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1. Introduction

Let X = (x;j) be an n x n matrix of indeterminates, and let d = (3/dx;;) be the corresponding
matrix of partial derivatives. The following beautiful identity is conventionally® attributed to Arthur
Cayley (1821-1895):

det(d)(detX)* =s(s+1)--- (s +n — 1)(det X)* . (11)

[When n =1 this is of course the elementary formula (d/dx)x* =sx*~1.] A generalization of (1.1) to
arbitrary minors also holds, and is sometimes* attributed to Alfredo Capelli (1855-1910): if I, J C
{1,...,n} with |I| =|]J| =k, then

det (3 ) (det X)* =s(s +1)--- (s + k — 1)(det X)* e (1, J)(det Xyc jc) (12)

where €(I, J) = (—1)21'6' i+ jes Analogous identities for symmetric and antisymmetric matrices
were proved by Garding [41] in 1948 and Shimura [89] in 1984, respectively.

Although these identities are essentially algebraic or combinatorial in nature, the simplest proofs
currently available in the literature are analytic, exploiting Laplace-type integral representations for
(det X)* [36,89]. Indeed, most of the existing algebraic/combinatorial proofs [14,34,41,46,93,101,114]
are somewhat difficult to follow, partly because of old-fashioned notation.’ In this paper we would
like to give straightforward algebraic/combinatorial proofs of a variety of Cayley-type identities, some
of which are known and others of which are new. The most powerful of these proofs employ Grass-
mann algebra (= exterior algebra) and Grassmann-Berezin integration.®

Nowadays, identities like (1.1) are best understood as calculations of Bernstein-Sato type [9,32,64]
for special polynomials. To see what is at issue, let P(xq,...,%;) # 0 be a polynomial in n variables
with coefficients in a field K of characteristic 0. Then Bernstein [7] proved in 1972 that there exist a
polynomial-coefficient partial differential operator Q (s, x, 3/dx) and a polynomial b(s) # 0 (both with
coefficients in K) satisfying

Q(s,x 8/3x)P(x)* =b(s)P(x)*\. (1.3)

We call any pair (Q, b) satisfying (1.3) a Bernstein-Sato pair for P.

The set of all b for which there exists a Q satisfying (1.3) is easily seen to be an ideal in the poly-
nomial ring K[s]. By Bernstein’s theorem this ideal is nontrivial, so it is generated by a unique monic
polynomial b(s), called the Bernstein-Sato polynomial (or b-function) of P.” Cayley-type identities thus
provide Bernstein-Sato pairs for certain polynomials P arising from determinants.

Bernstein-Sato pairs are especially useful in treating the problem of analytically continuing the
distribution P§,, which can be posed as follows [5,7-9,32,42,43,52,64]: Let P(x1,...,X;) #0 be a
polynomial with real coefficients, and let 2 C R" be an open set such that P >0 on £2 and P =0
on 952. Then, for any complex number s satisfying Res > 0, the function P* is well defined on £2 and
polynomially bounded, and thus defines a tempered distribution P$, € S’(R") by the formula

But erroneously: see Section 2.6 below.
Also erroneously: see again Section 2.6.
Among the exceptions are [14, Theorem 1.3 and Lemma 2.12] and [34, Lemma 2.1].
We stress that our proofs are not “combinatorial” in the narrow sense of exhibiting bijections or exploiting double-counting.
Rather, our proofs are based on straightforward algebraic manipulation combined with some elementary arguments of enumer-
ative combinatorics (enumeration of permutations by number of cycles, identities involving binomial coefficients, etc.). For this
reason we have opted to describe our methods using the rather awkward adjective “algebraic/combinatorial”.

7 In the literature on Bernstein-Sato equations it is customary to shift our s by 1, i.e. write Q (s, x, 3/3X)P(X)S+1 =b(s)P(x)5,
so that the usual Bernstein-Sato polynomial is our b(s + 1). We choose here the slightly unconventional notation (1.3) because
it seems better adapted to the Cayley identity (1.1).
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(Po.o)= / P(x)°@(x) dx (14)
2

for any test function ¢ € S(R"). Furthermore, the function s+ (P%,, ¢) is analytic on the half-plane
Res > 0, with complex derivative given by

d

E(PE,(p):/P(x)S(log P(x))@(x) dx. (1.5)

2

Thus P§, is a distribution-valued analytic function of s on the right half-plane. We want to know
whether P$, can be analytically continued to the whole complex plane as a meromorphic function
of s. This problem was first posed by .M. Gel'fand [42] at the 1954 International Congress of Mathe-
maticians. It was answered affirmatively in 1969 independently by Bernstein and S.I. Gel'fand [8] and
Atiyah [5], using deep results from algebraic geometry (Hironaka’s resolution of singularities [49]).
A few years later, Bernstein [7] produced a much simpler proof based on using the Bernstein-Sato
equation (1.3) to extend P§, successively to half-planes Res > —1, Res > —2, etc. See e.g. [9, Sec-
tions 7.1 and 7.3] or [52, Section 5.3] for details.

The special case in which P is a determinant of a symmetric or hermitian matrix (and £2 is e.g.
the cone of positive-definite matrices) has been studied by several authors [10,11,36,72-74,80,81]; it
plays a central role in the theory of Riesz distributions on Euclidean Jordan algebras (or equivalently
on symmetric cones) [36, Chapter VII]. This case is also useful in quantum field theory in studying
the analytic continuation of Feynman integrals to “complex space-time dimension” [10,35,91]. In an
analogous way, the parametrized symmetric Cayley identity (Theorem 2.11 below) will play a key role
in studying the analytic continuation of integrals over products of spheres SN~1 c RN to “complex
dimension N” [23], with the aim of giving a rigorous nonperturbative formulation of the correspon-
dence found in [20,21] between spanning forests and the N-vector model in statistical mechanics at
N = —1. This latter application was, in fact, our original motivation for studying Cayley-type identities.
The original Cayley identity (1.1) was also rediscovered by Creutz [33] and used by him to compute
certain invariant integrals over SU(n) that arise in lattice gauge theory.

Many of the polynomials P treated here can also be understood as relative invariants of prehomo-
geneous vector spaces [52,60]. When applicable, this connection allows the immediate identification
of a suitable operator Q (9/dx) — namely, the dual of P itself - and provides a general proof that the
corresponding b(s) satisfies deghb = deg P and is indeed (up to a constant factor) the Bernstein-Sato
polynomial of P.® Furthermore, this approach sometimes allows the explicit calculation of b(s) by
means of microlocal calculus [59,77,78,85,86,97,98,104,107] or other methods [96].°

The purpose of the present paper is to give straightforward (and we hope elegant) alge-
braic/combinatorial proofs of a variety of Cayley-type identities, both old and new. Since our main
aim is to illustrate proof techniques that may be useful in other contexts, we shall give, wherever pos-
sible, several alternate proofs of each result. One purpose of this paper is, in fact, to make propaganda
among mathematicians for the power of Grassmann-Berezin integration as a tool for proving algebraic
or combinatorial identities. Among the new results in this paper are the “diagonal-parametrized” Cay-
ley identities (Theorems 2.10 and 2.11), the “Laplacian-parametrized” Cayley identities (Theorems 2.12
and 2.14), and the “product-parametrized” and “border-parametrized” rectangular Cayley identities
(Theorems 2.16 and 2.17). We also give an elementary (though rather intricate) proof of the multi-
matrix rectangular Cayley identity (Theorem 2.9) that was proven recently by Sugiyama [98].

The plan of this paper is as follows: In Section 2 we state the identities to be proven and briefly
discuss their interpretation. In Section 3 we give elementary algebraic/combinatorial proofs of the

8 See [52, Corollary 6.1.1 and Theorem 6.1.1], [60, Proposition 2.22] for the first two points, and [52, Theorem 6.3.2] for the
third.

9 We are grateful to Nero Budur for explaining to us the connection between our results and the theory of prehomogeneous
vector spaces.
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three basic Cayley-type identities (ordinary, symmetric and antisymmetric). In Section 4 we give very
simple proofs of these same identities, based on representing (det X)* as a fermionic or bosonic
Gaussian integral.!® In Section 5 we give alternate (and arguably even simpler) proofs, based on
representing det(d) as a fermionic Gaussian integral; this method is very powerful and allows us
to prove also the (considerably more difficult) “rectangular Cayley identities”. In Section 6 we prove
the diagonal-parametrized Cayley identities, in Section 7 we prove the Laplacian-parametrized Cayley
identities, and in Section 8 we prove the product-parametrized and border-parametrized rectangu-
lar Cayley identities. Finally, in Section 9 we formulate some conjectures concerning the minimality
of our Bernstein-Sato pairs. In Appendix A we provide a brief introduction to Grassmann algebra
and Grassmann-Berezin (fermionic) integration; we hope that this appendix will prove useful to
mathematicians seeking a mathematically rigorous (but conceptually elementary) presentation of this
powerful algebraic/combinatorial tool.'! In Appendix B we collect some formulae that will be needed
in the proofs.

