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CONTROL FROM AN INTERIOR HYPERSURFACE

JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

ABSTRACT. We consider a compact Riemannian manifold M (possibly with
boundary) and ¥ C M \ OM an interior hypersurface (possibly with bound-
ary). We study observation and control from ¥ for both the wave and heat
equations. For the wave equation, we prove controllability from ¥ in time T
under the assumption (7GCC) that all generalized bicharacteristics intersect
3 transversally in the time interval (0,7). For the heat equation we prove
unconditional controllability from . As a result, we obtain uniform lower
bounds for the Cauchy data of Laplace eigenfunctions on ¥ under 7GCC and
unconditional exponential lower bounds on such Cauchy data.
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1. INTRODUCTION

Let (M,g) be a compact n-dimensional Riemannian manifold possibly

EEEEEEEEE

323

with

boundary 0M and denote by A, the (nonpositive) Laplace-Beltrami operator on
M. We study the observability and controllability questions from interior hyper-

surfaces in M.

To motivate the more involved developments in control theory, let us start by
stating (slightly informally) the counterpart of our observability/controllability re-

sults for lower bounds for eigenfunctions, i.e., solutions to
(1.1) (=Ay = A)p=0,  ¢lom =0.

For more precision, see Section [L.3
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Theorem 1.1. Assume M is connected and let ¥ be a nonempty interior hyper-
surface. Then there exists ¢ > 0 so that for all X\ > 0 and ¢ € L?*(M) solutions

to (1)), we have
(1.2) I6lsllz2s) + 10ulsllzzs) > ce™ ol zcan-

Furthermore, if we assume that all generalized geodesics of some finite length cross
Y transversally, then there is ¢ > 0 so that for all A > 0 and ¢ € L*(M) solutions

to (L)), we have
(1.3) [6lsllz2) + N T 0udlsllL2(m) > clldll 2

Here, we write (\) := (1 4+ [A\|?)'/2. Generalized geodesics are usual geodesics
of ¢ inside Int(M) and reflect on M according to laws of geometric optics (see
below). As far as the authors are aware ([2)) is the first general lower bound
to appear for restrictions of Laplace eigenfunctions to hypersurfaces and (L3) is
the first uniform lower bound for such restrictions without either taking a full
density subsequence of eigenfunctions or imposing restrictive assumptions on M.
We will prove Theorem [[.]in the process of studying controllability for the heat and
wave equations from interior hypersurfaces. Because of this, we postpone further
discussion of Theorem [[1] (including optimality of (L.2) and (L3))) to Section [[3l

We define interior hypersurfaces as follows.

Definition 1.2. We say that X is a hypersurface of M if there is ¥y a compact
embedded submanifold of M of dimension n — 1, possibly with boundary, such that
Y is the closure of an open subset of ¥y. The manifold ¥, shall be referred to as
an extension of X.

- We say that ¥ is an interior hypersurface if moreover ¥ C Int(¥g) C
Int(M).

- We say that X is a compact interior hypersurface if it is a compact embedded
submanifold of Int(M) of dimension n — 1, without boundary.

- We say that ¥ is cooriented if ¥ is (i.e., the normal bundle T, M /T3 is an
orientable vector bundle) If not mentioned, all hypersurfaces considered
in this paper are assumed to be coorientable.

Note that an interior hypersurface does not intersect the boundary of M. In
case X is a compact interior hypersurface, then it is an interior hypersurface with
Y9 = X. Since M is endowed with a Riemannian structure, the coorientability
assumption is equivalent to that of having a smooth global vector field 3, normal
to Int(Xg). Note that the coorientability condition can be slightly relaxed; see the
discussion in Section below.

Given an interior hypersurface ¥, the main goal of this paper is to study the
controllability of some evolution equations with a control force of the form

(1.4) fods + f105,

where the distributions fods and f10% are defined by

(15) odsg) = [ fogdo,  (fi8se) == [ fiduedo,
b b

n case M is oriented, note that Yo is cooriented iff it is oriented. However, if M is not
orientable, ¥¢ might be orientable without being coorientable, and vice versa.
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In this expression ¢ denotes the Riemannian surface measure on 3 induced by the
metric g on M. This contrasts with the usual control problems for PDEs, for which
the control function appears in the equation:

e cither as a localized right hand side (distributed or internal control) 1, f,
where w is an open subset of M, and typically, the control function f is in
L2((0,T) x w)

e or, in case OM # (), as a localized boundary term, e.g., under the form
u|opr = Irf, where T' is an open subset of M, and typically, the control
function f isin L?((0,T)xT) (here, u denotes the function to be controlled).

Concerning the wave equation, the main result is the Bardos-Lebeau-Rauch Theo-
rem [BLR92I[BGI7] providing a necessary and sufficient condition for the exact con-
trollability with such control forces (see also e.g. [DLO9LLI6LLRITTIY] for recent
developments). Concerning the heat equation, the question of null-controllability
with internal or boundary control was solved independently by Lebeau-Robbiano
[LR95] and Fursikov-Imanuvilov [FI96]. The aim of the present paper is threefold:

e formulating a well-posedness result as well as an analogue of the Bardos-
Lebeau-Rauch Theorem, for the wave equation with control like (L4) (see
Section [LT]);

e formulating an analogue of the Lebeau-Robbiano-Fursikov-Imanuvilov
theorem for the heat equation with control like (I4)) (see Section [[2);

e formulating general lower bounds for restrictions on ¥ of eigenfunctions on
M (see Theorem [[T] above and Section [[J)). These are analogues of the
observability inequalities used to prove the above controllability statements
and are of their own interest.

1.1. Controllability for the wave equation. In this section, we state our main
result concerning the wave equation controlled by an interior hypersurface X,
namely,

Ov = fods + fidg (0,T) x Int(M),

(1.6) v=0 (0,T) x OM,
(v, 04v)|i=0 = (vo,v1) in Int(M),

on
on

where [J denotes the D’Alembert operator on R x M,
O=07 - A,.

Before considering the control problem, we need to investigate conditions on fg, f1
under which the Cauchy problem of (6] is well-posed. Both the well-posedness
and the control statements require the introduction of some geometric/microlocal
definitions.

For a polyhomogeneous pseudodifferential operator P on R x M, we write

Char(P) = {g € T*(R x M)\ 0| o(P)(g) = 0}

and o(P) denotes the principal symbol of P. In particular, writing [£|, = 1/g(§, ),
the Riemannian norm of a cotangent vector, we are interested in

o(@O)(t,z,7,8) = —7'2—|—|§|§, Char(0) = {(t,z,7,£) € T*(Rx M)\O0 | |§|3 =72}
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3180 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

Next, we define the glancing and the elliptic sets as
(1.7)
G = Char(0) N (T*(R x Int(X)), G= =149,

E={qeT*(Rx M)\0|o(d)(g) >0}N(T*(R x Int(X))), E¥ = L_I(S),
where
(1.8) TR x Int(Xg)) = TH*(R x M)

is the inclusion map. A more explicit expression of these sets in normal coordinates
is given in Section 2.3] below.

Roughly speaking, the elliptic set £ (resp., £F) consists of points (¢,z,7,€) in
the whole phase space (resp., in tangential phase space to 3) such that z € Int(X)
in which no “ray of optics” for (J lives. The glancing set G (resp., G*) consists of
points (¢, z,7,£) in the whole phase space (resp., in tangential phase space to X)
such that z € Int(X), through which “rays of optics” for [ may pass tangentially.
The complement of G U & in the characteristic set of O above R x Int(X) is the
set of points through which “rays of optics” for [0 may pass transversally. Note in
particular that £ is not the complement of the characteristic set for [ above X.
(See Section 23] for more details on the meaning of these sets.)

With these definitions in hand, our well-posedness result may be stated as fol-
lows.

Theorem 1.3. For all (vo,v1) € L3*(M) x H Y(M) and for all fo €
H ol (RY x Int(X)) and fi € L2, (R% x Int(X)) such that

comp comp
(1.9) WE™2 (o), WE (1) N G* =0,
there exists a unique v € L (R%; L*(M)) solution of (L6).

loc

We refer e.g. to [Lerl0, Definition 1.2.21] for a definition of the H*® wavefront
set WF?® of a distribution. The wavefront condition states roughly that (fo, f1)
should have improved (namely, H “sx H %) microlocal regularity near the glancing
set G* (when compared to the overall H (R x ) x L2(R x X) regularity) for the
Cauchy problem to be well-posed. A more precise version of this result is given in
Theorem B8 below (where, in particular, the meaning of “solution” is made precise
in the sense of transposition; see [Lio88]). This wavefront set condition on fy, fi is
far from sharp because we use a very rough analysis of solutions to the free wave
equation near G. A more detailed analysis near G, similar to that in [Gall6], would
yield sharper regularity requirements.

Next, we define a geometric condition used in our control results.

Definition 1.4. We say that (X,7) satisfies the transverse geometric control
condition (7GCC) if every generalized bicharacteristic of [ intersects
T0o 7yxton(zy R x M)\ G. We say that X satisfies TGCC if (X,T) does for some
T>0.

Definition [[4 roughly says that TGCC is satisfied if every ray of geometric
optics intersects Int(X) in the time interval (0,T) at a transversal point, i.e., a non-
tangential point. In case OM = (), “generalized bicharacteristics” are only bichar-
acteristics of [0 and project on geodesics on M (see e.g. [DLRLI4, Section 2.2]).
For a precise definition of generalized bicharacteristics in case OM # ) (and the
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FIGURE 1. Here M is the standard unit sphere S? in R3, and &
gives an example where (3, 27 + ¢) satisfies TGCC for € > 0.

geodesics of M have no contact of infinite order with M), we refer to [MS78, Sec-
tion 3], [Hor85L Chapter 24], or [LRLTTI17, Section 1.3.1]. For a simple example of
a compact manifold M and a compact interior hypersurface ¥ satisfying 7GCC,
see Figure [[I We remark that if M C R™ (with the Euclidean metric) is strictly
convex, then mo interior hypersurface satisfies 7 GCC since there are generalized
bicharactersics which stay in M. This leaves open the interesting problem of un-
derstanding control where a hypersurface intersects M, e.g., if ¥ C B(0,1) C R?
is a diameter.

With the well-posedness result, Theorem [[.3] and the definition of TGCC, we
now give a sufficient condition for the null-controllability of (L) from X.

Theorem 1.5. Assume that the geodesics of M have no contact of infinite order
with OM and that (3, T) satisfies T GCC. Then for any (vo,v1) € L*(M)x H=1(M)
there exist (fo, f1) € Hogh ((0,T) x Int(X)) x L2, ((0,T) x Int(X)) with

comp comp

WE(fo), WE(f1) N (GZUE?) =10,
so that the solution to [L6]) hasv =0 fort>T.

Here, WF stands for the usual C* wavefront set. Theorem follows from
an observability inequality given in Theorem ] below. A more precise version of
Theorem [[LH] with estimates on (fo, f1) in terms of (vg, v1) is given in Theorem L9

Standard propagation of singularities estimates (see e.g. [Ral69]) show that a
necessary condition for controllability to hold is that all generalized bicharacteristics
intersect T(*B)T)XE(R x M). As for the well-posedness problem, the issue of rays

touching R x ¥ only at points of G* is very subtle and will be addressed in future
work. See the discussion in Section [[.4] below.
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3182 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

1.2. Controllability from a hypersurface for the heat equation. We next
consider the controllability of the heat equation from a hypersurface, namely,

(8t — Ag)’U = fo(Sg + flé’z on (07T) X Int(M),
(1.10) v=0 on (0,T) x OM,
V|t=0 = vo in Int(M).

Well-posedness in the sense of transposition follows from the standard parabolic
estimates and is proved in Section [F.Il We only state a null-controllability result

for (TI0).

Theorem 1.6. Suppose M is connected and ¥ is any nonempty interior hypersur-
face. Then there exist C,c > 0 such that for all T > 0 and all vo € H=Y(M), there
exist fo, f1 € L*((0,T) x X) with

1 foll2(o,m)x=) + I1fill2(0,m)x5) < CeT [[vollm-1(ar)
such that the solution v of (LIQ) satisfies v|y=r = 0.

Note that we also provide an estimate of the cost of the control as T — 01,
similar to the one in case of internal/boundary control [FI96,Mil10]. If M is one-
dimensional, i.e., M = [0,1], then ¥ = ¢ is a point in (0,1). The controllability
(resp., observability) question has been considered by Dolecki in [Dol73] in case
fi = 0 and fo = fo(t) (resp., observation of the pointwise Dirichlet trace at ¢
only). The author proves in particular that controllability /observability might not
hold (if ¥} is a nodal point of an eigenfunction) or a minimal time of controllabil-
ity /observability might appear, depending on fine number theoretic properties of
9. The higher dimensional problem with one control force (f; = 0) has been con-
sidered in [CZ05]. There, the authors allow the hypersurface to vary in time, so as
to avoid the obstruction of having ¥ contained in the nodal set of an eigenfunction.
Theorem shows that no such subtle behavior happens when using both the
Dirac mass and its normal derivative as controls (resp., both traces as observation
terms).

1.3. Eigenfunction restriction bounds. As usual, the above two control results
(or rather, the equivalent observability estimates) have related implications concern-
ing eigenfunctions stated in Theorem [[.Tlabove. We now formulate these results un-
der the (stronger) form of resolvent estimates. Below, we write (\) := (14 |A|?)'/2.

Theorem 1.7 (Universal lower bound for eigenfunctions). Assume M is connected
and ¥ is a nonempty interior hypersurface. Then there exist C,c > 0 so that for
all A\ >0 and all u € H*(M) N H} (M) we have

c —1
(1.11) [Jullz2ary < Ce (lulsllzzey+ 1 (A ™ Suuls|lrecs) + I1(—Ag = A)ull £2(ar))-

As far as the authors are aware, estimates (L2)-(II1]) are the first general lower
bounds to appear for restrictions of eigenfunctions. Moreover, these estimates are
sharp in the sense that simultaneously neither the growth rate e* nor the presence
of both u and d,u can be improved in general. This is demonstrated by the following
example.

Proposition 1.8. Consider the manifold

M = [-m, 7] x T,
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CONTROL FROM AN INTERIOR HYPERSURFACE 3183

with variables (z,0), endowed with the warped product metric
g(2,0) = dz* + R(2)?d6>.
Assume that R is smooth and that

R(z) = R(—2), R(z) >0 forallz€[0,n], R(0)< Iél[(é)lx] R(z).

Let ¥ = {z =0} x T' € M. Then, there exist C,c > 0 and sequences /\;/" — +00
and qb;/" € L*(M) such that

(A — (A28l =0, (162 =1, 6/ loas =0,
with
0,65x =0, (¢l <Ce N, and  §2ls=0, [0,¢|sll12(m) <Ce .

This result is proved in Appendix [Bl
We expect that the symmetry in this example is the obstruction for removing one
of the traces in the right hand side of (I.2]) and formulate the following conjecture.

Conjecture 1. Let (M,g) be a Riemannian manifold and let X be an interior
hypersurface with positive definite second fundamental form. Then there ezist
C,c, o > 0 so that for all (X, ¢) € [Ny, 00) x L?(M) satisfying (LI), we have

[6llL2(ar) < CeMolsllzsy  and  [|6]lr2an < CeMAT 0,0l L2(s)-

Note that if 3 has positive definite second fundamental form, then it is geodesi-
cally curved and, in particular, not fixed by a nontrivial involution. This prevents
the construction of counterexamples via the methods used to prove Proposition [[L8l

Under the geometric control condition 7GCC the estimate (LII)) can be im-
proved.

Theorem 1.9 (Improved lower bound for eigenfunctions under 7GCC). Assume
that the geodesics of M have no contact of infinite order with OM and that X
satisfies T GCC. Then there exists C > 0 so that for all A > 0 and u € H*(M) N
HY (M), we have
(1.12)

[ull2ary < C(llulsllzecm) + 10 dvuls L2y + W) HI=Ag = A)ullL2(an)) -

Conjecture 2. Let (M,g) be a Riemannian manifold and let ¥ be an interior
hypersurface with positive definite second fundamental form satisfying T GCC. Then
there exist C,c,\g > 0 so that for all (\,$) € [No,0) x L?(M) satisfying (LI) we
have

82y < Clldlsllrzsy  and @2y < CIAT OvdlslL2(s)-

Other known lower bounds come from the quantum ergodic restriction theorem
and apply to a full density subsequence of eigenfunctions rather than to the whole
sequence [TZ12[TZ13|[DZ13|[TZ17[HRIS|. These hold under an ergodicity assump-
tion on the geodesic (or the billiard) flow, together with a microlocal asymmetry
condition for the surface 3. This assumption states roughly that the measure of
the set of geodesics through ¥ whose tangential momenta agree at adjacent in-
tersections with ¥ is zero. In addition, under an ergodicity assumption [CTZ13]
shows that a full density sequence of eigenfunctions satisfies (I.I2]). In another di-
rection, the work of Bourgain-Rudnick [BRI12|[BR11[BR09] shows that on the torus
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3184 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

T4, d = 2, 3, for any hypersurface ¥ with positive definite curvature, (L3]) holds
with the normal derivative removed from the left hand side. While the results of
Bourgain-Rudnick do not hold on a general Riemannian manifold, we expect that
either of the terms in the left hand side of (LZ) can be removed whenever 3 has
positive definite second fundamental form.

1.4. Weakening assumption 7GCC. One might hope that Theorem [[L9 and its
analogue for the wave equation (the control result of Theorem above and the
observability inequality of Theorem 1]l below) still hold true when the assumption
TGCC is replaced by the (weaker) assumption that

(1.13)  every generalized bicharacteristic of O intersects T*((0,7") x Int(X))

(rather than T*((0,T) x Int(X)) \ G%). The following example shows that this is
more subtle (see Appendix [C] for the proof).

