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Abstract

We consider energy norm a posteriori error analysis of conforming finite element approxima-
tions of singularly perturbed reaction—diffusion problems on simplicial meshes in arbitrary
space dimension. Using an equilibrated flux reconstruction, the proposed estimator gives
a guaranteed global upper bound on the error without unknown constants, and local effi-
ciency robust with respect to the mesh size and singular perturbation parameters. Whereas
previous works on equilibrated flux estimators only considered lowest-order finite element
approximations and achieved robustness through the use of boundary-layer adapted sub-
meshes or via combination with residual-based estimators, the present methodology applies
in a simple way to arbitrary-order approximations and does not request any submesh or
estimators combination. The equilibrated flux is obtained via local reaction—diffusion prob-
lems with suitable weights (cut-off factors), and the guaranteed upper bound features the
same weights. We prove that the inclusion of these weights is not only sufficient but also
necessary for robustness of any flux equilibration estimate that does not employ submeshes
or estimators combination, which shows that some of the flux equilibrations proposed in the
past cannot be robust. To achieve the fully computable upper bound, we derive explicit
bounds for some inverse inequality constants on a simplex, which may be of independent
interest.

Key words: singular perturbation, a posteriori error analysis, local efficiency, robustness, equi-
librated flux

1 Introduction

Let Q be a polygonal/polyhedral/polytopal domain in R?, d > 1, with a Lipschitz-continuous
boundary. Let ¢ > 0 and x > 0 be two fixed real parameters, and let f € L?(Q) be a given
source term. Consider the problem: find u : 2 — R such that

—e?Au+ K*u=f in Q, (1.1a)
u=0 on 0f. (1.1b)
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Let a(-,-) be the symmetric bilinear form defined by
a(w,v) = 2(Vw, Vv) + k2 (w,v), w,v € Hy(Q), (1.2)

where (-,-) denotes the L2-inner product of scalar- and vector-valued functions on 2, with as-
sociated norm ||-||. The restriction of the L?-inner product to an open subset w C €2 is denoted
by (-, )w, With associated norm ||-||,. The weak formulation of problem (1.1) is to find u € HE ()
such that

a(u,v) = (f,v) Yve Hy(Q). (1.3)
The energy norm ||-|| associated to problem (1.1) is then the norm induced by the form af(,-),
namely

o]l = a(v,), v € HA(Q). (1.4)

In this paper, we shall be primarily interested in the case where ¢ < k, when problem (1.1) is
said to be singularly perturbed. Then, the accurate numerical approximation can be challenging
due to the typical presence of sharp boundary and/or interior layers in the solution.

In order to present more specifically the focus of this work, let us consider a simplicial mesh
T of @ and let Vi == P,(T) N Hg(Q) denote the subspace of HJ(£2) of piecewise polynomial
functions of degree at most p, where p > 1 is a fixed integer. The conforming Galerkin finite
element approximation of (1.3) consists of finding uy € Vi such that

a(ur,vr) = (f,or)  Yur eV (1.5)
The goal is to find a computable a posteriori error estimator n(uy) that satisfies
[[lu — ur||| < Cran(ur), n(ur) < Cegrl||u — ur||| + data oscillation. (1.6)

The first inequality in (1.6) is called reliability, while the second inequality is called (global)
efficiency. A localized version of the efficiency bound is actually desirable. The quality of the
estimator is determined by the product of the two constants Cye and Ceg. A key requirement
for singularly perturbed problems is to obtain estimators that are robust in the sense that both
constants Cle and Ceg are independent of the singular perturbation parameters € and x. Only
such estimates can quantify well the error in the numerical approximation and be reliably used
in adaptive algorithms which allow for efficient approximation of the localized features of the
solution.

Recently, several methodologies for constructing error estimators that satisfy (1.6) in a robust
way have been studied. Verfiirth [36] (see also [37] or [39, Section 4.3]) was probably the first to
show robust bounds, in the framework of the so-called residual-based estimates. For the problem
at hand, these estimators take the form (up to the data oscillation term and possible generic
constants)

meS(uT)2 = Z a%(”TT”%( + Z 5710@7”.77’”%7 (1.7)
KeT FeFq

where the local element and face residuals are defined respectively by
rrli = (f + 2 Arur — KPur)| Kk, (1.8a)
i7lr = =’ [Vur nelr, (1.8b)

and where Ay denotes the element-wise Laplacian, [Vur-np]r denotes the jump of the normal
component of Vuy over the face F', Fq stands for the set of internal faces of the mesh 7, and
the weights (cut-off factors) take the form

ag = min{hS,l}, (1.9)

g K



with hg being the diameter of S, where S is either a simplex K or a face F. The resulting
estimator 7yes(u7) is thus a straightforward extension from the pure diffusion case x = 0 and
is simple to implement in practice. The proof that 7. satisfies the second inequality in (1.6)
rests on a bubble function technique, where the face bubble functions are defined with respect
to a submesh matching the boundary-layer length scales and are possibly very steeply decaying.
Their role is to capture the sharp layers caused by the singular perturbation. Note that these
bubble functions, and hence the submeshes on which they are defined, are only employed in
the analysis; thus they do not need to be constructed in practice. Shortly after, Ainsworth and
Babuska [2] extended the method of equilibrated residuals, cf. [3], to satisfy (1.6) in a robust
way for lowest-order approximations, i.e. p = 1. In contrast to the residual-based estimators,
a boundary-layer adapted submesh in each mesh element needs to be constructed in practice in
order to evaluate the estimator.

Further progress has been made since, although, to the best of our knowledge, only in the case
of lowest-order approximations where the polynomial degree p = 1. Robust estimates that are
guaranteed (Cye = 1) and where n(uy) is fully computable have been obtained in Cheddadi et
al. [9]. This remedies that C,¢ is unknown for residual-based estimates and that exact solutions of
some infinite-dimensional boundary value problems on each element (which cannot be performed
exactly in practice) are required in the equilibrated residuals approach. The estimator in [9] is
based on an equilibrated flux o7 belonging to a discrete subspace of H(div) that satisfies the
equilibration identity V-0 + x?u = f7, where f7 is a piecewise polynomial approximation of
f. The estimator is then composed of terms of the form

. _ 1 L
min {[|eVur + &~ or . Ce~3ag irllaryon | -

Thus it can be seen as a combination between an equilibrated flux estimator for diffusion problems
and the residual-based estimator of [36] for reaction—diffusion problems. No submesh is needed
for the construction of the estimator. Subsequently, Ainsworth and Vejchodsky [4, 5] proceed in
two stages. First, equilibrated face fluxes are computed as in [2], and then, equilibrated fluxes
are obtained by face liftings, so that the final estimate n(uy) is also fully computable and the
first inequality in (1.6) is guaranteed with Cye = 1. As in [2], though, boundary-layer adapted
submeshes appear in the construction of the estimator.

