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Abstract

Following the work of Milevsky and Prisman (Milevsky (1997a)) we develop
a tax-adjusted hedging algorithm that finds the tax-adjusted hedging price of a
European option. We use a non-recombining binomial tree framework because
the tax liability on the stock transactions is path dependent. In general, we find
that in a Cox Ross Rubinstein environment (Cox(1979)) the hedging portfolio
(of stock and bond) does not equal the option payoff, on a post-tax basis; there
is a tax-mismatch. The algorithm uses an iterative procedure to force the tax-
mismatch to zero across all the final nodes on the tree, thereby ensuring that
the option writer is fully hedged on an after-tax basis.

We can consider the non-recombining binomial tree framework as being one
in which we have an equal number of unknowns (the deltas and bond amounts
at each node on the tree) as linearly independent equations. We can find
the general forms for the deltas and bonds by partially solving the system of
equations. The simultaneous equation algorithm uses these general forms to
find the tax-adjusted price of the option. This algorithm is less demanding on
memory and computationally faster than the tax-adjusted hedging algorithm.

The simultaneous equation approach allows us to derive an analytic formula
for the tax-adjusted hedging price of the option, and in the one-period case we
can use this to prove some of the empirical results found using the tax-adjusted
hedging algorithm.

We relax one of the assumptions made in the original framework — the tax
year-end coincides with the option’s maturity — and allow a tax year-end to oc-
cur during the life of the option. This requires us to consider two tax charges:
one paid during the life of the option at the first tax year-end, and one paid
after the option expires at the second tax year-end. The simultaneous equa-
tion approach is used again and we develop the tax year-adjusted simultaneous
equation algorithm that finds the tax-adjusted price of the option when the tax
year-end can occur during the option’s life.

Scholes has derived a modification to Black-Scholes, termed the tax-adjusted
Black-Scholes equation (Scholes (1976)). We form a tax-adjusted risk neutral
probability in the Cox Ross Rubinstein environment and use this to form the
tax-adjusted binomial option pricing model. This is shown to be the discrete-
time precursor to the tax-adjusted Black-Scholes equation. The tax-adjusted
Black-Scholes equation is generalised to relax the assumption in the original
derivation that the derivative is taxed as income. A martingale derivation
is given for this equation, as for Milevsky and Prisman’s tax-adjusted Black-
Scholes equation with dividends (Milevksy (1997a)).
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0.1 Notation and abbreviations

A guide to the main notation and abbreviations used in this thesis is given below.

Notation
VARIABLE/NOTATION | DESCRIPTION
ACBg ;> Adjusted cost base at node (%, ).
ATBcn j> After-tax bond position at (N, 7).
ATOcn ;> After-tax option position at (IV, 7).
ATScn ;> After-tax stock position at (IV, j).
B> Bond amount at node (7, j).
Sig> Tax-adjusted bond amount at node (i, j).
Bgffi Cox Ross Rubinstein bond amount at node (2, ) .
BZ{lj> Cox Ross Rubinstein bond amount at node (2, j) for a call.
lez"fj> Cox Ross Rubinstein bond amount at node (%, j) for a put.
NBcij> Bond amount at node (¢, j) on an N-period tree.
NBc<ij> Bonds at node (¢, j) on when a tax year-end occurs at period m.
Bii’ 3> Tax-adjusted bonds on gth iteration of tax-adjusted hedging algorithm.
BIn Total bond interest accumulated up to and including node (N, j) .
c European call price.
AV Tree-delta at node (7, 7).
d Total return if stock moves down.
awf An increment of Brownian Motion under the real-world measure P.
thQ An increment of Brownian Motion under the risk-neutral measure Q.
E@ (] Expectation operator under the risk neutral measure Q.
h Discretisation interval (= T/N)

Table 0.1: Notation




VARIABLE/NOTATION | DESCRIPTION

(t,7,—k) Unique node k periods before node (3, 7).

K Strike price of the option.

m Period when a tax year ends on the tree.

M N 5) Tax-mismatch at node (N, j).

u Expected rate of return on the underlying (drift).

N Number of periods on the tree (maturity period of the option).
p European put price.

q Dividend yield rate or real-world probability of an up move in the stock.
e Risk-neutral probability of an up-move in the stock price.

T Annual risk-free rate.

R One plus the risk-free rate over one period.

RNGnj> Realised net gain at node (IV, j) .

S Price of asset underlying the derivative.

S<ij> Stock price at node (3, 7).

o Volatility.

Time at maturity of derivative.

Th Tax rate that applies to bond transactions.

Ts Tax rate that applies to stock transactions

To Tax rate that applies to option transactions
Ti Income tax rate.

Teg Captial gains tax rate.

U Total return if stock moves up.

% Value of derivative security.

X<ij> Generic European put or call price.

X Ot Continuous approximation to option price from tree of n-periods.
MR X i Market price of the option at node (m, j) .

.’f( N,j) Synthetic tax-adjusted payoff from the option.

Table 0.1 ctd.
9




Abbreviations

ABBREVIAITON | MEANING

ACB Adjusted cost basis.

ATB After-tax bond.

ATO After-tax option.

ATS After-tax stock.

BOPM Binomial option pricing model

BI Bond interest.

CRR Cox, Ross, Rubinstein

RNG Realised net gain

taBOPM Tax-adjusted binomial option pricing model.

Table 0.2: Abbreviations
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Chapter 1

Introduction and Literature Review

1.1 Introduction

1.1.1 Overview

The aim of the thesis is to take the two approaches that are identified in the literature review,
namely Scholes’s tax-adjusted Black-Scholes equation (Scholes (1976)) and Milevsky and Pris-
man’s (M&P) discrete-time tax-efficient hedging algorithm (Milevsky (1997a)), and develop

them.

Chapter 2

A tax-adjusted hedging algorithm is developed that finds the tax-adjusted hedging price of
European equity call and put options. This is an iterative procedure that uses the same

backward recursion as in the Cos, Ross, Rubinstein environment (CRR) (Cox (1979)).

Chapter 3

Using the framework of Chapter 2, a simultaneous equation approach is proposed. This allows
us to develop a simultaneous equation algorithm to find the tax-adjusted price of the option,
which is computationally faster and less demanding on computer memory than the tax-adjusted

hedging algorithm of Chapter 2.
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Chapter 4

Using the approach of Chapter 3, we relax the assumption, made in Chapters 2 and 3, that
the tax year-end coincides with the maturity of the option. Here we allow the tax year-end
to occur during the life of the option, and develop a tax year-adjusted simultaneous equation

algorithm to find the tax-adjusted price of the option under these circumstances.

Chapter 5

A tax-adjusted binomial option pricing model is developed that uses tax-adjusted risk-neutral
probabilities to value European equity call and put options. This model is shown to be the
discrete time precursor to the tax-adjusted Black-Scholes equation (Equation (1.2) derived in
Scholes (1976)). A generalised version of the tax-adjusted Black-Scholes equation is derived

and the solutions for a European put and call are given.

Chapter 6

The conclusions of this research are presented.

1.2 Literature review

The use of options before 1973 was limited, mainly because there was no generally agreed
method for valuing them. Two events occurred that year which revolutionised the options
industry: Fischer Black and Myron Scholes published the paper containing their option valua-
tion model (Black (1973)), and the first exchange-traded options were launched on the Chicago
Board Options Exchange. With the publication of the Black-Scholes model, option pricing
was at last given a rigorous mathematical framework that was accepted by academics and
practitioners alike.

In the intervening twenty-six years, the original Black-Scholes model has been modified in
several important ways to relax some of the assumptions implicit in the original formula. The
emphasis here is the pricing of options in the presence of taxes, an area which has until recently

been largely neglected.
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Scholes himself extended the original Black-Scholes model to include taxes (Scholes (1976)).
The original Black-Scholes partial differential equation, together with Scholes’ tax adjusted
version (see Appendix A for an alternative martingale derivation of this equation), are shown
below.

V is the value of the derivative, t is the time, o is the volatility of the underlying security,
S, and r is the risk-free rate.

The Black-Scholes partial differential equation:

OV 1 ,,0%V 8V B
—t+§USE§2—+rS-5—S——TV_O. (11)

The tax-adjusted Black-Scholes partial differential equation:

oV 1 5, ,0%V (Ti — Teg)T | OV _

where 7; and 7.4 are the tax rates for income and capital gains respectively.

Equation (1.2) has been analysed by Merton when the underlying is common stock that
pays dividends proportional to the stock’s price (Merton (1973)). The constant dividend yield
in this context would be equal to r(7; — T¢g)/(1 — Teg)-

Subject to the assumptions made in the derivation of (1.2), the effect of taxes is to increase
the price of a put and decrease the price of a call, compared with the classical Black-Scholes
values, provided that 7; > 74, The longer the life of the option, the more pronounced these
price differences become.

It can be seen from (1.2) that when 7; = 74, the tax-adjusted Black-Scholes equation
collapses to (1.1), the original Black-Scholes equation. This result seems to imply that for
market participants whose marginal tax rates are equal, taxes have no effect on option valuation.
M&P believe that this result is responsible for the lack of research into pricing options in the
presence of taxes (Milevsky (1997a)). The result is borne out by M&P’s work with a one-period
discrete model with taxes (Milevsky (1996c)).

M&P have extended Scholes’ analysis to include the case where the underlying asset pays

dividends (Milevsky (1997a)). The partial differential equation they have derived is given

13



below (Appendix B contains an alternative martingale derivation):

ov 1 ,,0°Vv 0V _
—t+20.5' aSz—i—[T—q]SaS—rV—O, (1.3)

where,

(1—7) q:’r‘(Td—Tu)(l—Ti) q(l—’Tq)
1—-71g)’ (=7 (1 —7a) (1—71y) "

r=r

7; is the marginal tax rate on interest income (usually ordinary income), 74 is the marginal
tax rate on the derivative security, 7, is the marginal tax rate on the underlying security, and
T4 is the marginal tax rate on the constant dividend yield g. Equation (1.3) collapses to the
Black-Scholes equation with dividends if all the marginal tax rates are set equal to each other.

The effect of taxes is to increase the price of a put and decrease the price of a call, compared
with values obtained with Merton’s extension of Black-Scholes to include dividends. As before,
the longer the life of the option, the more pronounced these price differences become.

M&P argue that the tax-adjusted Black-Scholes equation and the tax-adjusted Black-Scholes
equation with dividends, Equations (1.2) and (1.3), are derived using assumptions that ignore
some fundamental features of tax systems (Milevsky (1997a)). The most obvious example is
the assumption that the tax liability is paid on a continuous basis. As M&P point out, this
may be a justified assumption when dealing with dividend payments on a large stock index,
but in the case of taxes this does not distinguish between the timing of the tax liabilities and
ignores the time-value of money. This is because tax is generally due for payment on one date
in the year, and not spread continuously over the course of the year.

If the underlying or the derivative security is tax-marked-to-market at the end of the tax
year (i.e., the tax is calculated from the marked-to-market profit or loss at the tax year-end),
M&P show that it is possible for generic European options to become path-dependant (Milevsky
(1997a)). This feature is of course completely ignored in the derivation of Equations (1.2) and
(1.3), as is the distinction between the hedging and replicating price of an option. The hedging
price and replicating price of an option are defined below.

The technique for modern derivative pricing in a frictionless market involves building a

portfolio of simple instruments that replicates the exact payoff of the derivative. Applying
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the no-arbitrage principle, the price of the derivative is the minimum cost of building such a
portfolio. If this is not so, arbitrage profits are possible if the cheaper of the two (the derivative
and the replicating portfolio) is bought, while the expensive one is sold. The minimum cost of
the replicating portfolio is termed the replicating cost of the derivative.

M&P maintain that extending this to a taxable world is a case of simply applying the no-
arbitrage principle on an after-tax basis, i.e., the price of a derivative is the minimum cost of
building a portfolio of primitive securities that replicates the payoff from the derivative on an
after-tax basis (Milevsky (1996c)). If the no-arbitrage principle holds, combining the derivative
and the portfolio together in a composite portfolio, providing there is a short position in one
and a long position in the other, should not yield arbitrage profits on an after-tax basis - the
positions should neutralise each other exactly. However, although the overall cashflow from a
portfolio of securities, in the absence of taxes, is simply a linear sum of the individual cashflows
in that portfolio, with taxes this linear relationship often does not hold. M&P call this a non-
additive tax system, and in these circumstances the tax treatment of the composite portfolio
may be such that arbitrage profits can be made (Milevsky (1997a)).

In order to tackle the portfolio problem, M&P define another price for the derivative in
addition to the replicating cost (Milevsky (1997a)). This is the hedging cost, and is the cost of
the primitive underlying securities that replicate the exact opposite of the after-tax payoff from
the derivative, when they are all held in one portfolio. The objective is to create a portfolio
of securities that negate each other at payoff time. The advantage of the hedging cost lies in
the fact that the tax laws used are those which relate to assets held in portfolios and not held
individually. This is important because the tax-treatment of a portfolio of securities can be
different from the tax-treatment of the same securities held individually. The tax treatment
is therefore built into the no-arbitrage assumption at the outset, which is not the case when
defining the replicating cost.

M&P provide a tax-efficient algorithm to find the hedging price of a European call option
with taxes (Milevsky (1997)). A non-recombining binomial tree approach is used, programmed
in MAPLE to take advantage of its symbolic properties. This algorithm is examined in more
detail in Section 1.4.

M&P have also looked at tax arbitrage with options (Milevsky (1997a)). With the no-

15



arbitrage condition applied to put-call parity on a post-tax basis, it is possible for investors to
exploit arbitrage opportunities if their marginal tax rate on capital gains is higher or lower than
the “market rate” (i.e., the rate that prevails in the market to give the no-arbitrage condition).
M&P also argue that, providing the income tax rate is higher than the capital gains tax rate,
the price of a put with taxes will be more than a put without taxes, while the price of a call with
taxes will be lower than a call without taxes. This result is consistent with the tax-adjusted
Black-Scholes equation.

M&P show that it is optimal for Canadian investors to liquidate their short equity option
positions prior to the tax year-end, and reopen them in the new tax year (Milevsky (1996a)).
They also show that in some circumstances American style options may sell for less than
European style options, because of the different Canadian tax treatment of naked and covered
positions.

M&P have looked into hedging using derivatives when the tax treatment is uncertain
(Milevsky (1996b)). The cost of the hedge is increased in these circumstances, but M&P
argue that this is due to the tax uncertainty, and should be compared to other legal expenses

involved in resolving tax issues.

1.3 Motivation

It is useful at this stage to look at a simple numerical example, using a one-period binomial
tree, and show why we need to develop a tax-adjusted scheme for pricing and hedging European
options in the presence of taxes. We will look at the CRR situation, which assumes there are
no taxes, and then show that when we look at this classical hedge on an after-tax basis, we are
no longer perfectly hedged.

Let us assume that the stock price when we write the call option is £100, and its strike
price is also £100. When the option expires one year later we will assume that the stock can
be either £110 or £90 (so the payoffs are £10 and £0, respectively). We will assume a constant
risk-free rate of 5% for the life of the option.

In the CRR environment we compute the amount of stock (the delta) and holding in the

riskless asset (the bond) that we need at the start of the option’s life, such that we will be

16



perfectly hedged when the option matures, whether or not the stock moves up to £110 or down

to £90. The situation is illustrated in Figure 1.1.

Stock=110
/ Payoff=10
Stock=100
Delta=0.5
Bond=-42.857
Option=7.143
\ Stock=90
Payoff=0

Figure 1.1: One-period CRR binomial tree
Tax due to the stock transactions

Let us assume that the stock transactions are taxed at a rate of 25%.

In the scheme identified in Figure 1.1 we should hold 0.5 units of stock for the year. If the
stock moves up we have a gain of £5 ( =0.5x(110-100) ). If the stock moves down we have a
gain of -£5 ( =0.5%(90-100) ). The resulting tax charges are £1.25 ( 0.25x5 ) and -£1.25 (
0.25%(-5) ) respectively.

Tax due on the bond transactions

Let us assume that the bond transactions are taxed at a rate of 40%.
In the scheme identified in Figure 1.1, we sell £42.857 in bonds. These grow at the risk-free
rate to £45, which is the amount we have to repay at the option’s expiry. The resulting gain

is -£2.143 (=42.857-45). The resulting tax charge is -£0.8572 ( = 0.4x(-2.143) ).

Tax due on the option

Let us assume that the option is taxed at a rate of 25%.
The gain to the option holder if the stock moves up is £2.587 ( =10-7.143 ). The gain if the
stock moves down is -£7.143 ( =0-7.143 ). The resulting tax charges are £0.647 ( =0.25x2.587

17



) and -£1.786 ( =0.25x(-7.143) ) respectively.

Overall

For the CRR hedge to work on an after-tax basis, for each state of the world (either an up move
in the stock price or a down move), the tax charge on the hedge (the sum of the tax charges

on stock and the bond) must equal the tax charge on the option.

Stock=£110 | Stock=£90
Tax charge stock (£) | 1.25 -£1.25
Tax charge bond (£) | -£0.86 -£0.86
Tax charge hedge (£) | £0.39 -£2.11
Tax charge option (£) | £0.65 -£1.77

Table 1.1: Tax charges for the hedge and option

We see from Table 1.1 that the tax-charge for the hedge and the option are not equal for
either the up state or the down state. Therefore, we require a tax-adjusted hedge to ensure
that the two are equal for all states of the world.

We will now look at M&P’s work in more detail to see how they have approached the

problem.

1.4 The Milevsky and Prisman algorithm

This section describes the tax-efficient hedging algorithm advocated by M&P in Milevsky
(1997), Milevsky (1997a), Milevsky (1996¢), and Milevsky (1996).

The price defined is the hedging price of a European call option (see Section 1.2 for a
definition of the hedging price). The analysis starts in a single period setting and is then
extended, as with CRR, to a multiperiod setting. However, in contrast to the classical case
the development of a multiperiod model with taxes is quite complicated. This is because the
tax liability in the multiperiod model is path dependent. The main culprit is the stock, since

the tax liability on the stock at a particular node at the end of the tree is calculated from the
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history of sales and purchases of the stock up to the final node, all made at various prices. The
path-dependent nature means a non-recombining binomial tree has to be used.

Indeed, to demonstrate the fact that a classical delta hedge does not work with taxes, M&P
show that the after-tax payoff from a call option at the final nodes in the classical tree, is
generally not equal to the after-tax payoff from delta hedging with stock and bonds. In other
words, a tax-mismatch arises as we saw in Section 1.3. The concept of the tax-mismatch forms

the basis for the tax-adjusted hedging algorithm given in Chapter 2.
Definition 1.1: The tax-mismatch at the final nodes of the tree
tax-mismatch = after-tax stock + after-tax bond — after-tax call. (1.4)

At the moment it is not important to concern ourselves with how the individual quantities
in (1.4) are calculated (although we looked at a numerical example in the single-period case
in Section 1.3), but instead to recognise that the need for a tax-efficient hedging algorithm
is motivated by the argument that the no-arbitrage condition at the final nodes on the tree,

generally, does not hold on an after-tax basis.

1.4.1 Notation for the non-recombining tree

Consider a non-recombining binomial tree of N-periods. The Cartesian coordinates for each of
the nodes on the tree are represented by a vector (i,7) € 2. Here i € {0, 1,..., N}, represents
the period, and j € {0,1,...,2° — 1} gives the specific node in the current period (see Figure
1.2). We can use this notation to identify the stock, bond, and delta at node (i,j) as S j,
B; jy, and Ay ;y respectively.

The unique k** node, prior to node (i, j), is denoted by (3,4, —k). As an example, the node
immediately prior to (3,0) in the tree above, is denoted (3,0,—1) = (2,0). If k = —2, this
would take us back two periods, and (3,0, —2) = (1,0). This notation makes it easy to describe

the entire path taken to a particular node.
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Figure 1.2: Co-ordinates for the non-recombining tree

1.4.2 Assumptions

1.

No transaction costs.

. Short selling is allowed.

. The stock pays no dividends.

One plus the interest rate, R, stays constant over the life of the option.

. The tax falls due at the final nodes of the tree.

. The period does not traverse a tax year end, i.e., all transactions take place in the same

tax year.

. Losses can be used to offset other gains. This means that even if a long call option expires

worthless, an effective cash flow equal to the tax rate multiplied by the option premium
(its price at t = 0) is received by the option holder, as he or she can offset this against

other gains for tax purposes.

1.4.3 Tax regulations

Delta-hedging the short call option means that the underlying security is being purchased and

sold many times at a variety of prices which creates a path dependent tax liability. In order to
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calculate the tax liability at the year-end, the total profit or loss must be calculated based on the
adjusted cost basis (ACB) of the securities. When the security is bought or sold, the adjusted

cost basis of the entire position must be recalculated to incorporate the new transaction price.

Definition 1.2: The Adjusted Cost Basis (from Milevsky 1996c), ACBy, ;

A j,-1)ACB ;1) + (B gy — Bij—1))Sti5)

VA5 > 0. (1.5)
9)

ACB4; jy is the adjusted cost basis at the current node, ACBy; ; _,y is the adjusted cost
basis at the previous node, A ;) is the delta at the current node, A ; _y is the delta at the

previous node and S; ;) is the stock price at the current node.

Interpretation of the ACB

Equation (1.5) is given by M&P as the way to calculate the changing cost basis of the stock
over the life of the hedge. The accounting treatment that is used to derive that equation is
analogous to accounting for stock (“stock” as in items held in a warehouse) on a first-in-first-out
basis. However, it is not clear to which countries’ tax laws the accounting treatment relates.
The ACB is a linear sum of all the past purchase and sales prices divided by the current
holding (delta) in the security. When a sale takes place there will be either a profit or a loss
on the position. A profit will result if a sale takes place and the current level of the security
is greater than the current ACB. This will generate a tax liability that falls due at the end
of the current tax year, which we assume coincides with the final node of the tree. If a sale
takes place and the current level of the security is less than the current ACB, a loss is incurred,
which can be used as a deduction against other taxable gains. The profit or loss incurred on

each transaction is called the realised net gain (RNG), and it is defined more formally below.

Definition 1.3: The Realised Net Gain (from Milevsky 1996c), RNG; j

RNG; 5y = min[A jy — A5 -1), 0[(ACB; 5 -1y — Sgij)) + RNG i 1y (1.6)
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The tax liability at the final nodes in the tree

The tax liability at the end of the final time period, which is also the tax due date, on the

hedged short call position is comprised of three elements:

1. The tax on the stock transactions which is represented by the realised net gain,

TS(RNG<N,J->);
2. the tax on the premium received from the sale of the option less the payoff,
To(€(0,0) = (.3))3

3. the reduction in the tax liability from the interest paid on the short bonds (this is a

negative liability since the B;s are negative),

T ((R -y B<N,j,_k>) .

This gives a total tax liability of:

N
Ts(RNG(w,j)) + Tolc00) = &) +7b <(R -0, B(N,j,-m) : (1.7)

This tax liability (or rebate) is responsible for the tax mismatch at the end of the classical

binomial tree, which was given in Definition 1.1.

1.4.4 The tax-efficient algorithm of Milevsky and Prisman

The classical hedge does not work with taxes when the RNG is given by Equation (1.6) and
the ACB by Equation (1.5), and so M&P modify the binomial tree by adjusting the payoffs to
incorporate the tax liability. The price defined is the hedging price of a short call option. All
tax rates are assumed to be equal (i.e., the writer of the call pays his marginal tax rate on all
transactions), SOTs =To=Tp=T.

Note that the following equations use the same node subscripts as found in Milevsky (1996¢).
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This is done to ensure consistency between the exposition here and M&P’s work.

clearer if, for example, Bz‘N_l j) were written as BZNJ' _1y-

At all nodes prior to maturity we require:
A% Sty + Blijy —Clijy =0 wherei€ {0,1,..,N —1}.

The asterisk denotes the variable or security as being tax-adjusted.
At maturity the tax liability is explicitly incorporated into the system.

