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ANCIENT SOLUTIONS IN LAGRANGIAN MEAN CURVATURE

FLOW

BEN LAMBERT, JASON D. LOTAY, AND FELIX SCHULZE

Abstract. Ancient solutions of Lagrangian mean curvature flow in Cn natu-
rally arise as Type II blow-ups. In this extended note we give structural and
classification results for such ancient solutions in terms of their blow-down and,
motivated by the Thomas–Yau Conjecture, focus on the almost calibrated case.
In particular, we classify Type II blow-ups of almost calibrated Lagrangian
mean curvature flow when the blow-down is a pair of transverse planes or,
when n = 2, a multiplicity two plane. We also show that the Harvey–Lawson
Clifford torus cone in C3 cannot arise as the blow-down of an almost calibrated
Type II blow-up.

1. Introduction

Ancient solutions are known to occur naturally in the theory of mean curvature
flow as Type II blow-ups of singularities of a flow, see for example [6]. In this article
we study ancient solutions to Lagrangian mean curvature flow (LMCF for short)
in Cn, that is, solutions (Lt)t∈I which exist for all t ∈ I = (−∞, 0). Neves [14]
has shown that in the zero Maslov class case, no singularities of Type I can form
and that singularities are, in a sense, unavoidable without further assumptions [16].
Even more, Neves shows that in this case any tangent flow consists of a finite union
of special Lagrangian cones. Thus, to better understand singularity formation, a
first step is to classify ancient solutions which arise as a Type II blow-up.

The Thomas–Yau Conjecture [23] asserts that the long-time existence and con-
vergence of solutions to LMCF which are almost calibrated (see Definition 2.9) is
equivalent to a “stability condition”, as is the case for Hermitian–Yang–Mills flow.
Motivated by this conjecture, we focus on almost calibrated ancient solutions to
LMCF. It is worth observing that the almost calibrated condition rules out the sin-
gularities constructed in [16]. The stability condition in [23] is given in terms of the
Lagrangian angle; see [10] instead for conjectures relating long-time existence and
convergence of LMCF to Bridgeland stability conditions and Fukaya categories.

As a consequence of Huisken’s monotonicity formula, a blow-down of an ancient
solution to mean curvature flow with uniformly bounded area ratios subconverges
to a self-similarly shrinking (weak) mean curvature flow. In this paper we study the
blow-down of ancient solutions to LMCF with the aim of using this to characterise
the solution. Our first main result is as follows.

Theorem 1.1. Let (Lt)−∞<t<0 be an ancient exact almost calibrated solution to
LMCF in Cn with uniformly bounded area ratios and uniformly bounded Lagrangian
angle, see (3.1). Suppose a blow-down (L∞

s )−∞<s<0 of (Lt)−∞<t<0 is a pair of
multiplicity one transverse planes P1 ∪ P2. Then either

(a) Lt = P1 ∪ P2 for all t < 0, or
1
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(b) up to rigid motions, Lt is a Lawlor neck for all t < 0.

For the definition of a solution being exact see Definition 2.1. For the definition of
a Lawlor neck, see Example 2.24.

The next result rules out a blow-down which is the simplest known non-planar
special Lagrangian cone.

Theorem 1.2. Let (Lt)0≤t<T be an almost calibrated solution to LMCF with uni-
formly bounded area ratios in a Calabi–Yau 3-fold, with a singularity at T . The
blow-down of a Type II blow-up cannot be the Harvey–Lawson T 2-cone C, see (2.28).

If n = 2 we may use the algebraic structure of special Lagrangians to yield an
improved result, allowing also some higher multiplicity of the blow-down.

Theorem 1.3. Suppose that (Lt)−∞<t<0 is an ancient almost calibrated solution
to LMCF in C2 satisfying (3.1) whose blow-down is a plane P with multiplicity two
(with a single Lagrangian angle). Then either

(a) Lt = P for all t < 0, or
(b) up to rigid motions, Lt is a special Lagrangian given by Example 2.23 for

all t < 0.

Note that this yields a unique model, describing how, in the almost calibrated case,
LMCF can develop double density planes as tangent flows.

The proof of these results requires several steps, which are of independent inter-
est. We describe these steps in the following overview of the paper.

We recall some basic definitions in Section 2. In Section 3, we provide the
proofs of a Neves-type structure theory for blow-downs of ancient solutions, which
follows with only minor modifications from [14, 17]. In Section 4 we apply these
results to almost calibrated ancient solutions to show that if a blow-down is a
pair of planes with different angles, then Lt is a stationary pair of planes for all
t < 0 (cf. [15, Corollary 4.3]). We additionally show that if the blow-down of
the ancient solution is special Lagrangian, then the ancient solution is already a
stationary special Lagrangian, see also [17]. The first theorem follows after applying
the rigidity results of Imagi, Joyce and Oliviera dos Santos [9] for Lawlor necks.
However, to apply these results we have to weaken the asymptotics assumed in
[9]. For this step we have to improve sub-linear decay to the asymptotic cone to
decay like O(rα), where r is the distance from the origin and α ∈ (0, 1). This is
achieved by an optimal  Lojasiewicz–Simon inequality following an argument similar
to Simon’s proof of the uniqueness of tangent cones with isolated singularities, see
[18, Section 7]. This is done in Section 5.

As our main source of ancient solutions is Type II blow-ups, we also include a
result based on an idea by Cooper [2] which restricts the topology of such blow-ups:
Proposition 7.1 states that any Type II blow-up must be exact and zero-Maslov.
The work of Imagi [8] shows that any special Lagrangian smoothing of the Harvey-
Lawson T 2 cone is non-exact, which then implies Theorem 1.2.

The third theorem follows from the observation that special Lagrangians are
hyperkähler rotations of complex curves which may be written as the zero sets of
polynomials, the degree of which is determined by the number of planes in the
blow-down counted with multiplicity. The details of these results are contained in
Section 6.

Acknowledgements. The authors were supported by a Leverhulme Trust Re-
search Project Grant RPG-2016-174.
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2. Preliminaries

We start with some basic material that will be useful throughout the article.

2.1. Lagrangians and special Lagrangians. Let Cn be endowed with its stan-
dard complex coordinates zj = xj + iyj, for j = 1, . . . , n, complex structure J ,
Kähler form ω =

∑n
j=1 dxj ∧dyj and holomorphic volume form Ω = dz1∧ . . .∧dzn.

Notice that the Liouville form

(2.1) λ =

n∑

j=1

(xjdyj − yjdxj)

satisfies dλ = 2ω.
Let L be a Lagrangian in Cn; that is, a (real) n-dimensional (smooth) subman-

ifold of Cn such that ω|L ≡ 0. This condition is vacuous for n = 1 (i.e. all curves
are automatically Lagrangian), so we will always assume that n ≥ 2. Since λ|L is
clearly closed, we have a special class of Lagrangians for which λ|L is exact.

Definition 2.1. A Lagrangian L in Cn is exact if the restriction of the Liouville
form (2.1), i.e. λ|L, is exact.

As Ω|L is unit length, if L is oriented then there exists a phase function eiθ :
L→ S1 such that

(2.2) Ω|L = eiθ volL,

where volL is the induced volume form on L. We can generalise this discussion
from Cn to whenever the ambient manifold is a Calabi–Yau n-fold, since one still
has a Kähler form ω and a nowhere vanishing holomorphic volume form Ω.

Definition 2.2. For a Lagrangian L in a Calabi–Yau n-fold with phase eiθ defined
by (2.2), we call the (possibly multi-valued) function θ the Lagrangian angle of L.
When θ is single-valued we say that L is zero-Maslov : this is equivalent to saying
that the Maslov class in H1(L), which is proportional to [dθ], vanishes.

It is important to note that the mean curvature vector H and position vector x

of an oriented Lagrangian L in Cn with Lagrangian angle θ satisfy

(2.3) Hyω|L = −dθ and x⊥
yω|L = λ|L,

where { }⊥ is orthogonal projection onto the normal bundle of L. We observe the
following consequences of (2.3), noting the first equation holds in any Calabi–Yau.

Lemma 2.3.

(a) A Lagrangian in a Calabi–Yau n-fold is minimal if and only if its La-
grangian angle is constant on connected components.

(b) A Lagrangian L in Cn is a cone if and only if λ|L = 0.

Remark 2.4. In (a), we view a Lagrangian L as the image of an immersion ι,
and abuse notation by saying that a connected component of L is a connected
component of its pre-image under ι. We will see the utility of this presently. In (b),
by a cone we simply mean a set invariant under the action of dilations.

This leads us to an obvious special class of zero-Maslov Lagrangians: those for
which the Lagrangian angle is constant.
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Definition 2.5. A Lagrangian L in a Calabi–Yau n-fold is special Lagrangian if
the Lagrangian angle θ is constant. Equivalently, there is a constant θ such that

(2.4) Im(e−iθΩ|L) = 0,

which means (up to a choice of orientation) that θ = θ.

Remark 2.6. Special Lagrangians are calibrated (by Re(e−iθΩ) for some θ) and so
are area-minimizing (rather than just minimal). Moreover, this description allows
us to define special Lagrangian integral currents, with a given Lagrangian angle.

Remark 2.7. Any oriented Lagrangian n-plane through 0 in C
n is special La-

grangian, but the union of two such planes with different phases need not be special
Lagrangian. In particular, it is well-known that the angle between a transversely
intersecting pair of planes has to be sufficiently large for the union to be area-
minimizing (see e.g. [13]). In fact, in this case the difference between the angles
must be a multiple of π for the union to be special Lagrangian with the same phase.

Remark 2.7 shows that even though a pair of intersecting planes is connected,
the Lagrangian angle can take different values on each plane, which justifies the
conventions in Remark 2.4.

It is important to notice that 2-dimensional special Lagrangians have an excep-
tional character, since Calabi–Yau 2-folds are hyperkähler (see, e.g. [13]).

Lemma 2.8. A Lagrangian L in a Calabi–Yau 2-fold M is special Lagrangian if
and only if there is a hyperkähler rotation of M such that L is a complex curve.

There is another important class of Lagrangians we shall study, defined as follows.

Definition 2.9. A Lagrangian L in a Calabi–Yau n-fold with Lagrangian angle θ
is almost calibrated if there is a constant ǫ > 0 so that

(2.5) cos θ ≥ ǫ.

Notice that an almost calibrated Lagrangian is clearly zero Maslov.

The Lagrangian angle of almost calibrated Lagrangians can be chosen to lie in
(−π

2 ,
π
2 ), so they are potential candidates to be deformed to special Lagrangians

with Lagrangian angle 0.
Finally, in Cn, we have an important class of Lagrangians in symplectic topology,

which will also play a role in the Lagrangian mean curvature flow.

Definition 2.10. A Lagrangian L in Cn is monotone if there exists a constant
m > 0 such that

[dθ] = m[λ|L] ∈ H1(L),

where θ is the Lagrangian angle of L.

2.2. Lagrangian mean curvature flow. Mean curvature flow in a Calabi–Yau
n-fold (and thus in Cn) preserves the Lagrangian condition, thus leading to the
notion of Lagrangian mean curvature flow (LMCF). The critical points of this flow
are exactly (unions of) special Lagrangians and the flow also preserves the classes of
exact, zero-Maslov and almost calibrated Lagrangians. Therefore, given a solution
(Lt)t∈I of LMCF we will let λt = λ|Lt

and let θt be the Lagrangian angle of Lt.
Two fundamental concepts in the study of mean curvature flow are that of blow-

up and blow-down. We define two types of blow-ups.
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Definition 2.11. Let (Lt)0≤t<T be a solution to LMCF in Cn and let x0 ∈ Cn.
For a positive sequence σi → ∞, we define the (centred or Type I ) blow-up sequence
at (x0, T ) by

Li
s = σi(LT+σ−2

i s − x0) ∀ s ∈ [−σ2
i T, 0).