We have tried hard to write this paper in a “modular” fashion, so that the reader can skip around
according to his/her interests without having to read the whole thing. Indeed, after a brief perusal of
Section 2, the reader can proceed directly to Section 3, 4 or 5 as desired, consulting Appendices A
and B as needed.

2. Statement of main results

Notation. We write [n] = {1,...,n}. Give a matrix A, we denote its transpose by AT. For an in-
vertible square matrix A, we use the shorthand A~T for (A~")T (which is also equal to (AT)~1). If
A= (aij)';’j:] is an n x n matrix and I, J € [n], we denote by A;; the submatrix of A corresponding
to the rows I and the columns ], all kept in their original order. We write I° to denote the com-
plement of I in [n]. We define e(I) = (= D)!1M=D/2(_1)Zieii; it is the sign of the permutation that
takes the sequence 1---n into II° when the sets I and I° are each written in increasing order. We
also define €(I, J) = e(I)e(]J); it is the sign of the permutation that takes II¢ into J J¢. In particular,
if I = |J|, we have e(l, J) = (—1)Xiet T Xjes ],

2.1. Ordinary, symmetric, antisymmetric and hermitian Cayley identities
The basic Cayley-type identity is the following:

Theorem 2.1 (Ordinary Cayley identity). Let X = (x;;) be an n x n matrix of indeterminates, and let 3 =
(9/9xij) be the corresponding matrix of partial derivatives. Then

det(d)(det X)* =s(s+1)--- (s +n — 1)(det X))~ 1. (2.1)

More generally, if I, ] C [n] with |I| = |]| =k, then

det(d;)(det X)* =s(s+1)--- (s +k — 1)(det X)* e (I, J)(det Xpc jc). (2.2)

Remark. Since det(d) and det(d;;) are constant-coefficient differential operators, the matrix X can
everywhere be replaced by X + A for any fixed matrix A, and the identities (2.1)/(2.2) remain valid.

10 The proofs based on representing (detX)* as a bosonic Gaussian integral are closely related to the existing analytic
proofs [36,89]. The proofs using fermionic Gaussian integrals, by contrast, are really algebraic/combinatorial proofs, as fermionic
“integration” is a purely algebraic/combinatorial construction (see Appendix A.4 below).

1 Unfortunately, most of the existing presentations of Grassmann-Berezin integration are aimed at physicists (see e.g. [117,
Chapter 1] for an excellent treatment) and may not meet mathematicians’ standards of precision and rigor, or else are aimed
at applications to differential geometry and hence involve heavier theoretical machinery than is needed for combinatorial ap-
plications. One exception is the brief summary given by Abdesselam [2, Section 2]; our presentation can be viewed as an
enlargement of his.
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We consider next a version of the Cayley identity for symmetric matrices X*™ = (x;;). What this
means is that only the variables (x;j)1<igj<n are taken as independent indeterminates; then x;; for
i> j is regarded as a synonym for xj;.

Theorem 2.2 (Symmetric Cayley identity). Let X®¥™ = (x;;) be an n x n symmetric matrix of indeterminates,
and let 3%Y™ be the matrix whose elements are

9/0x;i  ifi=],
(4%™),; _—(1+5,])a 50/0x;j ifi<j, (23)
Xij 19/0xji ifi > j.
Then
1
det(9%™) (det X¥™)° :s<s+ 5) < s+ T)(detxsym) (24)

More generally, if I, ] C [n] with |I| = |]| =k, then

det(53™) (det X¥m)’ s(s—i—%) <+kT>(detX5ym) le(t, J)(det XM, (25)

Remarks. 1. The matrix XY™ can everywhere be replaced by X¥™ + A for any fixed symmetric ma-
trix A.

2. If we prefer to work over the integers rather than the rationals, it suffices to multiply 35¥™ by 2
and correspondingly multiply the right-hand side of (2.4) [resp. (2.5)] by 2" (resp. 2¥).

Next let us state a version of the Cayley identity for antisymmetric matrices X2ntisym — (xij).!2 Here
only the variables (xij)1<i<j<n are taken as independent indeterminates; then x;; for i > j is regarded
as a synonym for —xj;, and x;; is regarded as a synonym for 0. As befits antisymmetric matrices, the
corresponding identity involves pfaffians in place of determinants:

Theorem 2.3 (Antisymmetric Cayley identity). Let X3tsym — (xij) be a 2m x 2m antisymmetric matrix of
indeterminates, and let 33"4Y™ pe the corresponding matrix of partial derivatives, i.e.

0 ifi=j,
(aantlsym)ij = { 9/0xjj ifi <j, (2.6)
—a/0xj; ifi>j.
Then

PE(Q3MISYM) (pf X30HVMY — (5 4 2) .. (s + 2m — 2) (pf X2IYM)* 2.7)

More generally, if I C [2m] with |I| = 2k, then

PE(QZMISYI) (pf X3MIYM)® — (5 42) .- (5 + 2k — 2) (pf XY™ e (1) (pf x2MIV™) - (2.8)

12 More precisely, alternating matrices, i.e. matrices satisfying Xij = —xji and x;; = 0. The latter identity is a consequence of the

former whenever the underlying ring of coefficients is an integral domain of characteristic # 2 (so that 2x = 0 implies x = 0),
but not in general otherwise. See e.g. [65, Sections XIIl.6 and XV.9]. In this paper we use the term “antisymmetric” to denote
Xij = —Xji and xii = 0.
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As an immediate corollary we get a result for antisymmetric determinants:

Corollary 2.4 (Antisymmetric Cayley identity for determinants). Let X2ntisym — (xij) be a 2m x 2m antisym-
metric matrix of indeterminates, and let 33"9Y™ be the corresponding matrix of partial derivatives. Then

det(9275V™) (det X2NIVY™) = (25 — 1)(25) - - - (25 + 2m — 2)(det X2IVm) ™!, (2.9)

More generally, if I C [2m] with |I| = 2k, then

det(9""Y™) (det x2ntisym)®
= (25— 1)(25) -+ (25 + 2k — 2)(det xamisym)s‘1 (det xj‘?,?s-‘/m). (2.10)

Please note that in the antisymmetric case we are able at present to handle only principal minors,
i.e. we have been unable to find a general formula for det(af;lnsym)(det Xantisymys \when [ + J.

Next we state a version of the Cayley identity for “hermitian” matrices Zherm = (z,'j).13 By this we
mean the following: We introduce indeterminates (xj)1<i<j<n and (¥ij)1<i<j<n, and define matrices
XYM and yantisym a5 pefore; we then set ZMerm — xym y jyantisym gnq gherm — gS¥m _ (j/7)pantisym,
In terms of the usual complex derivatives

ad 1/ 0 .0 ad 1/ 0 ]
— == — —1 s — =z\—t+1— (211)
0zij 2\ 0xjj Yij 0zij 2\ 0xjj Yij

for i < j, this can be written as
d/d0x;; ifi=j,
(8herm)ij =1 0/dz; ifi<j, (2.12)
9/0zj; ifi>j.
We then have:

Theorem 2.5 (“Hermitian” Cayley identity). Let Z"™ and g"e'™ pe defined as above. Then
herm herm\$ herms—1
det(d"™)(det Z"™) =s(s+ 1) -+ (s +n — 1)(det Z"™)" . (2.13)
More generally, if I, ] C [n] with |I| = | ]| =k, then
-1
det(dff™) (det Z"™)’ = s(s + 1) -+ (s + k — 1)(det Z"™)* e (1, J)(det Z}f™).  (2.14)

The resemblance of this theorem to the ordinary Cayley identity (2.1)/(2.2) is no accident; indeed,
the two identities are immediately interderivable. To see this, it suffices to notice that the action of
derivatives on indeterminates is identical in the two cases:

81']'Xl'/j/ :8,',,'/6]"]'/, (2153)
aik}ermzhel'm — 8i,i’81,j’ , (2.15b)

i/j/

13 We put “hermitian” in quotation marks because the variables (xij) and (y;j) in this identity are neither real nor complex
numbers, but are simply indeterminates.
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and that this relation completely determines the expressions (2.1)/(2.2) and (2.13)/(2.14). For this
reason, we need not consider further the “hermitian” Cayley identity.'*

2.2. Rectangular Cayley identities

Let us now formulate some Cayley-type identities for rectangular matrices of size m x n with m <n.
These identities are somewhat more complicated than the preceding ones, because the matrices ap-
pearing in the determinants (or pfaffians) are quadratic (or of higher order) rather than linear in the
indeterminates.