The use of a submesh complicates the construction and implementation of the equilibrated
flux estimators of [4, 5]. Moreover, it is likely to be even more involved when moving beyond
lowest-order approximations. In this work, by further developing the idea in [9], we show how to
obtain simple, i.e. avoiding any submesh, yet robust equilibrated flux estimators for arbitrary-
order approximations. The a posteriori error estimates presented in this paper are based on a
locally computable flux o7 and potential approximation ¢, respectively belonging to discrete
subspaces of H(div,Q) and L?(2) of the current mesh 7, that satisfy the key equilibration
property

V-or+ I€2¢7— =117/, (1.10)
where I1: L?(Q) — P,(7) denotes the element-wise L?-orthogonal projection operator. Note
that I17 can be computed locally and separately for each element. The upper bound on the error
then has the simple form

_ ~ 2
e —urll® < 37 [wklleVur + e o7l + |5 (ur — o7k + @xllf = Trfllx]”,  (1.11)
KeT

where wgk is an elementwise computable weight (cut-off factor) such that

/ hig 1
mein{l,C'* E}, @Kmin{K,},
khg e K



with a fixed computable constant C, given by (2.7); see Theorem 3.1 below for further details.
The equilibrated flux o7 and approximate potential ¢7 in (1.10), (1.11) are obtained by an
extension of the patchwise equilibration of [12, 8], see also [7, 19].

Furthermore, we prove robustness and efficiency of the estimator (1.11) by showing that
its local contributions are bounded, up to a constant, by the local residual estimators. More
precisely, for each K € T, we show that

wiclleVur + e torlk + s (ur — ¢k S Y. akelrrlie + Y e tarlirlE
K'eTk Fefk

2
S Y [l —urlli +adollf = sl
K'eTk

(1.12)

where T and §x denote the set of elements and faces in a suitable neighbourhood of K and
2
ol = e*IVoll%k + &2l KeT, (1.13)

see Proposition 4.3 and Theorem 4.4 below for full details. Crucially, the constants hidden in
< in (1.12) are independent of the mesh-sizes hx and problem parameters ¢ and &, depending
only on the shape-regularity of 7, the space dimension d, and the polynomial degree p. Hence,
just as for residual-based estimates, equilibrated flux estimates have a straightforward extension
from the pure diffusion case k = 0, based on including appropriate weights (cut-off factors) and
not requiring computations of quantities over any submesh or combination with the residual
estimators. In light of these results, we believe that the claims in [38, 39] of a “structural defect”
of the robustness of the equilibrated fluxes estimators are not generally valid.

As a side result, we also prove in Proposition 5.1 that the weights wg in (1.11) are nec-
essary for robustness of any equilibrated flux estimate involving the terms ||eVur + e tor| k
whenever o1 is a piecewise polynomial on 7 (and thus its construction does not involve any
submesh), regardless of the precise details of the construction of o. This proves that several
flux equilibrations proposed in the past cannot be robust with respect to reaction dominance
in general (although in many experiments, no loss of robustness may be numerically observed),
including those of Repin and Sauter [30], Ainsworth et al. [1], Eigel and Samrowski [16], Eigel
and Merdon [15], and Vejchodsky [33, 34, 35].

We only treat isotropic meshes. Results for anisotropic meshes can be found in Kunert [28],
Grosman [22], Apel et al. [6], Zhao and Chen [41], or Kopteva [25, 26]. Also, we are solely
interested in the energy norm. Robust estimates in the maximum norm are obtained in Demlow
and Kopteva [11] and, on possibly anisotropic meshes, in Kopteva [24] for p = 1 any in Linss [29]
for any order p > 1 in one space dimension. We refer to Stevenson [32] for robust convergence, and
we refer to Faustmann and Melenk [21] and the references therein for balanced norms. Finally,
extensions to variable coefficients € and x can be treated easily as in [5], whereas inhomogeneous
Dirichlet and Neumann boundary conditions, mixed parallelepipedal-simplicial meshes, meshes
with hanging nodes, and approximations with varying polynomial degree p can be treated as in
Dolejsi et al. [14]. In particular, the main idea required to treat the case of approximations with
varying polynomial degrees is to construct the vertex-patch contributions of the equilibrated flux
with a local patch degree greater than or equal to the maximum polynomial degrees of the finite
element approximations over the patch [14]. For meshes with hanging nodes, the equilibration
can be taken over an extended patch of elements determined by the support of the associated
conforming nodal basis function. See also [17, Section 7] concerning the treatment of meshes
with arbitrarily many hanging nodes per face.



2 Construction of the equilibrated flux

We present in this section the construction of our equilibrated flux o7 and of the potential
approximation ¢7.

2.1 Notation

Let 7 be a matching simplicial partition of the domain €, i.e., Ux o7 K = Q, any element K € T
is a closed simplex (interval when d = 1, triangle when d = 2, tetrahedron when d = 3), and the
intersection of two different simplices is either empty, or a vertex, or their common [-dimensional
face, 1 <1 <d—1. We denote by o7 > 0 the shape-regularity parameter of the mesh T, i.e.
h
¥ = max —~ (2.1)
KeT pig
where pg is the diameter of the largest ball contained in K. For each element K € T and for a
fixed integer p > 1, let P,(K) denote the space of polynomials of total degree at most p on K.
Let
P,(T) = {v e L*(Q), v|[x € P,(K) VK €T}

denote the space of scalar piecewise polynomials of degree at most p over 7. Let II: L?(Q) —
P,(T) denote the L2-orthogonal projection operator from L?(Q) onto P,(7). We additionally
consider L?(Q) == L*(Q;RY) and RTN,(T) C L?() the piecewise Raviart-Thomas-Nédélec
space defined by

RTN,(T) = {vr € L*(Q), vr|x € RTN,(K) VK €T},

(2.2)
RTN,(K) =P,(K;R?) +P,(K)z.

For any subset S of €, let hg denote the diameter of S. Thus, for instance, hgx denotes
the diameter of the element K € 7. Let V denote the set of vertices of the mesh 7. It is
partitioned into the set of interior vertices V™' := {a € V, a € Q}, and boundary vertices
Vext .= P\ Vint, For each vertex a € V, the function v, is the hat function associated with a,
ie., e € P1(T)NH(Q) taking value 1 in the vertex a and 0 in the other vertices. The set wy is
the interior of the support of 1, with associated diameter h,,,. Furthermore, let 7, denote the
restriction of the mesh T to wg, and let F, denote the set of interior faces of Tg, i.e. the faces of
Te that contain the vertex a for a € V'™, without those on 99 for @ € V***. For each element
K € T, we collect in Vg the set of vertices of V belonging to K. We also define T = UaeVK Ta
and §x = UaeVK Fa.

Throughout this work, the notation a < b means that a < Cb with a constant C that only
depends on the shape-regularity parameter ¥ of 7, on the space dimension d, and on the
polynomial degree p, so that it is in particular independent of the mesh-sizes hx and of the
problem parameters € and k; a ~ b then stands for a < b and simultaneously b < a.

2.2 Trace and inverse inequalities

We first recall two inequalities that we will rely on.

