycentre is a solution of a specific equation and the unique point
¢ € int(X) for which X may be written as X(g¢ ry). In particular, given 61 € (0, dg/2)
and €; € (0, ¢ /2), the existence of the analytic barycentre allows to consider evolution
equations on the submanifold Ngq C N (01,€1) C &, ¢, By N it is intended always
that the embeddings are the ones where the point £ is the analytic barycentre for X and,

secondly, that the function F' defined above is in fact an isometry. Note that the space
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Nista can be seen also as the image under a smooth injective map ® of the manifold:
Mo = Mo(61,€1) = (0,61) x FM x K2,

where F'M represents the orthonormal frame bundle of M and the last factor is the
e1-ball in K279 = C?+2(8) N Cy(9).

The following step is to find an evolution equation for (R, &, F, 1) € M, the solution of
which map under @ to parametrised solutions of the VPMCF in Ngiq. It is important to
observe at this point that the above definition of analytic barycentre depends not just
on the image of the hypersurface 3, but also on the parametrization X. This implies
that if one wants to find an equation of the motion for this barycentre, one must fix an
evolution equation for the parametrisation X (¢) as well. As a first attempt, one might

expect that the equations on My would be induced by:
X, = (H* - H)N, (2.2.1)

where N denotes the unit outward normal and H> is the average mean curvature.
However, it is possible to show that Agq is not invariant under (2.2.1), and therefore
there is no X (t) in Ngq solving the equation (2.2.1). It is possible though to compute
"a tangential correction" to (2.2.1) which does preserve Ngq. In Lemma 1.7, the two
authors find a system on My whose solutions map to parametrised solutions of the
VPMCF, and, conversely any motion of 3(¢) of small bubbles by VPMCF can be
parametrised by X (g ¢ ) € Nitd, so that (R, &, F,¢)(t) is a solution of the system on
M. In particular, for any choice of 4, €, the system on M, is defined by:

SR, = avegluy — EJ,
& = navegl[(vy — E)F],
VeF = 0,

deRYy = (vn — E)k — (6¢)avegloy — E].

Here vy = (H” — H)||N|| (where N is a particular normal vector to ) and E = E(vy)
corresponds to the tangential correction previously mentioned, and both computed at
X(GRg Few):

The main theorem presented by the authors is substantially divided in four parts: lo-
cal existence, global existence, motion of the barycentre and asymptotic behaviour.
Even though the local existence is a well-known result, an equivalent proof is given in
the framework of semigroup theory, since this leads to the continuation criterion used
for global existence. Before proving global existence, a standard approach of Taylor
expansions for Jacobi fields in Riemannian normal coordinates is used to develop the
asymptotic expansion of the equations inherent the geometric quantities involved in the
parametrisation above. The global existence is thus proved with an argument involving
the variation of constants representation formula and maximal regularity estimates.

The motion of the barycentre is a way to keep track of how the hypersurface is mov-
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ing inside the ambient manifold. Recall first the isoperimetric nature of the flow: the
volume of the region enclosed by ¥ is preserved, while the area is strictly decreasing,
unless H is constant. This leads, in Section 3, Alikakos and Freire to show that the
evolution equation for the centre has as leading term the (negative) gradient of the

scalar curvature of M, i.e.

€ ~ 3(7312)}%2 VScal(é) 4 --- .
By the above formula, the velocity of the centre of the bubble £ is therefore given, by
principal order, by the gradient of the scalar curvature and the immersed surface is
therefore expected to move where the scalar curvature of M is bigger, i.e. £(t) climbs
towards peaks of maximal scalar curvature.

In the last section, the number 4, Alikakos and Freire show the asymptotic convergence
to a constant mean curvature sphere: since the critical points of the scalar curvature
function are assumed nondegenerate, a small constant mean curvature sphere near a
critical point must be a leaf of the local foliation at that critical point, and there
is only one of those enclosing a given volume. Recall that a foliation of dimension
k of a n—dimensional manifold M is a collection of disjoint, connected, immersed k-
dimensional submanifold of M (leaves of the foliation) and such that in a neighbourhood
of each point p € M there is a smooth chart satisfying particular properties. Then, as
proved in section 4, the limit solution of the flow is a constant mean curvature surface
with a barycentre that corresponds to a critical point for Scal. Moreover, such limit
surface is the unique leaf of the local constant mean curvature foliation at p enclosing

the same volume of the initial surface (see also the work of Ye in [49]).
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Euclidean case

The evolution of an immersed surface under the normalised volume preserving mean
curvature flow is the result of a complicated interaction between the geometry of the
evolving surface M and the geometry of the ambient space N. In view of the average
mean curvature term in the flow equation, the local evolution of M depends heavily on
the global shape of the hypersurface and the convexity properties of the initial surface
My may not be preserved if My is immersed in a general Riemannian manifold.

We thus decide to first study the flow in the simpler case N = R"*! since in the Eu-
clidean ambient space the evolution equations of the main geometric quantities of My
can be treated much more easily. We will proceed in a different fashion from Huisken [20]
or Sinestrati [46], for example, because our intention is to explicitly show the method

we are going to use in the more complex Riemannian case.

Let us therefore consider first (R"*1,4,;) as ambient space. Let F: M x I — R™"+!
be a family of immersions, with Fy(M) = My an n—dimensional closed and strictly
conver manifold immersed in (R"*1, §;;), with I = [0, T), satisfying the following normal
deformation 5
&F =[—H(x,t)+ ¢(t)] - v(z, 1), (3.0.1)

where v(z,t) is the unit normal vector in x € M; and

o(t) = —— [ Hdp.

| M| S
Note that, as already mentioned, we have T' = Ty, in the interval of time above. In
this context where the immersed surface M is moving inside a flat space, the main result

we want to prove is the following.

Theorem 3.1. Let (R"F!, 0i;) be the Euclidean space endowed with its standard metric.
Let F : M x I — R""! q family of immersions such that Fo(M) = My is a closed
n—surface with all principal curvatures strictly positive and such that it encloses a region
of volume equal to |B1(0)|. Then there exists a constant 6 > 0, such that if My C By(0)
is 6—close in C2—norm to the unit ball centred in the origin, then the volume preserving

mean curvature flow of My has a smooth strictly convexr solution with maximal time

ol
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interval I = [0,00). In particular, the family of immersions F : M x I — Rt

converges exponentially to a limit immersion F with image equal to the unit sphere.

We also reformulate Theorem 1.17 about the convergence of hypersurfaces in the

following equivalent way.

Proposition 3.2. Let (2, g) C B4(0) be an open region of (R"*1,4,;) and with smooth
boundary 9. Let C, C', C" and C. positive constants. Given § > 0, there exists a
p > 0 such that if:

(1) [lgij — dijllcay < ps

(2) 19| = |B1(0)], |09 < C, |Aloa < C" and |[VA|pq < C”,

(3) T < Cotp,

then OS) is §-close in the C*-norm to OBy (x), for some x € By(0), with |By(x)| = |B1(0)|

and

Co=—T " . (n+1)"
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3.1 Initial estimates

Let F: M x I — R""! be a family of immersions moving by volume preserving mean
curvature flow as in the hypothesis of Thm. 3.1, with Fy(M) = My, ¥Vt € [0,T). We
will consider M; = 09y to be the smooth boundary of an open region Q; C R"! at
the time t € [0,7).

Definition 3.1. If ; ¢ R"*! is an open region with smooth boundary, we define as

1soperimetric ratio the following expression

- |8Qt|n+1

I(t)= T (3.1.2)

with ¢ € [0,7).

Remark 2. The classical isoperimetric inequality in the Euclidean space thus states
that C. < Z(t), Vt € [0,T), with as usual

n+1
272

where the first factor is the surface area of the unit n-sphere in R™ and I' the gamma

Ce = “(n+1)",

function.

At the initial time ¢t = 0, by Thm. 3.1, the closed and strictly convex surface My is
d-close in the C2-norm to the unit ball of principal curvatures ki = 1,Vi=1,2,...,n,
and it is contained in a ball of radius big enough, i.e. My = 0Qy C B4(0).

We then choose § > 0 such that the principal curvatures of My are between

<ki(x,00<2 Vi=1,2,...,n V& M.

N |

Therefore Vx € My we have the following estimates for the mean curvature and the

second fundamental form:
(1) |H(z,0)] =>"1" ki < 2n,

(2) [A,0)] = /S k2 < 2.

By the hypothesis of Thm 3.1, we also have that the volume of the region )y enclosed
by Mj is equal to the one of the unit ball, i.e.

(3) 1] = [B1(0)],
and, since My = 0Qy C B4(0), also that
0S2] < |0B4(0)],

where
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We set C' = 5n and |0B4(0)| = C and we also assume that |9€| satisfies the following

hypothesis:

3@ n+1
||QOO|‘n:Z(O) < Ce+p,

for a positive p = p (C,C’,C",n,§), where this p is the one given by Prop. 3.2 and for
a positive constant C” we determine later.
We summarize below the estimates we have at the initial time ¢t = 0:

(1) [H(z,0)] <,

(2) |A(z,0)] <,

(3) Q0| = [B1(0)],

(4) [0Q0[" ! - Qo] ™" = Z(0) < Ce + p.
Observe that by (3) and (4), we also have the following estimate:

_1 ~
|090| < [(Ce + p)|0|"] "1 = C.
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3.2 Monotonicity

From the previous section, the isoperimetric ratio satisfies this inequality at the time

t=0:
Q|1
\QO‘!” =Z(0) < C. + p. (3.2.3)
0

We can furthermore prove the following.

Proposition 3.3. The inequality (3.2.3) is preserved during the flow. In particular,
C. <T(t) <T(0) < Co+p, VEe|0,T).
We then call this property the monotonicity of the isoperimetric ratio.