For an “up” movement in the stock price:

Ain_1,)S(N-15% — T(RNG (N 3) + Bly_1)
N-1

-7 ((R -1) (Z Bin_1j—k t Bz:N—l,j))>
k=1

= max (Siy_1 5u— K,0) (1 —7) + 0,07
and for a “down” movement in the stock price:

Aln-15Sv-1,74 — T(RNG(n5)) + Bin_15)

N-1
-7 ((R -1) (Z Bin 14k + BTN—L:)))
k=1

= max (S(N_l,j)d - K, 0) (I-7)+ C’ZO,O)T'

It would be

(1.8)

(1.9)

(1.10)

At maturity, AZ‘Nﬁ =0 for 0 < j < 2N —1, and so using Equation (1.6) M&P get:

RNGnjy = —Aln_1,(ACB(n_1,5) — Siv,5)) + RNG(n_1,5)-
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Equations (1.9) and (1.10) become, with this substitution:

-1y SiN-15u+ T (A?N_l,ﬁ(ACB(N—l,j) = Sv-15u) — RN G(N—l.j))

N-1
+B?N—1,j> -7 ((R -1) (Z BzN—l,j,—k) + BzN—l,j)>> (1.11)

k=1

= max (S(N_lyﬁu — K, 0) (1 - T) + CzO,O)T’
and,

Atv-15)Siv-15d + 7 (A?N_l,j> (ACB(n-1,) = Sin-1,5d) — BN G(N—u))

N-1

k=1

= max (S(N—l,j)d - K, O) (1 - T) + C?O,O)T'

Solving for A’(*N—l, jy they establish that:

- L max (S(N—l,j)u_K’ 0) — max (S(N_I,J>d—-K,O)
N=19) Sin-1,5)(u—d)

. (1.13)

M&P point out that Equation (1.13) is the result found by Scholes: the delta does not
depend on the tax position of the investor (Scholes (1996)). This only works in a one-period
setting since the bond terms contain the tax bracket of the investor and this feeds into the

deltas when moving back through the tree in the multiperiod model.

Biy_y,; is found from substituting (1.13) into (1.12) to give:
B _ (ma-X(S(N—l,j)d -K,00(1-71)+ 0?0,0)7') - ZkN_—._ll Bin_1,,—k) 114
(N-13) = (tr—TR+1) (1.19)
~ (AZN_l,j>5<N—1,j>d +7 (A’&v-l,j) (ACB(N-14) = S(n-1,5d) — RN G(N—Lj)))
(tr—TR+1) ’
The price of the call option at nodes (N — 1, ) is given by the hedge portfolio:
AN-15) = Alv-155-15) + Bin-1,5)- (1.15)
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Problems to overcome

There are two problems to overcome:

1.

2.

The initial price of the call option, c¢7, ., is contained in the above expressions.
P (0,0)

The ACB(n_1; and RNG(n_, ;) are functions of not only the current delta A?N_l,ﬂ,
but also of the previous deltas in each path. However these deltas are not known at
the current time, and to find them we need to evaluate the current delta. This cannot
be done because the current delta is a function of the previous deltas. The problem is

therefore a circular one involving an unknown feedback mechanism.

The first problem is relatively easy to solve. The expression for cz‘o 0> which is found by

working back through the tree, will be a function of itself and other variables (namely Siy_; ),

R, u, d, and N). Consequently, finding cZ‘O 0) is simply a question of solving for the “fixed

point”.

The second problem is a little more difficult to overcome. M&P advocate using the following

dynamic routine:

1.

. Re-solve for A%

Compute A’Zi i) and Bz‘i i) by solving a single-period system of two equations and two
unknowns, expressing A’& i) and BZ‘i i) in terms of the current RNG(; ;y, ACBy; jy, Siij)
Bz*z.

) and the yet to be determined CZ0,0>'

. In the nodes (IV — 1, j) , where j = 0...2¥=1 —1, the next period’s tax liability is explicitly

incorporated into the system of equations. In all the nodes prior to (N —1,7), the tax

liability is implicitly contained in the variables.

Write RNG(.L’” and ACB(z,J) in terms of A?’i,j,——l)’ RNG(z',j,—l) and ACB('i,j,—l)’
(i) 20d By j)
and the yet to be determined c’<*0 0)-

in terms of the past RNG;; 1y, ACB; _1y, S j) Bz;. i)

*

. Express the current c’&.’j) = A’&.’j)S(i,j) + B<i,j).

Proceed backwards through the tree until the first node, at which we finally obtain that
o0 = F(c’ZO’O)) where the function F'(-) should not contain any terms besides S ), R,

u, d, N, and CTO,O)'
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7. The final stage is to solve for the fixed point of the function F(-) and extract the tax-

adjusted no-arbitrage equilibrium price of the option.

1.5 Analysis of the Milevsky and Prisman algorithm

1.5.1 The bond at the final nodes

The third term in Equations (1.9) and (1.10) is BZ“N_L i In the taxless binomial option pricing
model (Cox (1979)), this term is multiplied by R (one plus the risk-free interest rate over a
single period). Therefore, the bond term in the M&P algorithm should be multiplied by R, as
the only other bond term in these equations, the fourth term, is the tax on the bond interest.

This gives Equations (1.9) and (1.10) as:

Aln—15)Sin-1,98 = TRNG(v_1,5)) + RB{y_1 ;)

N-1
-7 ((R -1 (Z Bin-1-k + B(*N—l,ﬁ)) (1.16)

k=1

= max (S(N——l,j)u - K, 0) (1 - T) + c?o,o>7"
and,

iN-15)S(n-1,8 = T(RNG(N_1,5)) + RB{y_y ;

N-1
-7 ((R -1 (Z Bin-1j-k + B’(*N_m)) (1.17)

k=1

= max (S(N—I,J)d — K, 0) (1 - T) + C?O’(»T.

Again substituting for RNGn_, ;) and solving for BZ‘N_I jy we get:

N-1
(max(S(N_l,j)d - K,0)(1-7)+ 0?0,0)7') - kgl Bin-15-k)

Bin-14 = " —TRTE) (1.18)
~ (A?N_l,ﬁS(N—l,j)d +7 (A?N_l,ﬁ (ACB(N-1,5) = Sin-1,d) — RN G<N—1,j>))
(r—TR+R) )
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The only difference between Equation (1.14) and Equation (1.18) is the denominator, which
is changed from (7 — TR+ 1) to (1 — TR+ R). The delta remains unaffected and is given in
Equation (1.13).

1.5.2 The adjusted cost base and realised net gain

The calculation of the tax on the bond and the call is relatively straightforward, but the tax on
the stock is more complicated, and where the tax treatment is most likely to vary, say between
different countries. The RNG and ACB given by Equation (1.5), are therefore the key features
that incorporate the tax laws into the model.

Is there another way to calculate the profit (or loss) on the stock transactions? In Chapter

2 we will look at another version of the RNG which is simpler to handle.

1.5.3 The symbolic nature of MAPLE

M&P have implemented their algorithm using the symbolic computational language, MAPLE,
in order to find a symbolic expression for the option price. The symbolic nature of this language
has two advantages over a numerical one: the final expression for the call price can be obtained
exactly, as opposed to the approximate solution that a numerical system produces; and the
ability to represent values symbolically enables easy investigation into the sensitivity of the call
price with respect to changes in its arguments. However, using a numerical routine does have
three distinct advantages over a symbolic one: it is easier to implement; results are obtained
much more quickly (in Chapter 2 we will see at worst a few minutes, whereas the symbolic
approach can take hours); and being able to “see” the numerical values for the option delta,
bond and call at each node on the tree, helps the user understand how the algorithm reaches

the tax-adjusted option price.

1.6 Summary

There have been two attempts to value options in the presence of taxes: Scholes’ (Scholes
(1976)) modification to the Black-Scholes equation, later extended by M&P to include dividends
(Milevsky (1997a)), and M&P’s tax-efficient hedging algorithm (Milevsky (1997)). Scholes’
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analysis indicates that the effect of taxes is to increase the price of a put and decrease the price
of a call, provided the income tax rate is greater than the capital gains tax rate. M&P do not
give any indication of the effect of taxes on option prices in their approach, although they point
out that the assumptions made by Scholes in developing his tax-adjusted Black-Scholes model
are unrealistic. Indeed, it is one of the implications from Scholes’ work (Scholes (1996)), in
particular that option values are unchanged by taxes if all marginal tax rates are equal, that
M&P believe is responsible for the lack of research in the field.

M&P’s algorithm for valuing a call with taxes (Milevsky (1997)) uses a symbolic approach
to overcome the two major hurdles that taxes introduce into option valuation in a binomial
setting: the inclusion of the initial price of the option in the payoffs, and the feedback problem
involving the calculation of the delta and bond amounts. The discussion of their algorithm has
identified some issues that warrant further attention, as does the choice of a symbolic language
to code the algorithm. In view of this, the next chapter presents an alternative tax-adjusted
hedging algorithm implemented in C++, which values European calls and puts in the presence

of taxes.
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Chapter 2

The Tax-Adjusted Hedging Price of
Options: A Dynamic Programming

Approach

2.1 Introduction

The previous chapter looked at M&P’s tax-efficient hedging algorithm. In this chapter we
will develop an alternative tax-adjusted hedging algorithm. Before that, in Section 2.2, we
discuss the aims of the thesis and define the option price that we are trying to find, being “the
tax-adjusted hedging price”, and look at how this relates to the concept of a “tax-adjusted
no-arbitrage price”. In Section 2.3 the tax-adjusted hedging algorithm is developed and results
and numerical examples obtained using this algorithm form Sections 2.4 and 2.5. A method to
obtain an approximation to the continuous-time option price, from discrete-time binomial tree
prices, is presented in Section 2.6, and this allows tax-adjusted put-call parity to be examined
in the context of prices obtained using the tax-adjusted hedging algorithm. Section 2.7 is a
summary of the chapter.

The remainder of this section deals with some basic background information regarding

options, which is included for completeness, and a basic guide to taxation.
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2.1.1 Assumed knowledge
Options

The fundamental principle which underpins the valuation of options and derivative securities, in
general, is the no-arbitrage condition. If the payoff from a derivative security can be replicated
by a portfolio of simple instruments, then the initial price of the derivative must be the same
as the minimum cost of building the portfolio of simple instruments. If this were not the
case, arbitrage profits could be made by buying the cheaper of the two (the derivative and the
portfolio) and selling the other, since at payoff the two will give a combined profit of zero. The
no-arbitrage principle states that such profits cannot be made.

The binomial model, CRR, is a simple, discrete-time approach to valuing derivative secu-
rities. The life of the option is broken down into discrete time-steps, and the possible stock
prices over this time form a binomial tree. At the end of the tree, the payoff from the option
can be calculated. At the nodes prior to payoff the holdings in the underlying and a riskless
security (a discount bond) can be found which replicate the payoff of the option. Using the
principle of no-arbitrage, the price of the option at each node must be the same as the cost of
the replicating portfolio at that node. By working back through the tree, the holdings in the
underlying and bond at the first node can be found. The initial price of the option is equal to

the initial value of this portfolio.

A basic guide to taxation

The following guide to taxation is not intended to be a comprehensive one, but instead aims to
capture the general flavour of a generic tax system. The motivation behind this approach is
to start from a relatively simple mathematical treatment of the tax laws, and to build in more
complexity as we progress through the chapters. Even the simplified treatment of the tax laws

adopted in this thesis proves demanding.

Taxation of stock and bonds. When a profit is made on a transaction it is subject to
taxation. That is, a proportion of the gain is paid to the government. The proportion of the
gain that is paid is called the tax rate. For example, if a person buys some stock for £100 and

then sells it one year later for £120, they have made a gain of £20. If the tax rate is 25%, the
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tax on that transaction is £5 (0.25x£20). This is an example of a capital gain, because stock
transactions are of a capital nature. The gain here is uncertain; the stock could quite easily
have decreased in value and the investor would have lost money on the transaction. Losses
also have a tax implication (see below for more details).

Now consider if the person had instead used their £100 to buy a default-free bond with a
face value of £100, a maturity of one year, and an annual coupon of 10% paid semi-annually.
After one year the investor will have received £10 (two payments of £5) plus his/her initial
£100 back as the bond is redeemed at its face value. This means the investor has made a gain
of £10 which is subject to tax. This time the gain is income, since the investor was guaranteed
to receive this amount as long as he/she held on to the bond until its maturity. The tax rate
on this transaction may be 40%, which is higher than the capital gains tax rate of 25% because
this is an income transaction, and this gives a tax charge of £4 (0.4x£10).

The two examples of stock and bond transactions here are very simple, but relevant to
pricing options in the presence of taxes since we hold a portfolio of stock and bond when
hedging a short option position. However, because dynamically hedging a short option with
a portfolio of stock and bond means rebalancing the amounts of stock and bond held in the
portfolio, the tax charge on this portfolio becomes more difficult to calculate than our simple
examples above.

The tax on the bond simply relates to the interest paid on the bond, and this remains
straightforward. The tax calculations involving the stock are more complicated, since when
performing the hedge we are buying and selling different amounts of stock at a variety of
different prices. This is why we need to define the Realised Net Gain, which was discussed in
Chapter 1 and will be discussed further in this chapter, and why we need to value options using

a non-recombining tree: the Realised Net Gain is path dependant.

Taxation of options We will be pricing European cash-settled equity options in the presence
of taxes. We need to know not only the tax involved in hedging the option, but also the tax
charges that relate to the option itself. For the writer of the option we have a gain, which is
the premium received at the inception of the option, and a cost, which is the amount the writer

has to pay to the option buyer at maturity. From these two amounts we can calculate whether
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the writer has made a profit or loss on the option, and hence determine the tax charge relating
to it.

We will assume that the option is taxed as capital gains.

The end of the tax year. The tax year-end is the date in the year when the tax charge
for that year is determined. We will assume throughout this thesis for simplicity that the tax
charge is also payable on this date, although in reality it is usually due some time after the tax
year-end.

To start with we will assume that the option is written in one tax year and matures at the
tax year-end (when the tax is payable). In Chapter 4 we will relax this assumption and allow
the option to be written in the first tax year and to expire in the second tax year. In this case

we have to look at two tax charges, one for each of the two tax years.

Losses Generally speaking, when a loss is made on a transaction it can be used to offset gains
on other transactions that the writer may have made. This means that the tax charge on the
profits of the writer is reduced by an amount equal to the loss multiplied by the tax rate. In
effect, the writer receives a rebate equal to the loss multiplied by the tax rate.

Again, it is worth stressing that this is an extremely simplified treatment of the tax laws,

and is certainly not intended to capture every nuance of any particular country’s tax system.

2.2 The tax-adjusted no-arbitrage price and the tax-adjusted
hedging price

It is important to establish what we mean by the phrase “tax-adjusted no-arbitrage” and to
determine whether it actually makes any sense to define the tax-adjusted no-arbitrage price of
an option. To do this let us first consider the no-tax CRR situation.

No-tax case

In the CRR environment we hedge the option by dynamically rebalancing a portfolio of stock

and bond. No-arbitrage under these circumstances means that the value of the portfolio at
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each node on the tree is equal to the value of the option at that node. At maturity of the

option we can write:

value of the hedging porfolio at maturity =  payoff from the option. (2.1)

~
Long portfolio from perspective of writer Long option from perspective of buyer

We could also argue that the option writer should be perfectly hedged at maturity. We

write this as:

value of the hedging porfolio at maturity — payoff from the option = 0. (2.2)

~
Long portfolio and short option from perspective of the writer

It is obvious that the two equations above are equivalent, just written from differing per-
spectives: (2.1) is written by considering the writer as being long the hedging portfolio and the
buyer as being long the option, whereas (2.2) is written by considering the writer to be long
the hedging portfolio and short the option. The two are equivalent because the writer’s short

position in the option is exactly the same as the buyer’s long position.

The tax-adjusted case

If we are looking at the situation on an after tax-basis then the “after-tax no-arbitrage condi-

tion” is:

after-tax value of the hedging porfolio at maturity = after-tax payoff from the option.

Long portfolio from perspective of writer Long option from perspective of buyer

(2.3)

The “after-tax hedging condition” is:

gfter-tax value of the hedging porfolio at maturity — after-tax payoff from the option = 0.

Long portfolio and short option from perspective of the writer

(2.4)

Now the long after-tax payoff from the option from the buyer’s perspective may not, in

general, be the same as the short after-tax payoff from the writer’s perspective because the
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writer and the buyer may have different tax positions. (2.3) and (2.4) are equivalent only if

we have the following condition:

Condition 2.1: for equivalence of the after-tax no-arbitrage and after-tax hedging
conditions The tax position of the buyer is the same as the tax position of the writer. This
means that the writer and the buyer pay the same tax rates, have the same ability to use losses
to offset gains and pay their tax on the same date.

If market participants have different tax positions it doesn’t make any sense to talk about
“after-tax no-arbitrage” because we can’t define a price that precludes after-tax arbitrage op-
portunities for all market participants. In view of this, to have an “after-tax no-arbitrage
condition” and to define an “after-tax no-arbitrage price” we need a stronger condition than

the one given above. This is the following condition:

Condition 2.2: to define an “after-tax no-arbitrage price” or “after-tax no-arbitrage

condition” All market participants (buyers and sellers) have the same tax position.

Consequences

Throughout this thesis we will be looking at the after-tax position of the long hedge and short
option from the writer’s perspective. We will therefore be finding the “tax-adjusted hedging
price” of the option. This is the price that the seller assigns to the option such that he/she is
perfectly hedged on an after-tax basis.

We can argue that this is the “tax-adjusted no-arbitrage price” of the option only if we
make the assumption that all market participants have exactly the same tax position. With
this assumption, using the phrase “after-tax no-arbitrage” is valid. However, is this a plausible
assumption to make? It is perhaps unrealistic to assume that all market participants have
the same tax position, especially when we consider whether losses can be used to offset other
gains, as this is an extremely complex issue and likely to be market participant specific. That
said, the original assumptions in Black-Scholes, including the assumption of no taxes, are also
unrealistic.

As is stated above, the price that is defined in this thesis is the “tax-adjusted hedging price”

of an option. Whether we can call this the “tax-adjusted no-arbitrage price” is dependent on
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whether we can make the assumption that all market participants have the same tax posi-
tion. Throughout this thesis the phrases “tax-adjusted hedging price” and “after-tax hedging
condition” will be used in most cases. If the reader wishes to make the assumption about
the equivalence of the tax position of all market participants, then the reader can substitute
“tax-adjusted no-arbitrage price” and “after-tax no-arbitrage condition” in their place.

On specific occasions it will be pointed out in the text the price that is being defined.

2.3 The tax-adjusted hedging algorithim for European equity
call and put options

The aim is to develop a tax-adjusted hedging algorithm that gives us the amount of stock (delta)
and holding in bonds that we require at each node on the non-recombining tree (the tax on the
stock transaction is path dependent) such that the option writer is fully hedged, on an after-tax
basis, at the maturity of the option. That is, we aim to find the tax-adjusted self-financing
hedging portfolio of stock and bonds at each node on the tree, where the tax-adjusted hedging
price is the value of this portfolio at the initial node on the tree.

When the option writer is fully hedged at maturity, the following equation, which is the

after-tax hedging condition as given by (2.4), is true for j = 0,1,...,2N —1:
ATS(N’]’) -+ ATB(N,]-) — ATO(N’]) =0, (2.5)

where AT'S(y ;) is the after-tax stock position, ATBy ;y is the after-tax bond position and
ATOy j is the after-tax option position, at node (N, j). Now Equation (1.4) in Definition 1.1

is:
Mn,jy = ATS(n,jy + ATB(n,jy — ATO(w;)- (2.6)

where 9y ;y is the tax-mismatch at node (N,j). So another way of satisfying the after-tax

hedging condition is to require that the tax-mismatch be zero across the final nodes, i.e., that
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the following equation is true for j =0,1,...,2N — 1:

The concept of the tax-mismatch and the requirement that it be zero across all the final

nodes on the tree is fundamental to the operation of the tax-adjusted hedging algorithm.

Evolution of the stock price

It is worth pointing out at this early stage that we evolve the stock price in exactly the same

manner as in CRR. The usual formula for an “up” and “down” move over one period are:

T
0' —

5| (2.8)

u = exp

T

d = exp[—a —

ik (2.9)

where o is the annual volatility, T is time to maturity of the option in years, and N is the
number of periods on the tree.

Therefore, the evolved stock price forms a recombining tree. The recombining stock price
tree has to be superimposed on the non-recombining tree that we use to value the option.
As an example, let us consider a two-period non-recombining tree. Over the first period,
the stock price moves to S0y = S % or Su1y = S0d.  Over the second period we
have S50y = S(O,O)uz, S, = Sp0ud, Sz = Sp0du, and Sz = S<0,0)d2. Of course,
S2,1y = S(2,2) = S(0,0), 50 although we have four distinct nodes after two periods, the stock

price is the same at two of them.

2.3.1 The after-tax payoffs from the stock, bond and call at the final nodes

The tax liability on the stock, bond and option transactions at the final nodes on

the tree

1. The tax on the stock transactions. We need to know the net profit (or loss) along each

path on the tree due to the stock transactions and this is given by the realised net gain
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(RNG). The tax liability on the stock transactions is:
—TS(RNG<N’J~)).

The RNG is explained more fully below.

2. The tax on the bond transactions. We need to know the net profit (or loss) along each
path on the tree due to the bond transactions. This is simply the sum of the interest paid
or received on the bond holdings along a particular path on the tree. The tax liability

on the bond transactions is:

~Tb ((R -1) Z:;l B<N,j,—k>> :

3. The tax on the option transactions. We need to know the net profit (or loss) on the
option transactions. For a long option position, the net profit is given by the payoff

minus the initial cost of the option. The tax liability on the long option position is:

~To(X(n,5) = X(0,0))-

The reason why the tax liability for the option has been given on a long option position,
whereas we need it in terms of a short position, is because of the way Equation (2.6)
is written; we define ATO(y ;) in terms of a long option position, so —ATOy j), as it

appears in (2.6), represents the after-tax short option position.

We will now formally define the after-tax positions in the stock, bond and option at the

final nodes on the tree.

Definition 2.1: The After-Tax Stock payoffs at the final nodes, AT'Sy ;

ATS(NJ-) = A(N,j,—l)S(N,j) - TS(RNG(NJ)). (2.10)
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Definition 2.2: The After-Tax Bond payoffs at the final nodes, AT By j

N
ATB(nj) = RB(nj-1) = Ts ((R ~1) (Zkzl B(N,j,—k))) : (2.11)

Definition 2.3: The After-Tax Option payoffs at the final nodes, ATOn ;>

ATOn jy = (1 = To) X(N,j) + ToX(0,0)5 (2.12)

where X is the generic notation for an option, either a European put or call.

It is important to remember that we are defining the tax-adjusted hedging price of the
option. Definitions 2.1, 2.2 and 2.3 all relate to the writer of the option holding the hedging
portfolio of stock and bonds, and a short position in a call option written on the stock. There-
fore, the tax rates and assumptions about the deductibility of losses, all relate to the writer
of the option. The after-tax payoff from the option given in (2.12) is for a long position in
the option, and looks as though it relates to the buyer of the option, since the buyer would
receive the payoff multiplied by one minus the tax rate, plus a rebate given by the premium paid
multiplied by the tax rate. However, as we explained above when discussing the tax liability
on the option, when Equation (2.12) is substituted into the tax-mismatch equation, (2.6), the

negative sign correctly specifies the short option position that the writer holds.

2.3.2 The realised net gain

The RNG is the key quantity that incorporates the tax treatment into the model, since this
determines the tax on the stock transactions. Here we use a RNG that is intended to capture
the marked-to-market method of recording the profit or loss, which, certainly in the UK, seems
to be the most reasonable way to calculate the profit or loss on the stock transactions while delta
hedging an equity option. With this method, a profit or loss is generated on each movement

of the stock price.
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Definition 2.4: The marked-to-market realised net gain, RN GZ";‘;

N

From now, when we refer to RNG in the text or RNG; ;) in an equation, we will mean this

marked-to-market version.

2.3.3 The after-tax hedging condition for the tax-adjusted deltas and bonds

1

Let us denote the unique' tax-adjusted deltas and bonds as A’& i) and Bzﬁij)’ where 7 =

0,1,...,N —1and j =0,1,...,2Y — 1, such that the after-tax hedging condition, as specified
by Equation (2.5), is satisfied . Substituting for AT'S y jy (2.10), RNG y j;y (2.13), AT By ;)
(2.11) and ATOy,; (2.12) in (2.5), we get:

%* N *
0 = Alnj-—1nSwg) —Ts Zk:l AlN,j—k) (S(N,j,—k+1) - S(N,j,_k)) (2.14)

* N *
+RB(N,j,—1) —Tb <(R - 1) ( k1 B(N,j,—k)))

—(1 = 7o)X (wv5) — ToX {00y
(N.5)-

As with the no-tax CRR case, the self-financing property of the hedging portfolio means

that we have the following relationship between the portfolios at connected nodes (z, j, —1) and

(i,4):
Azi’j’_l)s<i7j) + RB?N,j,—l) = Azi,j)'g(i;j) + B’&,J) (215)
Of course, the initial tax-adjusted hedging price of the option is given by:

X{o,00 = B0,0)50,0) + Blo,)- (2.16)

1 Chapter 3 deals with the question of uniqueness. For now we will assume that we have unique tax-adjusted
deltas and bonds.