Lemma 2.1 (Trace inequality with explicit constant). For all K € T and for all v € H*(K)
that satisfy (v, 1)k =0, i.e., that have vanishing mean-value on K, there holds

lllox < CrelVollZlvllz, O = VOr(d+1) (2+d/m). (2:3)



Proof. We refer the reader to [13, Lemma 1.49] for the explicit constants of the trace inequality
for general functions in H*(K); namely, for each face F C 9K,

ol < 97 @IVollx +d/hx|lvllx) o]l x-

Then, we additionally apply the Poincaré inequality ||v]|x < hg/7||Vv||x for functions with
vanishing mean-value on K, and sum over all the faces F' to obtain (2.3). O

Lemma 2.2 (Inverse inequalities with explicit constants). For any K € T and any v €
RTN,(K), we have

Wl nlox < Cuvpollvli, bV vl < Civplvllx, (2.4)
where the constants Ciny,p.o and Ciny,p are given by
Cinvpo =V ([d+1)(p+2)(p+d+ 1)IT, (2.5)
Cinv,p = \/31%? 2v2)"/(p+ 1)(p+2)(p +3)(p +4). (2.6)
Proof. See Appendix A. O

In practice, possibly sharper constants can be obtained for the inequalities in (2.4) by solv-
ing numerically small eigenvalue problems on each mesh element, or on a reference element in
combination with bounds for the influence of the affine mapping.

We will need below the following constant composed of the constants of the trace and inverse
inequalities (2.3) and (2.4):

1 1
C, = ﬁ <\/Ecinv,p +Cny Oinv,p,@) . (27)

2.3 Equilibrated flux o and postprocessed potential ¢

The construction of the auxiliary variables o7 and ¢ giving the equilibration (1.10) is based
on independent local mixed finite element approximations of residual problems over the patches
of elements around mesh vertices.

For each a € V, let P,(7g), respectively RTIN,(T,), be the restriction of the space P,(T),
respectively RTIN,,(T), to the patch of elements 7, around the vertex a. The local mixed finite
element spaces V7 and Q% are defined by

Ve {vr € H(div,wq) N RTN,(Ta), v7-n =0 on Jwg} if a € VIt (2.8)
T Y {wr € H(div,wa) N RTN,(Ta), v7-n =0 on dwg \ 90} if @ € Vo, '
o P,(Ta if Kk >0o0rac V=t
Qg =17 | (2:80)
{¢7 € Pp(Ta), (¢1,1)w, =0} if k=0and a € V'™,

see Figure 1.

Recall that ur € V7 with V- = P,(T) N H(9) is the finite element solution given by (1.5).
Let C, be the constant composed of the constants of the trace and inverse inequalities and given
by (2.7). Our construction is:



a;

(2]
interior patch wq boundary patch wg
vanishing normal flux as vanishing normal flux

Ya(a) =1, Yq(a,) =0 Ya(a) =1, Ya(a.) =0

ay

Figure 1: Patches of elements 7,, vanishing normal flux conditions in the local Raviart—-Thomas—
Nédélec spaces V2, and hat functions v, interior (left) and boundary (right) vertex a € V

Definition 2.3 (Flux o7 and potential ¢7). For each vertex a € V, let (6%,¢5) € V2 x Q%
be defined by the local constrained minimization problem

(o7, 97) = arg min willevaVur + e tor |2, + (|5 T (Yaur) — grlllZ,
(vr.9T)EVEXQT
Vvr+r2qr=I7(fva)—e" Vur Vi
(2.9a)

€
= mi 1,C. . .
Wa mln{ ,C. Mmhwa} (2.9b)

Then, extending each o$ and ¢3 by zero outside of the patch wq, o7 € RTNL(T) and ¢ €
P,(T) are given by

with the weight

o7 = Z 0%, o7 = Z OT- (2.9¢)

acV acV

We remark that for an interior vertex a € V™, we have

(HT(f/l/}ll) - €QVU7"V1/10,, 1)wa = (fa qua)wa - 52 (VUT, quba)wa = Kz (UT; ¢a)wa (210)

by Galerkin orthogonality with ¥, € Vi as a test function in (1.5). Since
(V'U’?’? 1)wa = (U’?"nwav 1)6‘-'-/'(1 = O

by Green’s theorem and the vanishing normal flux condition imposed in the definition (2.8a) of
V2, it follows that ¢4 necessarily satisfies the mean-value property

(¢g’; 1)wa = ("/)auTa ]-)wa Va € Vint7

whenever £ > 0. If £ = 0 instead, then ¢ is undefined by (2.9a) but one remarks that it is no
longer needed anywhere in the paper. In this case, Definition 2.3 coincides with [7, equation (9)],
[18, Definition 6.9], or [19, Construction 3.4]; in particular, the Neumann compatibility condition
of problem (2.9a) for @ € V™ follows from (2.10).

In practice, the constrained minimization problem (2.9a) is solved through its Euler—Lagrange
equations, which can be reduced to solving a linear system of dimension dim V2 4 dim Q% in



the present context. This problem reads: find (0%, ¢3) € Vi x QF with ¢3 = v$ + I (Yaur)
and (0%,7%) € V7 x QF such that

67211}(21(0'571-,1)7‘)“,(1 - (v Vur)e, = —wi(anuT,vT)wa Yvr € V7,
(2.11a)

(V0% 47 )wa + 62 (Y 47 )we = (Fba — K*Yaur — 2VUur-Viba, ¢7)w, Vo1 € QF.
(2.11b)

2.4 Properties of o7 and ¢+
We have constructed o7 and ¢ such that the following holds:

Proposition 2.4 (H (div, Q)-conformity of o7, equilibration). Let o7 € RTN,(T) and ¢ €
P,(T) be given by Definition 2.5. Then o7 belongs to H(div,Q), and o and ¢7 satisfy the
equilibration property (1.10).

Proof. First, the H (div, 2)-conformity of o7 follows from the fact that, for any vertex a € V,
the zero extension of % belongs to H (div,(2) as a result of the vanishing normal flux boundary
conditions in the space V2. Then, to show (1.10), we employ the constraint in (2.9a) together
with (2.9¢):

Veor + w67 =Y [V-of + w763 = Y [Mr(fa) — € Vur-Vihe] = TI7f,

acV acV

where we have used the fact that the hat functions {¢g}acy form a partition of unity over €,
Le. Yoy ta = L. -

3 A computable guaranteed a posteriori error estimate

This section presents our guaranteed and fully computable a posteriori error estimate. The
following upper bound on the energy norm of the error builds on [9, Theorems 3.1 and 4.4] and
[5, Lemma 2]. It employs additionally the concept of a potential reconstruction ¢ that will
turn out crucial for a simple and robust flux equilibration. Moreover, it relies on the trace and
inverse inequalities of Section 2.2 to make appear the crucial weighs (cut-off factors), with the
constant C, given by (2.7).

Theorem 3.1 (Guaranteed a posteriori error estimate). Let u be the weak solution of prob-
lem (1.1) given by (1.3) and let ur € VT be its finite element approximation given by (1.5). Let
or € RTN,(T)N H(div,Q) and ¢ € P,(T) be given by Definition 2.3. Then the following
upper bound for the energy norm of the error holds:

_ ~ 2
llu—urll® < Y [wklleVur + e torlx + |5 (ur — 7l + Bx |l f — Orfllx]” . (3.1)
KeT

where the weights wk and Wx are respectively defined by

Wi ::min{l,CM/E}, Wk ::min{hK,l}, KeT. (3.2)
khi e K

Proof. First, we note that the energy norm of the error ||u — uy|| is related to the residual
R(ur) € H1(Q), defined by

(R(ut),v) = (f,v) — a(ur,v), ve Hi(Q),



through the identity

e = wrlll = IR(uwr)ll,, IRl = sup  (R(ur),v), (3-3)
vEHG(Q), [Iv[l=1

cf., e.g., [36, equation (4.1)]. Consider now (R(uy),v) for a fixed function v € HZ (). Since
o7 € H(div,Q) and v € H}(Q), Green’s theorem gives (o7, Vv) + (V-a7,v) = 0, so

<R(u7—)a U> = (fa U) - a’(uT7 U) - (f - HTfa U) + (H(QST - uT)v RU) - (EVUT + 5710‘7—7 Evv)v (34)

where we have also used the equilibration identity (1.10). We now proceed by estimating each
term in (3.4) elementwise.

