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Abstract In this work, we develop an efficient incomplete iterative scheme for
the numerical solution of the subdiffusion model involving a Caputo derivative
of order @ € (0,1) in time. It is based on piecewise linear Galerkin finite
element method in space and backward Euler convolution quadrature in time
and solves one linear algebraic system inexactly by an iterative algorithm at
each time step. We present theoretical results for both smooth and nonsmooth
solutions, using novel weighted estimates of the time-stepping scheme. The
analysis indicates that with the number of iterations at each time level chosen
properly, the error estimates are nearly identical with that for the exact linear
solver, and the theoretical findings provide guidelines on the choice. Illustrative
numerical results are presented to complement the theoretical analysis.

Keywords subdiffusion - Galerkin finite element method - backward Euler
scheme - nonsmooth data - convergence analysis - incomplete iterative scheme

1 Introduction

This work is concerned with efficient iterative solvers for the subdiffusion
model. Let 2 C R? (d = 1,2, 3) be a convex polyhedral domain with a bound-
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ary 052. The subdiffusion model for the function u(t) reads:

w(0) =v, in 2 (1)

{8f“u(t) + Au(t) = f(t), YO<t<T,
where T' > 0 is fixed, f : (0,7) — L?*(£2) and v € L?(§2) are given functions,
and A = —A : D(A) = H} )N H2(2) — L*(2) denotes the negative
Laplacian (with a zero Dirichlet boundary condition). The notation du, 0 <
a < 1, denotes the Caputo derivative of order « in ¢, defined by [18, p.91]

1 t
Ofu(t) = m/o (t—s)" % (s)ds, (1.2)
where the Gamma function I'(+) is defined by I'(2) := [ s* " te~*ds, Rz > 0.

The model (1.1) describes so-called subdiffusion process, in which the mean
squared displacement of the particle grows only sublinearly with the time ¢,
in contrast to the linear growth of Brownian motion for normal diffusion.
The sublinear growth captures important memory and hereditary effects of
the underlying physical process. Many experimental studies show that it can
offer a superior fit to experimental data than normal diffusion. The long list
of applications includes thermal diffusion in fractal domains, heat conduction
with memory effect, and protein transport in cell membrane etc. We refer
interested readers to the reviews [26, 25] for physical background, mathematical
modeling and long lists of applications.

Over the last two decades, a number of numerical methods have been
developed for the model (1.1), e.g., finite element method, finite difference
method and spectral method in space, and convolution quadrature (CQ) and
L1 type time-stepping schemes; See [20,5,30,24,11,1,27,29,15] for a rather
incomplete list, and [12] for an overview on nonsmooth data analysis, including
optimal convergence rates. The error analysis in all existing works requires the
exact resolution of resulting linear systems at each time step, which can be
expensive. This motivates the use of an iterative solver to approximately solve
the resulting linear systems in order to enhance the computational efficiency.
There are many possible choices of iterative solvers, e.g., Krylov subspace
methods, multigrid methods, and domain decomposition methods.

In this work, we develop an efficient incomplete iterative scheme (IIS) for
(1.1), based on the Galerkin finite element method (FEM) in space, backward
Euler CQ in time, and an iterative solver for resulting linear systems. We
prove nearly optimal error estimates for both smooth and nonsmooth solutions,
under a contraction property of the iterative solver, cf. (2.11), which holds for
many iterative methods. The IIS can maintain the overall accuracy if the
number of iterations at each time level is chosen suitably. Specifically, let
U}?’M" be the solution by the IIS at ¢, obtained with M,, iterations of the
iterative solver, and u the exact solution of (1.1). Then for smooth solutions,
e.g., u € C([0,T); D(A)) N C2([0,T); H(£2)), there exists a § > 0 such that

”U:’m - U(tn)HLQ(.Q) < C(U)(h2 +7), for cor™ <6,
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where ¢y > 0 and k € (0, 1) are convergence parameters of the iterative method
in a weighted energy norm; see Theorem 2. That is, the number of iterations
at each time level can be chosen uniformly in time provided that it is large
enough. In the absence of sufficient solution smoothness, a uniform iteration
number fails to ensure an optimal error estimate. The number of iterations at
initial times should be larger in order to compensate the singular behavior.
For example, for v € D(A) and f = 0, there exists a 6 > 0 such that

IURY = ulta)llzzco) < e (b + rtn ™ ) | Avllr2g),

provided that cor™» < (%,’lein(t%,l), with ¢, = In(1 + ¢, /7). That is, it
requires more iterations at starting time levels, even for smooth initial data,
which contrasts sharply with the standard parabolic counterpart [3]. The proof
relies crucially on certain new weighted estimates on the time stepping scheme,
which differ from known existing nonsmooth data error analysis [11,16]. The
accuracy and efficiency of the scheme are illustrated by numerical experiments.
The numerical scheme and its rigorous error analysis for both smooth and
nonsmooth solutions represent the main contributions of this work.

The idea of incomplete iterations was first proposed for standard parabolic
problems with smooth solutions in [6,4], and then extended in [17,3,7] (includ-
ing nonsmooth solutions); see Chapter 11 of the monograph [31] for a detailed
discussion. Bramble et al [3] proposed an incomplete iterative solver for a dis-
crete scheme based on Galerkin approximation in space and linear multistep
backward difference in time, and derived error estimates for nonsmooth ini-
tial data. Due to the nonlocality of the model (1.1) and limited smoothing
properties, the analysis in these works does not apply to problem (1.1).

The rest of the paper is organized as follows. In Section 2, we describe the
IIS. Then in Sections 3 and 4, we analyze the scheme for smooth and nons-
mooth solutions, respectively. Finally, some numerical results are presented in
Section 5 to complement the analysis. In two appendices, we collect useful basic
estimates and technical proofs. Throughout, the notation ¢ denotes a generic
constant, which may differ at each occurrence, but it is always independent of
the time step size 7 and mesh size h.

2 The incomplete iterative scheme

2.1 Fully discrete scheme

First, we describe a spatially semidiscrete scheme for problem (1.1) based on
the Galerkin FEM. Let 7}, be a shape regular quasi-uniform triangulation of

the domain {2 into d-simplexes, denoted by T, with a mesh size h. Over Ty,
we define a continuous piecewise linear finite element space X by

X, = {U}L € H} () : vyl is a linear function, V7T € 77L}
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We define the L2(£2) projection Py, : L?(f2) — X} and Ritz projection Ry, :
H&(Q) — Xh by

(Prip, x) = (¥, %), Vx € Xn,
(VRyp,Vx) = (Ve,VX), Yx € Xy,

respectively, where (-, -) denotes the L?(£2) inner product.
The semidiscrete Galerkin FEM for (1.1) is to find wuy(t) € X}, such that

(aguhnX) + (VuhavX) = (f7 X)v VX € Xh7 t> 07 (21)

with up(0) = vy € Xj. Let Ay : Xj, — X, be the negative discrete Laplacian,
e, (Anpn, x) = (Von, V), for all ¢y, x € Xp,. Then we rewrite (2.1) as

8?uh(t) + Ahuh(t) = fh(t), Vit >0, (2.2)
with up(0) = vy, € Xy and fr(t) = Py f(t). The following identity holds
ARy, = PLA. (23)

Next we partition the time interval [0, 7] uniformly, with grid points ¢,, =
nt,n=0,...,N, and a time step size 7 = T//N. Recall the Riemann-Liouville
derivative £ p(t) = %ﬁ f;(t — 5)"%p(s)ds. The backward Euler CQ
for Bo2p(t,,) is given by (with ¢/ = ¢(t;)):

g =773 bW with (1 €)% =Y biel
§=0 j=0
An estimate on b;a) is given in Lemma 12 in Appendix A. Since 0f¢p =