Proposition 1.10. Assume M = S? and ¥ is a great circle. Then there exists a
sequence (\j, ¢;) satisfying (—Ag — /\?)gbj = 0 together with A\; — +oo and
- —~1/4
bils =0, 11310515l 2y < A5 2200

In particular, this shows that Theorem[[.9and associated observability inequality
for the wave equation cannot hold under only (.TI3]). Moreover, the proof shows that
¢; is microlocalized )\j_l close to the glancing set on ¥. This calculation suggests
that one must scale the normal derivative and restriction of an eigenfunction as in
[Gall6] to obtain an analogue of Theorem [[L9 under (II3]). More precisely,

Conjecture 3. Suppose that ¥ is a compact interior hypersurface. Then there
exists C > 0 so that if (A, @) satisfies (L)), then

I+ A28 gl + 11+ A2 An) 1 + AN 0,605 2 < 0l .

Suppose moreover that ¥ satisfies (LI3). Then there exists C > 0 so that if (A;, ¢;)
satisfies (L), then

lollzcary < CUAFAT2AR)Y  Glsll2 +[(1+A72Ax) 1 4+AT AN 0,05 125,

where Ay, is the Laplace-Beltrami operator on ¥ induced from (M, g), and the oper-
ator (1+X"2Ax) is defined via the functional calculus; see also [Gall6l, Section 1].

1.5. Finite unions of hypersurfaces. In all of our results, one may replace ¥ by
any finite union of cooriented interior hypersurfaces [ J;-, X; where we replace the
distribution fods, + f10% by

m
(1.14) >~ (fios. + fids,).

i=1
Then, all the above results generalize with the sole modification that generalized
bicharacteristics need only intersect one of the 3;’s transversally. This furnishes
several simple examples for which our controllability /observability results for waves
holds. Take e.g. T? ~ [—m,7]? with X1 = {0} x T! and £5 = T' x {0}.

This remark can also be used to remove the coorientability assumption. If the
interior hypersurface X is not coorientable, we can cover it by a union of overlapping
cooriented hypersurfaces ¥ = [J;-; ¥; and control from ¥ by a sum like (LI4)). In
this context, we still obtain controllability results with controls supported by the
hypersurface X, but the form of the control is changed slightly.
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1.6. Sketch of the proofs and organization of the paper. We start in Sec-
tionPlwith the introduction of coordinates, some geometric definitions, and Sobolev
spaces on .

Section [3 is devoted to the proof of (a slightly more precise version of) the
well-posedness result of Theorem [[.31 The definition of solutions in the sense of
transposition follows [Lio88]. The well-posedness result relies on a priori estimates
on an adjoint equation, the free wave equation. The well-posedness statement then
reduces to the proof of regularity bounds for restrictions on . This is done in
Section B.Il Namely, we show that if u is an H! solution to Ou = 0, then the
restriction (uly, d,u|s) belongs to Hz x H~z overall R x ¥ and has the additional
(microlocal) regularity H' x L? everywhere except near glancing points (G*). This
fact is already known (see e.g. [Tat98]), but we rewrite a short proof for the conve-
nience of the reader. Then, Section is aimed at defining the appropriate spaces
for the statement of the precise version of the well-posedness result. These are
needed in particular to state the stability result associated to well-posedness, as
well as to formulate the duality between the control problem and the observation
problem. They are (loc and comp) Sobolev spaces on R x ¥ that have different
regularities near and away from the glancing set G*. With these spaces in hand,
we define properly solutions of (L) and prove well-posedness in Section B3

Section Ml is devoted to the proof of the control result of Theorem Before
entering the proofs, we briefly explain how Theorem [[L9is deduced from the observ-
ability inequality of Theorem[Z1] Firstly, we prove in Section[£1]that the condition
TGCC implies a stronger geometric statement. Namely, using the openness of the
condition and a compactness argument, we prove that all rays intersect in (e, T —¢)
an open set of ¥ “e-transversally” (i.e., ¢ far away from the glancing region) for
some € > 0. Secondly, this condition is used in Section to prove an observabil-
ity inequality, stating roughly that the observation of both traces (u|s,d,uls) of
microlocalized ¢ far away from the glancing region in the time interval (g, — ¢€)
determines the full energy of solutions of Ou = 0 (in appropriate spaces). The
proof proceeds as in [Leb96] by contradiction, using microlocal defect measures.
It contains two steps: first, we prove that the strong convergence of a sequence
(ug|s, Opuk|s) — 0 near a transversal point of ¥ implies the strong convergence of
the sequence uy in a microlocal neighborhood of the two rays passing through this
point (using the hyperbolic Cauchy problem). Then, a classical propagation argu-
ment (borrowed from [Leb96l[BL01] in case OM # @) implies the strong convergence
of (uy) everywhere, which yields a contradiction with the fact that the energy of
the solution is normalized. This observability inequality contains, as in the usual
strategy of [BLR92|, a lower order remainder term (in order to force the weak limit
of the above sequence to be 0). The latter is finally removed in Section 3] by the
traditional compactness uniqueness argument of [BLR92], concluding the proof of
the observability inequality. Finally, in Section B4l we deduce the controllability
statement Theorem (or its refined version, Theorem [9]) from the observability
inequality (Theorem F.T)) via a functional analysis argument. The latter is not com-
pletely standard, since we do not know whether the solution of the controlled wave
equation ([LH) has the usual C°(0,7;L?(M)) N CY(0,T; H-(M)) regularity, but
only prove L2(0,7T; L?(M)). As a consequence, we cannot use data of the adjoint
equation at time ¢ = T as test functions. The test functions we use are rather
forcing terms F' in the right hand side of the adjoint equation that are supported
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3186 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

in ¢t € (T,T1), that is, outside the time interval (0,7"). Also, we construct control
functions having H regularity near G* and prove that they do not depend on N,
yielding the statement with the C'°° wavefront set.

Section [Bl deals with the case of the heat equation and the universal lower bound
of Theorem [[7] in the spirit of the seminal article [LR95]. First, Section [5.1]
states the well-posedness result, in the sense of transposition. Again, it relies on
the regularity of restrictions to X of solutions of the adjoint free heat equations.
The latter are deduced from standard parabolic regularity combined with Sobolev
trace estimates. Then, to prove observability /controllability, we proceed with the
Lebeau-Robbiano method [LR95]. The starting point is a local Carleman estimate
near Y., borrowed from [LR97], from which we deduce in Section a global inter-
polation inequality for the operator —92 — A,. Theorem [[.7] directly follows from
this interpolation inequality. To deduce the observability of the heat equation,
we revisit slightly (in an abstract semigroup setting) the original Lebeau-Robbiano
method (as opposed to the simplified one [LZ98|Mil06,[LRIL12], relying on a stronger
spectral inequality) in Section 523l The interpolation inequality yields as usual an
observability result for a finite dimensional elliptic evolution equation (i.e., cutoff
in frequency), from which we deduce observability for the finite dimensional para-
bolic equation, with precise dependence of the constant with respect to the cutoff
frequency and observation time. The latter argument simplifies the original one by
using an idea of Ervedoza-Zuazua [EZ11bl[EZ11a]. The observability of the full par-
abolic equation is finally deduced using the iterative Lebeau-Robbiano argument
combining high-frequency dissipation with low-frequency control/observation. We
in particular use the method as refined by Miller [Mil10]. We explain in Section [(.4]
how the heat equation observed by/controlled from ¥ fits into the abstract setting.

Appendix [A] contains some background information on pseudodifferential oper-
ators used in Sections [B] and Ml for the wave equation. Appendix [Bl proves Propo-
sition [[.8] i.e., constructs an example showing that Theorem [[.7is sharp. Finally,
Appendix [C] gives a proof of Proposition [[LI0l

2. PRELIMINARY DEFINITIONS

2.1. Fermi normal coordinates in a neighborhood ¥,. Throughout the article
we shall use Fermi normal coordinates in a (sufficiently small) neighborhood, say
Ve, of ¥y. Namely, since X is cooriented, for ¢ sufficiently small, there exists a
diffeomorphism (see [Hor85, Appendix C.5])

[—e,e] x Int(Zg) — V2

(v1,2') = x,

so that the differential operator —A, takes the form
—351 +r(z1,2",Dy) + c(z, D),

where c(z, D) is a first order differential operator and r(x1,2’, D,/) is an x;-family
of second-order elliptic differential operators on Int(Xg), i.e., a tangential operator,
with principal symbol r(x1,2/,¢"), & € T.5 Int(%y), that satisfies

(2.1) r(zy,2’,&) €R and Cy|¢']? <r(xy,2),€) < Colé|?

for some 0 < C7 < Cy < o0.
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In these coordinates, note that we have in particular |z1(p)| = d(p, Xo), Oy = Oy,
(up to changing z into —x1), as well as

o(=Ay) =& + (w1, 2, &)
and
—Ayx, =7(0,2',Dyr),  with  o(-Ax,)(2',¢) =r(0,2",§) = ro(2',£),

where —Ay, is the Laplacian on Int(3g) given by the induced metric on ¥,. We
also recall that

o(@) =—-1*+0(-A,) = -1+ |§|£27 =724+ € 4 r(x,2,¢).

With a slight abuse of notation, we shall also denote by (z1,2') € R x R*~! (and
(€1,¢") € R x R ! associated cotangent variables) local coordinates in a neighbor-
hood of a point in Int(3).

In these coordinates, the Hamiltonian vector field of [J is given by
(2.2)
HG’(D) = _2Tat + 2§16w1 _awlr(xlv xlv 5/)851 + 65/7"(.’131, xlv 5/)aw’ —81/7"(331, J?l, 5/)85/

and generates the Hamiltonian flow of O (these coordinates being away from the
boundary R x OM).

2.2. The compressed cotangent bundle over M. This section is independent
of the hypersurface ¥ and is only intended to define, in case OM # (), the space
Z on which the Melrose-Sjostrand bicharacteristic flow is defined, as well as some
properties of the flow. In case M = (), this set is simply Char(0) C T*(R x M)\ 0,
the flow is the usual bicharacteristic flow of [J, and this section is not needed and
may be skipped. We refer to [MST78|, [Leb96l Appendix A2], [VasO8] for more
complete treatments.
We first embed M < M into a manifold, M, without boundary and write

T*(R x M) =Ty, 0, (R x M).
Let *T*(R x M) ~ (T*(R x Int(M))\0) U (T*(Rx M)\ 0) denote the compressed
cotangent bundle of R x M and let

j:T*(R x M) = *T*(R x M)
be the natural “compression” map. In any coordinates (a’,z,) on M where z,
defines OM and x,, > 0 on M, j has the form

(2.3) jtx, 1,8 = (t,z,7, €/7xn€n)'

The map j endows b (R x M) with a structure of homogeneous topological space.
We then write

(2.4) Z = j(Char(D)), Z=ZUj(Tiom(R x M)),
and
(2.5) SZ=(Z\ (R x M))/RY,

the associated sphere bundle, which, endowed with the induced topology, are locally
compact metric spaces.

Away from the boundary, j is a bijection, and we shall systematically identify
PT*(R x Int(M)) with T*(R x Int(M)) and Z N PT*(R x Int(M)) with Char(CJ) N
T*(R x Int(M)). This will be the case in particular near the hypersurface R x X.
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Remark 2.1. Note that the compressed cotangent bundle is a proper subset of the
b-cotangent bundle (see e.g. [Vas08| Section 1]).

Under the assumption that the geodesics of M have no contact of infinite order
with OM, and with Z as in ([2.4]), the (compressed) generalized bicharacteristic flow
for the symbol §(—72 + [¢]2) is a (global) map
(2.6) p:RxZ—=2Z (s,p)— @(s,p).

We refer to [MST8, Section 3], [Hor85, Chapter 24], [BLO1, Section 3.1], or
[LRLTTI7, Section 1.3.1] for a definition. In particular, it has the following prop-
erties:
e ¢ coincides with the usual bicharacteristic flow of O (i.e., the Hamiltonian
flow of o(0d)) in the interior Char(0J) N T*(R x Int(M));
e ¢ satisfies the flow property

(2.7) o(t,p(s,p)) =t +s,p) forallt,seR,pe Z;
e ¢ is homogeneous in the fibers of Z, in the sense that
(2.8) My o p(sA,-) = (s, My-),
where M) Adenotes multiplication in the fiber by A > 0. Hence, it induces a
flow on SZ;

e v:R x Z — Z is continuous; see [MST8, Theorem 3.34].

2.3. Glancing sets over X. For the following definitions, we use the above iden-
tification bTﬁxzo (Rx M) = T, 5 (R x M) for the cotangent bundle of R x M
with foot points at R x X, since in this case, we may assume in Definition that
YoNIM = (. Using the coordinates of Section 2l the map ¢ defined in (L) reads

Wt 1,8 = (,0,2',7,0,&).
Still in coordinates, we define for € > 0 the sets
Ge = {(t,0,2",7,61,€") € Ty ypue(s) R x M)\ O | & +7(0,2",¢') =77, & < er?},
Te = A{(t,0,2",7,61,€") € Tgyqnpesy R X M)\ O | € +7(0,2",¢") = 72, & > er?}.

Let also
(2.9)
GE = {(t,2',7,&) € T*(R x Int(X0)) \ 0 | 2’ € Int(X),

—er? <12 —ro(2', &) <er?},
T2 = {(t, 2/, 7.€) € T*(R x Int(Ep)) \ 0 | 2’ € Int(8), e7? < 72 — ro(2’, &)},
EX = {(t,2',7,¢) € T*(R x Int(X0)) \ 0| 2’ € Int(%), 7° — ro(a’,¢’) < —e7?}.

Observe that GZ # 7(G.) (although GF = m(Go)) where
(2.10)
Tt T (sg) (R x M) — T7(R x Int(X)) is the projection along N*(R x Int(X)).

In the above coordinates, (¢, 0,2, 7,&,&") = (¢,2',7,&’). Observe also that Gy = G,
Eo =& and GF = G%, EF = EF, where G, £, G*, and £ are defined in (7).

Remark 2.2. In these coordinates, ¥y = {z1 = 0}, and, according to ([22]), we have
(dr1, Hymy) = (dx1,2£10,,) = 261, Since {1 # 0 on 7o this implies in particular
that the vector field H,(m) is transverse to the hypersurface R x ¥ on this set (which
explains its name 7).
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With these definitions, 7 GCC can be written as follows.
Assumption GC-(0,T). For allp € Z,

UL} N TonT*((0,T) x M) # 0.

seR

Remark 2.3 (Example in the flat case). In order to better understand the different
zones defined above, let us note that if we simply consider the flat Euclidean Laplace
operator —A in R” and ¥ C {z; = 0}, we have

r(en,2’ &) =€ and o(0) = -7+ ¢ = -7 + & + [¢']*.
In this case, the sets defined in (29 are simply
G2 ={(t,2',7,&) R\ 0|2’ € Int(X), (1 —&)r* < |¢']* < (L +e)77},
T2 ={(t,2',7,&) e R\ 0 | 2’ € Int(X), [¢']° < (1 — )%},
EF = {@ta',7,¢) e R\ 0 | 2/ € Int(%), |¢]*> > (1 —|—5)7’2}.

In particular, the set G is a conical e-neighborhood of the glancing set G* = G
in T*(R x Int(X)). Note that if (t,2,7,¢') € G5, then 72 = |¢/|? (one may think
of % as a semiclassical parameter and describe the glancing region G* as @ =1).
In particular, the associated point (¢,0,2’,7,&1,&’) is in Char(o(0)) = {—72 + &7 +
|¢']2 = 0} if and only if & = 0.

2.4. Spaces on interior hypersurfaces. In case ¥ is a compact interior hy-
persurface, the Sobolev spaces H*(X) have a natural definition. Here, we give a
definition adapted to the case 9% # 0.

Definition 2.4. Let S be an interior hypersurface of a d-dimensional manifold X,
and let Sy be an extension of S (see Definition [[2). Given s € R, we say that
u € H*(S) (extendable Sobolev space) if there exists u € H(,,,,(S0) such that
uls = u.

To put a norm on H*(S), let y € C°(Int(Sp)) such that x = 1 in a neighborhood
of S. We denote by (Uj,%;);es an atlas of Sy such that for all j € J,

U; Nsuppx =0 or U;NdSy=10

and write Jg = {j € J,U; Nsupp x # 0} and Jy = {j € J,U; N (supp x \ Int(S)) #
0} C Js (possibly empty). Let (x;);jes be a partition of unity of Sy subordinated
to (Uj)jes. We then define
(2.11)
lulgesy= D N10Gu) o e) Hlaemar + inf > 10Gxw) 0 95 e oy,
j€Js\Ja - j€Ja
By = A{u € Hlynp(Int(S0)), uls = u}.

The definition of the norm H*(S) depends on Sy, X, the choice of charts (Uj, 1),
and the partition of unity (;). One can however prove that, once Sy and x are fixed,
two such choices of charts (Uj,1;) and partition of unity (x;) lead to equivalent
norms H*(S). In what follows, (U;,v;,;) shall be traces on Sy of charts and
partition of unity on X. In case S is a compact interior hypersurface, the spaces
H*(S), || - | 7+ (s coincide with the usual H*(S) space.
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3. REGULARITY OF TRACES AND WELL-POSEDNESS FOR THE WAVE EQUATION

The ultimate goal of the present section is to prove the well-posedness result
for (L)), see Theorem [[31 Defining solutions by transposition as in [Lio8§|, this
amounts to proving regularity of traces on X of solutions to the free wave equation.

3.1. Regularity of traces. We start by giving estimates on the restriction to X
of a solution to

Ou=F on R x Int(M),
(3.1) u=0 on R x OM,
(u, Ou)|t=0 = (uo,u1) (up,u1) € H*(M) x L*(M).

These bounds, indeed stronger bounds, can be found in [Tat98], but we choose
to give the proof of the simpler estimates here for the convenience of the reader.
They are closely related to the semiclassical restriction bounds from [BGT07|[Tac10,
Tacl7l[CHT15[Gall6].