For each element K € T, we use the identity (f — Il f,v)x = (f — Iy f,v — l7v)k and the
Poincaré-Friedrichs inequality on the convex element K, i.e. ||v — II7v||x < hTK”VU” K for any
v € HY(K), together with the energy error definition (1.13), to obtain the following bound

. [h 1 .
(= Tirfyl < 1 = Tl min { 2 o0l e Lol | < el = Tirfliclolle - (35)

Here, actually, a little sharper bound is possible by a convex combination of the two possibilities,
but we prefer to use the simple form (3.5) with Wg in the form of minimum given by (3.2).
Next, it is clear that

(eVur +e™or,eVo)k| < [leVur +e or|kllvll« (3.6)

for each K € T. However, this is not necessarily the sharpest possible estimate in the singularly
perturbed regime k >> e. Therefore, following the idea of [9, Proof of Theorem 4.4], we use
Green’s theorem elementwise together with the fact that Vv = V(v — Uk ), where T denotes
the mean-value of v on K. This gives

(eVur+e lor,eVu)k = ((eVur+e 'or)n,e(v—1k))ox— (V- (eVur + e 'or) ,e(v—0k)) k-

The L?(K)-stability of the mean-value, ||[v — Uk ||k < ||[v]|x, Young’s inequality

leVollglImvllf < (3.7)

Lol
Lo
N

and the multiplicative trace inequality (2.3) altogether lead to

1 CT
ello — llox < Cneet[leVol 7ol < —2 3 Vi e |||U\HK

Combined with the inverse inequality (2.4), we find that

— — C'inv7 s C € —
(eVur +e™tor) v = Ti)ox| < =522 [oleVur +7 or vl (39)

The L?(K)-stability of the mean-value, the Poincaré-Friedrichs inequality in the form |v —
Ukl|lx < (V| k, and (3.7) yield

_ L1 L hi €
ellv —vkllx <ellvl|fhim™2[| Vol < E\/%MUH‘K'



Thus, combined with the inverse inequality (2.4), we find that

1 1
(V- (Vur +e7o7) 20 = Ti0)xc] £ 5 —=Cinv leVur < orlllvll (39)

Therefore, combining inequalities (3.6), (3.8), and (3.9), we get

1

|(eVur + e tor,eVo)k| < willeVur + e tor||kllvllx VK €T (3.10)

with wg given by (3.2) and C, given in (2.7). As a side remark, it is possible to obtain a slightly
sharper bound, at the expense of making the weight wy more complicated than the simple form
given by (3.2).

Finally, we can apply the Cauchy—Schwarz inequality to see that |(k(d1 — ur), kv) k| <
| (ur — &7)|| K ||v]| - Therefore, we deduce from (3.4) and the above inequalities that

[(R(ur), o) < Y [wlleVur + 7 o7k + |5 (ur — o)l + Dl f =T fllic] 10l
KeT

which implies the upper bound on the error (3.1) after another Cauchy-Schwarz inequality,
. 2 2
using (3.3) and 37 [[[vlllx = vl u

4 Efficiency and robustness of the estimate

This section establishes the local (and consequently global) efficiency and robustness of our a
posteriori error estimate.

4.1 A basic stability result

The main tool in the analysis of efficiency is the following stability result, where, we recall, the
broken and the patchwise H (div)-conforming Raviart-Thomas-Nédélec spaces RT'N,(7,) and
V3 are respectively given by (2.2) and (2.8).

Lemma 4.1 (Stability of patchwise flux equilibration). Let a vertex a € V be fized, and let
g1 € Py(Ta) and 7 € RTN,(Ta) be given discontinuous piecewise polynomial functions, with
the Neumann compatibility condition (g7,1)., = 0 satisfied if a € V™. Then, there holds

min |77 +o7llw, S sup {97, Vwe — (77, V), | (4.1)
vreVr vEH! (wa)
Vor=97 [V 0]lwq =1

where H(wq) is the subspace of functions in H'(wg) that have mean-value zero on the patch
subdomain wq if @ € V™ is an interior vertez, or that vanish on Owe N O if a € V™' is a
boundary vertex.

The above result holds for any dimension d > 1, although some additional properties are
known for d < 3. Indeed, in the case where d = 2, it is shown in [7, Theorem 7] that the constant
in (4.1) is in fact independent of the polynomial degree p, i.e. p-robust. The extension of the
p-robustness of the bound to the case of d = 3 was shown in [20, Corollaries 3.3 and 3.6]. It is
also possible to extend similar results of this kind to situations with hanging nodes and locally
refined submeshes, as shown in [17].
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4.2 Stability with respect to residual estimators

The next lemma shows that the local contributions of the equilibrated flux a posteriori estimators
of Definition 2.3 lie below the local residual estimators as defined in (1.7), with the element
residuals r7 and face residuals j; are defined by (1.8) and the weights ax and ap defined
by (1.9).

Lemma 4.2 (Stability of patchwise flux equilibration with respect to residual estimators). For
each a €V, let o and ¢ be defined by (2.9a). Then

wa llevaVur + e o2, + |5 M7 (aur) — ¢F2, S D aklrrlli + > e tarllirl.
KeTa FeF,
(4.2)

Proof. Let a vertex a € V be fixed. Since 03 and ¢% are defined as minimizers of the functional
in the right-hand side of (2.9a), it is enough to prove that there always exist some v} € V.2 and
¢ € Q% that satisfy the constraint V-v3 + k¢ = Iz (f1be) — e2Vur Vi, and that satisfy the
bound (4.2) with v} in place of % and ¢} in place of ¢$. The specific construction depends on
the mesh size and the problem parameters € and x, as we now show.

