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Introduction

This project investigated low attainment in mathematics by focusing on the lowest attaining
40% of pupils in Year 9 in England and addressing the following research questions:

RQ1: What mathematics do low attaining secondary pupils understand, and what are their
particular strengths and weaknesses in number, multiplicative reasoning and algebra?

RQ2: Can low attainment be characterised simply as cognitive delay? If not, to what extent and
in what ways do low attaining pupils understand mathematics in qualitatively different ways to
high attaining pupils?

RQ3: To what extent do low attaining pupils’ prior understandings of mathematics, and of
particular mathematical topics, help to explain the existence of the attainment gap? What is the
relative contribution of these mathematical understandings in comparison to socio-economic
status and other demographic factors?

RQ4: What is currently known about the effectiveness of teaching strategies and approaches
that address low attainment in secondary mathematics?

RQ5: To what extent is mathematics currently taught in appropriate ways for low attainers?

This technical report provides additional, detailed information about the methods and analysis
used in this research project. See the main project report for a discussion of the background to
the project.



Research Questions 1 & 2:

What mathematics do low attaining Year 9 pupils
understand and what are their particular strengths and
weaknesses in number, multiplicative reasoning and
algebra?

Do low attaining pupils understand mathematics in
qualitatively different ways to middle and/or high attaining
pupils?

Our focus was on the lowest attaining 40% of the Year 9 cohort. Our overall aim was to
understand the nature of low attainment in mathematics in lower secondary and to gather
evidence on what mathematics these pupils know. In doing this, we aimed to investigate
whether low attainers’ understandings of mathematics were qualitatively different from those
of middle and high attaining pupils by comparing to a group of middle and high attaining Year
5 pupils with similar overall attainment to the Year 9 low attaining group.

The test design, validation, administration and results are described in the main report. In this
technical report, we provide additional information about the test items, the process of
matching a Year 9 low attaining group with a Year 5 middle and high attaining group of pupils.

The test items
The final test consisted of two broad elements:

o The main Number, or mathematics, element [henceforth, IMAP Number]: 61 items,
focused largely on key aspects of the number, calculation and ‘pre-algebra’ curriculum.
Items were presented online in a variety of formats (including multiple choice, free
entry and sliders). We reported outcomes as a total score and as scores for subsets of
items grouped by pre-designed topic (see below).

o A separate timed Arithmetic fact retrieval, or recall, element [henceforth, Arithmetic
recall]: a speeded fact retrieval test, consisting of 30 items, with as many as possible to
be completed in a total of two minutes. This is reported separately from the main IMAP
score.

See Appendices 1 and 2 for the full set of items in each element of the test, together with a
brief justification for the inclusion of each item.



Selecting matched samples

The distribution of total scores on the 61-item IMAP Number test for the Y5 and Y9 samples
can be seen in Figure 1. It is clear that the Y9 sample, as expected, is considerably higher
attaining than the Y5 one, so, in order to make valid comparisons of factor structure, item
characteristics, etc., we selected a matched subsample from each group, so that the two
distributions were the same. All further analysis in this section is carried out on these matched
samples (which are referred to as the Y9 and Y5 matched samples, respectively).
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Figure 1: IMAP Number test total scores for all pupils from Y5 and Y9
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Figure 2: IMAP Number test total scores for matched pupils from Y5 and Y9

The matched samples comprised 759 pupils from each year group, and their score distributions
are shown in Figure 1.2. In Table 2, we compare the distributions for the two matched samples.
As can be seen from Table 2, the Y9 sample includes a small number of pupils with high scores
on the IMAP Number test.



The distributions of scores on the arithmetic recall section for the matched subsamples
(matched on total score from the 61 item IMAP test) are shown in Table 1 and Figure 3. We
can see that the Y9s are slightly higher scoring on arithmetic recall than the Y5s, even though
they are matched on their performance on the main IMAP Number test (which excludes the
arithmetic recall score). The mean scores for the two groups are 12.5 and 13.5 for Y5 and Y9,
respectively, corresponding to a standardised effect size difference of 0.16 (95% CI 0.06 to
0.26).

Table 1: Overview of the matched Y5 and Y9 samples

Y5 (N=759) | Y9 (N=759)

Mean SD | Mean SD
Gender [% female] 49% - 53% -
Mathematics / Number [IMAP Number Score] 283 | 114 | 283 | 114
Arithmetic recall [Timed] 12.5 6 13.5 59
Maths Confidence [Beginning of test] 7.1 2.2 5.7 2.2
Maths Confidence [End of test] 7.5 2.3 5.9 2.4

Arithmetic Scores for matched Y5 and Y9
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Figure 3: Distributions of total scores on the Arithmetic timed number facts test, for the matched
sample



Results RQ1

What mathematics do low attaining Year 9 pupils understand and what are
their particular strengths and weaknesses in number, multiplicative reasoning

and algebra?

In Table 2, we present an overview of the Y9 pupils’ performance overall and broken down by
quintiles (within this low attaining sample). In order to enable comparison across the topics,
we present the mean facility for each section. This table is also reproduced in the main report.
In Figure 4, these comparisons are presented graphically using the mean facilities relative to
the overall IMAP Number test mean facility. Aside from quintile 5, which is likely to be subject
to ceiling effects, the profile for each quintile is broadly similar.

Table 2: An overview of the performance of the Y9 matched sample

[30]

Mean Overall Mean facility by Quintile

. . total mean Quintile | Quintile | Quintile | Quintile | Quintile
Topic [# of items] score facility 1 2 3 4 5
IMAP Number
Overall [61] 28.26 0.46 034 0.56 0.67 0.79 0.90
Elements of the overall IMAP
Number score
A: Area & arrays [6] 2.65 0.44 034 0.53 0.62 0.71 0.86
DF: Derived facts [7] 3.66 0.52 0.42 0.61 0.66 0.80 0.92
E: Estimation [2] 0.79 0.40 0.24 0.55 0.63 0.79 0.95
F: Fractions [11] 5.76 0.52 0.39 0.63 0.76 0.86 0.91
{f]: Integer caloulation 2.69 0.67 0.58 0.77 0.80 0.90 0.93
NL: Number lines [5] 201 0.40 0.27 0.49 0.62 0.74 0.92
P: Percentages [4] 0.91 0.23 0.12 0.26 0.42 0.53 0.83
PV: Place Value [11] 6.01 0.55 0.40 0.68 0.80 0.91 0.96
R: Ratio [6] 2.03 034 0.19 0.45 0.58 0.70 0.89
[S§ + Select a calculation 1.76 035 0.23 0.45 057 0.69 0.78
Arithmetic fact recall 1251 0.45 0.36 0.53 0.60 0.68 0.71
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Figure 4. The performance of the Y9 matched sample by quintile, showing the mean facility for each
topic relative to the overall IMAP Number score (i.e., topic mean facility less overall mean facility)
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The matched samples enable a comparison of the performance of the low attaining Y9 matched
sample with a group of middle and high attaining Y5 pupils, whose overall performance on the
test is similar to the Y9 low attainers. We classify this group of pupils as middle and high
attaining relative to the Y5 cohort of pupils as a whole as selected by their schools. This
comparison is presented in Table 3, which is an extended version of the equivalent table in the
main report..

This comparison indicates that the matched Y9 sample performed better on arrays and area
(Cohen’s d=0.22), percentages (d=0.23) and, as already noted, arithmetic recall (d=0.16),
whereas the matched Y5 sample was stronger on derived facts (¢=0.22) and select a calculation
(d=0.15). Effect sizes were not significantly different from zero for estimation, fractions,
integer calculation, number lines, place value or ratio. An inspection of the six array and area
items indicates that the Y9 superiority resulted from the two numeric (dimensionless) area
items (items 54 and 55) and, in fact, the matched Y5 sample performed better on the remaining
four array items (see Appendix 3). It is important to appreciate that in our design, in which the
two groups were matched on overall score on the IMAP test, there is a compensatory effect
(i.e., relative strengths on a topic are compensated by relative weaknesses elsewhere within the
test). This does not apply to the arithmetic recall test, since scores on this (sub)test were not
matched.

Table 3: A comparison of the performance of the Y5 and Y9 matched samples.

Score Difference Y9-Y5 Correlation Correlation
with Number with

Y5 matched Y9 matched (Main IMAP |  Arithmetic
sample sample test) (Timed test)

Topic Mean SD Mean SD Cohen's d 95% Cl p-value Y5 Y9 Y5 Y9
Number overall (Main IMAP score) | 28.26 | 11.39 | 28.26 | 11.39 0 (-0.10, 0.10) - - - .69 .69

Elements of overall Number score

Area & arrays [6 items] 2.33 1.44 2.65 1.46 -0.22 (-0.32,-0.12) | <.001 .66 .67 47 .53
Derived facts [7] 4.10 1.95 3.66 2.06 0.22 (0.12, 0.32) | <.001 .68 .57 44 .33
Estimation [2] 0.75 0.75 0.79 0.78 -0.06 (-0.16, 0.05) .280 .56 .55 .39 .39
Fractions [11] 5.78 2.45 5.76 2.50 0.01 (-0.09, 0.11) .880 .85 .82 .62 .58
Integer calculation [4] 2.77 0.95 2.69 0.94 0.09 (-0.01, 0.19) .080 .64 .61 .49 .50
Number lines [5] 2.06 1.59 2.01 1.53 0.03 (-0.07, 0.13) .590 .68 .64 49 43
Percentages [4] 0.69 0.88 0.91 1.03 -0.23 (-0.33,-0.13) | <.001 .59 .62 .38 .40
Place Value [11] 5.95 2.87 6.01 2.89 -0.02 (-0.12, 0.08) .680 .86 .84 .62 .57
Ratio [6] 1.89 1.58 2.03 1.73 -0.08 (-0.18, 0.02) 110 .64 .73 .35 48
Select a calculation [5] 1.95 131 1.76 1.33 0.15 (0.04, 0.25) | <.001 .69 .68 .46 45

Arithmetic score (Timed section) 12.51 6.01 13.47 5.88 0.16  |(-0.26, -0.06) <.001 .69 .69 - -
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Results RQ?2
Do low attaining pupils understand mathematics in qualitatively different ways
from middle and/or high attaining pupils?