39



2.3.4 The after-tax hedging condition for arbitrary deltas and bonds

In general, for deltas and bonds other than A’&.ﬂ and BZ‘i iy the after-tax hedging condition
will not be satisfied across all the final nodes on the tree. Let us denote these deltas and bonds

by A?i,j) and B?z.’j), where Equations (2.14), (2.15) and (2.16) become:

N
Mivgy = Ang-nSivg) —Ts D, Alvjoky (Sivg-keny = Svj-m)  (2.17)

0 N ho

—(1 = 7o) X(nj) — TC‘X?O,O)
# 0,

0 0 _AO 0
A j—1ySug) + BBy j—1y = Dii jyStg) T Bijy (2.18)
and

X?0,0> = A‘()0,0)5<0,0) + B(()o,oy (2.19)

A two-period example

Figure 2.1 shows a two-period tree and the tax-mismatch across each of the final four nodes.
We can immediately see why we need a non-recombining tree since the tax-mismatches at nodes
(2,1) and (2,2), equivalent in the no-tax CRR tree in the sense that they are both zero, are

clearly distinct in our taxable environment.
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2.0 M0 = A 0y Sa0) = s [ A% ) (Swo) =~ Soo) + A% (See) ~ Suo)]
+RBY o — 74 (R —1) (B?Om + B?m)) — (1= 7o)X (20 — TeX3
/
(L,o) \
PR M1 = A gy Sy = s [A% ) (Swo) — Se) + A% (Sen — Suo)]
+RBY o — 75 (R~ 1) (B?O,O) + B?Lo)) — (1= 7o) X(a1) — TeX3
(0,0)
C e M0 = A% 1S = s [y (S = S) + Ay (S — San)]
+RBY \\ — 75 (R~ 1) (Bg),o) + B?m) ~ (1= 7o)X (29 — TeX3
(1,1 /
\
(2,3) zm22,3> = A?1,1)5(2,3) —Ts [A(()O,O) (S(l,l) - 5(0,0>) + A(()1,1) (5(2,3) - S(l,l))}

+RBY |\ — 7y (R~ 1) (B?O,O) + B?m)) — (1~ 7o)Xy — TeXY

Figure 2.1: A two-period tree with the tax-mismatch at the final nodes

2.3.5 The tax-adjusted hedging algorithm

In the previous two sections we have looked at the unique tax-adjusted deltas and bonds, Az‘i’ i)
and Bzi,j), that satisfy the after-tax hedging condition at the final nodes so the tax-mismatch
is zero across all of these nodes, and arbitrary deltas and bonds, A((]i’j) and B?z.’ iy where the
after-tax hedging condition is not satisfied at the final nodes so the tax-mismatch is not equal
to zero across all these nodes. How do we get from our arbitrary deltas and bonds, A?i’ i)
and B?l.’j), to our unique tax-adjusted delta and bonds, A’&., i) and Ba., iy and hence X 2*0’0), the
tax-adjusted hedging price of the option? One method is to use the algorithm that is given
below.

The basic idea behind the algorithm is to form adjusted payoffs for the option which are

used to compute new bonds and deltas in the tree using the usual CRR recursive procedure.

The tax-mismatch is used to provide feedback and to adjust the payoffs.
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The algorithm
1. Set g =0.

2. Form the synthetic payoff f?N i for the ¢g** iteration from the previous synthetic payoff

minus the previous tax-mismatch.

(a) If g >0, X9 ED"(?NJ), where j =0,1,...,2N — 1.

(NG) = (N,J)
(b) Ifg=0, Xy, = x?N,ﬁ = X(n,j), where j =0,1,...,2V — 1.

3. Using the normal recursive procedure as in CRR, work back through the tree computing

the delta and bonds at each node.

B(g )wherez—12 N—landij,l,..., —1.

(1 J)S('L,J) +

4. Form the tax-adjusted hedging price of the option at the initial node for the g** iteration.

(2) X{0 = DloyS00 + Blog):
5. Form the tax-mismatch using the deltas and bonds computed in Step 3.

= ATSY

(a) om? (N

— ATO?

5y TATB(y (V.3)-

(N,5) J)

6. Test whether the tax-mismatch has been reduced to zero across all the final nodes. If it
has, we have found the unique tax-adjusted delta and bonds and hence the tax-adjusted

hedging price of the option.

(a) If im(N 5 = 0 Vj, then Afi’ y = A and B}

§=0,1,..,2' =1, and X§ ,, = Xfy,. End.

B*

i) fori =0,1,...,N —1 and

(4.3) —

(b) Else g =g+ 1. Return to Step 2.

Notes to the algorithm

1. For g = 0 the synthetic option payoffs are simply the normal CRR option payoffs. Conse-
quently, A(()l.]) = A?Z,?‘)R and B?m) = B<C,JR> wherei =0,1,...,N—1landj =0,1,...,2° -1,
and X ?0 0) = = X¢ ©, sz The superscript CRR indicates no-tax CRR quantities.
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2. When computing the tax-mismatch in Step 5, the option payoffs that are used are the
classical CRR payoffs, Xy ;), as shown, for example, in Equation (2.14), and not the

: g
current synthetic payoffs, X (N.j)"

3. For a European call option, X(y; = max [S<N,j) - K, 0] , and for a European put,

X(N,j) = max [K — S<N,j>,0] .

Tax-adjusted option pricés at the intermediate nodes

In the classical CRR case the no-arbitrage price of the option at an intermediate node (3, j)
(wherei=1,2,..., N—1) is given by the value of the hedging portfolio at this node. In the tax-
adjusted model this is not the case; the hedging portfolio at an intermediate node is specified
on a pre-tax basis and so does not represent the tax-adjusted option price at that node.

The tax-adjusted hedging price at an intermediate node on the tree is equal to the price
obtained by applying the tax-adjusted hedging algorithm to that node, i.e., by treating the
intermediate node as the initial node. Therefore, at node (,j) where ¢ = 1,2,..., N — 1, the
tax-adjusted hedging price is given by:

Xt.g) = X000 (2.20)

where X(*ij) is the tax-adjusted hedging price, X'(*O 0) is the tax-adjusted initial price of an
option obtained by applying the tax-adjusted hedging algorithm with the following parameter

adjustments:

N = N-—i
— T
T = T—’LN

S0 = S

It is as if we sell the option at the intermediate node and hedge it until maturity in the

usual (tax-adjusted) way.
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2.4 The results obtained from a C++ implementation of the

tax-adjusted hedging algorithm

The tax-adjusted hedging algorithm has been implemented in C++ using a 633Mhz, 512MB
Pentium IIT PC.

Memory requirements and speed of computation

The algorithm is very demanding of memory since we have to store all the values in the tree
for the stock, delta, option and bonds, and store the RNG at the final nodes in the tree. The
size of each of the arrays for these variables therefore increases exponentially with the number
of periods used, because the tree is non-recombining.

The speed of computation slows with an increase in the number of periods because the
time taken to perform one iteration to adjust the payoff and compute the bonds and deltas is
increased. The total number of iterations required to achieve convergence stays more or less
the same as the number of periods increases, assuming all other parameters are unchanged.

Table 2.1 shows the number of iterations required for the algorithm to converge and the
CPU time taken as the number of periods increases. The parameters used were: S = K =

100, =0.05,6 =0.25, T =1,7,=0.4,7, = 0.3,7, = 0.2
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Periods, N | Iterations required to converge, g | CPU time (s)
1-14 <9 <1
15 8 1
16 8 2
17 8 )
18 8 10
19 8 20
20 8 40
21 8 80
22 9 180
> 23 Memory requirements too great NA

Table 2.1: Number of iterations and time taken for algorithm to converge

2.4.1 Results: an overview

The results in this section are presented in Tables 2.2 and 2.3 and Figures 2.2 to 2.7. The

tax-adjusted hedging algorithm has been used to examine the following three cases:

Case 2.1: The bond is taxed as income and the stock and option are taxed as

capital gains

Ty = T; and Ts = T, = T¢g, Where 7; > 7¢4. If the option is written and hedged in the same
tax-jurisdiction, this is the most likely situation in which the stock, bond and option would be
taxed at different rates.

Case 2.2: The option and the hedge are taxed at different rates

Ts = Tp # To. This could occur if the option is written in one tax-jurisdiction and hedged in

another.
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Case 2.3: The bond and option are taxed as income and the stock is taxed as

capital gains

Ty = To = T; and Ts = T¢g, Where 7; > 7.4. This situation is not very likely since the option is
likely to be taxed as capital gains. However, this scenario is included because in Scholes (1976)

it is assumed that the option is taxed as income when deriving the taBS equation.

Tax rates ITM call (K=80) ATM call (K=100) OTM call (K=120)
Ty Ts To | Price % diff CRR | Price % diff CRR | Price % diff CRR
0 0 0 25.4191* 0.0 12.4876* 0.0 4.92731* 0.0

025 0 0 24.642 -3.1 11.882 -4.8 4.5861 -7.0

04 O 0 24.1722 49 11.5221  -7.7 438745 -11.0
0.25 0.25 0.25 (254191 0.0 12.4876 0.0 492731 0.0

0.4 025 0.25 247981 -24 12.0025 -3.9 465334 -5.6

04 04 04 |254191 0.0 12.4876 0.0 492731 0.0

0 0 0.25 | 25.0124 -1.6 12.2878  -1.6 4.84849 -1.6

0 0 04 | 246186 -3.1 12.0943 -3.1 4.77215 3.1
025 025 0 25.7328  +1.2 12.6417  +1.2 498813 +1.2
025 0.25 0.4 | 251129 -1.2 123371 -1.2 4.86796 -1.2

04 04 O 25.9248 +2.0 12.736 +2.0 5.02535 +2.0
04 04 0.25] 256695 +1.0 12.6106 +1.0 497585 +1.0
025 0 0.25 | 24.3416 -4.2 11.7371  -6.0 4.53019 -8.1

04 O 0.4 | 23.7007 -6.8 11.2974  -9.5 430186  -12.7
04 025 04 | 245562 -34 11.8855 -4.8 4.60795 -6.5

Table 2.2: Tax-adjusted call option prices obtained from the tax-adjusted hedging algorithm
*Indicates CRR price
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Tax rates ITM put (K=120) ATM put (K=100) OTM put (K=80)
T Ts To Price % diff CRR | Price % diff CRR | Price % diff CRR
0 0 0 19.0748* 0.0 7.6105* 0.0 1.51743* 0.0
025 0 0 20.1426  +5.6 8.17904 +47.5 1.67969  +10.7
04 O 0 20.8061 +9.1 8.53768 +12.2 1.78464  +17.6
0.25 025 0.25|19.0748 0.0 7.6105 0.0 1.51743 0.0
04 025 0.25| 199252 +4.5 8.06245 +5.9 1.646 +8.5
04 04 04 |[19.0748 0.0 7.6105 0.0 1.51743 0.0

0 0 0.25 | 18.7697 -1.6 7.48876 -1.6 1.49315 -1.6

0 0 0.4 | 184742 -3.1 7.37085 -3.1 1.46964 -3.1
025 025 O 19.3103 +1.2 7.70444 +1.2 1.53615  +1.2
025 025 04 | 18.8451 -1.2 7.51882 -1.2 1.49915 -1.2
04 04 O 19.4544 420 7.76192 +42.0 1.54762  +2.0
04 04 025 19.2627 +1.0 7.68546 +1.0 1.53237 +1.0
025 0 0.25 | 19.897 +4.3 8.07931 +6.2 1.65921  +9.3
04 0 0.4 | 20.4002 +6.9 8.37112 +10.0 1.74983  +15.3
04 025 04 |19.7309 +34 7.98381 +4.9 1.62995 +7.4

Table 2.3: Tax-adjusted put option prices obtained from the tax-adjusted hedging algorithm

*Indicates CRR price

Notes to Tables 2.2 and 2.3

1. The following parameters were used: N = 15,5 = 100, = 0.05,¢0 = 0.25,T = 1.

2. The top six rows contain the results relating to Case 2.1.

3. The following six rows contain the results relating to Case 2.2.

4. The bottom three rows contain the results relating to Case 2.3.

Notes to Figures 2.2 to 2.7:

1. Figures 2.2 and 2.5 contain results relating to Case 2.1 for a call and put respectively.
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2. Figures 2.3 and 2.6 contain results relating to Case 2.2.
3. Figures 2.4 and 2.7 contain results relating to Case 2.3.

4. In Cases 2.1 and 2.3 there is the following restriction on the tax rate: 7; > 7,4. Figure 2.2,

2.4, 2.5 and 2.7 do not include this restriction and show the whole option price surface.

5. The diagonal line along the surface that corresponds to the tax rates all being equal, in

each of the figures, indicates the CRR price of the option.

6. ITM stands for “in-the-money”; OTM stands for “out-of-the-money”; ATM stands for

“at-the-money”.

Key results contained in Tables 2.2 and 2.3 and Figures 2.2 to 2.7

Option prices produced by the tax-adjusted hedging algorithm show the following:

_ _ * _ vCRR
1. When 7y =75 = 7, X<o,o> = X<0,0>'

2. Case 2.1 and Case 2.3

R

CRR CR
(a) When 7; > 7¢g, €20,0> < €0,0> and pLg s > P00

(b) For both puts and calls the relative price difference (cf CRR) increases as we move
from ITM through ATM to OTM options.

3. Case 2.2

(a) When 7, > 7y =75, XZg0s < Xg(%;
(b) When 7, < 7p =75, XZ0 0> > Xg(%i-

(c) In both 3a and 3b the relative price differences (cf CRR) stay constant whether the
option is a call or a put or whether it is ITM, ATM or OTM.
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Figure 2.2; ATM call option price as a function of the bond tax rate and the stock/option

tax rate
m 14-15
o 13-14
o 12-13
g m1l-12
ﬁ HW10-11
Stock/
option tax
Bond tax rate rate

Figure 2.3: ATM call option price as a function of the option tax rate and the stock/bond
tax rate

o 12.5-13
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m 11.5-12
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Stock/
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Figure 2.4: ATM call option price as a function of the stock tax rate and the option/bond
tax rate
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Figure 2.5: ATM put option price as a function of the bond tax rate and the stock/option
tax rate

o 8.5-9
m 8-8.5
o 7.5-8
m 7-7.5
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Stock/
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Figure 2.6: ATM put option price as a function of the option tax rate and the stock/bond
tax rate
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Figure 2.7: ATM put option price as a function of the stock tax rate and the option/bond

tax rate O 8.5-9
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2.5 Numerical examples

It is useful to look at some numerical examples to explicitly show the tax-adjusted deltas and

bonds in the tree, and to confirm that the after-tax hedging condition is satisfied.

2.5.1 A comparison of the tax-adjusted tree with the CRR tree

If we compare the values for the option delta and bond, and the option prices in a tax-adjusted
tree with a CRR tree, we can gain some insight into how the tax-adjusted hedging algorithm
described in Section 2.3.5 modifies these values throughout the tree to produce a tax-adjusted
hedging price for the option. Figure 2.8 shows the stock, delta, bonds and option price in a

two period tree for a call and a put for the tax-adjusted and CRR cases.

Notes to Figure 2.8

1. The following parameters were used: N = 2,5 = K =100,7 =0.05,0 =0.25,T = 1,7, =
04,75 =7, =0.25.
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a. No-tax call 142,412 b. With-tax call 142.412

0
0
119.336 42.110 19336 166
I
-97.531 10 98.2595 1
21.8055 0 L0
0
0 0 ® 0.746943
0.613551 0.599933 e
50,1442 0 -49.2696
1.2t 10.7237 1
0
0
83.7967 83.7967
0 0 20250691
0 -0.244502
0 70,2189 -0.244502 70.21
0
0
0 -0.250691
c. No-tax put 142‘.)412 With-tax put 142.412
0
119.336 0 119.336 0.238076
0
t 0 10 0.232198 10
0 0.232198
0
100 g 1 0.238076
-0.386449 £0.400067 23
44.9788 46.7903
6.33391 1® 6.78358 1®
0
83.7967 0 83.7967
0 0.734328
97.531 98.2472
13.7343 70.2189 14.4505 70.2189
0
0
29.7811 30.5155

Figure 2.8: Tax-adjusted delta, bonds, and option values in a two period tree compared with CRR

We can see from Figure 2.8 that the synthetic tax-adjusted payoff® from the with-tax call
is slightly lower when compared to the no-tax call (Figures 2.8a and 2.8b), and the synthetic
tax-adjusted payoff from the with-tax put is slightly higfier when compared to the no-tax put
(Figures 2.8c and 2.8d). Moreover, when the call (put) finishes out-of-the-money the with-tax
tree shows a slight negative (positive) payoff. The decreased (increased) payoff for the call
(put) explains why its price on the initial node is lower (higher) than in the CRR case.

m"The term “synthetic tax-adjusted payoff” refers to the adjusted payoff that is produced by the algorithm
such that the hedging portfolios satisfy the after-tax hedging condition across the final nodes on the tree.
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It is also interesting to note that the delta is unchanged as a result of the modified payoffs
when the option finishes out-of-the-money. At the initial node on the tree, the long (short)
delta decreases (increases) for a call (put).

Figures 2.8b and 2.8d also show explicitly how taxes introduce path-dependency to the tree.
For both these two trees, the middle two states in the final period, show different payoffs for the

option. In the CRR case, these two states are identical given that there is no path dependency.

Risk-neutral valuation

In the CRR setting it is possible to calculate the option price by using risk-neutral valuation.
In this case, the initial price of the option is found by discounting its expected future payoff,
where the expectation is taken under the risk-neutral measure. Given the tax-adjusted hedging
algorithm operates in a CRR environment by using synthetic tax-adjusted payoffs to calculate
the tax-adjusted hedging price, applying the CRR risk-neutral probabilities to the adjusted

payoffs will give us the tax-adjusted option price at the initial node:

1
* _ Q *
Xy = 2B [XW}] , (2.21)

where X <*0,0> is the tax-adjusted price of the option (a European put or call), 1/RY is the
discount rate over the life of the option, X Z*N j) represents the synthetic tax-adjusted payoffs
from the option at the final nodes, and E®[-] is the expectation operator where the expectation

is taken under the same risk neutral measure as in the CRR case.

Example Using the parameters used to produce the trees given in Figure 2.8 we get:

u = exp(oy/T/N) =1.193365
d = exp(—o+/T/N)=0.837967
T
= exp(r]—v) = 1.025315
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The risk neutral probability of an “up” move is given by Cox (1979):

—d
w2 - = 0.527151 (2.22)

u F—
The tax-adjusted value of the call shown in Figure 2.8b is given by (2.21):

ctoos = % (41.665m% — (0.746943 + 0.250691)(1 — 7)m — 0.250691(1 — 7)?)

10.723675

We see from the Figure 2.8b that the value of the call at time zero is 10.7237 currency units.
This analysis confirms that the tax -adjusted hedging algorithm described in Section 2.3.5
does exactly what it is intended to do: it adjusts the payoffs from the option so that the hedging
condition holds on an after-tax basis. In other words, the tax-mismatch given by Equation
(2.6) is zero across all the final nodes on the tree. The risk-neutral probabilities are exactly
the same as those on the corresponding CRR tree, and to value the option using risk-neutrality
we can discount the expectation of the adjusted payoffs under this measure. The problem is
how to determine these adjusted payoffs, and this is achieved by using the iterative procedure

given in Section 2.3.5.
2.5.2 The after-tax hedging condition and the hedging portfolio

A numerical example of the after-tax hedging condition

We can work through the calculations to show explicitly that the model produces a hedging
portfolio that is equivalent to the option payoff at the final nodes, on an after-tax basis, for
Figure 2.8b.

Let us calculate the after-tax position on the stock transactions. We first need to calculate

the RNG at each of the final nodes in the tree, and to do this we use the following equation:

N
RNGnj =) A (Siwvs—rs1) = Sing—i)) (2.23)
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The RNGs at the final nodes are:

RNGpg = 0.600(119.336 — 100) 4 1.000(142.412 — 119.336) = 34.678;
RNGgy, = 0.600(119.336 — 100) + 1.000(100 — 119.336) = —7.734;
RNGpgy = 0.600(83.797 — 100) + 0 = —9.722;

RNGps = 0.600(83.797 — 100) + 0 = —9.722.

The after-tax stock (ATS) positions are given by the following equation:
ATS(NJ-> = A?N,j,—l)S(N,j) - TS(RNGQV”J')) (224)
At the final nodes the ATS positions are:

ATS50 = 1.00 x 142.412 — 0.25 x 34.678 = 133.743;
ATS(5; = 1.00 x 100 +0.25 x 7.734 = 101.934;
ATS(55 = 0.000 x 100 +0.25 x 9.722 = 2.431;
ATS(33 = 0.000 x 70.219 + 0.25 x 9.722 = 2.431.

Now let us calculate the after-tax bond (ATB) positions at the final node. The first step

is to calculate the total bond interest (BI) for each path. The equation for bond interest is:

N
Bl = (R-1) (Zk=1 BzN,j,—k)) (2.25)

The values calculated for tree 2.8b are:

Bl 5 (exp (0.5 x 0.05) — 1)(—49.270 — 98.260) = —3.735;

Bl (exp (0.5 x 0.05) — 1)(—49.270 — 98.260) = —3.735;
Blgy = (exp(0.5x 0.05) — 1)(—49.270 — 0.244) = —1.253;

Blipg = (exp(0.5 x 0.05) — 1)(—49.270 — 0.244) = —1.253;
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The ATB positions at the final nodes are given by the following equation:

ATB(n,j) = RB{y ; 1) — TsBLin,j) (2.26)
For tree 2.8b we find,
ATBgo = —98.260x exp (0.5 x 0.05) +0.4 x 3.735 = —99.253;
ATB31y = —98.260x exp (0.5 x 0.05) + 0.4 x 3.735 = —99.253;
ATBpg = —0.244xexp (0.5 x 0.05) + 0.4 x 1.253 = +0.250;
ATBpg = —0.244xexp (0.5 x 0.05) + 0.4 x 1.253 = +0.250.

Now we need to find the after-tax call (ATC) positions at the final nodes. These are given

by the following equation:
ATCnjy = (1 = Te)eqw, gy + TeC0,0)
For tree 2.8b we find,

ATCp0 = 0.75 x 42.412 4 0.25 x 10.724 = 34.490;
ATCip9 = 0+0.25x 10.724 = 2.681;

ATCp3 = 0+0.25x 10.724 = 2.681.

For the hedging condition to be satisfied on an after-tax basis, we want the following equation

to hold across the final nodes:

ATS(N,J-) + ATB(NJ) = ATC(NJ)
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Substituting the values into the above equation we get:

133.743 — 99.253 = 34.490 = ATC 3);

101.934 — 99.253 = 2.681 = ATC(31);
24314 0.250 = 2.681 = ATC(3;
2.43140.250 = 2.681 = ATC\p3).

We have demonstrated explicitly that the call price given by the algorithm is consistent with

the after-tax hedging condition.

An explicit example showing the operation of the hedging portfolio

It is useful to explicitly go through the numbers at the final nodes to show that the writer of the
option is fully hedged on an after-tax basis. We again use the tree given in Figure 2.8b, and
consider each of the final nodes in turn. The payments due from the option writer at maturity
are listed on the left side, and the receipts due to the writer on the right side. Examples of the

calculations can be found in the previous section.

Node <2,0>
DESCRIPTION OF PAYMENT | VALUE | DESCRIPTION OF RECEIPT | VALUE
Payoff from option 42.41 Tax rebate from option 7.93
Repayment of bonds 100.75 | Tax rebate on bonds 1.49
Tax due on stock transactions | 8.67 Liquidation of stock 142.41
Total 151.83 | Total 151.83
Node <2,1>
Payoff from option 0.00 Tax rebate from bonds 1.49
Repayment of bonds 100.75 | Tax rebate from stock transactions | 1.94
Tax charge on option premium | 2.68 Liquidation of stock 100.00
Total 103.43 | Total 103.43
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Node «<2,2>

Payoff from option 0.00 | Tax rebate from bonds 0.50
Repayment of bonds 0.25 | Tax rebate from stock transactions | 2.43
Tax charge on option premium | 2.68 | Liquidation of stock 0.00
Total 2.93 | Total 2.93
Node <2,3>
Payoff from option 0.00 | Tax rebate from bonds 0.50
Repayment of bonds 0.25 | Tax rebate from stock transactions | 2.43
Tax charge on option premium | 2.68 | Liquidation of stock 0.00
Total 2.93 | Total 2.93

We can see from the above analysis that the option writer is perfectly hedged (i.e., the
payments made at maturity match the receipts exactly), on an after-tax basis, if they follow
the trading strategy advocated in Figure 2.8b.

We can also see from this analysis that the values at the final nodes for the call option, the
synthetic tax-adjusted payoffs, are purely there to establish the delta and bond amounts in the
tree and do not represent an actual after-tax payoff from the option. This is the reason why

they are called the synthetic taz-adjusted payoffs.