The sequence (Li
s)−σ2

i T≤s<0 always subconverges weakly (i.e. as a Brakke flow) as

i → ∞, by [7, Lemma 8], to a limit flow L∞
s in Cn for all s < 0, which is called

a tangent flow at (x0, T ). A solution to LMCF which is defined for all times in
(−∞, T0) for some T0 is called an ancient solution: we will always take T0 = 0.

More generally, let (Lt)0≤t<T be a solution to LMCF in a Calabi–Yau n-fold M
and let x0 ∈ M . If g is the Calabi–Yau metric on M , then for a positive sequence
σi → ∞ we consider flows Li

s = LT+σ−2

i s in the manifolds (M,σ2
i g). The sequence

of pointed manifolds (M,σ2
i g, x0) converges to Cn ∼= Tx0

M with the flat metric
as i → ∞. We then define the tangent flow at (x0, T ) by taking the limit of the
sequence (Li

s)−σ2
i T≤s<0 in (M,σ2

i g, x0): again, the tangent flow will always exist as

a Brakke flow and will give an ancient solution (L∞
s )−∞<s<0 in C

n.

Definition 2.12. Let (Lt)0≤t<T be a solution to LMCF in Cn. Suppose that we
have a sequence (xi, ti) ∈ Cn × (0, T ) such that ti → T and, if At is the second
fundamental form of Lt we have

(2.6) σi := A(xi, ti) = sup{|At(x)| : x ∈ Lt, t ≤ ti} > 0.

We then define the Type II blow-up sequence by

Li
s = σi(Lti+σ−2

i s − xi) ∀ s ∈ [−σ2
i ti, 0).

Since |Ai
s| is now bounded by 1 for all i, the sequence Li

s subconverges as i → ∞
and it will define a (smooth) ancient solution L∞

s in C
n, which we call the Type II

blow-up.

In a Calabi–Yau n-fold we adopt the same procedure, now using pointed conver-
gence of the sequence of manifolds (M,σ2

i g, xi).

Remark 2.13. (i) Definitions 2.11 and 2.12 are related to a well-known dichotomy
when studying singularities in mean curvature flow. At a singularity at time T we
know that supLt

|At(x)| → ∞ as tր T . We say that the singularity is Type I if

(2.7) lim
tրT

sup
Lt

|At|
2(T − t) <∞

and we say it is Type II otherwise (see e.g. [6]).
(ii) To construct a Type II blow-up and all the consequences thereof it is sufficient
that the points xi stay in a bounded set and that there exists a monotone sequence
of radii Ri → +∞ and a constant C0 such that

sup
BRi

(0)×(−R2
i ,0]

|Ai
s| ≤ C0|A

i
s(0, 0)| .

This is often helpful if one only wants to take a local supremum of the curvature.

We now define the blow-down of an ancient solution to LMCF.

Definition 2.14. Let (Lt)−∞<t<0 be an ancient solution to LMCF in C
n and we

assume that it has uniformly bounded area ratios, i.e. there exists C > 0 such that

(2.8) Hn(Lt ∩Br(x)) ≤ Crn
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for all t ∈ (∞, 0), x ∈ Cn, r > 0, where Hn is the real n-dimensional Hausdorff
measure on R2n ∼= Cn. For a positive sequence σi → ∞, we define the blow-down
sequence of (Lt)−∞<t<0 to be

(2.9) Li
s := σ−1

i Lσ2
i s

∀s < 0,

and the corresponding blow-down (L∞
s )−∞<s<0 of (Lt)−∞<t<0 is a subsequential

limit of the sequence (Li
s)−∞<s<0, which is again an ancient solution to LMCF.

A key tool in studying mean curvature flow, and thus LMCF, is the following.

Definition 2.15. Given (x0, l) in Cn × R, we consider the backwards heat kernel

(2.10) Φ(x0,l)(x, t) =
exp

(
− |x−x0|

2

4(l−t)

)

(4π(l − t))n/2
.

We will also sometimes write Φ(x, t) = Φ(0,0)(x, t).
Given a Lagrangian L in Cn, x0 ∈ Cn and l > 0, we have Gaussian density ratios

(2.11) Θ(x0, l) =

∫

L

Φ(x0,l)(x, 0) dHn.

Given a solution (Lt)t∈I to LMCF, we will let Θt be the Gaussian density ratios of
Lt.

Using (2.3), Huisken’s monotonicity formula [5] implies that for a solution Lt of
LMCF and functions ft : Lt → R:,

(2.12)
d

dt

∫

Lt

ftΦ(x0,l) dHn =

∫

Lt

[(
d

dt
− ∆

)
ft −

∣∣∣∣dθt +
λt
2t

∣∣∣∣
2

ft

]
Φ(x0,l) dHn,

for t < l and when these integrals are well-defined (e.g. in the non-compact setting,
when Lt have uniformly bounded area ratios and ft have at most polynomial growth
at infinity).

The monotonicity formula (2.12), and other considerations, motivates the study
of the following ancient solutions which are solitons or self-similar solutions.

Definition 2.16. An ancient solution (Lt)−∞<t<0 to LMCF in Cn is a self-shrinker
if

dθt +
λt
2t

= 0 ∀ t < 0.

A self-shrinker is an ancient solution and simply moves by dilations under the flow,
shrinking to a cone at t = 0.

A solution (Lt)t∈R to LMCF in Cn is a translator if there is a constant 1-form
α on C

n so that

dθt = α|Lt
∀ t ∈ R.

Here, as Lt is defined for all t ∈ R it is an eternal solution, and moves by translations
in the direction given by Jα♯.

Remark 2.17. If we assume that Lt has bounded area ratios, then any tangent flow
and any centred blow-down will be self-shrinkers (in a weak sense) by (2.12).

We make an observation, which follows immediately from the definitions.

Lemma 2.18. Lagrangian self-shrinkers are monotone for each t. In particular,
Lt is zero-Maslov if and only if it is exact.
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Another consequence of (2.12) is that along LMCF we have

(2.13) Θs(x0, l) ≤ Θt(x0, l + s− t) for all x0 ∈ C
n, s ≥ t, l > 0.

The quantities dθt and λt satisfy evolution equations as follows (see e.g. [15]).

Lemma 2.19. Let (Lt)t∈I be a solution to LMCF in Cn. Then
(

d

dt
− ∆

)
dθt = 0 and

(
d

dt
− ∆

)
λt + 2dθt = 0.

Hence,
d

dt
[dθt] = 0 and

d

dt
[λt] + 2[dθt] = 0.

The evolution equation for dθt holds in any Calabi–Yau n-fold.
A crucial property of zero-Maslov LMCF then follows from Lemma 2.19.

Lemma 2.20. If (Lt)t∈I is a zero-Maslov solution to LMCF in a Calabi–Yau n-
fold, then the Lagrangian angles θt can be chosen to satisfy

(2.14)

(
d

dt
− ∆

)
θt = 0.

This evolution equation immediately implies that the almost calibrated condition
(2.5) is preserved under LMCF. Moreover, given any y ∈ R and m ∈ Z, we have

(2.15)

(
d

dt
− ∆

)
(θt − y)2m + 2m(2m− 1)(θt − y)2m−2|dθt|

2 = 0.

If (Lt)t∈I is a solution to LMCF in C
n consisting of exact Lagrangians, then

we may write λt = dβt for functions βt : L → R. If, furthermore, the Lt are
zero-Maslov, then the βt satisfy a good evolution equation, again by Lemma 2.19

Lemma 2.21. If (Lt)t∈I is an exact zero-Maslov solution to LMCF in Cn, then
the functions βt may be chosen so that

(2.16)

(
d

dt
− ∆

)
βt + 2θt = 0.

Combining (2.14) and (2.16) shows that

(2.17)

(
d

dt
− ∆

)
(βt + 2tθt) = 0.

2.3. Examples. We now look at some important examples of ancient solutions,
specifically some special Lagrangians, self-shrinkers and translators in Cn.

2.3.1. Lawlor necks. The simplest possible singularity model is a transversely inter-
secting pair of planes, so it is important to know how to resolve such a singularity.
In C2, one sees easily which pairs of planes are special Lagrangian and their special
Lagrangian smoothings via Lemma 2.8, since we may appeal to complex geometry.

Example 2.22. Up to changes of complex coordinates, there is only one pair of
transverse complex planes in C2, namely that defined by

(2.18) {(w1, w2) ∈ C
2 : w1w2 = 0}.

This has a unique family of complex smoothings, given by

(2.19) {(w1, w2) ∈ C
2 : w1w2 = c},
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for c ∈ C \ {0}. Performing a hyperkähler rotation, if we let c = a+ ib for (a, b) ∈
R2 \ {(0, 0)}, we find special Lagrangians (with Lagrangian angle 0)
(2.20)

L π
2

(a+ ib) =

{(
x1 + i

ax1 + bx2
x21 + x22

, x2 + i
ax2 − bx1
x21 + x22

)
: (x1, x2) ∈ R

2 \ {(0, 0)}

}
,

which are embedded, diffeomorphic to S1 × R and asymptotic to P0 ∪ Pπ
2

, where

(2.21) Pφ := {(eiφx1, e
−iφx2) : (x1, x2) ∈ R

2}.

It is elementary to see that
L π

2
(a + ib) is exact if and only if b = 0. The Lagrangian L π

2
(a) for a > 0 is

SO(2)-invariant and is called the Lagrangian catenoid.
By varying complex coordinates we see that the pairs of transverse special La-

grangian planes are given by P0∪Pφ for φ ∈ (0, π). One can follow the construction
above to find a 2-parameter family of special LagrangiansLφ(a+ib) with Lagrangian
angle 0 asymptotic to P0 ∪ Pφ so that Lφ(a+ ib) is exact if and only if b = 0.

By the theory of resolution of singularities for complex curves, the Lφ(a + ib) are
(up to rigid motions) the unique special Lagrangians in C2 which converge weakly
to the pair of planes P0 ∪ Pφ, which are not the pair of planes itself.

Further examples of special Lagrangians in C
2 will appear in our study.

Example 2.23. For c = a+ ib ∈ C \ {0}, consider the complex curve

(2.22) {(cw,w2) ∈ C
2 : w ∈ C}.

After a hyperkähler rotation we get special Lagrangians (with Lagrangian angle 0)

(2.23) L(a+ ib) =
{(
ax1 − bx2 + i(x21 − x22), ax2 + bx1 − 2ix1x2

)
: (x1, x2) ∈ R

2
}
,

which are embedded, diffeomorphic to R2, exact and asymptotic to Pπ
2

as given in
(2.21) with multiplicity two.

The exact special Lagrangians in Example 2.22 can be extended to higher di-
mensions.

Example 2.24. Given φj ∈ (0, π) for j = 1, . . . , n− 1 (for n ≥ 2) such that

(2.24) φn := −(φ1 + . . .+ φn−1) ∈ (−π, 0),

we let φ = (φ1, . . . , φn−1) and define a special Lagrangian plane (with Lagrangian
angle 0) in Cn by

(2.25) Pφ = {(eiφ1x1, . . . , e
iφnxn) : (x1, . . . , xn) ∈ R

n}.