Proof. Setting as usual M; = 0€), we have, indicating with |M;| the area of M, that

GV = 500 = [ [=H(z.0)+ 6] (w.t) dun =

ot
1
= —/ HQ(.I,t)d,U,t—F/ H(.’L’,t)dut/ H(m,t)dutg(),
M | M| Jr M

where we made use of the Jensen’s inequality as in [46], i.e.

k 1
1 1 ket B k1
- Hk+1d — / Hk: K d / Hk+1d
3 J, e e <|Mt W U e ) gy e
1 1
— | H*d / Hdu, |,
<|Mt/M “t><|Mt| " “t>

vk > 1.

Moreover we expect that the volume of the open region enclosed by M, [/, is

preserved during the flow:

0 1
— | = - H(x,t)d — H(x,t)d duy =
8t| ¢ /M (w,t) dpt + Ay (z,t) Mt/M i

= —/ H(x,t)du + | H(xz,t)dus = 0.
M M

Combining these two computations, we thus obtain the monotonicity of the isoperimet-
ric ratio (3.1.2), and therefore Z(¢) is non increasing during the flow.

Since by the isoperimetric inequality we have Z(t) > C. and by above || = |Q| =
|B1(0)|, we deduce that:

n 1 n 1
My = T(£) 75 | Q|71 > CIT Q75T = (C [Q]") T = M.

The monotonicity of Z(t) then implies that during the flow

(1) [090] = |Mo| = [M;] > M.,
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(2) if initially C. < Z(0) < C¢ + p, then:

‘aQt‘n+l _

Ces S =T STO) S Cotp, Ve,
t
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3.3 Long time existence

Let S be the following set of times:

S = {7‘6 0.7): 7 Ski(a,t) <4 ¥i=12....n ¥oeM,Ve [0,7]}.

Remember that the principal curvatures of My are initially such that 1/2 < k;(0) < 2.

For any t € S, M; is strictly convex. Furthermore, we have that |H(z,t)| =
St ki < 4n and |A(z,t)] = /> k? < 4y/n, and since we have set C' = 5n, we

deduce:
(1) [H(z, )] < ",
2) A=z, )] < C,
(3) o(t) < ',

for any t € S.
We also set S’ = sup S and we assume that S’ < oc.

The Weingarten map is a selfadjoint operator and we can thus write it in a diagonal

form as h; = diag(k1, ..., k,). In the Euclidean setting, its evolution equation behaves
as
9 i 271 kpi

Let us now define the following two functions:
(1) kmin(t) = MiNlgep, kz(xv t);
(2) kmax(t) = maxgzen, ki(x, t).

To study their evolution equations, in order to understand how they behave over time,
we need to find a way to overcome the fact that the functions as defined above might
not be smooth. For this reason, in the same spirit of [40], we proceed in the following

way. We first define, for a positive constant 8, a smooth approximation u for the general

function max(xi,...,zy):
T+ X2 T1 — T2,2
ug(r1,02) = +\/( )"+ B2,
2 2
1 n+1
Unt1(T1, ooy Tnt1) i ZUQ(xi,un(xl, cey ey Tpg1))y M > 2.
i=1

The approximation u has the properties stated here below:

Lemma 3.4. For 8 >0 and n > 2,

(i) up(z1,...2,) is smooth, symmetric, monotonically increasing and convez.
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(ii) G <1;
(14i) max(x1,...,2n) < up(T1,...,2y) < max(ry,...,z,) + (n—1)5;
(iv) up(z1,...,2,) —(n—1)B <30, %@’x") i S up(T, .0 Ty);
(v) Licr Gt =
Proof. Direct computation and induction. O

Theorem 3.5. The supremum S’ of the set of times S is bounded below by a positive

dimensional constant.

Proof. Let then be u(h;) the above approximation of max(ki,...,kn) = kmax(t) and
note that

9. _ %(ﬁ i>
ot = oni\ot"1)
82 8
— vyp l )
Au DN VYR N by, Gh’ AR

Using the evolution equation (3.3.4) above, we can now compute:

B, ou , 0?u
- — % A 7 ki VP l
T B (anh+ AP0, — ¢ (REnE)) + ooV Vol
2
8h§ o VYhb Vb,
ou ) 0%
= AR + YhE N, b, + AR +
oni 8hpahl anront Y Na Ve ahz’ i
Ou ki 82 vip l
_ah;¢(hjhk) R onL, ¥ o Vvim

By the properties of Lemma 3.4 and the estimate on |A|, we have by (i) that u is
monotonically increasing and convex, and therefore the last line in the equation above

is negative and it can be ignored. By (iv), we also have that

A hZ<A2
ahlr 0} < APu(t),

so we can finally deduce that

0

S7u(t) < Au(t) + |APPu(t) < Au(t) + (C)? u(t),

which is always true when ¢ < S’. Note also that the principal curvatures are initially
1/2 < ki(x,0) < 2. Solving then the auxiliary equation

5090 = (Ce(t),  ¢(0) =u(0),
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we have

o0 b e (€2t
/ . d@:/w)dsw(w:won ,
©(0) 0

and by maximum principle,

u(t) < u(0) el

Since u approximates the max(ki, ..., k), we make use of Lemma 3.4 once again and
let B — 0, to write

kmax(t) = max k‘i(l‘,t) < kmaX(O) e(C,)% < 26(0/)2t.
reM;

We now impose the following inequality:
kmax(t) < 26(0/)2t < 47
and solving by ¢, with C’ = 5n, we obtain the first time 7} for which the upper bound

for the biggest principal curvature can hit 4:

In2

T = ——.
1™ 95n2

For continuity reasons, we thus have that kpax(t) < 4, Vt € [0, min{77y, S"}].

Note that max(—z1,...,—z,) = —min(z1,...,2,). Let then u(ﬁé) be an approxi-
mation of the function —min(ky,...,k,) = —kmin(t), where ﬁ]’ = —hé. Given (3.3.4),

the evolution equation for B;- is therefore:

0

0% = A8 + A8 + ¢ (B780). (3:35)

As before, we also have:

o - palan)

ot 86’.
Au = 0% —— VBV, B, + AB’
T aptap, v 8ﬁ1 '
Using the equation (3.3.5), we get
9 _ z z k 82 v p l
82 ———— V"WV, b,
8hp Ohl,
ou , 82
= —.A b+ V” pV,, ! A i
Mﬁﬁ) o Wﬂvﬂ
aﬂz Ko optapt, v

IN

Au(t) + [APu(t) + ¢ Bju(t),
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using the properties of Lemma 3.4 once again and the definition of Au. Recall in fact
that u is monotonically increasing and convex by (i), so the d?u-term can be ignored,

and by (iv) we have that

ou
86;-

9 i i
o5 BI3) < oBu)

A 55 |APu(t),

IN

Observe that in this situation the second term is negative and we also have ¢ < C’. By
definition, B; = —hé- = diag(—k1,..., —k,), and therefore ﬂ; > —kmax(t). Recall that
the function u(f;(t)) approximates the function —min(k1, ..., k) = —kmin(t); therefore
we have SH(—kmin(t)) < —kmax(t)(—kmin(t)), which implies ¢ Biu(t) < —C” kmax u(t).
By also recalling the fact that u is negative, we can then write:

Dut) < Ault) +|APu() + 6u(t)B < Au(t) ~ C' ke u(t),

where, since 1/4 < kpax < 4, we call with E = 4C’, and we write:

%u(t) < Au(t) — Eu(t).

Solving the auxiliary equation

gtgo(t) — —Eo(t), ¢(0) = u(0),

we have
/w(t) e =— /tEds = o(t) = p(0)e !,
e(0) ¥ 0
and by maximum principle,
u(t) < u(0)e EL

Note that v approximates smoothly the function —min(k1,...,k,); we then make use

of Lemma 3.4 once again and let the parameter 8 — 0, to write

—kmin(t) = — min ki(x,t) < —kmin(0) e P,
x€eM;

and since we have kmin(0) > 1/2, we deduce:

1
kmin(t) > kmin(o) eiEt > 5 €7Et.

Imposing now the following inequality:

1

kmintz =
(1) > 5B >

DO =

and solving by ¢, we obtain the first time 75 for which the lower bound for the smallest
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principal curvature can hit 1/4:

~In1/2  In2
E  E’

Ty =

and we then have that kmin(t) > 1/4,Vt € [0, min{T5, S"}].

Observing that C’ = 5n and therefore E = 20n, we finally have that:

S =sup S > min{Ty, o} =T} > 0.

O

If at the time ¢t = S’ we are able to find a good control on the covariant derivative
of the second fundamental form and an estimate on the diameter of Mg/, we would be
able to apply Proposition 3.2 and to produce deeper considerations about the geometry
of M.

Fortunately we have the following Corollary, which is a direct consequence of Theorem
1.14.

Corollary 3.6. There exists a constant only depending on the dimension of M; and
C’ such that V¥t € (0,5'] the covariant derivative of the second fundamental form stays
bounded. In other words, as long as the hypersurface remains strictly conver and with
|A(x,t)] < C', we have

B
sup |VA(x,t 2 ——— )
te My ’ ( )| mln{lvt}

vt € (0,5"].
Proof. Since the surface is moving inside a flat Fuclidean space, the Riemannian tensor

and, consequently, its covariant derivative, are zero. We are therefore in the situation of

Theorem 1.14 and the Corollary follows immediately. To be more accurate, note that:

(1) if min{1, 5"} = 5’, we have S" < 1 and therefore

sup [VA(, ) <
CEEA{t

@F\" wy]

vt € (0,5];

(2) if min{1, 5"} =1, we have instead 1 < S” and we proceed as in (1), having then

sup |VA(z, t)\2 <
x€e My

= | &

vt € (0,1].