2.6 A numerical approximation to the continuous-time price of

an option and tax-adjusted put-call parity

It is possible to obtain an approximation to the continuous-time price of an option from the
discrete prices calculated using binomial trees. With an approximation to the continuous-time

option price, we can examine tax-adjusted put-call parity.

58



2.6.1 A continuous-time price approximation from discrete time prices

Using CRR, if we plot a graph of option price as a function of even periods and option price as
a function of odd periods on the same axes, we see that each graph appears to converge to some
value as the number of periods increases: odd periods converge from above and even periods
converge from below. We know in the CRR case that the limiting price as the number of periods
goes to infinity is the BS price, since CRR is the discrete-time precursor to the continuous-time
BS model. Figures 2.9 and 2.11 show this for a CRR call and put respectively. If we take the
two prices we have at any one period, one on the even period plot and the other on the odd
period plot, and average them, we should obtain a price that is close to the BS price, assuming
that the two plots converge at the same rate. Thus, we can obtain an approximation to the
continuous-time price from discrete-time prices. We will explain this method more formally
below.

Figures 2.10 (call) and 2.12 (put) show the variation in option price with odd and even
periods for the tax-adjusted case. We can see that these graphs are very similar to the CRR
cases, and the plots appear to converge to some value as the number of periods increases.
Therefore, we should be able to apply the same method, as advocated with CRR, to obtain

continuous-time price approximations in the tax-adjusted case.

Notes to Figures 2.9 to 2.12

1. The following parameters were used: S = K = 100, = 0.05,0 = 0.25,7 = 1, and
additionally for Figures 2.10 and 2.12, 7, = 0.4,7s = 7, = 0.25.

2. To obtain the odd-period data points on the even-period plot, and vice-versa, the two
adjacent option prices were averaged. For example, the option price for period nine on
the even-period plot is given by the sum of option price at period eight and the option

price at period ten, divided by two.

3. Figures 2.9 and 2.11 show the BS price of the option as a straight line, whereas Figures
2.10 and 2.12 show the taBS price as a straight line.
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A method to find an approximation to the continuous-time option price from a

binomial tree

1. Set n equal to the period at which we wish to approximate the continuous-time option

price.

2. Compute nX<0,0>, (n4+1)X<0,0> and (n_1yX<0,0>, using a binomial tree method (either
CRR or using the tax-adjusted hedging algorithm), where , X <0 0> represents the initial

value of an option using a tree with N = n.

ents 1 1
n X = '2'(nX<0,0> + 5((n+1)X<0,0> +(n-1) X<0,0>))> (2.27)

where , X is the approximation to the continuous-time option price. The leading
subscript n can been retained to indicate the approximation is derived from a binomial
tree with n periods. In future we will use X °™**** to denote the tax-adjusted case, dropping

the leading subscript to ease the notation.

Example of a calculation

Setting n = 15 and using CRR to value a call option with the same parameters as used for
Figures 2.9-2.12, we get 14X<0,0> = 12.1611, 15X <00> = 12.4876, and 16X <0,0> = 12.1828.
Using (2.27) we find:

1
15X = —2-(12.4876 + %(12.1828 +12.1611))
= 12.3298

The BS value is found to be 12.3347, and so 15X “"%(= 12.3298) is valued 0.04% lower
compared to BS.
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Results

Tax rates ITM call (K=80) ATM call (K=100) | OTM call (K=120)
Ty Ts To | c* (BS=25.4131) | c™* (BS=12.3347) | cs* (BS=5.02526)
0 0 0 25.4363 *(+0.09%) | 12.3298 *(-0.04%) | 5.02074 *(-0.09%)
025 0 0 24.6598 11.7218 4.67691

04 0 0 24.1903 11.3606 4.47659

04 025 0.25 | 24.8157 11.8428 4.74468

Table 2.4: Approximations to continuous-time tax-adjusted call prices

Tax rates ITM put (K=120) ATM put (K=100) OTM put (K=80)
Te Ts To | p™* (BS=19.1728) | pts* (BS=7.45761) | p*** (1.51148)

0 0 0 19.1682 *(-0.02%) | 7.45270 *(-0.07%) 1.53465 *(-1.53%)
025 0 0 20.2334 8.01885 1.69745

04 0 0 20.8952 8.37622 1.80271

04 025 0.25] 20.0166 7.90272 1.66366

Table 2.5: Approximations to continuous-time tax-adjusted put prices

Findicates approximation to BS value.

Notes to Tables 2.4 and 2.5

1. The following parameters were used: n = 15,5 = 100, = 0.05,0 = 0.25,T = 1.

2. The BS value for each strike used is given in brackets.

3. The first row is equivalent to using CRR to approximate BS and the difference in price,

compared to BS, is given in brackets.
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Figure 2.9: Variation of CRR call price with odd and even
periods

T=1; vol=0.25; r=0.05; S=K=100; tr-option/stock=0.25; tr-bond=0.4
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Figure 2.10: Variation of tax-adjusted call price with even and
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2.6.2 Tax-adjusted put-call parity

For a European put and call with no dividends put-call parity is given by the following rela-

tionship:
c+Ke =8 +p. (2.28)

Milevsky and Prisman have derived a tax-adjusted put-call parity relationship (Milevsky
1997a) by arguing that the after-tax rate of return from holding a zero-coupon bond with a face
value of K, the options’ strike price, should be the same as the after-tax rate of return from
holding a long stock, a short call and a long put. They assume that the option and stock are

taxed as capital gains, and the bond as income. The equation they have derived is as follows:

S+p*—c* =aKe™ ™, (2.29)
where,
(1 - 7eg)
= . 2.
A G e (230
Example

Using ¢™* and p™*** for the ATM strike from Tables 2.4 and 2.5, where 7, = 7, = T¢y = 0.25

and 7, = 7; = 0.4 we find:
a = 1.00985,
and,

M _ pentst — 11.8428 — 7.90272 = 3.94008
S —aKe™™ = 100 — 1.00985 x 100e~%% = 3.94009

We see that the approximate continuous-time tax-adjusted prices for the put and call calculated

using the tax-adjusted hedging algorithm satisfy the tax-adjusted put-call parity relationship
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derived by Milevsky and Prisman.

Results

Tax rates K =80 K =100
Ty T. To |a S —aKe ™ (ot _pentsx | g gRceTt  comtsx _ pentox
0 0 0 1.00000 | 23.90165* 23.90165* 4.87706* 4.87707*
025 0 0 1.01234 | 22.96235 22.96232 3.70294 3.70294
04 0 0 1.01990 | 22.38756 22.38756 2.98446 2.98442
0.4 025 0.25( 1.00985 | 23.15206 23.15209 3.94009 3.94008

Tax rates K =120

Ty Ts To |a S —aKe ™ contsx _ pentsk

0 0 0 1.00000 | -14.14753 -14.14751

025 0 0 1.01234 | -15.55647 -15.55649

04 O 0 1.01990 | -16.41865 -16.41863

0.4 025 0.25| 1.00985 | -15.27791 -15.27189

Table 2.6: Tax-adjusted put-call parity using option prices from Tables 2.4 and 2.5

Notes to Table 2.6

1. The following parameters were used: n = 15,5 = 100,7 = 0.05,0 = 0.25,T = 1.

2.7 Summary

The following summarises the main results of this chapter:

1. A basic guide to taxation is given, which is intended to capture some of the generic basic

elements of tax systems.

2. We argue that the “tax-adjusted hedging price” is equivalent to “the tax-adjusted no-

arbitrage price” if and only if all market participants have the same tax position.

3. A tax-adjusted hedging algorithm is developed that finds the tax-adjusted hedging price

of European equity call options. At the heart of the numerical method is an algorithm
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that forces the tax-mismatch to zero via an iterative procedure.

4. Some option prices obtained using the tax-adjusted hedging algorithm are examined:

(a) If the tax rates on the stock, bond and option are all equal, the tax-adjusted hedging

price of both puts and calls are seen to be equal to their CRR counterparts.

(b) The algorithm prices call (put) options below (above) their CRR counterparts if the

tax rate on the stock and option is less than the tax rate on the bond.

(c) The algorithm prices call and put options above (below) their CRR counterparts if

the tax rate on the stock and bond is greater (less) than the tax rate on the option.

5. A method to find an approximation to the continuous-time price of an option from
discrete-time prices is presented. This allows us to show that the tax-adjusted hedging
algorithm produces tax-adjusted option prices (which are used to find “continuous-time”

tax-adjusted option prices) that satisfy the tax-adjusted put-call parity relationship.
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Chapter 3

The Tax-Adjusted Hedging Price of
Options: A Simultaneous Equation

Approach and One-Period Analysis

3.1 Introduction

In the previous chapter we looked at how to find the tax-adjusted hedging price of an option
using the tax-adjusted hedging algorithm. That approach owed much to the classical CRR
method in that we were using backward recursion in a binomial tree environment, albeit itera-
tively. In this chapter we will see that the problem of finding the tax-adjusted hedging price of
an option, using exactly the same framework as in Chapter 2, is the same as solving a system of
simultaneous equations (Section 3.2). In Section 3.2 we will also derive the general form for the
delta at any node for N-periods, and the general form for the bond at the initial node. These
equations form the basis for the simultaneous equation algorithm, which is computationally
faster and less demanding of memory, than the tax-adjusted hedging algorithm of Chapter 2.
In Section 3.3 we will look at some analysis of the one-period case, given that we can find an
analytic formula for the one-period tax-adjusted option price using the simultaneous equation
approach. Specifically, we will look at how the tax-adjusted option price is related to the CRR

price and examine tax-adjusted put-call parity. The last part of Section 3.3 demonstrates, in
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the one-period case, that the tax-adjusted hedging algorithm converges to the analytic formula
for the option price as the number of iterations goes to infinity.
The assumptions and notation are the same as in Chapter 2. Any new notation will be

explained as it is used in the text.

3.2 A simultaneous equation approach

We can consider the problem of finding the tax-adjusted hedging price of an option, X 2*0 0y 88

being the same as solving a system of simultaneous equations.

3.2.1 Formulating the system of equations

Let us assume that the tax-mismatch is zero across all the final nodes at maturity. Equation

(2.14) can be written as follows:

AlNj—1)yS(N.g) = Ts Zszl Al j—ky (Sivg—k+1) = Sivs—r)) (3.1)
) ATS N j> ’
+RBy; _y — 7o (R~ 1) (Z‘:’zl B(N,j,_m)
) ATB_n > ’
—( =7 Xy + 70 (Al0,0S00) + Biogy) ) =0,
) ATOLn ;> ’

*

where we have substituted for X 0,0 = A’ZO’O) S0,0) + B2‘0,0>. We have 2V equations of the form
of (3.1), one for each of the final nodes on the tree.
For each of the (7, ) intermediate nodes, where ¢ = 1,2,...N — 1, we have equations of the

form:
AigySta) + Blagy = Alig-1yS6.4) + BB g1y (3:2)

being the self-financing property of the hedging portfolio. We have 2V — 2 intermediate nodes

and consequently 2V — 2 equations of the form of (3.2).
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In total we have 2V + 2V — 2 = 2V+1 _ 9 equations.

Determining the number of unknowns

The unknowns consist of AZ‘W.) and BZi,j)

i=0,1,...N — 1. We have 2 — 1 nodes prior to maturity and consequently 2 (2N - 1) =

at each of the (¢,7) nodes prior to maturity, where

oN+1 _ 9 unknowns.

Uniqueness of the A’(*m.)s and Bz’i,ﬁs

We have 2V*! — 2 unknowns and 2V+1 — 2 linearly independent equations. Because we have
the same number of unknowns as we have linearly independent equations, we can solve them
simultaneously to find unique A’&ms and BZ‘M)S and consequently a unique X(*O,O), the tax-
adjusted hedging price of the option.

3.2.2 The single-period case

We have two unknowns, 1A’(*0 0) and 1BZ‘0 0y and two equations, being the two mismatch equa-

tions at nodes (1,0) and (1,1). The leading subscript denotes the number of periods.

0= 1A’(ko,0)5(1,0> —Ts lA?o,O) (5(1,0) - S<0,0)) +R le0,0) —-Ty(R—1) 1B 0y

(1,0)
-(1- To)X(l,o) —To (1A?0,0)S(070) + 1BZ0,0))
/
(0,0)
\
1) 0= 1A% 0 Sy = Ts 18% 5 (S = Sen) + R 1Bl — To(R—1) 1Bj,

—(1=70)X1,1) —To (IA?0,0>S(0,0) + 1BzO,O>)

Figure 3.1: The tax-mismatch equations for a one-period tree
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Solving the above two equations simultaneously we get:

* (1—75) (X(l,O) - X(l,l))

Al = : 3.3
OO 1= (Sno ~ Saw) (33
and,
By, ! X (3.4)
1700 [R—To(R—1) — 7] '

[IA’fom {7s (St0) = St0,0)) = St,0) + ToS(0,0y ) + (1 = 70) X(l,O)] :

Note, if 7, = 75 the delta in the single-period case collapses to its CRR equivalent. As we

will see, this only occurs in the single-period case.

3.2.3 Multiple periods

We can work through the algebra for two, three and four periods to find a general N-period
expression for NA’&.’ iy representing all the deltas in the N-period environment where i =
0,1,...,N —1and j = 0,1,...,2° — 1, and an expression for NBZ‘O,O)' The algebra quickly
becomes extremely involved; going to four periods means we have 30 equations to deal with.
The expressions for NA’(*Z.’ i) and NBzi,j) are given below. Appendix C contains the deriva-

tions.

* 1
NAGy) = x

(Sti1,2)) = Stin,2i41)) (—Ts +RN-1-i _(R—1) .V 2 Ra)
+ (1 — To) (X(N,ij—i) - X(N,(2j+1)2N—i—1))
+S(a+1'j2a+1—i) (RN_“_I — Tb(R - 1) Z{,V:—O2—a Rb)

N-1
— ag—l NA?a’]za—z) —S(a’jza-—i) (RN_a —_ Tb(R - 1) Zﬁ;—o'l—a Rb>

—Ts (S(a+1,j2°+1—i) - S(a’jza—i))

N-1
+ 2 WA | ~Se@eey (R - n(R-) TG R

—Ts (S(a+1,(2j+1)2°—") - S(a,(2j+1)2a—i—1))

70

+S(a+1,(2j+1)2“_i) (RN—a—l — (R —1) II>V=T)2_G Rb>
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1 X
(RY = o= (R - 1) =0T R?)

NBo =

+ (1 —=75) X(n,0)
~NAl) [—705«),0) =75 (Sa0 = S0) + Sao (RN - (R-1) 205 R")]

1\%\:1 N —Ts (Sta+1,0) — S(a,0)) — S(a,0) (RN_“ — Ty (R—1) Y0 T R )
N (a,0) —a— —2—a
= +S(arr0) (RY "1 = 1y(R— 1) TN RY)

The simultaneous equation algorithm

We can use (3.5) and (3.6) to form an algorithm that finds the tax-adjusted hedging price of
an option. The overall idea being the algorithm is to start at the IV — 1 nodes and move back
through the tree (if we still want to think of the environment as that of a non-recombining

tree) calculating the deltas as we go. Once we have the deltas we can find NBjy ) and hence

NX {00y
1. Seti= N —1.

2. Set j = 0.

3. Using Equation (3.5), compute NA’(*i i) and store in an array. This requires a sub-routine:

(a) Seta =1+ 1.
(b) Set sum_upper_delta = sum_ lower _delta = 0.

(c) Form the sums Z{,\L _02_“ Rb and E,J)\’: ”01“‘ RO,

*

(d) Form the two coefficients, upper coef ficient and lower _coef ficient, to yA (a, 5291

and NAZa,(2j +1)20-i-1) respectively (with the help of the sum formed in Step 3c).

(e) Set:

*

(a,j2o—i) X upper_coe f ficient;

i. sum_upper delta = sum_upper delta— yA

*

il. sum_lower delta = sum_lower delta+ NA(a,(2j+1)2u—i—1)

(f) fa< N -1,
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i. then, a = a + 1; return to Step 3c;

ii. else, go to Step 3g.

(g) Compute NAY; ; and store in an array. We can calculate NAY ;) here because

we have found sum_upper delta (which equals the — Eiv:ﬂ'_l N z‘a j2a—iy term in

(3.5)) and sum_lower delta (which equals the +Z£’=_zi1 NAza,(2j+1)2“—i—1) term

in (3.5)), and all the other terms are known or straightforward to calculate.

4. If j < 28 —1,

(a) then, j = j + 1; return to Step 3;

(b) else, go to Step 5.
5 Ifi>0,

(a) then, ¢ =1 — 1; return to Step 2.

(b) else, go to Step 6.
6. Using Equation (3.6), compute NBZ‘O 0y This requires a sub-routine:

(a) Set a=1.
(b) Set sum_delta = 0.
(c) Form the sums Z{:’z —02‘“ RY and Zé\’: —Ol—a Rb.

(d) Form the coefficient (coef ficient) to NAT, o) (with the help of the sums formed in

Step 6c).
(e) Set sum_delta = sum__delta— NA’(‘a joa—iy X coef ficient.
(f) fa< N -1,

i. then, @ = a + 1; return to Step 6c;

ii. else, go to Step 6g.

(g) Compute NB g)» given that we have found sum_ delta which equals the — 3 V-1

a=1

NAY, o) term in (3.6).

7. Compute NX?O,O) = NA?O,O)S(O,O)-*- NBZ‘O,O)‘
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Results

The simultaneous equation algorithm has been implemented in C++ using a 633Mhz, 512MB
Pentium III PC. The results obtained from this algorithm agree with the results obtained from

the tax-adjusted hedging algorithm given in Chapter 2, as we would expect.

Memory requirements and speed of computation

The algorithm is demanding on memory since we have to store all the values in the tree for the
stock and delta and the size of each of these arrays increases exponentially with the number of
periods. However, the simultaneous equation algorithm only requires two arrays (of approxi-
mate size 2"V) as opposed to the five arrays (again, of approximate size 2VV) that were used in
the tax-adjusted hedging algorithm of Chapter 2. Consequently, the simultaneous equation
algorithm is less demanding on memory than the tax-adjusted hedging algorithm.

The speed of computation slows with an increase in the number of periods because the
number of deltas to be computed increases as 2V. The simultaneous equation algorithm is
faster than the tax-adjusted hedging algorithm because the deltas only have to be computed
once, and only one bond term is found. This is born> out by Table 3.1, which shows a comparison
of the CPU time taken for the simultaneous equation and tax-adjusted hedging! algorithms to
reach the tax-adjusted hedging price of the option, as the number of periods increases. We can
also see that the reduction in memory requirements for the simultaneous equation algorithm
allows us to use three more periods, compared with the tax-adjusted hedging algorithm, before
we run out of memory.

The parameters used to compile Table 3.1 were: S = K = 100, = 0.05,0 = 0.25,T =
1,7, =04,7s =0.3,7, = 0.2.

'From Table 2.1.
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Periods, N | Simultaneous equation alg. CPU time (s) | Tax-adjusted hedging alg. CPU time (s)
1-14 <1 <1
15 <1 1
16 <1 2
17 1 )
18 3 10
19 ) 20
20 10 40
21 18 80
22 35 180
23 70 Memory requirements too great
24 175 Memory requirements too great
25 25 mins10s Memory requirements too great
> 26 Memory requirements too great Memory requirements too great

Table 3.1: Time taken for algorithms to find tax-adjusted price

3.3 Single-period analysis

3.3.1 Tax-adjusted hedging prices: relationship to CRR and tax-adjusted
put-call parity
Relationship to CRR

The well known CRR delta and bond formula (Cox (1979)) in the single-period case are:

X - X
ACRR — (1)0> (1)1) , 3.7
00T S 00 = Sa (37)

and,

1 (Xa0 = Xan)
BCER _ — | x, o — ’ LIV . 3.8
o0 = R |00 T G 0 T8 ) 0 (3.8)
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We can see immediately from Equation (3.3) that the tax-adjusted delta and the CRR delta
are related by:

« _ acrr(l—To)

We need to write Equation (3.4) in a different way to see how the tax-adjusted bond and

the CRR bond are related. If we substitute for 1A% ; and bring (1 — 7,) outside the main

X -X
X _ (1,0) (1,1) S
1 —7) X0 ~ GRS . (3.10)

1Blo0) = BB o XX _,
[R=mo(R=1) =7l | _g545 ((sﬁiiﬁi-sf,ff)) =

bracket we get the following:

We can recognise the top line in the square bracket as being equal to 1B(%18§2R. We find that

the tax-adjusted bond and CRR bond are related by:

(3.11)

Pl = g | T ) }
, R—7:(R—-1) — _ (1L,00=Xa,n) (Ts=70) | °
[R —7s( ) =Tl | =S Baoy—Sam) (=7a)

With Equations (3.9) and (3.11) established, we can look at tax-adjusted option prices
compared to CRR option prices in the single-period environment. We will look at Case 2.1
(1o = 7i and 75 = T, = T¢g, Where 7; > T.4) which was given in Section 2.4.1.

Theorem 3.1

If the tax rates are those given in Case 2.1 then,

and,
1p?0,0) > lp(%%l)‘z- (3.13)

Note, the relationships in Theorem 3.1 are consistent with the results found in Section 2.4.1.
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Proof

Substituting 7, = 7; and 75 = T, = T¢g into (3.9) and (3.11) we get:

1800 = 1800 (3.14)
1B = @ 1BG (3.15)
where,
R(1—17¢g)
= 3.16
[R—7dR—1) — 7ep) (3.16)
We need to look at « in the above equation:
Ti(R — 1) > (R - l)Tcg
TiR—Ti—R > TgR—7T¢—R
R(l —Ti) +71; < R(l —Tcg)-f-’?'cg
R(1—T)+Ti—Teg < R(1—Tg)
R(1 —7¢g)
1 = a.
< R—Ti(R—1)—Tg @
The fact that R > 1 has been used above.
So we find that,
a>1. (3.17)
The price of the option is given by:
1X{0,0) = S(O,O) 1A%‘R§Z +« 1B(Co,%§2 (318)
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For a call, 1B(C(;If]‘)q < 0. Because a > 1,
102‘0’0) = S(O,O> 1A<C(')%§2 + 1B<C0%§1 < 10(%%1;'. (3.19)
For a put, 1Bg),%§{ > 0. Because a > 1,

100 = S0,0 1835 + @ 1BGS > 1p{5) - (3.20)

Theorem 3.2: Tax-adjusted put-call parity

If the tax rates are those given in Case 2.1 then,

S0y + 1P{0,0) = 10,0y = aK R, (3.21)
where,
a= ) (3.22)

(1= 73) + (1s — Teg)R™L

This is the tax-adjusted put-call parity relationship given by Equations (2.29) and (2.30) in

Section 2.6.2, where R~! = e "¢.

Proof

Using Equations (3.19) and (3.20) we can write,

So0 T 1Pjg — 10 = So0) (1+ 1A% — lA‘(‘gf(’))) (3.23)

+«o (13%1‘,6) - 1B<°3fé>) )

where the superscripts put and call denote the CRR quantity for a put and call respectively.
It is easy to show that:

lAfgg,jg) - laigf{)) =1, (3.24)
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and consequently (from classical put-call parity) that:
¢ u -1
pruo) - IBES’O) =KR .

(o,

Therefore, (3.23) becomes:

S(O’[» + 1P?o,0) — 162{0,0) =aKR™.

Now we know that:

N R(1 —T¢g)
R—Ti(R—l) _Tcg
(1 —7eg)
- §)- %
(1—TCg)

So,

This gives (3.26) as:

S0 + 11’?0,0) - 102‘0,0) =aKR™.

(3.25)

(3.26)

3.3.2 The convergence of the tax-adjusted hedging algorithm of Chapter 2

to the analytic tax-adjusted hedging price (one period case)

It was noted in the results part of Section 3.2.3 that empirically the tax-adjusted option

prices found from the simultaneous equation approach agree with prices obtained from the

tax-adjusted hedging algorithm of Chapter 2. In this section we will show, in a more rigor-

ous manner, that the tax-adjusted hedging algorithm given in Section 2.3.5 converges to the

analytic formula for the option price found from the simultaneous equation approach of this

chapter, as the number of iterations goes to infinity. We will only do this in the single-period

case because even here the algebra is very time-consuming.
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We will start by finding a general equation for the delta for the g* iteration, in terms of
the delta at all previous iterations, and the same for the bond (in terms of the previous bonds
and deltas). Once we have these expressions we will be able to look at how 1A“(’0 0~ IAZ‘O 0y
and 13‘?0’0> — 1B<*0’0) as g — 00. As a reminder, the superscript, g, represents the iteration
that the tax-adjusted hedging algorithm has reached.