There is a 1-parameter family of exact, embedded special Lagrangians Lφ(a) in Cn

for a ∈ R \ {0}, which are diffeomorphic to Sn−1 × R and asymptotic to P0 ∪ Pφ

where P0 = Rn.
The Lφ(a) are called Lawlor necks and the case where φj = π

2 for all j gives
an SO(n)-invariant special Lagrangian, also often called the Lagrangian catenoid
in Cn. For n = 2, they coincide with the Lφ(a) given in Example 2.22.

By [9], up to rigid motions, Lawlor necks in Cn for n > 2 are the unique embedded,
exact, special Lagrangians asymptotic to P0 ∪ Pφ in the sense that, outside some
compact set they may be written as the graph of a normal vector field v on the pair
of planes so that, for some ρ < 1,

(2.26) |v| = O(rρ) and |∇v| = O(rρ−1) as r → ∞,
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where r is the radial coordinate in the planes. Furthermore, if we allow for im-
mersed, exact, special Lagrangians the only additional possibility is the pair of
planes itself. For n = 2, the work of [9] does not apply, but (as we have remarked)
a stronger uniqueness holds which does not require (2.26).

2.3.2. Grim reaper and Joyce–Lee–Tsui translators. We recall that any curve γ in
C is Lagrangian, and therefore γ × R is Lagrangian in C× C = C2.

Example 2.25. The grim reaper curve

γ = {s− i log cos s ∈ C : s ∈ (−π
2 ,

π
2 )}

has Lagrangian angle taking all values in the range (−π
2 ,

π
2 ), so this is zero-Maslov

but is not almost calibrated. This defines a translator whose blow-down is a mul-
tiplicity two line. Therefore γ × R is a zero-Maslov but not almost calibrated
translator in C2 whose blow-down is a multiplicity two plane.

A surprising fact is that we can actually have almost calibrated translators.

Example 2.26. For n > 2, given ψ ∈ (0, π) and φ1, . . . , φn−2 ∈ (0, π) such that

φn−1 := ψ − (φ1 + . . .+ φn−2) ∈ (0, π),

we let φn = 0 and let φ = (φ1, . . . , φn). For n = 2, we let φ1 = ψ and φ2 = 0.
Joyce–Lee–Tsui [11] constructed examples of embedded Lagrangian translators

Lφ(ψ) in Cn diffeomorphic to Rn whose Lagrangian angle takes values in (0, π−ψ),
so they are almost calibrated and exact. Notice that by taking ψ close to 0 the
oscillation of the Lagrangian angle of Lφ(ψ) can be made arbitrarily small. The
1-form α defining the translating direction of Lφ(ψ) is a multiple of dxn, where the
multiple goes to 0 as ψ → 0.

The blow-down of Lφ(ψ) is P0∪Pφ in the notation of (2.25), so they are two mul-
tiplicity one Lagrangian planes intersecting along a line (given by the xn-direction),
with different Lagrangian angles: one has angle 0 whilst the other has angle ψ.

2.3.3. Harvey–Lawson T 2-invariant special Lagrangians. In [4], Harvey and Lawson
constructed special Lagrangians in C

n invariant under the action of the maximal
torus in SU(n) for n ≥ 3. We only consider here the case n = 3.

Example 2.27. Given a1, a2, a3 > 0, we define

(2.27) L1(a1) = {(z1, z2, z3) ∈ C
3 : |z1|

2 − a1 = |z2|
2 = |z3|

2, z1z2z3 ∈ [0,∞)}

and similarly define L2(a2) and L3(a3) by cyclic permutations of (1, 2, 3). Then
Lj(aj) is an embedded special Lagrangian in C3, with Lagrangian angle 0, diffeo-
morphic to S1 × R2, and asymptotic at infinity to the special Lagrangian T 2-cone

(2.28) C = {(z1, z2, z3) ∈ C
3 : |z1| = |z2| = |z3|, z1z2z3 ∈ R

+}.

Each Lj(aj) is invariant under the T 2-action preserving C.

The special Lagrangians Lj(aj) are not exact: in fact, the integral of λ around the
generator of the S1 in Lj(aj) is proportional to aj . The cone C is the simplest
known non-planar special Lagrangian cone.
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3. Blow-downs of ancient solutions

We show that blow-downs of zero-Maslov ancient solutions to LMCF in C
n

are finite unions of special Lagrangian cones (with possibly different phases). We
further show that if the ancient solution is exact (and almost calibrated for n > 2),
then the blow-down of connected components of the flow intersected with a ball is
contained in a single cone. This is the analogue of the structure theory of Neves [14]
for blow-ups of singularities of zero-Maslov LMCF, and the proofs are essentially the
same. Consequently, we only sketch the main points, and highlight any differences.

3.1. Assumptions. Throughout we assume that (Lt)−∞<t<0 is a zero-Maslov an-
cient solution to LMCF in Cn. We will assume that there is a bound on the area
ratios and Lagrangian angle as t → −∞; that is, there exists a constant A0 > 0
such that

(3.1) lim sup
t→−∞

Hn(Lt ∩BR) ≤ A0R
n and lim sup

t→−∞
sup
Lt

|θt| ≤ A0.

By (2.12) and (2.14), the bounds (3.1) lead to uniform bounds on the area ratios
and Lagrangian angle of Lt for all t, see for example [14, Lemma B.1].

We shall take a blow-down sequence (Li
s)−∞<s<0 as in (2.9) and let λis = λ|Li

s

and θis be the Lagrangian angle of Li
s.

3.2. Zero-Maslov structure theorem. We first recall a structure theorem for
zero-Maslov blow-downs of ancient solutions to LMCF in C

n. For n = 2 this is
included in [17, Theorem 3.1]. The result is analogous to [14, Theorem A] and the
proof is almost identical; we include it for completeness.

Theorem 3.1. Let (Lt)−∞<t<0 be a zero-Maslov ancient solution to LMCF in
C

n satisfying (3.1). For any blow-down sequence (Li
s)−∞<s<0 as in (2.9), there

exists N ∈ N and special Lagrangian cones Cj with distinct Lagrangian angle θj
for j = 1, . . . , N such that, after passing to a subsequence, for all φ ∈ C∞

c (Cn),
f ∈ C2(R) and s < 0 we have

(3.2) lim
i→∞

∫

Li
s

f(θis)φdHn =

N∑

j=1

mjf(θj)µj(φ),

where µj and mj are the Radon measures and multiplicity of the support of Cj.

Furthermore, the set {θj : j = 1, . . . , N} of angles does not depend on the sequence
of rescalings chosen in (2.9).

Here, by a special Lagrangian cone we mean a special Lagrangian integral current
which is invariant under dilations. This result states that any blow-down of Lt is
a union of special Lagrangian cones, and the Lagrangian angles of these cones are
independent of the blow-down sequence (though the cones themselves could vary).

Proof of Theorem 3.1. By the assumptions (3.1) we may apply (2.12) to Li
s, where

we choose the functions f = θ2 and f = 1. Using the evolution equation (2.15), we
can argue just as in [14, Lemma 5.4] that the following holds.

Lemma 3.2. For any −∞ < a < b < 0 and any R > 0, we have

(3.3) lim
i→∞

∫ b

a

∫

Li
s∩BR

(|λis|
2 + |dθis|

2) dHnds = 0.
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We may now choose a < 0 such that

(3.4) lim
i→∞

∫

Li
a∩BR

(|λia|
2 + |dθia|

2)dHn = 0,

since this holds for almost all a < 0 by (3.3). Then (3.4), together with assumptions
(3.1), allows us to invoke a compactness result of Neves [14, Proposition 5.1].

Proposition 3.3. Let (Li) be a sequence of zero-Maslov class Lagrangians in Cn

such that, for some fixed R > 0, there exists a constant A0 > 0 so that

Hn(Li ∩B2R) ≤ A0R
n, sup

Li∩B2R

|θi| ≤ A0 ∀i ∈ N,

lim
i→∞

Hn−1(∂Li ∩B2R) = 0 and lim
i→∞

∫

Li∩B2R

|dθi|2dHn = 0.

There exists N ∈ N, special Lagrangians integral currents Cj with Lagrangian angle

θj for j = 1, . . . , n such that, after passing to a subsequence, for all φ ∈ C∞
c (BR)

and f ∈ C(R) we have

lim
i→∞

∫

Li

f(θi)φdHn =

N∑

j=1

mjf(θj)µj(φ),

where µj and mj are the Radon measure and multiplicity of the support of Cj .

We deduce from Proposition 3.3, after a diagonalisation argument, the existence
of special Lagrangian integral currents Cj with Lagrangian angle θj for j = 1, . . . , N
so that (3.2) holds for s = a. We also note that (3.4) implies that λ|Cj

≡ 0 and
hence, by (2.3), the Cj are cones. Furthermore, arguing just as in [14], we have
that (3.4) in fact must now hold for all s < 0.

Finally, the fact that the set of angles does not depend on the blow-down sequence
follows from the monotonicity formula (2.12) with function (θt−y)2m for y ∈ R and
m ∈ Z, together with the evolution equation (2.15), just as in [14, p. 22–23]. �

3.3. Exact and almost calibrated structure theorem. We now extend our
structure theory for blow-downs of ancient solutions to LMCF to the exact and
almost calibrated setting. This is the analogue of [15, Theorem 4.2], which is a
refinement of [14, Theorem B] (but with the same proof), and again the proof of
the result here is almost the same.

In addition to our standing assumptions in subsection 3.1, we will further assume
the flow (Lt)−∞<t<0 is exact, which means there exist functions βt : Lt → R such
that

(3.5) λt = λ|Lt
= dβt,

and that there exists ǫ > 0 such that the Lagrangian angles θt satisfy

(3.6) lim inf
t→−∞

cos θt ≥ ǫ,

which implies that Lt is almost calibrated for all t by (2.14). Moreover, (3.6) also
holds for the angles θis of the blow-down sequence Li

s, and the analogue of (3.5)
holds for some functions βi

s.

Remark 3.4. The almost calibrated condition (2.5) is preserved along LMCF but
we are not guaranteed in general a uniform ǫ as in (3.6) for an ancient solution with
Lt almost calibrated for all t.
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We may view Lt as the images of immersions ιt : L→ Cn for a fixed L.

Theorem 3.5. Let (Lt)−∞<t<0 be an exact and zero-Maslov ancient solution to
LMCF in C

n satisfying (3.1). If n > 2, we further assume that the almost calibrated
condition (3.6) holds. Theorem 3.1 applies so we use the notation of that result.

For almost all s0, if Σi ⊂ Li
s0 has ∂Σi ∩ B3R = ∅ and only one connected

component of Σi ∩B2R intersects BR then, after passing to a subsequence, we can
find j ∈ {1, . . . , N} and m ≤ mj so that, for all φ ∈ C∞

c (BR) and f ∈ C2(R), we
have

lim
i→∞

∫

Σi

f(θis0)φdHn = mf(θj)µj(φ).

Proof. Applying Lemma 3.2, we have that (3.4) holds for a = −1 and a = s0
without loss of generality. This allows us to apply the following lemma ([15, Lemma
3.10]) to Li

−1 and Σi for all i sufficiently large.