Case 1, €/h,, < K (reaction dominance). Up to a constant, we have x~! < hp/e and
k~1 < hp/e for all elements K € T, and all interior faces F' € F,. In this case, we adopt the
following construction. Let

1 1 .
Pa = 7(¢a7a7—7 1)wa = 7(¢a(f + 52ATUT - K/Q’U/T)u l)wa7 ac Vlnt7

B |wal B |wal

and p, = 0 otherwise. Next, we define

9= — (Il (fvba) + E2VaATur — pa), vy = arg 13111 le*VaVur + v7le, (4.3)
vreVE
V-UT:}T
where

g'}k' = —52(VUT-V1/JG + 'IZJQATUT) + pa-

It is easy to check that if @ € V™™, then (g%,1),, = 0, since the Galerkin orthogonality (take
v = g in (1.5)) implies that

(97 Dwa = (f,%a) — € (Vur, Vi) — £°(ur,¢a) = 0. (4.4)

Therefore, it follows that ¢ € Q% and v} € V7 are well-defined and that they satisfy the
constraint Vv + k%¢ = Il7(f1pa) — €2Vur-Vihg.
We now bound w ||le?1q Vur + v5|2, and ||x [Il7(¢Yaur) — ¢5]||2, - First, we obtain

" 1 1
& M (Yaur) — a7 lI2, = — 7 (Yarr) — palls, < ?”TTHSJQ < Y aklerllks
KeTa

where we have used the stability of the L?-projection (note that p, is also the mean value of
7 (YarT) on we for a € V') and the fact that ||[¢g|cow, = 1 to bound |17 (¥arT) — pallw, -
Next, we apply Lemma 4.1 to bound w3|[e®1hgVur + v4||2, . Note first that for an interior
vertex a € V'™ (pg,v),, = 0 for all v € H}(w,) since v € H}(wg) implies that v is orthogonal

11



to constant functions on w,. We find that

ngavuT + 07w S sup {(g;’vv)wa - (EQVUvaavv)wa}
VEH (wa), [V0lwg =1
= sup { - (EQVUT, V("/)av))wa - (52ATUT7'(/JaU)wa} 4.5
veH(wa), [Vollug =1 (4.5)
= sup > (7 bav)F

’UEHi(UJa,), ”vv‘lwazl FeFq

where the last line follows by elementwise integration by parts. It is then straightforward to

o4 1
deduce from the trace inequalities ||v]|r S hy? ||v]|x + || Vo] % ||v]| } and the Poincaré-Friedrichs
inequality for functions in H}(wa) [|V|lw, < hw, |VV]w, that
le?baVur + 072, S hwe D liTlE. (4.6)
FeFa

Consequently, using definition (2.9b) of the weight wg

wallevaVur + 7072, < “’“ Yo lirleE s Yo e tarlirlE.
FeEFa FeFa

Therefore, if €/h,, < k, we have shown that there exist v} and g7 satisfying the constraint
Vvl + &2¢h = (fba) — €2Vur-Vihg and such that

wallevaVur + e s 2, + 15 [Mr(aur) — g7, S Y. aklrrli + D e tarllirll
KeTa FeF,

As explained above, this implies (4.2) in the case ¢/h,,, < k.
Case 2, €/hy, > K (diffusion dominance). We select

¢y =7 (Waur), vy = argmin||e®yeVur + v7|w,,
’vTEVT
Vour= 97‘

where
97 =1 (Wa(f — *ur)) = £*Vipa-Vur.
Notice that Galerkin orthogonality implies that (g%, 1), = 0 if @ € V'™ as in (4.4), and also

Vvl + K2 ¢ =7 (fa) — e2Vur-Vi)g, so the requested constraint is satisfied. It then follows
directly from Lemma 4.1 that

€2 VaVur + 07w, S sup (7 (Yar7), V)we + >, (Yadr,v)F ¢
vEH (wa), [ Vollug =1 i

where we use the fact that elementwise integration by parts shows that, as in (4.5),

(g'}k'a v)wa - (EZT/)aVUT» vv)w (HT(waTT o T Z wa]Tv
FeFq

Thus, proceeding as in (4.5)-(4.6) for the face residuals term and using the stability of the
L2-projection, ||[¥g|lcow, = 1, and the Poincaré—Friedrichs inequality for functions in H}(wg),
1v]lw, < P, IVY|w,, for the element residuals term, we get

e Vur + o512, Sh2, > Ir7li +hoe Y 57l
KeTa FeF,

12



Consequently,

levaVur +e w52, S Y akllrrli + D e tarlirlE
KeTa FeFa

Hence, on noting that wge < 1 and that ||s [II7(Yqur) — ¢7])||w. = 0, we see that (4.2) also holds
for the case €/h,,, > k. O

Recall that T = UaeVK To and §x =UJ F.

acVg v a*

Proposition 4.3 (Bound on flux estimators by the residual estimators). Let o7 and ¢ be
given by Definition 2.53. Additionally, let the volume and face residual functions r+ and jr be
defined by (1.8). Then, for each element K € T, we have the bound

willeVur + e orlk + s (ur — o)k S Y. edllrrlic + > e tarlirlh. (A7)
K'e%g Fefk

Proof. For each mesh element K € T, we have o7|x = ), ¢y, 0F|x and o7[x =D,y 05|k
Furthermore, since {14 }acy, form a partition of unity over K and since I17 is the elementwise L?
projection of degree p, it follows that ur|x = lyur|x = > ,cy, 7 (Yaur) |k, Furthermore,
(3.2) and (2.9b) together with the mesh shape regularity imply that wx < wg for each a € Vg,
where the constant depends only on ¥7. Therefore, we obtain

wik|eVur + e torllk + |k (ur — o7) %
S Y [WillevaVur + e o[k + IK[Mr (Yaur) — 63115 ] -

ac€Vg

Therefore, we can use (4.2) for each a € Vi to get (4.7). O

4.3 Local efficiency and robustness of the estimate

We now recall the well-known efficiency and robustness results for residual estimators, see [36,
Proposition 4.1] and [39] for details. For each K € T and F € Fgq, there holds

2
o llrrlli S lllu —urllx + okl f — T fli%, (4.8a)
_ . 2
larlirlys Y |llu—urlli +oklf — Oyl - (4.8b)
KeT,FCOK

Therefore, the combination of Proposition 4.3 with (4.8) shows that the equilibrated flux
estimator of Theorem 3.1 is locally efficient and robust.

Theorem 4.4 (Local efficiency and robustness). Let u be the weak solution of problem (1.1)
given by (1.3) and let ur € Vr be its finite element approximation given by (1.5). Let o €
RTN,(T)NH(div,Q) and ¢7 € P,(T) be given by Definition 2.3. Then, for each mesh element
K €T, there holds

_ 2
wiclleVur + e orlk + 5 (ur =)k S DHU_UT‘HK/+O‘%<’Hf_n7’f||%<’ ; (4.9)
K'eTk

where the constant in < depends only on the dimension d, the shape-reqularity constant V1 of
T, and on the polynomial degree p, so that it is independent of the parameters € and k and the
mesh-sizes hy.
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5 Necessity of the weights wx in the upper bound

Theorems 3.1 and 4.4 show that the estimator wg||eVur+e tor| kx + ||k (ur — ¢7)| x obtained
from the flux equilibration of Definition 2.3 is a reliable, locally efficient, and robust energy error
estimator for singularly perturbed reaction—diffusion problems. Here we show the necessity of the
weight wg for robustness of equilibrated flux estimators that involve only piecewise polynomial
vector fields on 7. We also recall that an alternative option, related to the approach in [2, 4, 5, 26],
is to perform an equilibrations on a submesh.

5.1 Necessity of the weights wy

The following proposition applies to any flux equilibration on 7:

Proposition 5.1 (Best-possible bound by piecewise polynomials of the mesh 7). Let ur €
P,(T) N H(Q) be an arbitrary piecewise p-degree polynomial, p > 1, and let the face residual
term jr be defined by (1.8b). Let P, (T;RY) denote the space of R%-valued piecewise polynomials
of degree at most p’ over T, where p’ > 0 is an arbitrary nonnegative integer. Then,

K,

1
h 2
inf eVur + e tor|| >/ = capllirlz | . 51
vTEH(divmmpp/(T;Rd)H T T2/ < (F;Q rlliTle (5.1)

where h '= mingcT hg, and where the constant depends only on the polynomial degrees p and
p', the dimension d, and the shape-reqularity 97 of T .