A general expression for 1A£(]0,0) and 1B(90,0>

The equations that are used in the tax-adjusted hedging algorithm are:

g — g g _ 9 .
My 5y = ATSYy oy + ATBYy o — ATOY, ; (3.27)
-1 -1 0 _ .
x?N,j) = fo,j) - m?zv,jw where Xy 5y = X(n j); (3.28)
and,
Alnj—ySivg) + BBy 1y = Xy jy- (3.29)

In the single-period environment we have two equations of the form of (3.27):

ms(?m) = 1A?o,o)5<1,0) —Ts 1A?0,0) (5(1,0) - 5(0,0)) (3.30)
+R ].B’<90,0) - Tb(R - 1) 1B<g0’0> - (1 - TO)X(LO) - ToXé]O)O),

and,

My = 18%050n —Ts 1870 (Sa1) — Sp0) (3.31)

We have two equations of the form of (3.28):

xg(ll,O) = %{1' 1) - 93?-2’1',3), where 1?1,0) = Xq1,0 (3.32)
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and,

~1 1 0
%“ZLD = %‘2’1,1) — SJT‘(’LD, where Xy 1y = X1,y

We have two equations of the form of (3.29):
180,050 + B 150, = Xy
and,

IA?O,O)S(LU +R leo,O) = x?m)‘

And of course,
Xiooy = 18%,050,0 + 1By 0)-
If we start at g = 0 and solve for A(()o,o) and B?o,o) we get:

(X0 — X,1))
Ao — il ) — ACRR’
OO S~ Say) 00

and,

1 | (XanSuo — XanSay)

as we expect.

The delta Now let’s look at what happens to the delta for g = 1,2, and 3:

1
Al = — X
17400 (5(1,0) - 3(1,1))

[ +(X 1,00 — X,1y) + (X100 — X1,1y) (1= 70)

—18%,0 (S0 = Say) X = 75)

80

BY == ~ ,BORR
OO TR (Stro) = Sa) 00

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)



1
A? = = X 3.38
1700 (5(1,0) - 5(1,1)) ( )

+(X,00 — X)) +2(X 2,00 — Xq1,1y) (1 = 70) _
- [1&()0,0) + 1A%0,o>} (S = San) (L=7s)

1
A3 = — X 3.39
100 (81,00 — Sa,y) (3.39)
+(X 1,00 = X1,1) +3(X 1,00 — X(1,13) (1 = 7o)
- [1A(()o,0) + 1A%0,0) + 1A%0,0)] (S0 = Sa,) (1= 75)

We can write down the general case for g-iterations as:

1
A = e X 3.40
100 (5(1,0) - 5(1,1)) ( )

+(X,00 — X1,1)) +9(X 1,00 — X1,1)) (1 = 70)
- [Z;‘C& IN&O’(»} (S0 —Sa,y) A —7s)

The bond Now for the bond for g = 1,2, and 3:

1 (X(I,I)S(I,O)—X(l,o)s(lyl))+(X(1'1)S(1’0) —'X<1,0)S(1,1))(1_‘To)
1Booy = 5 (Seor=S.0) ; (3.41)
- 1A?O,O) (7s = 7o) Sto,0) ~ 1B?0,0) (R—1o(R—1) — 7o)
(X(1,1)S(1,0)—X(Lo)5(1'1))+2(X(1,1)S(1,0>—X<1,0)S(l‘l))(1-7—0)
1 (Sa,0—=5a,1)
2 = .
1Blog =5 |~ [18%0 + 1800) (T = 7o) Soo o (342)
- [13?0,0) + 1B(10,0)] (R=To(R—1) —7,)
(X0,150,00=X1,0)501,1)) +3(X(1,1) S01,0) = X (1,0 51,1y ) (1= 70)
1 (Sc.0=5a,1)
(3.43)

3 = .
- [lB?O,O) + 1B(10,o> + 13(20,0)] (R—7o(R—1) — 7o)
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We can write down the general case for g-iterations as:

(X1,181,0-X1,0) 5(1,1>)+9(X(1,1)5(1,0)—X(1,0)5(1,1))(1—To)
(Su0=Say)

1 IR
18,0, R —[ i 1%,0)] (Ts = 7o) S(0,0 : (3.44)

- [ §=—01 1320,0)] (R—7p(R—1) = o)

o

With the expressions for 1A‘(’010) and 13?0,0) given by (3.40) and (3.44), we can look to
finding an expression for each in terms of only the stock, tax rates, option payoffs (pre-tax) and
R, from which the behaviour as g goes to infinity can be examined. We will look at the delta

and bond separately, starting with the delta.

Convergence of 1A‘<]0,0) to 1A?0,0)

We want to show that:

X - X 1—7,
llm 1Ag = IA* ( <1’0) (111))( T)

= : 3.45
gm0 (00 OO (Sao — San) A -Ts) (3:43)

Using (3.40) we can eliminate the previous deltas by repeated substitution. The algebra is

quite involved and time-consuming. Eventually we find:

(X0 — Xa,1) g g-1
g — B ) i % .
A0 (S0 = Sam) [1 i Zi:l e e Zi:o TS] (3.46)

We can recognise the square bracket above as being the sum of two geometric series:
g .
1+Zi=1 =141 +T2 4. 47, (3.47)
and,

—To Zg o To=—To[1+7s+72+ .. +7971]. (3.48)

1=

The geometric series is convergent iff |7,] < 1 as g — oo, and has the sum 1/(1 — 7,) (see

pp786-787 Kreyszig (1993)).

82



Therefore,

(X0 — Xqa,1)) [ 1 To ]
Aoo — ) L _— 349
18809 = Bre —San) LG=7) T=75) (3.49)

_ XKoo —Xaw) [(1 - To)]
(5(1,0) - 5(1,1)) (1-7s)]’

since 0 < 75 < 1.

Thus, we have shown that 1A5<'0’0> — 1A2‘0,0) as g — oo.

Convergence of 13?0,0) to 1B},

We want to show that:
1B?0,0) 92> lBZO,O) (3.50)

1
SR-nE-D -7 (3:51)

(X<111>S(1)0> — X(I,O)S(l,l)) (1
(S0 = San)

(X - X(l 0) (1-7,)

(5(1,0) Sa 1)) 1-7s) (To = 7s) S0 | (3.52)

_To)+

where we have written ; BY, o, in a different way to that given in (3.4).
Using (3.44) and (3.40) we can eliminate the previous bonds and deltas by repeated substi-

tution. The algebra is even more demanding than in the case of the delta above. Eventually

we find:
(X(l 1)5(1 0 —Xq 0)5(1 1)) l g : g1 )
oo = R (S, ) (=Y)"(3) + 2 (=Y) (1) A= 70) (3.53)
<0,0) R (S(I,O) - S<1’1)) ; ( ) ; ( +1)
(X0 — X)) g9-1 i |
+ ’ : To—Ts S -Y ; + 1 Te —To TJ ’
R (S0~ Sa) ( ) S0 ;( y [ 1) Z 7 ) ]
where,

[R—Tp(R—1) —*ro]-

= (3.54)

Y =
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(X @150 =Xu0Say)

So we actually want to show that for the R(Sa0—51) term,
g -1
gli_)no)o [Z )+ Z (31 YA-To)| =Y (1 =7,), (3.55)

1=0 1=0

£ 1.0=Xa1)

and for the R(Se.00—Siwa)) term,
lim Z( Y) [ ) + 91— (99 (75 —To)Tj—l] y-1 (1- ) (3.56)
g—o0 i+1 j=1 i+1 s (1 - Ts)

S1,00— . . .
The XanS00-X0.050m) o The first term in the square bracket of (3.55) is straight-
R(S(1,0=S(1,1))

forward as this is a binomial series:

S (Y () =a-Yy. (357)

i=0

The second term in the square bracket of (3.55) is almost a binomial series, but we need to

play around with it a little:

g—-1
(1 - TO) Z (_Y)i (iil) = (1 - TO) ng

1=0

where,
So= () -Y@+Y2(Q) -Y* @ +..+ (V) (9] (3.58)

We want to find S;. If we start with a binomial series multiplied by (——Y)—]L we get:

YT (1-Y) = YT+ () -Y()+YE) + -+ (Y)Y (3.59)
= Y148,
Therefore:
Sy=Y1-vY1(1-Y) (3.60)



(X(1,150,0=X1,05,1))

t is:
R(S50,0=S1,1)) erm 18

Bringing it all together we find that the

SO+ () A=) =0 - +1-r) Y 1= (1 -Y)]
i=0

Because 0 <Y <1 (as we will show below),

gli_{l;lo A-Y)Y+(1-7)Y 11 -(1-Y)]=(1-1,) YL (3.61)
Therefore,
Jim Y (-y) [(g) +(5) Q- 70)] = (1-To) Y], (3.62)
=0

which is as we require from (3.55).

. . X180y~ X (1,08 .
Subject to proving that 0 <Y < 1, we have shown that the XanSo.o-Xa.0Say) term in
R(Su,0-Su.1)

(3.53) converges to the correct quantity as g — 0o.

X,00—X(1,1)
The R(50,00=5(1,1)
of (3.56) as Sy. Therefore:

term We can immediately recognise the first term in the square brackets

gf: CY)' (L) =Y -yl -Y) (3.63)
=0

from (3.60).

After further time-consuming algebra we find that the second term in the square brackets
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of (3.56) is:

g—1—1

Z( ~Y)' E (&) (rs — 7o) 7571 (3.64)

(7)) =Y (73) + Y2(5) = Y37 + ot (V)2 () |

7 {7 ~ ¥ () + V2D + o+ (<Y (4D))
(°2°)

— ) +Y2(95%) + .+ (-Y)! (523)}

Applying the same method that we used to find (3.60) to each of the series inside the square
brackets of (3.64), we find:
g—1—1i

g—1
Z( -Y)’ Z 7)) (15 — 7o) 77! (3.65)
=0 j=1

-

Y l-v1(1-y)!
+r Y-yt a-v)?}
+r3{yl -yl (1-v)?)
...

+r Yy -y (- )}
+r Y1 -y (1Y)}

(Ts = To)

We can re-write (3.65) as two series in the following manner:

g—l g—1-—1 )
(=Y) > (&) (re—To) i (3.66)
=0 j=1

= (Ts—To) Y1 x
14+7s+ 724+ 4783 47972
_ {(1 YY) (1= Y)Y 21— Y)Y R (1Y) 2 (1 Y)}
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The first series in (3.66) is a geometric one and it is straightforward to show that:

(-7 6

14 Te 4724 47934792 = =72
— /s

The second series in (3.66) needs a little more work:

Qua=0-Y)Y0 47,0 -Y)9 24+ 720-Y) 3+ . +79301-Y)2+792(1-Y).
g s s

(3.68)
So:
(12—8},)@9_2 =T (=YY 242 (1Y) P -y L (3.60)
Subtracting (3.69) from (3.68) gives:
Lo = (1-Y)yt—rg!
Qg—2 — a—_},—)Qn~2 = (1-Y) —Ts
T - -
Qg2 (1 -4 —sy)> = (1-Y) 1791,
Therefore,
1-Y — _
Qg2 = (_—(1 d 7 ) ) (a-vy ) (3.70)
S
Bringing it all together we find that the X007 Xw0) torm is:
R(51,0)=S(1,1) '
9-1 , g—1—i . .
Z (-Y) [(zil) + Zj=1 (g;f) (Ts — 7o) 7'?9_1] (3.71)
=0
1-(1-Y)

-1

+(7s = 7o) [Q(I:i:)l) - ((1(—1;)},—)1'3) ((1 -Y)t - Tg_l):|
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Because 0 < 17, < 1, and as we will show below, 0 <Y <1,

lim Y! by -1
I +(Ts = 7o) [(l(;zi,)) - ((1(_1;)}/—)“) ((1 —-Y) - Tg_l)]
= ]

o1 [ =T0)
-7 =)
Therefore,
g-1 . g—1-i , . i— -1 —To
i 3 [0+ 350 G e = v [T

which is as we require from (3.56).

Subject to showing that 0 <Y < 1, we have shown that 1B?0 0~ 1BZ*O 0y @ g — 0o

Proof that 0 <Y <1

We know that R = exp [r%] , where r is the annual risk-free rate. Because r > 0, R > 1.

1 < R,
0 < R-1,
-(R-1) <0

Since 0 < 7 < 1:

—(R—1) < -my(R—1) <0.
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And since 0 < 7, < 1:

~(R-1)-1 < —71y(R—1)—7, <0,
R < -1y(R-1)—7,<0,

-1 <0
< R > Y,
—Tb(R—-l)—-TO
<1
0 <1 ( R < 1
0 < R—’I’b(R—l)—ToSl
R
Therefore,
O0<Y <1

With the following conditions satisfied we know that the one-period algorithm will converge

to the correct X (*0,0):

IN

Tp < 1,

IA

Ts <1,

To <1,

N o o o
IA

v
—t

3.4 Summary
The following summarises the main results of this chapter:

1. In the non-recombining tree environment we have 2V*! — 2 unknowns (being the deltas
and bonds at each node) and 2V+! — 2 linearly independent equations. Therefore we can

find NAZO,O) and NB0) (and hence y X 60,0)) by solving the equations simultaneously.

2. Using the simultaneous equation approach we derive a general form for NA’&. i) (the deltas
at every node) and NBZ‘O 0y These equations are used to form the basis for the simulta-

neous equation algorithm, which finds the tax-adjusted hedging price of the option. This

89



algorithm is computationally faster and less demanding on memory, than the tax-adjusted
hedging algorithm of Chapter 2. Empirically we note that the two algorithms find exactly

the same price, as we would expect since NA’ZO 0) and NBZ‘O 0y are unique.

. The simultaneous equation approach allows us to find an analytic formula for the tax-
adjusted hedging price of the option. For the one-period case, two theorems are proven

for the situation where 7, = 74, T, = To = T¢g, and 7; > T¢g.

. For the one-period case we demonstrate that the tax-adjusted hedging algorithm of Chap-
ter 2 converges to the analytic formula for the option price as the number of iterations

goes to infinity:

147

0 1A?0,0) as g — oo,

1Bl — 1Bfog) as 9 — 0,
and therefore,

1)('2"0,0> — 1XZ‘0,0) as g — oo.
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Chapter 4

The Tax-Adjusted Option Price
when the Tax Year-End Occurs

During the Option’s Life

4.1 Introduction

In this chapter we allow a tax-year end to occur during the life of the option. This relaxes the
assumption given in Section 1.4.2, that the tax falls due at the maturity date of the option,
at the final nodes on the tree. The approach we take is the same as that of Chapter 3 as we
consider the problem to be one of formulating and solving a system of simultaneous equations.

In Section 4.2 we set up the framework that we are working in and formulate the system of
equations that we need to work with. In Section 4.2 we also derive the general form for the
delta at any node for N-periods, and the general form for the bond at the initial node. These
general forms constitute the basis for the tax year-adjusted simultaneous equation algorithm
of Section 4.3. In Section 4.4 we look at some option prices obtained from the algorithm and
compare them to equivalent prices obtained when the tax year-end coincides with the option’s

maturity.
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4.2 The tax year-end occurs during the life of the option

Here we allow the tax year-end to fall at any time during the life of the option. Figure 4.1
illustrates the situation in which the option’s life spans a tax year-end. We have the following

additional assumptions:

1. To simplify the analysis, we impose the restriction that the option has a maturity of one

year or less.

2. The option is tax marked-to-market at the first tax year-end. This is explained in Section

4.2.1.

T = maturity of option

N = number of periods until maturity
m = period when current tax year ends
h=T/N

v

1 year to next tax |

year end :

|

|

! |

| |

| |

| |

< >

: T-mh 1-(T-mh) :

. I |

Current tax year end Option maturity Next tax year end
Period m Period N Time mh+1
Time mh Time T

Figure 4.1: The tax year-end occurs during the life of the option

Notes to Figure 4.1

1. Figure 4.1 shows a four-period binomial tree (a recombining tree is shown for simplicity,

although we still require a non-recombining tree) with the tax year-end at period m(=
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2), which occurs at time mh (since the first node on the tree is at time zero, and the

discretisation interval is h).

2. The next tax year-end will occur one year later, at time (mh + 1), and this is marked

towards the right side of the figure.
3. The length of time between the maturity of the option, at time 7T, and the next tax
year-end is given by (1 — (T — mh)), or equivalently by, (1 — (N — m)h).
Approach to the problem

We will use the simultaneous equation approach, advocated in Chapter 3. This seems the best
way to tackle the problem since we now have two tax charges to calculate, one for each tax
year. Consequently we need to alter the equations, compared to the situation in Chapter 3, to
take account of the tax charge that is paid (or received, if a loss) during the life of the option,

at period m. Let us now formulate these equations.

4.2.1 Formulating the system of equations

We have two tax years to deal with. We will look at them separately.

The first tax year: periods 0 to m

For each of the (7, ) intermediate nodes, where i = 1,2,...,m — 1, we have equations of the

form:
NG5Sty T R NBG -1y = NG5 S6us) T NBij)s (4.1)

being the self-financing property of the hedging portfolio. The leading subscript denotes the
maturity period, and the leading superscript the tax year-end period.
When we get to period m the above equation does not apply because we have to take into

account the tax charge on the transactions that take place during the first tax year. We have
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the following equation:

N AT 1yStmag) = Ts D+ Nmji—ky (Stm—k+1) = Stm,s,—ky) (42)

J/

—
ATScm,j>

+R {0 (B=1) (30 RBimsi))

/

ATBm s>

—To ((}(}A’ZO’O)S(O,O) + 7NnB2‘0,0)) - mktX(m,j))

N /

ATO(m,j>
m A *

= NAimjSma) + NBims)-
The above equation is of a similar form to (3.1). Let us look at each of the elements of

(4.2) in turn:

ATS<m j» This is the usual after-tax stock position, this time relating to the stock transac-

tions that take place in the first tax year.

ATB<pmj> This is the usual after-tax bond position, this time relating to the bond transac-

tions that take place in the first tax year.

ATOcm,j> This is the tax marked-to-market option position at the end of the first tax year.
The writer has a gain (equal to (A?O,O)S(O,O) + BZ0,0>)) from the sale of the option at time
zero, and is assumed to have bought it back (nominally, for tax purposes) for m’“tX<m,j), which
represents the market price of the option at the tax year-end. The net position of the two,
multiplied by the tax rate that applies to the option, gives the marked-to-market tax charge
relating to the option.

We will discuss how we determine ™*X,, . in Section 4.3.1.

Alm.g)

tax year, and would, of course, be equal to zero if the option had expired at the end of period

Sim) + BZ‘m i) This term is the value of the hedging portfolio at the start of the new

m.
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The second tax year: periods m+1to N

For each of the (7, j) intermediate nodes, where i =m + 1,m+ 2,..., N — 1, we have equations

of the form:
NO%j-1S6s) T RNBG 1y = NAL 65 T FB)s (4.3)

being the self-financing property of the hedging portfolio.

At the final nodes, at maturity, we have:

N—m *
NAIN G-y = Ms D RN -k (Svs—ka1) = Sivs—ky) (4.4)

~ J/

ATS(N-m,j)

N-m

J

ATB(N—m,3)

‘((1 = ATo)X(wj) + Ao "X (N,j,—N+m>) =0,

. J

ATO(N—m,j)

where A\ = exp[—(1 — (N — m)h)r] and is a discount factor used to recognise the fact that the
tax charges relating to the second tax year are not payable until the end of the second tax year,
which occurs after the option has expired at time (1 — (N — m)h) (see Figure 4.1).

In (4.4) ATO(N_pm,jy includes the market price of the option at period m on the path that

leads to node (N, 7). This time ™ X (N,j,—N-+m) appears as a gain, whereas in (4.2) it appeared

)j)

as a loss, as we require when marking-to-market.

Solving the equations

We obviously still have the same number of unknowns (2V*! — 2) as in Chapter 3. We also
have the same number of linearly independent equations (2V+! — 2), although some are now
of the form of (4.2). Therefore, we can solve them simultaneously to find unique A’(*i, ;5 and
Bz;.,j)s and consequently a unique X 2‘0’0), the tax-adjusted hedging price of the option.

Let us now look at the two-period case, being the simplest given we want a tax year-end to
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occur during the option’s life.

4.2.2 The two-period case

We have six unknowns and six linearly independent equations.

Given m = 1, we have two equations, relating to the first tax year, of the form:

A0Sy — 75 3% 0) (Sws — S00) + R3Bjog — e (R—1) 3B
~To ((%?070) S0 + 5Bfo,o>) - X <1,j>) (4.5)

1A% 1 px*
2805515 + 2B

where 7 =0, 1.

We have four equations, relating to the second tax year, of the form:

%A&,j,—-l)s(?,j) — ATs 5A2‘2,j,—1) (S(Z,j) - S(2,j,—1)) (4.6)
+R 3By 1y — Mo (R=1) 3B,y — (1= Ar0) Xpoy = ATo ™ X5 1))

= 0,

where 7 =0,1,2,3.

Solving the system of six equations simultaneously, we get:

I ) (X2 = Xipaysn)
2R T (1= My) (Siaziy — Sezity)

4.7)
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where j =0, 1;

1

2A%0 = X (4.8)
P00 T (Spe — Say) (1= 74) [R = Arp(B = 1)]
+ (1 — /\To) (X(2,0) — X<2,2))
- (mktX(Lo) - mktX(l,D) To [R - )\’T’b(R - l) - )\]
1A% S(g,o) - S<1’0> (R — )\Tb(R — 1))
— 28%,0) ,
| San-Sa0) |
S - S R—-)Ary(R—1
TRVOUN ( b(R—1))
i | =M. (Se2) — Sa) 1
and,
2By = : x (4.9)
: [R—T7p(R—1) — 75 [R — ATp(R — 1)]

[ + (1= A7y) X(2’0>

— 7o ™ X 1 o [R = ATy (R —1) =

- %A’fo,o) [St1,00 = Ts (S0 — S10,0) — ToSi0,0] [R — ATe(R — 1)]
+S(2,0) = S(1,0) (R = ATp(R — 1))

— 1A
=75 (St2.0) = Siop)

(1,0)

L

4.2.3 Multiple periods

We can work through the algebra for two, three and four periods in an attempt to find a general
N-period expression for ’N"A’&’ iy representing all the deltas in the N-period environment where
i=0,1,..,N—1,7=0,1,...2° —1, and 0 < m < N, and an expression for K}B’(“O’O). As with
Chapter 3, the algebra quickly becomes extremely involved; going to four periods means we
have 30 equations to deal with.

The expressions for ’II}B(M> and K,‘A’Zz.’j) are given below. Appendix D contains the deriva-

tions.
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7NnBZO’O) (4.10)
= 1 .
R™ — 7o —Tp(R—1)Y 00, lRa][ ATb(R_l)ZN i 1Ra]
+ (1 = A16) Xn )
N-m~—1
—1, mktX<m,0) |:RN—’m R - /\Tb(R - 1) 20 Rﬂ]
- —TOS(O,[)) —Ts (S 1,0) — S(O 0)) RN N—
N20,0) +Sao (Rm_l —7o(R—1) Z R“) =ATp(R—1) Z Ra
) a=0 .
—Ts (S(a+l,0) - S(d,0>)
R™a
m— _S<a'70 ke RN_m
- ZI mA* ) —Tp(R—1) > R’ N-m-1
2 N30 b=0 -AMp(R-1) Y R
Rm—a-—l b=0
+S . m—2—a
(a+1,0) —Tb(R _ 1) E Rb
X b=0 - N—-1-a
. 77y (Swsno) — Seny) - S ( RN=° _\ry(R—1) 3 Rb)
B Z mA* b=0
a=m (a,0) N—-a—1 e b
+S(a+1,0) R - }\Tb(R - 1) bZ%) R
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NATg) (4.11
1
= X

B (St+1,25) — Stit1,2541))

+ (1 - ATO) (.X(N’ij—i> - X(N,(2j+1)2N_i_1)>

RN-m _
~Ticm ("X g jom—ty = "X, @2j41)2mi-1)) To an(R—-1) 3% s
[ [ a:r?—?—a b 7 ]
+S(a+17j2a+1-—i> (Rm_a_l - Tb(R — 1) Z R )
b=0

m—1—a
facm |~ 4201 (R’"—“—rb(R—l) > Rb)

L —Ts (S(a+11j2a+1—i) - S(a,j2“_i)) i
N-1 [ RN-m
X

mA* 19a—1

N (a,j2e—1) _/\Tb(R— 1) l])\lz—om—l Rb ]

S geriy (RN —Ary(R—1) 55 RS
+5(a41,520+1-1) Tp( ) E)

I N—-1l-a
a>m —S(a,jza—i) (RN—G — )\Tb(R - 1) b_ZO Rb)

a=i+1

I I —ATs (Star1,201-3) = S(a,j20-4)) |
Rm—a—l

m—2—a

+S(at1,2j+1)20—%) B R
b=0

Iocm Rm—a
m—1—a

—Sa ; a—i—
CRETI nm-1)" L R
b=0

| 7T (S(a+1,(2j+1)2a—i) - S(a,(2j+1)2a~i—1>)

RN—m
NZ—I A
+ VAT ; a—i— X N-—m—1
asipy N @D “A(R-1) Y. R
a b=0 )
(RN—a—l
+S i a—i N—-2-a
{a+1,(2j+1)22-%) \—/\Tb(R——]_) E Rb
b=0

IaZm RN-a

—S(a,@2j+1)20-1) ~1-a

\ —Ap(R—1) Nz R®
b=0

- L —ATs (S(a+1,(2j+1)2a—i) - S(a,(2j+1)2a—i—1>) |
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where:

if i <m,
RN—m R’m—l—i -
g = ’ , (4.12)
—Arp(R—1) YN =1 ge —m(R-1) ™2 R
if it >m,
B=|RN=1_ar, < dr(R-1)S TR (4.13)
S a:0 ) M
and,

lifa<m
Ia<m =
0 otherwise

etc.