Lemma 3.6. Suppose L is a smooth Lagrangian in C
n with ∂L ∩ BR = ∅ and

either n = 2 and for some sufficient small δ > 0 we have,
∫

L∩BR

|dθ|2dH2 < δ,

or n > 2 and there exists ǫ > 0 so that

inf
L∩BR

cos θ ≥ ǫ.

There exists a constant A1 = A1(n, ǫ) > 0 such that

(Hn(U))
n−1

n ≤ A1H
n−1(∂U),

for all open U ⊆ L ∩BR with rectifiable boundary.

Remark 3.7. The constant A1 given by the proof of Lemma 3.6 tends to infinity as
ǫ→ 0. This motivates the need for the assumption (3.6).

Let Rk > 0 be a monotonic sequence with Rk → ∞. Applying Proposition 3.3
to Li

−1 ∩ B4Rk
, as in the proof of [14, Lemma 7.2], we deduce the convergence

of connected components of Li
−1 ∩ B4Rk

intersecting BRk
to a union of special

Lagrangian cones in B2Rk
. By (2.3), we get uniform bounds on |dβi

−1| and |dθi−1|.
Given these bounds and Lemma 3.6, we may apply a Poincaré-type Lemma [15,

Lemma 3.7] to Li
−1 with functions βi

−1 and θi−1, which we give in our required form.

Lemma 3.8. Let (Li) and (αi) be a sequence of smooth Lagrangians in Cn and
smooth functions on Li such that for some R > 0 the following holds: Li ∩B2R is
connected and ∂(Li ∩B3R) ⊂ B3R(0) and there exists a constant A1 > 0 so that

Hn(Li ∩B3R) ≤ A1R
n and (Hn(U))

n−1

n ≤ A1H
n−1(∂U)

for all open U ⊆ Li ∩B3R(0) with rectifiable boundary and all i ∈ N;

sup
Li∩B3R

|∇αi| +R−1 sup
Li∩B3R

|αi| ≤ A1 and lim
i→∞

∫

Li∩B3R

|∇αi|2dHn = 0.

Then, there exists α ∈ R such that after passing to a subsequence, we have

lim
i→∞

sup
x∈Li∩BR

|αi(x) − α| = 0.
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Lemma 3.8 and Proposition 3.3 then imply there exist N̂ , distinct pairs (βj , θj)

and special Lagrangian cones Ĉj with Lagrangian angle θj for j = 1 . . . , N̂ so that

(3.7) lim
i→∞

∫

Li
−1

f(βi
−1 − 2(s0 + 1)θi−1)φdHn =

N̂∑

j=1

m̂jf(βj − 2(s0 + 1)θj)µ̂j(φ)

for all φ ∈ C∞
c (Cn) and f ∈ C2(R), where m̂j and µ̂j are the multiplicity and

Radon measures of the support of Ĉj . We may further assume that the numbers

βj − 2(s0 + 1)θj are distinct.

Applying Proposition 3.3 to Σi ∩B2R, we obtain a stationary (but a priori not
special) Lagrangian cone Σ with Radon measure µΣ so that Σi converges weakly
to Σ on BR. We now argue that Hn(Σ) > 0. There exists a sequence xi ∈ Σi∩BR,
which we may assume converges to some x ∈ BR. Due to upper semicontinuity,
the Gaussian density ratios of Σ satisfy Θ(x, l) ≥ 1. Since Σ may be considered as
a stationary Brakke flow, we see that for some φ ∈ C∞

c (BR(x)), we have
∫

Σ

Φ(x, 1)φdHn >
1

2

by the monotonicity formula. Thus Hn(Σ) > 0 as claimed.
As Σi ∩B2R converges to a stationary cone, Lemmas 3.2, 3.6 and 3.8 imply the

existence of a constant β so that

lim
i→∞

sup
x∈Σi∩BR

|βi
s(x) − β| = 0.

We now let φ ∈ C∞
c (BR) be nonnegative such that

(3.8) µΣ(φ) =

∫

Σ

φdHn > 0

(this is possible since Hn(Σ) > 0) and let f ∈ C2
c (R) be such that f : R → [0, 1],

(3.9) f(β) = 1 and f(βj − 2(s0 + 1)θj) > 0

for at most one j ∈ {1, . . . , N̂}.
From Lemma 3.2 and the evolution for βi

s + 2(s− s0)θis from (2.17), we see that

(3.10) lim
i→∞

∫

Li
s0

βi
s0φdHn = lim

i→∞

∫

Li
−1

(
βi
−1 − 2(s0 + 1)θi−1

)
φdHn.

We deduce from (3.7), (3.8), (3.9) and (3.10) that

0 < µΣ(φ) =

∫

Σ

f(β)φdHn = lim
i→∞

∫

Σi

f(βi
s0)φdHn ≤ lim

i→∞

∫

Li
s0

f(βi
s0)φdHn

=
N̂∑

k=1

m̂kf(βk − 2(s0 + 1)θk)µ̂k(φ) = m̂jf(βj − 2(s0 + 1)θj)µ̂j(φ).

By varying f and φ, we deduce that β = βj − 2(s0 + 1)θj for some unique j and

hence Σ = mĈj with m ≤ m̂j . Moreover, since Σ arises from a limit of Σi ⊆ Li
s0 ,

we can relate Ĉj and m̂j to some Cj and mj as given by Theorem 3.1. �
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4. Stationary ancient solutions

We show that for certain blow-downs to occur for a class of zero-Maslov ancient
solutions to LMCF in Cn, the flow must in fact be stationary.

4.1. Planar blow-downs. We have the following analogue of [15, Corollary 4.3].

Proposition 4.1. Let (Lt)−∞<t<0 be an exact, zero-Maslov ancient solution to
LMCF in Cn satisfying (3.1). If n > 2, we also assume the almost calibrated
condition (3.6). Suppose that a blow-down (given by Theorem 3.1) is a union of
multiplicity one planes Pj, which pairwise intersect transversely, and which have

distinct Lagrangian angles θj for j = 1, . . . , N . Then Lt = ∪N
j=1Pj for all t < 0.

Since the proof of [15, Corollary 4.3] is only sketched, we provide the full proof
of Proposition 4.1 in the case n = N = 2 as the general case is proved in an entirely
similar manner. The idea is to use Theorem 3.5, together with the non-existence
of compact embedded exact Lagrangians in Cn, to show that the intersection of
the blow-down sequence with a large fixed ball eventually consists of exactly two
components. White’s regularity theorem then yields a uniform curvature bound for
the blow-down sequence in this ball. Rescaling this curvature estimate forces the
flow to be totally geodesic, and hence it must equal the union of planes.

Proof of Proposition 4.1. For simplicity, we assume that n = N = 2. We begin
with an elementary observation.

Lemma 4.2. For all ǫ0 > 0 there exists R0 > 0 such that
∫

P1+P2

Φ(x0, l)(x, 0) dH2 ≤ 1 +
ǫ0
2

∀ 0 < l ≤ 4 and |x0| ≥
R0

2
.

Proof. Let aj = d(Pj , x0). Then

1

4πl

∫

P1

e−
|x−x0|2

4l dH2 +
1

4πl

∫

P2

e−
|x−x0|2

4l dH2

= e
−a2

1
4l

1

4πl

∫

P1

e
−|y|2

4l dy + e−
a2
2

4l
1

4πl

∫

P2

e−
|y|2

4l dy

= e−
a2
1

4l + e−
a2
2

4l .(4.1)

Since l ≤ 4, the result follows. �

By (2.13), for −2 ≤ s < 0 and 0 ≤ l ≤ 2 the Gaussian density ratios of Li
s satisfy

Θi
s(x0, l) ≤ Θi

−2(x0, l + 2 + s).

Thus, Radon measure convergence and Lemma 4.2 imply that for any ǫ0 > 0 there
is R0 > 0 such that for all |x0| >

R0

2 and i sufficiently large, Θi
s(x0, l) ≤ 1 + ǫ0.

We may therefore apply White’s regularity theorem [24] to obtain that (for any

fixed K > R0) in the annulus A(R0,K) := BK(0) \BR0
(0), the C2,α norm of Li

s is
uniformly bounded for all s ∈ [−1, 0). We now show that, in this annulus, Li

s has
two components which are graphs over P1 and P2 for i large.

Lemma 4.3. On A(R0,K), for i sufficiently large and s ∈ [−1, 0), a subsequence

of Li
s∩A(R0,K) may be decomposed into two connected components, Σi

1,s and Σi
2,s

which are graphical over P1 ∩A(R0,K) and P2 ∩ A(R0,K) respectively.
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Proof. Suppose first that there exists a sequence of points xi ∈ Li
s ∩A(R0,K) such

that d(P1 ∪ P2, x
i) > 3ǫ for some ǫ > 0. For j = 1, 2, let

Sǫ
j := {x ∈ A(R0,K)| d(x, Pj) < ǫ}.

Due to the uniform C2,α estimates on Li
s ∩ A(R0,K), there is a uniform (in i)

neighbourhood of xi in Li
s that may be written graphically over TxiLi

s and is disjoint
from a 2ǫ-tubular neighbourhood of P1 ∪ P2. Hence, there is some c > 0 so that

H2(Li
s \ (Sǫ

1 ∪ S
ǫ
2)) > c,

a contradiction to Radon measure convergence. Therefore for any ǫ > 0, choosing
i large enough, Li

s ∩A(R0,K) is contained in the disjoint sets Sǫ
1 and Sǫ

2.
Suppose for a contradiction that for small ǫ > 0 to be determined (and depending

only on the C2,α estimate), i has been chosen large enough so that Li
s ∩ Sǫ

j 6= ∅

but Li
s ∩ S

ǫ
j is not graphical over P1. Then, there exists x ∈ Li

s ∩ S
ǫ
j and a unit

vector v ∈ TxL
i
s with v ⊥ Pj . The uniform C2,α bound implies that Li

s may be
written graphically over a ball of radius r in TxL

i
s (where r depends only on the

C2,α estimate). However, choosing ǫ = r
2 , we see that in the v direction Li

s leaves
Sǫ
j , a contradiction.

Hence, Li
s ∩ S

ǫ
j is graphical over Pj and the C0 norm of the graph converges to

zero as i→ ∞. Therefore, using Ehrling’s Lemma and the uniform C2,α bound we
see that Li

s∩S
ǫ
j is made up of k graphical “sheets” that converge in C2 to the plane

Pj . Due to Radon measure convergence to multiplicity one planes we see that there
must exist a subsequence of the Li

s ∩ S
ǫ
j which is a graph over Pj ; that is, k = 1.

Setting Σi
j,s = Li

s ∩ S
ǫ
j gives the result. �

We now show that Li
s has two connected components in the ball, as well as in

the annulus.

Lemma 4.4. There is a subsequence of Li
s, such that for i large enough there are

exactly two connected components of Li
s ∩BK , Σi

1,s and Σi
2,s, where Σi

j,s converges
to Pj ∩BK for almost all s ∈ [−1, 0) in the sense of Radon measures.