Proposition 3.1. Fiz T > 0. Then for any A € \I/ghg(R x Int(X)), with principal
symbol vanishing in a conic neighborhood of G and all p € CX(R), there exists
C > 0 so that for any (ug,u1) € H*(M) x L*(M) and F € L*(R x M) with
supp F' C [0,T] x M the solution u to (BI)) satisfies

3:2)  lle@ulslFi/z@xsy + le@dulslF 12 @xs) + 140 @) Fr @)
+ 1 Ap(®) (D ul) 72 x5
< C([I(uwos w) I F (aryx 2 ary + 1FN172)-

The definition of the classes W[ is recalled in Appendix [Al

To prove Proposition B.1] we need the following elementary lemma.

Lemma 3.2. Suppose that S is an interior hypersurface of the d-dimensional man-
ifold X (in the sense of Definition [L2) and P € W (Int(X)) is elliptic on the
conormal bundle to Int(Sp), N*Int(Sp). Then for any s € R, k > 0, and € > 0,
there exists C = C(e, k,s) > 0 so that for all u € C*°(M),

05 ulsll zesy < CUlull gosnrirzixy + 1Pull grasesnte—mx))-

Proof. We start by proving the case k = 0. In case s > 0, the stronger inequality
lulsllgssy < Cllullgs+1/2(x) holds as a consequence of standard trace estimates
[H6r85, Theorem B.2.7] (that the H*(S) norm is the appropriate one in case S is
not compact is made clear below).

We now assume that s < 0 and estimate each term in the definition (2II))
of [[uls|g:(s) in local charts. For this, we use charts (Q;,k;)ier of Int(X) such
that Sy C U,c; Qs and such that (€; N So, k4ls,)icr satisfy the assumptions of
Definition 241 In a neighborhood of Sy, we have u = >, X;u (where (X;) is now a
partition of unity of Sy associated to ;, and hence (x;|s,) satisfies the assumptions
of Definition 24]), and estimating [|u|s|| g+ (s) amounts to estimating each

[((X5w)s0) © ’{j_lHHS(Rd*l) = |(Xw) ey =0l zrs (ma-1)

with ¥ = x; o Iij_l and w =uo /qj_l. We may now work locally, where S is a subset
of {z1 = 0}, and estimate the trace of z = xyw.
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Let x € C(R) have x =1 on [—1,1] with supp x C [-2,2], 0 < x < 1, and fix
0 > 0 small enough so that P (which, by abuse of notation, we use for the operator
in local coordinates) is elliptic on a conic neighborhood of

{6l =71} o N ({0} x R = {¢ = 0}
and let xs(&1,&') = x (2|§ ‘) for & # 0 and xs(0,¢’) = 0. Then, we have

2
d¢’ <2(A+ B),

2] =0llFrs (ma-1) = / €| 2(&1,€)d&
Rd—1 R
with

2
A= @) ag’

Rd—1

2
B= /Rd71<£’>25 /R Xs2(&1,€)d | de'.

We now estimate each term. With the Cauchy Schwarz inequality, the first term is
estimated by
(1 —xs)

A= [l [ Eme e, o e

< [ ([N ) ([ ir¢de ) ag

< CS,5||ZH§_IS+1/2(RCI,)5

[ = [ s (1 (565))

1
< —_dt = C,
- /t§2/6 (14 ¢2)s+1/2 0

R(l — x0)2(&1,€")dé

and

since

(which is large since s < 0).
Again with the Cauchy Schwarz inequality, the second term is estimated by

I\ 2s <€>1/2+€X6 N 2 ,
= [ | [ Sorrlaa. o] a

< [ ([ Sk ([ ipeena)

< CG||X6(D)Z||?{1/2+6(R(1),

since

5/ 2s e ae 1 .
/R%d&_@z 2/Wdt (€)>c.,

with C, finite as soon as € > 0, and (£)2572¢ < 1 since s < 0. Combining the last
three estimates and recalling that z = yw yield

(3.3) H)ZU)|3¢1=OH§15(RL£—1) <C , )Zw||ijs+1/2(Rd) + Ce”th(D))VCwH?Jl/Zﬂ(Rd)'
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Now, according to the definition of x5, the operator P is elliptic on a conic
neighborhood of supp(x) x supp(xs). A classical parametrix construction (see for
instance [Hor85, Theorem 18.1.9]) implies, for any N € N, that

(3.4) x5 (D)Xwl| gr1/2+e(ray < CN(IXPwl| g1 /zse—m(ray + IXW| -~ ®ay),

where y is supported in the local chart and equal to one in a neighborhood of
supp(x). Recalling that w is the localization of u and summing up the esti-
mates [B.3)-(B4) in all charts yield the sought result for & = 0.

We now show that the k = 0 case implies the k > 0 case. Let P € e (Int (X))
be elliptic on N*(Int(Sp)) with WF(P) C {o(P) # 0} (see e.g. Appendix [A] for a
definition of WF(A) for a pseudodifferential operator A). Then, applying the case
k = 0 to the operator ]5, we obtain

(3.5) |0k ulsl ez < C (195ull vy + 1PN e )

< O (Ilull osary + 1Pl 3 )

Now, we write
Poku = 0% Pu + [P, 0"u.

Since P is elliptic on WF(P), by the elliptic parametrix construction, we can find

By € Uk (Int(X)) and Ey € U1 (Int(X)) so that
OP=F\P+Ry, [P,0%=EP+R,

with R; € U % (Int(X)). Hence, we obtain

1P0uly 3 < C (1B Pl g oo+ 1BoPul e+l oy )
< O (IPull gy ensem + lul gevnry )
which, combined with (B3], yields the result. O

We now proceed with the proof of Proposition 3.1l

Proof of Proposition Bl First, observe that standard estimates for the Cauchy
problem imply that for any ¢ € C°(R),

lQull g < Cr ([ (wo, w)ll g1 (anyx 2y + 1 E | 220,702 (M),

so we may estimate by terms of the form ||@u| g1.
Second, notice that N*(R x Int(Xp)) C {r = 0}, so O is elliptic on
N*(R x Int(Xg)), and hence Lemma B2] implies that

le@)ulsllzz@xs) + 0@ dvulslg-1/2@xs) < CUGE)ullm + [[EF]L2),
where ¢ € C°(R) with @ =1 on supp ¢.

Now, observe that since ¥ is an interior hypersurface, we may work in a fixed
compact subset, K of Int(M). Note also that there exists ¥ an interior hypersurface
with ¥ C Int(X) so that A = 15A15.

We proceed by making a microlocal partition of unity on a neighborhood
T*(R x K). It suffices to obtain the estimate

(3.6) IAOPOOP(O)uls) 7 @ xsy + 140 OP()@(B)uls) 72 @)
< Cll (o, u) 1 ary 22 any + I1F1172)
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for x supported in a conic neighborhood of an arbitrary point, go = (¢, 70, 0, &0)
in T*(R x K). We will focus on four regions: ¢y ¢ Char(0) (an elliptic point),
qo € Char(0) but away from %, go € Ty (R x M) N7y (a transversal point), and
q € T3 (R x M) NGy (a glancing point).
In all regions, we shall use that given y € Sghg
U of g, we have
(3.7)
1B0p()eull > < [[[5, Op(x)plull2 + [l OpOO)¢Dull L2 < C (|pullar + [|9F | L2) -
First start with ¢o in the elliptic region: ¢y ¢ Char(0). Shrinking the neighbor-
hood if necessary, the microlocal ellipticity of O near gy with [B.7) yields

10pCOpull > < C(llpulla + [[PF ] 22) -

Hence, rough trace estimates imply that

a cutoff to a conic neighborhood,

10, Op(x)pu)|nllL2@xx) + [ (OP(X)pw) 2l 71 rxs) < C ([Pullar + [#F|L2),
and boundedness of A proves ([B.0]) in this case.

Second, suppose that gg € Char(dJ) but xy ¢ X. Then clearly there is a neigh-
borhood U of gy and y elliptic at gy with supp x C U so that

10, Op(x)pu) sl L2@®xz) + [(OP(X)pw) sl 71 rxs) < Cllgullz2,
and again boundedness of A proves (3.6)).

Third, suppose qo € Tg, x;(R x M) is a transversal point. In that case, we use
local Fermi normal coordinates (see Section ) near ¥y so that zo — (0,0). Note
that since go € Char(dJ), we have o(0d)(q0) = —78 + (£0)3 + 7(0,&)) = 0. Since
g0 € To, we have moreover 70(0,&)) < 78, and hence ¢, o(0)(q0) = 2(0)1 # O.
Therefore, by the implicit function theorem, there exist a neighborhood U of ¢q
and real valued symbols b(r,z,£') € C"X’((—s,s);Slhg(T*(R x {r1 = 0}))) and

P
e(r,z,€) € Séhg(T*R x R™) elliptic near go so that in U we have

U(D) = e(Ta z, f)(fl - b(Ta z, 5/))
Thus, letting ¥ € Sghg(RxR”) with ¥ = 1 on supp x and supp Y\NN*({z; =0}) =0
(this is possible since we have Char(0) N N*({z; = 0}) = ) and ¢o € Char(0), so

that we may assume supp x N N*({z1 = 0}) = 0), we have by € S}, (T*R x R")
(see [Hor85, Theorem 18.1.35]) and in particular Op(b) Op(x) € ¥}, (R x R™).
Therefore,

O Op(x) = Op(e)(Dz, — Op(b) Op(¥)) Op(x) + R,
where R € \Illljhg(]R x R™), and hence, using a microlocal parametrix for Op(e) on
supp x, we have, using (3.7,
(D2, = Op(b)) Op(X)pullar < C([|Qullmr + [F|22)
and also
1Dz, = Op(6)) 0z, (Op(X)pu)llz < C(llpular + [[PF ] 12)-

So, by Lemma [A1] we obtain

1(OP(x)pu) lzy=ollmr < C([|Gullm + [|GF | 12),
10z, OP(X) ) |s1=0llz2 < C(lGullar + |GF || 12).-
Boundedness of A and (8] imply (E8]).

(3.8)
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Finally, it remains to show that for ¢y € T, (R x M) a glancing point (i.e.,
with 78 — 70(0,&}) = 0) and y supported sufficiently close to go, we have

[ A(Op xpu)|zy =0l g1 (rx ) + [[A(0z, O xpt)|2y =0l L2 Rxx) < [|Pull 1 (R M) -
Let ¢ € C2°(R) with ¢ = 1 near 0 and define 9. (z1) = (¢~ 'x1). Then define
Aau(xbx,) = [t (1) Au(a1, )](:L‘/),

so that A.ul,,—o = A(u|s,—0). Then by [H6r85, Theorem 18.1.35], A. Op(x)p(t) €
\I!ghg(R x M) and for € > 0 small enough and x supported sufficiently close to
qo, 0(A.Op(x)) = 0. In particular, A. Op(x)p(t) € \Il;hlg(R x M). Similarly,
A0, Op(x)ep(t) € \I/ghg (R x M). Rough Sobolev trace estimates thus yield

| A. Op(X)p(t)ulz,=oll g1 (rxx) < CllPullmr(rx ars
|40z, OP(O) () ttler=0ll L2@xw) < Clldull @y,
and the proof is finished. |

3.2. Microlocal spaces on the hypersurface. This section is intended to define
the appropriate spaces for the statement of the well-posedness and control results
in the present context. Let

(3.9) I' Cc T*(R x Int(X)) \ 0 be a closed and conic set.

We define spaces adapted to I, i.e., measuring different regularities near and away
from I'. In the applications below, we shall take I' = G* for the study of the Cauchy
problem and I' = E¥ UG = EE for the study of the control problem.

In particular, we will define two families of spaces: the spaces Hjéfnp,F(ZT)
consisting of compactly supported distributions that are H* overall and microlocally
H* (k > s) near I' and the spaces Hﬁ)’f’F(ET) consisting of distributions that are
locally in H* and microlocally H® (s > k) outside I'. We then show that these
spaces are dual to one another. Note that the spaces D (X7) [Hor90, Section 8.2]
of distributions

Dr(Xr) :={ueD'(Zr)| WF(u) C T}

are given by H>o 1™ (7).

In order to define the above-mentioned spaces, we need to exclude “e-neighbor-
hoods” (in a sense made precise below) of the boundary 031 of ¥7 (both in space
and time) and the conic set I' (in a conic way). To define spaces associated to I', we
fix a sequence S = (g;),en € (0,1)Y, £; — 0, and from now on take ¢,&’ € S. This
precision is sometimes omitted for concision. Fix a family of interior hypersurfaces
Y., e € (0,1), with

(3.10) Yo CInt(E.) € 8. C Int(E), &< ¢, U = = mt(D),
e>0
as well as a family of closed conic subsets I, € € (0,1), of T*R x Int(X) \ 0 such
that
(3.11)
I'. is closed and conic for any &, r.cnt(le), e<é, T = m I..
e>0
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CONTROL FROM AN INTERIOR HYPERSURFACE 3195

Next, we need to define appropriate “cutoff functions” to exclude the “e-neighbor-
hoods” of 90X and I'. For this, fix first a family of cutoff functions

(3.12) e € C°((0,T) x Int %), pe.=1onle, T —¢] x X,

and second fix a family of cutoff operators
(3.13)

B € 09, ((0,T) x Int(%)), B! selfadjoint on L*(R x X),
WF(BI)NT. =0, WF(p:(1 = BD)NT 1 gus, (R x Int(X)) \ Tae = 0,
WF(BL) CEI(BL), e<c €S, Blo. = Bl = ¢.BL.

Note that once T is fixed (see Sections B3] and M), a more explicit expression for

the symbol of the operators Bl will be given.
Next, we define for k£ > s, the Banach space

Hpre(51) = {f € Hipny ((0,T) x Int(E)), supp(f) C [, T — €] x -,
(1= BI)f € Hip((0,T) x Int()) }
normed by
||f‘|i[j£]p’n£(z,r) = Hf”%[s([O,T]xE) + ||(1 - Bg)f‘l%k([O,T]xZ)'

Notice that (1 — BL') measures regularity in I'., and therefore, for f € HZ’ ok

comp,[',e?

we have f = ¢.f and WE*(f) € T*(R x Int(X)) \ T'.. We define the space

H50]r€np I‘(ET): U H50]r€np I 5( ) {f€ comp((oa T) X Int(z))aWFk(f) N F = Q)}

e>0

endowed with the inductive limit topology induced by H jolfnp r E(ET) (taken for a
(Xr) are
H* overall and microlocally H* (k > s) near I'. In case k = s, we simply have
H g 1 (57) = Hpp (0. 7) x Int(%).
Similarly, we define for k < s, the vector space

sequence of £ going to zero). Functions/distributions in the space HComp r

H

1och

() = {u € D'((0,T) x Int(X)), peu € Hcomp((O,T) x Int(X)),

Blu e H,o ((0,T) % Int(E))},
endowed with the seminorm
HUHH ko) T ||(psu”%k([0,'j‘]xz) + HBgu”%S([QT]xE)'

We define as well the Fréchet space

s,k s,k
HlocF ZT ﬂ Hloch

e>0
- {f e D'((0,T) x Int(X)), f € HE_((0,T) x Int(X)),
Bf € HZ,,,((0,T) x Int(X)) for all B € \I/phg((O,T) x Int (X))

st. WR(B)NT =0},
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3196 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

with topology given by the seminorms || - || HEF L (Sr)"

the space H]SOC (Z7) are locally H* overall and microlocally H* (s > k) outside I
((0,T) xInt(X)).

Functions/distributions in
Remark again that in case k = s, we simply have HISO’QF(ZT) HE
Lemma 3.3. For s,k € R, s > k the sesquilinear map
C((0,T) x Int(X)) x C*°((0,T) x Int(X)) — C,
(fu) = [t 2)u(t, z)dtdo(z),
(0,T)x S

extends uniquely as a continuous sesquilinear map

s,
H prHIOCF—MC

com

which we shall denote by (f,u >Hcomp CHE Moreover, for (f,u) € Hcompr‘a X
Hlsofr s we have
[{f,u >H—“ ks | < ||fHH—< ok (ZT)”uHHlOCFE(ET)

Proof. Let (f,u) € C’go((O,T) X Int(E)) x C*((0,T) x Int(X)). Fix € > 0 so that
wef = f. We compute

(f U)LQ((O,T)XZ)| =[(f, %U)B((O,T)xzﬂ
r r
< ‘ fv Bs ()0511’)[/2((0 T)XE)‘ + ‘ ) (1 - B )@EU)LQ‘,((O,T)XE)‘
<[ fllg-- 5([0,T]x%) HBE %u”H 5([0,T]x %)
+I(1 = Bg)f”ﬁrk (0,71 x ) lecull 0,17 x 3

S W lagzt enllelagy, o

Then the density of C2°((0, T)xInt(X)) in H_* % (27) and of C°°((0,T) xInt(X))

comp,’

in HISO’QF(ET) prove the statement. O

Lemma 3.4. For all s,k € R, k > s, we have ( jomp 1H(ET)) =H,or *(=r), and
s,k —s,
Hcomp F(ZT) = (Hloc,F (ET)) :

Proof. Lemma B3] proves Hlo?l" (Sr) € (HEE  (S7)). Suppose that p €

comp,[’

(HF (7). Then, since C°((0,T) x Int(X)) € HZ® (1), with continuous

comp, comp,I’

embedding, u € D'((0,T) x Int(X)). Fix € > 0. Then for x € C°((0,T) x Int(X)),

(et X)1 = [, 0ex)| < Celllpex|laso,r1xx) + (1 = BD)eexl (o, xx))-

So, since k > s, we obtain in particular

et X)| < Cellpexllao,mxsy < CellXllaxo.r1x )

and hence p.p € H, 0,7) x Int X) with

comp ((

(3.14) lperll - (o.11xs) < Ce-

Fix any € € S and x € C°((0,T) x Int(X)). Then there exists g > 0 depending
only on & such that for eg > ¢’ € S, B'y € H>* ,(Xr1). Choose £’ < g¢ small

comp,[',e’
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CONTROL FROM AN INTERIOR HYPERSURFACE 3197

enough so that WF[(1 — BL,)BI] = (. Then, we have

|<B£M7X>| = ‘<NaBF N<C ’(HBFXHHS [0,7]xx) T (11— BS)B£X||FI’C([O,T]><E))
< Co (||BFX||HS (0,71xs) T IXIla-~(0,71xx))
< Collxlla=o,11x%)-

Therefore, Bf € Hgs,,((0,T) x Int(X)) with

HBa MHH*S([O,T]XE) < C..