We can see that (4.10) and (4.11) are similar to (3.6) and (3.5). The main driving factor
behind the additional terms we have in (4.10) and (4.11) is the relationship between the quan-
tities we are calculating and the tax year-end. For example, if we are calculating the deltas at
period-i we need to know whether ¢ is greater than or equal to, or less than, m because this

determines the delta coefficient, 3, as given by (4.12) and (4.13).

4.3 The tax year-adjusted simultaneous equation algorithm

We can use (4.10) and (4.11) to form an algorithm that finds the tax-adjusted price of an option,
when a tax year-end occurs during the life of the option. Before we look at the algorithm we
need to think about what to use as a proxy for the market prices of the option at the tax

year-end, since we obviously do not know these when the option is written.

4.3.1 Determining the market prices of the option

In Section 2.2 we discussed what we meant by the tax-adjusted hedging price and the tax-

adjusted no-arbitrage price of the option. If we are finding the tax-adjusted hedging price of
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the option then we are not arguing that the market prices of options follow their tax-adjusted
prices. In other words, the market prices of options are constrained by no-arbitrage arguments
that ignore taxation, rather than those that are tax-adjusted. In this case we will assume
that the market prices of options are equal to their CRR prices, since these are defined using
no-arbitrage arguments that ignore taxation.

If we are finding the tax-adjusted no-arbitrage price of the option, the market prices of the
option at the tax year-end must, by tax-adjusted no-arbitrage arguments, be equal to their

tax-adjusted no-arbitrage values.

Sub-algorithm: setting the market prices of the option at the tax year-end to the
CRR prices

1. Set 7 =0.

2. Set mktX &Rﬁ equal to the CRR price with the following parameters:

(a) Number of periods, N = N — m.
. . = _ T
(b) Time to maturity, T =T — m+;.

(c) Initial stock price, 5’(0,0) = Sim,j)-

(d) All other parameters are the same as for the tax-adjusted option we are pricing.
3. If j <2™ —1then j =3+ 1. Go back to Step 2.
4. End.
~ Sub-algorithm: setting the market prices of the option at the tax year-end to the
tax-adjusted prices

Note, in this algorithm the tax rates are adjusted by the discount factor, A. This is because
the maturity date of the option in the second tax year does not coincide with the end of that
tax year. Consequently, we need to discount the tax charge to recognise the fact that the tax

is not payable until some time after the option matures (see Figure 4.1).
1. Set j =0.
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2. Set ™kt X!z equal to the tax-adjusted option price (using the simultaneous equation

(m.j)
algorithm of Chapter 3) with the following parameters:

(a) Number of periods, N = N —m.
(b) Time to maturity, T =T — m%.
(c) Initial stock price, Si.0) = Sim,j)-
(d) The tax rates, Ty = ATy, Ts = ATs and T = AT,

(e) All other parameters are the same as for the tax-adjusted option we are pricing.

3. If j <2™ — 1 then j =7+ 1. Go back to Step 2.

4. End.

The tax year-adjusted simultaneous equation algorithm

As with the simultaneous equation algorithm of Chapter 3, the overall idea is to start at the

N — 1 nodes and move back through the tree calculating the deltas as we go. Once we have

the deltas we can find '](}BZ‘O,O), and hence X (*0’0).

1.

Set ™5 X, v equal to either ™*tX sz 5y Or mkt x (C;;fﬁ depending on whether we are finding

the tax-adjusted no-arbitrage price, or the tax-adjusted hedging price of the option. We

use the relevant sub-routine given above to achieve this.

. Seti=N-—1.
. If i <m, Iy = 1 otherwise L« = 0.

. Set 7 =0.

*

. Using Equation (4.11), compute A i.3) and store in an array. This requires a sub-routine:

(a) Seta =i+ 1.
(b) If a < m, Iscm = 1 and Iz>m = 0; otherwise iy, = 0 and Iy>m = 1.

(c) Set sum_upper delta = sum_lower delta = 0.
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(d) Form the two coefficients, upper coef ficient and lower _coef ficient, to TIG‘A?&,jZ"_i)
and %Az‘a,@j +1)20-i-1) respectively (given we know Ig<m and Ig>m).
(e) Set:
i. sum_upper delta = sum_upper _delta— %A?a,jza—i) x upper _coef ficient;
ii. sum_lower delta = sum_lower delta+ WAza,(2j+1)2°“‘1) xlower _coef ficient.
(f) fa< N -1,
i. then, a = a + 1; return to Step 5b;

ii. else, go to Step 5g.

(g) Compute R}Az‘i,ﬂ and store in an array. We can calculate %A’&’ﬂ here because

we have found sum_upper delta (which equals the — ivzj-_l,_l TJGAza,ﬁa—i) term in
(4.11)) and sum_lower_delta (which equals the + 3271 NA (254+1)2e-i-1y term

in (4.11)), and all the other terms are known or are straightforward to calculate.

(We know I;<n, and so we know which version of 3 to use - either (4.12) or (4.13).)
6. If j < 20— 1,

(a) then, j = j + 1; return to Step 5;

(b) else, go to Step 7.
7. Ifi>0,

(a) then, ¢ =14 — 1; return to Step 3.

(b) else, go to Step 8.
8. Using Equation (4.10), compute }(}BZ‘O’O). This requires a sub-routine:

(a) Set a=1.
(b) Set sum_delta = 0.
(c) Form the coefficient (coef ficient) to 7 (a0’
i. If a < m, then use the — 57! NA7, o) sum in (4.10) to form the coefficient;

ii. else, use the — Zflv:"nll NA7, ) sum in (4.10) to form the coefficient.
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(d) Set sum_delta = sum_delta— ’N"Az‘a joa—iy X coef ficient.

(e) fa< N -1,
i. then, a = a + 1; return to Step 8c;

ii. else, go to Step 8f.

*

(f) Compute nBlo,)> given that we have found sum_delta which equals the ﬁA(am

term in (4.10), and all the other terms are known or are straightforward to calculate.
9. Compute [FX (*0,0) = %A?O,O)S(O,OY*_ ’N"BZ*QO).

Memory requirements and speed of computation

The tax year-adjusted simultaneous equation algorithm has been implemented in C++ using
a 633Mhz, 512MB Pentium III PC. The algorithm is more demanding on memory than the
simultaneous equation algorithm of Chapter 3, since we have to store the values for the market
price of the option at the tax year end m, and the size of this array increases approximately
as 2™. In fact, from Table 4.1 we can see that the memory requirements vary depending on
whether we are using mktXf;f,j) or mktX(Cnfﬁ for the market prices of the option. The tax-
adjusted market prices require more memory because we have to use the simultaneous equation
algorithm of Chapter 3 and this algorithm is more demanding on memory than a CRR procedure
(whose memory requirements grow linearly with the number of periods).

The speed of computation slows with an increase in the number of periods because the
number of deltas to be computed increases as 2. Table 4.1 shows that if we are using tax-
adjusted market prices for the option, the speed of computation is slower than for CRR market
prices. Again, this is due to the fact that we have to use the simultaneous equation algorithm
of Chapter 3 to calculate the tax-adjusted market prices, and this algorithm is much slower
than a CRR procedure.

The parameters used to compile Table 4.1 are: S = K = 100, = 0.05,0 =0.25,T = 1,7, =

0.4,75 = 0.3,70 = 0.2.
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Periods, N | Option marked to CRR price (m=N-2) | Option marked to tax-adjusted price (m=N-2)
3—-14 <1 <1
15 <1 1
16 1 2
17 2 4
18 4 6
19 6 10
20 15 21
21 30 45
22 60 135
23 120 Memory requirements too great
24 300 Memory requirements too great
> 25 Memory requirements too great Memory requirements too great

Table 4.1: CPU time (s) taken for the algorithm to find the tax-adjusted price

4.4 Results

The results are presented in Tables 4.2 and 4.3. The three cases examined in Section 2.4.1 are
looked at again, this time using the tax year-adjusted simultaneous equation algorithm. The
percentage differences between the prices obtained here and those obtained in Chapter 2 (where

the tax year-end coincides with the option’s maturity) are given for comparative purposes.
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Tax rates Call mkd-to-mkt with CRR price | Call mkd-to-mkt with tax-adjusted price
Ty Ts To Price % diff Table2.2 Price % diff Table2.2
0 0 0 | 12.4876* 0.00 12.4876* 0.00

025 0 0 11.8834 +0.01 11.8834 +0.01
0.4 0 0 11.5258 +0.03 11.5258 +0.03

0.25 0.25 0.25 | 12.4876 0.00 12.4876 0.00
04 025 0.25| 12.0009 -0.01 12.005 +0.02
04 04 04 | 12.4876 0.00 12.4876 0.00
0 0 025 12.2854 -0.02 12.2878 0.00
0 0 0.4 | 12.0851 -0.08 12.0943 0.00

025 025 0 12.6413 -0.003 12.6413 -0.003

025 0.25 0.4 | 12.3348 -0.02 12.3377 +0.005
04 04 0 12.735 -0.01 12.735 -0.01
04 04 025] 12611 +0.003 12.6099 -0.006

025 0 0.25| 11.7316 -0.05 11.739 +0.02
0.4 0 0.4 | 11.2818 -0.14 11.3018 +0.04
04 025 04 | 11.8784 -0.06 11.8885 +0.03

. Table 4.2: Tax-adjusted call option prices where the option’s life spans a tax year-end

*Indicates CRR price
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Tax rates Put mkd-to-mkt with CRR. price | Put mkd-to-mkt with tax-adjusted price
Th Ts To Price % diff Table2.3 Price % diff Table2.3
0 0 0 | 7.6105* 0.00 7.6105* 0.00

025 0 0 | 8.17762 -0.02 8.17762 -0.02

0.4 0 0 [ 8.53392 -0.04 8.53392 -0.04

025 025 0.25| 7.6105 0.0 7.6105 0.0

04 025 0.25] 8.06393 +0.02 8.06008 -0.03

04 04 04 | 76105 0.0 7.6105 0.0
0 0 0.25 | 7.48732 -0.02 7.48876 0.00
0 0 0.4 | 7.36522 -0.08 7.37085 0.00

025 025 0 | 7.70421 -0.003 7.70421 -0.003

0.25 0.25 0.4 | 7.51741 -0.02 7.51919 +0.006

04 04 0 | 7.76132 -0.01 7.76132 -0.01

04 04 0.25] 7.68571 +0.003 7.68508 -0.005

025 0 0.25| 8.08275 +0.04 8.07816 -0.01

0.4 0 0.4 | 8.38109 +0.12 8.36808 -0.04

04 025 04 | 7.98821 +0.06 7.98186 -0.02

Notes to Tables 4.2 and 4.3

Table 4.3: Tax-adjusted put option prices where the option’s life spans a tax year-end
*Indicates CRR, price

1. The following parameters were used: N = 15,m = 4,5 = 100, K = 100, = 0.05,0 =

0.25,T = 1.

2. The top six rows contain the results relating to Case 2.1.

3. The following six rows contain the results relating to Case 2.2.

4. The bottom three rows contain the results relating to Case 2.3.

5. Where duplication of results would occur in two or more of the three cases, only the first
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instance is included.

Key results contained in Tables 4.2 and 4.3

Option prices produced using the tax year-adjusted simultaneous equation algorithm show the

following:

1. The price differences with respect to option prices in Tables 2.2 and 2.3 (obtained from
the tax-adjusted hedging algorithm where the tax year-end coincides with the option’s

maturity) are very small, being of the order of 0.01 percent.

2. When 7y = 7, = To, § X(5 0y = X<CO,%§Z'

3. Put and call prices, when tax rates are not all equal, move in opposite directions when
compared to option prices in Tables 2.2 and 2.3, except for those in Case 2.2 where the
price differences are the same whether the option is a put or a call. For example, if the
call price is below its value in Table 2.2 then the corresponding put price is above its value

in 2.3.

4.5 Summary
The following summarises the main results of this chapter:

1. We relax the assumption that the tax year-end coincides with the maturity of the option
and allow a tax year end to occur at period m, during the life of the option (we impose

the restriction that the option’s life is less than or equal to one year).

2. We have to consider two tax years: the first, which ends at the end of period m during the
life of the option, and the second, which ends one year later, after the option has expired.

Therefore we have two dates when the tax is due and we alter the equations accordingly:

(a) At first tax year-end when we move from the (m,j, —1) nodes to the (m,j) nodes
we pay the tax liability due on the transactions that took place in the first tax year

and form the hedging portfolio at the start of the second tax year;
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(b) At the second tax year-end we pay the tax liability due on the transactions that took
place in the second tax year. Given the second tax year-end occurs some time after
the option has expired, we discount these cash flows back to the expiry date of the

option.

3. We assume that the option is tax marked-to-marked at the first tax year-end. This
requires us to have a proxy for the market prices of the option at this tax year-end.

There are two choices:

(a) The CRR prices, if options are valued using no-arbitrage arguments that ignore

taxation. In this case we are finding the tax-adjusted hedging price of the option.

(b) The tax-adjusted hedging prices, if options are valued using tax-adjusted no-arbitrage
arguments. In this case we are finding the tax-adjusted no-arbitrage price of the

option.

4. We have the same number of unknowns as linearly independent equations (2V+! — 2) as
in Chapter 3, and so we can find WAZ‘O,O) and 'N”BZ*O,O) (and hence X ?0,0)) by solving the

equations simultaneously.

5. Using the simultaneous equation approach we can derive a general form for 2‘1., i) (the
deltas at every node) and NB’(.:O,O)' These equations are used to form the basis for the tax
year-adjusted simultaneous equation algorithm, which finds the tax-adjusted hedging price
of the option when a tax year-end occurs at period m. This algorithm is computationally
slower and more demanding on memory than the simultaneous equation algorithm of

Chapter 3, because we have to find the market prices of the option at the tax year-end.

6. We see that the option prices we obtained using the tax year-adjusted simultaneous equa-
tion algorithm show a difference, of the order of 0.01 percent, with respect to corresponding
prices obtained using the tax-adjusted hedging algorithm of Chapter 2 (or equivalently,

the simultaneous equation algorithm of Chapter 3).
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Chapter 5

The Tax-Adjusted Binomial Option
Pricing Model and Convergence to
the Tax-Adjusted Black-Scholes

Equation

5.1 Introduction

In Chapter 1 we looked at an extension to the Black-Scholes PDE, derived in Scholes (1976),
which incorporates tax into the model. The resulting PDE was termed the tax-adjusted Black-
Scholes (taBS) equation, and its derivation is contained in Appendix A. We know that the
original binomial option pricing model converges to the Black-Scholes model as a special limiting
case (Cox (1979)). In this chapter we will look at an analogous discrete-time option pricing
model with taxes (Section 5.2), which converges to the taBS model (Section 5.3), again as a
special limiting case. This tax-adjusted model we will call the “tax-adjusted binomial option
pricing model” (taBOPM).

Section 5.4 presents an alternative to taBS, the “generalised tax-adjusted Black-Scholes”
(gtaBS) equation, which does not assume the derivative is taxed as income, as is the case in

taBS.
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Throughout this chapter we are looking at the “tax-adjusted no-arbitrage price” of an
option, and so we make the assumption that all market participants have the same tax position
(i.e., are subject to the same tax rates, have the same ability to use losses to offset other gains,

and their tax is due for payment on the same date).

5.2 The tax-adjusted binomial option pricing formula

This section uses the same framework as CRR to develop a tax-adjusted binomial option pricing
formula for a European call or put. This means we are working in a recombining binomial
tree environment, where there is a linear relationship between the number of periods and the

memory requirements.

5.2.1 The single-period setting
Assumptions

We assume that the stock price follows a binomial process over discrete periods. The rate of
return of the stock over each period can have two possible values: u© — 1 with probability q, or
d — 1 with probability 1 — q. Thus, if the current stock price is S, the stock price at the end
of the next period will be either uS or dS. We evolve the stock price on a pre-tax basis since
the option payoff is determined pre-tax.

The other assumptions are listed below:

e The interest rate is constant;

e Individuals may borrow or lend as much as they wish at the interest rate;

There are no transaction costs, or margin requirements;

The stock pays no dividends;

The option writer has other gains that can be offset with losses;

The tax is due at the end of the period.
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We require that there be no arbitrage opportunities involving the stock and riskless bor-
rowing or lending, on an after-tax basis. Therefore, we need to define the tax-adjusted total

returns.

The tax-adjusted total returns

The total return for an up or down movement in the stock price can be adjusted to take into
account the tax on the transaction. Since stock transactions are associated with capital gains,

the relevant tax rate is 74, the capital gains tax rate.

Definition 5.1: The tax-adjusted total return for an ‘up’ movement in the stock

price

ur=u— (u—1)Tg. (5.1)

Definition 5.2: The tax-adjusted total return for a ‘down’ movement in the stock

price

& =d—(d—1)7e. (5.2)

The total gain (loss) from investing (borrowing) at the risk-free rate will be taxed as income,

and so the relevant tax rate is 7;, the income tax rate.

Definition 5.3: The tax-adjusted total risk-free return

R*=R—-(R-1m, (5.3)

where R is one plus the risk-free interest rate over one period.

The no-arbitrage condition

We can now apply the no-arbitrage condition that must exist at every period on the tree on

an after-tax basis, since we wish to value options on an after-tax basis. This is similar to the
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classical CRR case, but now we are using tax-adjusted total returns:

u* >R >d". (5.4)

The option

If the stock price moves up, the option price at the end of the period is given by X, (X, =
max[Su — K, 0] for a call and X,, = max[K — Su,0] for a put), and if the stock moves down the
option price at the end of the period is given by Xy (where d replaces u in the payoffs for the

up state). We need to work out the after-tax position.

Definition 5.4: The tax-adjusted option position for an ‘up’ move in the stock

X=Xy —To(Xu — X*), (5.5)

since the profit is X,, — X (the buyer has received X,, after paying X*, the initial price of the

option). The tax rate that applies to the option is 7,.

Definition 5.5: The tax-adjusted option position for an ‘down’ move in the stock

X3 =Xa—7o(Xg—X"), (5.6)

since the profit is X4 — X (the buyer has received Xy after paying X*).

The hedging portfolio

We form a hedging portfolio at beginning of the period given by A* of stock and B* of bonds
such that,

A*u*S + R*B* = X7, (5.7)
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and,

A*d*S + R*B* = X

Solving for A* and B* in (5.7) and (5.8), we find:

X —-X3
A* — u d
(u* —d*)S
and,
B — wX) —d' X,

(u* —d*)R*

If there are to be no arbitrage opportunities, it must be true that,

X* — A*S + B*
X:— X5 wrXi—d X2
(u*—d*)  (u*—d*)R*’

where X* is the current tax-adjusted price of the option.

The tax-adjusted risk-neutral probabilities
We can re-write (5.11) in the following way:

1
X* = o [m* X+ (1—-7%)X]],

where,

_ (R* _ d*)
T W)

*

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

Now 7* is always greater than zero and less than one, so it has the properties of a probability.

It is the value that g, the real probability of an up move, would have if investors were risk-

neutral on an after-tax basis. In an after-tax risk-neutral world the after-tax expected rate of
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return on the stock would be the after-tax riskless interest rate. Thus:

q(u*S) + (1 — q)(d*S) = R*S, (5.14)
and,
_ (B -d)
T

Therefore 7* is the tax-adjusted risk-neutral probability.
We can derive 7* using an alternative method. Given the no-arbitrage condition in (5.4),

there exists a strictly positive number, 7*, that takes a value between zero and one such that,
m*u* + (1 —7%)d* = R". (5.15)

Solving for 7* we get (5.13)
Substituting (5.1), (5.2) and (5.3) into (5.13) we obtain the tax-adjusted risk-neutral prob-

ability for an up move in the stock price:

e R—d=(R=ri+(@d= 17
Cu—d~ (u— 1T+ (d—1)7¢g’

(5.16)

and for a down move:

. U—R+(R—-1)71;—(u—1)T¢
— 7= }
u—d—(u—1)Teg+(d—1)T¢g

(5.17)

We see that (5.16) and (5.17) collapse to their no-tax counterparts when the tax rates are
set to zero. We can also see that if 74 is set equal to 7;, (5.16) and (5.17) again collapse to

their no-tax counterparts.
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Risk-neutral valuation when 7, = 7;

If we substitute (5.5) and (5.6) into (5.12) we get:

1

Xt = & [T (Xu = To (Xu = X))+ (1 = 7%) (Xa — 7o (Xqg — X™))] (5.18)
- % (0" (1= 79) Xu 4 (1= 1) (1 — 7o) Xa + ToX"].
Rearranging we find:
X* R* -—_— To — (]- - TO) ['IT*X + (1 - W*)Xd] (5 19)
R* R* u . .
Therefore:
xt = (B2 e, + (v x (5.20)
R* — To u dj - .

If we substitute for R* using (5.3) and assume that the option is taxed as income (which is the

assumption made in Scholes (1976)) so 7, = T, we get:
* 1 * *
X* = = [1* Xy + (1 — 7%) X4] - (5.21)

The above equation uses the pre-tax discount factor, 1/R, and the pre-tax option values,

X, and Xj.

5.2.2 The multiperiod setting

The single-period analysis can easily be extended to a multiperiod setting, as is done in Cox
(1979). We assume that the tax is paid at the end of every period, and the option is taxed as

income.

The tax-adjusted binomial option pricing formula

The tax-adjusted binomial option pricing formula for a call option is given by:
c*BOPM — §ola;n, 7] — KR™"®[a;n,7*] (5.22)
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where,

" R—d—(R—l)Ti‘f‘(d_l)Tcg
u—d—(u—1)Te+ (d—1)T¢g
™ = 7w*(u/R)

K
a = the smallest non-negative integer greater than In (gd_"> /In (%)

c = 0ifa>n
n = the number of periods on the tree
®la;n,m*] = the complementary binomial distribution function.

See Cox (1979) for the derivation of the classical precursor to Equation (5.22), which is the
same as (5.22) except that 7* is replaced with =, the classical risk-neutral probability of an up
move in the stock price.

5.2.3 The effect of taxes on option prices
Theorem 5.1

Calls (puts) are valued by taBOPM at a level less (greater) than their CRR counterparts if the
income tax rate is greater than the capital gains tax rate.

More formally,

ctaBOPM CRR

taBOPM CRR

if 7;> 7.

Proof

Let us look at the effect of taxes on the tax-adjusted risk-neutral probability.
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We can write (5.16) in the following way:

R—d—(R-1)T;+(d—1)T¢
u—d—(u—1)Teg+ (d—1)T¢
R—d—(R-1)Ti+ (d—1)T¢

(u—d) (1= Te) .

Dividing by (R — d) gives:

™(u—d) R—d—(R-1)T;i+ (d—1)7
(R—d) (R—=d)(1—7¢) '

Substituting in 7 and adding zero to the right side gives:

™ RA-7i)—d(l —7¢g) + (Ti — Teg) + R(1 —7T¢g) —R(1—7cy)
™ (R—d)(1—7c) (R—d)(1—7e)
R(1—7i)+(Ti —Teg) — R(1 — 7¢q)

(R—d) (1 —T¢g)
(L= R) (7i = Tep)
R )1~ 7e)

1+

*

LA €l 1 G k) (5.23)

T (R—d)(1—Te)

Let us look at the terms on the right side of the above equation.

Numerator

(1-R) < 0,

(Ti = Teg) > 0, if T3 > Teq.

(1= R)(1i = T¢g) <O. (5.24)
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Denominator

(R—d) > 0,
(1-7¢) > 0.
=
(R—d)(1—17¢) >0. (5.25)

Overall Relationships (5.24) and (5.25) imply:

T
— =1 < 0,
T
,n.*
— < 1
T
Therefore:
<7

So the tax-adjusted risk-neutral probability of an up move is less than the CRR risk-neutral
probability of an up move, and as a result the tax-adjusted probability of a down move is
greater than the classical probability of a down move. Calls (puts) finish in the money when
the stock moves up (down), above (below) the strike price. Consequently, if the tax-adjusted
risk-neutral probability of an up move is lower than the CRR probability, calls (puts) will be
priced below (above) their CRR counterparts.