In this analysis, we compared the Y9 and Y5 matched samples in order to investigate the extent
to which the mathematical profiles of the two groups are similar or different, and whether any
differences are sufficient to be classed as potential threshold concepts.

To explore whether we had evidence for different profiles of relative strengths and weaknesses
for the Y9s and the Y35s, and to identify potential threshold concepts (Cousin, 2006), we
addressed the following sub-questions:

e RQ2.1: In what ways do the factor and cluster structures of the IMAP test differ for the two
matched groups (the Y9 low attainers and the Y5 middle and high attainers)?

e RQ2.2: How do the relative strengths in mathematical competence and arithmetic fact recall
differ for the two groups?

e RQ2.3: How do the strengths of the relationships among various subscales and topics
within the tests differ for the two groups?

e RQ2.4: To what extent is performance on different test items conditionally dependent on
performance in key sections, specifically number lines? In other words, are there thresholds
of performance on the number lines section that act as a prerequisite or enabler (i.e., a
threshold concept) for expected success on other items? If so, are these dependencies
different for high and low attainers?

13



RQ2.1 In what ways do the factor and cluster structures of the IMAP test differ for the
two groups (YS and Y9)?

For this sub-question, we used a number of different analytic approaches: factor analysis,
cluster analysis, comparison of inter-item score correlations, and comparison of inter-item
Rasch residual correlations. As above, these analyses were applied to the matched dataset.

The factor analysis was conducted on the 61 items from the IMAP number test using principal
components analysis (PCA) with oblimin rotation. The data were found to be suitable for PCA
(Kaiser-Meyer-Olkin value = .93, Bartlett’s test of sphericity: y2(1830) = 20065, p<0.001).

We found that extracting six factors using PCA with oblimin rotation provided the most
defensible and interpretable reduction. These factors accounted for 18%, 4%, 3%, 3%, 2% and
2% of the variance, cumulatively accounting for 33% of the variance. The factors, together
with their highest loading items are shown in Table 4.

Table 4: Six-factor structure of IMAP Number, from PCA with oblimin rotation. Items with highest
factor loadings reported.

Factor Items

Ratio Q47 A soup recipe for 3 people needs 8 carrots. How many carrots are needed for 9
people?

Q49 A soup recipe for 3 people needs 2 onions. How many onions are needed for 9
people?

Q56 These two ticks are exactly the same shape. Find the length of the red part.

Area Q54 What is the area of the shape below? (3 by 4 gridded rectangle)

Q55 What is the area of the shape below? (6 by 10 un-gridded rectangle)

Q34 Enter the missing number in the box. 1/3 =2/?

Number Lines Q6 Look at the number line. What number is the arrow pointing to?

Q8 Look at the number line. Click and drag the arrow so that it points to the number six
thousand and twenty-five.

Q9 Look at the number line. Click and drag the arrow so that it points to the number six
thousand one hundred and eighty.

Derived Facts Q20 Look at this calculation. 86+57=143. Find a quick way to work out the answer to
57+86

Q21 Look at this calculation. 86+57=143. Find a quick way to work out the answer to
860+570

Q19 Look at this calculation. 34+28=62. Find a quick way to work out the answer to
34+297?

General number | Q11 What is 1 less than 200?

Q51 What is half of 16?

Q1 A shirt costs £20. Alex buys 3 shirts. How much does this cost?

Whole number | Q43 Click on the larger fraction. 3/7, 5/7

bias Q42 Click on the larger fraction. 1/4, %

Q44 Click on the larger fraction. 3/5, % [Negative loading]

14



Ratio: All of the six ratio items loaded on this factor with loadings of between .36 and .66. In
addition, two of the four percentage and two of the six array items had factor loadings of
between .37 and .43.

Area: Just two items loaded on this factor both related to numerical (dimensionless) area and
drawn from the CSMS Algebra test with factor loadings of .78 and .79. When constructing the
test, it was hypothesized that the area items, both drawn from the CSMS algebra test, were
elements of a broader topic, area and arrays, together with four items based on diagrams of
arrays. Only one of these array items, Q58 (Here is a 12 by 10 array. How many dots are
there?) had a weak loading (.30). Four fractions items also loaded on this factor, although the
loadings (between .34 and .43) were small compared to the area loadings.

Number lines: All five number lines items loaded on this factor with factor loadings of between
41 and .69. Additionally, three place value and one percentage items loaded on this factor
(between .31 and .39).

Derived facts: All six of the derived facts items loaded on this factor with loadings of between
47 and .77. No other items loaded on this factor.

General number: Twelve items loaded on this factor from a range of the test topics, place vale,
integer calculation, fractions and arrays). Factor loadings ranged from .31 to .52.

Whole number bias: Three items loaded on this factor, all of which arebinary comparisons of
two fractions (Click on the larger fraction, 1/4 or 3/4; 3/7 or 5/7; 3/5 or 3/4) with loadings of
.80, .81 and -.39, respectively. These were the only items with significant misfit in the Rasch
analysis. One plausible explanation for the positive and negative loadings is that a distinct
group of pupils answered the first two correctly by simply comparing the numerators and
ignoring the denominator, whereas these same pupils selected 3/5 as larger than 3/4 by
incorrectly comparing the denominators. This relates to a well-known misconception that
pupils believe that the numerators and denominators can be treated as separate whole numbers
(Siegler et al., 2010).1

Examination of the patterns of inter-item correlations and of residuals from the Rasch model
shows them to be broadly in line with what would be expected from a test that fits the
unidimensional Rasch model well, confirming a clear unidimensional latent trait. Some groups
of items do show local item dependence (LID), in other words they are more highly correlated
with each other than would be expected. The items that group together in this way are generally
on the same topic or indicate the same misconception, and these same groups or sub-
dimensions emerge from the PCA.

Crucially for our investigation, the patterns of factor structure are very similar for the Y5 (high
attaining) and Y9 (low attaining) matched comparison groups. We did not find any evidence
of substantive differences in the relative strengths of the two groups in their responses to a
range of mathematical topic areas and skills within the IMAP Number test. All our analysis is
consistent with a view of low attainment as characterised by delay rather than qualitatively

1 Siegler, R. S., Carpenter, T., Fennell, F., Geary, D., Lewis, J., Okamoto, Y., et al. (2010). Developing effective
fractions instruction for kindergarten through 8th grade: A practice guide (NCEE #2010-4039). Washington, DC:
National Center for Education Evaluation and Regional Assistance, Institute of Education Sciences, U.S.
Department of Education.
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different performance. The Y9 low attainers seem to be broadly similar to matched middle and
high attaining Y5 group in terms of the broad profile of things they know and can do, it is just
that their general mathematical progress is some four years behind.

The factor analysis does indicate that, as predicted in the literature (e.g. Dowker, 2015), both
groups, the Y9 low attainers and the Y5 middle and high attainers, are heterogeneous; in other
words, individuals within both groups have a range of strengths and weaknesses. Bartelet et
al., (2014) indicate that low attainers may form clusters characterised by particular strengths
and weaknesses, such as a strength in number lines. However, results from a cluster analysis
of these matched samples indicate at best weak clusters that appear to be quite unstable, so are
not reported here.

16



RQ2.2 How do the relative strengths in mathematical competence and arithmetic fact
recall differ for the two groups?

As noted above, we found that the Y9 low attaining group performed better than the Y5 group
on arithmetic fact retrieval. This was somewhat surprising, since Geary’s (2011) review
suggests that a proportion of low attainers have particular difficulties with factual recall and
that this may differ across the attainment range. We investigated this by comparing the
performance on the main IMAP Number test (on which the Y5 and Y9 samples were matched)
and the arithmetic fact recall test. A scatter plot showing scores on both sections for both groups
(Y5 inred, Y9 in blue), together with the trend line for each (from LOESS) is shown in Figure
5.

The relationship between scores on these two tests is similar for both year groups, and, aside
from the highest scores, the Y9 fit line on the graph is below the Y5. So, for a given score on
the IMAP Number test, the Y9 low attaining pupils performed better on arithmetic fact recall
than Y5 middle and high attainers. The gap opens up to become a statistically significant
difference of around two points on the arithmetic recall scores for IMAP Number scores
between about 30 and 40.