Theorem 2.6 (Two-matrix rectangular Cayley identity). Let X = (x;j) and Y = (y;j) be m x n matrices of
indeterminates with m < n, and let 9x = (9/9x;j) and dy = (3/dy;;) be the corresponding matrices of partial
derivatives. Then

m—1
det(dxdy) det(XYT)’ ( [Ts+hs+n—m+ 1)) det(xyT)"". (2.16)
j=0

More generally, if I, ] C [m] with |I| = |]| =k, then

k-1

det[ (axdy), ] det(XYT)’ (l_[(s +)(s+n—m+ _l)) det(XyT)*™!

j=0

x €I, ])det[(XYT)I[]C]. (217)

If m =1, Theorem 2.6 reduces to the easily-derived formula (Vx- Vy)(X-y)* =s(s+n—1)(x- y)s1
forx=(x1,...,xp) and y= (¥1, ..., ¥n). If m=n, Theorem 2.6 can be derived by separate applications
of Theorem 2.1 to X and Y. In other cases it appears to be new.

Theorem 2.7 (One-matrix rectangular symmetric Cayley identity). Let X = (x;j) be an m x n matrix of inde-
terminates with m < n, and let 0 = (3/9x;j) be the corresponding matrix of partial derivatives. Then

m—1

det(99") det(XXT)’ (H(25+ ND@s+n—m—1+ ;)) det(xx")"". (218)
j=0

More generally, if I, ] C [m] with |I| = |]| =k, then

k—1

det[(90"), ] det(xxT)* (H(Zs—i— D@s+n—m—1+ J))det(XXT) -

j=0

x (I, ])det[(XXT)Ic]c]. (219)

If m =1, Theorem 2.7 reduces to the well-known formula A(x2)S = 2s(2s +n — 2)(x*)S~! for
X = (X1,...,Xp). If m =n, Theorem 2.7 can be derived from two applications of Theorem 2.1. The

14 Let us remark that, by contrast, in the analytic proofs [36,89] it is convenient to consider the hermitian case instead of the
ordinary case, as (det Z)® for a positive-definite complex hermitian matrix Z has a simple Laplace-type integral representation.
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general case has been proven recently by several authors, using analytic methods.!” We call Theo-
rem 2.7 a “symmetric” identity because the matrices XXT and 99" that appear in it are symmetric by
construction.

Finally, here is an analogue of Theorem 2.7 that involves matrices that are antisymmetric rather
than symmetric by construction; in place of the identity matrix we use the standard 2n x 2n sym-
plectic form

(2.20)

Not surprisingly, this formula involves pfaffians rather than determinants:

Theorem 2.8 (One-matrix rectangular antisymmetric Cayley identity). Let X = (x;;) be a 2m x 2n matrix of
indeterminates with m < n, and let = (9/dx;;) be the corresponding matrix of partial derivatives. Then

m—1
pf(3Ja") pf(X JXT)’ = ( [[s+2hGs+2n—2m+1+ 2j)) pE(X X" (2.21)
j=0

More generally, if | C [2m] with |I| = 2k, then
pf[(8J3"),, ] pf(xJXT)’

k—1
= (]‘[(s +2j)(s+2n—2m+1+ 2j)> pf(X]XT)S_le(I) P (XJXT) 1] (2.22)
j=0

If m=n, (2.21) reduces to the ordinary Cayley identity (2.1) of size 2m since pf(A JAT) = det A.

These three rectangular Cayley identities are roughly analogous to the ordinary, symmetric and
antisymmetric Cayley identities, respectively, but their proofs are more intricate.

Finally, here is a generalization of Theorems 2.1 and 2.6 to an arbitrary number ¢ of rectangular
matrices of arbitrary compatible sizes:

Theorem 2.9 (Multi-matrix rectangular Cayley identity). Fix integers £ > 1 and nq,...,ng > 0 and write
ner1 =nq. For 1 <o < ¢, let X be anny x ng.1 matrix of indeterminates, and let 3®) be the corresponding
matrix of partial derivatives. Then

det(3D - 5®) det(XD ... xO)*

¢ ni—1
= ( [TT]6+na—n+ j)) det(XD ... Oy, (2.23)

a=1 j=0

15 See Faraut and Kordnyi [36, Section XVI.4], Khékalo [57,58] and Rubin [83].
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More generally, if I, ] C [n1] with |I| = | ]| =k, then

det[ (8- 9®), ] det(xD ... XO)°

£ k-1
B ( TTT16+na—ni+ j)) det(XD ... xO) e, 1) det[(xD- = X9) ] (224)

a=1j=0

We expect that there will exist “symmetric” and “antisymmetric” variants of Theorem 2.9,
for matrix products of the form XM ... xX©Ox®OT... xMT op xM ... xO xE+D xOT .. x DT (with
X@D  square and symmetric) for the symmetric case, and X®...X© jx@OT. . x(T of
XD xOXED X OT. . xDT (with X+ square and antisymmetric) for the antisymmetric case
(and analogous matrices of differential operators). But all good things must come to an end, and for
lack of time we have chosen not to pursue this direction.

2.3. Diagonal-parametrized Cayley identities

We would now like to formulate analogues of the ordinary and symmetric Cayley identities in
which the diagonal elements of the matrix X are treated as parameters (i.e., not differentiated with
respect to) and only the off-diagonal elements are treated as variables.
Theorem 2.10 (Diagonal-parametrized ordinary Cayley identity). Let X = (x;;) be an n x n matrix of indeter-

minates, let oo = (a1, ..., an) and B = (B, ..., Bn) be arbitrary numbers (or symbols), and let Dy g s be the
matrix of differential operators defined by

9 9 P .
S—oj Zk;eixika;j -1 —af)Zl;qxliﬁ“ ifi=j,

(Dg.gs)ij = C1-B; . e (2.25)
o,B.s)ij Xﬁ‘lxjj ﬂjﬁj ifi s j.
Then
n
det(Dg g s)(detX)’ =s(s+1)---(s+n—1) <]_[x,-,->(detX)s_1. (2.26)
i=1

More generally, if I, ] C [n] with |I| = | J| =k, we have

det((Dg,g,s)17)(det X)°

—5(s4+1)---(s+k—1)(det X)* (]‘[xﬁ) (]_[x}j’ﬁf)e(l, DdetXjep).  (2.27)

iel je]

Please note that although the elements of the matrix Dy g s belong to a noncommutative algebra of
differential operators, this matrix has the special property that each of its elements commutes with
all the elements not in its own row or column; therefore, the determinant is well defined without
any special ordering prescriptions.

Remarks. 1. Expressions involving xﬁ" and x}j_ﬁ 7 can be understood as follows: we work in the Weyl
algebra generated by {x;;}ix; and {9;j}i-j, augmented by s in the usual way (see Section 2.7) as well
1-Bi
ii

as by the central elements y; = x?,." and zj =x , it being understood that x;; is a shorthand for y;z;.
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2. It is easy to see why (2.26) holds with a right-hand side that is independent of the choice of B.
Indeed, the operators Dy g s and Dy g ¢ are related by the similarity transformation

Bi—Bi Bi—B{
)

D p s =diag(x;| )Da.p.sdiag(x; (2.28)

. +(Bi—B! . L .
where the quantities xii('S i=ho) commute with all entries in all matrices, so that det(Dy gs) =

det(Dy g ;). Similar reasoning explains why the right-hand side of (2.27) depends on # in the way it
does.

3. It should be stressed that (2.26) provides a non-minimal Bernstein-Sato pair. In fact, a lower-
order Bernstein-Sato pair can be obtained from (2.27) by taking I = J = [n]\ {io} for any fixed ig € [n]:

det((De,g.s)io)e io)c ) (det X)* =s(s + 1) -+ (s +n — 2)(1_[xi,-) (det X)*~ 1. (2.29)
i=1

Theorem 2.11 (Diagonal-parametrized symmetric Cayley identity). Let X*¥™ = (x;;) be an n x n symmetric

matrix of indeterminates, let B = (81, ..., Bn) be arbitrary numbers (or symbols), and let D;yrsn be the matrix
of differential operators defined by

1 91 R TP
S =3 Dk=i Xk — 2 Li<iMigg Fi=1,

1,6i,1-Bi & e s

(D/Sg)irsn)l]= zxiixjj ]Wij lfl<]’ (230)
C 1-B; e s
%xﬁxﬁ Ja%ﬂ ifi > j.