The above inequality tells us that we have proved an upper bound for the deriva-
tive of A for a time interval of length one. We can therefore decide to start the

flow from a time ¢ > 0 until a time ¢ + 1, to obtain:

sup |[VA(z, 1) < B Vte[1,1+1].
rEM;y
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If we iterate this process again, as many times as we need, we can obtain an upper

bound for VA until t = 5’ as we actually desired.

Putting all these considerations together we finally have:

sup |VA(z, t)]2 <

B /
25 mingry O

O]

Observation 3. Note that we made no assumptions on the behaviour of the covariant
derivative near the initial time. Therefore, if we don’t prove that this time S’ is strictly
positive, we cannot proceed any further, since the estimate could blows up very quickly,
losing completely any control on VA. Thanks to Theorem 3.5, we have been able to

show however that
In2

0.
2%5n2 =
Remark 3. Note that as previously observed min{1, S’} > Ti: this implies that at the

time t = S" we have the following control

S'>1 =

B B

NP< —— < —,
VA S = oA s =1

We can finally determine the constant C" and we set

o — ,/TE s VA2, )| < O,
1

In the following, we make use of the Theorem below. See for example [36].

Theorem 3.7 (Myers-Synge, 1935). Suppose (M,g) is complete with sec > K > 0.
Then M is compact and satisfies diam(M,g) < n/vVK = diam S™(K). In particular,
M has finite fundamental group.

Proposition 3.8. The intrinsic diameter of the hypersurface Mg C R 4s bounded.

More precisely, there exist points v, € R" ! such that
M, C By(xy), Vtel0,5.

Observation 4. Note that the intrinsic diameter of M, is the one computed using the
Riemannian distance on M induced by the immersion, in contrast with the extrinsic
diameter of M, which is defined in terms of the standard distance of R"*!. Note also

that in this case the extrinsic diameter of M; is always controlled by its intrinsic one.

Proof. Let’s consider a point p € Mg/. Since the Weingarten map W), is a selfadjoint
operator, there exists an orthonormal frame in T,Mg of eigenvectors {e;} with i =

1,2,...,n, i.e. the principal directions at p, with the relative eigenvalues k;, i.e. the
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principal curvatures. Then for any two vectors X,Y in T, Mg/, we have that
n . .
hX,Y) =) XY
i

Observe now that the Gauss equation for Mg/, an immersed hypersurface in R"*!, can
be written as

Rm(X,Y,Z,W) =h(X,W)h(Y,Z) — h(X, Z)h(Y,W);

the sectional curvature sec(X,Y’) for two linearly independent vectors spanning a 2-

plane in p is instead computed, by definition and the Gauss equation above, as

sec(X,Y) = Rm(X.Y,Y, X) (X, X)R(Y,Y) ~ h(X,Y)> _
, 9g(X, X)g(YY) —g(X,Y)?  g(X,X)g(Y, Y)Q_ 9(X, V)2
B (Z? ki(Xi)z) (Z? ki(Yi)Q) — (s kiXiyi) )
(Zroe)(grore) - (Srav)
Sry hiks (XY ijf
- >
S (v -y
L S (v - o)
= 16 . RVARET, =K,
Z?@' (XZYJ — Xﬂ”)

<ki(p,S') <4, Vi=1,2,---,n,

e

and by the following fact that can be proved by induction:

n 4 n . n RN n o N2
(D x)?) (o kr)?) = (S kxy') =3 hiky (X7 - X9y
i i i i<j
Since this is true for any 2-planes in T,,Mg and Vp € Mg, we have obtained a lower

uniform bound for the sectional curvature, i.e.
sec(X,Y)>K >0, VX,Y eT(Mg).

By Hopf-Rinow theorem, Mg is a closed immersed hypersurface in the Euclidean ambi-
ent space and therefore is a complete metric space. Applying Theorem 3.7 to the surface
Mg, with S™(K') the n—sphere of constant curvature K, we finally get an estimate of
its diameter:
T
diam(Mg ) < — = 47 = diam SY,
( ) \/E 4

where diam(S}) is the (intrinsic) diameter of the n-sphere of radius R = 4.

Since this argument can be repeated for any time ¢ in the set S thanks to the bounds
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on the principal curvatures, we have thus proved that there exist points z; € R"*! such
that:
Mt C B4($t), Vt € [0, S/]

Remark 4. We summarize here below the estimates at the time t = S' < 0o:
(1) Mg C By(xg), for a g € R¥HL;
(2) |2/ = Q0| = [B1(0)], [Ms'| < | Mo < C;
(3) |H(z, )| < C';
(4) |A(z, 5" < C7;
(5) |[VA(z,S")| < C”.
And by the monotonicity of the isoperimetric ratio:
(6) Coe <Z(S") <Z(0) <Ce+p.
With the next theorem we finally establish the long time existence for the flow.

Theorem 3.9. Let My a smooth closed strictly convex immersed hypersurface in R 1.
Then the flow (3.0.1) has a smooth strictly convex solution which is defined for all times
t€[0,00).

Proof. The estimates (1) — (6) proved and listed above in Remark 4 give a control on
the main geometric quantities of interest, in particular for the same constants chosen
at the initial time ¢ = 0. In fact, at the time ¢ = 0, we have the following estimates,

which are summarized at the end of Paragraph 3.1:
(1) [H(z,0)] < ",
(2) |A(z,0)] < ¢,
(3) €| = [B1(0)],
(4) 1090 = |Mo| < C,

with the same €’ and C of Remark 4, and with M, C By(z0), for some xo € R

This is a crucial step in the proof of this Theorem: we can in fact apply Proposition
3.2 again at t = S’ with the same exact § > 0 initially chosen at the time ¢ = 0. This
therefore implies that Mg is d-close in the C%-norm to the round sphere dBi(z) for

some = € By(xg/) and, by this remarkable fact, we can conclude again that

< kl(x,S') <2 Wi, Vxe Mg.

N

We have then proved that V¢t € S, and in particular at ¢t = S’, the surface M; keeps itself

d-close to the round sphere in the C?-norm, for an arbitrary positive small §, and its
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principal curvatures are very close to be optimal. Moreover, we have obtained an upper
bound, independent of ¢, for H, A and VA, Vt € [0,5’], in particular at t = S’ = sup S.
Clearly then S’ # sup S. We knew already that the flow exists at least for a short time;
then we have begun the flow of My being d—close to the unit ball centred in the origin
and we have chosen "good" initial estimates; this allowed us to run the flow at least for
a strictly positive time (S’ > T7 > 0) until the initial estimates hold, and to discover
that even at the time S’ we are still d—close to a unit ball, for the same §. Since we
can repeat again the same argument starting the flow this time at S’, we cannot have
S’ = sup S. But this also implies, for the same reasons, that sup S = +oo.

Therefore T' = +oo and the flow exists V¢ € [0, +00). In other words, as it is called in

the literature, the flow is immortal. O



66 Chapter 3

3.4 Asymptotic behaviour

In the previous section we have proved that the flow exists for all positive times. It is
natural now to study its behaviour while ¢ is approaching oc.

A key ingredient is the monotonicity of the isoperimetric ratio. The area of M is in
fact monotone decreasing during the flow. We first reformulate this fact in the Lemma

below.

Lemma 3.10. The evolution equation of the surface area |M;| assumes the following

eTpression:

2 ha = /M[—H<sc,t> + (O H (w,t) dpy = — / (H(x,t) = () . (3.4.6)

M

Proof. Noting that H(H — ¢) = H> — ¢ H and (H — ¢)?> = H> — ¢ H — ¢ H + ¢, to
prove (3.4.6) we just need to show that

[ (@ - omdu=o
M
So:
2 duy — Hdy =
qu Lt /M¢ fit

_ /(1 Hd,ut>2dut—1/ Hdpy [ Hdpy =
v NMy| | M| Jas M
1 2 1 2
- |Mt|2(/MHdut> /Mdm_|Mt|(/MHdut> B
2 2
o e -

And therefore we recover again the monotonicity of the total surface area:

[ [ 0 - 600 dpade < s,
0 M

O

We claim that M; converges exponentially to a convex surface of constant mean
curvature in R"*!, and therefore it must be the round sphere, by Alexandrov’s theorem.
We then proceed in the following way: we first find a uniform bound for the mean
curvature H and we prove that it converges uniformly to its average value; finally, we
show that the convergence of M; happens exponentially and the limit surface M is a

round sphere. We thus start proving this result:

Proposition 3.11. The mean curvature H(xz,t) converges uniformly to its average
value ¢(t). In other words,

AP g 0 = 001 =0
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Proof. Let us define M = ;e[ o0) (Me x {t}) C R xR as the subset of the Euclidean
space that contains all the points which belong to the moving surface M, for any positive
time. In other words, we keep track of the evolution of the initial surface My in R* 1.
We indicate a point of M as a couple (p1,t1), meaning that we are considering the point
p1 which belongs to the particular surface M;, at the specific time ¢;, and we define a
neighbourhood of (p1,t1) as a space-time neighbourhood.

Let therefore (p1,t1) be this point: we want to find a uniform bound for the mean
curvature H in a space-time neighbourhood of this point . Since VH (z,t) = V(g h;;) =
g9V A(z,t), the uniform bound for the covariant derivative of the second fundamental
form (see previous paragraph), gives a uniform bound for VH (z,t). But this implies
that

(H(2,t) — H(y,8)| < Dil(w,1) — (3, 1)

at any given ¢t € [0,00), with Dy a positive constant depending only on the bound of
V A such that [VH| < D;. In other words, H is spatial Lipschitz.
The only thing left is to obtain a uniform control of the time derivative of H. Recall

that its evolution equation behaves as

%H = AH +|APH — ¢|A%,

which can be estimated as

0

51 = |AH + |APH — ¢|AP"| < |AH]| + C,

with C a positive constant depending only on the estimates of H, A and ¢. Then the
problem reduces to obtain a uniform bound for the second covariant derivative of A,
since AH = gijgklvivjhk.l. If we remind the x-product notation, the evolution equation

for [V™A|? in the Euclidean setting becomes by Proposition 1.2.13

gtvaP = A|VTAP - 2[VT™HA2 + Z ViAx VA% VFAxVA™
i+j+k=m
+ ¢ > VAxVIAxV™A,
i+j=m

But by Theorem 1.15 which we proved in the first Chapter, we know already that
V™ Az, 1)[* < O

Let us summarize here below the two estimates we have just obtained:
(1) |VH| < Dy,
(2) [V24] < D,.