Proof. Theorem 3.5 implies that Li
s ∩ BK must have at least two connected com-

ponents for almost all s ∈ [−1, 0), as otherwise we would conclude that θ1 = θ2.
Now let Σi

j,s be a connected component that converges to Pj on the annulus

A(R0,K), as in Lemma 4.3. Due to Theorem 3.5, Σi
j,s must converge (as a Radon

measure) to a subset of either P1 or P2. Since it converges in C2 on A(R0,K)
to Pj , we deduce that lim

i→∞
Σi

j,s ⊆ Pj ∩ BK . Due to the isoperimetric inequality,

M(Σi
j,s) ≥ πK2 (where here M is the mass of Σi

j,s considered as a varifold), and so

since Σi
1,s and Σi

2,s are disjoint connected components,

M(Li
s ∩BK) ≥ M(Σi

1,s ∪ Σi
2,s) = M(Σi

1,s) + M(Σi
2,s) ≥ 2πK2.

By convergence in Radon measure, we have that for all s ∈ [−1, 0),

lim
i→∞

M(Li
s ∩BK) = 2πK2.

Let ιis : L→ Cn be the immersion of Li
s and let

L̃i
s = ιis

[
L \

(
(ιis)−1(Σi

1,s) ∪ (ιis)
−1(Σi

2,s)
)]

∩BK .
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By subadditivity,

(4.2) lim
i→∞

M(L̃i
s) = 0.

Due to Lemma 4.3 we also have that L̃i
s ⊂ BR0

for all s ∈ [−1, 0).

We now use the clearing out lemma [3, Proposition 4.23] to see that L̃i
s = ∅.

For a contradiction, suppose not. Let ǫ > 0 and choose ρ such that ρ2 = 2nǫ. Let
κ(n, 1

4n ) > 0 be the constant given in [3, Proposition 4.23]. By (4.2) we may choose

s0 ∈ (−1,−1 + 1
2ǫ) and j sufficiently large so that

ρ−n
M(L̃j

s0 ∩Bρ(x0)) < κ

for any x0 ∈ BR0
. By [3, Proposition 4.23], L̃j

s = ∅ for all s ∈ [−1+ǫ, 0). Since Li
s is

a blow-down sequence we may assume there exists σ > 2 such that L̃i
s = σ−1L̃j

σ−2s

for all s ∈ [−1, 0). This implies L̃i
s = ∅, our required contradiction.

Finally, due to the isoperimetric inequality and Theorem 3.5, we see that Σi
j,s

must converge to Pj ∩BK as a Radon measure for almost all s ∈ [−1, 0). �

Since Σi
j,s becomes arbitrarily close in the Radon measure sense to the plane Pj

by Lemma 4.4, we may apply a variant of White’s regularity theorem which may
be localised to each Σi

j,s (c.f. [3, Remark 4.16 (4), Proposition 4.17, Lemma 5.8]).

Hence, the Σi
j,s satisfy a uniform C2,α bound in BR0

2

for − 1
2 ≤ s < 0. In particular

Li
s ∩ BR0

2

satisfies |Ai
s| < C for s ∈ [− 1

2 , 0), where Ai
s is the second fundamental

form of Li
s. By scaling this implies the second fundamental form At of Lt satisfies

|At| <
C

σi

for −σ2
i

2 ≤ t < 0. Sending i→ ∞, we see that At = 0 and thus Lt = P1 ∪ P2. �

4.2. Special Lagrangian blow-downs. We show that, if (Lt)−∞<t<0 is an an-
cient solution to LMCF in Cn satisfying (3.1) which is almost calibrated, and some
blow-down is a special Lagrangian cone (meaning that it has just one Lagrangian
angle), then Lt is itself special Lagrangian (and thus stationary).

Proposition 4.5. Let (Lt)−∞<t<0 be an ancient solution to LMCF in Cn which is
zero Maslov and satisfying (3.1). Assume further that the Lagrangian angle satisfies

(4.3) θt ∈ [ε, 2π − ε]

for some ε > 0. Suppose that for some blow-down sequence (Li
s)−∞<s<0 as in

(2.9) we have that (Li
s)−∞<s<0 converges to a special Lagrangian cone C with La-

grangian angle θ as varifolds as i → ∞. Then (Lt)−∞<t<0 is special Lagrangian
with Lagrangian angle θ.

Proof. The monotonicity formula (2.12) together with the evolution equation (2.15)
for the Lagrangian angle θt implies that

d

dt

∫

Lt

|θt − θ|2Φ(0,1) dHn = −

∫

Lt

|dθt|
2Φ(0,1) dHn

−

∫

Lt

|θt − θ|2
∣∣∣∣dθt +

λt
2t

∣∣∣∣
2

Φ(0,1) dHn ,

(4.4)
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where θ̄ ∈ [ε, 2π−ε]. Note that by assumption we have a positive sequence σi → ∞
such that for any t < 0

(4.5) σ−1
i Lσ2

i t
→ C

in the varifold sense. We now consider the (oriented) angle function θ on the
Grassmanian of oriented Lagrangian planes in Cn, where we choose the values of
θ to lie in [0, 2π). Note that θ is not continuous, but we can define a function
ψ : [0, 2π) → [ε, 2π − ε] by

ψ(θ) =





ε− π−ε
ε (θ − ε) for θ ∈ [0, ε),

θ for θ ∈ [ε, 2π − ε],

2π − ε− π−ε
ε (θ − (2π − ε)) for θ ∈ (2π − ε, 2π).

Note that ψ(θ) = θ for θ ∈ [ε, 2π − ε] and ψ(θ) is a continuous function on the
Grassmanian of oriented Lagrangian planes in Cn.

Since Lt satisfies (4.3) we can replace θt by ψ(θt) in (4.4). The convergence (4.5)
as varifolds and the decay of the heat kernel implies that

(4.6) lim
t→−∞

∫

Lt

|θt − θ|2Φ(0,1) dHn = lim
t→−∞

∫

Lt

|ψ(θt) − θ|2Φ(0,1) dHn = 0.

Combining (4.4) and (4.6), we have θt ≡ θ as required. �

Remark 4.6. The product L of a grim reaper curve with R as in Example 2.25 is an
ancient (in fact, eternal) solution to LMCF in C2 which is not special Lagrangian,
but whose blow-down is a multiplicity two special Lagrangian plane for s < 0, a
multiplicity two special Lagrangian half-plane for s = 0 and vanishes for s > 0.
This shows that Proposition 4.5 is sharp since the Lagrangian angle of L satisfies
0 < θ < 2π but it does not satisfy (4.3).

5. Asymptotics for minimal submanifolds

We obtain asymptotics for minimal submanifolds with planar blow-downs via an
optimal  Lojasiewicz–Simon inequality, and methods from [18]. As a consequence,
we strengthen the uniqueness result for Lawlor necks in [9]. We believe that our
results here could also be proved using methods from [1].

5.1. Main results. Throughout this section we let L be a minimal n-dimensional
submanifold of Rn+k with bounded area ratios, i.e. satisfying (2.8). Since the area
ratios are bounded, we can consider a tangent cone L∞ of L at infinity, and we let
Σ = L∞ ∩ ∂B1. We assume that L∞ is a multiplicity one minimal cone that is
smooth outside the origin, which ensures that L∞ is unique (by [18]), and that L∞

is Jacobi integrable, i.e. the Jacobi fields on Σ, as a minimal submanifold of ∂B1,
are integrable. Our main result here is the following, where r denotes the distance
from 0 in Rn+k.

Theorem 5.1. Let Ln ⊆ Rn+k be a minimal submanifold with bounded area ratios.
Suppose that a blow-down L∞ of L is a multiplicity one cone which is smooth away
from 0 and Jacobi integrable. There exists R > 0 such that L \BR may be written
as a graph of a normal vector field v over L∞ with |v| ≤ Crα for some α ∈ (0, 1)
and C > 0.
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Remark 5.2. If we drop the Jacobi integrable assumption on L∞ we obtain the
same statement but with the weaker decay estimate |v| < C r

logp r for some p > 0.

Since planes are Jacobi integrable (implicitly shown in [1], for example), Theorem
5.1 and the work in [9], as explained in Section 2, implies we can strengthen the
known uniqueness statement for asymptotically planar special Lagrangians.

Theorem 5.3. Let L be a smooth, exact, special Lagrangian in Cn with bounded
area ratios. Suppose that a blow-down of L is a pair of transversely intersecting
multiplicity one planes. Then, up to rigid motions, L is either a Lawlor neck as in
Example 2.24 or the pair of planes.

Remark 5.4. This shows that the uniqueness statement one obtains for n = 2 using
complex geometry, as explained in Section 2, extends to all dimensions.

5.2. Monotonicity. Since Ln ⊆ Rn+k is minimal, if µ is the measure associated
to L and D⊥ is the projection of the Euclidean derivative to the normal bundle of
L, we have the following monotonicity formula:

(5.1)
d

dρ

(
µ(Bρ)

ρn

)
=

∫

Ln∩Bρ

|D⊥r|2

rn
dHn.

From (5.1) and (2.8), we have

(5.2) µ∞ := lim
τ→∞

µ(Bτ (0))

τn

is finite. Furthermore, we have

(5.3)

∫

Ln∩(Rn+k\Bρ)

|D⊥r|2

rn
dHn = µ∞ −

µ(Bρ(0))

ρn
.

Equation (5.1) and the co-area formula imply that for almost all ρ ∈ (0,∞),

(5.4) nρ−(n+1)µ(Bρ) = ρ−n

∫

∂Bρ∩L

|∇r|dHn−1.

5.3. Energy. Following the notation in [18, Section 7], we say that L is a graph of
h ∈ C∞((TL∞)⊥) in the annulus Bρ \Bσ if and only if

(5.5) Gσ,ρ =





x+ h(x)√
1 + |h(x)|2

|x|2

: x ∈ L∞ ∩ (Bρ \Bσ)



 = L ∩ (Bρ \Bσ).

In practice, it easier to work with logarithmic polar coordinates and view h in terms
of a normal vector field u on Σ × (log σ, log ρ):

(5.6) u(ω, t) = r−1h(ωr),

where t = log r. We will write the restriction of u to Σ at fixed t as u(t)(·) = u(·, t).
For a section v of the pullback of (TL∞)⊥ to Σ of small C1 norm, we define an

energy via

(5.7) E(v) =

∫

Σ

J(ω, v,∇v)dHn(ω),

where J is chosen, as in [18, Section 7], so that if ‖u(t)‖C1(Σ) is sufficiently small,

E(u(t)) = et(1−n)Hn−1(L ∩ ∂Bet) = Hn−1(e−tL ∩ ∂B1).
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The energy E is uniformly convex for ‖v‖C1(Σ) sufficiently small. Observe that

(5.8) E(0) = nµ∞.

We define the elliptic operator M = −gradE on Σ. The Jacobi integrability of L∞

implies we may apply [20, Lemma 1 on p. 80] to obtain an optimal  Lojasiewicz–
Simon inequality, namely there exists σ > 0 such that if |u|C3(Σ) < σ then

(5.9) |E(u) − E(0)| ≤ C‖M(u)‖2L2(Σ) = C‖gradE(u)‖2L2(Σ).

An advantage of our coordinates is that minimality becomes a uniformly elliptic
equation (cf. [18, p. 565]): if ‖u‖C1(Σ×[1,∞)) is small then H ≡ 0 if and only if

(5.10) ü(t) + nu̇(t) + M(u)(t) + R(u)(t) = 0,

where

R(u)(t) = (a · ∇2u(t) + b)u̇(t) + c · ∇u̇(t) + dü(t)

and a, b, c, d are smooth functions which vanish when u, ∇u and u̇ are 0.
We will need suitable estimates on |D⊥r|2. Calculating as in [18, Page 561], if

‖u‖C1(Σ) is sufficiently small then we may estimate

(5.11)
1

2

∣∣etu̇
∣∣2 ≤ |D⊥r|x|

2 ≤ 2
∣∣etu̇

∣∣2 ,

and

1

2

∫ log σ

log ρ

∫

Σ

|u̇|2dHn−1dt ≤

∫

L∩(Bσ\Bρ)

|D⊥r|2

rn
dHn

≤ 2

∫ log σ

log ρ

∫

Σ

|u̇|2dHn−1dt .