Our initial hypothesis was that the Y5s would be relatively stronger on fact retrieval (i.e., the
timed Arithmetic test) than the Y9s, as we hypothesised that a lack of facility in recalling basic
number facts (times tables and number bonds) could be a factor in explaining why the Y9s
were low attaining. On the basis of this evidence, that hypothesis is not true. Indeed, there is
some, rather weak, evidence to suggest that the highest attainers within the low attaining Y9
group are relatively strong on arithmetic recall. It may be that pupils categorised as low
attaining on entry to secondary school are provided with a mathematical diet strongly weighted
towards arithmetic, leading to some general improvement on arithmetic at the expense of other
mathematical areas.

17
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RQ2.3 How do the strengths of the relationships among various subscales and topics of
the tests differ for the two groups?

In this analysis, we investigated the relationship between specific subsections of the IMAP
Number test, such as the Derived Facts items (Q19-25), and either the total on the rest of the
IMAP Number items or the score on the arithmetic recall test, in order to examine whether
there were any differences within the two groups. We adopted a similar approach to that used
for the last sub-question.

For most of the comparisons we have made, we found that the relationships between different
sections and subsections were very similar for Y5 (high attaining, relative to their cohort) and
Y9 (low attaining, relative to their cohort) pupils. One exception was the relationship between
the Derived Facts section and Arithmetic scores, as shown in Figure 6.

On closer examination, we see that the divergence of the two fit lines for medium-high
Arithmetic scores is a result of a relatively small number of mis-fitting pupils (about 40 pupils)
who score at most 1 out of the 7 Derived Facts items (hence are in the bottom 16% of the
sample on that measure) but at least 15 on the Arithmetic test (hence are in the top 30% on
that). The vast majority of these misfits (33 of the 40) are in Y9. Removing those 40 cases
makes the two lines coincide. From this, it is hard to say whether this would be a robust,
replicable finding, but it certainly warrants further research.

Y5 Derived facts: LOESS regression
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Figure 6: Scatter plot of Total on Derived Facts section against total on the Timed Arithmetic section
for Y5 (red) and Y9 (blue), with LOESS regression lines and 95% Cls
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RQ2.4: To what extent is performance on different test items conditionally dependent on
performance in key sections, specifically number lines? Are there differences between
high and low attainers?

The focus of analysis for the final sub-question is on the Number Lines section and whether it
can be seen as a ‘threshold concept’ that unlocks performance in other areas of mathematics.
In other words, are there thresholds of performance on the Number Lines section that act as a
prerequisite or enabler for expected success on other items? Although we did not find
statistically significant differences overall between the two groups on Number Lines, we
judged it necessary to investigate this further, because the literature indicates that increased
number line knowledge is associated with increased mathematical performance (e.g.,
Schneider et al., 2018) and that number lines may be key to pupil learning (e.g., Siegler et al.,
2010).

We investigated this by examining the item characteristic curves for the number line items, and
additionally using logistic regression.

Item characteristic curve against section score

One simple approach is to look at item characteristic curves (ICCs) for each item in the IMAP
Number test against Number line (NL) score. These graphs show the proportion of pupils
getting the item correct among those with each possible score on the NL section (from 0 to 5),
split by year group (Y5/Y9). One manifestation of a threshold effect would be to see a
discontinuity in the curve, where the probability of a correct response to an item increases
dramatically at a particular NL score. This would suggest that a person’s probability of getting
the item right would be noticeably different for those below a certain score on NL than for
those above that threshold.

A selection of these graphs is shown in Figure 7. Overall, it is not clear from visual inspection
of all these graphs that any such discontinuities exist.
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Figure 7: A selection of item characteristic curves (ICCs) for each item in the IMAP Number test
against NL score

A further question concerns whether the dependency on Number Lines is different for Y5 and
Y9. Here we are looking for differences in the slopes of the two lines. Given the number of
comparisons made here, there do not seem to be any substantive differences between Y5 and
YO in the relationship between performance on any item and performance in Number Lines. It
is true that some items seem to favour Y5 (for the same NL score, Y5 are more likely to get
the item correct, for example Q12), while others favour Y9 (eg Q5). By design, with the
matched dataset, these differences balance out overall.

Logistic regression

A second way we can approach the question of conditional dependence on Number Lines is to
compare the predictive power of logistic regression models with different predictors (a
mediation analysis).

A logistic regression model attempts to predict the outcome on a particular item (either a score
of 0 or 1) from explanatory variables entered into the model. In fact, the model estimates the
probability of each pupil giving a correct answer as a function of those variables. One way to
assess the power of the model is to ask how often it predicts accurately. If the predicted
probability of a correct response is greater than 0.5 and the person gets it right, or if the
probability is below 0.5 and they get it wrong, then we can class that as an accurate prediction.
Across the sample, the proportion of accurate predictions gives a measure of the power of the
prediction.
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If we compare the accuracy of the predictions from a model that uses NL score as an
explanatory variable with those from a ‘null model’ prediction, we will have an indicator of
the additional explanatory power offered by performance in Number Lines. The null model
here is the best prediction we can make without knowing anything about each individual pupil.
We base this purely on the item facility: if 90% of the sample get an item right (or any
percentage above 50%), then we predict everyone will get it right and the prediction will be
accurate 90% of the time. Clearly, for items with facilities close to either 0 or 100%, the scope
for improving on the null model prediction is somewhat limited. However, when the facility is
close to 50% we should hope to see some improvement from including a predictor such as NL
score.

A further comparison we can make is between the accuracy of predictions from models that
include different kinds of explanatory variables. For example, we might expect NL score to
improve accuracy above the null model, but does adding NL increase explanatory power in a
model that already includes another variable, such as the total score on the rest of IMAP
Number (IMAP-NL), the total from the timed Arithmetic fact recall section (ARITH) or a prior
attainment measure such as KS1?

The results of these analyses may be hard to interpret for a number of reasons. For example, in
the case of IMAP-NL, the amount of information in the IMAP-NL score is rather more than in
the NL score: the former contains 56 items, the latter only 5. Even if, in theory, an
understanding of Number Lines is a crucial prerequisite for performance on certain items, a
measure of Number Lines understanding that contains only 5 items may not produce a strong
predictor. We would expect a measure based on 56 items to dominate and would probably not
be surprised if the additional explanatory power of NL were quite small. To some extent, the
same argument applies to ARITH, though with 30 items in that measure, the balance of weight
of information is slightly less one-sided.

One way to contextualise the explanatory power of the NL score is to compare it with the
predictive power of other sections of comparable length within the IMAP test. We can do this
either with sections based on genuine topic groups (such as Ratio, Arrays, Derived Facts or
Percentage) that have similar lengths, or with an artificial section consisting of a random
selection of 5 other items from the test.

We have run all these comparisons. For the other topic sections — Ratio (6 items), Arrays (6
items), Derived Facts (7 items) and Percentage (4 items) — we find that the predictive power of
the remaining items is comparable to that of Number Lines. For the random pseudo-section (5
items chosen at random from the rest of the IMAP Number test) we find that the pseudo-section
predicts slightly better than NLs. For illustration, we show the results of the comparison
between Number Lines and Derived Facts in Figure 8.

Overall, therefore, we find no evidence that performance in Number Lines has any special place

in explaining performance in other areas of mathematics. Moreover, this holds when each of
the two year groups is analysed separately.
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Research question 3:

To what extent do low attaining pupils’ prior
understandings of mathematics, and of particular
mathematical topics, help to explain the existence of the
attainment gap?

What is the relative contribution of these mathematical
understandings in comparison to socio-economic status and
other demographic factors?

In this analysis we addressed the following sub-questions:

e RQ3.1 What factors determine success in GCSE maths?
What factors explain attainment on our various measures of mathematical attainment
(ICCAMS test scores in Y7, 8,9; KS3 teacher assessments)

o RQ3.2 Are some areas of maths crucial?
Are there specific items or sections of the [CCAMS test that are particularly
predictive of later outcomes (eg GCSE maths grade or gaining A*-C)

e RQ3.3 Can low attainment be overcome?
What factors are associated with later success of pupils who were low attaining earlier
in their schooling?

The results of these analyses are outlined and discussed in the main report. In this technical
report, we present the technical details of these analyses in more depth.

Sample and variables

The sample analysed here is the 10,913 pupils who took one or more ICCAMS tests in Y7, 8
or 9 in 2008 or 2009 as part of the [ICCAMS study. Pupils were randomly allocated to take two
of the three ICCAMS tests (Algebra, Number, Ratio) and an attitude questionnaire. We
constructed a variable ‘iccams789” which is the latent trait estimate (from the Rasch model)
for each pupil from all the assessments they took.

These pupils were matched with data held in the National Pupil Database (NPD), including
their KS1 levels, KS2 levels, KS3 teacher assessments and KS4 (GCSE) results. Also included
are a range of variables captured in the annual school census, with data for each term of their
school career: Free School Meals (FSM) entitlement, Income Deprivation Affecting Children
Index (IDACI), recorded absences, and number of days excluded. Other variables held in the
NPD were not available to us for this analysis, including English as an Additional Language
(EAL), Special Educational Needs (SEN) status and ethnicity.
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Items from the ICCAMS attitudes questionnaire were grouped based on factor analysis to
produce the following scales:

o Self-efficacy: a person’s confidence and belief in their own ability in mathematics, not
finding maths too hard or feeling too anxious about it and rating themselves high in relation
to others (5 items, a=0.74; labelled as ‘seffic’)

e [Intrinsic enjoyment: enjoyment of mathematics for its own sake, particularly enjoying
being challenged and having to work (3 items, 0=0.55; labelled as ‘intrins’)

e Performance goals: the extent to which a person is motivated by manifest achievement,
particularly in comparison to others (2 items, a=0.77; labelled as ‘perfgo’)
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Results RO3

RQ3.1: What factors determine success?