This together with (8I4) proves that p € H, 71 ¥(2r) and hence the first statement
of the lemma.

The argument to show Hjolfnp o (37) = (H 505 (27)) is similar except that the

starting point is that C*°((0,T) xInt(X)) C ngi’;k(ZT) is continuously embedded,
which implies (Hy,2 *(27))" € £((0,T) x Int(X)). 0

Remark 3.5 (Examples for hypersurface control). The main examples we have in
mind for the spaces H Csolfnp r and Hlsoé r are when I' is the glancing set G>. In this
case, the cones T'; are given by GZ. See (Z.9) for the definitions and Remark B3 for
a simple expression in the Euclidean case. This choice of spaces measures regularity
differently close to and away from glancing. For a concrete example, consider M

the closure of a bounded open set in R™ containing B(0,2), and
2= {(o,x') | |2] < 1} = B(0,1) N {z; = 0} C M.
In this case, the set X, can be taken as
S, = {(O,x') 2] < 1 —5}.

The cutoff function ¢, is then defined by (3:1Z)), and the cutoff operator BY * defined
|£ I

in (3I3) has principal symbol equal to one for
for 15 ¢ [1— 26,1 4 2¢).

€ [1 —¢,14¢] and equal to zero

3.3. Definition of solutions and well-posedness. Observe that G* and £* :=
GEUE™ satisty ([33) and for k > s, we therefore have associated spaces HComp g=(Z7),

Hjolfrlp,gz (¥7) with dual spaces H,_ jgg (37), HIOCS’SZ (37).
With these definitions in hand, we can reformulate Proposition B.1] as follows:

For any T > 0, the map

Hy(M) x L*(M) x L*(0,T; L*(M)) — H1 ’ggE(ET) X Hloc gz(ET)

(3.15)
(uo,u1, F) = (uls, Oulx)

(where u solves (B)) is continuous.
We can now study the well-posedness for the control problem (LG). We first
recall that, given fy, fi € CX(RxX), fods and f165 are usual distributions defined

by (LH).

Lemma 3.6. Given T > 0, assume that the functions v € C*([0,T] x M \ )N
CL((0,T); L*2(M)), u, F € C>=([0,T] x M), and fo, fi € C((0,T) x Int(X)) solve

(v = fods + f10%  in D'((0,T) x Int(M)) and Ou=F.
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3198 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

Then, we have the identity

T
[(Orv,w) £2(ar) _(Uvatu)L2(M)]0 + (v, F) L2((0,7)x M)

= AO - (fo’u,|2 —flayu‘g)dtd(l
,T) X

The duality property of Lemma [3.3] together with the formula of Lemma 3.6,
valid for smooth functions, and (B.I5) suggest that taking fo € H b (Xr) and

con;p G=
f e Hcomp G® (X7) could be an appropriate set of spaces for control functions, as
well as the following definition of transposition solutions for the control problem.

_1
Deﬁnition 3.7. Given T > 0, (vo,v1) € L3 (M) x H™Y(M), fo € H_ ' %.(Sr)

fre b »o.gn(X7), we say that v is a solution of (L) if v € L2((0,T); L*(M))
and for any F € L2((0,T); L?(M)), we have

T
/ (Q),F)L2(M)dt = <’U1,u(0)>H—1(M)7H1(M) — (vo,atu(O))Lz(M)
0
+<f0;u|Z>H71 -1 1,1

(Er).H 205 (S1)

comp, gZ

~(f1.0ul5) o4

comp,

0,77 i
QE(ET)ﬁHloc,QZE(ET)
where u is the unique solution to

Ou=F on (0,T) x Int(M),
(3.16) {(u, Ou)|s=r = (0,0) in Int(M).

Note in particular that taking F' € C°((0,7) x Int(M)) implies that such a
solution is a solution of the first equation of (L) in the sense of distributions.
Theorem 3.8. Let T > 0. For all (vo,v1) € L*(M) x H=Y(M) and for all fy €
H V72 (37) and f1 € HComp g=(Zr), there exists a unique v € L2((0,T); L*(M))

comp, gZ

solution of ([LG) in the sense of Definition Bl The linear map

_ 1,-3
L*(M) x H-Y(M) x H_ ' % (37) % Hcomp g=(E7)

(U07U17f0af1)

L*(0,T;L*(M))

—
= v

15 continuous.

Remark 3.9. Note that, given two different times 7' < T”, initial data (vg,v1), and
control functions fy, fi compactly supported in (0,7") C (0,7”), the above definition
and theorem yield two different solutions: one defined on (0,7") and one defined on
(0,T"). However, one can observe that these two solutions coincide by extending all
test functions F € L?((0,7); L?>(M)) by zero on (T,T") to obtain test functions in
L2((0,T"); L*>(M)). With this in mind, Theorem [[3is a direct consequence (and a
simplified version) of Theorem B8

Proof of Theorem B.8. First, we define

LF) = (v1,u(0)) g1y, m1 () — (Vo, 0:u(0)) £2(ar)
+{fo,u i1 ,O0Lu 1
(fo |Z>Hm;pgz( - 192(ET) (f1 Is) :Omng(ZT)H gz(zr)
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CONTROL FROM AN INTERIOR HYPERSURFACE 3199

and prove that it is a continuous linear form on L?(0,T; L?(M)), with appropriate
norm. We have

) < Mvilla=llw(O) g + llvollLz(an [[0:u(0)]| L2ary + R
< (o, v1)llp2x -1 ||F||L2(O,T;L2(M)) + R,
with
R = fo,UZ -1 1 - f7ay’u,2 1 1 .
( | >Hcoll’np 25 (1), H;’jg):(gT) (f | >H§;ip,gz(ET)vH:lC,;E(ET)
From the definition of the spaces in Section B.2] there exists ¢ > 0 such that
(fo, f1) € HC_O:I;; o (27) X HC(;élp ¢=.(X7), and hence we obtain from Lemma 3.3
R<|foll 1.1 Uy 1 + || f 1 Oy uls 1 .
|| H CULIP gZ E(ET)H | ||H11L;02,92,8(2T) || 1|| ::)omp QE E(ET)H | || looc QZ E(ET)

Proposition Bl with A = 1 — BsgE (satisfying the appropriate conditions) then
yields

R<C. <||f0| g Al o ) 1l 22 0,75 2 () -

comp, QZ ( ) cump G¥ e ( )

Coming back to ¢, we have obtained the existence of ¢ € S, C. > 0 such that

[E(F)| < Ce (I(vo,vl)llwa—1

Hfos FOll -3 s
o2 TV o (2)

> 1 Fl 220,722 (a1)) -

Hence, / is a continuous linear form on L2 (O T L?(M)). There is thus a unique v €
L?(0,T; L?(M)) such that ¢(F fo ))L2(anydt for all Fe L2(0,T; L?(M)),

which is precisely the deﬁmtlon ofa solutlon of (CE) in DeﬁnltlonB:'_Zl This solution

_1.-1
moreover satisfies, for (fo, f1) € Hcoir’lp 2o (Br) x o> _(X7), the estimate

,GE e comp,G=,
v . < |[(vg, v -1+ C , i1 ,
Iolasoriany < 1ol + Collio Fll, oy oo
which is the continuity statement. This concludes the proof of the theorem. O

4. OBSERVABILITY AND CONTROLLABILITY FOR THE WAVE EQUATION

The aim of this section is to study the observability of (B1]) from ¥. Recall that
Y5 is defined in (BI0). In particular, we prove:

Theorem 4.1 (Observability). Let x € C*°(R) have x = 1 on (—o0,—1] and
supp X C (—o0, —3]. Under Assumption GC-([@,T), there exists g > 0, so that the
following holds. For all § € (0,d0), N > 0, and As € W), ((0,T) x Int(X)) with

principal symbol X(%)@& where ps € CX((0,T) x Int(X)) with ps =1 on
[0, T — 6] x X5, there exists cy > 0 so that for any solution u to (BI]), we have

CNH(UO’UI)H%[le? < ||‘P56Vu|20”%7N(]R><2) + H‘P6U|Zo||%fN(]R><z)
(4.1) + ||A5(8VU|ZO)H%2(R><E) + HA5(U|20)||%11(R><E)
1l L2 ((0,7) ) -
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3200 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

Let us briefly explain why the observability inequality of Theorem 1] implies
Theorem [L9

Proof of Theorem [LA. We apply Theorem FI] to the function u(t,z) = e uv(z)
with v € H} (M) N H?(M). First observe that A is bounded on L? and hence
[AsOyuls| L2 ®xs) < CllovulsliLzomxs) < CllOwvls|L(s)-
Observe also that there exists dp > 0 so that ¢s,D; is elliptic on WF(A;) and
therefore
[Asulsllar ®xs) < Clllesy Deullrz@xs) + lulsllzzqoryxs) < CMIvllLzs))-
Note also that _
Ou = e (=A, — A\,
and hence the right hand side of (@] is bounded by
C (lI0vvlsllL> + Mlvlslizz + [1(=Ag = X)vll 20,1y xa1)) -
Finally, noticing that
(ult=0, Opuli=0) = (v,iv)

gives
Mvllzan < ||(U\t:0a3tu\t:0)\|Hg(M)xL2(M),
finishing the proof of Theorem O

4.1. The geometric assumption 7TGCC. To prove Theorem 1] we start with
a dynamical lemma where we show that the a priori weaker Assumption GC-([0 1)
implies the following stronger assumption.

Assumption GC-(e,T). For all p € Z, we have
Utelsp N TN TE poos, (R x M) £0.
seR
Recall that Z is as in (2.4).

Lemma 4.2. Suppose that Assumption GC-(0,T) holds. Then there exists € > 0
so that Assumption GC-@,T) holds.

Proof. We define Zli = Zn{r = £1,t = 0}. We shall show that Assumption
GC-[@T) implies the existence of € > 0 such that

(420 Uy N TN Ty, B X M) £ for all p € Zf
seR

We first show that ([@32) implies the lemma. With the identification *T* (R x M) ~
T*Rx*T*M, consider p = (to,7,q) € (T*Rx°T*M)NZ. Let My be multiplication
in the fiber by A > 0. Then,

P = @(tosgnT, M‘T‘—l (to,7,q)) € Z1+ UuZz.
According to the homogeneity of ¢ (see (2.8)), and the flow property (2.7), we have

(4.3)
U Mr0(s,0)} = (Lol Mg -p)} = (U{e(sl7], o(tosen, Miz-1p))}
seR seR seR
= U fets, )}
seR
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But, by [@2), since p’ € Z;" U Z;, we have

ULl )N Te N T g oyus. (R x M) #£0,
seR

and hence homogeneity of ¢, 7c, and T ;.__y, 5 (R x M) together with (E.3) com-
pletes the proof of the lemma from (E2]).

We now prove ([£2), writing explicitly the argument for Z; . The case of Zfr
is handled similarly. Notice first that since ¢ is the generalized bicharacteristic
flow for §(—72 + [£|2), we have for p € Z;, t(¢(s,p)) = s. This together with
Assumption GC-([@T") implies that for each p € Z;, we have

U {es.pinTo #0.

s€(0,T)
Therefore, for each p € Z;, there exists ¢, > 0 and s, € (¢, T — ¢;) such that
P(sp,p) € Te, NTEC, 7 yxs. (R X M).

Let 8 be a defining function for 3y near ¢(sp,p), and consider g(s,q) = om0
©(s,q) for (s,q) in a neighborhood N, of (s,,p), where 7y : T*(R x Int(M)) —
R x Int(M) is the canonical projection. By [MS78, Theorem 3.34], the Melrose-
Sjostrand generalized bicharacteristic flow ¢ is continuous, and so g is continuous
on N,.

Moreover, since ¥ is an interior hypersurface, there exists d, so that

9(-,q) : (sp — 6p,5p +9p) = J(T*(R x Int(M)) N Char(0)) C Z

is C'! for ¢ in a neighborhood of p since ¢ coincides with the usual bicharacteristic
flow of O near ¢(sp, p).
Notice that ¢(s,,p) € Tz, implies that

959(sp, p) = (dB(mo © @(sp, p))dmo(#(sp, P)), Ho(@) (¢ (sp, ) # 0

according to Remark Hence by the implicit function theorem [Kum80Q], the
equation g(s, ) = 0 defines a continuous function s = s(g) near ¢ = p. In particular,

set
. /8, T —s
éozmm(gp, 5 p).
Then there are a neighborhood, U, of p, and a continuous function, s : U, — R
with s(p) = sp, such that ¢y (q) € T2 N T(ZP/ZT—EP/?)XZEP/z (R x M) and
|s(q) — sp| < do for all g € Up.
Since

Z7 = j(Char(@) N {r = —1,t = 0})

is compact, we may extract from the cover Z;” C U, ;- U, a finite cover {Uy, }i;.
1

Then taking € = minj<;<y €p, /2, we have that for all p € Z,

U {o(s,p)} NTe NI pogyus. (R x M) # 0.
s€(0,T)

In particular, (£2)) holds, which concludes the proof of the lemma. (]
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4.2. Observability at high frequency. The aim of this section is to prove the
following proposition, which is a high-frequency version of Theorem [l The
estimates in these results differ in two respects: here in equation (4] there is
| (wo,u1)||32, ;-1 in the right hand side, so that this estimate does not care about
low frequencies. The treatment of low frequencies in Theorem F] (see Section [£.3]
below) requires the addition of observation terms in an arbitrary weak norm
50 uls, 1% N@Exs) T losuls, %~ ~ (x> Which is not needed here.

Proposition 4.3. Let x € C*(R) have x = 1 on (—o0, —1] and supp x C (—o0, —1].

Under Assumption GC-([0, T), there exists 6o > 0, so that the following holds. For

all§ € (0,80) and A; € 09, ((0,T)xInt(X)) with principal symbolx(M)gO(;,

where o5 € CX((0,T) x Int(X)) with s =1 on [0, T — §] x Xg, there exists ¢ > 0

so that for any solution u to 1)), we have

(44)  cll(uo, un)lFrnre <NAs(ulso) 7 @ys) + 146(00ulso) 172 s
+||F||2L2((0,T)xM) + [ (w0, wi) 172 -

We begin with two preliminary lemmas. We again work in Fermi normal co-
ordinates near ¥. A more general version of the following lemma is given in
[Hor85, Lemma 23.2.8], but we decided to include a short proof in this particu-
lar context for the sake of readability.

Lemma 4.4. Denote O = —D} + D7 + r(x,Dy) + c(x)Dy,, where r is de-
fined in Section 21 For any 0 < v < 1, there ezist ¢ > 0 and Ay, Ay €
C®((—€,€); ULy (R x R*™1)) with

o(As) =0(As) = /72 —r(z,&) on{r?—r(zx,&) > vr?}
such that for all b € C2°((—e, €); Sghg(T*(]R x R"™1))) with suppb C {72 — r(z,¢’)
> vr?},

Op(b)0 = Op(b) [(Dy, = A-)(Da, +Ay) + RJ,
Op(h)D = Op(b) [(Da, + A4 )(Day — Ao) + R,
where R, R € C*((—¢,¢); U (R x R"1)).
Proof. Throughout this proof, we will write SE  for
C%((—¢,€); Spng(T" (R x R"71)))

and UE  for the corresponding quantization C°((—¢, ¢); \I/phg(]R x R"~1)). For an

operator A € U
= UWF(Aml)a

where A, is the pseudodifferential operator acting on R"~! at 1 = y;.
Given 0 < v < 1, we let x(t,z,7,&') €S2, with

tan

x=1on {r? —r(z,&) > vr?/3}, supp X C {72 —r(z, &) > vr?/4}).
Then, for (t,z,7,£’) € supp X, we have the following factorization:

o(O) = -7 + & +r(@,¢) = [a+ V7 =@ )| |6 - V=1 0)].
We thus let \o(¢,z,7,&") = /72 —r(z,&) and Ag = Op(xAo).

o> we will write
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CONTROL FROM AN INTERIOR HYPERSURFACE 3203
Now, write Dy, = Dz, — Ao + Ag so that

0= (Dy, — Ag)Dy, + AgDy, — D? 4+ 1(2, D) 4+ (D, — Ao)e(z) + [c(z), Dy, ]
+ Apc(z)
= (Dg, — No)(Dy, + Ao +c(2)) + A2 + [Ao + c(x), Dy, ] — D +7(2, Dyr)
+ Aoc(x)
= (Dq, — Ao)Qo + Ro,

where

Qo = Dazl + Ao + C(l‘) € lI/toamDﬂh + \I’tlan’
RQ = A% + [AO + C(‘T),Dgcl} - th + T(Ia Dw’) + AOC(‘T) € \Ij?an'

First, we remark that o(Qo) = &1 + xAo. Second, noting that o(Ry) is independent
of &, we take & = Agon Y =1 in

o(d) =& - +r(x,¢) = (& — 2X)o(Qo) + o(Ro)

to obtain o(Rp) = 0 on that set. This yields Ry = Ry + Eo with Ry € Wl
and Ey € V2, with WF(Ey) N {7% — r(z,¢') > v7?} = . Indeed for x; € S,
with supp x1 C {X = 1} and x; = 1 in a neighborhood of {72 — r(x,¢") > v7?},
o(Op(x1)Ro) = 0. Thus,

Ry = Ey + Ry, Eo = Op(x1)RR € ¥} Ro = Op(1 = x1)R.

tan»

1

tan- We now proceed with

This implies the first factorization formula with R € ¥
an induction to improve this remainder term.
Suppose we have for some j > 0,

(4.5) O= Dy, —A_;)(Dgy, + A4 )+ R; + E;

with Ay ; € WL . with principal symbol Ao, R; € ¥l.7 and E; € U2 with

tan> tan tan

WF(E;) N {7? —r(z,&) > vr?} = 0. Now, we want to adjust Ay ; to improve the

error R;. Let \j 41 € S} have
(4.6) o(R;) + Aj10(A4 j+A_;) =0 in a neighborhood of ¥ = 1.