R (o(t) — ¢(0)) [18, p. 91], the fully discrete scheme for (1.1) reads: Given
UE = vp, € Xy, find Up' € X}, such that

92 (U — U + AU = ff, n=1,2,...,N, (2.4)

with fJ' = Py f(t5). The solution of (2.4) can be represented by

Up=Flon+71y E7f (2.5)

j=1
where solution operators [’ and Ej - are defined by

1
F;llT S ezr(nfl)(s_r(efzr)ozfl(&_(efzr)a —|—Ah)71d2’,
) 211 FeTé

1
Ep . / e (0, (e7FT) + Ap) e,
FT

2mi
0,8
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respectively, with 6,(§) = (1 —&)/7, I = {2 € Ips : [S(2)| < 7/7}, and
I’y 5 (oriented counterclockwise) defined by (for 0 € (3, ))

Tys={2€C:|z| =0 |argz] <O}U{z € C:z=pet? p>s}. (2.6)
Note that the formula for F. corrects a typo in [15].

The solution operators Fy' and Ej _ satisty the following smoothing prop-

erties, where || - || denotes the operator norm on L?(£2). The proof is standard,

see, e.g., [23,13], and hence it is omitted.
Lemma 1 For any § € [0, 1], there hold

— 1-B)a—1 3 1-8)a—2
JAFFR < et 2, AZER | < et s and | ADOE} | < et

2.2 Incomplete iterative scheme (IIS)

At each time level, the scheme (2.4) requires solving a linear system. This can
be expensive for large-scale problems, e.g., three-dimensional problems. Hence,
it is of much interest to develop efficient algorithms that solve (2.4) inexactly
while maintaining the overall accuracy (in terms of convergence rate). In this
work, we propose an incomplete iterative BE scheme, by approximately solv-
ing the resulting linear systems. Given U,?, Uﬁ, ceey U;:*l, we use an iterative
method to find an approximation to the solution UZ of

(I +7oA)T, = fr = > 00 + 3 60y, (2.7)
j=1 j=0
with a starting guess U, 0 Below we employ a second-order extrapolation:
UMt =ourt —ur? n>2 (2.8)

At time level n, an iterative method gives a sequence U, convergent to U,’;
as the iteration number m — oco. The IIS is given by setting

Uy =uptt, (2.9)

for some parameter M,, € N, which may vary with n and is to be specified.
The convergence analysis requires a certain contraction condition. We in-
troduce a weighted (energy like) norm |- | on the space X} defined by

1
|’(/J| = ‘I(I+TaAh)21/J||L2(Q), Vw € Xy. (2.10)

We assume that there exist x € (0,1) and ¢y > 0:
U™ — Uyl < cor™|U° =T,| for m>1. (2.11)
The contraction property in the weighted norm | - | arises naturally in the
study of many iterative solvers, e.g., Krylov subspace methods [28], multigrid
methods [9] and domain decomposition methods [32]. The constant « is related

to the condition number of preconditioned systems. The nonstandard norm |- |
poses the main technical challenge in the analysis.



6 Bangti Jin, Zhi Zhou

3 Error analysis for smooth solutions

Now we analyze the scheme (2.9) for smooth solutions, to give a first glance
into its performance. The more challenging case of nonsmooth solutions is
deferred to Section 4. The analysis below relies on two stability results on the
time-stepping scheme (2.4). First, it satisfies the maximal /P regularity [14,

Theorem 5]. For any 1 < p < oo, the norm || -|[z»(x) of a sequence (v;)7_; C X
is defined by

n - 1/
1) llerxy = (7Y llosll%) "
=1

Lemma 2 For the solution Uj' of (2.4) with v, =0, there holds

12Uy llew L2 2) HIN(ARU) =1 ler(z2(2)) < ell(£2) =1 llen 222y, V1 < p < oo
The following stability estimate of the scheme (2.4) is useful.

Lemma 3 Let U]} be the solution of (2.4) with vy = 0. Then

. 1.
1UR N 2(2) + 1(VUD <1 leacr2c2)) < ell(Ay 2 f)j=illear2ca)), Va € (2,00).
Proof By the representation (2.5), we have
n s n 1 . D
U 22y <7D NERT fillz) <7 Y I1AZER AL 2 Fillc2 -
j=1 j=1

Now for any ¢ > 2, (§ — 1)%1 > —1, and thus TZ;L=1(tn+1 *tj)(%_l)q%1 <
o0, cf. Lemma 11 in the appendix. Next, by Lemma 1 and Young’s inequality,

n o 1 .
1UR 22y < e (tnsr — 1) AL 2 fll2co)
j=1

1o
< cll(Ay * fi) =1 llea(ze()) < oo
The bound on ||(VUZ)?:1||[41(L2(Q)) is due to Lemma 2. |

Now we give an error estimate on the time-stepping scheme (2.4) for smooth
solutions, which serves as a benchmark for the scheme (2.9).

Theorem 1 Let u be the solution to (1.1), and U} be the solution of (2.4)
with v, = Ryv. If u € C*([0,T); HE($2)) N CL([0,T]; D(A)), then

107 = u(tn)ll 22y < c(u)(h® + 7).
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Proof In a customary way, we split the error e = U]’ — u(t,,) into
" = (Uy — Rnu(tn)) + (Rpu(tn) — u(tn)) =: 0" + 0"
It suffices to bound the terms " and ¥™. Clearly,
10" 122 () < ch?|lulleqo,ry;mz(2))- (3.1)
It remains to bound ¥". Note that ¥" satisfies ¥° = 0 and
029" 4+ Ap9™ = 0%(U — Rpu(ty)) + An(U — Ryu(ty,))
= (02U} —vp) + ApU}Y) — (02 Ry (u(tn) — vi) + ApRpul(ty)).
It follows from the identity (2.3), and equations (2.4) and (1.1) that
029" + Ap9™ = —0% Ry, (u(ty) — vp) + Prof (u(t,) —v)
= (Ph — Rp)0fultn) — R (07 — 97)(u(ty) — v).
Since the solution u is smooth, by the approximation properties of Ry, and Py,
1(Pr = Ri)0fu(tn)ll 220y < ch®[[ullero,rypea)): (3.2)
and further, by the approximation property of 02 to £92 [21]

IR (07 = 0F) (u(tn) = v)llL2(2) < 107 = O ) (ultn) — )]l my(e)

(3.3)
< erllull ez o,y 12 (2)) -

Now since 9° = 0, the estimate follows from Lemma 3. ]

Next we can state the main result of this part, i.e., convergence rate of
the scheme (2.9) for smooth solutions: it can achieve the accuracy of (2.4), if
a large enough but fixed number m of iterations is taken at each time level.
In the proof, we denote the space X} equipped with the norm | - | defined in
(2.10) by Xp .

Theorem 2 Let u and U]? = U;"™ be the solutions of (1.1) and (2.8)-(2.9)

with v, = Rpv, respectively, and let U} = U,ll. If uw € C*([0,T]; H(£2)) N
CL([0,T]; D(A)), then there exists a § > 0 such that

U — u(tn)ll 20y < c(u)(R®+71), for cor™ < 4.
Proof In a customary way, we split the error ™™ = U;""™ — u(t,) into
M — (Ui?vm — Rhu(tn)) + (Rhu(tn) — u(tn)) = 9" + o".

In view of the estimate (3.1), it suffices to bound ¥". We break the lengthy
and technical proof into three steps.