Proof. Let vy € H(div,Q) NP, (T;R?) be arbitrary. Then, for each interior face F' € Fq,
the H (div,Q)-conformity of vy implies that [vr-nr]r = 0, and hence jr|p = —c[(eVur +
e lvr)np]p. Since (eVur + e v7) |k € Prax(p,p—1)(K; R?) for each element K € T, we can
apply the triangle inequality and the inverse inequality (analogous to (2.4)) to find that, for any
F € Fq,
_ . £ _
etaplirle S = Y. eVur +e oy lk (5.2)
kh
KeT,FCOK

Therefore, we get (5.1) by summing (5.2) over all faces F' € Fg, and recalling that vy was
arbitrary. O

The upshot of Proposition 5.1 is that for any problem where the jump estimators are suffi-
ciently dominant, i.e. when

1
2
lluw — ur|| ~ ( > e‘laFlleH%) : (5.3)

FeFq

then any error estimator involving a term of the form ||eVus + e~ tv7|| without any weight will
necessarily be non-robust when xh/e takes large values, since (5.1) and (5.3) then imply

\Y -t h
[eVur + o7 || L (5.4)
v €H(div,Q)NP,, (T;R4) llw — wrl| €

In other words, the effectivity index can become arbitrarily large in the singularly-perturbed
regime when the weight wg is not included. It is then seen that the inclusion of the weight
term wg in Theorem 3.1 is necessary when considering flux equilibrations from vector-valued
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Figure 2: [Example 5.2, ¢ = 1, k = 10%, m = 3] Finite element approximation (5.6) and the
exact solution (left), detail (right)

piecewise polynomial subspaces of H(div,) on the mesh 7, regardless of the precise details of
the construction of the flux. Examples of flux equilibrations proposed in the past that cannot be
robust in general include Repin and Sauter [30], Ainsworth et al. [1], Eigel and Samrowski [16],
Eigel and Merdon [15], and Vejchodsky [33, 35, 34].

We now present an example of a situation where (5.3) holds and where kh/e can be arbitrarily
large. In fact the example is similar to the one in [2, Section 2.3], albeit with some suitable
adjustments.

Example 5.2 (Dominant jump estimators). Let  := (—1/2,1/2) and let m be an odd integer
that will later on be chosen sufficiently large. Consider a uniform mesh T of Q with 2N = (m+1)?
intervals, N := (m +1)%/2, and mesh size h == 1/(2N) = 1/(m + 1)2. Hence, the interior nodes
are x; = ih, wherei € {—-N +1,...,N —1}. Let

f =Ty cos(mmz) € P (T) N Hy () (5.5)

denote the piecewise affine Lagrange interpolant (preserving the point values) of the function
x + cos(mmx); it follows from the fact that m is odd that f € HE(). Note that in the example
of [2], the function f was chosen as cos(nx) instead.

Consider now problem (1.1) along with its finite element approzimation (1.5) in the space
Vr =P(T)NH (). It is easy to show that

wr = (82 (5.6)
s the discrete solution, where
_ 6 1 — cos(mmh)
Bn=97 cos(mmh) h? ’

as a result of the identity

1/2 1/2
/ fulrde = ,uh/ fordz Yor € Vr.
~1/2 ~1/2

An illustration of the finite element approzimation (5.6) for m = 3 (which gives 16 intervals,
h =1/16, and py, roughly equal to 5.71h~1) together with the exact solution is given in Figure 2.
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Now, noting that interior vertices and faces coincide for problems in one space dimension, it
is found that

g? 2(1 — cos(mmh))
e2pp + K2 h f(@:).

€2luh : 21,/
7K = 2 fls J7les = —e[ug(2)] =

2 pn +

Moreover, since limy, s M Lz when h = h(m) = 1/(m + 1)2, for any m there holds
1, ~ h~t. Suppose also henceforth that /ﬁh/s > 1, so that ag given by (1 9) takes the value 1/k.
Then, we ﬁnd that

1 22 2 2 2 9
9 2 2 2 o
KEGTaKHrTHK = (EQMh +H2> il 117~ <€2uh+’42) 22

We also obtain

2, N1 £2 29
e 1 AV L R
Z e OéF”]T”F (52/%‘1'"12) ck Z [f ()] =~ (52Mh+/{2) exh’

FeFa i=—N+1
where we have used the trigonometric identity
N-1 N-1 . N-1 .
9 (mmiN 2 ] (V2N — 1)mi N |
5 s 3 e (e 3 (VI
i=—N+1 i=—N+1 i=—N+1

Since exh < k2h?, we see that

— . 2 _ .
Yoaklrrlk s Y e tarlirlE <= llu—urll® = Y e arlirll,
KeT FeFq FeFq

where we note that there is no data oscillation since f € P1(T). Hence this provides an example
where (5.3) holds, and the factor kh/e can be made arbitrarily large. In Figure 2, the jumps in
the derivative of the numerical solution are clearly apparent.

5.2 Flux equilibration on a submesh

Remark 5.3 (Flux equilibration on boundary-layer adapted submeshes). The approach in [4,
5, 26], following [2], can be seen as defining a flur o= € H(div,$) that satisfies an equilibration
property similar to (1.10), yet with the key difference that oz is defined with respect to a submesh
T of T with thin elements that are adapted to the parameters € and k and local mesh-size (see
e.g. 4, Fig. 3]). In this case, the argument in the proof of Proposition 5.1 does not apply, because

the inverse inequality ||(eVur + e 'oz)npllr S h;(%HEVUT +elozllk, FCOK, K €T, is
not applicable when o5 € Pp/(7~'; RY) but o5 ¢ Py (T;R?). This essentially shows how there are
now two different approaches to constructing robust equilibrated fluz estimators. FEither the flux
is computed as a piecewise polynomial vector field with respect to the original mesh, in which
case the inclusion of a weight of the form of wy from (3.2) in the upper bound is necessary, or
one constructs the flux with respect to some other sufficiently rich subspace of H(div,Q), such
as a piecewise polynomial subspace with respect to an adapted submesh T of T, in which case the
weights are not necessary. Note that in some cases, the submeshes are only used conceptually in
the derivation of the estimators, with all computations performed in practice without explicitly
constructing the submeshes, see, e.g., [26, Lemma 7.1].
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Figure 3: [Section 6.1, ¢ = 1, k = 10%] Exact (left) and estimated (right) energy error on each
mesh element, uniform 20 x 20 x 2 mesh, polynomial degree p = 2.
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Figure 4: [Section 6.1, ¢ = 1, k varies| Energy errors and estimates together with their com-
ponents, scaled relative to ||ur|| (left), and corresponding effectivity indices (right). Uniform
100 x 100 x 2 mesh, polynomial degree p = 1.

6 Numerical illustration

We illustrate here our theoretical developments on two test cases performed with the FreeFem-++
code [23].