This is possible since o(A4 ;) = XA is elliptic on a neighborhood of x = 1.
Now, observe that

Op(Aj+1)(Day + Ay j) + Ry
= Op(Aj+1)(A—j + Ay ) + Rj + Op(Aj41)(Day — A j)
= Op(\j+1)(A—j + Ay )+ Rj + (Dyy — A_ ;) Op(Nj41)
+ [Op(Aj+1), Doy — A j]
=Rj11+ Ejr10+ (Dey, — A ;) Op(Ajp1),
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where, according to (&B), we have Rj;1, € U, and Ej,,, € U7 with

WF(Ej11,1) N{x =1} = 0. So, coming back to (X)), we now obtain

tan

=Dy, =A_j)(Dzy + Ay )+ R+ Ej

= (D, — Af,j)(Dzl + At ;) = Op(Nj+1)(Day + Ay j) + Ejpan + Rjgan
+ (Day — A— ;) Op(Aj41)

= Dz, —A—j = Op(Aj41))(Day + Ay j) + Ejp11 + Rjta

+ (D, = A j = Op(Xj41)) Op(Aj11) + Op(Aji1)?

= (Dg, —A—; OP()\jH))(Dm + Ay +O0p(Nj1)) + Ejy1 + Ry,

where R;j 11 € U2 and Ejy, € W7 with WF(E;;1) N {x = 1} = 0. Putting
A_jt1=A_; +Op(Aj41) and Ay j11 = Ay j + Op(Aj41), we have ([@LE5) with j
replaced by j 4+ 1. Since we modified A_ ; and Ay ; by terms in ¥~7/, summing
asymptotically and composing on the left with Op(b) gives the desired result. Re-
peating the argument but starting with D,, + Ag on the left, we obtain the second
factorization. O

Lemma 4.5. Let go € ToNT*((0,T) x R™). Suppose by € S’Ohg(T*((O T)xR"~1))
with supp by C T~ and bo(m(qo)) = 1 (with w as in Z10)). Then there exists a conic
neighborhood U of qy so that for all x € Sghg (T*((O,T) X R")) with suppx C U
there exists ¢ € C°((0,T) x R™) and C > 0 such that for all uw € C°((0,T) x R™),

1 Op(X)ull a1 < C (| Op(bo) Dy ]z, =0l 2 + | Op(bo) uley =o |z +[| @0l 2 + | Pul| £2).

Proof. Write qo = (to,0, (), 7o, (£0)1,&)). We consider the case (§5)1 > 0 (the case

(€0)1 < 0 is treated similarly) and denote by A € C™((—¢, €); Sp, (T*(R x R"71)))

a smooth symbol such that A(¢,z,7,&') = /72 — r(m,ﬁ) on a neighborhood of
(—¢€,€) x supp(bp). Let b € C®((—¢,¢); Sghg(T*(R x R"~1))) solve

(4.7) Opb— H\b=0,  bla,—o = bo.

Here, H) denotes the (z1-dependent) Hamiltonian vector fields associated to A,
given in local charts by Hy = 0:A0; + 0/ A - Oyr — OtAOr — Oy A - Ogr. Denote by Ay
the two operators given by Lemma [£.4] associated to A, so that

Op(b)(Dy, — A_)(Dz, +Ay) = Op(b) (O + R),

with R € C%°((—¢€,€)z,; V0 (R x R™ D). Letting Q. = {z1 € (—¢€/2,¢/2)}, by
Lemma [AT] we have
(4.8)
[ Op(0) (D, + Ay)ullr2(0,)
< C([[Op(bo)[(Day + Ap)u]lzy=ollz2 + [[(Dey — A=) Op(b)(Day + At )ullz2(0,))
< C([|Op(bo)[(Day + A )ullwy=ol[z2 + [| OP(0)(Day — A=) (Day + Ay )ullr2(0,)
+ Cll[(Day = A=), Op(0)](Dz, + A )ull2(a.))-

Let us now estimate each term in the right hand side. First, taking ¢ such that
@ = 1 in a neighborhood of the support of the kernel of Op(b) intersected with €.,
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and ¢ € C°((0,T) x R™) with ¢ = 1 in a neighborhood of supp ¢, we have
10p(b)(Day — A=) (Day + At)ullz2(e,) = [ Op(b) (O + R)ullz2(0,)
(4.9) < Cllo(0+ R)ullr2(a.)
< O([e0ull 2 + [[fullL2),
where we used the L? boundedness of R and Op(b) together with the fact that

the quantization Op gives operators whose kernels are compactly supported in
((0,T) x R™)2. Second, with by € Spy,, (T*((0,T) x R"~1)) with suppby C 75~ and
bp = 1 in a neighborhood of supp(by), we obtain
| Op(bo)[(Dzy + Ay )ullzy=oll 2

< [1Op(bo) Da, ]z, =oll 2 + [ Op(bo) Ay ulz, =0 2

< (| Op(bo) Dy tly =0l 22 + |4+ Op(bo)ulzy=oll 22 + || OP(bo)ulz,=oll 2
(4.10) < || Op(bo) Day tlz, =0l 2 + || OP(b0) el =o |l -
Third, according to ({1, the tangential operator

[(Day = A1), Op(b)] € C%((—€, €)ay3 U ((0,T) x R" 1))
has principal symbol 1{& — A\,b} = 1(9,,b — Hyb) = 0 and is hence in
C>((—€,€)ay; Yoy ((0,T) x R™1)). This yields
(411) (D2, = A=), Op(B(Dsy + Al 2,y

< [(Day = A=), 0p(0)| Do, ull2(0.) + CllPull 2.

To eliminate the first term in the right hand side, we let ¢ € S hg(R x R™) with

= 0 in a conic neighborhood of |(7,£’)| < €|¢1] and ¢ = 1 in a conic neighborhood
of |(7,€")| > 2¢|€1], with e > 0 small enough so that ¢ =1 on Char(0J). We write

)
[(Dz, =A-), Op(b)] D, w

= [(Dzy = A-), Op(0)] Dz, Op(p)u + [(Day, — A-), Op(b)] Dy, (1 = Op(i0))u
and remark first that [(D,, — A_),Op(b)] D, Op(p) € ¥),, (R x R") due to pseu-
dodifferential calculus (see [Hor85, Theorem 18.1.35]), and hence
(4.12) I[(Dz, = A-), Op(0)] Dz, Op(#)ull 2,y < Cllgul 2.

Now, 1 — ¢ vanishes in a conic neighborhood of |(7,£’)| > 2¢|€1], and hence we
have [(Dz, — Ay),0p(b)]Ds, (1 — Op(y)) € U], (R x R"™) with principal symbol
vanishing in a neighborhood of Char([J). The ellipticity of [J there yields

Dy, (1= 0p(p)) = EO+ Ry,

with B € U7 (R x R") and Ry € U °(R x R™).

phg phg

In particular,
(D2, = A-), Op(b)] Da, (1 = Op(@))ull 22,y < C190u]| L2 + [l@ul|z2),
which, combined with ([9)-(#12) in (£]]) implies that
1Op(6)(Da, + Ay)ull 20, < C (I OP(bo) Day uly ol L2+ Op(Bo) el =o | 110
+ 1¢0ull 2 + [[Pull2).
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3206 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

For ¢ € Sghg(R x R™) vanishing near [(7,£')| < €|¢1] and such that ¢ = 1 at
9, Op(¥)) Op(b)(Ds, + Ay) € L (R x R™). Moreover, since (§)1 > 0 and
b(to, 0, 24, T0,&L) = 1, the operator Op(v) Op(b)(D,, + Ay ) is elliptic at go. There-
fore, for x supported near enough to qg, adjusting ¢ if necessary, we finally obtain
1Op(X)uller < C(|Op(¥) Op(D)(Dy, + Ay )ull s + [|ul|22)
< C(] Op(bo) Dy ulay =0l £ + | OP(Bo)ulwy ol + [|60u| 2
+ ||¢u||L2)a

which concludes the proof of the lemma (up to changing by into bo in the statement).
O

Remark 4.6. One can replace the remainder ||@ul|rz in Lemma by ||Qu| g-~
for any N > 0 as follows. Define b as above and let by := b. Then, define b; €

C((—€,€); S (T*(R x R"71))), b; € C((—€,€); S, 7 (T*(R x R"71))), j > 1 by

V= b e;=o([Da — A, Op(/ 1)]) € C((—e,c)s Sy (T (B x R*1))),
k=0

(811 — H)\)Bj = —iej, Bj|r1:() = O

Suppose that ¢ > 1 and [D,, — A_,Op(H~1)] € C>®((—¢,e); ¥/ (T*(R x R"1))).

; phg
Then e; € C((—¢,€); Sy, (T* (R x R"1))), and hence also

bj € CF((—€,€); Sy (T* (R x R 1))

as claimed. Therefore,
[Da, = A, Op(t/)] = [Dz, = A_,Op(t )] + [Da, — A, Op(b;)]
€ C®((—&,e); U (T* (R x R"71))).
Then,
o([Dx, = A, Op(t/ )] + [Da, — A—,0p(b))]) = € — (D, — Hr)b; =0,

and in particular [D,, — A_,Op(¥’)] € C”((—E,E);W;}fg_l(T*(R x R"71))). We
then replace b from above by
b~ by
k

In order to finish the proof we observe that the treatment of (£I1]) shows that
for R € C%((—e,e); ¥ e (T*(R x R™1Y)),
(4.13) [Rullz2(@.) + |1 RDqy ull 200y < Cn (180wl L2 + [l@ull ).
Observe that [D,, —A—,0p(b)] € C*°((—¢,e); ¥, (T*(R x R"1))). Therefore,
using ([@I3) in (£9) and [@II) yields
1 Op(X)ul 11
< On (| Op(bo) Dyl =oll 2 + 1 OP(Bo )l ol 2 + 168w 2 + | Gull ).

We now turn to the proof of Proposition 3l We follow the general structure
of proof introduced by Lebeau in [Leb96], using the microlocal defect measures of
Gérard |Gér91] and Tartar [Tar90]. Note that from the quantitative estimate of
Lemma L] and in case OM = (), “constructive proofs” (i.e., using no contradiction
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CONTROL FROM AN INTERIOR HYPERSURFACE 3207

argument and hence no defect measures) of Proposition [4.3] are possible; see [LL17]
or [LLI6].

Proof of Proposition 3l We prove estimate ([£4]) by contradiction. Assuming that
estimate (£4) is false, there exists a sequence of data Fy € L?((0,7) x M) and
(uo g, u1k) € HY (M) x L*(M) with

(414) \|(u01k,u11k)||H1xLz =1
such that the associated solution (ux) to (Bl satisfies
(4.15) ||A6(Uk|20)||%r1(ugxz) + 145 (8o url )12 sy + IFxlZ2 (0.7 % )

+ [ (o wr )72 -2 — 0.
Classical energy estimates then yield |ugllgi(orxnmy < C together with
lur |2 (j0,7)x ar) — 0. Hence ug, — 0 in H' (weak convergence in H'), and, possibly
after taking a subsequence, we may assume (see [Gér91l[Tar90] in the case without

boundary and [Leb96] or [BLO1] in the general case) that there exists a nonnegative
measure p on SZ (see (23) for a definition) so that

(4.16) (Aug, uk) g (mxary — /(jfl)*U(A)dM

for all A € \I/ghg((O,T) x Int(M)). Moreover, letting (z1,2’) be Fermi normal

coordinates near dM, the convergence ([€.I6) also holds for
A€ C™([0,¢); T*(R x OM,/))

for ¢ > 0. Note that in both cases (j')*¢(A) lies in C°(SZ) since o(A) is inde-
pendent of &; for x; small enough.

Let us first show that 4 =0. Notice that LemmalL2limplies that there exists € >0
so that Assumption GC-@T) holds. We first prove that © = 0 on a neighborhood
of T N T(*;’T_E)X&(R x M).

Suppose qo € T-NTL s, (Rx M). Then for 6 < &, we have o(As)(7(qo)) = 1.
Therefore, Lemma applies with Op(by) = As, and hence for x supported close
enough to qo,

| Op(X)uk || 112
< O([[As Dy uglzy=oll L2 + [[Asuk|ay=ollar + ([P0 || L2(0.) + |Pukl L2 (0.))-
Now, the right hand side tends to 0 by assumption. Thus, pseudodifferential cal-

culus together with ([@I6]) implies the existence of a conic neighborhood U of ¢g so
that u(U/RY) = 0. Since this is true for any qo € 7e N T} 7 5 (R x M), there
is a conic neighborhood Uy of Tz N TV p—eyxs. (R x M) so that (U /RY) = 0.
Then, since p is invariant under the generalized bicharacteristic flow (s, )
defined in ([236) (which passes to the quotient space SZ according to homogene-
ity (23)); see [Leb96,BLO1]), Assumption GC-@T) implies that © = 0 (note that
it is sufficient that supp(u) is invariant). This means that
(4.17) up — 0 in H'((0,T) x M).

Now, we denote

Ep(t) = [IVuk(t, MLz ar) + 10t )IZ2 )
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and observe from [@.I4)-(@I5) that Ex(0) — 1. Moreover, for all s1,s2 € [0, 7], we
have

1 [*2
Buten) = Buton)| <[ [ 0BOat] < 1Bl sl 0.
51

In particular, since this convergence is uniform in si, so,

T T
/ Ek(t)dt = / Ek(t) — Ek(O)dt + TEk(O) —T.
0 0

T
/ Ei(t)dt
0

and hence the sought contradiction. O

Together with (@17, this yields

0<T+ < |Jugll?: = 0,

4.3. Observability: The low frequencies. From Proposition [4.3] to The-
orem [4.T] There are different ways of writing the compactness-uniqueness ar-
gument of [BLR92] (reducing the problem to a unique continuation property for
Laplace eigenfunctions). The first one is the precise argument of [BLR92]: it uses
again the geometric condition together with the propagation of wavefront sets (see
also [LRLTTI1T7]). A second form seems to be due to [BG02|: it is a bit longer but
uses only that the observation region is time invariant. We write this version of the
proof in the present context.

We first need a weak unique continuation property from a hypersurface. This is
a weak version of Theorem [[.7] but we chose to give a proof since it is much less
involved. Note that no compactness is assumed and no boundary conditions are
prescribed here.

Lemma 4.7 (Unique continuation). Let ¥ be a nonempty interior hypersurface of
a connected manifold M and assume that

(A, = X)u=0 in M, wulg=03,ulg=0.
Then u vanishes identically.

Proof. Let Q be a nonempty connected open set of M such that QN'Y # @ and
Q=0TU(QNX)UQ™ where the union is disjoint. Then, setting

v(r) =u(z) forzeQt, wv(x)=0 forzeQ,
we have v € L?(2), with moreover (9, pointing towards Q)
(=2 =)o = 0—[v]205+(c(z) [v]2—[0,v]5)ds = —u|sds+(c(z)u|s—0,uls)ds = 0.
This follows from the jump formula written in Fermi coordinate charts (z1,z’) with
QFf ={z; >0} NQand —A = —92 + R(z1,2',D’) + ¢(x) Dy, with R tangential
(see Section [27]).

A classical unique continuation result for elliptic operators (see e.g. [LRL12
Theorem 4.2]) then implies that v = 0 in all Q. From the definition of v, this
yields u|o+ = 0 and, using again the elliptic unique continuation result and the
connectedness of M, implies that w vanishes identically in M. (Il
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We next define for any T" > 0 and € > 0 the set of invisible solutions from
[e, T —¢] x X, where X is as in (BI0):
N(e,T) = {(uo,u1) € H}(M)xL?(M) such that the associated solution of (3]
with F = 0 satisfies d,uly, = ulz =0 in D'((e,T — &) x %) }.
We have the following lemma, which is a consequence of Proposition [£.3}

Lemma 4.8. Suppose GC-([UT) holds. Then there exists £9 > 0 such that for all
0 < e <eg, we have N(e,T) = {0}.

We denote by A the generator of the wave group, namely,

(4.18) A= ( _OAQ _OId ) , D(A) = (H* N Hy(M)) x Hy(M),
so that the wave equation ([BJ]) with 7' = 0 may be rewritten as

(4.19) 0U+ AU =0, Uli=o = Uy = (uo, u1).

Proof.

Step 1 (N (e, T) is finite dimensional). First, Proposition B.1] implies that N (e, T)
is a closed linear subspace of H} (M) x L?(M) for all € > 0. Since Assumption GC-
@ T) holds, we may apply Proposition 3l The kernel of the operator As in (Z4)
is compactly supported in (0,7") x Int(X) and hence in (9,7 — €g) X 3¢, for some
go > 0. Thus, for all 0 < € < gq, the relaxed observability inequality (£4)) applied
to elements of N (e, T) gives

(4.20) C”(uOvul)HingL? < |[(uo,u1)||3ey -1, for all (ug,u;) € N(e,T),

since the kernel of the operator As is compactly supported in (g9, T — &g) X X,
and u|y, O,uls vanish on this set.

Using the compact imbedding Hg x L? C L?x H~!, this implies that the unit ball
of N'(g,T) for the H} x L?>-norm is compact; that is, N'(¢,T) has finite dimension.
Note also that it is thus complete for any norm.