Then

det(Dzy’?) (det Xsym)s = s<s + %) . <s + ! ; 1) (]_[x,-i> (det Xsym)sfl. (2.31)

i=1

More generally, if I, ] C [n] with |I| = | ]| = k, we have

det((DFT), ) (det X3™)°

1 k-1 sym\S— i —bij sym
:s<s+§)-~-(s+ 5 )(deth) 1(Hxﬁ)(nx}jﬁ)6(1,])(detX,3'Jc). (2.32)

iel jej

Please note that in the symmetric case we are forced to take o; = % for all i. Note also that (2.31)
provides a non-minimal Bernstein-Sato pair, and that a lower-order pair can be obtained from (2.32)
by taking I = J = [n] \ {ig} for any fixed ig € [n]:

n
det((DG'T) ioje(i)e) (det X¥™)° = s(s + %) o (s + 0 ; 2) (]“[x,-,-) (detx¥™)* 1. (2.33)

i=1
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2.4. Laplacian-parametrized Cayley identities

In the preceding subsection we treated the off-diagonal elements {x;;}i+; as indeterminates and
the diagonal elements x;; as parameters. Here we again treat the off-diagonal elements as indetermi-
nates, but now we use the row sums t;j = Z’}:] x;j as the parameters. (This way of writing a matrix
arises in the matrix-tree theorem [2,27,69].) In other words, we define the row-Laplacian matrix with
off-diagonal elements {x;;}i»; and row sums 0,

(Xrow-Lap) =

Xij ifi#j,
. { (2.34)

and the diagonal matrix T = diag(t;), and we then study det(T + X™"-12P) where the t; are treated as
parameters. We shall need the matrix of differential operators

] a/oxi; ifi#j,
row-Lap 1]
(@ )ij= {0 ifi = j. (2.35)

Theorem 2.12 (Laplacian-parametrized ordinary Cayley identity). Let X™V-1P T and 9™%-12P pe n x n ma-
trices defined as above. Let U be the n x n matrix with all entries equal to 1. Then

[det(U 4 arow-Lap) _ det(arow-Lap)](det(T + XrOW—Lap))S

= (Zti)s(s + 1)+ (s+n—2)(det(T + x"OW'LaP))S‘1. (2.36)

i
Let us recall that, by the matrix-tree theorem [2,27,69], det(T + X™%-LaP) is the generating poly-

nomial of rooted directed spanning forests on the vertex set [n], with weight [];cpti HfjeE(F)(_xif)

for a (rooted directed) forest with roots at the vertices i € R and edges f] € E(F), directed towards
the roots. In particular, the term linear in t; — whose coefficient is the principal minor of order n — 1,
det(XrOW‘LRP){,-]c{,-]c - enumerates the directed spanning trees rooted at i. Taking this limit in (2.36),
we obtain:

Corollary 2.13 (Cayley identity for the directed-spanning-tree polynomial). For each i € [n], we have
-L -L -L s
[det(U + 8™""4P) — det(8"""*P) ] (det(X""P) c i1c)
L s—1
=s(s+ 1)+ (s+n—2)(det(X™" ap){i}cmt) ) (2.37)

We also have an analogous identity for symmetric Laplacian-parametrized matrices. What this
means is that we introduce indeterminates {x;j}1<i<j<n and regard x;; for i > j as a synonym for xj;;
we then define the symmetric Laplacian matrix

XU lfl < j,
(Xsym_Lap)ij =1 Xji ifi > j, (238)
- Zk;&i xig ifi=j

and the corresponding matrix of partial derivatives

d/ox; ifi < j,
(8™ LP), = 8/0x;i ifi > j, (2.39)
0 if i = j.
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We then have:

Theorem 2.14 (Laplacian-parametrized symmetric Cayley identity). Let XY™ 18P T and 9™ pe n x n
matrices defined as above. Let U be the n x n matrix with all entries equal to 1. Then

[det(U 4 3Sym-LaP) _ det(asym—Lap)](det(T + Xsym-Lap))S
N (Zti)zs(zs +1)-+ 25 +n - 2)(de(T + x¥™La)) (2.40)

Similarly, det(T + XY™LaP) is the generating polynomial of rooted (undirected) spanning forests
on the vertex set [n], with weight []; g ti ]_[,-jeE(F)(—X,‘j) for a (rooted undirected) forest with roots
at the vertices i € R and edges ij € E(F). In particular, the term linear in t; - whose coefficient is
det(X™-LaP) ey — is independent of i and enumerates the spanning trees. We thus obtain:

Corollary 2.15 (Cayley identity for the spanning-tree polynomial). For each i € [n], we have

[det(U + 9¥™"%P) — det(9%™12P) ] (det(X¥™1P) . W)S
=25Q2s+1)---(2s+n— 2)(det(x5ym'LaP){i}c{i}c)s‘1. (2.41)

See [90] for many interesting additional properties of the spanning-tree polynomial.
2.5. Product-parametrized and border-parametrized rectangular Cayley identities

Here we will present two curious Cayley identities for rectangular matrices that are much simpler
than the identities presented in Section 2.2, because the indeterminates occur linearly rather than
quadratically in the argument of the determinant.

So let X = (x;j) be an m x n matrix of indeterminates with m < n, and let 9 = (3/dx;;) be the
corresponding matrix of partial derivatives. One easy way to obtain square (m x m) matrices from X
and 9 is to right-multiply them by n x m matrices A and B, respectively. We then have the following
Cayley-type identity, in which A and B occur only as parameters:

Theorem 2.16 (Product-parametrized rectangular Cayley identity). Let X = (x;j) be an m x n matrix of inde-
terminates with m < n, and let 3 = (3/dx;j) be the corresponding matrix of partial derivatives. Let A = (aj;)
and B = (bjj) be n x m matrices of constants. Then

det(dB)(det XA)* = det(ATB)s(s +1)--- (s +m — 1)(det XA)* . (2.42)

More generally, if I, ] C [m] with |I| =| ]| =k, then

det((3B);)(det XA)* = det(MA)s(s +1)--- (s + k — 1)(det XA)* . (2.43)
where M is an m x n matrix defined as follows: if I = {iy, ..., iy} and ] = {j1, ..., jk} in increasing order,
then

| xap ifaé¢l,
Myg = {bﬁjh ifor = i (2.44)
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Note that if n =m, then (2.42) reduces to the ordinary Cayley identity (2.1) multiplied on both
sides by (det B)(det A)*, while (2.43) specialized to A = B = I, gives the all-minors identity (2.2).
In the general case m < n, (2.43) reduces to (2.42) when I = | = [m] (since we then have M = BT),
while (2.43) reduces to the trivial identity (det XA)* = (det XA)* when I = | = & (since we then have
M = X).

A second easy way to complete X and 9 to square (n x n) matrices is to adjoin n — m rows of

constants at the bottom:
A X N 9
= (%), 5= <_> (2.45)
A B

where A and B are (n—m) x n matrices of constants. We can think of X and 9 as “bordered” matrices
obtained by filling out X and 9. We then have the following Cayley-type identity, in which A and B
again occur only as parameters:

Theorem 2.17 (Border-parametrized rectangular Cayley identity). Let X = (x;j) be an m x n matrix of inde-
terminates withm < n, let 9 = (3/9x;j) be the corresponding matrix of partial derivatives, and let A and B be

(n —m) x n matrices of constants. Define Xand d asin (2.45). Then

det(9)(det X)* = det(ABT)s(s +1)--- (s +m — 1)(det X)* . (2.46)

When m = n this formula reduces to the ordinary Cayley identity (2.1), if we make the convention
that the determinant of an empty matrix is 1.

Please note that, by Laplace expansion, det X is a linear combination of m x m minors of X (and
likewise for detd). Indeed, when n —m =1 one can obtain all such linear combinations in this way,
by suitable choice of the row vector A; for n —m > 2 one obtains in general a subset of such linear
combinations. It is striking that the form of the identity - and in particular the polynomial b(s)
occurring in it — does not depend on the choice of the matrices A and B.

In Section 8 we will prove the “product-parametrized” and “border-parametrized” identities and
then explain the close relationship between them.

2.6. Historical remarks

As noted in the Introduction, the identity (1.1) is conventionally attributed to Arthur Cayley (1821~
1895); the generalization (1.2) to arbitrary minors is sometimes attributed to Alfredo Capelli (1855-
1910). The trouble is, neither (1.1) nor (1.2) occurs anywhere - as far as we can tell - in the Collected
Papers of Cayley [26]. Nor are we able to find these formulae in any of the relevant works of Capelli
[15-19]. The operator §2 = det(d) was indeed introduced by Cayley on the second page of his famous
1846 paper on invariants [25]; it became known as Cayley’s §2-process and went on to play an impor-
tant role in classical invariant theory (see e.g. [34,39,75,88,111]). But we strongly doubt that Cayley
ever knew (1.1).