One way to explain and understand the attainment gap is to find the best predictors of
attainment. If we can predict an attainment outcome, then we can say what characteristics are
associated with doing well — or less well — on it. Factors that strongly predict who does well
can also help to explain why some do better than others.

Relationships with individual variables

Figure 9 to 11 show density scatter plots for the relationship between each of our variables and
GCSE maths outcome, along with the trend line (from LOESS) and overall correlation.
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Figure 9: Density scatter plots for the relationship between GCSE maths grade and: self-efficacy;,
intrinsic motivation; performance goal orientation; no. of school terms eligible for free school meals;
mean IDACI score over school career; total number of half days absent from school.
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Figure 11: Density scatter plots for the relationship between GCSE maths grade and: KS3 English

teacher assessment level; KS3 maths teacher assessment level; KS3 science teacher assessment level.

The strongest single predictors are KS3 maths teacher assessment level (KS3 MATTALEV),
ICCAMS test scores (iccams789), and KS2 maths fine level (KS2 MATFINE), with
correlations of 0.83, 0.79 and 0.77, respectively. Other prior attainment measures (KS3 and
KS2 levels in science and English, KS1 average fine level) have correlations around the 0.6-
0.7 range, so are also strong predictors.

Moderate predictions (correlations around 0.2-0.3) are found for the number of recorded
absences (totalAbsence), self-efficacy (seffic), number of half-days excluded from school,
(exclusions), number of terms eligible for free school meals (fsmCount), performance goal
orientation (perfgo) and IDACI (idaciMean: an index of deprivation based on pupil’s home
postcode, recorded each term and averaged over all recorded values).
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In order to simplify the analysis, we combined fsmCount and idaciMean into a single variable
to represent socio-economic status: ses.2 The correlation between this measure and GCSE
maths grade is -0.22.

Other variables, including intrinsic motivation, the number of schools attended, the amount of
variation in recorded IDACI scores and gender, had no correlation with GCSE maths grade.

Regression analyses

Multiple linear regression models allow us to see the combined effects of multiple predictors.
We fitted the models progressively, adding in more predictors to investigate their cumulative
explanatory power. We also fitted linear mixed effects (multilevel) models, with pupils nested
within schools. Results were in line with those from ordinary least squares (OLS) regression.
The predictors included in each model are as follows:

Model 1:  SES only;

Model 2:  SES, gender, no. of absences, no. of halt-days excluded, no. of schools attended;
Model 3: As Model 2, plus KS1 average fine level;

Model 4:  As Model 3, plus KS2 fine levels in maths, science and English;

Model 5:  As Model 4, plus KS3 teacher assessment levels in maths, science and English;
Model 6: As Model 5, plus ICCAMS overall score (Rasch estimate from all tests taken);
Model 7:  As Model 6, plus self-efficacy, intrinsic motivation and performance goals.

Regression coefficients from these seven models, with progressive addition of independent
variables, are shown in Table 5.

Many previous studies find socio-economic status (SES) variables to be a predictor of academic
outcomes, and Model 1 confirms this relationship, albeit with a lower correlation than
sometimes found. However, once a prior achievement measure was entered into the model (ie
Models 3-7), the additional predictive power of SES drops to zero or close to it. This suggests
that the impact of SES is already captured in those prior attainment measures, but also that the
progress made from KS2 to GCSE is typically not related to socio-economic status (Model 4).

Similarly, we found gender to be only very weakly related to either outcomes or progress to
GCSE.

In the full model (Model 7) we found that the overall predictive power of our variables was
very strong (adjusted R-squared of 0.78, which corresponds to a multiple correlation of 0.88).
As previously, the variables that capture prior attainment in maths are the strongest predictors.
We note that there is some potential for collinearity among these predictors, so the exact
coefficients and standard errors may not be wholly dependable; the coefficients of KS2/3 in
English and science seem a little unstable, for example. Nevertheless, the finding that a
combination of KS3 maths teacher assessment, ICCAMS test score and KS2 maths fine level
provides a very strong prediction of GCSE grade in maths is robust. Interestingly, KS1 level is
reduced to having almost no predictive power once KS2 is included.

2 The single SES measure was calculated as the mean of the two standardised scores, then re-standardised and
winsorised at £3.
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Among the non-cognitive variables that retain substantive predictive power once the attainment
variables are included are exclusions and absences; both have standardised coefficients around
0.12. Translated into the scales on which each of the variables is measured, these are equivalent
to saying that a reduction of one grade in GCSE maths would typically be associated with one
additional day of exclusion from school, or to nine additional days of absence over a school
career. These relationships are found after taking into account other factors such as prior
attainment, SES and gender. However, it does not of course follow that these are causal
relationships: it could easily be that some factor we have not observed causes both poorer
GCSE performance and a propensity for exclusion or absence. Nevertheless, the strength of
the relationship is such that there is a case for further research to investigate whether there are
things schools could do to reduce exclusions and absences, and, if so, whether increased GCSE
results ensue.

Somewhat smaller relationships, but still above the p<0.05 threshold for statistical significance,
are found with self-efficacy, intrinsic motivation and number of schools attended.
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Table 5: Regression coefficients from seven regression models with different independent variables.
GCSE maths grade (the dependent variable) is standardised (sd=1)

Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7

Model 6 +
v G %;’Sii’cé " Model 2+ Model 3+ Model 4+ Model 5 + f:g lgfw
Exclusions KS1 KS2 KS3 ICCAMS Mot, Perf
Goals
-0.222 -0.150 -0.046 -0.013 -0.008 -0.009 -0.007
SES (0.010)* (0.010)* (0.009)* (0.007) (0.006) (0.006) (0.006)
0.033 0.067 -0.041 0.004 -0.005 -0.020
Gender (0.020) (0.017)* (0.014)* (0.012) (0.012) (0.013)
-0.347 -0.265 -0.201 -0.124 -0.118 -0.121
Absences (0.012)* (0.010)* (0.008)* (0.007)* (0.007)* (0.008)*
Exclusion -0.317 -0.268 -0.211 -0.133 -0.128 -0.128
s (0.018)* (0.015)* (0.012)* 0.011)* 0.011)* (0.012)*
Num_Sch 0.068 0.056 0.043 0.039 0.034 0.030
ools 0.011)* (0.009)* (0.007)* (0.006)* (0.006)* (0.007)*
0.537 0.038 0.001 -0.010 -0.010
KS1 (0.009)* 0.011)* (0.009) (0.009) (0.010)
0.581 0.238 0.181 0.181
KS2 Ma (0.013)* (0.013)* (0.013)* (0.014)*
0.083 -0.005 0.001 -0.001
KS2 Sc (0.013)* 0.011) 0.011) (0.012)
0.079 -0.037 -0.033 -0.025
KS2 En (0.013)* (0.011)* (0.011)* (0.012)*
KS3 Ma 0.436 0.354 0.335
TA (0.012)* (0.012)* (0.014)*
KS3 Sc 0.180 0.157 0.156
TA (0.010)* (0.010)* 0.011)*
KS3 En 0.083 0.062 0.059
TA (0.010)* (0.010)* (0.011)*
0.198 0.197
ICCAMS 0.011)* (0.012)*
0.034
Self-eff (0.007)*
Intrinsic 0.020
mot (0.007)*
0.013
Perf Goals (0.006)
-0.004 -0.057 -0.071 -0.025 -0.062 -0.048 -0.044
(Intercept) ~ (0.010) (0.014)* (0.012)* (0.010)* (0.009)* (0.009)* (0.009)*
R-squared  0.049 0.189 0.440 0.666 0.764 0.773 0.780
df 9088 8315 8301 7313 7004 6813 5735

* p<0.05
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RQ3.2: Are some areas of mathematics crucial?

To answer our second sub-question, we assessed the strength of relationship between each
individual question in the ICCAMS test and pupils’ subsequent GCSE maths grade. We used
two different analytical approaches to address this question.

Relationship between individual ICCAMS items and GCSE grade

In the first approach, we calculate the point-biserial correlation between scores on that item
(0,1) and the grade achieved in GCSE maths (coded as A*=8, A=7, B=6, etc). We expect these
correlations to be attenuated by the item facility (items with facilities close to 0 or 1 will tend
to have lower correlations) and by the distribution of GCSE grades. For comparison, therefore,
we created a simulated set of responses to each question, to provide an indication of the
expected correlation.

Some items were found to be correlated with GCSE maths grade a little higher than we would
expect if they followed the model, while others were a little lower than expected. Comparing
these correlations with the within-test discrimination of each item shows a pretty close match:
the correlation between an item and GCSE grade reflects that item’s correlation with the other
items in its test. Hence items that are highly discriminating within their own test are also good
predictors of GCSE, and conversely.