Step 1: Bound 9" by local truncation errors. Note that 9" satisfies ¥° = 0
and forn=1,...,N

5‘319” + A" Z(gg(U,?’m — Uh) + AhUg’m)
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— (6S(Rhu(tn) —op) + Athu(tn)).

Let the auxiliary function U, € X}, satisfy U(,JL = Rpv and
T*Q(UZ + 3 plypim 3 b§a>U2) YA =fr n=12,...,N.
j=1 j=0
Therefore, there holds

OX (U™ —wp) + ARU™ =Py [0 (u(ty,) — v) + Aulty,)]
+r U =Ty + Ap(U™ = T)).

This and the identities (2.3), (1.1) and (2.9) imply
029" + Ap9™ = 0",  with 0" = (I + 7%Ap)n"™ + W™, (3.4)
with the errors n™ and w™ given by

Nt =T U =Ty,
w" = (Py — Rp)O (u(tn) — v) — Rp(83 — 07) (u(tn) — v).

By Lemma 3 and triangle inequality, for any ¢ € (2,00) and n =1,2,...,N,

_1 .
19" 22(2) < cll(Ay 207) -1 llea(z2())
< ell((I + 7% An) AL 2071 llea 2y + (A 2w?) 2y leacrz())-

Since u € C2%([0,T]; Hi (£2)) N C*([0,T); D(A)), (3.2) and (3.3) imply

_1 . .
14, 2w |20y < cllw’[lr2(2) < c(u)(h? + 7).

1
Further, since (I + 7% 4;)A, ? = (A7 + 71)2 (I + 7% A3)?, we have

_1 ,
(I + 7% An) Ay 21 || L2(2) < el (3.5)

The last three estimates imply
191222y < el ()= llea(xn ) + c(w)(R® + 7). (3.6)

Step 2: Bound the summand |7)/|. Given a tolerance § > 0 to be determined,
under assumption (2.11), there exists an integer m € N such that cor™ < §
and by triangle inequality,

U™ = Uhl < 8|U° =Tl < 6(1U3° = U™ [ + U™ = Tl).
With € = §(1 — §) 71, rearranging the inequality gives

U™ — Tyl < elUf® — U™
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Hence,
n —ayrm,m 7t —a 71,0 n,m
[n"| =7"U" = U,| < et U = U™
Meanwhile, the choice of U} in (2.8) implies
urmt - Ut =upm —ur Tt 4 U = (0, U™ - 8,Ur Y
= 70,9" — 709" + 7202 Rpulty,).

The last two estimates together imply

™| < cer'=(|0,9"] + [0,9™ ) + cer® Y| Ry ulty,)|

—a (19 n a n— —a (37)
< et (|0:9" + (89" ) + cer? |lull e2 0,132 (2)) -
This, (3.6) and the standard inverse inequality in time yield
[0 L2y < cem (1897 )71 llea(x ) + c(u)(h? + ) (3.8)

< cel|(9797) 51 llea(x,,) + c(u)(B? + 7).
Step 3: Bound ||9"(|2(¢) explicitly. Let I, = (I4+7%Ap)" 2. Then the identity
0207 | = ||(I 4+ 7% Ap) 0217 || 122y and the triangle inequality imply
10207)5 1 leax o) < IO Tn®? Vi llea(raqyy + 7007 Andnd? )iy lleacr2(02))
=141I
By Lemma 2, we have
I < c||(Ino?) -y leacrz(ay),
and similarly, the inverse inequality (in time) and Lemma 2 yield
1T < | (AnIn )1 [leacr2(2)) < cll(Tno?)i—lleacr2(2))-
Combining the last three estimates with (3.2)—(3.4) gives
||(5379j)?:1|\zq(xh,) < CH(IhJj)?:lHK‘I(Lz(Q))
< c(u)(m+ %) + el (7 )i lleacxi -
Now it follows from (3.7) and (3.9) that
107 97) 51 lleax o) < c(u)(T + h?) + el (B797) i [leax,)-
Thus by choosing a sufficiently small €, we get
10207)5 < lleax, ) < ) (T + R2).
This and (3.8) give [|9"]|12(2) < c¢(u)(T + h?), which completes the proof. O

Remark 1 The regularity requirement u € C*([0, T); D(A))NC?([0, T); HL($2))
is restrictive for the subdiffusion model (1.1), due to the well known limited
smoothing properties of the corresponding solution operators. It holds only
under certain compatibility conditions on the initial data v and the source
term f. It holds if v = 0, f(0) = f'(0) = 0 and f” € L>°(0,T; H¢(£2)) with
a small € > 0. The proof uses crucially the maximal /P regularity estimate,
which differs greatly from the argument for the case of nonsmooth solutions
below and also the argument for the standard parabolic equation.

(3.9)
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4 Error analysis for nonsmooth solutions

Now we analyze the case that the solution u is nonsmooth, and derive error
estimates nearly optimal with respect to data regularity. Nonsmooth solutions
are characteristic of problem (1.1): with f = 0 and A%v € L?(R2), B € [0,1],
u(t) satisfies [12, Theorem 2.1]

18R u(t) | L2 () < et F|| AP L2 (0.

Thus, it is important to analyze numerical methods for nonsmooth solutions.
To this end, we split the error ||U,?’M" —u(tn)||L2() into

U}?Mn —u(tn) = (U}?VMTL —up(tn)) + (un(tn) — u(tn)),

and the spatial error |[u(t) — up(t)||12() satisfies (with £, = In(1/h +1)) [12]

Ch2||A’U||L2(_Q), if Vp = Rh’U,
Il =)Dl < {ch2€ht°‘||sz(m, if v, = Pyo.

Thus, we focus on the temporal error ||U;LL’M" — up(tn)||L2(2)- The analysis
below uses certain a priori estimates on the semidiscrete solutions u; and
its fully discrete approximations 0%uy(t,). The proofs follow the standard
(discrete) Laplace transform techniques and thus are deferred to Appendix B.

Lemma 4 Let uy, be the solution to (2.2) with f = 0. Then for g € [0, 1]
|02un (tn)] < cth 2| AfvnlL2(e), n > 2.

Lemma 5 Let up(t) be the solution to (2.2) with f = 0 and yp(t) = up(t)—vp.
Then for any B € [0,1], the following statements hold.

(i) If Av € L*(2) and v, = Rpv, then
147 (05 yn (t) = 5 yn(tn)) L2y < erty =P Avll 2(0)-

(ii) Ifv e L?(2) and vy, = Pyo, then

||A}:ﬁ (07 yn(tn) — OFyn(tn)) |l L2(0) < CTt,Zl*(l*'B)O‘||U||L2(Q).

Corollary 1 Let up(t) be the solution to (2.2) with f =0 and yn(t) = up(t) —
vp. If v € L?(2) and vy, = Py, then for any B € [0,1],

HA}:ﬁé‘f (agyh(tn) - ggyh(tn)) ||L2(Q) < CTt;2_(1_5)aHU||L2(_Q).

Below we analyze the homogeneous problem with the smooth and nons-
mooth initial data separately, since the requisite estimates differ substantially.
The main results of this section, i.e., error estimates for the incomplete itera-
tive scheme (2.9) are given in Theorems 3 and 4.
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4.1 Smooth initial data

First, we analyze the case of smooth initial data, i.e., Av € L?(£2). We begin
with a simple weighted estimate of inverse inequality type. The shorthand LHS
denotes the left hand side.