A detailed history of (1.1) and (1.2) will be presented elsewhere [3]. Suffice it to say that the special
case for 2 x 2 matrices appears already in the 1872 book of Alfred Clebsch (1833-1872) on the invari-
ant theory of binary forms [29, p. 20]. But even for n = 3, the first unambiguous statement of which
we are aware appears in an 1890 paper of Giulio Vivanti (1859-1949) [106].'® And amazingly, in this

16 This paper is also cited in Muir's massive annotated bibliography of work on the theory of determinants [70, vol. 4, p. 479)].
Indeed, it was thanks to Muir that we discovered Vivanti’s paper. Malek Abdesselam has also drawn our attention to the papers
of Clebsch (1861) [28, pp. 7-14] and Gordan (1872) [45, pp. 107-116], where formulae closely related to (1.1) can be found.
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very first paper, Vivanti proves not only the basic “Cayley” identity (1.1) but also the generalization
(1.2) for minors, for completely general n and k albeit only in the case I = J (i.e., principal minors).
In fact, his inductive method of proof works only because he is handling the “all-principal-minors”
version; it would not work for the “simple” identity (1.1) alone.

Proofs (by direct computation) of the “Cayley” identity (1.1) for n = 3 can be found in the early-
twentieth-century books of Grace and Young (1903) [46], Weitzenbock (1923) [110] and Turnbull
(1928) [101]. Weitzenbock also states (1.1) without proof for general n, saying that it is obtained
“by completely analogous calculation” [110, p. 16]; similarly, Turnbull states both (1.1) and (1.2) for
general n and leaves them as exercises for the reader [101, pp. 114-116]. (Unfortunately, Turnbull’s
old-fashioned notation is very difficult to follow.) We are not convinced that the extension from n =3
to general n is quite so trivial as these authors imply. We will, in any case, provide an elementary
algebraic/combinatorial proof of (1.1)/(1.2) in Section 3.1 below.

The symmetric analogues (2.4)/(2.5) are due to Gdrding in 1948 [41]; see also [36, Proposi-
tion VIL1.4]. The antisymmetric analogue (2.7) is due to Shimura [89] in 1984; see again [36, Proposi-
tion VII.1.4], where the quaternionic hermitian determinant (Moore determinant [4]) is equivalent to
a pfaffian, and see also [61, Corollary 3.13].

Shimura [89] also gives generalizations of all these formulae in which det(d) is replaced by other
homogeneous differential operators. Similarly, Rubenthaler and Schiffmann [82, especially Section 5]
and Faraut and Koranyi [36, Proposition VIL1.6] give generalizations in which both det(d) and det X
are replaced by suitable products of leading principal minors. All these proofs are analytic in nature.
Elegant algebraic/combinatorial proofs of identities in which det X is replaced by a product of mi-
nors have been given by Canfield, Williamson and Evans [14, Theorem 1.3 and Lemma 2.12], [114,
Theorem 4.1].17

The one-matrix rectangular symmetric Cayley identity (2.18) has been proven recently by Faraut
and Koranyi [36, Section XVI.4], Khékalo [57,58] and Rubin [83], using analytic methods.

Many of the polynomials P treated here can also be understood as relative invariants of preho-
mogeneous vector spaces [52,60]; and the corresponding b-functions have been computed in that
context, mostly by means of microlocal calculus [59,85,98]. See [60, Appendix]| for a table of all irre-
ducible reduced prehomogeneous vector spaces and their relative invariants and b-functions. All but
one of the “generic” cases in this table (i.e., those involving matrices with one or more arbitrary di-
mensions) correspond to identities treated here: namely, the ordinary, symmetric and antisymmetric
Cayley identities [(2.1), (2.4) and (2.7)] correspond to cases (1), (2) and (3), respectively, while the
one-matrix rectangular symmetric and antisymmetric Cayley identities [(2.18) and (2.21)] correspond
to cases (15) and (13). The b-functions listed in that table of course agree with ours.!® (The final
“generic” case (30) involves matrices X of order 3 x 2n with P(X) = tr(XJXT)2, which falls outside
our methods since it is neither a determinant nor a pfaffian.) Finally, the most difficult result ob-
tained in the present paper - namely, the multi-matrix rectangular Cayley identity (2.23) - has very
recently been proven independently by Sugiyama [98, Theorem 0.1] in the context of prehomogeneous
vector spaces associated to equioriented quivers of type A; his proof uses a decomposition formula
found earlier by himself and F. Sato [86]. Indeed, Sugiyama proved an even more general result [98,
Theorem 3.4], applying to quivers of type A with arbitrary orientation.!?

It is worth stressing that the Cayley identity (1.1) - though not, as far as we can tell, the all-
minors version (1.2) - is an immediate consequence of a deeper identity due to Capelli [16-18], in
which the operator H = (det X)(detd) is represented as a noncommutative determinant involving the
gl(n) generators XTd: see e.g. [105, p. 53], [51, pp. 569-570] or [22, Appendix] for the easy deduc-
tion of Cayley from Capelli. Likewise, the symmetric Cayley identity (2.4) follows from a symmetric
Capelli-type identity due to Turnbull [102] (see also [108]), and the antisymmetric Cayley identity

17 See also Turnbull [103] for a similar result, but expressed in difficult-to-follow notation.

18 After making the translation of conventions s — s+ 1: see footnote 7 above. See also F. Sato and Sugiyama [86, Section 3.1
and Lemma 4.2] for an alternate approach to (2.1), (2.7) and (2.18).

19 We are grateful to Nero Budur for explaining to us the connection between our results and the theory of prehomogeneous
vector spaces, and for drawing our attention to the work of Sugiyama [98].
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(2.7) follows from an antisymmetric Capelli-type identity due independently to Kostant and Sahi [63]
and to Howe and Umeda [51] (see also [61]).

The one-matrix rectangular symmetric Cayley identity (2.18) for m =1 follows from a Capelli-type
identity given in [111, pp. 291-293] and [105, p. 61]. For m =n it of course follows from the ordinary
Capelli identity. For 2 <m <n —1 we do not know any Capelli-type identity.

Proofs of the Capelli-type identities based on group-representation theory have been given by
Howe and Umeda [50,51]. Combinatorial proofs of the Capelli and Turnbull identities have been given
by Foata and Zeilberger [37]. We have recently given very simple algebraic proofs of these same
identities as well as some generalizations [22]. See also Weyl [111, pp. 39-42] and Fulton-Harris [39,
Appendix F.3] for more traditional proofs. Further information on Capelli-type identities can be found
in [51,105].

2.7. Some algebraic preliminaries

A few words are needed about how the identities (2.1) ff. - or more generally, Bernstein-type
identities of the form

Q(s,x,0/0x)P(x)° = b(s)P(x)s’1 (2.47)
where x = (x1,...,X;) — are to be interpreted. On the one hand, they can be interpreted as ana-
lytic identities for functions of real or complex variables xi,...,x,, where s is a real or complex

number; here P(x)° denotes any fixed branch on any open subset of R" or C" where it is well de-
fined. Alternatively, these formulae can be regarded as purely algebraic identities, in several different
ways:

(1) For integer s > 1, as an identity in the ring R[xq,...,X;] of polynomials in the indeterminates
X1,...,Xp with coefficients in some commutative ring R (for instance, R could be Z, Q, R or
(C).ZO

(2) For any integer s (positive or negative), as an identity in the field K(x1,...,x;) of rational frac-
tions in the indeterminates X1, ..., x, with coefficients in some field K (for instance, K could be
Q, R or C).2!

(3) For s interpreted symbolically, as an identity in a module defined as follows [32, pp. 93-94],
[64, p. 96 ff.]: Let K be a field of characteristic 0, let x1,...,X, and s be indeterminates, and let
An(K)[s] be the K-algebra generated by x1,...,xn,3/0X1,...,0/0x, and s with the usual com-
mutation relations. (That is, it is the algebra of differential operators with respect to x1, ..., X, in
which the coefficients are polynomials in x1, ..., xp, s with coefficients in K.) Now fix a nonzero
polynomial P € K[xq,...,x,], and let K[x,s, P~1] denote the ring of rational fractions in the
indeterminates x1,...,X;,S whose denominators are powers of P. (It is a subring of the field
K(x1,...,Xn, s) of all rational fractions in x1, ..., X, s.) Let K[x, s, P~11PS be the free K[x,s, P~1]-
module consisting of objects of the form fP* where f e K[x,s, P~1]; here PS is treated as a
formal symbol. We can define formal differentiation by

9 s (0f P 1\ s
a—x,-(fp)_<a_)<i+sfa_;qp >P (2.48)

20 When b(s) contains fractions [e.g. (2.4)/(2.5) and (2.31)/(2.32)] we should assume that the coefficient ring R contains those
fractions [i.e. in this case §].
21 When b(s) contains fractions [e.g. (2.4)/(2.5) and (2.31)/(2.32)] we should assume that the coefficient field K contains those

fractions [i.e. in this case %]. Usually we will take K to be a field of characteristic 0, so that K contains the rationals Q as a
subfield.
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where 9 f/dx; is the standard formal derivative of a rational fraction. This differentiation is easily
extended to an action of An(K)[s] on K[x,s, P~11P%, making the latter into a left A,(K)[s]-
module.??

Let us now show that all these interpretations are equivalent.