(5.12)

5.4. Extension lemma. We now prove the following extension lemma.

Lemma 5.5. Suppose β, τ > 1. For every σ > 0, there exists δ(σ, β,Σ) > 0 such
that if µ∞ in (5.2) satisfies nµ∞ = Hn−1(Σ) and L∩ (Beτ+1 \Beτ ) is a graph of u
on Σ × (τ, τ + 1) such that

‖u‖C3(Σ×(τ,τ+1)) < σ and sup
t∈(τ,τ+1)

‖u(t)‖L2(Σ) ≤ δ,

then L ∩ (Beτ+β \Beτ ) is a graph of ũ, which is an extension of u such that

‖ũ‖C3(Σ×(τ,τ+β)) < σ.

Proof. By changing scale, we may assume that τ = 0. Furthermore, (5.3) implies

(5.13) Hn(L ∩Beβ ) ≤ c1(µ∞, β).

Suppose the lemma is false. Then there exists a sequence of minimal Lk with
Lk ∩ (Be \ B1) = G1,e(h

k) as in (5.5) such that ‖r−1hk‖C2(Be\B1)
→ 0 and (5.13)

holds, but Lk∩(B4 \B1) cannot be written as G1,eβ (h̃) for any h̃ such that ‖ũ‖C3 <

σ, where ũ and h̃ are related as in (5.6). By (5.13) we may take a subsequence (also
written Lk) which converges to some varifold V . On Be \B1, V must have density
equal to 1 and support equal to L∞. Due to the convergence of the hk,

(
3

2

)1−n

Hn−1(Lk ∩ ∂B 3
2
) → Hn−1(Σ) = nµ∞,
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and V equals L∞ on Be \B1. However, due to (5.3) and (5.4),

∫

(Rn+k\B 3
2

)∩Lk

|D⊥r|2

rn
dHn = µ∞ −

1

n

(
3

2

)1−n ∫

∂B 3
2

∩Lk

|∇r|dHn−1

and so we see that ∫

V ∩(Rn+k\B 3
2

)

|D⊥r|2

rn
dHn = 0,

i.e. V is a unit density cone. Allard’s regularity theorem (see, e.g. [19, Chapter 5])
then implies that for sufficiently large k, Lk is a graph on Beβ \B1, with arbitrarily
small C3 norm, a contradiction. �

5.5. Growth estimates. We want to estimate the growth of

I(ρ) :=

∫

(Rn+k\Beρ )∩L

|D⊥r|2

rn
dHn.

Using the  Lojasiewicz–Simon inequality (5.9), we obtain the following.

Lemma 5.6. There exists a constant σ(Σ) > 0 such that if L∩ (Beρ+1 \Beρ) is the
graph of u with |u|C3(Σ×[ρ,ρ+1]) < σ then there is a constant C(Σ) so that

I(ρ+ 1) ≤ C(I(ρ) − I(ρ+ 1)).

Proof. Applying (5.4) to (5.3), and using (5.8) we see that for almost every ρ,

n

∫

(Rn+k\Beρ )∩L

|D⊥r|2

rn
dHn = nµ∞ − ρ1−n

∫

∂Beρ∩L

|∇r|dHn−1

= E(0) − E(ρ) + ρ1−n

∫

∂Beρ∩L

1 − |∇r|dHn−1

≤ |E(0) − E(ρ)| + ρ1−n

∫

∂Beρ∩L

|D⊥r|2dHn−1.

We now choose σ sufficiently small so that (5.9)–(5.12) hold. We see that

n

∫

(Rn+k\Beρ )∩L

|D⊥r|2

rn
dHn ≤ ‖M(u(ρ))‖2L2(Σ) + ρ1−n

∫

∂Beρ∩L

|D⊥r|2dHn−1

≤

∫

Σ

|M(u(ρ))|2 + C|u̇(ρ)|2dHn−1

=

∫

Σ

|ü(ρ)|2 + |u̇(ρ)|2 + R2(u(ρ)) + 2|u̇(ρ)|2dHn−1 .

Now (possibly making σ smaller) we may finally estimate the R term to give
∫

L∩(Rn+k\Beρ )

|D⊥r|2

rn
dHn ≤ C

∫

Σ

|ü(ρ)|2 + |∇u̇(ρ)|2 + |u̇(ρ)|2dHn−1 .(5.14)

If we differentiate (5.10) with respect to t we see that Lu̇ = 0 where L is linear
and uniformly elliptic. Hence, we may use elliptic estimates in (5.14) and inequality
(5.12) to yield the claimed result. �

We have the following corollary of Lemma 5.6.
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Corollary 5.7. Let σ be as in Lemma 5.6. Suppose that for 0 < ρ < τ ,

sup
t∈[ρ,τ ]

‖u(t)‖C3(Σ) < σ.

There exist positive constants c1, c2, C depending on Σ such that for all κ ∈ [ρ, τ ]

I(κ) ≤ Cec1(ρ−κ)I(ρ),(5.15)

‖u(κ) − u(τ)‖L2(Σ) ≤ Cec2(ρ−κ)
√
I(ρ) .(5.16)

Proof. Suppose 0 < a < b ≤ 1 are real numbers so there is a constant c such
that a ≤ c(b − a). It is elementary to deduce that log (b/a) ≥ log(1 + c). This
inequality and Lemma 5.6 quickly yield (5.15). The second inequality (5.16) follows

by integration by parts applied to
∫ τ

κ e
c1
2
(t−ρ)‖u̇(t)‖2L2(Σ)dt. �

5.6. Proof of Theorem 5.1. Pick σ,C, c2 as in Corollary 5.7, and then pick δ as
in Lemma 5.5 where we choose β = 2. Using that I(ρ) is nonincreasing, we choose

ρ1 sufficiently large so that for all ρ > ρ1,
√
I(ρ) < δ

4C .
Due to the convergence of the rescalings of L to the blow-down L∞, there exists

a rescaling Li so that in the annulus Be2 \ Be, L
i and L∞ are arbitrarily close in

Radon measure. Applying Allard’s regularity theorem (see e.g. [19, Chapter 5]), we
can ensure that Li has arbitrarily small C3-norm as a graph of h over L∞. Rescaling
back to L, we see that for all ǫ > 0 there exists ρ2 > ρ1 such that L∩(Beρ2+1\Beρ2 ) is
a graph of u in logarithmic polar coordinates on Σ×[ρ2, ρ2+1] such that ‖u‖C3(Σ) <

ǫ. We now choose ǫ < σ sufficiently small so that ‖u(ρ2)‖L2(Σ) <
δ
2 .

We are now able to apply Lemma 5.5 to extend u to ũ on Σ × [ρ2, ρ2 + 3] such
that ‖ũ‖C3(Σ×(ρ2,ρ2+3)) < σ. Moreover, (5.16) implies that, for any t ∈ (ρ2, ρ2 + 3),

‖ũ(t)‖L2(Σ) ≤ ‖u(ρ2)‖L2(Σ) + Cec2(ρ2−t)
√
I(ρ2) <

δ

2
+
δ

2
= δ.

We may therefore apply Lemma 5.5 again and iterate to see that u may be extended
to Σ × (ρ2,∞), such that ‖u‖C3(Σ×(ρ2,∞)) < σ.

We now obtain asymptotics for u. By Arzelà–Ascoli and Schauder estimates,
there exists a sequence ti → ∞ such that u(ti) → w smoothly. We deduce from
(5.16) that u(t) → w smoothly (since I(ρ) → 0 as ρ → ∞). Hence w ≡ 0, as
otherwise the blow-down of L would not be L∞. Taking the limit in (5.16) gives

‖u(t)‖C0(Σ) ≤ C‖u(t)‖L2(Σ) ≤ Ce−c2t.

Recalling that r = et, we see that |h| ≤ Cr1−c2 which implies Theorem 5.1.

6. Special Lagrangian surfaces

We saw in Lemma 2.8 that special Lagrangians L in C2 are hyperkähler rotations
of holomorphic curves. Here we show that if L has bounded area ratios (i.e. satisfies
(2.8)) then it is a hyperkähler rotation of an algebraic curve. This implies that the
structure of the blow-down of L (which is a union of planes) determines an explicit,
finite-dimensional set of possibilities for L given by zero sets of polynomials, and
we can bound the total curvature of L by a quadratic in d.

Our methods further allow us to classify special Lagrangians with bounded area
ratios in C

2 with a blow-down given by two planes counted with multiplicty.
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6.1. Algebraic curves. An algebraic curve CP ⊆ C2 is the zero set of the polyno-
mial P (x, y), that is

CP = {(x, y) ∈ C
2 : P (x, y) = 0},

where, for some cij ∈ C,

(6.1) P (x, y) =
∑

cijx
iyj.

We say that a non-constant polynomial P is irreducible if it cannot be written as a
product of two non-constant polynomials. It will be useful to write P in the form

(6.2) P = Pd + Pd−1 + . . .+ P1 + P0,

where each Pj is a homogeneous polynomial of degree j for 0 ≤ j ≤ d. We may
then identify P (x, y) with a homogeneous polynomial in three variables defined by

P̃ (x, y, z) =
∑

cijx
iyjzd−i−j = Pd(x, y) + zPd−1(x, y) + . . . zd−1P1(x, y) + zdP0.

Observe that P̃ is irreducible if and only if P is. Since P̃ is homogeneous, given an
algebraic curve CP ⊆ C2, we can define the projective compactification

C̃P̃ = {[x, y, z] ∈ CP
2 : P̃ (x, y, z) = 0}

of CP , which is an algebraic curve in CP
2. We define its points at infinity to be

C̃∞
P̃

:= C̃P̃ ∩ {[x, y, z] ∈ CP
2 : z = 0}.

Bezout’s theorem implies that if P̃ is irreducible then C̃∞
P̃

is a finite set (unless P̃

is a multiple of z).

We let Sing(C̃P̃ ) denote the singular points of an irreducible projective curve C̃P̃ ;

i.e. the points [x, y, z] on C̃P̃ such that

∂P̃

∂x

∣∣∣
(x,y,z)

=
∂P̃

∂y

∣∣∣
(x,y,z)

=
∂P̃

∂z

∣∣∣
(x,y,z)

= 0.

Similarly, we let Sing(CP ) denote the singular points of an irreducible algebraic

curve CP . Even when Sing(CP ) = ∅, Sing(C̃P̃ ) may be non-empty. We therefore say

that CP has no singularity at infinity if Sing(C̃P̃ ) ∩ C̃∞
P̃

= ∅.

6.2. Algebraic properties of special Lagrangian surfaces. We first make the
following key observation.

Proposition 6.1. Suppose that L is a special Lagrangian with bounded area ratios
in C2. Then after a hyperkähler rotation, L is an algebraic curve.