Lemma 6 For any ¢’ € X}, (with ¢° =0), and v € (0,1), there holds

n

n
7Y (a1 =) 2107 r2a) S 7' 77 Y (tnsr — ) F I e
j=1 j=1

Proof Since ¢" = 0, Lemma 12 and changing the summation order yield

n J
LHS <7177 (tygr — )57 Z 16716 1222

j=1
n n—~_
<er?T? ||<P£||L2(Q)Z(n*€+1*i)%fl(wfl)ﬂ*l
=1 i=0
The desired assertion follows directly from Lemma 11. O

The next result gives a weighted estimate on the time stepping scheme
(2.4).

Lemma 7 Let e € X, satisfy e® =0 and
0%" + Ape” =0", n=1,...,N.

Then with £, = In(1 +t,/7), there holds

n L
7Y (tng1 —t;)2 71027 | < crty, Z (tnr — ) 27T+ T%AR) " 207 2.

— o
Proof Let I, = (I + T“Ah)_%. By the identity 0%’ = 07 — Aje’, we have

07’ < |[1n07€ || L2 () + T[T ARDZE || 12(02)
<|hAn€ | 2(0) + 1007 | L2(2) + T (0 ARO € || L2

Then the inverse estimate in Lemma 6 implies

LHS <7 (tni1 — 1) % (1n A€’ || 12(0) + 11007 | 12(2))

j=1
n

+T1+a Z(t”Jrl —t; ) 1HIhAh80‘ej||Lz(Q
j=1

<er Y (tngr — )2 (| TnAne | 2(0) + o7 || 2(0))-
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Now the representation e/ = 7 25:1 Ei’_fa[ in (2.5), and Lemma 1 yield

i
10 AR || 22y < em > (tir1 = te) M Tno" | L2 (-
(=1

The last two estimates and changing the summation order give

J

LHS <er >t — )3 (73t — 0 10 ooy + [T oo
j=1 =1

_CTZ ”Ihg HLZ(Q)( Z( n+l = tj) 1(tj+1 - t€)71 + (tne1 — t@)%il).
j=L
This and Lemma 11 complete the proof. 0O

Now we can give an error estimate for the scheme (2.9) for smooth initial
data, i.e., Av € L?(£2). The error bound for (2.9) is identical with that for the
exact linear solver, up to the logarithmic factor £,,.

Theorem 3 Let Av € L*(£2) and condition (2.11) hold. Let U} = U,;L’M” be
the solution of (2.8)—(2.9) with f = 0 and v, = Rpv, and let U]} = U, for
n=1,2. Then with £, =In(1+t,/7), there exists a 6 > 0 such that

U = un(tn) |l L2 () < emte ™ 00| Av]| L2y, if cor™m < 607" min(t5 ,1).

Proof The desired estimate holds trivially for n = 1,2, and thus we consider
only n > 2. Note that e” = UJ* — uy(t,,) satisfies e? = 0 and

0%e™ 4+ Ape™ = o™ = w" + (I +7%Ap)n", (4.1)
where w™ and " are defined respectively by

W' = — (% — 0 (up(ty) —vp) and gt =7"UPF -T,), (4.2)
where the auxiliary function Uy € X satisfies Uj, = Rpv and
T*a(ﬁﬁZbg‘”)U;;*j 72b§“)U2) Y AU =, n=1,2,...,N. (4.3)
j=1 §=0

The rest of the proof consists of three steps.
Step 1: Bound ||e™||12(g) by local truncation errors. Since ¢? = 0, by the error
equation (4.1), (2.5) and Lemma 1, e™ is bounded by

n
™22y <oy (tnsr — ) W |l 2o
Jj=1

+CTZ n+1—t 7_1HA (I—FTQA}L) ]HL?(Q) =14+ 1I.
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It suffices to bound the two terms I and II. By Lemmas 5(i) and 11, the first
term I can be bounded by

1< CT2||AU||L2(_Q) Z(tn+1 — tj)a_lt;1 < CTtg_lanAvHLz(Q). (4.4)
j=1

Further, it follows directly from (3.5) that
I < CTZ mi1 — )27 (4.5)

Step 2: Bound the summand |7’|. By assumption (2.11) and triangle inequal-
ity, for any integer M,,, there holds

Us = Uyl < cor™ (U = UL + U = Tl).
Now choose M,, such that cor™r < 5min(t§, 1)¢;1, and let e = 124, 1. Since
cor™n /(1 — corMn) < etd , rearranging the terms yields
U — Ty < et |UM — UR,
and by the definition of 7™ in (4.2), ! =n? = 0 and for n > 2
0" =7 "NV = Upl < er et U3~ U,

which together with the choice of U}’ % in (2.8) implies

"] < er' =t (|0-e"] + 8re" Y| + 7102un (1)) (4.6)

By Lemma 4, -
|02un(ty)] < et 72| Av]|2(), G > 2-

This and Lemma 11 give
n [e3 —
TN (b1 — 1) 2 7 [B2un(ty))|
j=3

n
a_1,5-1
SCT2 Z(tn+1 —tj)2 1tj2 HAUHLz(_Q)

<ertn M| Av] L2 (0)-

Step 3: Bound explicitly the term II. The estimates (4.6) and (4.7) imply

n
TZ(th —t;)2 | < certd | Av| 120
j=1
n
+ cer?” Z tny1 — t5) 1t2\8 .

Jj=2
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By the associativity identity 01~*0%’ = J,¢’ and Lemma 6, we get
720N by — ) E 7 10reT| < or Y (tagr — ;) EHO2eI).
j=2 j=2
Further, by Lemma 7 and (4.4), there holds
7Y (tng1 —t;)7 1 02€|
j=1
Sebur ) (tuar = 1) F 7T +7040) 20 12y + ')
j=1
<elym Y (tngr = 1) 27| + clorty | Avl| L2 ().
j=1

The last three estimates together lead to

n n
Y (tngr — )2 0| < certs T 2| Av| L2 () + celnT Y (tnga — )2 i),
j=1

j=1
which upon choosing a sufficiently small § and noting € = %E; L implies
n
7Y (tngr — )2 7| < ert T ]| Av| L2 ).
j=1
This, and the estimates (4.4)-(4.5) complete the proof. O

4.2 Nonsmooth initial data

Now we turn to nonsmooth initial data, i.e., v € L?(£2). First we give a
weighted estimate on the time stepping scheme (2.4). The weight ¢,, in the
estimate is to compensate the strong singularity of the summands.

Lemma 8 If e" € X}, satisfies ¢® =0 and 0%e™ + Ape™ = 0™, n=1,...,N,
then

n
. o 1
tolle"[L2(2) < CTZ (145 07 200y + (bnr — 1) 275114, 207 || 202)) -
=1

Proof Using (2.5) and the splitting t,, = (¢, —t;) +t;, we have

n n
the" =7 Z(t" — tj)E;lL;jaj +7 Z tjE,?;joj
j=1 j=1
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Then from Lemma 1, we deduce
tulle”[[z2() < TZ DARE; AL o |2

+th 142 B3 114, % 07 2

n

<er Y (tn = tj)(tngr — ) HIAL 0|20
j=1

n

o 1
"‘CTth(tn-H —tj)E 1HAhzo-j||L2(Q)
j=1

from which the desired assertion follows directly. O

Lemma 9 Let e" € X}, satisfy e® = 0 and 0%e™ + Ape” = 0", n=1,...,N.
Then with £, = 1n(1 +t,,/7), there holds

n

7PNt + (tngr — 1) 23 |0-€ |

Jj=1

n
<elutar 3 (Lt ty(tars — 1) 5 +740) 20|12 o)
j=1

Proof Let a’ = |d%’|, and Ij, = (I + 7*A},)~2. The proof of Lemma 7 gives

|a?| < [1ho?||z2() + [ InAR€ || L2 () + 7| I ARDZ € || 20 (4.8)
By the solution representation e/ = Z:l Eijaé and Lemma 1,
J
1nAne’|l2(2) < e > (tisa = te)~ 11n0" || 2(a)- (4.9)