We begin by recalling some elementary facts. Let p(xq,...,%;) be a polynomial with coefficients
in some commutative ring R, and let d; be the degree of p with respect to the variable x;. Suppose
that there exist sets Xi,...,Xp € R with |Xj| > d; for all i, such that p(xq,...,%;) =0 whenever
(X1,...,Xp) € X1 X --- X X,. Then p must be the zero polynomial, i.e. all its coefficients are zero. Note
in particular that if the sets Xj,..., X, are infinite, then this reasoning applies to polynomials of
arbitrary degree. As a special case of this, if R=R or C and p(xq,...,%;) =0 for all x=(x1,...,xp)
lying in some nonempty open set U of R" or C", then p must be the zero polynomial.

Now let K be a field of characteristic 0, and let P(x), Q (s,x, d/dx) and b(s) be polynomials with
coefficients in K [as always we use the shorthand x = (x1, ..., xp)]. Then elementary algebraic manip-
ulations allow us to write

Q(s,x,0/3x)P(x)* —b(s)P(x)*" ! = R(s, x) P(x)*~™ (2.49)

for some polynomial R(s,x) and some integer m > 0. Combining this fact with the preceding obser-
vations, we obtain immediately the following two propositions:

Proposition 2.18 (Equivalence theorem for symbolic s). Let K be a field of characteristic 0, and let P, Q, b and
R be as before. Then the following are equivalent:

(a) (2.47) holds as an algebraic identity in the module K[x, s, P~ 1P, symbolically in s.
(b) R(s,x) =0 in the polynomial ring K{[s, X].

Furthermore, if K is infinite, then (a)-(b) are equivalent to:

(c) For infinitely many s € K, there exist infinite sets X1, ..., X, C K (possibly depending on s), such that

R(S,X1,...,X1) =0for (xq,...,Xp) € X1 x -+ x Xy, and the given value of s.
Finally, if K =R or C, then (a)-(c) are equivalent to:

(d) Forinfinitely many s € K, there exist a nonempty open set U C K" (possibly depending on s) and a branch
of P(x)* defined on U such that (2.47) holds for all x € U.

(e) Forevery s € K, every nonempty open set U C K" and every branch of P(x)* defined on U, (2.47) holds
forallxeU.

22 More generally, we can proceed as follows: Let R be an integral domain and let A be an abelian group. We then define

RA to be the commutative ring with identity generated by the symbols x* (x € R,a € A) subject to the relations x?x? = xa+b,

x4y® = (xy)® and x° = 1. In particular, if A contains the integers as a subgroup, then we can consider R as a subring of R* by
identifying x € R with x' € R,

Now suppose that R is a polynomial ring S[xi,...,X;] where S is an integral domain of characteristic 0, and that A is a
subgroup of the additive group of S (where 1 € Z C A is identified with 1 € S). Then we can define an action of the differential
operators 9/dx; on R4 by

i (P =a ﬁ Pt
0X; dX;

together with the usual product rule. This makes R# into a left A;(S)-module [where A,(S) is the Weyl algebra in n variables
over S].

In order to handle Bernstein-type identities, we will introduce an indeterminate s and take A =Z + sZ and S = K[s] for
some field K. Then we will work within the submodule of R consisting of elements of the form f P4 for f € K[x, ..., Xy, S,
a € Z and some fixed P € K[x1, ..., xp]. This submodule is isomorphic to K[x, s, P~1ps.
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Proposition 2.19 (Equivalence theorem for fixed s). Let K be a field of characteristic 0, let P, Q, b and R be as
before, and fix some element s € K. Then the following are equivalent:

(b) R(s, x) =0 in the polynomial ring K[x] (for the given value of s).
Furthermore, if K is infinite, then (a)-(b) are equivalent to:

(c) There exist infinite sets X1, ..., Xy € K such that R(S,X1,...,Xs) =0 for (X1,...,%1) € X1 x -+ X Xp
(for the given value of s).

Finally, if K = R or C, then (a)-(c) are equivalent to:

(d) There exist a nonempty open set U C K™ and a branch of P (x)* defined on U such that (2.47) holds for all
x € U (for the given value of s).

(e) For every nonempty open set U C K™ and every branch of P(x)* defined on U, (2.47) holds for all x € U
(for the given value of s).

In particular, Proposition 2.18 shows that it suffices to prove (2.47) for infinitely many positive or
negative integers s, using the elementary interpretation (1) or (2) above; it then holds automatically
for arbitrary s as an identity in the module K[x,s, P~1]PS and as an analytic identity. Likewise, it
suffices to specialize x1, ..., x, to real or complex variables and to prove (2.47) for some nonempty
open set in R" or C". In what follows, we shall repeatedly take advantage of these simplifications.
(Many previous authors - especially the earlier ones - have done so as well, but without making
Proposition 2.18 explicit.)

3. Elementary proofs of Cayley-type identities

In this section we give proofs of the three main Cayley-type identities for square matrices (The-
orems 2.1-2.3) that use nothing but elementary properties of determinants (notably, Jacobi’s identity
for cofactors) along with the elementary formulae for the derivative of a product or a power.

The general situation we have to handle in all three cases is as follows: Let I" be a finite index
set, let (Ey)yer be given n x n matrices with elements in some field K, and let (x,),cr be inde-
terminates. Now define the matrix X = Zyer"y Ey. If A=(Ay)yer is a K-valued vector, we write
9a=2_yerAyd/3xy, and Ex =}, . AyEy, so that 04X = E. We need a formula for successive
derivatives of (det X)S:

Lemma 3.1. Let (Ey), ey ben x n matrices, let (x, )y e be indeterminates, and define X = Zyer Xy Ey . For
any sequence Aq, ..., A, of K-valued vectors, we have

k
(HaAl)(detX)s

i=1

= (-DfdetX)* Y (—gF@desoln TT tr(XEq, ... X "Ea,,) (3.1a)
TS cycles of T
C=(O[1,...O{g)
s #(cycles of T -1 -1
= (det X) Z sgn(7)s* ) 1_[ tr(X"Eng, ... X 'Ea,,). (3.1b)
TeSk cycles of T
C=(u1,...ap)

Proof. By induction on k. The case k=1 follows from Cramer’s rule or alternatively from the relation

(det X)° = exp(strlog X). (3.2)
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For the inductive step we shall need the identity

(X =-XxT@a X)X, (33)
which follows from 94 (X~ X) = 0. Assume now that the theorem is valid for k and let us apply 0Apy-
When this derivative hits (det X)%, it creates a new cycle (k + 1), with prefactor s = (—1)(—s); these
terms correspond to permutations T € Si4q in which the element k + 1 is fixed. Alternatively, the
derivative can hit one of the X~ factors in one of the traces; by (3.3) this inserts the element k + 1
into one of the existing cycles at an arbitrary position, and produces an extra factor —1; these terms
correspond to permutations T € Sy in which the element k + 1 is not fixed. O

For 1<i, j<n, let EV be the matrix with a 1 in position ij and zeros elsewhere, i.e.
(EY )i/j/ =368i18j . (34)

We will express the matrices E, in each of our three cases in terms of the E i,
3.1. Ordinary Cayley identity

Proof of Theorem 2.1. In this case the index set I" is simply [n] x [n], and we write X = Z?j:] xUE"j.
Now let I ={iy,...,ix} with iy <--- <i and | ={j1,..., jk} with j; <--- < ji, so that

(3.5)

det(d;)) = Z sgn(o) 1_[

O’ESk — 8 'r]n(r)

For each fixed o € S, we apply Lemma 3.1 with 34, = /X, j,,,. In the traces we have E4, =
Elero@n) and hence

~1giajo@y “Vglegdoep) = x71 .~ x71 . LI
tr(X~'E L XTUE ) X apiar Kotapicy = Xintay_pias (3.6a)
L
l_[ 't(otr)]a(ar) (3.6b)

where X~T = (X~1)T and we have used the fact that, for T as in Lemma 3.1, 7(a;) = ajyq for i =
.,£—1 and t(o¢) = 1. We can now combine all the different traces into a single product. We
obtain

k

det(d;)(det X)* = (det X)* Z sgn(o) Z sgn(t)s*(ycles of T) l_[(X_T

oSk TS r=1

it(r)ja(r) ’ (37)

Let us now define the permutation 7 = ¢ o t~! and change variables from (o, T) to (t,7), using
sgn(o) sgn(t) = sgn(ir). The product over r can be written equivalently as a product over t = 7(r).
We have

> sgn(n)l_[ Dicjeey = det((X7T) ) = (et X)"Te (1, J)(det Xieje) (3.8)

TeS,
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by Jacobi’s identity [Lemma A.1(e)], while

Z g*(cycles of 7) =s(s+1)---(s+k—1) (3.9)

TeSK

(see e.g. [47, p. 263, Eq. (6.11)] or [92, Proposition 1.3.4] for this well-known equality). O
3.2. Symmetric Cayley identity