6.1 A boundary layer

Consider problem (1.1) on the unit square Q = (0,1) x (0,1), with the exact solution as in [22]
given by

ulw,y) = 5 4 5,
this corresponds to taking f = 0 in (1.1) but replacing the homogeneous Dirichlet boundary
condition by the value of u on the boundary 092. We take the diffusion parameter ¢ = 1 and

observe that u develops a sharp boundary layer along the axes y = 0 and x = 0 for high values of
the reaction parameter k. We employ the a posteriori error estimators of Theorem 3.1, with in
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Figure 5: [Section 6.1, e = 1, k varies| Energy errors and estimates together with their com-
ponents, scaled relative to [|ur]|| (left), and corresponding effectivity indices (right). Uniform
100 x 100 x 2 mesh, polynomial degree p = 2.

particular the flux o7 and the potential ¢ constructed following Definition 2.3. The polynomial
degree of the finite element approximation (1.5) is equal to either p = 1 or p = 2; correspondingly,
o is constructed in the RTIN,, finite-dimensional subspace of H (div, {2), whereas the potential
¢ is a piecewise constant or a piecewise affine polynomial.

Figure 3 presents the exact element-wise errors ||u — ur|| . together with the element esti-
mators Ny = wg|eVur + e tor|k + |k (ur — é7)||x for K = 10?2 and p = 2 on a uniform
mesh given by 20 x 20 squares, each cut into two triangles. We see that the error is concentrated
on the boundary layers of the solution, and we observe an excellent match between the exact
element-wise errors and the a posteriori estimators.

Figures 4 and 5 then assess the quality of the estimators for x varying between 10~2 and 108,
uniform 100 x 100 (x2) meshes, and respectively p = 1 and p = 2. We observe a stable (and
excellent) effectivity index given by the ratio of the estimate of (3.1) over the error ||u — ur]|.
For a better insight, we compare the H!-seminorm part of the error, given by ||V (u—ur)||, with

the part of the estimator involving the fluxes, i.e. (¥ jer [wi|eVur + 6_107||K]2)1/2. We
also compare the L?-norm part of the error, given by k||u — ur||, with the part of the estimator
involving the potentials, i.e. x|ur — ¢7|. We observe that for smaller values of x, the H!-part
of the error and flux-part of the estimator dominate, whereas the situation reverses for higher
values of k. Our estimates also appear to predict quite closely these two components of the error.

6.2 Necessity of the weights wy

Our second test case corresponds to a two-dimensional analogue of Example 5.2. We con-
sider Q = (=1/2,1/2) x (=1/2,1/2), along with homogeneous Dirichlet conditions on left and
right edges of 912, and homogeneous Neumann boundary conditions on top and bottom edges
of 0). We define f as the extension by constants along the lines x = const of the function
from (5.5), where we use the value m = 3 for the parameter in (5.5). Then the exact solution
u is simply the extension of the one-dimensional one, see Figure 2. We construct the meshes in
analogy with Example 5.2, so the value m = 3 leads to a uniform mesh of 2 with 16 x 16 x 2
elements. Taking the Dirichlet boundary conditions prescribed by the extensions of (5.6) every-
where on 99, the finite element solution (1.5) coincides with (5.6). Figure 6 illustrates this in
terms of the absolute values of the pointwise differences €0, (v — wy) and x(u — ur).
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Figure 6: [Section 6.2, ¢ = 1, k = 10%, m = 3] Absolute values of the pointwise differences
€0, (u — ur) (left) and k(u — ur) (right), uniform 16 x 16 x 2 mesh, polynomial degree p = 1.
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Figure 7: [Section 6.2, e = 1, k = 10%, m = 3] Exact (left) and estimated (right) energy error on
each mesh element, uniform 16 x 16 x 2 mesh, polynomial degree p = 1.
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Figure 8: [Section 6.1, & varies, k = 10?2, m = 3] Relative error and estimate together with
their components (left), effectivity indices for weighted and unweighted error estimators (right).
Uniform 16 x 16 x 2 mesh, polynomial degree p = 1.

We present in Figure 7 the energy errors ||u — wr||| together with the element estimators
Nk, still for e = 1, kK = 102, and p = 1. The estimators match the true error distribution over
) nearly perfectly, and they identify well the important jumps of the normal component of the
approximate solution.

Finally, Figure 8 assesses the quality of our estimates for £ varying between 107% and 10%,
% = 102, and p = 1. The effectivity index remains uniformly bounded in all cases, bounded from
above by approximately 27, and tends to one for large values of €. The effectivity indices of
roughly 27 suggests that the constant C, from (2.7) could ideally be reduced, possibly through
numerical computation of the optimal constants appearing in the definition of C,. The right
panel of Figure 8 additionally shows the effectivity indices of the estimators when not employing
the weights (neither in Definition 2.3, nor in Theorem 3.1), which become unbounded for small e.
Thus, in confirmation of our theory, the weights are crucial for the robustness of the estimators
with respect to the ratio hk/e.

A Explicit constants for the inverse inequality

For each polynomial degree p > 0, let C}, ; denote the best constant of the inverse inequality for
the unit interval (0, 1), i.e.

||U,||L2(071) <C ,1||UHL2(O,1) Vv e PP(O, 1), (Al)

where P,,(0,1) denotes the space of univariate polynomials of degree at most p on (0,1). It was
shown in [27] that, for all p > 0,

1
Cph1 < —
pl= 5
where we have taken into account the fact that we consider C}, ;1 on the unit interval (0, 1) rather
than the interval (—1,1) as in [27]. This improves on earlier bounds, e.g. in [31].
We will show here explicit bounds for the constants of the inverse inequality for hypercubes
and simplices in terms of Cp, ;.

Ve +1)(p+2)(p +3); (A.2)
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A.1 Unit hypercube

For an integer d > 1, let {1:d} be a shorthand notation for {1,...,d}. Let Q4 := {z € R%, |z|o <
1, z; > 0 Vi € {1:d}} denote the unit hypercube in R%, where || := max;e (1.0} |%i|. Let Pp(Qq)
denote the space of polynomials of total degree at most p on Q.

Lemma A.1. For alld>1 and all p > 0, we have

L2(Qq) < Cp,le”Lz(Qd) Vv e Pp(Qd), Vi e {].d} (A3)

vz,

Proof. After a possible re-labelling of the indices, it is enough to show that (A.3) holds for the
case i = 1. Then, writing = (21, 2’) with 2/ € R4™!, we see that

/ v, | dx—/ / vz, (21, 2")Pdzrda’ < C / / |v(x1,2")[*deda’ —021/ lv|*dz,
Qd 1 Qd

where we use the fact that 1 — v(z1,2’) is in P,(0,1) for all ’. O

A.2 Unit simplex

For a parameter ¢t > 0, let K¢ == {z € R?, |z|; <t, x; >0 Vi € {1:d}}, where |z|; = Z?:1|33i|7
denote the simplex in R? with side-length ¢. If t = 1, we adopt the simpler notation K¢ := K.
Let C, 4 denote the best constant such that

r2xay < Cpallvllpeay Vo € Py(KY), Vie {Ld}. (A.4)

vz,

We shall obtain here an explicit bound for the constant Cp, 4 in terms of the space dimension d
and the constant Cp 1 of (A.1).