(=1
Now by the identity 9, = 91=*92, since ¢ = 0, we have
J
LHS <7-Zt Z b4 a +TZ w1 — ) EE Y BV at =1+ L.
j=1 /=1

{=1

It suffices to bound the two terms I; and Iy separately. For the first term Iy,
Lemmas 12 and 11 give

n n n
I < ct,ﬂ'z:a‘g Z(] +1-0>"2<erty Zaj.
=1 =t J=1
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Meanwhile, the following inverse inequality is direct from Lemmas 12 and 11:

T Z 115 AR0%€ || 12 <CZ Z 0| I Ane’| 12 (0)

]1@1

S CZ ||IhAh€j||L2(Q).
j=1
The last two estimates, (4.8)—(4.9) and Lemma 11 imply

L < ctnm Y (1n0?||z2(2) + 1 Tn AR || L2(2)

j=1
n n J
<ctam Y Ino? |2y + et DY (tir1 — to) HITno" |20
J=1 j=1¢=1
n
< clatam > 1007 || 12(02)-
j=1

Next, we bound the term I5. By (4.8), the inner sum of the term Iy can be
bounded by

J

1— a 1— a
ST e <Z|b< (1 Tn" || 2
/=1

+ ||-7hAh€ I r2(2) + T 1nARO%E || 12 (02)).-

Lemma 12, changing the summation order and Lemma 11 imply the following
inverse inequality (upon relabeling):

T Z‘b(l a)|||IhAh6a [HLZ(Q)

0
ch(j—i—l—é)“‘QZ(E—&-l )T AR | L2 ()

i=1

J
SCZ(] +1-— Z')_PY HIhAhe’L||L2(Q)7

i=1

with v* = min(2 — a, 1 + a). The last two estimates and (4.9) yield

Z|b(1 a)\a <c

(=1 14

MQ.

G+1=07" (1 no || 22y + 1 InAne’ || L2 ()

Il
—

<ec

Mu.

(G+1-0" i [bres ll2(2)

~
Il
—
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J L
+ed GHI=0T" Y (41— o o).
(=1 k=1

Now by changing the summation order and using Lemma 11, we deduce

J
Z ', et <CZ +1— 07! || 2(0)-

Consequently, with the splitting ¢; < (t; — t;) + te,

(G+1- f)flntheHm(m

M-

2 g71 2
12 <ecr n+1 2 tj
L

n

< CtnTZ no N2y Y (tnar =) F 1t = t) G+ 1= 07"
(=1 j=t

I
-

@

+Ctn72 ||IhU (P& rz)tzz (tpy1 —t))2 G +1—-0)"1

o ¢
= n 2
<ct TZ(th —t0)2 [ 10" || L2(02)
=1

n
+etnlnm Y to(tnar — t0)® [ 1ho" | L2 (0)-
=1
Now relabeling and collecting the terms yield the desired assertion. a

Next, we give a weighted estimate due to the local truncation error w”.

Lemma 10 Let " € X}, satisfy ¢® =0 and
0%" + Ape” =w", n=1,...,N,

where W™, n = 1,...,N, are defined in (4.2). Then with ¢, = In(1 + t,/7),
there holds

n n
T2 510:€7 |+ TP (tngr — t5) 3 210,67 < 270l 2.

J=1 Jj=1

Proof By applying the operator 0, to both sides of the defining equation for
e™ and the associativity of CQ, we obtain

n
0. =1 Z Eﬁ;kawk.
k=1
Let wj, = tj + (tny1 — t;)2 113 be the weight. We split LHS into two parts:

LHS = 7% “wy ,|0,e'| + LHS, with LHS' = 72~ Z w; |0-€7].
j=2
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Since e’ = 0, by Lemmas 5 and 1,
72_aw1,n|5761| < ’7'2_(1’11}1’””57-61 ||L2(Q) + Tzwl,nHAh(’;Tel HLZ(Q)
=771 u|| B ;w' || 12(0) + TPwinl|ARE) w120

<er? vl L2y
Thus it suffices to bound the sum LHS'. Similarly,
LHS/ < 7'2 @ Z CUR n||8 € ||L2 —|— 7'2 Z w]7n||Ah6 67 ||L2(Q) =I1+1IL
j=2 j=2

For the term I, we further split it into two terms (with m; = [j/2], where [/]
denotes taking the integral part of a real number):

n my
o s
(S E Wil E B} P00k 20
j=2 k=1

n J
T3—(xzwj7n” Z Ei;k(lwkHLz(m = 11 +]:2
j k::mj-l—l

Then by the summation by parts formula

J J
> fulgrer = gr) + > gn(fe = fre1) = figj1 — fogo, (4.10)
k=0 k=1
since w® = 0, there holds
mj mjfl )
S BP0 = (0,8 )Wt + T E) W™
k=1 k=1

This, the triangle inequality, and Lemma 1, we have
mj—1

wa” Z (0 B ) + T B ™ )

mj—1

3 azwjn Z || a E;LTk k:||L2 Q)+T2 azwjn”Ej m] ijLZ(Q)

m;—1

o azwjn > (tir1 — te) AL W | o)

k=1

er? e Z Win (1 —tmy) " AL W™ | L2 ()
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By Lemma 5, ||A}:1ijL2(Q) < CTt]-_l lv]|£2(02), and upon substitution, Lemma
11 implies

mj—1
I < eri« Zt ij n Z ty ||’U||L2(Q) + 3T ij n ||’U||L2(Q)
S C’7'2 aEnHUHLZ(Q).
Similarly, by Lemma 1, Corollary 1 and Lemma 11, we deduce

J

n
L <er®™ Y wim Y 1B 0wk iz

=2 k=mj+1
j —
0 ‘*ij no Y (i = t) THIAL 0wk |2 )
k=m;+1
j
T azwg, > (i —te) T P vl e e
k=mj;+1

§c727a€n||v||Lz(Q).

Thus, I < e7?7*02||v]|2()- In the same manner, we further split II into two
terms

m;

I <r° Z Wil Z B A0 2(0)

J
+T3ij7n|| > B AR La) =11 + 11,
j k=m,;+1
For the term II;, we apply summation by parts formula (4.10), triangle in-
equality, Lemmas 1, 5 and 11 to obtain

m;—1

1y =7 Zwmn Z (0B} ) Ap* + 77 EI™ Ay | 120

m;—1
<TSZU/]” Z || 8 Eiz Tk)Ahw ||L2(_Q)+7' ZanHE] m’Ahme‘”Lz(Q)
j=2 k=1 Jj=2
mj;—1
<CT3zwjn > (ter = 1) w¥ll (o)
k=1

+er? Z Win(tj41 = tmy) " 0™ | L2(0)
i=2
m;—1

<cr Z w]n Z tk “Nollzze) +C7—32w3 nt; " vllrz(e)
Jj=2

j=2
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SCTQ_OLET% ”UHLQ(Q)
and likewise by Lemma 1 and Corollary 1,

J

n
I, < 7'3211}]*,” Z ||Ei_kAh57-wk||L2(_Q)

k:mv—&-l
J _
< CT3ZU}]n Z ti+1 _tk)_lHﬁka”Lg(Q)
k= erj+1
j
<ecr Zw] n Z tjt1 — tk)_ltlzziaHU”Lz(ﬂ)
k=mj+1
n J
<ert™ Y winty® 3 (= t) ol
=2 k=m;+1
< er? T [v] 22
Thus, I < ¢72~ %2 ||v|| 2(), and the desired assertion follows. O

Now we can state the error estimate for (2.9) with v € L?(£2).