Proof of Theorem 2.2. In this case the index set I' consists of ordered pairs (i, j) € [n] x [n] with
i < j, and we write X¥™ =37, . x;;(EY + E'') + 37, x;iE". Then

aisjymxsymz (Eij+Eji) (3.10)

N =

in all three cases (i < j, i > j and i = j). Now let us apply det(af}'m) to (det X*Y™)5 and compare

to what we had in the previous proof. On the one hand we have a factor 27k coming from the
k derivatives. On the other hand, each E, is now a sum of two terms EY and E’'; in each cycle
(a1, ...,qp) of T, the argument of the trace becomes

XV(Elerdon 4 Elo@pien) x—1(Elaziows) 4 Elo@yier). .. (311)

(to lighten the notation we have written X instead of X*¥™). We therefore need to sum over all the 2!
ways of choosing E¥/ or EJt in each factor within the given trace (hence 2 choices overall). Performing
the trace, we will obtain terms of the form

x71 X1 X! x! (3.12)

ja(ar)iotrﬂ ’ iotriotrH ’ ja(ar)jo(ozr+1) ’ iOtrjU(Dlr+1) :

Let us now fix one of the 2¥ choices and sum over the permutation o. If one or more of the factors

is of the form X7! . , then the sum over o will vanish because the exchange between o (o)
Jo(ar)Jo(argq)

and o (ar41) takes a —1 from sgn(o). Therefore, in each cycle of 7 there are only two nonvanishing
contributions, corresponding to the two ways of coherently orienting the cycle. One of these has X~ T
(as in the previous proof) and the other has X~!, but these are in fact equal since X is symmetric. We
thus have, compared to the previous proof, an extra factor 2#(ycles of ) ‘we now change variables, as
before, in the sum over permutations. The sum over 7 gives (3.8) exactly as before, while the sum
over T now gives

1 k—1
9k 7g)#(cycles of ) _ i 313
§ (2s) s|s+3 S+ (313)

TESK
by (3.9). O
3.3. Antisymmetric Cayley identity

Let us recall the definition of the pfaffian of a 2n x 2n antisymmetric matrix:

1
pfA= o > s8n(0)ar ()0 @)+ Ao @n-1)0 @n)- (3.14)

T oeSy
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Proof of Theorem 2.3. In this case the index set I' consists of ordered pairs (i, j) € [n] x [n] with
i < j, and we write X3ntsym — > i< jXij(EY — EJ'). Then

, A N B
8;-n ISVmXantlsym — Ei _ it (3'15)
Now let I = {i1,..., iy} with i; < .-+ < iy, and let us apply pf(af,“tisym) to (pfXx2ntisym)s —

(det X2ntisym)s/2: ysing the representation (3.14) for pf(B,a,misym), we obtain

k

) ) 1 3 - ,

P(a™) (PEXTN™) = 2 3 sen(o )(]_[ axi_>(detxa“t‘sym)5/ . (316)
foeSy r=1 "Mo@-nlo@n

Now apply Lemma 3.1 as before. In each cycle (a1, ..., o) of T, the argument of the trace becomes
x1 (Eia(ZQ]—l)iU(Zap _ EiU(ZtX])ia(Za]—l))X_] (Eia(2a2—l)ia(2az) _ Eia(Zaz)ia(Zaz—l)) e (317)

Once again we have 2 choices in the E factors; but here these choices correspond simply to pre-
multiplying ¢ by one of the 2¥ permutations that leave fixed the pairs {1,2},...,{2k — 1,2k}:
therefore, after summing over o we simply get a factor 2. Let us now introduce the permutation
o' defined by

of@r—1=0(21() —1), (3.18a)
o' @2r) =0 Qr). (3.18b)

For each t € &, the map o — o7 is an automorphism of Sy, and satisfies sgn(c ™) = sgn(o) sgn(t).
We have

pf(a;alntisym) (pf Xantisym)s

1

=2k
2k

k
- sgn@) ) sgn()(s/2* e IO T (x7T)

oeSH TeSK r=1

(3.19)

iormn-1ie@n

We now define 7 =o" and change variables from (o, ) to (t, ) as before. The sum over 7 gives

k
1
S > senem) [J(x7T) =pf((X7T),) = @fX) Te(D(PfXper)  (3.20)
’ r=1

ix@r-nizen
eSSy
by the pfaffian version of Jacobi’s identity [cf. (A.21)], while the sum over T gives

26 " (s/2)M@AS D —5(s 4 2) - (s + 2k — 2) (3.21)

TESk

by (3.9). O
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4. Proofs of Cayley-type identities by Grassmann/Gaussian representation of (det X)*

Let us now give simple proofs of Theorems 2.1-2.3, based on representing (det X)* as a fermionic
or bosonic Gaussian integral. A brief introduction to fermionic and bosonic Gaussian integration can
be found in Appendix A.

4.1. Ordinary Cayley identity

Proof of Theorem 2.1. Assume that s is a positive integer, and let us introduce Grassmann variables
wi(a), 1/_/i(0‘) fori=1,...,nand a =1,...,s. We can then write

(det X)* :/D(w, ) el XV, (4.1)

where we have used the shorthand

N n
ILX‘(// = Z Z \/_fi(a)xiﬂ/f](»a). (4.2)
a=1i,j=1
Now let I ={iy,...,ix} with iy <--- <i and | ={j1,..., jik} with j; <--- < j, so that

det(d;;) = Y _ sgn(o) ]_[

oes; ox lr]a(r)

(4.3)

Applying this to (4.1), we obtain

det(d; ) (det X)* = /D(w 7)Y sgnio) Y (]_[w(“f’m/f(“’))e‘/_fx‘ﬁ. (4.4)

Jo(r)
eSSy o,...,0=1 \r=1

When X is an invertible real or complex matrix, Wick’s theorem for “complex” fermions (Theo-
rem A.16) gives

/ DY ) (Hw(“f)wjjg)em = [detX)* ) sgn(t)l_[ Do ey Stz (45)

r=1 TSk

Let us now define the permutation m = o o T and change variables from (o, 1) to (t, ), using
sgn(o) sgn(t) = sgn(mr). We then have

> sgn(n’)l_[ w.m =det((X7T), )= (det X)"Te(I, J)(det Xje jc) (4.6)

TeSk

by Jacobi’s identity, while

> Z ]_[aara,(,) D st oD — (s 4 1) (s k= 1) 4.7)

TeSKA1,...,ap=11=1 T8k
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by (3.9). This proves (2.2) for integer s > 1, when X is an invertible real or complex matrix. By
Proposition 2.18, this is sufficient to prove the identity. O

Alternate proof of Theorem 2.1. Instead of using “complex” fermions, we can use complex bosons. So
assume that s = —m where m is a positive integer, and that X is a complex matrix whose hermitian

part is positive-definite; and let us introduce bosonic variables go(o‘), gbi("‘) fori=1,...,nand a =
1,...,m. We then have

(detx)™™ =[D(go,¢)e—¢x<ﬂ. (4.8)
By the same method as before, we obtain
det(3)(det X)™™ = (~1) / D(p.§) Y sgn(o) Z (1‘[@5?%}3;3)) e X0 (49)
oSy o,...,0p=1

Wick’s theorem for complex bosons (Theorem A.4) now gives

/ D(@, §) (n(p(ar) w}(g(r))) KO = (detX) ™™ N ]_[ Dijoeo deroey- (410)

TeS =1

Once again we define the permutation w = o o t and change variables, using now sgn(o) =
sgn(t) sgn(mr). We again have

> sgn(n)l_[ D iy = det((X7T), ) = (et X) eI, J)(det Xie jo). (411)

TeSy

while now

Z sgn(t) Z 1_[ Sarareqy = Z Sgn(r)m#(cycles of 7)

TSk ar,0p=1r=1 TeSk
_ Z (—1)#*(0dd cycles of ) #(cycles of 7)
TeSK
=(=Dks(s+1)---(s+k—1) (412)
by (3.9) since s = —m. This proves (2.2) for integer s < —1, when X is a complex matrix whose

hermitian part is positive-definite; we conclude by Proposition 2.18 as before. O

4.2. Symmetric Cayley identity

Proof of Theorem 2.2. In this case we use real bosons. So assume that s = —m/2 where m is a
positive integer, and that XY™ is a real symmetric positive-definite matrix; and let us introduce
bosonic variables (pl.(o‘) fori=1,...,nand ¢ =1,...,m. We then have

(det x*¥m) ™2 = / Dy e~ 19X""¢, (413)
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The operator 3i5]ym = %(1 + 8ij) 9/9dx;j is exactly what is needed to bring down a factor ——q),(p] when

1
acting on e~ 2¢X*™%_(To lighten the notation, let us henceforth write X instead of X5¥™.) We therefore
have

det(d;)™) (det X)~m/2

1 k « o 1
:<‘5) f Dy Y sgn(o) Z (l_[wfr’)sofa%) T, (4.14)

oS, at,...,0=1

Wick’s theorem for real bosons (Theorem A.3) applied to [ Dy ]_[r 1<p(ar)¢;;“(r)) now gives rise to

two types of contractions: those that only pair i’s with j's, and those that pair at least one i with
another i (and hence also a j with another j). The pairings of the first class are given by a sum over
permutations 7, and yield

k
(detX)™™2 > " TT(XT), 5, oo Sercre (4.15)

TS r=1

Changing variables as in the alternate proof of Theorem 2.1, the sum over 7 again yields
(det X)~e(l, J)(det Xje je), while the sum over T yields

Z (_1)#(odd cycles of T) (_m)#(cycles of T) — (_l)k(zs)(zs + 1) . (25 + k _ 1) (4.16)

TeSK

by (3.9) since s = —m/2. Inserting these results into (4.14), we obtain (2.5).