Consider D = max{Dj, Dy} and recall the expression (3.4.6)

—gt\Mt] - /M(H(x,t) — (1)) dpy > 0,
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which implies that, for any n > 0,
9 0
(H(z,t) — (1)  dpy > n = 5\Mt’ < =
M t

The previous estimates (1) and (2) give a uniform bound D for H in a neighbourhood of
any point (pi, 1) of the space-time, since we have a uniform control of both the spatial
and time derivatives of H and therefore a uniform control on the function [, (H(x,t)—
o(0))? dpr.
For this reason, as in [46], if at a certain point (p1,¢1) in the space-time |H — ¢| = ¢ for
some ¢ > 0, then it remains larger than ¢/2 on a space-time neighbourhood of (p1,t1)
of radius r for a uniform r = r(c). Keeping into account also the bounds for | M|, we
deduce that d/dt(|M;|) < —n for a t € [t — 7, t1 + 7] for some n = n(c). Since |My| is
monotone decreasing and bounded from below (|M;| > M,), this can happen only for a
finite number of intervals for any given ¢ > 0.
This shows that |H — ¢| tends to zero uniformly, i.e.

lim max |H(z,t) — ¢(t)] = 0.

t—+oo0 xe My

O

By Corollary 1.6 applied in the flat space R"*!, the following evolution equations

simplify as

gtH = AH +|APH — ¢|A%,

and 5
E\AI2 = AJA]? = 2|VAP + 2|A|* — 2024,

with 71 = gijgklgm”hikhlmhnj = trA3. We also compute:

(7= 4) = a(ar- L) (- L)
AP (AP - LH?) + Z6(H|AP - nZ3).

Let us now introduce this useful definition below:

Definition 3.2. Let (M, g) be a Riemannian convex and closed manifold. We say that

M satisfies a pinching condition if there exists a positive constant ¢ > 0 such that

kmax ()
kzmin(x)

<c,

Vo € M, i.e. if the ratio between the biggest and the smallest principal curvatures is

bounded by a positive constant for any x € M.

We have proved that for any ¢ € [0,00), M is d-close to a unit sphere in a way that:

<ki(w,t) <2, Vi=1,2,--,n.

N



FEuclidean case 69

Since this is true for any principal curvatures at any time ¢, during the volume preserving

mean curvature flow M; satisfies a pinching condition, i.e.

By the fact that M; is strictly convex Vt € [0,00), we have nkyi, < H = gijhij =
Zi ki < nkmax- Then, by using the pinching condition above, we have the following
inequalities:
kmax H 1
hij 2 Fmin gij 2 == 9ij 2 - 9i5 = - H gij»

which is obviously preserved during the flow.

Similarly as in [20], let us consider the function:

AP - 12

fo= "0

We want to compute its evolution equation. Note that in view of the evolution equations
of |A|? and H, we have:

ot \ H? n

_ HAJAP? —20APAH  2|VAP 207y  2¢|A]*

- H3 T s
Furthermore

HV;|A]?2 = 2|A1?V,;H
Vifo = HVIAL-24)

and

HA|A]2 —2|APAH  6|A|?2 |VH|? 4

Afy = | Al |Al n |A]“ [VH| L VAR ViH >

H3 H* H3

Now, using the identity
Vihpa - H = ViH - hy|* = H*|VA]? + |APIVH|* - < Vi|A*, ViH > H,
and reordering the terms, we get

0 2 2
afo = Afo+ T < ViH, V,fo > i \Vihij - H =V H - hyj|?

+ z—ﬁ {]A\4 — HZl}.

Our goal is to show that the solution M; of the flow converges exponentially to a

round sphere. To do that, we will make use of the following result (see [37] for example).



70 Chapter 3

Theorem 3.12 (Alexandrov’s Theorem). Let ¥ C R™ ™! be a smooth compact embedded

hypersurface with constant mean curvature. Then X must be a round sphere.
We are finally ready to investigate the asymptotic behaviour of the flow.

Theorem 3.13. The family of maps F : M x [0,00) — R™" converges exponentially

to a limit map F with image equal to the unit sphere.

Proof. Thanks to the pinching condition, we have that h;; > ﬁH gij, and we can make

use of the estimate below for the following term, as in [18] (Lemma 2.3):
1
\Vihp H — V;H hyy|* > @HZ \VH|?.

Setting Zy = H Zy — |A|*, we also have:
Zy = HZ—|Af* = (ik)(zn:k;”) . (zn:kg)Q _
i=1 j=1 i=1
- zn: (kk? n kjkf) - znjzk? K2 =

i<j 1<j
= N 2
= D Kiki(ki = k)" > SH?Y (ki — k)",
i<j 1<j

and since by definition
n

2 1y 1 NPy
Al nH—n;Ua k)"

we conclude that

Zy > %H2(|A12 - %H2)

We want to use this result to estimate the following term, i.e. the last of the zero terms

in the evolution equation of fj.

20 20M ol o 1.9 ong A — LH?
_ < 0 — - = — n =
H3Z2 - H302H (‘A‘ nH> c2 H( H? )
2n
= 2wy,
C

By these results, the evolution equation of fy can be estimated from above as:

1
2 H2

2
vH[ - 2 p g,
C

0 2
—fn < A — H _
atfo < Afo+ 7 < ViH,V, fo >

The pinching condition on the principal curvatures gives also a lower bound for both H
and ¢, that we call with the same constant 8 > 0. Then the evolution equation of fj is

controlled by:
2

0 2 20
afo <Afo+ T < ViH,V,fo > _CTfO-
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Studying the associated problem for (max) fp, with an abuse of notation,

dp(t) = —7290(75)7 ©(0) = fo(0),

gives as solution

td t 292 _ 2
/ﬂ$“:/-'2%:¢w:¢@eﬁﬁ
0 ' 0 c

By the maximum principle, this implies that, given the uniform bound for H, we have:
2 1 2 ~_—oit
Az, ) = ~[H (=, )" < Ce™,

for some positive constants C' depending on the bounds for H and on the initial condi-
tions, and o7 depending on the pinching condition, n, and the uniform bounds for H
and ¢.

Recalling that
1 1
A ) = 2 0 = S (i k)

1<J
then .
— Z(k’, - kj)Q < Ce 1,
n

1<j

If we define w;; as in [41],

H
wij = hij = —9ij
we have
2
ult = whuy = (W= g7) (b = SL0s) =

. H . H . H?. H?2
= Whij = —hi= —hi+ 56 = |A]? - —

and so by above:
lw|? < Ce o1t

We now make use of Lemma C.2 of [38], where the authors proved, by using inductively

interpolation inequalities of the form
Vul? < Clul - (|V?ul +[Vul),

that if a smooth function u :  x [0,00) — R, with 2 C R an open region, is such that
|Viu|? <, for C; constants independent of ¢, and if there exist positive constants c
and \ such that

|u|2 < ce—)\t

)

then for any 0 < A < X there are positive constants ¢; such that

[Viu|? < ¢e ™.
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Applying this Lemma to w;;, we therefore obtain that
‘kaiﬂ < éeﬂjﬂ,

for some positive oo < o1 (See also [13] for a more general overview).

Assume we have g;; = d;; at a point p, then

n

ViH
ViH =Y Vihi =Y Vil = o > Viwgi,
by the Codazzi equation and the definition of w;;, which gives

|VkH| S % Z |Vzwkl\ S 66_U2t.
A

Similarly one obtains
|VA| < Ce 8t

and all higher derivatives by interpolation.

We have previously proved that the mean curvature of M; converges uniformly to
its average value, i.e. |H — ¢| tends to zero uniformly. In other words that

lim max |H(z,t) — ¢(t)] =0,

t—+o00 xe M,

and this also means that the speed of the immersions tends to zero uniformly, since

O P 1)| = [H (1) — (1)

In the proof of this proposition, we observed that we can obtain a uniform control for H
in a neighbourhood of any point (p1, t1) of the space-time, since we can uniformly control
|VH| (so H is spatial Lipschitz) and |V2A| (so we control uniformly the derivation of
H in the time direction). By the previous estimates on the derivatives of H and A and
all their higher derivatives, we obtained an exponential decay for all these quantities.
Therefore, combining these results, we deduce that the speed of the immersions decays
exponentially as well.

Alternatively, setting again

k1(t) = min k;(x,t)

r€M;y
and
kn(t) = ki(x,t
n(t) max i(x,t),
we have

O Pla )| = [H(x.t) — 6(0)] < In(ka(t) — ka(0)] < Cre~,
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for some positive constants C7 depending on C and n, and o4 on o1, and because

n(ka(6) = k(D) < n? S(k: — hy)? < T,
1<J
Note that the exponential decay of the speed implies that the immersed surface cannot
"run away" in R"*!. In fact, for any given point p € M, we have that, fixing an initial
time to and Vt € [0, 00):

to t o
o) = Fotoll = | [ SFois] < [ |5 Fw.s)ds
0 0

t t
= [ [H(p,s) = o(s)lds < [ Cre”7*"ds,

to to

and then for t — 400 we have that there exists a point ¢ € R"! such that

lim F(p,t) = ¢o,

t—+o00

for any p € M. Therefore M; converges exponentially to a limiting closed convex
hypersurface M, of constant mean curvature with principal curvatures all equal to k
and enclosing the same volume of M equal to |B1(0)|. By Alexandrov’s Theorem (Thm.
3.12), My, must be the unit sphere B (x), with centre some point z € R**1, O
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Riemannian case

Theorem 4.1. (Main Theorem) Let (N, g) be a compact Riemannian manifold of
dimension n+ 1 and F : M x I — N a family of immersions such that Fo(M) = My
15 a closed n—surface with all principal curvatures strictly positive. Then there exists a
§ = 8(N,g) > 0 and a ro = 70(N,g) > 0 such that if My is 5—close in C*>—norm to
a geodesic sphere of radius v < rg, the volume preserving mean curvature flow of My
has a smooth convex solution with mazimal time interval I = [0,00). In particular, the

solution converges subsequentially to a small bubble of constant mean curvature.