Theorem 4 Let v € L*(2) and assumption (2.11) hold. Let U = U™ be

the solution to (2.8)~(2.9) with f = 0 and v, = Ppv, and let U]} = U, for
n=1,2. Then with £, =In(1+t,/7), there exists a 6 > 0 such that

||U}7LL — uh(tn)HLz(Q) S CTt;lgnHUHLz(Q), ZfCQKZ " < 5m1n( ns )f_

Proof The proof employs (4.1)—(4.3), and the overall strategy is similar to that
for Theorem 3. However, due to lower solution regularity for v € L?(£2), the
requisite weighted estimates are different. Below we sketch the main steps.
Step 1: Bound || z2() by |’[s. By (4.1) and Lemma 8,

talle™ | z2 () <CTZ||A Lo || L2 (0 +CTZ (tny1 —t;) 2715 ||Ah 07| L2
Jj=1 j=1

<c(r ZHA e e +T§j (s — )54 2 20
+efr ZHA (I + 7 An)0 | L2

+TZ n+1 —t 1t ||A I—I—T Ah)n HL2(Q) =14+1I.

For the term I, Lemmas 5(ii) and 11 lead to

I <crln|v]|z2(0)-
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The estimate (3.5) allows simplifying the term II to
M<erd winly’| withwjn =1+ (tars — ;)% ;. (4.11)
j=1

The rest of the proof is to bound IT under assumption (2.11).
Step 2: Bound the summand |#™|. Under assumption (2.11) and triangle in-
equality, there holds

Ui = Uyl < cor™ (UM = UR| + [UR =T, ).

Next we choose M, such that cor™» < §min(t,,1)¢,!, and let e = {201,
Then we have
Uit = Ul < et Uy = UL,

and hence
" =17 UR — Up| < er~%t,|UM° — UF.

By the choice of U;Z’O in (2.8), nt =7% =0 and, for n > 3,
™| < cer' ", (|0-€™| + |0re™ | + 7|02un (L)) (4.12)

Meanwhile, by Lemmas 4 and 11, we have
TN " tw; l2un ()] < e [l 120y (4.13)
j=3
Step 3: Bound the term II explicitly. It follows from (4.11)—(4.13) that

n
IT < cer® %4y ||v] 12 () + ceT® @ thwj’n|5Tej|.
Jj=1

It follows from Lemmas 9 and 10, invoked respectively for 1/ and w?, that

n n
i thwj,n\@ej\ < clptnT Z Wi |7 |+ e |v] 20
j=1 j=1

The rest of the proof is identical with Theorem 3, and hence omitted. g

Remark 2 The numerical solution U}’ by the time stepping scheme (2.4) sat-
isfies [11, Theorem 3.5]

CTt%71‘|AU||L2(Q), if vy, = Rh’U,

n_ <
UL — un(tn)]l < {CTtn1||U|L2(Q)7 if vy, = Pyo.

The error estimates in Theorems 3 and 4 for (2.9) are comparable, up to a
log factor ¢,,. However, the IIS (2.9) does not require the exact solution of the
resulting linear systems and thus can be more eflicient.
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5 Numerical experiments and discussions

Now we present numerical results to illustrate the theoretical results. The
numerical experiments are performed on the square 2 = (—1,1)2. In the com-
putation, we first divide the interval (—1, 1) into K equally spaced subintervals
of length h = 2/K so that the domain 2 = (—1,1)? is divided into K? small
squares, and then obtain a uniform triangulation by connecting the diagonal of
each small square. We divide the time interval [0, 7] into a uniform grid with
a time step size 7 = T'/N. Since the semidsicrete solution uj is not available
in closed form, we compute a reference solution up(t,) by the corrected CQ
generated by BDF3 [13] in time with N = 1000 and K = 256 in space. We
compute the temporal error at txy =T by

N MUY —un(tn)llr2 o)
llun(En) L2 (2)

In the IIS (2.9), any iterative solver satisfying the contraction property (2.11)
can be employed. In this work, we employ the V-cycle multigrid method with
standard Jacobi or Gauss-Seidel smoothers to inexactly solve the linear sys-
tems, which is known to satisfy (2.11) [31, Theorem 11.4, p. 199]. Multigrid
type methods have been employed in [19,8], but without error analysis for ei-
ther smooth or nonsmooth solutions. In the experiments, the spatial mesh size
h is fixed with K = 256 so that the numerical results focus on the temporal
error.

5.1 Example 1: smooth solutions

First we consider problem (1.1) with A = —5A, T =1, v = 0 and f(x,t) =
t2(1 4+ 21)(1 — 21)(1 + 22)(1 — 22). The source term f satisfies compatibility
conditions: f(0) = f’(0) = 0 and f € C?([0,7T], D(A)). Thus the solution u
satisfies the regularity assumption in Theorem 2 (see Remark 1), and accord-
ingly, the number M,, of iterations may be taken to be uniform in time, which
is sufficient to preserve the desired first-order convergence.

We present numerical results for different values of the fractional order
a and the number M,, per iteration in Tables 1 and 2 obtained by the IIS
(2.9) with point Jacobi and Gauss-Seidel smoothers, respectively, where the
choice M,, = oo corresponds to the direct solver for the linear system at each
time level. In each small block of the tables, the numbers under the errors
denote the log (with a base 2) of the ratio between the errors at consecutive
time step sizes, and the theoretical value is one for a first-order convergence.
We observe that for all three a values, a steady convergence for M,, = 2 and
M, = 3, however, the results for M, = 1 suffer from severe numerical in-
stability, as indicated by wild oscillations and large deviation from one. This
observation holds for both Jacobi and Gauss-Seidel smoothers, and agrees well
with Theorem 2, which predicts that a steady convergence of the scheme (2.9)
requires a fixed but sufficiently large number of iterations at all time levels
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Table 1 L? errors eV for Example 1 with K = 128, point Jacobi smoother.