Proof. Lemma 2.8 states that after a hyperkähler rotation, L is a holomorphic curve
C. Since we have assumed that L satisfies (2.8), we may now apply [22, Theorem
3] (in that paper V (r,M) =

∫
M∩Br(0)

dH2), which implies that C is algebraic. �

We say L is represented by an algebraic curve CP if CP and L are equal as subsets
of C2. Recall the definition of connected components in Remark 2.4.

Lemma 6.2. Let L be a connected special Lagrangian with bounded area ratios in
C

2. Then L may be represented by CP where P is irreducible.
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Proof. Suppose, for a contradiction, that L is represented by CP where P =
∏l

j=1Qj

for Qj irreducible and degree at least one for j ∈ {1, . . . , l}, and suppose, without
loss of generality, that there is no representation with P of lower degree. By Be-
zout’s theorem either there exists i, j ∈ {1, . . . , l} such that CQi

⊂ CQj
or for all

i, j ∈ {1, . . . , l} with i 6= j, CQi
∩ CQj

= Eij where Eij is a finite set of points.

In the first case, L is represented by CP̂ where P̂ = P
Qi

. As P̂ has lower degree,

this is a contradiction.
In the second case, let E be the union of the Eij . For all j ∈ {1, . . . , l}, CQj

is closed in CP , hence ι−1(CQj
) is closed in L, where ι is the immersion of L in

C2. Since ι is an immmersion and E is a discrete set of points, L \ ι−1(E) is path
connected. As L = ∪l

j=1ι
−1(CQj

), we see that L \ ι−1(E) is the disjoint union of

the open sets ι−1(CQj
\ E). This contradicts connectedness if l > 1. �

By Lemma 6.2, we may now restrict to irreducible polynomials P .
By (6.2), for any P of degree d, we may write P = Pd +Q where Q is of at most

degree d − 1. Clearly if both |x| and |y| are large, Pd will dominate Q. We will
show that Pd corresponds to the blow-down of CP .

For P in (6.1) and λ > 0 we consider the scalings λCP . Notice λCP = CPλ , where

(6.3) Pλ(x, y) = λdP
(x
λ
,
y

λ

)
= λd

∑

i,j

cij
λi+j

xiyj .

An easy lemma [12, Lemma 2.8] implies there exists a positive integer D ≤ d and,

for j = 1, . . . , D, integers 1 ≤ mj ≤ d with
∑D

j=1mj = d and αj , βj ∈ C such that

(6.4) Pd(x, y) =

D∏

j=1

(αjx+ βjy)mj ,

where there does not exist µ ∈ C such that µ(αj , βj) = (αk, βk) for j 6= k. Hence,
CPd

is a union of D transverse planes with multiplicities mj for j = 1, . . . , D and

(6.5) Pλ = Pd + λQλ =
D∏

j=1

(αjx+ βjy)mj + λQλ,

where Qλ is a polynomial with coefficients which are bounded as λ→ 0.
We now have the following, where we observe that we may associate a Radon

measure µP to CP : for any Borel set S ⊂ C2,

µP (S) =

∫

CP∩S

mx(P )dH2(x),

where mx(P ) is the multiplicity of the zero of P at x.

Proposition 6.3. Suppose that P is irreducible and written as P = Pd +Q where
Pd is homogeneous of degree d and Q is of degree at most d−1. Then λCP → CPd

in
the sense of Radon measures as λ→ 0; i.e. the blow-down of CP is CPd

. Moreover,
locally away from the origin, λCP can be written as a multivalued graph over CPd

which converges smoothly to 0 as λ→ 0.
Hence, writing P as in (6.5), the blow-down of CP consists of D transverse planes

with multiplicities mj for j = 1, . . . , D, which determines Pd up to scale.

Proof. We proceed in three steps.

Step 1: The limit Radon measure is supported on CPd
.



24 BEN LAMBERT, JASON D. LOTAY, AND FELIX SCHULZE

Let B ⊆ C2 be any Borel set with compact closure such that on B, |Pd| > 0. By
continuity there are positive δ, C depending on B and P such that on B, |Pd| > δ
and |Qλ| < C for all 0 ≤ λ < 1. Therefore, there is λ0(B) > 0 sufficiently small
such that for all λ < λ0, |Pλ| > δ

2 on B. The claim now follows.

Step 2: Outside a finite set E, CP may be locally written as a holomorphic graph
over the planes in CPd

.
For Pλ as in (6.5), for each j ∈ {1, . . . , D} we consider a change of complex coor-
dinates (x̂, ŷ) in SU(2) such that ŷ = µ(αjx+ βjy) for some µ ∈ R, and write Pλ,j

for Pλ in these coordinates. We see that ∂P 1,j

∂ŷ consists of cj ≤ d − 1 irreducible

factors. Bezout’s theorem implies there is a finite set of points Ej such that P 1,j

and ∂P 1,j

∂ŷ are zero. We then set E = ∪D
j=1E

j . The holomorphic implicit function

theorem (see e.g. [12, Theorem B.1]) now implies the claim.

For some j, using coordinates (x̂, ŷ) as above, we write C2 = C × C = Cŷ × Cx̂.
We choose a simply connected open set B1 ⊂⊂ Cŷ such that dist(B1, 0) = δ1 > 0,
and set B2 = {ŷ ∈ Cx̂ : |ŷ| < δ2} for some δ2 > 0. We define B = B1 ×B2 ⊆ C×C,
and assume that δ2 is sufficiently small so that B does not intersect any of the other
planes in CPd

. Since E is a finite set and 0 /∈ B, we may choose λ < λ1(δ1, E) small

enough such that λE ∩B = ∅. We observe that in B, ∂Pλ,j

∂ŷ 6= 0.

Step 3: For λ < λ2(δ2, P, λ1), λCP ∩B may be written as a graph over the planes
in CPd

, and the graph functions converge smoothly to zero as λ→ 0.
Fixing x̂ ∈ B1, each (x̂, 0) ∈ B is a root of Pd of order mj . By continuity of the
roots of polynomials with respect to change of coefficients, for λ < λ2(δ2, P ) < λ1
small enough there are mj roots, counting multiplicity, of Pλ,j(x̂, ŷ) in B. These

roots are distinct and multiplicity one, since ∂Pλ,j

∂ŷ 6= 0. The holomorphic implicit

function theorem now implies that for λ < λ2, CPλ ∩ B is made up of mj disjoint
holomorphic graphs over B1 ⊂ Cŷ. As B ∩ {(x̂, ŷ) ∈ C2 : |ŷ| > ǫ} is not contained
in the support of CPd

, Step 1 implies that these graph functions converge uniformly
to Cŷ ∩B as λ → 0. Standard properties of holomorphic functions imply that this
convergence is smooth. Therefore, the area integrals converge on this region to
mjH2(B ∩ Cŷ) and the claimed convergence follows.

Any Borel set S ⊆ C2 \ {0} (up to a set of measure zero) is a countable union of
Borel sets B as above, and a set outside the support of CPd

, so the result follows. �

A similar proof to Propostion 6.3 allow us to describe the blow-up of CP .

Proposition 6.4. Suppose 0 ∈ CP and write P as in (6.2). Suppose that k is the
least such that Pk 6= 0. Then, as Radon measures, λCP → CPk

as λ→ ∞.

We now observe that we can detect when L is embedded using Sing(CP ).

Lemma 6.5. A connected special Lagrangian L with bounded area ratios in C2 is
embedded if and only if it may be represented by CP with Sing(CP ) = ∅.

Proof. By Lemma 6.2, we may assume that P is irreducible. If Sing(CP ) = ∅, the
complex implicit function theorem [12, Theorem B.1] implies L is embedded.

Suppose that L is embedded and represented by CP . Suppose for a contradiction
that (without loss of generality) 0 ∈ Sing(CP ). Writing P as in (6.2), we deduce
that P0 = P1 = 0. Proposition 6.4 implies that blowing up CP around 0 converges
to CPk

where k ≥ 2. Applying [12, Lemma 2.8] implies that CPk
contains k planes
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(counted with mulitplicity). However, CP is embedded, so the blow-up around any
point is a single multiplicity one plane, which gives the required contradiction. �

Proposition 6.6. Let L be a connected special Lagrangian with bounded area ratios
in C2. Suppose that a blow-down of L consists of d planes counted with multiplic-
ity, and D planes counted without multiplicity, and that L has no singularities at
infinity. Then

(6.6)

∫

L

|A|2dH2 ≤ 4π (d(d− 2) +D) ,

where equality holds if and only if L is embedded.

Proof. By Lemma 6.2, we have C̃P̃ ⊆ CP
2 defined by an irreducible polynomial of

degree d, which is the projective compactification of CP representing L. We shall
use Gauss–Bonnet and the minimality of L to obtain our total curvature bound,
since we know that the Gauss curvature K of L satisfies

(6.7) 2K = |H |2 − |A|2 = −|A|2.

By [12, Theorem 7.12], we have a compact Riemann surface M and a biholo-

morphic mapping π : M \ π−1(Sing(C̃P̃ )) → C̃P̃ \ Sing(C̃P̃ ). Noether’s theorem [12,
Corollary 7.34, Theorem 7.37] implies that the Euler characteristic of M is

χ(M) = d(3 − d) + 2
∑

p∈Sing(C̃P̃ )

δ(p),

where δ(p) is a positive integer associated to singular points as defined in [12,
Definition 7.35, Remark 7.36]. We deduce that

(6.8) χ(L) = d(3 − d) + 2
∑

p∈Sing(C̃P̃ )

δ(p) − d∞

where d∞ = #(π−1(C̃∞
P̃

)).
Gauss–Bonnet implies that for any open set U ⊂ L,

(6.9)

∫

U

KdH2 +

∫

∂U

κgdH
1 = 2πχ(U),

where κg is the geodesic curvature of the boundary. Recall the rescalings Pλ of P
in (6.3) for λ > 0. Notice that the integrals in (6.9) are scale-invariant.

Consider a positive sequence λj → 0 as j → ∞ and let Uj = B1(0) ∩ CPλj .
Proposition 6.3 implies that, for j sufficiently large, CPλj may be written locally
graphically over the planes in the blow-down CPd

, away from the origin. For j large
enough, the boundary ∂Uj may be divided into D components (not necessarily
connected) according to which plane in CPd

the graph defining Uj locally converges.
Choose one of the planes in CPd

and rotate coordinates so that this plane is Cy.
Suppose that the multiplicity of Cy in CPd

is m and denote the component of ∂Uj

converging to Cy by γ̃j . Then, due to the local convergence of Uj, γ̃j will converge
locally smoothly to m copies of γ̃(t) = (eit, 0). We therefore have that

lim
j→∞

∫

γ̃j

κgdH
1 = 2πm.
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Repeating the above for each plane in CPd
, using (6.9) and scale-invariance gives

(6.10)

∫

L

KdH2 = lim
j→∞

∫

Uj

KdH2 = 2π(χ(L) − d).

Combining (6.7), (6.8) and (6.10) leads to

(6.11)

∫

L

|A|2dH2 = 4π


d(d− 2) − 2

∑

p∈Sing(C̃P̃ )

δ(p) + d∞


 .

Since L has no singularities at infinity, each point at infinity of C̃P̃ corresponds
to exactly one point in M , and so d∞ = D. The claimed inequality (6.6) now holds.
If we have equality in (6.6), then

∑
p∈Sing(C̃) δ(p) = 0 by (6.11). As δ(p) ≥ 1, this

implies there are no singular points and so Lemma 6.5 yields the proposition. �

We can now put our results together to give the following.