This is the main result we prove in the present work, applying the techniques and
ideas previously illustrated in the Euclidean chapter to the Riemannian case. In the
general Riemannian setting, however, the flow is a result of a complicated interaction
between the geometry of the moving hypersurface and the geometry of the ambient
space, and, in view of the average mean curvature term ¢(¢) in the VPMCF equation,
the local evolution of M depends heavily on the global shape of the hypersurface inside
N. For these reasons, not only the time-equations of the principal geometric quantities
are more insidious, but we will also be required to introduce some other "tricks" that
will help to bring us back to the Fuclidean space, although with some weaker results,

as in the asymptotic behaviour of the flow solution.

Let then (N, g) be a compact Riemannian manifold of dimension n+ 1 and consider
a family of immersions F' : M x I — N, where M is as before a closed and strictly
convex hypersurface, such that Fo(M) = My and Fy(M) = My, ¥t € I = [0,T). We
again require that such family of immersions F; is a solution of the volume preserving

mean curvature flow, i.e. it satisfies the following normal deformation equation:

;F(x,t) =[—H(x,t) 4+ ¢(t)] - v(z,t), (4.0.1)
where .
o(t) = 4] )y Hdpu,

v(x,t) is the unit normal vector to My in © € M, and |M,| is the surface area of M; at the

time t € [0,7"), with T' = Tjhax, the maximum existence time of the flow. Recall in fact

70
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that, as we have already explained in Chapter 1, short time existence for this particular
type of flows is already known in the literature, even when the ambient space is a general
Riemannian manifold (see for example Section 7.5, and in particular Theorem 7.17, in
[21]).

In the next section we are going to introduce some more definitions in order to enlighten
and exploit another key characteristic of the volume preserving mean curvature flow,
i.e. its parabolic invariance, which we will allow us to implement the ideas developed in

the Euclidean setting to the Riemannian environment.
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4.1 Equivalent flows

Definition 4.1. Two flows F': M X I — N and G : M x I — N are said equivalent if
F(M,t) = G(M,t),vt € I, or, alternatively, if there exists a diffeomorphism ¢; : M —
M for each t such that G(z,t) = F(¢(z,t),t).

In general, if there exists a diffeomorphism W : M — M such that if F': M xI — N
is a flow and F(p,t) = F(¥(p),t) is still the same flow, we say that the flow is invariant

under reparametrization.

The volume preserving mean curvature flow in (4.0.1) is clearly invariant under
reparametrization. It also satisfies another important property, i.e. it is parabolic in-

variant under rescaling.

Definition 4.2. Let F': M x I — (N, g) be a family of immersions, with I = [0,7).
Then the parabolic rescaling of F is the smooth family of immersions F' : M x I —
(N, A\%3), where I = [0, \2T) and A > 0 and with F(z,t) = F(z, \~2t).

Proposition 4.2. The volume preserving mean curvature flow as defined in (4.0.1) is

mvariant under parabolic rescaling.

Proof. Let F : M x I — (N,g) be defined as in (4.0.1) and consider its parabolic
rescaling by a parameter A > 0 as defined in (4.2), ie. F : M x I — (N,§), with
g=X\g.

Let {0; = 0/0x'} be a coordinate frame at a point p € M. For any given time t, the

induced metric g on M from the rescaled (N, g) is:

9ij = FGij = NG(Fu 0, Fi 05) = N2g(Fy-24. 0, Fy-24,, 0;) =
= MF} 2 i

For the same coordinate frame {0;}, it is immediate to see that:
(1) the inverse metric rescales as §¥ = A2 g¥ ;

(2) the Christoffel symbols remain unchanged, i.e. f’fj = T'%., and so does the connec-

K
tion V.

However, if {¢;} is an o.n. basis for the tangent space of (N, g) at a point ¢ € N, we
have:
§ij = g(@i,e;) = A 2g(ei,¢5) = (A e A1) = §(éi, &),
and then {&; = A\71¢;} is the corresponding o.n. basis for (N, g).
Observe now the following. Let h;; and H be respectively the second fundamental

form and the mean curvature of My = Fy(M) in (N, g), for a given t; let also consider

p € M; and {é;,7} an on. basis for T, N, with 7 the unit outer vector in p for M.
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Then, after the parabolic rescaling Fy, we have that h;; at p € Fy(M) C (N,§) in the

new o.n. basis {€;, 7} changes as:

- - 1 ..o oo _
hij = —g(Vié;,v) = 3 g(Vie;,v) = 3 g(Viej,v) = A" hyj,
and the mean curvature H
~ - PP 1
H = g% hij = g7 A" hij = 5 H,

since §~1(&;,&;) = g 1(&;,&;) for the corresponding dual basis.

Finally, noting that

sty = Do _ Ly e _ 1
S die A Jar A A ’
we thus have:
9 - B _ 10 1 )
_ L —2 ooz Ly -2\ _
= | )\~H($, p) ~t) + ; (A7) )\y(ﬂs, A7t) =
= [-H(z, 1)+ o(t)] - v(x,1).
This proves that F(z,t) is a VPMCF. O

Let be p € N and consider the open neighbourhood U, = exp(B.(0)), with ¢ =
inj(N, g) the injectivity radius of the manifold N as usual. As we have seen in Chapter

1 with the equation (1.1.2), the metric can be written as

_ 1 - 1 _
Gij (q) = 51'3' + g Rkilj|p .Z‘kl‘l + 6 vk’Rlimj ’p xkl‘ll'm + -

1 _
= 0+ 3 Rpajlp aFat +0(r?),

at a point ¢ € Up. If we now consider a (parabolic) rescaled flow F, by a parameter
A2 as before, the curvature tensor of the rescaled flow }?li ik in terms of the Christoffel

symbols w.r.t the o.n. basis {€} is defined as

5l = S T T 5T
R il — Ok L5y + T + T 15,

and since w.r.t the same o.n. basis we know that f‘;k = f;k, we have that
Dl Dl
R ijk — R ijk>
w.r.t {é}. Since the metric changes as g;; = A%g;;, the Riemann tensor changes as:

Rijkl = gisRSjk;l = Azgisstkl = N Rjjp,
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w.r.t {€}. We also have @m]:?ijkl = /\Q?mRijkl, if the basis remains the same.
Let now {€;} be an o.n. basis w.r.t. the metric g of N and recall that we have & = A\~ 1é;.

By changing the basis, indicating with the same Latin letters the two basis, we therefore

obtain:
~ _ A2 _ 1 _
Rijii = NRijn = i ik = g Riju
=D 29 D Ao 1 - =
VmBiju = A VmRiju = ﬁvaz‘jkl = vaRijkl-

Let now V be a vector field on N. Note that we must have V = Vig; = Vig;, from
which we deduce that the coordinates change as Vi = A\V;. However, computed w.r.t.

the different basis but w.r.t. the same metric, we have:
IVI? = g(Vie;, Vie) = §(Vies, Viey).

Keeping in mind these considerations, the Taylor expansion of §(q) can be estimated

as:

1 - ke 1. - ko]~
gij(q) = 0i+ 3 Ryitjlp 3 + 6 Vi Riimjlp T EE™ + -
1 = ko 1 - = k]~
62] + 73)\2 Rkilj|pl’kxl + @ Vlezm]|p ,f[,'kl‘l.];m + ..

and therefore: 5
|0(r°)]
A3

where the Riemann tensor is expressed in terms of the original metric, w.r.t. {e;} and

. 1 =
19:5(2) = i3] < 533 [Beasll 1] + (4.1.2)

computed in p.

Look carefully at the equation (4.1.2): it estimates a control on the difference between
the Euclidean flat metric d;; and the rescaled metric g;; of N computed in some ¢ € U,
by the Riemann tensor computed in the original metric g of IV, divided by the scaling
factor with the same power of ||z||? = 72 and all other terms behaving as r3. Therefore,
since the term |R;jp, is independent on the choice of the scaling factor A, we can choose

the parameter \ in such a way that

P 2
332 [Beatglpl [12]1 < do, (4.1.3)
for some positive very small §y. Since the injectivity radius is changing as well as € = A&,
we can assume that € > 4 for example, therefore big enough in order to deal with the
curvature terms as we would be in the flat Euclidean case.

This justifies the following definition, where U, = exp(B:(0)) is defined as usual.

Definition 4.3. Let (N, g) be a compact Riemannian manifold. The metric g is said
to be nearly flat in the neighbourhood U, if there exists a parameter A > 0 such that
the rescaled metric § = A\2g satisfies (4.1.2) and (4.1.3).