a Mp\N 10 20 40 80 160 320
1 2.73e-3  5.46e-4  9.26e-5  4.4le-5  3.43e-b  2.16e-5
2.32 2.56 1.07 0.36 0.66
2 3.11e-4  2.37e-4 1.47e-4  8.83e-5  5.00e-5  2.55e-5
0.39 0.69 0.73 0.82 0.97
0.2 3 6.67e-4  3.35e-4 1.79e-4  9.6le-5  5.07e-5  2.57e-5
0.99 0.91 0.89 0.92 0.98
00 8.3le-4  4.18e-4 2.09e-4 1.04e-4 5.24e-5 2.62e-5
0.99 1.00 1.00 1.00 1.00
1 1.43e-3  2.06e-4  2.93e-4  2.10e-4 1.24e-4  6.64e-5
2.79 -0.51 0.48 0.76 0.90
2 1.70e-3  9.41e-4  4.99e-4  2.66e-4 1.39e-4  6.98e-5
0.85 0.92 0.91 0.94 0.99
0.5 3 2.07e-3 1.04e-3  5.3le-4  2.74e-4  1.39e-4  7.02e-5
0.99 0.97 0.95 0.98 0.99
00 2.23e-3 1.12e-3  5.63e-4  2.82e-4 1.41e-4  7.05e-5
0.99 1.00 1.00 1.00 1.00
1 4.10e-4  8.79¢-4  6.52¢-4  3.94e-4  2.17e4 1.12e-4
-1.10 0.43 0.73 0.86 0.96
2 3.13e-3 1.66e-3  8.58e-4  4.47e-4  2.26e-4 1.14e-4
0.92 0.95 0.94 0.98 0.99
0.8 3 3.49e-3 1.75e-3  8.85e-4  4.53e-4  2.28e-4  1.14e-4
1.00 0.98 0.97 0.99 1.00
00 3.64e-3 1.83e-3  9.14e-4  4.58e-4  2.29e-4  1.14e-4
0.99 1.00 1.00 1.00 1.00
Table 2 L? errors eV for Example 1 with K = 128, Gauss-Seidel smoother.
a Mp\N 10 20 40 80 160 320
1 2.6le-3  4.46e-4  2.40e-5  5.20e-5  3.92e-5  2.29e-5
2.55 4.22 -1.12 0.41 0.77
2 3.97e-4  3.07e-4 1.82e-4  9.80e-5  5.08e-5  2.58e-5
0.37 0.76 0.89 0.95 0.98
0.2 3 7.58e-4  4.00e-4 2.05e-4 1.04e-4 5.21e-5 2.61e-5
0.93 0.96 0.98 0.99 1.00
00 8.3le-4  4.18e-4  2.09e-4 1.0de-4  5.24e-5  2.62e-5
0.99 1.00 1.00 1.00 1.00
1 1.31e-3  2.75e-4  3.50e-4  2.30e-4  1.28e-4  6.75e-5
2.26 -0.35 0.61 0.84 0.93
2 1.80e-3 1.02e-3  5.39e-4  2.76e-4  1.40e-4  7.03e-5
0.82 0.92 0.96 0.98 0.99
0.5 3 2.16e-3 1.11e-3  5.59e-4  2.8le-4 1.41e-4  7.05e-5
0.99 0.97 0.95 0.98 0.99
00 2.23e-3 1.12e-3  5.63e-4  2.82e-4 1.41e-4  7.05e-5
0.99 1.00 1.00 1.00 1.00
1 4.04e-4  9.7le-4  T7.12e-4  4.12e-4  2.19e-4  1.13e-4
-1.27 0.45 0.79 0.91 0.96
2 3.23e-3 1.74e-3  8.98e-4  4.55e-4  2.28e-4  1.14e-4
0.89 0.95 0.98 0.99 1.00
0.8 3 3.58e-3 1.81e-3  9.12e-4  4.57e-4  2.29e-4  1.14e-4
0.98 0.99 1.00 1.00 1.00
00 3.64e-3 1.83e-3  9.14e-4  4.58e-4  2.29e-4  1.14e-4
0.99 1.00 1.00 1.00 1.00
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for smooth solutions. Naturally, when the number M, is sufficiently large,
the obtained numerical solutions converge to that by the direct solver, which
is clearly observed in Tables 1 and 2. Surprisingly, although the convergence
of the incomplete iterative scheme becomes more steady as the number M,
of iterations per time step increases, the error does not decrease monotoni-
cally. That is, the incomplete iteration may actually improve the accuracy of
the numerical solution. The precise mechanism of the surprising phenomenon
remains unclear.

5.2 Example 2: nonsmooth solutions
Next we consider problem (1.1) with A = —-5A, T =1, f =0 and
v(z,y) = X(-1,0)(@) + X(~1,0)(¥)-

The initial data v is piecewise constant and hence v € H %*G(Q) for any small
€ > 0. The number M, of iterations in the scheme (2.9) is taken to be (with
integers a,b > 0)

M, = a+blogy(t,), n>2.

Table 3 L2 errors eV for Example 2 with ¢ = 3 and K = 128, point Jacobi smoother.

o b\N 10 20 40 80 160 320
0 1.12e-2  5.61le-3  2.90e-3 1.47e-3  6.64e-4  3.25e-4

1.06 0.95 0.98 1.15 1.03
3 1.17e-2  5.71e-3  2.90e-3 1.57e-3  8.15e-4  3.6Te-4

0.2 1.03 0.98 0.89 0.94 1.14
6 1.17e-2  5.77e-3  2.88e-3 1.42e-3  6.89e-4  3.49e-4

1.02 1.00 1.02 1.05 0.98
0o 1.19e-2  5.85e-3  2.90e-3 1.45e-3  T7.22e-4  3.6le-4

1.02 1.01 1.01 1.00 1.00
0 3.80e-2 1.74e-2  9.74e-3  5.39e-3  2.55e-3 1.95e-3

1.12 0.84 0.85 1.08 0.39
3 3.82e-2 1.82e-2  9.52e-3  5.50e-3  2.80e-3 1.15e-3

0.5 1.07 0.94 0.80 0.98 1.27
6 3.84e-2 1.87e-2  9.36e-3  4.40e-3  2.20e-3 1.17e-3

1.04 1.00 1.09 1.00 0.90
oo 3.94e-2 1.92e-2  9.47e-3  4.70e-3  2.34e-3 1.17e-3

1.04 1.02 1.01 1.00 1.00
0 7.87e-2  3.29e-2  2.43e-2 1.16e-2  4.52e-3  4.03e-3

1.26 0.44 1.07 1.36 0.17
3 8.00e-2  3.70e-2  2.14e-2 1.12e-2  4.94e-3  2.54e-3

0.8 1.11 0.79 0.94 1.18 0.96
6 8.12e-2  3.96e-2  2.0le-2  9.46e-3  5.40e-3  2.47e-3

1.04 0.97 1.09 0.81 1.13
00 8.75e-2  4.15e-2  2.03e-2 1.00e-2  4.97e-3  2.48e-3

1.07 1.04 1.02 1.01 1.00




Incomplete Iterative Solution of Subdiffusion 25

Table 4 L2 errors eV for Example 2 with K = 128, a = 1 and b = 0, Gauss-Seidel smoother.

a\N 10 20 40 80 160 320

0.2 1.12e-2  5.71e-3  2.86e-3 1.43e-3 7.17e-4  3.58e-4
0.97 0.99 1.00 1.00 1.00

0.5 3.63e-2 1.84e-2  9.20e-3  4.58e-3  2.29e-3 1.14e-3
0.98 1.00 1.00 1.00 1.00

0.8 7.70e-2  3.89e-2 1.94e-2  9.71e-3  4.90e-3  2.47e-3
0.98 1.01 1.00 0.99 0.99

The numerical results for the example obtained with the scheme (2.9) with
the Jacobi and Gauss-Seidel smoothers are presented in Tables 3 and 4, re-
spectively. With the Jacobi smoother, it is observed that with a fixed number
of iterations at each time level (e.g., M,, = 3), the IIS (2.9) can fail to maintain
the first order convergence, especially for a values close to one. In contrast,
surprisingly, for a value close to zero, even a fixed number of iterations tend
to suffice the desired first-order convergence, despite the low regularity of the
solution. It might be related to the fact that for small fractional order «, the
solution u reaches a “quasi”’-steady state (before the asymptotic regime) very
rapidly, and thus the solution at neighboring time steps essentially reduces to
very similar elliptic problems. However, the precise mechanism of the inter-
esting observation remains elusive. By increasing the number M, of iterations
slightly for small ¢,,, one can restore the desired O(7) convergence rate of back-
ward Euler CQ, which agree well with Theorems 3 and 4. By changing Jacobi
smoother to Gauss-Seidel smoother, the performance of the IIS (2.9) is signifi-
cantly enhanced, since one iteration at each time level is sufficient to maintain
the desired accuracy. The numerical results for Examples 1 and 2 show very
clearly the potentials of the scheme (2.9) in speeding up the numerical solution
of the subdiffusion model with both smooth and nonsmooth solutions.