Step 2 (N'(e,T) € C®°(M) and AN (e,T) C N(e,T)). Taking n > 0 sufficiently

small (namely, n < €9 — €), we remark that [@20) is also satisfied by all Uy =

(uo,u1) € N(e+n,T). Taking Uy € N (e,T) implies that, for all € € (0,7), we have
e~ AUy € N(e +1,T). We also have, for Ay sufficiently large,

1

(Mo + A=

€
in H} x L? as (\g + A)7'Uy € D(A). As a consequence, the sequence
(L(1d —e’EA)UO)OO is a Cauchy sequence in N(T" — n), endowed with the norm
[(Mo +A)~" - [gixre- As all norms are equivalent in N'(e +n,T), the sequence

(Id —e~ YUy = %(Id —e~ (N +A) — Ao+ AUy

(%(Id —e_EA)UO)€>O is thus also a Cauchy sequence in this space, endowed with the
norm || - || g1« z2, which yields AUy € Hj x L?. Hence, we have N'(e,T) C D(A).
This argument may be inductively repeated to prove that N(g,T) C D(AF) for all
k € N and yields, in particular, that functions in A(e,T) are C>°(M).

Now take Uy € N (g, T), and denote by U(¢) the associated solution of (3] or
equivalently (@I9). Then, u € C*°(R x M), and using the fact that J; is tangential
to the manifold R x ¥ (thus commuting with 9,), we obtain that dyu|s(t,z) = 0
and 0, (0wu)|n(t,z) = 0 for all (¢t,z) € [e,T — €] x X (since this Uy € N(e,T)
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implies that this is satisfied by w). This is 9,U|;—¢ € N(g,T). Remarking then that
we have AUy = —0,U|1—¢ € N(e,T), this implies that AN (¢,T) C N(e,T).

Step 3 (Reduction to unique continuation for Laplace eigenfunctions: End of the
proof). Since N(e,T) is a finite dimensional subspace of D(.A), stable by the ac-
tion of the operator A, it contains an eigenfunction of A. There exist p € C and
U = (ug,u1) € N(e,T) such that AU = pU; that is, given the definition of A
in @IX), —Apug = —pug and u; = —pug. Hence ug is an eigenfunction of the
Laplace-Dirichlet operator on M, associated to —u? € R*; ie., p = i\, A € R.
The associated solution to (B1) is u(t,r) = e*ug, and Uy € N(e,T) implies
that O,ugls = ugls = 0. This, together with the fact that wug is a Laplace eigen-
function and Lemma [£7] proves that ug = 0 and then U = 0. This proves that
N (e, T) = {0}. O

From Lemma L8], we can now conclude the proof of Theorem 11

Proof of Theorem 1l We proceed by contradiction and suppose that the observ-
ability inequality (@Il does not hold for any § > 0. Thus, for any § > 0, there
exists a sequence (uf,u¥, F*)pen of HE (M) x L2(M) x L*((0,T) x M) such that,
with u* the associated solution to (B.I)), we have

(4.21) ||(u’(§7ulf)||HéXL2 =1,
(422)  llesOu® sl F - mxs) + l0su* sl F -5 @s) + IF 20,0y <0y = 0,

(423)  [|45(0ut|2) L2 rxsy + (A6 (u"[5) 7 mxs) = 0.

From ([{Z]]), we may extract a subsequence of (uf, u¥) converging weakly in H{ x L?

to some (ug,u1). Denote by u the associated solution to (B.1]), with F' = 0. Since
F*¥ — 0in L? we may further extract from u* a subsequence converging to u weakly
in H*((0,T) x M). According to Proposition 3.1, we have d,u*|s — 9,u|s and
uF|s — uly, weakly in H=1((0,7") x ¥). But according to ([@22)), this yields
PsOyuls = psuls =0,
and in particular, taking § < ¢,
Oulg =ulzs =0, onle,T —¢ xX..
Thus,
(’UJO7U1) = (U(O), 3tu(0)) S N(€,T)
So, from Lemma [4.8 we obtain (ug,u;) = 0. The imbedding H} x L? — L*x H~!
being compact, this implies that
(4.24) [(ug w21 = [[(wo, w1) || L2m— = 0.

Finally, Proposition d.3limplies that (£4]) holds for any 6 < Jg. Therefore, taking
0 < min(e, o) and using (£21)), @22), @E23), (Z249) in the relaxed observability

inequality (£4)), we obtain at the limit 0 < ¢ < 0, which is a contradiction. O

4.4. Controllability of the wave equation. Theorem is a straightforward
corollary of the following theorem. Recall that £ = £ U G>.

Theorem 4.9. Assume that (X,T) satisfies Assumption GC-[0,T). Then, for all
N > 0, there exists a linear map

L*(M) x HTH(M) 3 (vo,v1) = (fo, /1) € [ HoobY s (B1) x HEN o (Sr)

comp,EX comp,EZ
NeN
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which s continuous as an operator L2(M) x H™Y(M) — H_“Y__(S7)x

comp,£X
Hg(;ﬁpgz (X7) for all N > 0 and so that the associated solution to (LG) has v =0
fort>T.

Proof. Fix 0 < T < T;. Then define
L*([T,Ty] x M) = {F € L*([0,T1] x M), supp F C [T, T1]}
and for N > % the map
K L*([T,Th]) x M) = H> "N (S7) x H> "N (S7)

loc,£® loc,E2
given by
F = (ulo,ryxs, —0vul0,m)xx),

where u solves

Ou=F on (0,71) x Int(M),

u=0 on (0,71) x OM,

(u|e=1y, Ortt|t=7,) = (0,0) in Int(M).
This map is well defined by ([BI5). Define also the operator S : L2([T,T1] x M) —
HE (M) x L2(M) by
(4.25) S(F) = (ult=0, Oult=0).

Now, suppose that Assumption GC-([@7T) holds and let As be as in Theorem [.11
For £ > 0 small, BE " is elliptic on WF(As), and hence using the elliptic parametrix
construction we write

As =GB +R
with R € ¥_2°((0,T) x Int(¥)) and G € ¥ ((0,T) x Int(X)). Therefore Theo-

phg phg
rem LTl implies that there exists ¢ > 0 small enough depending only on (X, 7T) and,

for all N € N, there exists Cy > 0 so that
(4.26) HS(F)HH(%(M)XB(M) < CNHK(F)HHll.j;gz’E(ET)XH&;?;;’E(ET)'

Let (vo,v1) € H=Y(M)x L?(M) and define the linear functional ¢y : ran(K) — C
by
In(K(F)) = (S(F), (_vlaUO)>H§(M)><L2(M),H*1(M)><L2(M)a
where S is defined in ([@25]). Then, ¢y is well defined and continuous by ([@26]). In
particular,

|€N(K(F))| < CNH(UOa171)‘|H*1(M)><L2(M)”[((F)||1L1110v;$’Z E(ZT)XHE;;?Z (1)

Since £ is a continuous linear functional defined on a subspace of Hll();évz (37) x

Hﬁ)gé\; (27) by the Hahn-Banach theorem ¢ extends to a continuous linear func-

tional on the whole space (still denoted ¢) with

[ (wr, wa)| < Onll(vo, v)l -1 (any ezl w2l g (20 cm . (90

Thus, by Lemma B.4] there exists (fo,n, fi,n) € H;Oi;]:g—z (Xr) x Hggﬁp e=(27) so
that for all (w1, ws) € H-"N (S7) x H> "X (1), we have

loc,E® loc,E®

On (wr, we) = (w1, w), (fon, fl,N))Hlt;éVE )HOTN TN )0
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3212 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

and hence for some &’ > 0,

||(fO,N7f1,N)||H111N o ExHYN L (5r) S < Oneerll(o, v10) |l -1 (A1) x L2 (01)-

c,EX

Let v be the unique solution to

Ov = fonds + f1,805  on (0,T1) x Int(M),
v=20 on (0,7y) x OM,
(v, 0v)|t=0 = (vo,v1) in Int(M),

given by Definition B.7] and Theorem B8l Then for any F' € L?([T,T1] x M) we
have

(0, F) 20,10y x ) = (1, u(0)) g—1(an), 11 (ary — (o, 0ru(0)) L2(ary

+ <f07N7u|E>H’1’N€,E (ET),H::?E@T)

- <f1’N’8”u|E>HO’N s (Er),H 52( T)
= ((v1, =v0), S(F)) u “L(M)x L2(M),H} (M) x L2(M)

<(f0N7f1N)7K( )>H lN, xH"N Hl’iN x HO N

comp, &% T eomp, €2 10e,£8 X oc, g2
= ((v1, —v0), S(F)) H-1(m)x L2 (M), HY(M)XL2(M) +In (K (F))
= ((v1, —v0), S(F)) g L(M)xL2(M),Hs(M)x L2 (M)
+ ((=v1,v0), S(F)) r-1(aryx L2 (0, 52 (M) x 22 () = 0-

Since this is true for all F' € L?([T,T}] x M), we obtain v = 0 on [T, T}] x M.
Now, for k > N, the inclusion H__"* - (S7) x How oo (S7) C H Y o (S7) X

comp,ET comp,E¥
o,N . 1,—-N 0,—N 1,— 0 k
HON | (Sr) s dense, and HY- N (S0) x HY N (S7) € HE 8L (Sr)x HY by (Sr)

is dense. So, in particular, £y extends to a linear functional on H10C gz(ZT) X
H® 7k (S7) by density. This yields

loc,£®
(s a)s o FouD 0 LY o LT, o
= <(w15w2)a(fO,Nafl,N)>Hl -N ><H07 H—l,Nﬁ < HON
lo c, &2’ cc»mp,gZ comp,SE

N (27) x H "N ($7). This implies that for = fon and

for all (wy,ws) € H"~ loc,E2

loc,E®

fi.x = f1,n and hence that

fON—fOEmHCO:n]:‘gE ¥r), Hin=fi€ ﬂHfOprgz ),
which concludes the proof of the theorem. O

5. CONTROLLABILITY OF THE HEAT EQUATION

5.1. Well-posedness for the heat equation controlled from a hypersurface.
The well-posedness theory is easier than that of the wave equation since the regu-
larity theory for the heat equation directly implies that the traces of the solution
on ¥ are “admissible” observations, in the usual sense; see [Cor(7, Chapter 2.3]
and [TW09, Chapter 4.3].
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Lemma 5.1. Given T > 0, assume that the functions v € C*([0,T] x M \ )N
C°(0,T); L2(M)) u, F € C=([0,T] x M) and fo, f1 € C((0,T) x Int(X)) solve
(0 — A)v = fobs + f105  in D'((0,T) x Int(M)) and (-0, —A)u=F.

Then, we have the identity

T
[(v,w) 200y + (v, F) 20,7 % M) :/ (fou|z - flauMz)dUdt-
(0,T)xE

Also, we have the following “admissibility result” (regularity of traces).

Lemma 5.2. Given T > 0, there is C > 0 such that for all F € L*((0,T) x M),
@ € HY(M), and u associated solution of

(=0 —A)u=F on (0,T) x Int(M),

(5.1) u=0 on (0,T) x OM,
Ul = U in Int(M),
we have
2 2
1011, ot oy T2, ot o) < CUFIaqoimyan + Cllnany

Proof. This is a direct consequence of the regularity theory for the heat equa-
tion (5.1); namely, u € C°([0, T]; H3 (M) 1 L(0, T5 H2(M)) 1 HY(0, T; H (M),
with
HUH%N(O,T;Hl(M)) + ||u||2Lz(o,T;H2(M)) + ||UH§{1(O,T;H1(M))
< ClIF 1 22(0myxan) + Cllal 2 (ary;
see e.g. [Eva98, Chapter 7.1.3, Theorem 5]. The standard trace estimates then yield

2 2
|0, u ‘EHLQ(OTH?(E)) ||u|2|| o3 () = CHUHL2 (0,T;H2(M))>
which concludes the proof of the lemma. |

This suggests the following definition (see [Cor07, Chapter 2.3]) of solutions of
the controlled heat equation (LI0).

Definition 5.3. Given T > 0, vy € H-'(M), fo € L2(0, T; Hootop(Int(%))), f1 €
_1

L2(0,T; Heotap(Int(X))), we say that v is a solution of (L)) if ve CO([0, T); H~1(M))

and for any t € [0, 7], for any @ € H} (M), we have

(), @) -1,y = (vo,w(0)) 1,13

+ / ol uls(D g ot o
- <f1(s),5‘l,u|g(s)> dsa

comp(z) 105(2)

where u is the unique solution to

(=0s —A)u=0 on (0,t) x Int(M),
(5.2) u=0 on (0,t) x OM,
Uls=t = U in Int(M),

(t—s)A

ie,u(s)=e .
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3214 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

The following result is a direct consequence of (a slight variation on) [Cor(7,
Theorem 2.37] and the admissibility estimate of Lemma

Theorem 5.4 (Well-posedness of the controlled heat equation). Let T > 0. There
_3
ezists C > 0 such that for all vo € H (M), fo € L*(0,T; Heomp(Int(X))), and

f1 € L?(0,T; H;élp(lnt(E))), there is a unique solution v of (ILI0) in the sense of
Definition B3 and we have

+ Al

vl Lo (0,751 (a1)) < C (HUOHH vy + | foll L20T 2(2)))

L2(0,TH 2 (D))

5.2. Global interpolation inequality and universal lower bound for traces
of eigenfunctions. We follow the general Lebeau-Robbiano method [LR95] and
use moreover a Carleman estimate of [LR97]. We refer to [LRL12] for an exposition
of these works.

The global strategy [LR95] is the following:

(1) Local Carleman estimates

(2) = local interpolation estimates

(3) = a global interpolation estimate

(4) = finite dimensional observability/controllability for an elliptic evolution
equation

(5) = finite dimensional observability /controllability for the heat equation

(6) = observability/controllability for the heat equation.

Also, the unique continuation estimate for eigenfunctions of Theorem [[.7] can be
deduced from the global interpolation estimate. The present section proves steps
(1), (2), (3). The next section is devoted to the proof of steps (4), (5), (6).

In the following, for @ > 0, we set Y, = (—a,a) x M, ¥, = (—a,a) x X, and
denote Q = —0% — A,.

Theorem 5.5 (Global interpolation). Let S > 8 > 0. For all ¢ € C>(X3) not
identically vanishing, there exist C,§ > 0 such that
(5.3)

oll i1 (v < C (1Q0ll vy + Ivlsallzzesy) + [90,0l5, lr2s,))’ vl 2y
for all v € H*(Ys) such that v|(—s,5)xom = 0.

If we were considering a second-order elliptic operator () on a manifold Yg with
smooth boundary and with Dirichlet condition on the whole 0Yg, this estimate
would simply read

[Vl i vs) < C (1QullLaqve) + I¥wlsollzzs) + W0yl llL2(sy)) -

However, here Yg = (—S,5) x M is not smooth, and it is crucial for the next
arguments that no boundary condition is prescribed at the boundary ({—S} U
{S}) x M.

The proof of Theorem G5 follows from arguments of Lebeau and Robbiano [LRI5,
LRO7]. The idea is that such interpolation inequalities follow locally from Carleman
estimates and then propagate well. Hence, our task is only to

(i) deduce from a local Carleman estimate near Xz that the traces at the
boundary “control” a small nonempty open set near ¥z (i.e., that (5.3)
holds with, in the Lh.s., the local H' norm in this set),
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(ii) use a global interpolation inequality implying that such a small set “con-
trols” the H'(Y3) norm and then put the two inequalities together.

For the second point (ii), we can start from the following result of [LR95l Sec-
tion 3, estimate (1)].

Theorem 5.6. Let U C Yg be any nonempty open set. Then there is C > 0 and
0o € (0,1) such that we have

g -4
(5.4) [l r1vi) < C (1Qull L2 (vs) + Iollarr )™ vl )

for all v € H*(Ys) such that v|(—s,5)xom = 0.

As a consequence, it suffices to prove the first point (i), namely, that there exists
such a U such that, for some C,d; > 0, we have

(5.5) ollar ) <C (1Qul 2y +lvls, 2y 1000l l12(20) ™ [EllFrme
which is now a local estimate. Indeed, (54) together with (B.5]) directly yields (53)
for & = 61 (see e.g. [LRIS, Lemme 4]).

To prove (B0, we shall take m € ¥ a point for which ¢)(m) # 0 and assume that
the set U is a small neighborhood of m intersected with a single side of ¥. Also, we
shall say that 9, is pointing towards U. We now work in the local Fermi normal
coordinates near m € ¥, described in Section 2l The operator @ = —9% — A, still
denoted by @ in these coordinates, is given, modulo conjugation by an exponential
factor of the form e¥ with ¢ € C°°(R™;R), by

8x’ . ..
Q=-0 —0>+r(z, 7, T), with principal symbol ¢ = €2 + &2 +r(xy,2',¢),

where

e (s,2') are the variables in (—S5,5) x 3, £ € R is the cotangent variable
associated to s;

e the variables are in a neighborhood of zero in the half space R’jfl =Ry x
R, ;, x R?! (we only estimate things on {x; > 0}, where U is);

e 0, is given by 0., in these coordinates.

Now, the proof of ([&.3]) relies on the following proposition [LR97, Proposition 1].
Here, the variable s does not play a particular role. Hence, in what follows, we
only write (with a slight abuse of notation) x € R"*! for the overall variable, and
accordingly q = q(z,€) = q(s, z1,2',&5,&1,&"). We also use the notation

(2, €) = q(z, & +idp(2)).
Proposition 5.7. Let R > 0 and let ¢ € C*° in a neighborhood of K := RT’l N

B(0,R) and such that
Ilgo # O on K;
e (Hormander subellipticity condition) ¥(z,&) € KxR"™ g, (2,6) =0 =

{Re(g,), Im(g,) }(, ) > 0.