Note that since N is compact, this is true for any point p € N and normal neigh-
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bourhood U,

Since by Proposition 4.2 the flow F' : M x I — N defined in (4.0.1) is invariant
under parabolic rescaling, we can translate the idea of finding a "big" scaling factor A
into considering instead a family {Fn}nEN of rescaled immersions by the relative positive
parameters {A, }nen. More precisely, if we start with the initial original flow F', then

we have for Vn,4,j € N and for ¢ < j:
(1) E(z,t) = F(x,\;%t), with A\, > 0 and \; < \;;
(2) gn(z) = A2 g(x), Yz € U,

Therefore the manifold (N, g) is nearly flat when we reach the first N € N such that
Vn > N the equation (4.1.3) holds.
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4.2 Immortal flow

Let F': M x I — N be the family of immersions as defined in (4.0.1) and consider the
following parabolic rescaling F' : M x I — (N, §) by a parameter Ay big enough such

that Definition 4.3 is satisfied. We are therefore considering the following flow:

0 ~ ~ ~ .
EF = [_H@:v t) + ¢(t)] ’ V(xv t)? (4'2'4)

where as usual

which is still a volume preserving mean curvature flow by Prop. 4.2. Observe that M is
obviously unchanged, so it is still closed and strictly convex (and so it is My = Fy(M)).
Note also that if € is the injectivity radius of (IV,g), then é = Ay e is the injectivity
radius of (N, g). Let then now be ¢ € Uzﬁv = exp(B:(0)) and observe that by (1.1.2) the

rescaled metric in ¢ is written as
~ L~ k1 3
gij(q) = di+ ng‘zﬂpﬂf '+ O(r?),
and by the fact that the metric is nearly flat in szv, the equation (4.1.2) holds, i.e.

0()]
AN

. I 5 2
19i3(a) = digl < 5o Bwaslpl [1]]” +
N
with the property of equation (4.1.3) also satisfied.
Observation 5. From now on we can reformulate the definition of a nearly flat metric
(Def. 4.3) by simply writing that the (rescaled) Riemann tensor of § and its covariant
derivative are such that |Rkilj’ + WRz’jkl‘ < a, by a very small positive a. If there is no
risk of confusion, we also just use the simpler notation ‘ﬁﬂ < a.
We make use of the following notation:
(1) g= gf}[ =\ F;&thij, the metric on M;y;
(2) g = A% gi; the rescaled metric on N;
(3) € = Ay e the injectivity radius of (N, g);
(4) if I =[0,T) for the immersion F, then I = [0,\% T') for F.
To simplify the notation we identify A = Ay
Suppose for a moment that Fo(M) = My = 09 is immersed inside a normal
neighbourhood Uév of a point p € N and we initially have the following estimates:

(1) [H(z,0)| < C'r
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(2) |A(z,0)| < C'r 7,

(3) [VA(,0)] < C"r7%,

(4) |Q0]| = |Br(p)| (Euclidean measure),
(5) [Mo| = [890] < Cr,

for r < ry < &, that we determine later. If we recall the Gauss equation

Rijii = Rijia + highji — hithjg, 1<4,5,k 1 <mn,

and we define as k1 > 0 the smallest principal curvature of My (which is strictly convex),
by the definition of the sectional curvature we obtain, for any two X,Y orthonormal

vectors spanning a 2-plan in T, My, ¢ € My, with |%\ < « (the metric is nearly flat):

sec(X,Y) = Rm(X,Y,Y,X)>

> —a+h(X,X)h(Y,Y) - h(X,Y)? >
k‘2
-ﬂ+ﬁz§=K>Q

v

where |Efn| < a is such a very small number compared to kq, which allows us to proceed

with similar computations as in Prop. 3.8. Therefore:
sec(X,Y) > K > 0.

By Myers-Synge Theorem (Thm. 3.7), we have that the intrinsic diameter of Mj is
controlled by the (intrinsic) diameter of S™(K), the sphere of radius 1/v K endowed by
a rotationally symmetric metric of constant sectional curvature K. Since the extrinsic

diameter of My is always controlled by the intrinsic one, we thus have that
MO C BR(y)7

where Br(y) is the (Riemannian) ball of radius R = 1/vK = v/2/k; centred in y € Ué\].

Observe that we can still define at ¢ = 0 the isoperimetric ratio as in the Euclidean case

as ‘aQ ‘nJrl
7(0) = 20—
(0) Qo
and we can impose that for a § >0
o0 n+1
ﬂ@z’@%,30+m (4.2.5)

fora C = C(In(|Q0])), 70 > 0 and p > 0 given by Cor. 1.19 and such that our initial r
1sr <71y <e.

Observation 6. The following ratio between the (powers) of the surface area and the
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volume of a Riemannian ball can always be set in a way such that

|0BR(y)"*!

< Ce+p,
|Br(y)|"

where C, is the same constant we have found in the Euclidean case,

2 n+1
2
Co= gy

()

In other words, with p we can measure the failure of the metric g to be flat and it is

only depending on the intrinsic geometric properties of Br(y). Therefore even Z(0) in
(4.2.5) could be rewritten by using the constant C, instead of C, as we did already in
the proof of Cor. 1.19.

It is now clear that, given the initial conditions (1) — (5) above and the equation
(4.2.5), we apply Cor. 1.19 and we deduce that My is 6—close in the C?—norm to
0B, (z) for some r < R and some z € Br(y). This fact mostly implies that we have an

estimate on the principal curvatures k; of My, i.e.

1

with an error that we can control, and we can even obtain better estimates on the

geometric quantities we are interested in, i.e. A, VA and H of Mj.

Remark 5. It follows from the previous argument that we can equivalently start with the
assumptions (1) — (5) and equation (4.2.5), and then deduce the §—closeness property of
My to a sphere of radius r small enough, or assuming, as in Thm. 4.1, that the initial

surface is d—close to a small sphere and therefore jumps immediately to (4.2.6).

Observation 7. Note that the injectivity radius of (N, g) is € = Aye for a very big
A = Ay. Therefore, without loss of generality, we can suppose that 1 << € and if we
initially set |Qo| = |B1(p)|, (r = 1), we can suppose, by the previous Remark, that M
is d—close to 0By (z) for some z € Br(y), and therefore its principal curvatures are such
that

ki~1+0(r),Vie{l,2,---n},

where O(r) is controlled by the injectivity radius € of N.
We can then suppose that the principal curvatures of My are initially in the following
range:

< k?l($,0) <2,Vie {1,2,"-71}, Vo € My.

| =

Let us consider again the isoperimetric ratio

|aQt ’n+1
I(t) = ———o,
(t) R
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with as usual 9, = M; and ; the open region enclosed by M,, Vt € [O,T), T = \°T.

We have the following property as in the Fuclidean case.

Proposition 4.3. The inequality Z(0) < C + p is preserved during the flow. In partic-
ular,
Z(t)<Z(0)<C+H+p, Vtel0,T).

We therefore call this property as monotonicity of the isoperimetric ratio.

Proof. 1t is immediate, just use Lemma 3.10 that can be generalised easily to the Rie-

mannian setting and recall that the volume of the region is fixed. O

In particular we have:

00| = [Mo| = |My| > M..

As we did in Chapter 3, let us consider the following set of times:

-1
S = {r €0,7):; Shi(wt) <4 Vi=12...,n VzeM,Ve [0,7]},
with T = A2T the rescaled time. We define S’ = sup S and we want to prove the

following crucial theorem.

Theorem 4.4. Let My be a smooth closed strictly convex hypersurface immersed in
the normal neighbourhood U}fv C N, and initial conditions for the flow defined as in
the equation (4.2.4). If My is 0—close to the unit sphere 0B1(z) C Uév, then the flow
(4.2.4) has a smooth strictly convezr solution which is defined for all times t € [0, 00).

In particular S" = co.

Proof. As it will be clear in this proof, the idea used to prove the Theorem is exactly
the same seen in the Euclidean case. The only complications arise from the fact that
My is moving inside the curved space N and therefore the evolution equations of the
main geometric quantities, and in particular the one of the second fundamental form,
are more complicated.

Note that by Observation 7, since My is d—close to the unit (Riemannian) sphere, we

can suppose that its principal curvatures are initially

< ki(z,0) < 2,Vie{1,2,---n}, Vo € M.

N

Setting C' = 5n, with R < &, we therefore have at the time ¢ = 0 the following estimates:
(1) Mo C Br(y), [Q]=[Bi(p)l, |Mo| <C,
(2) |H(z,0)| <,
(3) |A(z,0)] < C,

(4) [VA(z,0) < C",
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and the monotonicity of the isoperimetric ratio
(5) T(t) <Z(0) < C +p.

As usual, the Weingarten map {h;} is a selfadjoint operator and it can be written in
diagonal form. However, its evolution equation is much more complicated this time,

since the curvature of N affects the shape of M;. We have in fact:

i i iR LB T
ahj = Ahj+ hj|A\ + Runh
Rijrmbiy, — By pnhim — 2R, 1o
- kan gk = ﬁJ}?nk:llc - Q; (hk + Rjn n)

Observation 8. Recall that My C Uév and the metric is nearly flat, therefore by the
previous considerations we have |Rm| < «, and, since « is a positive very small constant,
also C' >> a.

We define again the following two functions:
(1) kmin(t) = mianMt kl(xa t)a
(2) kmax(t) = maxgen, ki (:r:, t),

and we want to study their evolution. In order to derive their time-equation, we use
the same trick that we adopted in the Euclidean case.
Let therefore u(ﬁ;) be again an approximation of max(kq,...,k,), with the properties

as in Lemma 3.4. Remember also that:

0 ou (0 ;,
ot = an i)
0u

- _ ou .

= ﬁvl’hl) V,,hl + TAhZ',
Ohgonl, " oni

Using the evolution equation for ﬁ;, the fact that in the o.n. basis iL; has diagonal form

with positive entries (the principal curvatures) since we are in the set of times S and

the estimate \Rkim + \?Rijm < a for a positive constant « small enough, w.l.0.g. we

have:
0 0 ~
U < ;j (Ahl + |APR: + obl + adt — ¢ (RERL + R, n))
J
2 ~ ~ 2
SRR VRl VY RE VAL,
onbonl, ¢ Ohb ohl
= a}L.Ah;—i—aiV'/thhl _|_% hz—i—% (51
Oh Onb onl, Ohi Oh Oh'
ou ~ 5.~ 0%u
———¢ (h¥R) — == ————VYhP VY, A,
ah;¢( J ) ¢( Jn n) 8h58hl q

Recall now Lemma 3.4 and the estimates on |A| and |[Rm|: since by (i) the function

is monotonically increasing and convex, the last line in the equation above has only
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negative terms and it can be ignored. Moreover, by (i) and (iv) of Lemma 3.4 and
with C’" = 5n, we have that:

O A+ O a4 28
ohi ohi ohi

a5§ < |APu(t) + au(t) + C'a.