A numerical example

It is useful to consider a numerical example to see the effect that taxes have on the risk-neutral
probability. The parameters used are: S = K = 100,7 = 0.05,0 =0.25,T = 1,7, = 04,75 =
To = 0.25.

R—d

The risk-neutral probabilities for the CRR tree are found from = = =3, and we find using
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the parameters above:

T = 0.51693,

and,

1—m =10.48307.

The tax-adjusted risk-neutral probabilities are found from Equation (5.16), and we find for

the parameters above:

7 = 0.50796,

and,

1—7"=0.49204

Immediately, we can see that if the income tax rate is greater than the capital gains tax
rate, as is the case here, then the risk-neutral probability of an up (down) move is lower (higher)
with taxes than without taxes.

Applying the CRR risk-neutral probability and the tax-adjusted risk neutral probability to
a five period tree, with parameters given above, we find the prices of the options given in Table

5.1.

Option value | % difference CRR
CRR call 12.7946 0.0
taBOPM call 12.1888 -4.7
CRR put 7.91759 0.0
taBOPM put 8.30276 +4.9

Table 5.1: CRR vs tax-adjusted binomial model option prices

With reference to Table 5.1 we can see that a call priced under the tax-adjusted probability
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is less expensive than the CRR call, and a put priced under the tax-adjusted probability is
more expensive than the CRR put, as we expect from Theorem 5.1.
It is worth reiterating that the payoffs used in the tax-adjusted binomial model are exactly

the same as those used in the CRR model; the only change is the risk-neutral probability.

5.3 Convergence to the tax-adjusted Black-Scholes model

We can apply the method advocated in Section 2.6, which approximates the continuous-time op-
tion price from discrete-time prices, to taBOPM. Table 5.2 shows the approximate continuous-
time prices of put and call options obtained using discrete-time prices from the taBOPM and
CRR models.
0.05,0 =0.25,T = 1,7, = 0.4,7s = 0.25.

The parameters used to compile Table 5.2 were: N = 1000,S5 = K = 100,r =

Option value | % diff taBS Option value | % diff BS
taBS call 11.7186 0.000 Black-Scholes call 12.3347 0.000
taBOPM call 11.7192 0.005 CRR call 12.3359 0.009
taBS put 7.8365 0.000 Black-Scholes put 7.4576 0.000
taBOPM put 7.8371 0.008 CRR put 7.4588 0.016

Table 5.2: The convergence of the taBOPM to the taBS model

We can see from Table 5.2 that the prices obtained from the taBOPM for both calls and
puts are very close to the values calculated using the taBS model. In fact, the differences are
slightly smaller than those found when comparing CRR prices with Black-Scholes prices.
Theorem 5.2
The discrete time precursor to the taBS model is the taBOPM, in the same way that CRR is
the discrete time precursor to Black-Scholes.
Proof to Theorem 5.2

See the next section for the derivation of the implied continuous-time trading equation.
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5.3.1 The implied continuous-time trading equation

For convergence of the CRR model to the Black-Scholes model, the following three conditions
are required (Cox (1979)):

1. uzea‘/’—‘
2. d=eoVh
3. R=rl

Where t is the time to expiration, 7 is the number of periods in the tree, A is the discretisation
interval (also equal to t/n), r is the risk-free rate over fixed length of calendar time, and o is
the volatility.

The no-arbitrage equation in the tax-adjusted binomial model is given by:

Xy +[1—-7"Xq—-Rc=0, (5.26)

where X, is the option price on an up move in the stock, X, is the option price on a down
move, and X is the current call option price.

Equation (5.26), after substitution for the tax-adjusted risk-neutral probabilities derived
above in (5.16) and (5.17), becomes:

R—d—(R—11;+(d—1)7¢g u—R+(R-1)1;i— (u—1)T¢ _
w—d— (U= Do T (@=Dreg] T (4T d = (u = Dray T (@ = Dreg | 2~ X =0
(5.27)
We can also include the functional dependencies:
[u . (u—— l)Tcg n (d ) 2| X(uS,t—h) (5.28)

[u R+(R-1)ri—

u—d-— (u—l)'rcg+d ] (d5,t—h) - RX

= 0.
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After substitution for u, d, and R given by three conditions above, we get:

rh — e=oVh _ (rh — D7 + (e“"/ﬁ —1)T¢q
eoVh _ g—ovh _ (eoVh — )Teg + (e—aﬁ —1)T¢q
N { eVh _rh 4 (rh — )7 — (e"‘/ﬁ —1)T¢qg
eoVh —e=oVh _ (eoVh _ 1)1, + (e=oVR 1)
= 0.

} X(e°VhS,t — h) (5.29)

] X(e“’ﬁS,t —h)—rhXx

Teg

We can expand the “up” value as a Taylor series around X (S, t), keeping only terms mul-
tiplied by v/h or h, since the remaining terms become negligible as h becomes small. This

gives:

1 avh 2a X _ 8_X
&= 1)S g —h— (5.30)

0X

X(e°VES,t — h) = X(S,t) + (VP ~1)S5g +

The expansion for the “down” value is the same, except —ov/h replaces ov/h.

We can also expand the exponential functions and r* as Taylor series:

VR = 1+40vVh+ %Uzh + ... (5.31)
e VR = 1-ovVh+ %02h — (5.32)
™ = 14+hlnr+.. (5.33)

Substituting (5.30), (5.31), (5.32), and (5.33) into (5.29), and retaining only terms up to

order h, we obtain:

%X (1-m1i) 8X
— 2g2 —_— =
5ho S 552 T = )(1 )hS (lnm)hX(S,t) + R =0, (5.34)
where fR is the remainder term.

If we divide through by h, the 9/h term goes to zero, and we obtain the tax-adjusted
Black-Scholes PDE:

2528X (1- )(1 )Sa_X_(?_X_

% (01— 7og) 33 (In7)X(S,¢) = (5.35)
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5.4 An alternative tax-adjusted Black-Scholes equation

We have shown in Section 5.3 that the taBOPM converges to the taBS model in the same way
that the BOPM converges to the Black-Scholes model. We saw that when formulating the
taBOPM, the tax rate arising from the option transactions does not feature in the model if we
assume that the option is taxed as income (see (5.20) and (5.21)). The same occurs in the
derivation of taBS, shown in Appendix A: the income tax term in Equation (A.16) relating to
the bond and derivative cancels to give the taBS equation (Equation (A.17)).

However, what if we can’t assume that the derivative is taxed as income (it is more likely
to be taxed as capital gains)? In this case we have the following equation, which is given as

(A.16) in Appendix A where it is derived:

8‘/;, (1—7',') BV;,
ot T =7, 35,

1,00 (1-7)
T27 %55 T T A=)

V; =0, (5.36)

where 7, is the tax rate that applies to the option. We can write this equation in the following

way:
Ve . oV 12262Vt_h _
-é—t—+(r r)S’taSt+2aStast2 7V; =0, (6.37)
where,
N (1 - Ti)
7= =7 (5.38)
and,
o r(l —7i) (Teg — 7o) (5.39)

T (I-7e) (1-70)

Equation (5.37) is termed the “generalised tax-adjusted Black-Scholes” equation (gtaBS).

The solution for a the price of a European call, ¢, or put, p, is given by the following:

c=e"TUIN(d)) — Ke " TN (dy), (5.40)
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p=Ke T ON(=dy) —e " TGN (~dy).

where d; and dj are given by:

4 - In(S/K) + (r* — 7 + 30)(T - t)
v ovT —1t ’

d2 = dl—O'VT-—t.

5.5 Summary
The following summarises the main results of this chapter:
1. The tax-adjusted total returns are defined for:

(a) an up move in the stock price, u* = u — (u — 1)T¢g;
(b) a down move in the stock price, d* = d — (d — 1)7g; and,
(c) the risk free rate, R* = R — (R — 1)7;.

2. The after-tax positions in the option are defined as:

(a) X=Xy, —71i(X, — X*), for an up move; and,

(b) X7 =Xq—7:i(Xq— X"*), for a down move.

(5.41)

(5.42)

(5.43)

3. The taBOPM uses the tax-adjusted total returns and after-tax option positions to form

the tax-adjusted hedging portfolio and the tax-adjusted risk-neutral probability of an up

move in the stock price. Option valuation can be achieved either by recursively forming

the tax-adjusted hedging portfolio at each node, or by risk-neutral valuation using the

tax-adjusted risk-neutral probability.

4. Two theorems, relating to the taBOPM, are proven:

(a) Theorem 5.1 states that tax-adjusted calls (puts) are priced below (above) their

CRR counterparts if the income tax rate is greater than the capital gains tax rate

(Ti > T¢g), because the tax-adjusted risk-neutral probability of an up move is less

than the corresponding CRR probability; and,
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(b) Theorem 5.2 states that the taBOPM is the discrete time precursor to the taBS

model.

5. An alternative to the taBS equation, the gtaBS equation, is proposed that does not assume

that the derivative is taxed as income. The solutions to gtaBS for a put and call is given.
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Chapter 6

Conclusions

In Chapter 2 we take M&P’s work (in particular, Milevsky (1997a)) as a starting point and
develop a tax-adjusted hedging algorithm that finds the tax-adjusted hedging price for a put
or call option. We argue that the tax-adjusted hedging price can only be thought of as a tax-
adjusted no-arbitrage price if, and only if, all market participants have the same tax position.
The tax-adjusted hedging price is the price that the option writer must charge to be perfectly
hedged on an after-tax basis. If the tax-adjusted option price is greater than the CRR price,
then an option writer performing a classical CRR hedge will not be fully hedged on an after-tax
basis at the expiry of the option.

The tax-adjusted hedging algorithm uses a non-recombining binomial tree framework. We
calculate the after-tax positions for the three elements that are involved in delta hedging an
option at the final nodes on the tree: the after-tax stock position, which is given by the usual
CRR stock calculation at the final nodes, minus the tax liability on all the stock transactions
made during that path on the tree; the after-tax bond position, which is given by the usual
CRR bond calculation at the final nodes, minus the tax liability on the bond transactions made
during that path on the tree; and, the after-tax option position, which is given by the usual
CRR option payoff, minus the tax liability on the option for that path on the tree.

We see that the tax liability (or rebate, if a loss is made) on the stock transactions is path
dependent, which is why we need to use a non-recombining binomial tree. The tax liability on
the stock transactions is calculated using a marked-to-market method, whereby a tax charge

is generated on each movement of the stock price. The tax charge on the option includes the
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initial premium for the option, which is, of course, not known at the final nodes.

In general at a specific final node on the tree, the after-tax stock position plus the after-tax
bond position does not equal the after-tax option position. This gives rise to the concept of
the tax-mismatch. This forms the heart of the tax-adjusted hedging algorithm, which forces
the tax-mismatch to zero via an iterative procedure. Iterations are required because of the
fact that the initial option premium is included in the after-tax option calculation at the final
nodes on the tree.

Option prices obtained using the tax-adjusted hedging algorithm show the following:

1. If tax rates on the stock, bond and option are all equal, tax-adjusted option prices are

equal to their CRR counterparts.

2. Call (put) options are priced below (above) their CRR counterparts if the tax rate on the

stock and option is less than the tax rate on the bond.

3. Call and put options are priced above (below) their CRR counterparts if the tax rate on

the stock and bond is greater (less) than the tax rate on the option.

4. Approximate continuous-time tax-adjusted option prices satisfy the tax-adjusted put-call

parity relationship.

In Chapter 3 we recognise that we can find the tax-adjusted hedging price of the option
by solving a system of simultaneous equations. This is because we have the same number of
unknowns (being the deltas and bond amounts at every node on the tree prior to maturity)
as linearly independent equations. Taking this approach we can derive a general form for the
delta at any node and a general form for the bond amount at the initial node. These general
forms are used to form the simultaneous equation algorithm, which finds the same tax-adjusted
hedging price for the option as the tax-adjusted hedging algorithm. The simultaneous equation
algorithm is less demanding on memory, and computationally faster than the tax-adjusted
hedging algorithm.

Using the simultaneous equation approach, we can find an analytic formula for the tax-
adjusted option price in the single-period case. This analytic formula allows us to prove in the

single-period case that:
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1. Call (put) options are priced below (above) their CRR counterparts if the tax rate on the

stock and option is less than the tax rate on the bond.
2. Tax-adjusted put and call prices satisfy the tax-adjusted put-call parity relationship.

3. The tax-adjusted simultaneous hedging algorithm converges to the tax-adjusted option

price formula as the number of iterations it performs goes to infinity.

In Chapter 4 we relax the assumption that the tax year-end coincides with the maturity
of the option at the final nodes on the tree. We allow the tax year-end to occur during the
option’s life. Using the simultaneous equation approach, we again derive a general form for
the delta at any node and a general form for the bond amount at the initial node. These
general forms are used to form the tax year-adjusted simultaneous equation algorithm. This
algorithm is more demanding on memory, and computationally slower than the simultaneous
equation algorithm. This is because we assume that the option is tax-marked-to-market at the
tax year-end and this requires us to compute and store values for the option’s market price.

We argue that if we are finding the tax-adjusted no-arbitrage price for the option, then
it should be marked-to-market with its tax-adjusted value at the tax year-end; otherwise, we
assume option prices are constrained by pre-tax no-arbitrage arguments, and we mark-to-market
with the CRR price at the tax year-end.

Option prices obtained using the tax year-adjusted simultaneous equation algorithm show
very small differences (of the order of 0.01%) compared with their counterparts valued using

the simultaneous equation algorithm.

In Chapter 5 we look at Scholes (1976) and his extension to the Black-Scholes equation that
includes tax - the tax-adjusted Black-Scholes equation.

The tax-adjusted total returns for an up movement in the stock price, a down movement
in the stock price, and the risk free rate are defined. This allows us to derive a tax-adjusted
risk-neutral probability and form the tax-adjusted binomial option pricing model. Under
the assumptions given in Scholes (1976), the derivative is taxed as income and the stock and
option as capital gains, we can prove that the tax-adjusted binomial option pricing model is
the discrete-time precursor to the taBS equation, as CRR is the discrete-time precursor to the

BS equation.
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The assumption that the derivative is taxed as income can be relaxed and this allows us to

derive a generalised taBS equation.

In this thesis we have assumed that the option writer has losses which he or she can use
to offset other gains. Thus, if a loss is made the tax charge becomes, in effect, a tax rebate
and the writer receives a nominal cashflow from the tax authorities. However, it is not certain
that the writer will have other gains available, or will be able to use them in this way. Future
research could look at the question of restricting the ability of the writer to offset gains with
losses. Preliminary thoughts would indicate that this would cause the hedging-price of the
option to increase since the writer would no longer receive rebates if he or she makes a loss.

Throughout, we have been considering equity put and call options. It would be interesting
to look at the post-tax position of exotic options, and at the tax implications for products with

different underlyings, most obviously interest rate derivatives.
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Appendix A

Derivation of the tax-adjusted

Black-Scholes equation

This appendix is included because the method used gives us a better insight into the tax-
adjusted Black-Scholes equation than the original PDE derivation (Scholes (1976)), and it
contains the derivation of Equation (5.36) given in Chapter 5

The assumptions are the same as for the original BS equation (Black (1973)), except that
the transactions in the bond and the underlying are taxed at rates of 7; and 7.}, respectively,
on a continuous basis. This assumes that the bond and option are taxed as ordinary income
and the underlying is taxed as capital gains. We assume that tax liabilities (or rebates) are
not only incurred, but also paid on a continuous basis.

The asset price follows geometric Brownian motion, where:
dSt = #Stdt + O'StthP. (A].)

The analysis here is complicated because we have to develop tradable stock and tradable
bond processes to take into account the continuous tax liability (or rebate) that is generated

over the life of the option. These are denoted S, and B, respectively.

!Note that 0 < 7 < 1, for a generic tax rate 7.
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Form the tradable bond process B,

A tax liability (rebate) is generated when there is a gain (loss) on the bond. The notation
dB, represents an infinitesimal change in B,. Because B, changes, a tax liability (or rebate)

is generated equal to 7;7B,dt. Therefore we can write:

dB, = rB,dt—T;rB,dt
= r(1-7;)B,dt. (A.2)
The solution for B, is:
B, =exp[r(l—T7:)t]. (A.3)

Form the tradable stock process S,

A tax liability (rebate) is generated when there is a gain (loss) on the stock. The infinitesimal

change in S; is given by dS; and so the tax liability (or loss) is 7.dS,. Therefore we can write:

dS, = pS,dt+aS,dWF —1.5(uS,dt + oS, dWy)
= (1= Teg)pSpdt + (1 = 7¢g)0 S, AW . (A.4)

Ito’s lemma verifies that the solution for S, is:
S, = Spexp [(1 — Teg) [(u - —21-02(1 - Tcg)) t+ aVVtPH . (A.5)

Convert (B, )—1 S, into a martingale

Find the total differential of (B, )—1 S,:

a[(B)) 7 s] = (B) 7 ds; + 8.4 [(B)7] - (A.6)
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Substitute for d

—

(B; )“1] from Equation (A.2), and dS; from Equation (A.4):

a[(B))7' S| = (B) S (1= redu—r(L =)l dt + (B,) T S, (1= Teg)odWE.  (AT)

We require the drift term in (A.7) to be zero for (B, )—1 S, to be a martingale. We use the

Girsanov theorem to convert (B, )_1 S, into a martingale:

dWE = dwf + dX;. (A.8)
With
_ 1 (1 — T,‘)
dX; [u T ]dt, (A.9)

we can see that substituting for dW/ in (A.7), using (A.8), gives us:
NS =1 o
d [(Bt) st] = (B;) 7 ;0 (1 = Tep)dW2. (A.10)

The above equation is now driftless, and so we have converted (Bt )_l S, into a martingale by
changing the probability measure from P to Q.
Form a new equation for dS; under the risk-neutral measure

We use the Girsanov theorem to change the measure in the original equation for dS; (that is
Equation (A.1), and not the tradable stock equation). This is achieved by substituting (A.8)
and (A.9) into (A.1). The result is:

dSt = ’I’St ((11

(=7 4t o5,aw?. (A.11)
— Teg)

Convert (B, )_1 V' (S;,t) into a martingale

Find the total differential of (B, )_1 V (S,t):

a[(B)) 'V (Sut)] = (B) v, +vid [(B) 7], (A.12)
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where V; is used to denote V' (S;,t). Note, we are using the tradable bond equation.

Using Ito’s Lemma we can write the tradable equation for the derivative:

_ - .
Ve gp 4+ W gg, 4 1OV

W, :[w 35, %t T 355

02St2dt} (1—7o). (A.13)

We can now write:

o1 - RN A A 162V, -
d[(B) 7V (5.0)] = (B)) [ ot + Ga-dSi + 3ok zStdt] (L—10) = (B]) "V, (1 = i)d
(A.14)
Substituting for dS; as given in (A.11) gives:
d [(B; )"1 V'(St,t)] = ostavt (1= To)dW2 (A.15)
; & 4 pg, o) O )
+(B;)™ TS ) 35 (1 —70) —r(l —7:)V, | dt
+%0'2St2—ﬁé—

For (B;) 'V~ St,t) to be a martingale, Equation (A.15) has to be driftless. This will be the
t

case when:

oV,
Bt

2y —7) . -
(1-7) 8V, 1 zszavt _,,,(1 TZ)VQ =0. (A.16)

+ TSt(l -~ T BSt t 982 1—-17,)
g

In the original derivation of taBS, it is assumed that the tax rate that applies to the derivative

is ;. Setting 7, = 7; results in:

oV, o 1 0%V
6tt (r=7) Sime st oS 5 S; —rV, =0, (A.17)
which is the tax-adjusted Black-Scholes PDE, where,
_ rT; —T
e _((1 - c-;). (A.18)
cg
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The solution for a the price of a European call, ¢, or put, p, is given by the following:

c=eTTUSN(d) — Ke " T-IN(dy), (A.19)

p=Ke T IN(—dy) — e " TGN (~dy). (A.20)

where d; and dj are given by:

In(S/K) + (r — 7 + $62)(T — t)

d = A.21
! oI —t ( )
dy = di —oVT —t. (A.22)
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Appendix B

Derivation of the tax-adjusted

Black-Scholes equation with
dividends

This appendix is included because the method used gives us a better insight into the derivation
of the tax-adjusted Black-Scholes equation with dividends than the original PDE derivation
(Milevsky (1997a)).

Here we assume that the underlying pays a continuous dividend and all the transactions are
taxed (see Appendix A).

The analysis here is complicated because we have to develop a tradable stock process to take
into account the continuous tax liability (or rebate) that is generated from the stock and the
reinvested dividends. We also need a tradable bond process to take into account the continuous

tax liability from the bond. These tradeable processes are denoted S; and B, respectively.

Form the tradable bond process B,

A tax liability (rebate) is generated when there is a gain (loss) on the bond. The notation

dB, represents an infinitesimal change in B,. Because B; changes, a tax liability (or rebate)
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is generated equal to 7;7B, dt. Therefore we can write:

dB, = rB;dt—TsB,dt
= fr‘(]_ — ’T,L)B;dt (Bl)
The solution for B, is:
B, = exp[r(1 —T:)t]. (B.2)

Form the tradable stock process S,

The tradable stock process that includes tax is (see Appendix B):
dS; = (1 —7o)uSidt+ (1 — 7.)0S;dWy (B.3)

We need to include dividends aswell. The dividend payment is ¢S, dt, of which, 'rqu’; dt
is paid as tax. Therefore, the total dividend received that is reinvested in the stock is

(1 —74)qS,dt. Therefore our overall tradable stock is written as:
dS; =[(1 —re)u+ (1 — 7g)q) S;dt + (1 — 7e)o S, dWF . (B.4)

Ito’s lemma verifies that the solution for S, is:

S, = Spexp [(1 —T¢) [(,u + qT(ll—;—:—q)) - 302(1 - Tc)) t+ aWtPH . (B.5)
Convert (B;)™'S; into a martingale
Find the total differential of (B, )_1 S, :
=1 o 1 o o -y—1
d[(Bt) 1st]=(Bt) 1dSt+Std[(Bt) ] (B.6)
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Substitute for d [(Bt. )‘1] from Equation (B.1), and dS, from Equation (B.4):

a[(B))7 8| = (B) 7 8L w1 = 7o) + gl = 7o) —r(1 = 7o) dt+ (B,) T S, (1 =7 )odw ],
(B.7)

We require the drift term in (B.7) to be zero for (B, )_1 S, to be a martingale. We use the

Girsanov theorem to convert (Bt- )_1 S, into a martingale:

dWE = dW[ + dX;. (B.8)
With
! (1-my) (1- 'rq)
dX =~ [,L r T | % (B.9)

we can see that substituting for dW/ in (B.7), using (B.8), gives us:
-1 o =1 o Q
a[(B))7' 81| = (B) ' Sio(1 ~ ro)aw 2, (B.10)

The above equation is now driftless, and so we have converted (Bt' )-1 S, into a martingale by

changing the probability measure from P to Q.

Form a new equation for dS; under the risk-neutral measure

We use the Girsanov theorem to change the measure in the original equation for dS; (that is
Equation (A.1), and not the tradable stock equation). This is achieved by substituting (B.8)
and (B.9) into (A.1). The result is:

_ (1—1;) (1 -7y Q
dSt = S,: 7‘(1 — Tcg) q(l — Tcg) dt + O'Stth . (B.].].)
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Convert (B;)_l V (St,t) into a martingale

Find the total differential of (B, )_1 V (S, t):
d [(B;)‘1 V‘(st,t)] = (B,) 'V, +Vid [(B;)“l] : (B.12)

where V, is used to denote V' (S;,t). Note, we are using the tradable bond equation.