Then, we have
(5.6) hlle?ulf?, 2R+ + 1| e?/ M2, @)

S h4||6thU||Lz(Rn+1 + h\|€whu|x1=0||L2(Rn) + h3||€w/h3x1u\x1=0||%2(mn)

for all u € COO(RTFI) such that supp(u) C B(0,R) and h € (0, ho).
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3216 JEFFREY GALKOWSKI AND MATTHIEU LEAUTAUD

Let us remark that such Lebeau-Robbiano type boundary Carleman estimates
have found many subsequent applications. We quote e.g. [Van09, Theorem 1.2] for
lower bounds of boundary traces of semiclassical quasimodes or [Bur(2, Section 3]
for applications to semiclassical scattering resonances.

The end of the proof of Theorem is then similar to [LR95] or [LZ98, Appen-
dix].

End of the proof of Theorem [5Gl We first fix R > 0 small enough such that B(0, R)
is contained in the coordinate chart and such that the set B(0,R) N {z; = 0}
(where the observation shall take place) is contained in the set {¢) > 0} (where ¢
is the cutoff function appearing in ([B.3))). Second, we define the weight function
o(x) = e~He=2"l _ e=1le®l "where > 0 (large, to be chosen), and, for a € (0, R),
we have 2 = (0,...,0,—a) ¢ R*". Hence, ¢ is smooth and satisfies d,,¢ # 0 on
K =R} nB(0,R).

According to classical computations (see e.g. [LRL12, Lemma A.1]), ¢ satisfies
the Hérmander subellipticity condition on K for yu large enough (depending on R
and a and fixed from now on).

Note that levelsets of ¢ are spheres. Moreover, we have ¢(0) = 0 and ¢(z) < 0
if |# — 2% > |x®|, and in particular on {z; > 0}.

For ¢ > 0 sufficiently small (depending on R, a, and ), the set {¢ > —4e} R’
is contained in B(0,R) N R, where (5.6) holds. Also, the set {¢ > —4e} N
{z1 =0} C B(0,R) N {x1 = 0} is contained in the set {1 > 0}.

Finally, setting

U= {p>—-2}n{z >0},

we have U # ) since ¢(0) =0 and ¢ < 0 on {z; > 0}.
We let xy € C°(R"*!) such that y =1 on {¢ > —2¢} and x = 0 on {¢ < —3¢},
and apply (.8) to u = xv. We have ¢ < 0 on the support of u so that

e ulas=oleny < IXhar=0tles=ollFaqen) < Cllvvlas=olz(eny:
62/ 0y, ulay oIy < 190, Xler=00las 0l () + Xl =02, Vler—ol ey
< Cllrle,=ollFamny + Cllwda, vla, ~oll3eny-

Using that x =1 on {¢ > —£} C {¢ > —} and U = {p > =} NRI*", we have
that

h||€¢/hu||L2 ]R"“) + h3||e¢/hvu‘|i2(Ri+l 2h||e%7/hu||2L2 (U) + h3||e‘P/hVuH%2(U)
20 e Molin @y = e 2 ol -

Finally, we have Qxv = xQu + [Q, x]v, where [Q, x] is a first-order differential
operator with coefficients supported in {—e > ¢ > —2¢} N Riﬂ. Thus, we have

h4H€¢/hQUHiQ(R1+1) 5 ||€<P/hXQU||L2 Rn+1 + Hesa/h[Qv X]UHiQ(Ri+1)

1QUIZa (1) + €M loll

N
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Combining the last three estimates with (5.6]), we find that there is C, hg > 0 such
that for any v € C°°(R"*1), for all h € (0, hg), we have

efgs/thH?{l(U) < CH'(/)U‘a:l:OHQLQ(]R") + C||1/’8a:111‘w1:0||2L2(R") + CHQUH%Q(K)
+ Ce™ > Mol 3 k.
and hence, for all h € (0, hy),
ol €G3/ (1ol oy + 1902, o agaey + Q0122000
+ Ce—é&m”””%ﬂ(x)

After an optimization in the parameter h (see [Rob95] or [LRLI2, Lemma 5.2]),
this yields the existence of C' > 0 and d; € (0, 1) such that

(1-6
00510y < € (1060l ol + 1490, oo Zany + Q0132000 I0lALGE.

which, coming back to the original variables, implies (B.3]) and then, according to
Theorem and [LR95, Lemma 4]), concludes the proof of Theorem (see the
above discussion). O

From Theorem 5.5 we deduce a proof of Theorem [[.7]

Proof of Theorem [l For a nonidentically vanishing function ¢ such that supp(¢))
C X, we apply Theorem 55 to v(s, z) = e u(x) € C=((=S,S); H*(M)NH}(M)),
which satisfies

Qu=e*(=A, — \)u in Int(Ys),
as well as v|(_g g)xon = 0. Hence, equation (5.3]) gives

(5.7) |lvllZ2v,) <C <€2SA||(—A9 = N)ullTear + [P0lss 7205,

2(1-46
Ol I3asn ) IR,

and we estimate each remaining term. First, we have
o288
0l32v,) > C— Sl o

Second, we write

1ol (vs) = 1050112 (vg) + 1V g0llT2(vs) + 19112 ()

S s
= ||U||%2(M) / AT Ao s 4 ((—A, — M), u) 2 () / e ds
s -5

< Ce (JlullZzany + I1(=2g = X)ull L2an ull 2 (ar))-

We may assume that |[(—=Ag — A?)ul|p2(ary < ||ullr2(ar) since otherwise the inequal-
ity (III)) holds trivially, and therefore we obtain

[0ll31 vy < CeMlullZzany-
Third, we have

S
0], 122, + 19000]5, 1225, < / e (lulsl3e) + 10l ]32(s, ) ds

< 2525 (JulslFa s + 10 ulslEecs, ) -
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Plugging the above three inequalities into (5.1 and dividing by ||u|\2L(21(;\j§ (if nonzero)
yield the sought result. O

5.3. From interpolation inequality to observability in an abstract set-
ting: The original Lebeau-Robbiano method revisited. In this section, we
explain how to deduce the observability estimate for the heat equation from the
interpolation inequality of Theorem 5.5l This follows the Lebeau-Robbiano method
introduced in [LR95] in its original form (used also in [Léal(]), as opposed to the
simplified version (see e.g. [LZ98[LRL12]), which uses the stronger spectral inequal-
ity [JLI9LLZ98] (which we do not prove in the present context). We explain how
this method can be simplified using [Mil10,[EZ11bl[EZ1Tal.

We consider an abstract setting containing the above particular situation of the
heat equation. Most results presented here still hold in the much more general
abstract setting of [Mil10]. In Section [54] below, we explain how the problem of
the heat equation controlled by a hypersurface is put in this general framework.

We denote by H (with norm || - ||) and K (with norm |- || x) two Hilbert spaces,
namely, the state space and the observation space. We denote by A : D(A) C H —
H a nonpositive selfadjoint operator on H, with compact resolvent. We denote by
(¢;) an orthonormal basis of eigenfunctions associated to the eigenvalues )\? >0 of
—A (we keep the notation used for the Laplace operator) and set

(5.8) Ey :=span{¢;,\; <A}, A >0.

The operator A generates a contraction semigroup (e!4) on H. We denote by B €
L(D(A); K) the observation operator. We say that B is an admissible observation
for (etA) if there is T > 0 and Cygm, 7 > 0 such that

(5.9) 1Byl 2 ((0,1),5) < Caamrllyll  for all y € D(A).

Because of the semigroup property, (5.9) holds for all 7" > 0 if it holds for some
T (see [Cor07) Section 2.3]). Hence, under the above admissibility assumption, for
any T > 0, the map ug ~ (t — Be'?ug) extends uniquely as a continuous linear
map H — L?(0,T; K), which we shall still denote Be!4.

In our next lemma, we use the notation, for s € N and 7 > 0,

S

Hy = () H ™ (—mmD((=A)"7).

n=0

normed by
1/2
o = (3 10— AP0l )
n+m<s

Lemma 5.8. Let S > > 0 and ¢ € C°(=S,5). Assume there is C > 0 and
§ € (0,1) such that for all v € H%, we have

5
(6510) ol <O (I1-92 = Aol + 0 Bollizs o)) ol
Then, there exist S,C,c > 0 such that
||'UOH2 + HU1||2 < Qe HSD(S)BU(S)Hiﬁ(—S,S;K) , forallA>0,(vy,v1) € E\ X Ey,
with

(5.11) v(s) = cosh(sv/—A)vy + %

V1.
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Note that in the formula (5ITI), we extend cosh(syv/—A) (resp., sinh( S_V ’A)) by

continuity by Id (resp., by sId) on ker(A). Thus, denoting by Iy the orthogonal
projector on ker(A) and I1; = Id —IIy, (BI1]) can be rewritten more explicitly by

sinh(sy/—A)

v(s) = cosh(sv —A) vg + vy + N

I vy + sllgv;.

Hence v(s) in (&IT)) is the unique solution to
(_63 - A)U = 07 (Ua 8Sv)ls:O = (UO7U1)-

Proof of Lemma [5.8. Note first that with v in (EI0]), we have (=02 — A)v(s) =
0 so that, in (BI0), it suffices to estimate [[v[|l from above and ”v”HE from

below. For (vg,v1) € Ey x Ej, we denote by wy = Igvy, k = 0,1, and wt =
$(Ivg & (—A)~ Y21, vy). This is

Hovg=wh +w™, v =vV-Awt —vV-Aw™,
and the parallelogram law yields
k k=1 k B
[(=A) 2w + (= 4) = I |12 = 2(|[(=A) 2w ||* + (= 4) 2w |?).
We also have, with w* = EO<>\J-§A wjiqu,
inh(sv/—A
v(s) = cosh(sv—A)vy + %Ul — sV At L emsv—4

= Z (e’\Jw +e” Jw o+ wo + swi.
0<A; <A

w4+ wy + swq

Now, we estimate [|v[|3 and Hv||H1 in terms of A. Firstly, we have

ol > ol = 3 / et + e M| ds+/ Juwo + s | ds
0<A; <A
28N, 28X, .
e J e J _ —
- ) 4t
0<A; <A J

2
+ 2B |wol|* + gﬂ‘q‘llwlll2
=2 Z Qj((w;‘rvw;)v (w;rv ;)) +2ﬁ”w0”2 + 63”’“}1”2
where Q; is the matrix

sinl}l{(Xj) 1
Q; = N sinh(X,) | Xj = 2BA;.
X

j
The eigenvalues of Q; are Sm};(ﬂ +1 > eeXi/2 on the set [26;\0, +ool, where o is

the first nonzero eigenvalue of —A, and ¢ only depends on 23X,. As a consequence,
we obtain

Wl > C (lleoll® + loa]l?) -
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Secondly, we also have

S
1
ol = [ 0wl = Aol + ol

IN

S
Z (\wj*|2+|w;|2)/ (2A7 + 4)e** N ds

0<A; <A e

S S
+2/ l|wo +sw1||2ds+/ llwe || ds
-S —-S

< Ce¥A (Jloll® + v ?) -
Combining the last two estimates together with (5I0) yields

1-5
lool1 + lloa1* < Cll(s)BollZ g, 5:1) (C*¥ ([lwoll* + [[oal|?))
and hence the sought result when dividing by (||vo||? + ||v1|\2)1_6 . O

The next step of the Lebeau-Robbiano method relies on a so-called “trans-
mutation argument” to deduce from the observability of the elliptic system on
FE, the observability of the heat equation on E), with a precise estimate on the
cost in terms of A and T (observation time). Here, we use an idea of Ervedoza
and Zuazua [EZ11bl[EZ11a] to simplify the original argument of Lebeau and Rob-
biano [LR95] (who used the moment method of Russell to pass from the elliptic
system to the parabolic system. This was quite technically involved; see [Léal0Q] for
a review of the method).

Lemma 5.9. Assume that there exist S,C,c > 0 such that

sinh(sv/—A)
IRV
V—A
Then, there exist C,c > 0 such that
leTAug|| < CeC/\+%||B€tAU,0||L2(0’T;K) for all T >0, > 0,ug € E\.

Note that in the assumption of Lemma [5.9] % VA*A) can equivalently be re-

placed by cosh(sv/—A).
We need the following lemma, which is a slight variant on [EZ11bl[EZ11a].

Lemma 5.10. Given S,T > 0, § € (0,1), and o > S? (14 %), there ezists a
function kr € C*°([0,T) x [-S,S]) satisfying

[voll < Ce

for all X > 0,v9 € E).
L2(-5,5;K)

(512) (at - 8§)kT =0 fOT’ (t,S) € (OaT) X (_Sa S)a
(5.13) kT‘t:O = 07 kT‘t:T =0 L fO’I’ S € (—S, S),
krlao =0, Oukr|e—o = e G T)  fort € (0,7),

(5.14) |kr(t,s)] < \s\e%(%fﬁ), 7=min(¢t, T—t) for(t,s) € (0,T)x(=S,59).

For the proof of Lemma 510, we follow [EZ11b, Section 3.1], where the authors
go from the wave equation to the heat equation. Here, we use the method to go
from an elliptic equation to a heat equation. The only difference is that we take
Jokt1 = g§k), where Ervedoza and Zuazua [EZ11Dbl[EZ11a] take gogt+1 = (—1)"3g§k)
in the proof below.
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Sketch of proof of Lemma [EI0L The starting point is that, if it converges, then the

function
n

S
(5.15)  kr(t,s) = (1), gar = 9, g =g, keN,
neN

solves (512). Choose go = 0 and, for a > 0, choose g; to be the Gevrey function

(=) it e e (0,7),
9i(t) = :
0 otherwise.
Then, [EZIIa, Lemma 3.1] yields for all § € (0,1), |gorsa(t)| = |07 ()]
< e 97 with 7 = min(t, T — ¢). This implies (see [EZIID, equation (3.8)])
that for all 6 € (0,1), S > 0, and a > S? (1+ %), the series (B8] converges
towards kr € C*°([0,T] x [, S]) with (EI4)-BEI3). O

With this lemma, the proof of Lemma [5.9] follows [EZ11bl Section 3.1].

Proof of Lemma 591 We first pick 6 € (0,1) and a > 52 (1 + %) and denote by kr
the kernel then furnished by Lemma B.10l Given ug € E), we define

T
s) :/ kr(t, s)et ugdt.
0

From the above properties of kr, the function v(s) satisfies
T
(v, 05v)|s=0 = <O,/ gl(t)etAuodt> € E) x Ey,
0
where g1 (t) = e_“(%+T;—t) together with
T
82 / 82kT (t, s)u(t)dt = / Ockr (t, s)etAuodt / kT(t,s)atetAuodt
0
T T
= —/ kr(t,s)Aettugdt = —A / kr(t, s)eAugdt | = —Au(s).
0 0

Hence, v(s) = Smh(sV —A) (fo g1 (t etAuodt), so that Lemma (.9 yields the estimate

T
/ g1 (H)u(t)dt
0

Now, writing ug = Ej aj¢j, we have

T 2 T )
H/ gr(t)e M updt]| =" / g(t)e™" adt
0 0

J

T 2 T 2
>Z_</O gl(t)dt> oy = (/ g1<t>dt> e o]

> e [P

< CeM|Bu(s)| £2(~s,5:k)-

2
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Also, we have from (5.I4]) the estimate
2

s T
1Bo e ssm) = [ || kettoBetut| ds
-s ||Jo
K
s T T
< / / kr(t, s)2dtds / | BetAugdt|| % dt
-sJo 0
T
< OsT / | BetAugdt||%dt.
0
Combining the last three estimates concludes the proof of Lemma 5.9 |

From the low-frequency observability estimate with precise cost, we may now de-
duce the full observability estimate. The original Lebeau-Robbiano strategy [LRI5]
does not provide an optimal dependence on the blow-up of the constant as T — 0.
The modified and simplified argument of [Mil10] does so, and we follow it here.

Lemma 5.11. Assume B : D(A) C H — K is an admissible observation for (e!4).
Assume for some ag,a,b > 0 we have

(5.16) eT4y| < age™ T HBetAy||L2(O,T;K) forally € Ex,A>0,T > 0.
Then there is C,c > 0 such that we have
le™y|| < CeT |Be"y||20,1:x) for ally € H,T > 0.

A proof of this lemma (in much more generality) is included in the proof of [Mil10,
Theorem 2.1], but we give it for the sake of readability. The key feature of the
semigroup (e*4) we shall use is that

(5.17) e yllg < e yllg forally € B A >0,t> 0.
We also make use of the following particular case of [Mill0, Lemma 2.1].

Lemma 5.12. Let T, > 0, ¢ € (0,1), and f : (0,T.] = R increasing such that
lim,_,o+ f(t) = 0. Assume that B is an admissible observation for (e*?) and that

FOle™yl1* = faDllyl® < 1B Y[Rz 0,7:) for all T € (0,T.) and y € H.
Then we have
f(A=q)T)|eT4y|? < ||BetAy||%2(07T;K) for all T € (0,T,) andy € H.

Proof of Lemma 11l For y € H, we decompose y = yx + 7y with y) € F) and
Ty € EAL Then, we estimate

(5.18) le™ 4yl < lle™yall + e 4rall.
Concerning the second term in (.I8), we only use (5.1I1) to write
2 2
le™rall < e Tlrall < eyl

Concerning the first term in (5I8), we write 74 = esT4e(1=)T4 and apply (5.10)
to e(1=)T4y, € E\ to obtain

b _
||€TAy)\|| < aoea)\+ T HBetAe(l S)TAy)\HLz(O,eT;K)

b _ _
< age =T (| Be' e T Ay || 1o er i) + | Be e T Ay || 120,01 k6)) -
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‘We remark that

”BetAe(l_a)TAy”L2(0,eT;K) = ||B6tAy||L2((1—e)T,T;K) < ||BetAy||L2(O,T;K)

and estimate the last term using (5.9]) and then (B.I7) as

2
||B€tA€(1_E)TAT')\HL?(O,ET;K) < Codmer|| e TAr|| < Cogmere™ T ry ]|

2
< Oadm,r—:Tei)\ (lig)THy”'
Combining the above three estimates in (5.I8) implies that for all y € H, T' > 0,
and A > 0,

b _\2(1— b 2
€74l S ane™ 2 | Be' Ayl o)+ T (age*H Cugmer e~ ) ]

We notice that Cogm,er < Codgm, . for T < T, and € € (0,1), and denote m; :=
Cadm,T, + % We then rewrite this estimate for A = #, with 7 > 0 to be chosen,
as

1 _1(as _1-e1
e T(T+E)||6TAy||g||BetAy||L2(O7T;K)+mle =Ty, T<T..