From this, it is not clear that there are particular mathematical topics, skills or items that punch
above their weight in predicting subsequent GCSE performance.

Individual items to supplement the prediction from logistic regression

The second approach is designed to address the question of whether there is any evidence for
threshold concepts: crucial parts of mathematical knowledge or understanding that are an
enabler (or barrier) for future success.

We applied logistic regression models with a range of predictors for GCSE grade
(dichotomised as A*-C or not), and then used this predictor with two subsets for each item in
the ICCAMS test, for pupils who got that item right and wrong, respectively. This allowed us
to compare the modelled chance of getting A*-C for pupils with the same background
characteristics, depending whether they got each item right or wrong.

We compared these differences with the results of a simulation of random responses. Broadly
speaking, the observed differences were very similar to those that arose from simulation, and
this was true across all three ICCAMS tests. This suggests that there is no evidence of any
specific items having particular predictive power for GCSE outcomes, over and above what is
already captured in their prior attainment, attitudes, gender, absence and exclusions.

This is probably not surprising, given the weight of information in the combined predictors
compared with that in a single item. However, our hypothesis was that there might be certain
crucial elements of mathematical knowledge or competence that were a barrier to or an enabler
of further learning. If this was the case, we might expect to see an additional effect in the form
of different outcomes for those pupils who had mastered that learning in KS3 from those who
had not. Controlling for all the other predictors is necessary here in order to rule out the
competing explanation that those differences are just a reflection of general mathematical
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attainment, since higher attaining pupils will both be more likely to get an item correct and to
be successful at GCSE. However, it does make this a tough test for the existence of threshold
concepts, particularly when, as here, those concepts are represented by a single item in the test.
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RQ 3.3: Can low attainment be overcome?

Our third sub-question focusses specifically on low attainers. We looked at pupils who were
low attaining in maths at different points in their school career and estimated their chances of
achieving a grade C or above at GCSE. We then investigated how these chances may be
different for pupils who differ on any of our additional variables.

Chances of low attainers with different characteristics achieving C+

Pupils in the first decile (lowest 10%) of attainment, according to their KS3 teacher assessment
in maths, have only a 7% chance of achieving C+ at GCSE. For those in the top three deciles
at KS3 (top 30%), over 99% achieve C+. The prospects for pupils who are low attaining at KS1
(i.e. aged 7) are not quite as firmly determined, though the relationship is still strong: of those
in the bottom decile 23% go on to achieve C+, rising to 98% for those in the top decile. (See
Table 6.)

Table 6: Percentage of pupils in each decile of performance on each of KSI average level, KS2 maths
fine level, ICCAMS Y7, 8 or 9 test score or KS3 teacher assessment who go on to achieve grade A*-
C in maths GCSE

Percentage who achieve A*-C in GCSE maths,
from each decile of prior attainment

Decile KSlavg KS2 MATFINE iccams789 KS3 MATTALEV
1 22.9 10.3 11.2 6.8
2 39.1 25.6 254 17.9
3 56.3 52.5 44.2 51.5
4 69.2 64.5 61.7 49.8
5 68.3 76.6 79.0 86.3
6 73.8 84.8 89.4 91.0
7 85.4 93.6 95.6 91.7
8 89.9 96.9 98.5 99.2
9 95.1 99.0 99.9 99.1
10 97.7 99.3 99.7 99.5

Figure 12 addresses the question: ‘If you are a low attainer on some measure (eg KS1), what
are your chances of going on to achieve A*-C in GCSE mathematics?’ A further question we
might ask is: ‘If we then also know some other piece of information about you (for example,
your score on another assessment, or demographic information), how much difference does
that make to our expectation?’ This is the question we address now.

In this section we look at the prospects of attaining A*-C in GCSE mathematics for those who
are in the bottom 40% (approximately3) of attainment on some prior attainment measure. For
these initially low attainers, we calculated the proportion who went on to achieve C or above
at GCSE, depending on whether they also scored above or below average on each of our other
measures. Figure 13 shows these proportions when KS1 is used to define ‘low attainers’ and
the other variables we consider are dichotomised at the median. In other words, we split the

3 Some of the variables used to identify these low attainers are lumpy in their distributions, and hence it is
impossible to separate the bottom 40% precisely. For example at KS1, over a quarter of pupils achieve an average
level of exactly 2. Hence, we identify low attainers as those with KS1 average level strictly below 2, and end up
with only 26% of the population of those for whom we have KS1 levels.
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population into those in the top half (above the median) or bottom half (below the median) on
that variable, and calculate the proportion who achieve A*-C for each half. Similar graphs were
produced for low attainers defined by bottom 40% performance on KS2, ICCAMS and KS3,
with similar patterns emerging.

Percentage achieving A*-C in maths, from each decile of prior attainment
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Figure 12: Graph showing results of Table 6. Percentage achieving A*-C in maths GCSE, from each
decile of prior attainment on four measures

Figure 13 shows that being in the top half on some measures offers a very different prospect
from being in the bottom half. For example, those whose scores on any of the ICCAMS tests
put them in the top half have a better than 80% chance of going on to achieve C+ at GCSE,
even though their KS1 levels were in the bottom 26% of the cohort. This compares with
chances around 30% of gaining C+ for those whose ICCAMS scores were in the bottom half.
A similar difference can be seen for performance in maths at KS2 and KS3, and a slightly
smaller effect for performance in science and English: again those in the top half on these

measures have around a 70-80% chance of success, while for those in the bottom half it remains
around 30%.

Prospects for low attainers at KS1

To put this in context, the overall proportion of these low attainers (ie bottom 26% of the cohort
on KS1) who achieve C+ at GCSE is 36%. Most of these low attainers at KS1 are also in the
bottom half of attainment on the other measures: in the case of ICCAMS, KS2 and KS3, over
80% of low attainers on KS1 are in the bottom half on these measures too. However, for the
15-20% of pupils who are in the top half, their prospects are very different.
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Proportion achieving C+ in maths GCSE among low attainers (bottom 26%) at KS1
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Figure 13: Proportion achieving C+ in GCSE maths among low attainers at KS1 with different
characteristics on other variables

For the demographic and attitude variables, the picture is more mixed. First of all, none of these
variables makes as much difference to the chances of getting C+ as the attainment variables.
Nevertheless, for some of these variables, there is a significant difference. In particular, a
pupil’s self-efficacy (‘seffic’) and number of absences (‘totalAbsences’) are both associated
with differences of 25 and 20 percentage points, respectively, in the chances of getting C+
between those in top and bottom halves on these measures. The number of terms eligible for
FSM (‘fsmCount’), number of half-days excluded (‘exclusions’) and performance goal
orientation (‘perfgo’) are each associated with differences of around 10 percentage points.
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Research question 4:

What is currently known about the effectiveness of teaching
strategies and approaches that address low attainment in
secondary mathematics?

In this section, we provide additional technical detail about the literature review.
Methods of synthesising the literature

Our approach was to carry out second-order meta-analysis — i.e., meta-analyses of existing
meta-analyses — and occasionally third-order meta-analyses, where we summarised the
findings of existing second-order meta-analyses. Where possible, we conducted a quantitative
meta-analysis of the first-order meta-analyses. All aggregation of effect sizes was carried out
using the random-effects model, which is the more conservative option and does not assume
that all of the effect sizes being combined are homogeneous. We performed our calculations

using the metafor package in R (Viechtbauer, 2010; see http:/www.metafor-
project.org/doku.php).

The dataset

Our data set consists of a total of 107 items: 76 meta-analyses and 31 other relevant papers
(mainly systematic reviews), written in English, relevant to the learning of mathematics of low
attaining pupils aged 11-14, and published (or publicly available) between 1970 and August
2018. These were identified using searches of electronic databases, the reference lists of the
literature obtained and our own and colleagues’ knowledge of the research literature. The
original search was conducted in 2016, then updated in February 2017 and again in September
2018. See Appendix 5 for the full dataset together with examples of excluded meta-analyses.

Coding and data extraction

Each paper was coded as a meta-analysis, systematic review or ‘other literature’, and details
were recorded, including year of publication, author key words, abstract, content area, main
focus, secondary focus, key definitions, research questions, ranges of effect sizes, any pooled
effect sizes and standard errors, number of studies and number of pupils, age range, countries
in which studies were conducted, study inclusion dates, any pedagogic or methodological
moderators or other analyses, inclusion/exclusion criteria and quality judgments.