Theorem 6.7. Suppose that L is a connected special Lagrangian with bounded
area ratios in C2 with a blow-down consisting of d planes counted with multiplicity.
Then, after a hyperkähler rotation, L may be written as the zero set of a complex
polynomial of degree d. Furthermore,∫

L

|A|2dH2 ≤ 4πd(d− 1),

where equality holds if and only if L is embedded and its blow-down is d distinct
multiplicity one planes.

Proof. The first part follows from Proposition 6.1, Lemma 6.2, Proposition 6.3 and
Lemma 6.5. The rest of the result follows almost exactly as in Proposition 6.6.
The difference is that d∞ given in the proof of that proposition is not precisely
determined: instead we claim that d∞ ≤ d. To see this, first notice that the
proof of Proposition 6.3 implies there exists an R > 0 such that there can be at
most d components to L \ BR. Recall the map π in the proof of Proposition 6.6.

Observe that each sufficiently small neighbourhood Up of p ∈ π−1(C̃∞
P̃

)) is such that

π : Up \ {p} → π(Up \ {p}) is a bijection whose image is contained in a component

of L \BR. If d∞ = #(π−1(C̃∞
P̃

)) ≥ d, this would be a contradiction to the fact that
π is biholomorphic away from singular points. The proposition now follows as in
the proof of Proposition 6.6. �

6.3. Degree 2. We now classify special Lagrangians satisfying (2.8) in C
2 whose

blow-down is two planes P1, P2, counted with multiplicity (so P1 can equal P2).

Theorem 6.8. Suppose that L is a special Lagrangian with bounded area ratios in
C2 with a blow-down consisting of two planes counted with multiplicity. Then, up
to rigid motions, either

(a) L is two planes, or
(b) L = Lφ(a+ ib) given in Example 2.22 and

∫
L
|A|2dH2 = 8π, or

(c) L = L(a+ ib) given in Example 2.23 and
∫
L |A|2dH2 = 4π.

Proof. We first suppose that L is connected. Proposition 6.1, Lemma 6.2, equation
(6.5) and Proposition 6.3 imply that L may be represented by an algebraic curve
CP where P is irreducible and may be written (where all coefficients are in C):

P (x, y) = (α1x+ β1y)(α2x+ β2y) + cx+ dy + f.
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Applying an SU(2) transformation, we can rewrite P as

P (x, y) = x(ax+ by) + cx+ dy + e.

Suppose that L is not equal to the blow-down. We then split into two cases.

Case 1: b 6= 0. We may complete squares to yield

P (x, y) = (x+ db−1)(ax + by + (c− db−1a)) + e− db−1(c− db−1a).

We see that, after hyperkähler rotation, this is a translation of one of the special
Lagrangians in Example 2.22. There are no singularities at infinity and two distinct
planes in the blow-down, so Proposition 6.6 gives the formula for the total curvature.

Case 2: b = 0. As P is irreducible and L is non-planar we must have d 6= 0 and

y = −d−1(ax2 + cx+ e) = −d−1(a(x+
c

2a
)2 + e −

c2

4a2
.

A short calculation shows that there is no singular point at infinity, but there is
only one plane in the blow-down (counted without multiplicity). Proposition 6.6
then gives the total curvature of L.

If L is not connected then, since it has bounded area ratios, it has a finite number
of connected components L1, . . . , Lk. Applying Proposition 6.1 and Lemma 6.2 to
each Lj , we get irreducible polynomials P j of degree dj ≥ 1 so that Lj = CP j .

Writing P j = P j
dj

+ Qj as in (6.5), Proposition 6.3 implies that the blow-down

of Lj is determined by P j
dj

. Since L =
⊔k

j=1 Lj has a blow-down consisting of

two planes (counted with multiplicity), we must have
∑k

j=1 dj = 2. As L is not
connected, L must consist of two components of degree one, so L is a disjoint union
of two parallel planes determined by its blow-down. �

7. Applications

7.1. Topology of blow-ups. We begin with the following simple but important
observation which allows us to utilize our structure theory, which is given in [2].

Proposition 7.1. Let (Lt)0≤t<T be a solution to LMCF with uniformly bounded
area ratios which has a singularity at time T . Let L∞

s be a Type II blow-up of Lt

as given in Definition 2.12.

(a) If the singularity is Type I, i.e. (2.7) holds, then L∞
s is a self-shrinker and

hence is monotone.
(b) Otherwise, the singularity is Type II and L∞

s is exact and zero-Maslov.

Proof. For (a), the fact that the blow-up is a self-shrinker is a standard consequence
of the monotonicity formula (2.12). Part (a) then follows by Lemma 2.18.

For (b), we may view Lt as the image of a family of immersions ιt : L → Lt

for some fixed manifold L. We write Li
s for the Type II rescalings as in Definition

2.12, and observe that the curvature bound along with standard estimates and a
diagonal argument imply C∞

loc convergence to L∞
s (cf. [21, Proposition 1.1]).

Suppose that H1(L∞
s ) 6= 0, otherwise the result is trivial. Then there is a smooth

closed curve Γ ⊂ L∞
s with [Γ] ∈ H1(L∞

s ) such that [Γ] 6= 0. We have a sequence of
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smooth curves Γi ⊂ Li
s such that the Γi converge to Γ smoothly. We consider the

sequence of curves γi ⊂ L such that Γi = σi(ιti+σ−2

i s ◦ γi − xi). We have that
∫

Γ

λ = lim
i→∞

∫

Γi

λ = lim
i→∞

∫

γi

σ2
i (ιti+σ−2

i s)
∗λ,(7.1)

where the extra factor of σi arises from the fact that we scale both λ and Lt. Lemma
2.19 implies that [dθt] = [dθ0] and

(7.2) [(ιti+σ−2

i s)
∗λ] − [ι∗0λ] = −2(ti + σ−2

i s)[dθ0].

Hence, combining (7.1) and (7.2), we have
∫

Γ

λ = lim
i→∞

σ2
i

∫

γi

ι∗0λ− 2(ti + σ−2
i s)dθ0

= −2s lim
i→∞

∫

γi

dθ0 + lim
i→∞

σ2
i

∫

γi

ι∗0λ− 2tidθ0.(7.3)

The left-hand side of (7.3) is finite, and γi is a representative of a finite homology
class, and so since σi → ∞ and ti → T by assumption, we must have

(7.4) lim
i→∞

∫

γi

ι∗0λ− 2Tdθ0 = 0.

Re-inserting this in (7.3), we see that we need

lim
i→∞

σ2
i (T − ti)

∫

γi

dθ0 <∞.

The Type II assumption therefore forces

lim
i→∞

∫

γi

dθ0 = 0,

but since the possible values of path integrals of dθ0 is a discrete set containing 0,
for all i sufficiently large,

(7.5)

∫

γi

dθ0 = 0.

By scale invariance of the Lagrangian angle and the preservation of its cohomology
class along the flow we have ∫

Γi

dθs = 0

and, due to smooth convergence of Li
s to L∞

s ,

(7.6)

∫

Γ

dθ∞s = 0.

Similarly, (7.4) implies that
∫
γi ι

∗
0λ = 0 for i large, and so (7.3) and (7.5) force

(7.7)

∫

Γ

λ = 0.

Since (7.6) and (7.7) hold for all such Γ, L∞
s is exact and zero-Maslov. �

Proposition 7.1 has the following interesting consequence.

Corollary 7.2. If b 6= 0, the special Lagrangian Lφ(a+ ib) in C2 in Example 2.22
cannot arise as a Type II blow-up of a solution to LMCF as in Proposition 7.1.
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Proof. Since Lφ(a + ib) for b 6= 0 is zero-Maslov but not exact, it is also not
monotone, and so cannot arise as a Type II blow-up by Proposition 7.1. �

7.2. Lawlor necks as singularity models. We now give our first application.

Proof of Theorem 1.1. If P1 and P2 have distinct Lagrangian angles, Proposition
4.1 implies we are in case (a). If P1 and P2 have the same Lagrangian angle,
Proposition 4.5 implies that Lt is special Lagrangian, and the result follows from
Theorem 5.3. �

Remark 7.3. Theorem 1.1 is false if we do not assume the planes are transverse.
For example, the translators in Example 2.26 are exact, almost calibrated, eternal
solutions which are not special Lagrangian and whose blow-down is a pair of planes
intersecting along a line.

7.3. Harvey–Lawson T 2-cone. We now rule out the Harvey-Lawson T 2 as a
blow-down.

Proof of Theorem 1.2. Suppose for a contradiction that C occurs as a blow-down.
Since C is special Lagrangian, Proposition 4.5 implies that the Type II blow-up
is special Lagrangian. Work by Imagi [8] then shows that a smooth special La-
grangian in C

3 converging to C as a varifold must be one of the Harvey–Lawson
smoothings Lj(aj) given in Example 2.27. However, the singularity must be Type
II as (Lt)0≤t<T is zero-Maslov, so Proposition 7.1 implies that the Type II blow-up
is exact. This contradicts the fact that the Harvey–Lawson smoothings are not
exact. �

7.4. Multiplicity two plane. Finally, we classify the ancient solutions whose
blow-down is a multiplicity two plane.

Proof of Theorem 1.3. Since (Lt)0≤t<T is almost calibrated and P has a single
Lagrangian angle, Proposition 4.5 implies that (Lt)0≤t<T is special Lagrangian for
all t < 0. Theorem 6.8 yields the claimed result. �
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[21] K. Smoczyk, Longtime existence of the Lagrangian mean curvature flow, Calc. Var. Partial

Differential Equations 20 (2004), no. 1, 25–46.
[22] W. Stoll, The growth of the area of a transcendental analytic set of dimension one, Math. Z.

81 (1963), 76–98.
[23] R. P. Thomas and S.-T. Yau, Special Lagrangians, stable bundles and mean curvature flow,

Comm. Anal. Geom. 10 (2002), no. 5, 1075–1113.
[24] B. White, A local regularity theorem for mean curvature flow, Ann. of Math. (2) 161 (2005),

no. 3, 1487–1519.

Department of Mathematics, University College London, Gower Street, London,

WC1E 6BT, United Kingdom

E-mail address: b.lambert@ucl.ac.uk; f.schulze@ucl.ac.uk

Mathematical Institute, University of Oxford, Woodstock Road, London, OX2 6GG,

United Kingdom

E-mail address: jason.lotay@maths.ox.ac.uk

http://arxiv.org/abs/1810.08709

	1. Introduction
	2. Preliminaries
	2.1. Lagrangians and special Lagrangians
	2.2. Lagrangian mean curvature flow
	2.3. Examples

	3. Blow-downs of ancient solutions
	3.1. Assumptions
	3.2. Zero-Maslov structure theorem
	3.3. Exact and almost calibrated structure theorem

	4. Stationary ancient solutions
	4.1. Planar blow-downs
	4.2. Special Lagrangian blow-downs

	5. Asymptotics for minimal submanifolds
	5.1. Main results
	5.2. Monotonicity
	5.3. Energy
	5.4. Extension lemma
	5.5. Growth estimates
	5.6. Proof of Theorem ??

	6. Special Lagrangian surfaces
	6.1. Algebraic curves
	6.2. Algebraic properties of special Lagrangian surfaces
	6.3. Degree 2

	7. Applications
	7.1. Topology of blow-ups
	7.2. Lawlor necks as singularity models
	7.3. Harvey–Lawson T2-cone
	7.4. Multiplicity two plane

	References