Writing f(T) = 1 e=#($+2) and assuming the parameters ¢ € (0,1),7 > 0,q €

2a§
1<a b) 1—¢
124 2) <
g\r ¢/~ 12

(0,1) are such that

(which we may, taking e.g. ¢ = ¢ = 1/2 and r sufficiently small) we have
N

(mle_lr_?%) < f(qT) for T € (0,T"] for some T" € (0,T], and we obtain

FO) e yl? < |1Beyll720.m50) + £ @Dyl
Lemma [5.12] implies that
F(1=a)D)[e™y? < B ylI720,m00), T € (0,T'],y € H,

which is the sought for result for ¢ € (0,7”]. The case T > T” follows from the
boundedness of the semigroup and the case T' < T". ]

5.4. From interpolation inequality to the observability estimate for the
heat equation. Let us now put the heat equation in our present abstract frame-
work and state the consequences. We have H = H}(M), A = Ap (the Dirichlet
Laplacian) with D(A) = {u € H3(M),ulops = 0,Agulaons = 0}. We also have
K = L*(X) x L*(2) as well as

B: D(A) c H3(M)

Lemma[5.2limplies that B is an admissible observation for (¢/4) in the sense of (5.9).

The first lemma is a consequence of the interpolation inequality of Theorem
and Lemma[5.8 Here, E) is defined by (0.8)), where ¢;, A; are an orthonormal basis
of solutions to

(=4y — )‘?)(bj =0.
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Lemma 5.13 (Observability of finite dimensional elliptic equation). Assume M is
connected and X is nonempty. Then, for all S > 0, there exist C,c > 0 such that
for all A > 0, all (vy,v1) € Ex X Ey, and associated solution v of
(=02 -Aw=0 on (=S,8) x Int(M),
(5.19) v=0 on (—S,85) x OM,
(v, Osv)|s=0 = (vo,v1) in Int(M),
we have
[ (vo, v)|lm2xar < Ce (|[vls]lrz((—s,5)xs) + 1005l L2((—5,5)x5)) -
This together with Lemma implies the following result.
Lemma 5.14 (Observability of finite dimensional heat equation with precise cost).
Assume M is connected and X is nonempty. Then, there exist C,c > 0 such that
for all \, T >0, all ug € Ey, and associated solution u of
(O —A)u=0 on(0,T) x Int(M),
(5.20) u=0 on (0,T) x OM,
U0 = ugp in Int(M),
we have
[u(T)][r < CeF (lulzllzz(o,m) <) + 10vulsll 2 o.mxs) -
Lemma [5.1T] finally yields the following observability result.
Theorem 5.15 (Observability for heat equation). Assume M is connected and X
is monempty. Then, there exist C,c > 0 such that for all T > 0, all uy € H*(M)
and associated solution u of (B20), we have
[u(T)[|er < CeT ([uls L2 (o.0)xm) + [10vulsllL2 (o0 xs)) -

From this observability estimate and the duality with the control problem (10,
given by Definition (3] we deduce the null-controllability of the heat equation,
Theorem The proof is classical and we omit it (see e.g. [Cor07, Chapter 2.3]).

APPENDIX A. FACTS AND NOTATION OF PSEUDODIFFERENTIAL CALCULUS

Here, we follow [Bur97, Section 1.1] or [DLRLI4] Section 2.1] for the notation.
We denote by X an open set of a d-dimensional manifold, which, in the main part
of the article, is, with d =n — 1,n,n + 1, one of the following;:

(A1) X =R% X =Int(M), X = (0,T) x Int(M), X = Int(X),
X =(0,T) x Int(%), X = Int().

We also denote by = the variable in X (whereas, in case X = (0,7) x Int(M),
the variable in denoted (¢, ) in the main part of the article). We denote by g :
T*X — X the canonical projection.

We write St (T*X) for the set of positively homogeneous degree m functions
on T*X with compact support in X. That is, a € S (T*X) if and only if a €
C>(T*X), mo(supp(a)) is a compact subset of X, and there is R > 0 (depending on
a) such that for (z,£) € T*X, with |£] > R, A > 1, we have a(z, A\§) = \a(z,§).
For any m, the restriction to the sphere S*X = T*M /R,

(A.2) Sien(T*X) = CX(S*X), a(z,§) — )\lim A" "a(x, AE),
— 00
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is onto, which identifies, for m fixed, smooth functions on the sphere with homoge-
neous symbols of degree m.

We also write nglg(T*X ) for the set of polyhomogeneous symbols of order m on

X with compact supportin X. That is, a € nglg(T*X) if and only if a € C*°(T*X),
mo(supp(a)) is a compact of X, and there exist a; € Si"—7(T*X) such that for

hom
all N € N, a — E;-V:O aj € SmN=YT*X). We recall that symbols in the class

g}jg(T*Rd) behave well with respect to changes of variables, up to symbols in

Sgﬁgl(T*Rd) (see [Hor85, Theorem 18.1.17 and Lemma 18.1.18]).

We denote by ‘I’gﬁg(X ) the space of polyhomogeneous pseudodifferential opera-

tors of order m on X, with a compactly supported kernel in X x X: one says that
Aevn (X)if
(1) its kernel K (z,y) € D'(X x X) is such that supp(K) is compact in X x X;
(2) K(xz,y) is smooth away from the diagonal Ax = {(z,z); = € X};
(3) for every coordinate patch X, C X with coordinates X,; 5 = — k(z) €

X,. € R and all ¢g, ¢, € C°(X,) the map
U @1 (/@71)*A/£*(¢0u)

(R? x R%)). Note that for a € S™

is in Op(S™}, he

phg
for the standard quantization of a.

(R? x R?) we write Op(a)

In case X is not compact (which happens in most examples of (A])), we also
define a noncanonical quantization procedure Op : ST} (T*X) — Wi (X). For
this, let K,, C X compact with K,, T X and fix x,, € C°(X;[0,1]) with x, =1
on K. Then fix (X;, k;) a coordinate atlas for X. Let ¢; € C°(X) be a partition
of unity subordinate to X; and 1; € C°(X;) with suppy; C {1[)1 = 1}. For
a € ST, (X), notice that a;(z,§) = ik () a(ki(z), ([0k; H(z)] 1)) has a; €
Sm (R4 x RY). We then define

phg
Op(a) = me;—* [((5771)"i) Opy (@) (71" (ixvar)]

N :=inf{n | suppa Nsupp(l — x,) = 0}.
Note that for all A € W (X), there exists a € S, (T X) so that
Op(a) —A=Re ¥ _>(X)

phg
(see e.g. [DZ, Appendix EJ).
For A € U (X), we denote by 0y, (A) € Si,, (I X) the principal symbol of
A (see [Hor85 Chapter 18.1]). Note that the principal symbol is uniquely defined
in S (T* X)) because of the polyhomogeneous structure (see the remark following
Definition 18.1.20 in [H6r85]). When it will not lead to confusion, we abuse notation
slightly and write o(A) for the principal symbol of a pseudodifferential operator
without reference to the order. The applications o, and Op enjoy the following
properties:

e The sequence

0— U HT*X) — UL (X) 2 S (T*X) — 0

phg
is exact.
® 0, 00p: SR (T"X) — Sit, (T X) is the natural projection map.
e Forall A€ Ui (X), om(A%) = o (A).
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e For all Ay € UT}L(X) and Ay € W72 (X), we have A Ay € UIiF™2(X)
with
Omq+mo (AlAQ) = 0m, (A1)0m2 (AQ)
e For all A; € \I'g%lg(X) and A, € \I/gifg(X), we have [Ay, As] = A1 Az —
A Ay € Ul (X) with

1
0m1+m2—1([‘41’ A2]) = g{aml (A1)7 Omy (A2)}
Here, {a1, a2} denotes the Poisson bracket, given in local charts by

{(11,0,2} = Z(@glalc‘?@lag - 8rla18§la2).
l

o If A € U™ (X), then A maps continuously HF (X) into HE ™(X). In

phg comp
particular, for m < 0, A is compact on H*(X).

Given an operator A € W[ (X), we define Char(A4) = {p € T*X\0, 0/, (4)(p) = 0},
its characteristic set, and

Ell(A) = (T*X \ 0) \ Char(A),
its elliptic set.
We define the wavefront set of an operator A € W7 (X), denoted by WF(A4),

as follows (see [HOr85, Proposition 18.1.26, p. 88]). We say (z0,&) € T*X is not
in WF(A) if there exists B € W9, (X) with oo(B)(z0,&) = 1 and

BA:D'(X) - CX(X).

Note that in local coordinates, the wavefront set is given by the support of the full
symbol of A (seen as a subset of S*R?).

Also, in the main part of the article, we use so-called “tangential” symbols,
pseudodifferential operators, and pseudodifferential calculus. We write a €
C“((—E,E);nglg(T*Rd)) if a = a(zy,2',¢’) is a smooth x;-dependent family of
symbols in the (a/,¢’) variables. We write A € C*°((—¢,¢); \Ilg“hg(Rd)) for the asso-
ciated operators. The rules of pseudodifferential calculus are then as above.

Finally, in the main part of the article, we used estimates for the hyperbolic

Cauchy problem. We state the following lemma from Hoérmander [Hor85, Lemma
23.1.1].

Lemma A.1. Let e > 0, suppose that A = A(x1,2',&") € C™((—¢,¢); Sll)hg(T*Rd))

is real valued and write A = Op(X). Then for all s € R, there exists C > 0 so that
for x1,y1 € (—e,¢e) and all u, f solutions of

(Dm - A)u = f7
we have
lu(z1, ')”HS(]Rd) < O(lulys, ')HHS(Rd) + ”fHL?((—e,a);HS(]Rd)))
and moreover
lu(@r, ) s ey < CUlullp2((—c,e)sms®ay) + 1 f L2 (=)o (R4)))-

Note that the second estimate is obtained from the first one by integrating in v .
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APPENDIX B. SHARPNESS OF THEOREM [[.7t PROOF OF PROPOSITION [L.§

We start with an abstract simple lemma linking the symmetries of the manifold
with that of solutions to related elliptic problems.

Lemma B.1. Let (M, g) be a compact Riemannian manifold possibly with boundary
and suppose that there are an isometric involution j : M — M (i.e., a diffeomor-
phism such that j*g = g and j°> = 1d) and a compact hypersurface ¥ C M such
that

M=M UuUM_UX, Fix(j) =: %,
where
Fix(j) i= {w € M | j(z) = 2}
and j(My) = M_. Let V. € C*(M) such that V o j =V. Suppose that u, v solve

(=Ag+V)u=0 in Int My, uls, =0, ulom =0,

(—Ag+V)v=0 in Int My, dvls =0, vlon = 0.
Then,

u(z) reMyUY, v(x) xe MyU3,
Uy +— Up =
T ~uli(r) we M-, T olx) zeM

satisfy U, ue € C°°(M) and solve

(—Ay+V)u, =0 in Int M, Uolonr =0, Uo|x = 0,

(_Ag + V)ue =0 in Int M, ue|8M =0, 8l/'U'e|E =0.

Proof. Notice first that 0M, = XU (0M N M) and by elliptic regularity, we have
u,v € C®°(M ). Moreover, if wy € C?(M4), then, in the distribution sense (with
0, pointing towards M),

(=g + V)w(z) = Lo, (=8g + V)wy + Ly (=g + V)w- — (wi]s — w_|5)d%
— (8l,w+\g — al,w,|g)(52.

Hence,
(A +V)ue = (A +V)u, =0

as distributions, and by elliptic regularity, u., u, € C°° and hence have the desired
properties. ([l

We may now proceed to the proof of Proposition [[L8

Proof of Proposition [L8. The Riemannian volume element is R(z)dzdf, and the
Laplace Beltrami operator is given by

1 1 o o R 1
Ay = R(z)azR(z)az + R(Z)289 =0: + Raz + R289.
The map
T : L*(M, R(z)dzdf) L?(M, dzdf)

_>
u — Tu, (Tu)(z0)=R(z)zu(z,0)
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is an isometry, and the conjugated operator of A, is

X 1
—1 1/2 —1/2 2
A = TAI _—R/AgR / _—824-—( _5_4__230

R’>2 1R’ 1
4

= o+ 9 —Va(2),

1
R(2)?
where

1R (2)?2 1R'(2)
"4 R(2)?2 " 2R(2)?
is a smooth @-independent potential on M. Note that both R(z) and V;(z) are even
with respect to z — —z.

We now construct eigenfunctions of A of the form ¢ (z,0) = ¢4 (). Setting
h = k~', this amounts to finding eigenfunctions of the operator

1
R(z)?
with Dirichlet boundary conditions on 7. We shall rather consider this operator

on (0,7) and then complete the construction by symmetry with Lemma [Bl Recall
that the potential V(z) = ﬁ satisfies

0<V(z), Vi = mzin V(z) < V(0).

Vi(z) =

P, = —h?9% + + h2V(2)

Define - V(o
p= It VO

so that V,,, < E < V(0).

We first show that there are eigenvalues, E} and Ej, respectively, for P, with
Dirichlet condition at m and Dirichlet condition at 0 and for P, with Dirichlet
conditions at m and Neumann conditions at 0 such that EZ“ = E+O0(h*3). To do
this, we construct a rather poor quasimode for Py. In particular, let Z € (0, 7) such
that V(2) = E. Set uj, = h™'/3x(h=2/3(2 — 2)), where x € C°(R) with x(0) = 1
and [ |x(2)|?dz = 1, and let ¥ € C°(R) with Y =1 on supp x. Then, for i small
enough supp up, C (0,7) and

(Pr—E)un
= =R (W (2 = 2)) + (V(2) + h2Vi(2) = V(2)x(h (2 = 2))]
= W VB=RPPX (W (2 = 2)) + O(|2 = 2| + h*)x (R (z = 2))]
= h B3R (W3 (2 = 2))O(h*/?) o = O(h?/?) 2.

Denote by EZ" eigenvalues of P, on (0,7) associated to Dirichlet on 7 and
Neumann on 0 for E}, respectively Dirichlet on 0 for E7, such EZ° = E + O(h?/?)
and denote by w;{" an associated eigenfunction, i.e., which satisfies
(Pu = B0 =0, 43 2o # 0, w7 (m) =0, 2:05(0) =0, 43(0) =0.
Apply now Lemma [BIlon M = [—7, 7| with j(z) = —z so that Fix(j) = {z = 0}
allows us to extend ;° by parity/imparity as solutions of

(Ph - Eh/o)wh/o =0 on (_ﬂ-a ﬂ-)a ||77[}}{0HL2(—77,W) # 0, }{O (:l:ﬂ-) =0,
913, (0) =0, 45(0) = 0.
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Now, since EZ" = E+O(h?/3) and V(0) > E, 01is in the classically forbidden region,
so that classical Agmon estimates (see e.g. [DS99L Chapter 6] or [Zwol2, Chapter
6]) yield for e, hg > 0 small enough, for any N > 0, the existence of C, ¢ > 0 such
that for all h € (0, ho),

[n e (e < Ce™ M3 | 2.

Coming back to the variables (z, 6), setting (/\Z")2 = k:2EZ°,1 = k2(E 4+ O(k=2/3))

and &;"(2, 0) = eikewZ‘il (2), we have obtained for k > kg solutions to
(=B =0, ¢l (Em) =0, 3] ]2 #0,

together with

Pl =0, 10,8852l 2(z) < Ce™ ¥ @2 2(ary < Ce™¢ |98 L2 (ary s

0,051 =0,  N6ilsllizem < Ce™*I6¢llrz(an < Cem |19 r2(ary.
Setting ngZ” (2,0) = R(z)_l/%BZ" (2,0) ||gz~52° |2 concludes the proof of the lemma. [

APPENDIX C. ABouUuT T GCC: PROOF OF PROPOSITION [0

Proof of Proposition [LI0. Here, M = S? and X is an equator. We take the follow-
ing coordinates on S2:

[0,27) x [0,7] 3 (0, ¢) — (cos B sin ¢, sin O sin ¢, cos ¢) € S?
and let ¥ := {¢ = T}.
Then an orthonormal basis of Laplace eigenfunctions is given by
(I—m)l(214+1)

12
47 (l 4+ m)! ) ezmeplm(cos ?), -1 <m<l,

0.0 -
where P/™ is an associated Legendre function (see for example [OLBC10), Section
14.30]). For the definition of P/ see [OLBC10, Section 14.2]. Note that

(—Ag2 — A)Y™ =0, A= VI +1) ~eo L

We take ¢; = ¥}/ and recall that & = {¢ = 7} By [OLBCI0, Section 14.30(ii)
and Section 14.5(i)], we have

dls =Y (0.5) =0,

since P/~1(0) = 0. Moreover, using [OLBCI0, equation (14.5.2)] together with the
definition of Yll_l, we have

~ cl3/4,

@Q+1) Y alpl/2
W) T

(C.1)  |0vils| = ’%YzH (9’ %)! - ‘ (471'(21 -1 (=1+3)

Indeed, note that for [ > 1,

pd o CU'T DR PCUE
CTl+3) @' T,@i-n

Jj=1

and

l . 2 l .
Hj:1(2] -1) _ H 25 -1 _ 623,:2 log(1+5555)
27 —2

=2
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Then, note that

!
Zlog (1 + ﬁ) = %logl +0(1)
j=2

and, in particular,

@i-b
(21 —1)! '

The above four lines finally prove (CJ). Therefore, for [ large enough, we obtain

N~ = YA 2 gs2y > el 05V p2 sy,

which concludes the proof of the lemma. O
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