There is little consistency in the definition of low attainment in the literature. Indeed, we found
only one meta-analysis which specifically targeted low attaining pupils in its title (Baker et al.,
2002). Hence, our study includes meta-analyses (and systematic reviews) relating to
“strugglers”, pupils with mathematical learning difficulties or learning difficulties generally,
“persistent low attainers”, pupils “at risk” of underachievement and disadvantaged pupils. In
order to reflect this, we adopted an “onion” approach (Coffield et al., 2004) whereby literature
was coded as Level 1, 2 or 3, with Level 1 being the most relevant. Only Level 1 and 2 meta-
analyses were considered suitable for inclusion in any quantitative meta-analysis. See Table 7
for an overview.
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Table 7: An overview of the data set

Category

Number of
key meta-
analyses

Number of  Number of Meta-analyses
other meta- additional Total considered for
analyses studies aggregation

Description

Level 1

Level 2

Level 3

35

13

- - 35 Yes

- - 13 Yes

28 31 59 No

Meta-analyses
focusing on or highly
relevant to the
teaching and learning
of mathematics to
low attaining pupils

Meta-analyses
focusing on the
teaching and learning
of mathematics and
relevant to low
attaining pupils

Systematic reviews
(and some meta-
analyses) relevant to
the teaching and
learning of
mathematics to low
attaining pupils
(including some
generic pedagogical
and some broad brush
reviews). Includes
some narrative or
theoretical reviews
providing insights
from research or
theory on key themes
and strategies
highlighted in
analysis of Level 1
and 2 meta-analyses

Total

48

28 31 107 -
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We assessed the methodological quality of the meta-analyses using six criteria, which we
developed ourselves, informed by the PRISMA framework for rating the methodological
quality of meta-analyses (http://www.prisma-statement.org/) and the AMSTAR criteria (Shea
et al., 2009). For each meta-analysis, we graded each of our six criteria on a 1-3 (1 low, 3 high)
scale.

For the strategies identified in the review, we assessed the strength of evidence using an
approach based on the GRADE system in medicine (Guyatt et al., 2008). This is an expert-
judgment-based approach that is informed, but not driven, by quantitative metrics (such as
number of studies included). The strength of evidence judgements took account of the number
of original studies, the methodological quality of the meta-analysis (including limitations in
the approach or corpus of studies considered), consistency (and homogeneity) of results, the
directness of results, any imprecision, and any reporting bias.

Many of the original studies that are synthesised in the meta-analyses and systematic reviews
were conducted in the US, which has a very different (mathematics) education system. In some
cases, implementation would require some recontextualisation and translation for the UK
classroom and school contexts and to align with the curriculum. To address this, we assessed
the relevance, or the directness, of the evidence for UK classrooms using an approach also
based on the GRADE system. Two members of the research team independently gave a
high/medium/low rating for each section. Disagreements were resolved through discussion.

Results

As discussed in the main report, for 12 strategies, the evidence was judged sufficient to
aggregate through a secondary meta-analysis of the original primary meta-analyses: computer-
aided instruction (CAI), cooperative learning, explicit and direct instruction, feedback to
pupils, feedback to teachers, heuristics, manipulatives, peer tutoring, representations and
visualisation, self-instruction, pupil centred approaches and tutoring by adults. The results of
this aggregation are presented in Table 8 together with our judgements about the strength of
the evidence and its relevance to UK mathematics classrooms. These effects are also compared
in Figure 14.

We consider the effect sizes should be regarded as indicative of the relative impact of different
strategies rather than a precise estimate of the actual impact. Mindful of this lack of precision,
in this review, we will treat effects of up to d=0.25 as small, of 0.25< d <0.75 as moderate and
of d=0.75 or greater as large. However, our interpretation will be cautious and highly dependent
on the context.

The evidence relating to the remaining seven strategies is summarised in Table 9: attitudinal

and behavioural interventions, cross-age tutoring, individualised instruction, instructional
components, providing information to parents, technology tools and textbooks.
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114

Explicit and direct instruction

Computer-Aided Instruction

Feedback to students

Visualisation

Manipulatives

Feedback to teachers

Tutoring (by adults)

Self-instruction

Heuristics

Peer tutoring

Cooperative Learning

Student centred approaches

0.59 (0.53,0.65)

0.18 (0.04,0.31)

- 0.51 (0.27,0.76)

= 0.45 (0.27,0.63)

0.39 (0.29,0.48)

= 0.39 (0.13,0.66)

B 0.36 (0.21,0.51)

. 1.02 (0.63,1.42)

0.62 (0.51,0.74)

0.66 (0.52,0.79)

0.29 (0.15,0.43)

= 0.73 (0.46,0.99)

0

I T T T T T T T T T I T I T I T I T I T I
01 02 03 04 05 06 07 08 09 10 11 12 13 14 15
Effect size (d)

Figure 14: Comparing the effects of the twelve strategies and approaches with sufficient evidence to aggregate with point estimates and
95% confidence intervals. Strategies ordered as for Table 8 highest to lowest by strength of evidence, then relevance, then size of effect. Box
size proportional to number of effects (k) aggregated.



Strategy

Motivation,
behavioural and
attitudes

Textbooks

Individualised
instruction

Instructional
components

Technology tools

Providing
information to
parents

Cross-age tutoring

Table 9: Evidence relating to seven strategies not aggregated

Meta-
analyses

12

Number
of effects

36

81

357

73

Reason / Comment

Wide variation of interventions, many of which are poorly
defined. Results of meta-analyses inconsistent.

Studies conducted in the US where textbooks are conflated
with curricular programmes.

Variation between results. Both metas are very dated and
refer to individualised programmes that are no longer
available. Only one has sufficient information for
aggregation.

Components too varied for meaningful aggregation. Includes
several meta-analyses of only single-case designs.

Different technology tools too disparate to aggregate.
Calculators reported under number and calculation topic.

Too few original studies.

Too few original studies.
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Appendix 1: IMAP Number Items, Topic and Origin

Question text

Topic

LNRP

CSMS/
ICCAM
S

New
item

Justification

A shirt costs £20. Alex
buys 3 shirts. How
much does this cost?

IC

Y

Multiplicative operators: multiplicand /
multiplier in opposite order to item 18.

What is 12 more than
267

IC

Y5

Computation: two-digit addition.

Here are some marbles.
Peter wins a quarter of
these marbles. How
many marbles does
Peter win? [8 marbles]

Y5

Fraction as part-of-a-whole.

A stick of rock is shared
equally among 5
children. What fraction
of the stick does each
child get?

Y5

Sharing a continuous quantity.

There are 12 eggs in a
box. 5 of the eggs are
cracked. What fraction
of the eggs are cracked?

Y5

Fraction as part-of-a-whole.

Look at the number line.
What number is the
arrow pointing to?
[6230]

NL

Y5&

Measures: Identifying four-digit number
on a number line.

Look at the number line.
‘What number is the
arrow pointing to? [387]

NL

Adapted
NL

Measures: Identifying three-digit number
on a number line.

Look at the number line.
Click and drag the
arrow so that it points to
the number six thousand
and twenty-five.

NL

Y5&
Y6

Measures: Placing four-digit number on a
number line.

Look at the number line.
Click and drag the

arrow so that it points to
the number six thousand
one hundred and eighty.

NL

Y5

Measures: Placing four-digit number on a
number line.

10

Look at the number line.
What number is the
arrow pointing to? Use
the decimal point on the
keypad to enter your
answer. [5.8: Decimals]

NL

Y5&
Y6

Measures: Identifying decimal number on
a number line.

11

What is 1 less than 200?

PV

Y5&
Y6

Borrowing aspect of subtraction

12

What is 1 less than one
thousand one hundred?

PV

Y5&
Y6

Borrowing aspect of subtraction

13

What is 10 more than
three thousand five
hundred and ninety-
seven?

PV

Decimal
s S5a

Carrying aspect of addition

14

4 children out of the 100
children on a school trip
forgot to bring their
lunch. What percentage
is this?

Y5&
Y6

Ratio 8a

Percentage item from CSMS / ICCAMS
ratio test

The newspaper says 24
out of 400 cars have
faulty brakes. What
percentage is this?

Y5&
Y6

Ratio 8c

Percentage item from CSMS / ICCAMS
ratio test
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CSMS/

Question text Topic | LNRP ICCAM New Justification
S item
16 | 6% of children travel to P Adapted Percentage item from CSMS / ICCAMS
school by train. There Ratio 8b ratio test
are 200 children in the
school. How many
children travel to school
by train?
17 | Some jeans cost £20. In P Adapted Percentage item from CSMS / ICCAMS
a sale the price is Ratio 8d ratio test
reduced by 10%. How
much do the jeans cost
now?
18 | Erica buys 20 IC Y Multiplicative operators: multiplicand /
magazines. Each multiplier in opposite order to item 1.

magazine costs £3.
What is the total cost?

19 | Look at this calculation. DF Y Derived fact item: Ans+1
34+28=62. Find a quick
way to work out the
answer to 34+29.

20 | Look at this calculation. DF Y5 & Derived fact item: Commutativity of
86+57=143. Find a Y6 addition; (this, and 21-23, originally from
quick way to work out Van Den Heuvel-Panhuizen, 1996).4
the answer to 57+86

21 | Look at this calculation. DF Y5 & Derived fact item: Effect of multiplication
86+57=143. Find a Y6 by a power of 10.

quick way to work out
the answer to 860+570

22 | Look at this calculation. DF Y5 Derived fact item: Ans-1
86+57=143. Find a
quick way to work out
the answer to 85+57

23 | Look at this calculation. DF Y5 & Derived fact item: Doubling.
86+57=143. Find a Y6
quick way to work out
the answer to

86+86+57+57
24 | Look at this calculation. DF Y5& Derived fact item: Decimals, Ans+1.
16.25891+23.74109=40. Y6

Find a quick way to
work out the answer to
17.25891+23.74109

[Decimals]

25 | Look at this calculation. DF Y5 & Derived fact item: Multiplication, Ans+1
15 multiplied by Yo lot
24=360. Find a quick (ie 16x24=15x24 + 24)

way to work out the
answer to 16 multiplied

by 24.
26 | Click and drag the three PV Y5& Comparison of decimals.
numbers below into the Y6

boxes so that they are in
order from highest to
lowest: 0.07, 0.23, 0.1
[Decimals]

4 Van Den Heuvel-Panhuizen, M. (1996). Assessment and realistic mathematics education. Utrecht: CD-f3 Press
/ Freudenthal Institute.
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CSMS/

Question text Topic | LNRP ICCAM New Justification
S item

27 | Enter a number that is PV Y5 & Infinite nature of the set of rational
larger than nought point Y6 numbers.
six but smaller than
nought point seven.