6 Conclusions

In this work, we have developed an efficient incomplete iterative scheme for the
subdiffusion model. It employs an iterative solver to solve the linear systems
inexactly, and is straightforward to implement. Further, we provided theoret-
ical analysis of the scheme under a standard contraction assumption on the
iterative solver (in a weighted norm), and proved that it can indeed maintain
the accuracy of the time stepping scheme, provided the number of iterations
at each time level is properly chosen, on which the analysis has provided useful
guidelines. The numerical experiments with standard multigrid methods fully
support the theoretical analysis and indicate that it can indeed significantly
reduce the computational cost of the time-stepping scheme.

In the context of nonsmooth data, the analysis of the incomplete itera-
tive scheme (2.9) only covers backward Euler convolution quadrature for the
homogeneous problem. It is of much interest to extend the analysis to other
practically important scenarios, e.g., inhomogeneous problems and nonlinear
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problems, and high-order time-stepping schemes, e.g., corrected L1 scheme
and convolution quadratures generated by BDFk (k > 2) and Runge-Kutta
methods. In addition, the computational complexity and memory requirement
of the scheme can be further reduced by adopting suitable fast approximations
to the convolution [2,22,10].

A Basic estimates

Lemma 11 For 8,y > 0, there holds

" enmax(1=7.00=8 0 < B <1,y #1,
Z(n+1—i)7ﬁi7'y§ cnfﬁln(l-i-n)y 0<B<1,y=1,
£ en-min(87) B> 14> 1.

Proof We denote by [-] the integral part of a real number. Then

n [n/2] n
dn+1-) i =>"(n+1-i) P+ Y (n4+1-i) P =1+IL
i=1 i=1 i=[n/2]+1

Then, by the trivial inequalities: for 1 < 4 < [n/2], there holds (n 4+ 1 —i)~% < en=# and
for [n/2] + 1 < i < n, there holds i=7 < en™7, we deduce

[n/2] n
I<cn™? Z =7 and II<en™” Z (n+1—14)"%
i=1 i=[n/2]+1

Simple computation gives >37_, i~ < ¢jmax(1=70) if 5 £ 1 and 37_,i7! < cln(j + 1).
Combining these estimates yields the desired assertion. O

Next we give an upper bound on the CQ weights b;a).

Lemma 12 For the weights b;a), |b;a>| <e?(j+1)7e L,

Proof The weight b§a) is given by béa> =1 and b;a) = 7175:1( — HTO‘) for any j 2 1. Note
the elementary inequality In(1 — z) < —z for any x € (0,1), and the estimate %:1 >
flj'H s7tds =In(j + 1). Since na =In(1 — (1 — a)) < a — 1, for any j > 1,

J J
(), _ 1+« 1+«
1n|bj |7lnoz+;:21n (1— 7 ) §lno¢—;:2 7

1+«
J4

J
:1no¢+(1+a)—z <2a—(14+a)ln(G+1).
=1

This completes the proof of the lemma. m}
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B Proof of Lemmas 4 and 5

In this part, we provide the proof of Lemmas 4 and 5. The proof of Corollary 1 is identical
with that for Lemma 5 and thus it is omitted. The proof relies on the discrete Laplace
transform, and the following two well-known estimates

cilz| <10 (e7*M) < e2l2] Vz €Iy, (B.1)
> |z 1
6™ <121 32 BT < el wae s, (B.2)
= k!

and the resolvent estimate: for any 0 € (7/2,7),
I(z+Ap) " <clzl™h, Vz e Z. (B.3)
Now we can give the proof of Lemma 4.
Proof (of Lemma 4) By Laplace transform, wy, (tn) = 02up (tn) is given by

1
wp (tn) = — A 8- (e7*)2e*n K(2)vpdz,  with K(2) = 227 (2% + Ap,) 7L
0,5

We split the contour I'y,s into I'j s and Iy s \ I'j 5, and denote the corresponding integral

by I and II, respectively. We discuss the cases v € L?(£2) and v € D(A), separately.
Case (i): v € L2(£2). By (B.1) and (B.3), ||K(2)|| < ¢ for z € I'] 5. Then choosing § = ¢/ty,
in I'j 5 gives

7 sin 6

6
Wz < clivnllze ([, 7 pe=0aot [ 62 d0) < cti®lonllage.

<
tn

For any z = pe®i? € Iy 5\ I'7 5, by the estimates (B.2) and (B.3), |[K(2)| < ce?T. By
choosing 0 € (7/2, ) sufficiently close to 7, we deduce

Il 20y < cllvnllnz(a) ePleosOint2) pdp < ety ?|lon 20y

(e @)
msin @
Thus, ||02up (tn)]| < ct;2||fuh||L2(m. Next, by the identity Ap (2 +Ap) "1 = I—2%(2%+A43)
and (B.3), [|[ALK(2)|| < |2|*~! for 2 € Xg. Then repeating the argument gives

52 —2— —2
T AROZuR (tn)]] < e7%t, " lvnllp2 (@) < ety "llvnllL2(o)-
Then the assertion for the case v € L2(£2) follows from the triangle inequality.

Case (ii): v € D(A). Simple computation gives the identity K (z)v, = 271 (2%+Ap,) vy, =
z7 o, — 27%(2% + Ap) "L Apvp. Thus, we have

1
wp (tn) = ~mi /1y e g, (e7*) 22T K (2) Apupdz,
0,5

in which we split the contour I'y s into I'j 5 and I'g s \ I'j 5, and accordingly the integral.
Then the rest of the proof follows from the estimates (B.1), (B.2) and (B.3) as before. 0O

Last, we prove Lemma 5.

Proof (of Lemma 5) By Laplace transform and its discrete analogue, we have

= 1 1
O yn(tn) = Zyn(tn) = S— / e K(2)Apvp dz + o— / ¥ K (2) Apvn dz
2mi FGTJ 2mi ['0,6\['9 s
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=1 +11,
with K(2) = (6-(e7*7)® — 2%)271(2* + Aj,) L. Recall the following estimate:
|67 (e7*T)* — 2% < erzite) vze Iy s (B.4)
Then by choosing § = ¢/tn in the contour I'j ; and the resolvent estimate (B.3), we obtain

7 sin 6

6
M2y < crlldnonliz ([, 7 e dot [ et do) < ort 4ol 2a)-

c
tn

Further, by (B.2), for any z = pei® € Iy 5\ I'j 5 and choosing 0 € (7/2,7) close to ,
|€Zt"((5-,-(€7ZT)a _ Za)271| S etnpcosﬂ(c‘z|aeap-r + Iz‘a)|2|71 S Clzlaflefcptn.
Then we deduce

M r2(2) < cllAnvnllL2(o) e"tnp~tdp < erty | Avl 2 ()

sin 6

(e o)
Thus, we show the assertion for 8 = 0. For the case 8 = 1, the identity Ap(2® + 4;)~ ! =

I—2z%(z*+ Ap), (B.3) and (B.4) give

7 sin 6

6
e—cptnpa dp+/60t;1_a d§0>

[Anlllz2ge) < erllAnenllzao ([

<erty 7T Avl 2

and the bound on ||AhH||L2(Q) follows analogously, completing the proof for 8 = 1. Then
the case 8 € (0,1) follows by interpolation. This shows part (i). The proof of part (ii) is
similar and applies the LQ(Q) stability of Py, and hence the detail is omitted. O
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