Figure 9: Subdivision of the unit simplex used in the proof of Theorem A.2. The unit simplex
is shown for d = 3, along with its sub-simplex K (edges shown in green) and sub-parallelepiped
Q@+ (edges shown in red).

Theorem A.2. For all d > 1 and for all p > 0, the best constant C, 4 in (A.4) satisfies

Cpa < ? 2v2)4C, . (A.5)
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Proof. The proof is based on an induction on the dimension, where we seek to bound C}, 4 in terms
of Cp4—1, Cp1, and d. Without loss of generality, it is enough to consider only the case i = 1
n (A.4), after a possible re-labelling of the indices. Then, writing = = (2/, 24) with 2/ € R~
we have [g,|va, [*de = fol de—l vz, |2da’dxy. Since, for fixed x4 € (0,1), 2’ — v(2',24) is a

polynomial of degree at most p on K1 z,0 1t would be natural to apply the inverse inequality
for simplices of dimension d — 1 after a suitable scaling. However, a difficulty arises for x4 close
to 1 due to the appearance of a negative power of 1 — x4 inside the resulting integral. We can
overcome this obstacle using an appropriate subdivision of the unit simplex and a change of
variables.

The proof proceeds in two steps. We first treat the case d = 2 and show that (A.5) holds (we
actually consider d > 2 below for the sake of generality), and then the induction is carried out
on d with a different argument, leading to a sharper bound than that would result from step 1
only.

Step 1. Let d > 2 and consider the partition of K into K, = {z € K,z4 < 1—1/d} and
K; = K\ K,. Then, |jvg, ||L2(Kr, |V, ||L2 k) Hlve, ||%2(KT)’ and the first term can be bounded
as follows:

1-1/d
o e = | ( /.. |vm|2dx'> dza

1—zgq

1-1/d C2d—1 ) - )
S/0 (1?79&1)2/](%1 [v[*da’ | dzva < d°Cp g l[0ll72(k.)s  (A-6)
l—zg

where crucially we use the fact that (1 — x4)™2 < d? for 24 < 1 —1/d. In order to bound the
second term ||vw1||%2( Ky We introduce a change of coordinates in terms of the affine map F

defined by
d

F(&)=ea+ Y (i1 —ea)i,
i=1

where eg = 0, and e; is the i-th unit vector for 1 <i < d. Letting = F'(§), we have z; = {11
forj<d-1,andzy=1- Zle &;. The inverse is then given by & =1 72?21 x;,and § = x;_1
for 2 < j < d. It is thus easily seen that F is a bijection from K onto itself, and that F(0) = z4.
Thus F' corresponds to a change of coordinates on the unit simplex. Additionally, it can be
shown that the Jacobian |detDF| = 1.

Let Qf 4 = {¢ € Q% [¢|o < 1/d} be a hypercube with side length 1/d, and let Q; be the

parallelepiped obtained as the image of Q1 Jd under the mapping F, i.e. Qi = F/( ff / 2)- It is then
easy, but tedious, to show that
K C Qi CK. (A7)

Figure 9 illustrates the sets Ky, Q+, and K for the case d = 3. Now, let 9(¢) = v(F (5)) be the
pullback of v under F. Since F is affine, v € P,(K?). It is also easy to check that v,, = g, — 7, .
Using the change of variables and the fact that |detDF| = 1, it follows from (A.7) that

s ey < e 32y = W = Teu 2o ) < 20Tec3a(n, ) + e |22 s, )

Applying the inverse inequality for hypercubes, namely ||vg, ||iz @) < dQCg 1912 and
1/d ’

HL2(Qd )’
1/d
changing back to the original variables, we then obtain from the second inclusion in (A.7) that

vz, H%mq) < 4d20§,lllv||%2(Qf) < 4d20§,1\\”||i2(xd)- (A.8)
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Therefore, combining (A.6) and (A.8), we arrive at ||v$1||2L2(Kd) <d(C2 4 +4C7 )||v]3- (K>
for any v € P,(K?). This implies C2 ; < d*(C2 ;| +4C} ), and thus (A.1) and an induction
argument show that
1
Cra < (144512 Ghe )" A1y (A.9)

for any d > 2. This shows (A.4), but with a worse constant than that of (A.5) for d > 3. For
this reason, we proceed in a second step in a different way.
Step 2. Let d > 3. We again subdivide the simplex K, this time as

K = {x eK,xqg < 1/2}U{JZ eK,xqg 1< 1/2}

Furthermore, for any fixed z4_1, },_; = (x1,...,%4—2,2q)" — v(x) is a polynomial of degree at
most p on a simplex that is isometric to K¢ ;d .- Let also 2, = (1,...,24-1). Crucially, since

d > 3 and we subdivide above into two subsets, we can avoid the critical subset K of Step 1 as

1/2
||Uac1||L2 K4y < Z / (/ v, |2 da, ) dz;

j=d—1
d

vzocr
,a— 2 2 2
g}jé@;m<LAwmQMA&ulww.mm

j=d—1 1-a;

It then follows by induction that Cp 4 < (2\/5)‘1*2019,2 for all d > 3. Since Cp o < 2\/5va1 by
(A.9), we get (A.5). O

Applying Theorem A.2 to the cases d = 2 and d = 3 gives the following explicit bounds

Co2 < V10p(p+1)(p+2)(p+3),  Cpz < /80p(p+1)(p+2)(p+3). (A.11)

A.3 General simplex

Let K be a simplex in R%, d > 2, and let K denote the unit simplex. Let Jx denote the
differential of the affine transformation mapping Tx: K — K. For v € RTN,(K), we define

the Piola transformation 4 € RTN,(K) by
B(%) = |det Jx | T [v o T (). (A.12)
Lemma A.3 (Ciarlet [10] Thm 3.1.2 and [13]). There holds

h N V2 K OK|,_
Wiclle < €0 72t < Y2, detdg| = 1Kld - 19Klan
Pr PK | K |a |K|a

< (d+1)dyrhgt.  (A13)

Note that in Lemma A.3, we have used the fact that the diameter of the unit simplex is v/2
for all d > 2.

Lemma A.4 (Hesthaven & Warburton [40]). Let v € Pp(K). Then

+1 +d) 0K |4 —
|MMS¢@ Jp+d) [0K]a-r

d |K]a
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Therefore, for v € RTN,(K), we have

(v nllox < Cnepollvli, Cinvpo =@+ D+ 2)p+d+1ir.
Lemma A.5. Let K be a simplex in R and v € RTN,(K). Then,

hKHV . U”K < Cinv,pHvHK» Cinv,p =V 2d19T Cerl,da (A14)
where Cy, 4 is characterized in Theorem A.2.
Proof. Using the Piola Transformation, we have V - v = V; - ©/|det J |, therefore, |V - v||% <
|det Jp| 1 HV'BH% Then, since ¥; € P41 (K) for i € {1:d}, we apply Theorem A.2 to obtain ||V-
f)Hi{ < dedHﬁi,mi 2( < dC§+17d\|f)H?{. Then, using the definition of the Piola transformation,
it is seen that Hﬁ||§( < [T |2 det Jx|||v]|%. We then use the bound ||Jg'[l2 < V297hg'
from (A.13) to find that hg||V - v||k < V2d¥7Cp1,4l|v| K, which finishes the proof. O
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