{Decimals]

28 | A box contains 70 PV Y Effect of multiplication by a power of 10;
pencils. How many grouping.
pencils are there in 10
boxes?

29 | What are 10 lots of 324? PV Y5 & Effect of multiplication by a power of 10.

Y6
30 | What are 10 lots of 5.3? PV Y5& Effect of multiplication by a power of 10.
Y6

31 | How many 10s are there PV Y5 Effect of division by a power of 10.
in 200?

32 | How many 10s are there PV Y5 & Effect of division by a power of 10.
in 4500? Yo

33 | How many 10s are there PV Y5 & Effect of division by a power of 10;
in 4897 Enter your Y6 decimals as a result of a division
answer as a decimal. operation.

[48.9: Decimals]

34 | Enter the missing F Y5 & Fraction Equivalence of fractions.
number in the box. 1/3 Y6 s 9a
=2/?

35 | Enter the missing F Y5& Fraction Equivalence of fractions.
number in the box. 4/12 Y6 s 9e
=1

36 | John buys 8 cakes. They SC Y5 & Recognition of the correct operation to
cost two pounds forty in Y6 apply in a problem involving decimals:
total. Each cake costs multiplication with grouping.
the same amount. What
calculation would you
do to work out the cost
of one cake?

37 | Pencils cost 18 pence SC Y5 & Recognition of the correct operation to
each. What calculation Y6 apply in a problem: division with
would you do to work allocation/rate.
out how many you
could buy for 90 pence?

38 | Meg wears an outfit SC Y5 & Recognition of the correct operation to

each day made up of a Y6 apply in a problem involving decimals:
T-shirt and a skirt. She Cartesian Product.
has 3 different T-shirts
and 6 different skirts.
Click on the calculation
that would tell you how
many different possible
outfits ...

39 | The Green family have SC Y5 & Recognition of the correct operation to
to drive 261 miles to get Y6 apply in a problem involving decimals:
from London to Leeds. subtraction.

After driving for 87
miles, they stop for
lunch. How do you
work out how far they
still have to drive?

40 | A motorbike can travel SC Adapted Recognition of the correct operation to
40 miles on each litre of Decimal apply in a problem involving decimals:

petrol. Which
calculation would tell
you how many miles it
would be able to travel
on 8 litres?

N

multiplication with rate.
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CSMS/

Question text Topic | LNRP ICCAM New Justification
S item
41 | 12 friends are making a IC Y Computation: division with
total of 300 hats for a allocation/rate.
party. Each friend will
make the same number
of hats. How many hats
will each friend make?
42 | Click on the larger F LNRP Comparison of two fractions, same
fraction. 1/4, 3/4 Example denominator (familiar).
43 | Click on the larger F Y5 & Comparison of two fractions, same
fraction. 3/7, 5/7 Y6 denominator (less familiar).
44 | Click on the larger F Y5 & Comparison of two fractions, same
fraction. 3/5, 3/4 Y6 numerator.
45 | Click on the number E Y4 Decimal Significant figures and approximation:
that is nearest in size to s 18c decimals.
nought point one eight.
[0.18: Decimals]
46 | Click on the number E Y5 & Decimal Significant figures and approximation:
that is nearest in size to Y6 s 18d multiplication involving decimals.
2.9 multiplied by 7.
[Decimals]
47 | A soup recipe for 3 R Y Ratio scalar (integer) multiplier: x3.
people needs 8 carrots.
How many carrots are
needed for 9 people?
48 | A soup recipe for 3 R Y5& Ratio scalar (rational) multiplier: x2/3.
people needs 6 potatoes. Y6
How many potatoes are
needed for 2 people?
49 | A soup recipe for 3 R Y5& Ratio scalar (integer) multiplier: x3.
people needs 2 onions. Y6
How many onions are
needed for 9 people?
50 | A soup recipe for 3 R Y Ratio scalar (integer) multiplier: doubling
people needs 8 carrots with redundant distractor (3 people).
and 2 onions. Lee uses 4
onions. How many
carrots will he need?
51 | What is half of 16? F Y Computation: halving.
52 | What is one third of 12? F Y Computation: simple division expressed
as fraction (or fraction as multiplier).
53 | What is two fifths of F Y5& Computation: multiplication with fraction
20? Y6 multiplier.
54 | What is the area of the A Algebra Area model of multiplication;
shape below? (3 by 4 7a unexpectedly high non-correct responses
‘grid-ed’ rectangle) on ICCAMS algebra test.
55 | What is the area of the A Algebra Area model of multiplication;
shape below? (6 by 10 7b unexpectedly high non-correct responses
‘non-grid-ed’ rectangle) on ICCAMS algebra test.
56 | These two ticks are R Adapted
exactly the same shape. Ratio 7
Find the length of the
red part.
57 | These two Vs are R Adapted
exactly the same shape. Ratio 7
Find the length of the
red part.
58 | Hereis a 12 by 10 array. A Y Array / area model of multiplication;

How many dots are
there?

effect of multiplication by a power of 10.
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CSMS/

Question text Topic | LNRP ICCAM New Justification
S item
59 | Thisis a 14 by 36 array. A Y Array / area model of multiplication:
How many more dots Similar to derived fact item 25, but with
would there be in a 15 array representation: 15x36=14x36 + 36.
by 36 array?
60 | This is part of a sheet of A Y Array / area model of multiplication:
paper which had two Associativity, or
arrays drawn on it. The 4x23 = 2x46.
arrays have the same
number of dots. The
size of the top array is 4
by 23. What was the
size of the bottom
array?
61 | The chairs in a room are A Y Array / area model of multiplication:
arranged in rows. There Division & rate.
are 14 chairs in each
row. How many rows
are needed for 84
people?
Totals 40 14 13
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Appendix 2: Arithmetic fact recall items (in order as
presented)

Al 2+7?7=10
A2 4x5=7

A3 25+7=50
A4 ?7+14=20
AS 18+9=7
A6 30+5=7
A7 9x9=7?

A8 99+3=7?
A9 S5x11=?

Al0 50=18+7
All 6x8=7
Al2 48 +?7=90
Al3 27+3="?
Al4 &§x3=7
AlS 54+6=7
Al6 Tx8=7
Al7 36=4x7?
Al8 5x25=7?
Al9 12+?2=60
A20 63+7=7
A21 Tx11=?
A22 88§ +22="7
A23 11x12=7
A24 4x13=7
A25 15x5="7
A26 80=16+7?
A27 96 +12="7?
A28 70=21+7
A29 121 +11=7?
A30 90+15="7?
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Appendix 3: Comparison of scores to LNRP and ICCAMS

In this appendix, we present the topic area scores and facilities (percentage correct) of the
matched samples of Year 5 and Year 9 pupils.

Question Topic | IMAP Matched
Sample
Y5 Y9
Q02 (What is 12 more than 26? IC 0.85 0.82
Q03  |Here are some marbles. Peter wins a quarter of these marbles. How F 0.62 0.60

many marbles does Peter win? [8 marbles]

Q04  |A stick of rock is shared equally among 5 children. What fraction of the F 0.60 0.68
stick does each child get?

Q05  [There are 12 eggs in a box. 5 of the eggs are cracked. What fraction of F 0.31 0.47
the eggs are cracked?
Q06  |Look at the number line. What number is the arrow pointing to? [6230] NL 0.29 0.29

Q08  [Look at the number line. Click and drag the arrow so that it points to NL 0.33 0.27
the number six thousand and twenty-five.

Q09  [Look at the number line. Click and drag the arrow so that it points to NL 0.59 0.57
the number six thousand one hundred and eighty.

Q10 [Look at the number line. What number is the arrow pointing to? Use NL 0.42 0.47
the decimal point on the keypad to enter your answer. [5.8: Decimals]

Q11 [Whatis 1 less than 200? PV 0.92 0.90

Q12 |Whatis 1 less than one thousand one hundred? PV 0.70 0.57

Q14 |4 children out of the 100 children on a school trip forgot to bring their P 0.43 0.48
lunch. What percentage is this?

Q15  [The newspaper says 24 out of 400 cars have faulty brakes. What P 0.05 0.09
percentage is this?