By the definition of Au and the estimate on \fl|, we finally obtain:

aatu < Au(t) + |A]Pu(t) + au(t) + C'a < Au(t) + (C)? u(t) + au(t) + Ca,

and since C' >> «, we then estimate the above equation as

%u < Au(t) +2(C")? u(t) + (C').

Solving the auxiliary equation

%Mt) =2(C")?p(t) + (C')? = (C)22p(t) +1),  ¢(0) = u(0),

we have
o(t) t ’
/ (2p +1)"'dp = / (C")2ds = o(t) = Z‘P((;)“g(c e 1
© 0

and by maximum principle

QU(O) + 1 eQ(Cl)Qt.

u(t) < 5

As in the previous chapter, u approximates the max(ky,- - -k, ) and therefore we make
use of Lemma 3.4, with 8 — 0, to get:
2(C"2%t

)

— . <
Emax(t) Imax ki(z,t) <

kaax(o) + 1 62(01)2t < §8
2 2
since we know that initially 1/2 < k;(x,0) < 2.

If we now solve by t the following inequality
Fmax(t) < gez(”% <4,

we obtain the first time T3 for which the upper bound for the biggest principal curvature
can hit 4, i.e.
_ Ing
50n2’
since C' = bn. For continuity reasons, we thus have that k,(t) < 4, vVt € [0, min{7}, S"}].

Th

As before, note that max(—ky, ..., —k,) = —min(ky, ..., k,) and let u(ﬁ;) be an ap-
k

proximation of the function — min(ky, ..., ky), where Bf = —ﬁé The evolution equation
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for ,8; is therefore:

9 . i i 5 i
55 = A8+ BIAP + Runf;
— RijimBh, — Ry pmBim — 2R, 1. Brem
+ ViRl + ViR, o (B8 + Ry, L),
and we also have:

o - ()

ot a5
82u A
Au R OB, By VB + a5 AB)

Given the definition of ﬁ;- and |sz‘lj\ + ]?Rijk” < «, we estimate as:

9 du i B i o 5o i, 7 i P i
Py < o5 <A/8j — RijemBin — Ry’ o Bim — 2R, 51.Bem + 65 + ¢ (B BL + Ry, n))
J
0%u 9%u
= " xgVPRP 1Yt rap l /
+6558%v BY N By, 86{,’05}77 By Vb + Ca.

Using now the properties of Lemma 3.4 and |Rkﬂj\ + ’sz‘ij < « once again, w.l.o.g.

we can write:

9 i 82 v l Ou i !
Tk < 86 AB; + R 8,6” ~aar V B VLB, 861 af;+C'a
k D 1 62 v l

< Au(t) —au(t )+2¢

8/61 (B;ﬁﬁli) +Cla’

where we approximated in the last line the Riemann tensor by the term ﬁjk ﬁ,i, and we
used once again the definition of Au and the properties (i) and (iv) of u of Lemma 3.4;

using again (iv) of Lemma 3.4, we have:

%u < Au(t) — au(t) + 2¢ u(t)ﬁé +C'a,

Recall that, as in the Euclidean case, we can approximate the term qﬁu(t)B]’: with

—C"kmaxu(t), in order to finally study the following equation:

%u < Au(t) — au(t) — 2Ckmaxu(t) + C'a.

Calling by E = a+2C"knax and noting that « is very small compared to kpax, we have:

gtu < Au(t) — Eu(t) + E < Au(t) — E(u(t) — 1).
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Solving the auxiliary equation

Do) = B(p()~1)  (0) = u(0),

we obtain

o(t) t
/ e _ _/ Bds = o(t) = (5(0) — 1)e Bt 4 1,
o0 p—1 0

and by maximum principle,

u(t) < (u(0) —1)e #* 4+ 1.

Recall that u approximates smoothly the function —min(ky,...,k,); by Lemma 3.4,

and letting the parameter 8 — 0, we write
_kmin(t) = — min ki(xvt) < (_ kmin(o) - 1)€7Et +1,

€M,

and since we initially have kmin(0) > 1/2, we deduce:
—Et 1 —Et 3 _mt
Fain() = (kmin(0) + 1)e™ =12 (S 1) P =12 Ze7P 1,

Imposing now the following inequality

DO W

efEt -1 Z

)

> =

kmin (t) 2

and solving by ¢, we obtain the first time T5 for which the lower bound for the smallest

principal curvature can hit 1/4:
In %
-
and we then have that kmin(t) > 1/4,Vt € [0, min{T5, S"}].

Ty =

Since E = a 4 2C" kpax, with C’ = 5n and 1/4 < kpax < 4, we clearly have:
S =sup S > min{Ty, To} =T} >0,

and therefore the supremum of the set of times S is strictly positive, i.e. there exists
an interval of time of length S” > T} where the principal curvatures of M; run between
1/4 and 4.

To conclude the proof we need to show that S’ = sup S = oo.

By Theorem 1.14 and exactly as in Corollary 3.6, we have the following bound for

the covariant derivative of A:

- B
sup |VA(z, t)]? < ———,
xEMt| ( )‘ mln{17t}
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vt € (0,S5']. Moreover, since min{1, S’} > Tj, we have that at the time ¢t = 5’

_ B B
Az, SHP< —2 <2
VA, SI" < min{l, S} = Ty’

C" = ,/? — |VA(z, 58| < C".
1

Once again, the fact that the principal curvatures are between 1/4 and 4 also implies

and therefore we set

that we have a control on the sectional curvature V¢ € S, in particular at the final time
t = S'. In fact, since the metric is nearly flat (i.e. |§n/1| < «, which is a very small
number compared to k1), we have, as before, for any two orthonormal vectors X and Y

spanning a 2—plane in Ty Mg, with p’ € Mg, that

sec(X,Y) = Rm(X,Y)Y, X)>
> —a+h(X,X)h(Y,Y) - h(X,Y)? >
k’2
> —athi> 5 =K>0

Therefore:
sec(X,Y)>K >0 VXY € T(Mg),

and by Myers-Synge Theorem (Thm. 3.7) once again, we have that the intrinsic di-
ameter of Mg is controlled by the (intrinsic) diameter of S™(K), the sphere of radius
1/ VK = R’ endowed by a rotationally symmetric metric of constant sectional curvature
K. Therefore there exists a point ¥’ € N such that

Mg C Br(y/).
At the final time t = S’, we therefore have:
(1) |H(z,8)| < ', |A(z,8")| < C', [VA(z, 8")| < C".
Moreover, by the monotonicity of the isoperimetric ratio as in Prop. 4.3:
(2) |95/ = [20] = [B1(0)], [Mg| < [Mo| <C, Mg C Ba(y),
(3) Z(5") <Z(0) < C +p.

Note that those are the same constants chosen at the initial time ¢ = 0. Again by Cor.
1.19, Mg is §—close in the C?-norm to the round (Riemannian) sphere B (z) for some

z € Bri(y'), for the same ¢ > 0 initially chosen. This also implies that

§k‘i($,5’/)§2 ViE{l,...,’I’L}, Ve € Mgr.

N | =

Using now the same argument as in Thm. 3.9, we conclude that S’ = co and thus the
flow is immortal. This concludes the proof of the Theorem and it also proves the first
part of Thm. 4.1. O
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4.2.1 Asymptotic behaviour

We have just proved that the flow F': M x R>g — N satistying the following equation

O F(p.t) = [-Hp.1) + 6(0)] - v(p.1), (1.2.7)

with the average mean curvature term

1
o) = 5 | .

is immortal. With the next Proposition, which we have already seen in the Euclidean
case, we are able to say something more about the speed (4.2.7) and the asymptotic

behaviour of the flow.

Proposition 4.5. The mean curvature H(x,t) converges uniformly to its average value
o(t). In other words,
lim max |H(z,t) — ¢(t)] = 0.

t—+oo0 xe My

Proof. Tt easy to see how the proof of Prop. 3.11 can be generalised to the Riemannian
case. After defining the space-time M = ¢(g o) (Me x {t}) C N x R, we want to find
a uniform bound for the mean curvature H in a space-time neighbourhood of a point
(p1,t1). Asin the Euclidean case, since VH(z,t) = Vg h;j = gV A(z,t), the uniform
bound for the covariant derivative gives a uniform control on VH (z,t), which makes H
spatial Lipschitz.

Recall now the evolution equation for H from Thm. 1.5:

a(TIj = AH + (H — ¢)(|A]” + Ric(n,n)),

which can be estimated as:

IN

‘%Ij ‘AH-F(H—QS)(]A\Q-i-R_iC(n,n))‘
|AH|+ [H|AP| + | |A]°| + |H — || Ric (n, n)

IN

)

and, given the estimates on H, A, ¢ and Rm, we can write as:
OH
1) < Jam) + o, (123
ot
with Cp = C1(C’, «) a positive constant.
Since AH = ¢ gleithkl, the uniform bound for the time-derivative of H comes
from the ones on |V2A|, which are given by Prop. 1.2.13. The result now follows by

continuing as in Prop. 3.11. O

Proposition 4.5 produces a uniform bound for the mean curvature H in a space-
time neighbourhood of a point in M and therefore the speed (4.2.7) is (uniformly)
bounded. The main consequence of this Proposition is although the fact that the
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volume preserving mean curvature flow of My, which is initially d—close to a small
geodesic sphere of radius r, has a solution which subsequentially converges to a small
bubble of constant mean curvature (CMC), where a bubble is exactly a surface which
is close to a small geodesic ball. In fact, thanks to the previous Proposition, combined
with the isoperimetric nature of the flow, there exists a subsequence of times {tx} for
which the family of surfaces {M;, } converges to a limit bubble with constant mean
curvature H, its average value. This result also concludes the proof of the second part
of Thm 4.1.