Using Ito’s Lemma we can write the tradable equation for the derivative:

(v, v o 18%,

dv, = [ 5 dt + 35, dS; + 2 98? o°Spdt| (1 —7o). (B.13)

We can now write:
\—1, A 162V, 1o,
d [(Bt) 1% (St,t)] = (B;) {a—tf’dt + a_sttdst +3 as§ aQSEdt] (1=7o)—r(B;)  V; (1 -T)d
(B.14)

Substituting for dS; as given in (B.11) gives:
d [(B{)-l I’ (St,t)] = ost-a—‘i-(l — To)dWE (B.1

v, (1) _ (=1g)] 8V
+St[ (1=7c) q<1-fc)] 05t ] (1—To)dt—r(1— 1)V, d

+(8)”
+%02St2ﬁé—

For (B, )_1 V' (S;,t) to be a martingale, Equation (B.15) has to be driftless. This will be the

case when:

oV
ot

ove

+ (r* *)Sta 1 25’28%

t 882

r*V; =0, (B.16)

which is the tax-adjusted Black-Scholes PDE with dividends as derived by Milevsky and Pris-
man (Milevsky 1997a), where,

o ((i :‘Tf)) (B.17)
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and,

*_ (To=Teg) (1 —74) (1 —7g)

qg =r q . B.18
0 re) (L -70) " 7ep) (518
The solution for the price of a European call, ¢ or put, p, is given by the following:
c=eTTGN(d) — Ke " TN (dy), (B.19)
p=Ke " TON(—dy) —e T TVSN(~dy), (B.20)
where dy and ds are given by:
In(S/K)+ (r* —q* + 30%)(T — )
d = : B.21
' ovVT —1 ( )
d = dy—oVT —t. (B.22)
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Appendix C

Derivation of the N-Period form for

the Deltas and Bonds

If we solve the system of simultaneous equations for N = 1,2,3 and 4, and find formulas for
the bonds and deltas in each case, then we may be able to see a pattern and derive a formula

for each in the general case.

C.0.1 The deltas

N=1
(1—70) (X0 — X(1,19)
Al o= ! e C.1
0T 1= 7,) (500 ~ San) (&
N=2
1
A7 X C.2
2200 (S0 — Say) (-7s+ R—T(R—1)) ©2)

+(1=70) (X0 — X(2.9))

A Si2,00 — S0 (R — (R — 1))
— 12010
| 7 (Se.o — Swo) ]
N S2,2) — S,1y (R —7p(R — 1))
124(1,1)
i | —7s (S22 = Sy) ]
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At period one, where j = 0,1, we have:

38%,0)

. (1—7o) (X(ngj) — X(2,2j+1))

oAY = )
(L) (1—-7y) (S(zgj) - 5(2,2J'+1))

1

(Swo = San) =T —o(B—-1) + R(R—15 (R=1))]

+(1 = 7o) (X(3,0) — X(3.))

— 380

—'38%,0)

+38%,)

+38%.2

+S2,0) (R =74 (R — 1))
~Si10y [R(R—T5(R = 1)) — 7o(R — 1)]
~7s (S2.0) = Sv,0))

Si3.0) — Si2,0 (R —Tp(R — 1)) }

—7s (S3.0) = Si2,0))

+S22 (R =75 (R—1))

—S1,1) [R(R—71(R— 1)) = (R - 1)]
—7s (Se2) — Sa,)

53,4 — S22 (R—Tp(R - 1)) ]

~7s (S3.4) — S2.2))

At period one, where 7 = 0,1, we have:

3A7

1,5)

1

X
(Si2.25) — Sizzirny) (=75 + R— (R — 1))
+(1—=7) (X(B,ﬂ?) - X(3,2(2j+1)))

— 34%,2) [

S(g,j22) — S(2’2j) (R t Tb(R e 1))
~Ts (S3,422) = Si2.25))

S(3.225+1)) — S(2,254+1) (B — Ts(R ~ 1))
~7s (S@,22541)) — S22541))
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At period two, where j = 0,1, 2,3, we have:

. (1=7o) (X(*s,Qj) - Xz3,2j+1)>
A

o\ = . C.6
2,7) (1—7s) (5(3,23') - 5(3,2J'+1)) (&)

We can see already that the form for the delta at period ¢ is a function of the number of
periods from maturity, N —i: 1A%, ;, given by (C.1) is of the same form as 27 ) (C.3) and
3%, ;) (C.6); 2A% o, (C.2) is of the same form as 37 (C.5).

1
(Seoy — San) [=7s — (R —1) + R{R(R—1o(R—1)) = 1s(R—1)}]

+(1-1,) _(X(4,0) - X49)
+S,0 {R (R —75(R— 1)) — To(R — 1)}
— 4% | =S, {RIR(R—Ts(R—1)) — T3(R—1)] — Tp(R — 1)}

(C.7)

~7s (S0) — Si0)
+S3,0) (R—T1o(R—1))
—4A% o) | —Sie0 {R(R—Ts(R—1)) — T4(R - 1)}

LA

~7s (S3,0) = Si2.09)
+S(a,0) — S@,0) (R —71p(R—1))

- 4A*3,0
oo | —7s (Sta0) — Si3.0))
+S2 {R(R—Tp(R—1)) — T(R - 1)}
+48% 1y | =Say {R[R(R—7s(R—1)) —Ts(R—1)] — 7s(R— 1)}

| —7s (S — Sa)

[ S50 (R—Ty(R—1))

+ 4803 | =S {R(R-5(R~-1)) = 7s(R-1)}
~7s (S3.0) = Si2,2))

+S(a8) — Sz (R—7p(R—1))

+ 4A2‘3'4)
~Ts (Sa8) — Si3,4))
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The form of the deltas at periods one, two and three is given by Equations (C.4), (C.5) and
(C.6), respectively.

The general case
Now we will show how we can use the deltas for N = 1,2,3 and 4, to find the general case,

NAY; ;y wherei=0,1,..,N —1and j =0,1, e 28— 1.

The overall coefficient The stock terms are simply the stock at the two connected nodes,
one period later. The form for the other bracket, containing R and the tax rates, can be seen

by more clearly from the following table.

N — i | Bracket containing R and the tax rates

1 —Ts+1

2 —Ts+R—7p(R—-1)(1)

3 | —7s+R’—1(R-1)(1+R)

4 | -7+ R -1y (R-1)(1+ R+ R?)

, N—-2—-1
N-i|-r,+ RV 1" _r(R-1)> " "R
Table C.1: Development of the overall coefficient

So the general form for the overall coefficient is:

1
(Sterr2i) = Sti+1,241)) (—Ts + RN-1-i — (R —1) 00 Ra) -

(C.8)

The bracket containing the option payoffs We start at node (z, j): the first payoff is given
by following the path 4N~ which gives X (N,j2N~+y; the second payoff is given by following the
path duM—""1 which gives X zN,(2j +1)2N—i-1y- The usual notation to represent an “up” move
(u) and a “down” move (d) has been used.

The general form for the bracket containing the option payoffs is:

(1 - To) (X(N,j2N—i> - X(N’(2j+1)2N—i-°l)) . (Cg)
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The deltas inside the main square bracket We have two sets of deltas. The first set,
whose elements are all negative, is given by all the deltas along path ¥ %, starting at node (i, j)
but not including this node. The second set, whose elements are all positive, is given by all
N—i—1

the deltas along path du , starting at node (7, ) but not including this node. Therefore,

the first set is:

N-1
- > Wy, (C10)
a=i+1
and the second set is:
N-1
+ Z NA’Ea,(?j—H)Z“—"—l)' (011)
a=1i+1

The coefficients to the deltas inside the main square bracket The coefficients are of
the same form for the two sets of deltas at each period. For example, the coefficients to (—
4A’<‘1,0)) and (+ 4A2‘1,1>) in (C.7) are of the same form. We will only look at the coeflicients to
the negative set of deltas, since the coefficients to the positive set will follow immediately.

Let us consider the coefficient to the following delta, (_NAza,j?‘—i))' There are three
terms to the coefficient: a positive stock term, where the stock is that at the “up” node from

the delta, (S(q41 22+1-4)); a negative stock term, where the stock is that at the same node

as the delta, (S, jze~s)); and a term involving 75 and the two stock prices, given simply by

—Ts (S<a+1’j2a+1-—-i> - S(a,jza—i>).

N—a S(a+1,j20+1~iy term —8(q,j20—i) term
1 1 R—T1y(R-1)(1)
2 |R-7(R-1)(1) R?—7y(R-1)(1+R)
3 |RP-7(R-1)(1+R) R} —7,(R—1)(1+ R+ R?
N-l-a N-2-a | _N—a N-l-a
N-al|R —T,,(R—1)Zb=ﬁ R|R —»r,,(R—l)ZbEO R

Table C.2: Development of the stock terms for the delta coefficients

Table C.2 gives the stock terms in the delta coefficients.

147



The general form for the coeflicients to the deltas is:

St (R iR
WAty | ~Sagemsy (Y~ (R = 1) D5 RY)
_Ts (S(a+1’j2a+1_i> - S(a’j2a——i))
Combining the elements When we combine all the elements together we get the general

form for NA’&J.):

1
N—1—i N-2-i pg % (C.
(S(i+1,2j) - S(i+1,2j+1)) —Ts+ R —Tp(R=1)3 0 R

N Az‘m.)

+ (1 — To) (X(N,j2N—i) - X(N,(Qj_f_l)gN—i—l))
N1 +S(a+1,j2a+1—i) (RN_G_l - Tb(R — 1) Z{J\;—O2—a Rb)
- Z NAza,ﬂa—i) —S(a’jza—i) (RN_a —7p(R—1) ZI];V:_ol_a Rb)
a=i+1
—Ts (S(a+1,j2a+1—-i> - S(a,j2““i))

) ) N—a—1 _ _ N—2—a pb
N-1 +S(a+1,(23+1)2a—1) (R Tb(R ].) Eb:o R )

2 NG | ~Ste @0y (RV-e —ry(R—1) S5 R)

—Ts (S(a+1,(2j+1)2“—*) - S(a,(2j+1)2a—i—1))

C.0.2 The bonds

We can write the initial bond amount in terms of the deltas for N = 1,2,3 and 4. The deltas

are given by (C.12).
N=1

i 1 + (1 = 70) X1,0)
1800 = R E®-1) =7 ,
b o | = 1800 [=TeS00 = Ts (Suo — Swen) +Swe)

(C.13)
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2B0,0)

3B{0,0)

1
70— (R—1) + R{R—7o(R_1)]] (C.14)
+ (1 = 70) X(2,0)
— 2A%,0y [=ToS10.0) = s (Si1,0) = St0,09) + S1,0) (R = To(R = 1))]
As +8(2,0y — S0 (R = Tp(R - 1))
— 28410
! ~7s (S20) — S1,09) |
1 X C.15
[~To —To(R—1)+ R[R(R—Tp(R—1)) — 7s(R — 1)]] (C.15)
+ (1 -7,) X(3,0) ]
.| —TeSw00 — s (Swe — Se0)
— 38%,)
| +Sa,0 {R(R—Te(R—1)) — (R - 1)}
. +8(2,0y (R—To(R ~ 1)) = S1,00 {R(R—~ Tp(R 1)) — Tp(R — 1)}
— 3800
| 75 (S0 — Sao)
. +S(3,0) — Si2,0) (R = To(R - 1))
— 38%,)
I | —7s (S0 — Sz0) ]
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1
X

oo = 1 R—-1

+(1—7,)

— 4B

- 4A?1,0>

~ 4%

— 4%

The general case

The overall coefficient

—Tb(R — 1)

X(4,0)

~ToSt0,0) = Ts (S,0) = So,0))
+S0,0 {RIR(R—Tp(R—1)) = Tp(R—1)] = Tp(R - 1)} |
+Sp,0) {R(R — (R —1)) - 73(R- 1)} ]
~Sa0 {R[R(R—Ts(R—1)) — T5(R—1)] - Ts(R — 1)}

~7s (S20) — Sa0))

+83,0y (R—Te(R— 1))

~Spo {R(R—1s(R—1)) — To(R—-1)}
~7s (S3.0) = S2.00)

+S(4,0) — S(3,0) (R — Tp(R - 1))

~Ts (S0 — Si3.0))

Table C.3 shows the pattern for the overall coefficient.

1/(Overall Coefficient)

S W RN e

N

—To+ R —Tp(R—1)(1)
—To+R2—7y(R—1)(1+R)
—To+ R —71y(R—1) (1+ R+ R?)
~To+ R~ Ty(R—1) (L + R+ R* + R®)
N N-1
—To+ R —1y(R — l)zazﬂ R

Table C.3: Development of the overall coefficient for the initial bond term
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From Table F.3 we can see that the overall coefficient for the general case is:

1
~ . (C.17)
(RY —ro—mo(R—1) LT R?)
The option payoff term This is straightforward, and the general case is:
(1 =70) X(n,0)- (C.18)

The deltas The set of deltas is that given by following the path w1, starting at node (0, 0).

The general case is:

N-1
= v
a=0

The coefficients to the deltas For NA’{O 0y the 7, and 7, terms are straightforward. The
coefficients of S, gy are the same as those given in Table C.3, with N = N —1 and no 7, term.
The general case is:

S0 (RN—l ~nR-1DY R“) . (C.19)

a=

Now for the rest of the deltas. Let us consider the coefficient to the following delta,
(— NAZ‘G 0>). There are three terms to the coefficient: a positive stock term, where the stock
is that at the “up” node from the delta, (S(s41,0)); 2 negative stock term, where the stock is

that at the same node as the delta, (—S(,,0y); and a term involving 75 and the two stock prices,

given simply by —7, (S(a.+l,0) - S(a,O))‘
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N —a S(a+1,0) term —S(a,0) term

1 |1 R—-7y(R-1)(1)
2 | R-7py(R-1)(1) R?—~1,(R-1)(1+R)
3 |REP—7(R-1)(1+R) R} —7y(R—1)(1+ R+ R?)

N-2—a N—1-—
N-a| RV —rR-1)Y "R | RV -n(R-DY

Table C.4: Development of the stock terms for the delta coefficients

Rb

Table C.4 gives the stock terms in the delta coefficients. Note, Table C.4 is the same as
Table C.2.

The general form for the coefficients to the deltas is:

7o (S0 = Se0) = Stwoy (B = m(R- 1) D)5 RY)

Mot Ne2-a o (C.20)
+S(as10) (RY=* = 1(R— 1) T R

N AL
Combining the elements When we combine all the elements together we get the general

form for NBZ‘O,O):

1

X (C
RN — 7, —Ty(R—1) T R?)

NBlog = (

+(1—70) X(n,0)
__NAzO,O) [_TOS(0,0) —Ts (S(I,O) - S(O,O)) + 8(170) (RN—] _ Tb(R _ 1) iv=_(_)2 Ra)]
74 (S@i10) = St00) — Stao (BV 2 = mo(R—1) S5 BY)

N-1
- Z NA)Za 0)
= +S(a+10) (RN_‘H ~To(R=1) Y5 Rb)
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Appendix D

Derivation of the N-Period form for
the Deltas and Bonds when the Tax

Year Occurs During the Life of the
Option

As with Appendix C, if we solve the system of simultaneous equations for N = 2,3 and 4, and
find formulas for the bonds and deltas in each case, then we may be able to see a pattern and
derive a formula for each in the general case. The situation is more complicated here because
the tax year-end can occur at any intermediate period on the tree: for these values of N we
have six different versions of the deltas and bonds - N =2, m=1; N =3, m=1,2; N =4,
m = 1,2,3 - as opposed to three versions in Appendix C.

The basic form of the expressions follows those in Appendix C. The additional terms arise
due to the tax year-end at m, and in particular the relationship between the tax year-end and

the quantity we are looking at.
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D.0.3 The deltas

N=2 m=1

1

38%.0)

+ (1 - )\’To) (X(g’o) — X<2,2))

- (mktX(lyo) - mktX(l’D) To [R - )\Tb(R - 1) - )\]

(Sao —San) A o) [R-Aro(B—1)]

Las Si2,0) = S0y (B = ATp(R - 1))
— 28%,0)
| s (S0 — Sa) ]
n %A’zl ) 5(2,2) - S(l,l) (R — )\Tb(R - 1))
"L =M (Sea) — Suy)

At period one, where j = 0,1, we have:

1

2A

(1= o) (Xpya) = X

(2,2j+1))

(Lj) = (1= A7s) (5(2,2j) = S225+1)
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1

+ (1= A70) (X30y — X(3,4y)

+S(2’0)
10 | —Swo [R - Te(R~1)]
—7s (St2.0) = S1,09)

=75 (S(3,0) — Si2,09)
+S2,2)

+3A% 1 | —Say [R—Te(R—1)]
—7s (S22) — Sqamy)

+ gA?z,z)

| —ATs (S — Se2)

At period one, where j = 0,1, we have:

— (™ X 2,00 — ™ X(99)) To [R— X — ATp(R — 1))

Si3.0) — Siz,0 (R — ATp(R — 1)) }

F S(3,4) — S22y (R — Am(R — 1)) }

(St = San) [R—7o(B—1) — 7] [R=Arp(R—1)]

[R— A1y (R —1)]

[R—/\Tb(R—l)]

1
2 A% _
80y =

X
(S@2,2j) — St2,2i41)) [L — 7] [R — ATp(R — 1)]

+ (1= o) (X(3,522) — X(3,22i41)))

(2,25)
" =Ms (Sa g2y — Sezy)

2
+ 3A=Z2,2j+1)

At period two, where j = 0,1, 2,3, we have:
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- (mktX(2’2j> - mktX(2,2j+1)) To [R - /\ - ATb(R - 1)]
YN [ S(3,422) — S2,25) (R — ATp(R — 1)) }

Si3.22i+1)) — S2.2i41) (B = ATp(R - 1))
i =75 (S32+1)) — Si2.2i41)) ]

(D.3)

(D.4)



2 r (1= A7) (X (3.25) — X <*3,21+1>)

A% =
32(2,5) (1= A7s) (S(s,zj) = S(3.2j+1))

1

(S0 — Sn) [~ 7ol [ —Are(R—1) (R+ 1))
[ (1= 20) (Xs0y — Xp3.0))
— (™ X0 — ™tX(11)) To [RE = ATy(R—1) (R+1) — ]
[ +Sp0) R — My (R—1)]
- éA,(kl,O) —Su,0 [R? = Mp(R—1) (R+1)]
=75 (S20) — Sio)
Si3,0) = Si2,0) [R = ATp(R —1)]
—A7s (S(3,0) = S2,09)
+S(02) [R = Ay (R—1)]
+3A% 1 | =Su [R2 - AMe(R—1) (R+ 1))
i -7 (Se2) — Sa)
Sisay = S22y [R = Ary(R — 1)] }

+ 307,
~ATs (Sz.4) — Si22))

At period one, where j = 0,1, we have:

1A *
3875

1
X
(S2i) — S@2j+1)) [R— ATs(R — 1) — A7)

[+ (1 )7o) (X(3,522) — X(3,2(25+1)))
e { Yosmy ~Seay (1A= }
=25 (Sa,422) — S2.2))
S@.2(2i+1)) — Si2,25+1) [BR — ATe(R — 1)) ]

+ %A& 2j+1)
! —XTs (S(3,20241)) — St2,2541))
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At period two, where j = 0,1, 2,3, we have:

Laa (1= A7) (X<*3.2:‘> - X<*3,2:'+1>)
1A7,, = _ (D.8)
’ (1 = A75) (Si3,25) — S(32i41))
N=4 m=3
ZA‘{O 0 > 1 X (D.9)
’ (S<1,O) _S(l,l)) [R —Tb(R—- 1) (R+1) —Ts] [R-—)\Tb(R— 1)]

+ (1= A7) (X(4’0> - X(4,8>)

— ("X g0y — ™t X (34) To[R— A — ATp(R — 1))

[ +Sp0 B~ T4(R—1)]

— 3040 | =S [R2-Ts(R—-1) (R+1)] | [R—Me(R—-1)]
—Ts (5(2,0) - 5(1,0))

+S.0)

—30%0 | =Sie R-Ts(R-1)] | [R—Ars(R—1)]

—7s (S0 — Siz,0))

+S(a0) — Siz.0 [R = Mp(R — 1)]
=75 (S0 — Si3,0))

+S2,2) [R — Tp(R — 1)]

+ 8%y | ~Say [B2 - 7o(R=1) (R+1)] | [R=Are(R 1)

LI

— §8%y)

—Ts (St2.2) = Sm)
+S3.49

+ 3§08 | —S@a [R-Ts(R—1)] | [R=Ae(R—1)]

—7s (S, — S(2,2))

+ 6%, +Sia8) — Ssa) [R— AMp(R = 1)]

i | =75 (Sas) — Ss.4) ]

ar

The form of the deltas at periods one, two and three is given by Equations (D.3), (D.4) and
(D.5), respectively.
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The general case

As mentioned above, the basic form for the delta equations is derived in Appendix C. To
derive the general form for the delta, ﬁA‘&J), as given in Equation (4.11) we start with the
basic framework given in Appendix C and look for a pattern in the terms considering the
number of periods, NV, the tax year-end, m, and the period we are evaluating the delta for, 3.
To go through the entire procedure would be extremely involved. Instead let us consider an

example and show how the overall coefficient, given by 3 in (4.11), is arrived at.

Finding 3 in (4.11) Table D.1 shows 3 for all the deltas given above where i > m.

Delta | N—i | S

%Azl’j) 1 (1 — ATs]

30%, | 1 [1— 274

%A‘(*Z N [1— A7y

3 i | 2 [R—ATs — ATp(R — 1)]
iA’(*a,O) 1 [1— A1y

Table D.1: Coefficient 8 when i>m

From Table D.1 we can write down the general form as:

8= [RN—i—l o m(R-DY R“] , (D.10)

ifi >m.

Table D.2 shows ( for all the deltas given above where i < m.
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Delta | N—m|m—-i—1|83

%0 | 1 [R—=Amp(R—1)][1 — 7]

ZA?I A 1 0 [R—ATp(R—1)][1 —7s)

%0 | 1 1 [R = XTo(R—1)][R — Tp(R — 1) — 7]

1A% | 2 0 [R?—Ay(R—1)(1+ R)] [1—74]

Wy, (1 o (R~ /\Tb(R ~ DL~

3A’Z1j) 1 1 (R (R —1)][R To(R —1)—7'3]

Ny | 1 2 [R = Ary(R—1)] [R? —7y(R—1) (14 R) — 7]

Table D.2: Coefficient 8 when i<m
From Table D.2 we can write down the general form as:

Rm—l—z - T

, (D.11)
—T(R~1) T R

RN—m
| car(R-1) N1 Re

ifi <m.
We can repeat this procedure for all the terms until we arrive at the general form for K,‘A’Zi iy

given by Equation (4.11).

D.0.4 The bonds

N=2 m=1

lB* . 1 x
2700 7 [R—1y(R—1) — 7,] [R — Mp(R —1)]

[+ (1= M) X2y
~To ™ X(1,0) [R = ATy(R = 1) = ]
387 ) [S.0) = 75 (Sp0) = Sto,0) — ToSt0.0y] [R = ATe(R ~ 1))
+S2,0y — S0y [R = ATp(R — 1)]
=275 (S20 — S,0))

(D.12)

— 3%

159



N=3 m=1

3B )

1

B2 —To(R-1)(R+1) — 7] [R—Mo(R-1)]

— §0%,0)
1AV

— 0%,

-+ (1 - /\To) X(3,0>
—To mktX(2,0) [R — )\ - )\Tb(R et 1)]

~ToS10,0) — Ts (S(1,00 — S(0,0))
| +S,0) [R—Te(R—1)]
+S(2,0) = Sq1,0) [R — To(R — 1)]

[R — )\Tb(R — 1)]

} [R— A1p(R —1)]
| =75 (S0 — S0))

+S5(3,0) — S(2,0) [R — ATp(R — 1)]
| —ATs (S<3,0) - 5(2,0))

1

[RZ MR- (R+ D] [R—Ts(R=1) —1o]

+ (1 - )\’TO) X(3,0)
—To ™M X110y [R2 = A= ATy(R—1) (R +1)]

~ 3800

— 34710

— 8%

~ToS(0,0) = Ts (S(1,0) — St0,09)
+501,0)

+S(2,0) [R — ATp(R — 1)]
—Su,0) [R? = My(R— 1) (R+1)]
—AT, (S@,O) — S<1,0))

+S13.0) — Siz,0) [R — As(R — 1)) ]
—A75 (S30) — S2,0))
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1

The general case

—To mktX(&o) [R - )\'Tb(R - 1) - >\]

- 1A%

- i8%,0)

—§A%0

- A%

—T6S(0,0y — Ts (S(1,0) — S(0,0))
+S1,0y [R2 — Ts(R — 1) (R +1)]
+S(2,0y [R — To(R — 1)]

—S(1,0) [R?—1y(R—1)(R+ 1)]
~7s (S20) — Si10)

+5(3,0)

B —7(R—1) (RE+ R+ 1) — 7o) [R—Arp(R—1)]
+ (]. - /\Ta) X(4,0)

[R ~ ATp(R — 1)]

[R— ATp(R — 1)]

—Sio0 [R—To(R—1)] | [R—A7p(R—1)]

~75 (S0 — Si209)
+5(4,0) — S(3,0) [R — ATp(R — 1)]

=T (Sia,0) — Si3.09)

(D.15)

We use a similar procedure to that used to find § for the deltas, for all the terms in ']\,"B’(“0 0)

until we arrive at the general form given by Equation (4.10).
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