Q20 [Look at this calculation. 86+57=143. Find a quick way to work out the DF 0.73 0.70
answer to 57+86

Q21 [Look at this calculation. 86+57=143. Find a quick way to work out the DF 0.67 0.65
answer to 860+570

Q22 |Look at this calculation. 86+57=143. Find a quick way to work out the DF 0.68 0.63

answer to 85+57
Q23  |Look at this calculation. 86+57=143. Find a quick way to work out the DF 0.48 0.44
answer to 86+86+57+57

Q26  |[Click and drag the three numbers below into the boxes so that they are PV 0.30 0.46
in order from highest to lowest: 0.07, 0.23, 0.1 [Decimals]

Q27  |Enter a number that is larger than nought point six but smaller than PV 0.43 0.54
nought point seven. {Decimals]

Q28  |A box contains 70 pencils. How many pencils are there in 10 boxes? PV 0.72 0.76

Q29 |What are 10 lots of 324? PV 0.48 0.51

Q30 |Whatare 10 lots of 5.3? PV 0.28 0.38

Q31 |How many 10s are there in 200? PV 0.72 0.67

Q32 [How many 10s are there in 45007 PV 0.51 0.42

Q33 [How many 10s are there in 489? Enter your answer as a decimal. [48.9:| PV 0.31 0.30
Decimals]

Q34  [Enter the missing number in the box. 1/3 =2/? F 0.44 0.51
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Question Topic | IMAP Matched
Sample
Y5 Y9
Q35  [Enter the missing number in the box. 4/12 = 1/? F 0.27 0.34
Q36 |John buys 8 cakes. They cost two pounds forty in total. Each cake costs | SC 0.23 0.28
the same amount. What calculation would you do to work out the cost
of one cake?
Q37  |Pencils cost 18 pence each. What calculation would you do to work out SC 0.21 0.29
how many you could buy for 90 pence?
Q38 |Meg wears an outfit each day made up of a T-shirt and a skirt. She has SC 0.39 0.30
3 different T-shirts and 6 different skirts. ... how many different
possible outfits ...
Q39 [The Green family have to drive 261 miles to get from London to Leeds.| SC 0.45 0.39
After driving for 87 miles, they stop for lunch. How do you work out
how far they still have to drive?
Q43 |Click on the larger fraction. 3/7, 5/7 F 0.79 0.72
Q44  |Click on the larger fraction. 3/5, 3/4 0.45 0.43
Q46  [Click on the number that is nearest in size to 2.9 multiplied by 7. E 0.38 0.36
[Decimals]
Q48  |A soup recipe for 3 people needs 6 potatoes. How many potatoes are R 0.40 0.34
needed for 2 people?
Q49  |A soup recipe for 3 people needs 2 onions. How many onions are R 0.30 0.35
needed for 9 people?
Q53  |What is two fifths of 20? F 0.19 0.17
Mean| 0.47 0.48
facility:
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Appendix 4: Factor loadings for PCA for each item on the
main IMAP test

Shading indicates factor loadings between 0.3 and 0.5 (light blue); between 0.5 and 0.7 (dark
blue); greater than 0.7 (black); and negative loading of magnitude greater than 0.3 (orange).
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Q1 IC 0.07 | -0.04 | -0.07 | 0.07 | 0.45 | -0.08
Q2 IC 0.07 0| 0.08| -0.06| 0.45 0
Q3 F 0.22| 0.09 02 ] -0.06 | 0.34 | -0.08
Q4 F 006 | 028| 026 -0.01| 0.12| 0.01

Q5 F 0.05 03| 0.19] 0.01]| -0.09 | -0.07
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Q9 | NL | -0.12 | -0.02 BsEN 0.12 | 0.17 | 0.02
Q10| NL | 0.06| 0.08 | 041 0.05 0.1 -0.05

Qi1 [PV | 0.01] -004[ o011 ] -0.01 [N 0.03 |

Q12 | PV | 0.09| -0.14 | 0.39 0| 039 -0.06
Q13 | PV | 0.06 0| 032 -0.02| 0.36| 0.03
Q4| P 021| 0.04| 023 0.16| 0.03| -0.08
QI5| P 041 | 0.08| 0.27 0| -0.26 | 0.03
Ql6| P 026 | 0.04| 031 0.05| -0.2] -0.04

Q17| P 043 | 0.06| 0.28| -0.02| -0.19 | -0.01
Q18| IC | 0.08| 022| 0.14| 0.01 | 033 -0.09

Q19 | DF | -0.01 | -0.03 0.01| 0.04
Q20 | DF | -0.03 | -0.01 -0.05 0
Q21 | DF | -0.06 | 0.06 0.04 | -0.01
Q22 | DF | -0.04 | 0.06 -0.05 | -0.03
Q23 | DF | 0.13| 0.03 0.05| 0.02
Q24 | DF | 0.12| -0.11 0| -0.03

Q25| DF| 033 | -0.08 | 0.24| 024 | -0.07| 0.06
Q26 | PV | 0.19| 027] 0.24| 0.02| -0.07 | -0.07
Q27 |PV | 014 031 | 027| 0.03| 0.08 | -0.01
Q28 | PV | -0.01| 0.19| 0.15| 0.12| 039 | -0.13
Q29 | PV 0.1 026| 023| 0.05| 023] -0.08
Q30| PV | 0.14| 036 | 0.3 0| 0.05| -0.05
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Q31| PV | 0.17] -0.05| 0.13 | 0.05| 039 | 0.06
Q32|(PV | 0.14| 0.07| 0.16 | 0.07| 0.32| 0.04
Q33(PV | 017 0.17] 025| 0.06| 0.14| 0.07
Q34| F 0.12| 043 | 0.12| 0.06| 0.04| 0.03
Q35| F 024 | 0.38| 0.14| -0.02 | -0.02 | 0.02
Q36 | SC 0.1} 031 0.11] 0.09| 0.06| 0.07
Q37| SC| 0.26 03| 021 -0.01| -0.04| 0.03
Q38(SC| 0.07| 0.09| 0.03| 0.11| 0.01 | -0.02
Q39 (SC| 021 0.13] 0.06| 0.11| 0.17| 0.12
Q40 | SC 01] 0.06| 0.01] 0.17]| 026 | 0.08
Q41 | IC 0.19| 0.19| 0.15 0.1 ] -0.05| 0.07
Q42| F 0.01| 0.03| 0.02| 0.01| 0.01 0.8
Q43 | F 0.01| -0.03 | 0.02 0 N 0.81
Q44| F 021 0.16| 0.16 | 0.11| 0.06 | -0.39
Q45| E 032 | 026| 0.14| -0.08 | -0.01 0.03
Q46 | E 028 | 0.13| 0.07| 0.03| 0.08| 0.09
Q47| R -0.07 | -0.13 | 0.03| 0.12| -0.03
Q48| R -0.04 | -0.06 | 0.07| 0.19| 0.03
Q49| R -0.08 | -0.07 | 0.06 | 0.12 | -0.05
Q50| R 041| 0.11| -0.09 | 0.09| 0.21| 0.07
Q51| F 0.01| 026]| -0.04| 0.16 | 047 | 0.06
Q52| F 0.12| 0.37| 0.16 | 0.09| 0.03| 0.11
Q53| F 024 034| 0.11| 0.09| -0.13 | 0.08
Q54| A -0.1 | 0.05| 0.02] 0.01
Q55| A -0.04 | -0.01 | 0.01]| -0.04
Q56| R -0.08 | -0.09 | -0.03 | 0.09
Q57| R 036 | 0.07| -0.16 | 0.01| 0.18 | 0.09
Q58| A 0 03| 0.05| 0.05] 031 0.14
Q39| A 0.12| -0.06 | 0.11 | -0.02 | -0.12 | 0.26
Q60 | A 0.37 | 0.09| 0.13 0.1 | -0.08| 0.02
Qo1 | A 0.37 0| 0.18| 0.05| -0.06 | 0.07
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Appendix 5: The full dataset for the literature review and
second-order meta-analysis

Level 1: Meta-analyses judged to be core with mathematics education as
central to the review, relevant to Key Stage 3 and a specific focus on low
attaining pupils

Note: This category includes some meta-analyses focusing exclusively on aggregating single-
case designs.
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Reasons for exclusion from Levels 1 & 2

Example / explanation
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Systematic or narrative reviews with no overall, or very minimally
reported, meta-analysis, e.g, Timperley et al., (2007) excluded; Slavin
(1987) included as Level 3 because relevant to explicit and direct
instruction.

Not located

E.g., Parham (1983), a US doctoral thesis.

Not relevant to interventions or strategies
targeted at mathematics

E.g., Peng et al., (2016), meta-analysis related to mathematics learning
and working memory, excluded; Fischer et al., (2013) a framework for
assessing interventions, excluded.

Not specific to LAs

E.g., Ellington (2006) Meta-analysis of the effects of graphing
calculators, studies largely conducted with older or college students,
excluded.

Superseded by another study

Either alternative version, e.g., Slavin et al., (2007), included as Level 4
because it provided some additional detail, or complete overlap with
another study, e.g., Smith (1996), all studies included in Ellington's
(2003) calculator use meta-analysis.

Not relevant to the UK context

Studies entirely, or very largely, consisting of studies in very different
educational systems, e.g., Faramarzi et al., (2015), excluded.

Not specific to mathematics education

E.g., Chauhan (2017), generic use of technology tools, excluded.

Subjects too old

E.g., Lake et al., (2016), pedagogies with college students, excluded

Subjects too young

E.g., Malofeev (2005), pre-school.

Insufficient data to extract ES relevant to
LAs

E.g., Li & Ma (2008), unclear how attainment scaled, excluded;
Templeton at al. (2008), only PND reported, included as Level 3.
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