However, this is a weaker result compared to the Euclidean case, where we have proved
the full convergence to a limiting sphere. In fact, when the ambient manifold is flat,
the evolution equations of the main geometric quantities are more easily to treat, which
allowed us to show the exponential decay of these relevant geometric quantities and
therefore the exponential decay of the speed of the flow. This fact, combined with
the isoperimetric nature of the flow and the use of the Alexandrov’s Theorem, which
states that the only compact embedded hypersurfaces with constant mean curvature
are the round spheres, prevents the moving initial hypersurface My from running away
in the non compact Euclidean space and forces the solution of the VPMCF to converge
exponentially to a limit surface of constant mean curvature, which must be a sphere.
In a general Riemannian manifold, the Alexandrov’s Theorem does not hold and, as
we have seen, the average term of the mean curvature introduces a non-local effect
to all the evolution equations, which become much more complicated to be treated.
The subsequential convergence, which is however an important first result, opens to
problematic situations, like the fact that the solution of the the flow could converge to
two (or more) different surfaces of same constant mean curvature H. Furthermore, it
would be interesting to prove that the limit constant mean curvature surface is a leaf
of the local foliation around a critical point of the scalar curvature, which is assumed
to be nondegenerate, as in Alikakos and Freire [1], proof that however relies on center
manifold analysis from infinite-dimensional dynamical systems and semigroup theory.
To get therefore the same full convergence of the flow as in the flat space and to prove
that the limit solution is a leaf of a CMC foliation, there is the need for some more

powerful hypothesis, which although we do not explore in here.






Bibliography

1]

2]

[10]

[11]

Nicholas D. Alikakos and Alexandre Freire. The normalized mean curvature flow
for a small bubble in a Riemannian manifold. J. Differential Geom., 64(2):247-303,
2003.

Ben Andrews. Contraction of convex hypersurfaces in euclidean space. Calculus of
Variations and Partial Differential Equations, 2(2):151-171, 1994.

Maria Athanassenas. Volume-preserving mean curvature flow of rotationally sym-
metric surfaces. Commentarii Mathematici Helvetici, 72(1):52-66, 1997.

Marcel Berger. Some relations between volume, injectivity radius, and convexity
radius in riemannian manifolds. In Differential geometry and relativity, pages 33—
42. Springer, 1976.

Maria Chiara Bertini and Carlo Sinestrari. Volume preserving flow by powers
of symmetric polynomials in the principal curvatures. Mathematische Zeitschrift,
289(3-4):1219-1236, 2018.

Esther Cabezas-Rivas and Vicente Miquel. Volume preserving mean curvature flow
in the hyperbolic space. Indiana University Mathematics Journal, pages 2061-2086,
2007.

Esther Cabezas-Rivas and Carlo Sinestrari. Volume-preserving flow by powers of
the mth mean curvature. Calculus of Variations and Partial Differential Equations,
38(3-4):441-469, 2010.

Tobias Holck Colding, William P. Minicozzi, II, and Erik Pedersen. Mean curvature
flow. Bull. Amer. Math. Soc. (N.S.), 52(2):297-333, 2015.

Klaus Ecker. Regularity theory for mean curvature flow, volume 57. Springer
Science & Business Media, 2012.

Klaus Ecker and Gerhard Huisken. Interior estimates for hypersurfaces moving by

mean-curvarture. Inventiones mathematicae, 105(1):547-569, 1991.

Joachim Escher and Gieri Simonett. The volume preserving mean curvature flow
near spheres. Proceedings of the american Mathematical Society, 126(9):2789-2796,
1998.

93



94

Chapter 4

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Michael Gage and Richard S Hamilton. The heat equation shrinking convex plane
curves. Journal of Differential Geometry, 23(1):69-96, 1986.

David Gilbarg and Neil S Trudinger. Elliptic partial differential equations of second
order. springer, 2015.

Alfred Gray. The volume of a small geodesic ball of a Riemannian manifold. Michi-
gan Math. J., 20:329-344 (1974), 1973.

Matthew A Grayson. The heat equation shrinks embedded plane curves to round
points. Journal of Differential geometry, 26(2):285-314, 1987.

Richard S. Hamilton. Three-manifolds with positive Ricci curvature. J. Differential
Geom., 17(2):255-306, 1982.

David Hartley. Motion by volume preserving mean curvature flow near cylinders.
arXiv preprint arXiw:1205.0539, 2012.

Gerhard Huisken. Flow by mean curvature of convex surfaces into spheres. J.
Differential Geom., 20(1):237-266, 1984.

Gerhard Huisken. Contracting convex hypersurfaces in riemannian manifolds by

their mean curvature. Inventiones mathematicae, 84(3):463-480, 1986.

Gerhard Huisken. The volume preserving mean curvature flow. J. reine angew.

Math, 382(35-48):78, 1987.

Gerhard Huisken and Alexander Polden. Geometric evolution equations for hyper-
surfaces. In Calculus of variations and geometric evolution problems, pages 45-84.

Springer, 1999.

Gerhard Huisken and Carlo Sinestrari. Convex ancient solutions of the mean cur-
vature flow. J. Differential Geom., 101(2):267-287, 2015.

Gerhard Huisken and Shing-Tung Yau. Definition of center of mass for isolated
physical systems and unique foliations by stable spheres with constant mean cur-
vature. Inventiones mathematicae, 124(1):281-311, 1996.

Dorothea Jansen. Notes on pointed gromov-hausdorff convergence. arXiv preprint
arXiw:1705.09595, 2017.

Jiirgen Jost. Riemannian geometry and geometric analysis. Springer Science &
Business Media, 2008.

Hermann Karcher. Riemannian center of mass and mollifier smoothing. Commu-

nications on pure and applied mathematics, 30(5):509-541, 1977.

John M Lee. Riemannian manifolds: an introduction to curvature, volume 176.

Springer Science & Business Media, 2006.



Bibliography 95

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

Haozhao Li. The volume-preserving mean curvature flow in euclidean space. Pacific
journal of mathematics, 243(2):331-355, 2009.

Gary M Lieberman. Second order parabolic differential equations. World scientific,
1996.

Fethi Mahmoudi. Constant k-curvature hypersurfaces in riemannian manifolds.
Differential Geometry and its Applications, 28(1):1-11, 2010.

Carlo Mantegazza. Lecture notes on mean curvature flow, volume 290. Springer
Science & Business Media, 2011.

Frank Morgan. Geometric measure theory: o beginner’s guide. Academic press,
2016.

William W Mullins. Two-dimensional motion of idealized grain boundaries. Journal
of Applied Physics, 27(8):900-904, 1956.

Frank Pacard. Constant mean curvature hypersurfaces in Riemannian manifolds.
Riv. Mat. Univ. Parma (7), 4*¥:141-162, 2005.

Joaquin Pérez and Antonio Ros. Properly embedded minimal surfaces with finite
total curvature. In The global theory of minimal surfaces in flat spaces, pages 15-66.

Springer, 2002.
Peter Petersen. Riemannian geometry, volume 171. Springer, 2006.

Manuel Ritoré and Carlo Sinestrari. Mean curvature flow and isoperimetric in-
equalities. Advanced Courses in Mathematics. CRM Barcelona. Birkhduser Verlag,
Basel, 2010. Edited by Vicente Miquel and Joan Porti.

Oliver C Schniirer and Knut Smoczyk. Neumann and second boundary value prob-
lems for hessian and gauss curvature flows. In Annales de I’Institut Henri Poincare
(C) Non Linear Analysis, volume 20, pages 1043-1073. Elsevier, 2003.

Richard Schoen, Leon Simon, and Shing-Tung Yau. Curvature estimates for mini-
mal hypersurfaces. Acta Mathematica, 134(1):275-288, 1975.

Felix Schulze. Evolution of convex hypersurfaces by powers of the mean curvature.
Mathematische Zeitschrift, 251(4):721-733, 2005.

Felix Schulze. Convexity estimates for flows by powers of the mean curvature. Ann.
Sc. Norm. Super. Pisa Cl. Sci.(5), 5(2):261-277, 2006.

Felix Schulze. Nonlinear evolution by mean curvature and isoperimetric inequali-
ties. arXiv preprint math/0606675, 2006.

Felix Schulze. Uniqueness of compact tangent flows in mean curvature flow. Journal
fiir die reine und angewandte Mathematik (Crelles Journal), 2014(690):163-172,
2014.



96

Chapter 4

[44]

[45]

[46]

[47]

[48]

[49]

Leon Simon. Asymptotics for a class of non-linear evolution equations, with appli-

cations to geometric problems. Annals of Mathematics, pages 525-571, 1983.

James Simons. Minimal varieties in riemannian manifolds. Annals of Mathematics,
pages 62-105, 1968.

Carlo Sinestrari. Convex hypersurfaces evolving by volume preserving curvature
flows. Calculus of Variations and Partial Differential Equations, 54(2):1985-1993,
2015.

Xu-Jia Wang. Schauder estimates for elliptic and parabolic equations. Chinese
Annals of Mathematics-Series B, 27(6):637-642, 2006.

Brian White. Evolution of curves and surfaces by mean curvature. arXiv preprint
math/0212407, 2002.

Rugang Ye. Foliation by constant mean curvature spheres. Pacific Journal of
Mathematics, 147(2):381-396, 1991.