Let us now show that for each pairing of the second class, the sum over o yields zero. By hypoth-
esis, at least one j is paired with another j, say j, with j;. Now let wpq € Sy be the permutation that
interchanges p and q while leaving all other elements fixed. Then o +— o o mpq is a sign-reversing
involution for the sum in question.

Once again we argue that because the equality (2.5) holds for infinitely many s and for X in a
nonempty open set, it must hold symbolically in s. O

4.3. Antisymmetric Cayley identity

Proof of Theorem 2.3. In this case we use “real” fermions. So assume that s is a positive integer,

and let us introduce “real” Grassmann variables 8,.(“) fori=1,...,2mand ¢ =1,...,s. We can then
write

(pf xantisym)® / DY 20X, (417)

Now let I ={iq, ..., iy} with i; <--- <iy, so that

i 1
f(o2MY™) = no)[[———. 418
pf(ap ™) Zkk!ZgU]"[axl 1 (418)
OGSZk o@r—-1)lo(2r)
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Applying this to (4.17), we obtain

pf(aflmisym) (pfxemtisym)S

s k
= (aer) (otr) 1 g xantisymg
- / 2k1‘ > sen(e) Y ( Qfaar_])@fu(z,))” , (4.19)
1

oSy of,....,ap=1 \r=1

(To lighten the notation, let us henceforth write X instead of X2"iY™ ) When X is an invertible real
or complex matrix, Wick’s theorem for “real” fermions (Theorem A.15) gives

(@) glor) Lloxe
/D9 (nela(Zr 1) la(Zr)>e2

2k]v Z sgn(r)l_[ la(r(Zr—l))ia(t(Zr))80{’-1(”71)-‘05”(20]. (4.20)

TeSHi

Once again we define the permutation 7 = 0 o T and change variables from (o, T) to (t, ), using
sgn(o) sgn(t) = sgn(rr). The sum over 7 gives

1
o > sgn(yr)U(X_T)imzpl)i”(zr) =pf((X77),;) = @f X)) 'e(D(Pf Xpee)  (4.21)

T TEeSy

by the pfaffian version of Jacobi’s identity [cf. (A.21)]. The remaining sums give

s
#(cycles of MUMp)
2kkv Z Z H(SO‘H(Zr marren = Z S o7, (4.22)

TeSH aq,...,0=11r=1 MeMoyy

where the latter sum runs over all perfect matchings M of 2k elements, and My is some fixed perfect
matching [in our case (12)(34)---(2k — 12k)]; we observe that if M and My are thought of as edge
sets on [2k], then M U My is the edge set of a graph in which each vertex has degree 2, and so is
a union of cycles, showing that the right-hand side is well defined. Let us now show that this latter
sum equals s(s+2)---(s+ 2k —2):

Let eq,...,ex be the edges of Mp. Then each matching M € My induces a decomposition of
the set {e1,...,ex} into cycles, according to how those edges are traversed in M U My; in other
words, M induces a permutation of [k]. Moreover, for each cycle C in this decomposition, there are
2/€1=1 ways of connecting up the vertices. Thus each permutation 7 of [k] arises from []c., 2/€I71 =
2k—#(cycles of ) different matchings M. We therefore have

Z s#(cycles of MUMp) — 2k Z (S/Z)#(cycles of ) (4_233)
MeMyy T eSy
=s(s+2)---(s+ 2k —2). (4.23b)

Once again we invoke Proposition 2.18 to conclude.?> 0O

23 We thank Alex Scott for help in cleaning up our proof of (4.23).
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5. Proofs of Cayley-type identities by Grassmann representation of det(d)

In this section we give an alternate Grassmann-based approach to proving Cayley-type identities:
now it is the differential operator det(d) that is represented as a fermionic Gaussian integral. This
technique is in our opinion very powerful: not only does it give the slickest proofs of the three main
Cayley-type identities for square matrices; it also gives the only direct algebraic/combinatorial proofs
(thus far) of the (considerably more difficult) rectangular Cayley identities.

The basic fact we will need is that an operator exp(a-d) generates translation by a. More precisely,

let R be a commutative ring containing the rationals; then for any polynomial P(z1,...,z;) with
coefficients in R and any constants ay, ..., ad, € R, we have the translation formula
exp( ) ai 9 P(z)=P(z+a) (5.1)
p i 1821' = . .

(Here exp is defined by Taylor series; note that all but finitely many terms will annihilate P.) Indeed,
the identity (5.1) is nothing other than Taylor’s theorem for polynomials P. In particular we will
use (5.1) when the commutative ring R consists of the even elements of some Grassmann algebra.
Moreover, in our applications the elements a; will be nilpotent, so that the Taylor series for exp(a - )
is in fact finite.

We will also need a formula for the change of a determinant under a low-rank perturbation: see
Appendix B.2.

Let us begin by explaining the general structure of all these proofs. We introduce a Grassmann
integral representation for the differential operator det(d) and let it act on (det X)5. After a change of
variables in the Grassmann integral, we obtain the desired quantity (det X)*~! [or its generalization
for minors I, J] multiplied by a purely combinatorial factor that is independent of the matrix X. We
then proceed to calculate this combinatorial factor, which turns out to be an explicit polynomial in s.

Unfortunately, the “all-minors” versions of these proofs (i.e. those for |I| =|J| =k < n) are slightly
more complicated than the “basic” versions (i.e. those for I = | = [n]). We have therefore structured
our presentation so as to give the “basic” proof first, and then indicate the modifications needed to
handle the “all-minors” case.

5.1. Ordinary Cayley identity

Proof of Theorem 2.1. We introduce Grassmann variables 7;, 1; (1 <i < n) and use the representation

det(d) = /Dn(n, el o, (5.2)

where the subscript on D serves to remind us of the length of the vectors in question, and we have
employed the shorthand notation

n n

_ _ 9 _ ad

n'on= E Mg i = E ninj——- (5.3)

= Xij L 0Xij
i,j=1 i,j=1

[Indeed, (5.2) is simply a special case of the fermionic Gaussian integral (A.74) where the coefficient
ring R is the ring Q[d] of polynomials in the differential operators d/0x;;.] Applying (5.2) to (det X)®
where s is a positive integer and using the translation formula (5.1), we obtain®*

24 We have assumed here that s is a positive integer, because we have proven (5.1) only for polynomials P. Alternatively, we
could avoid this assumption by proving (5.1) also for more general functions (e.g. powers of polynomials) when all the a; are
nilpotent.
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det(d)(det X)* = / Dy(n, 7)) det(X +7n")’ (5.4a)

= (det X)° / Dy (n, ij) det(I + X 'in")’. (5.4b)

(We assume here that X is an invertible real or complex matrix.) Let us now change variables from
n,7) to (', 7)) = (n, X~'7); we pick up a Jacobian det(X~!) = (detX)~! and thus have

det(d)(det X)* = (det X)*! f Dn(n', 7') det(I +i'n'T)’. (5.5)

Formula (5.5) expresses det(d)(det X)* as the desired quantity (det X)*~! times a purely combinatorial
factor

P(s,n) E/Dn(n,ﬁ)det(1+77)nT)s, (5.6)

which we now proceed to calculate. The matrix I+7nT is a rank-1 perturbation of the identity matrix;
by Lemma B.11 we have

det(I+7n")’ =(1—i"n)"" (5.7a)
=Y 1 (_;) ()" (5.7b)
=0

where

=i (5.8)
i=1

Since

/ Daln, ) (7"0)" =ntSen, (5.9)
it follows that

P(s,n) = (=" (—:)m (5.10a)
=s(s+1)---(s+n—-1). (5.10b)

This proves (2.1) when X is an invertible real or complex matrix and s is a positive integer; the
general validity of the identity then follows from Proposition 2.18.2°

25 Alternatively, one can observe (see the Remark after Theorem 2.1) that the Cayley identity (2.1) is equivalent to

det(d) det(X + A =s(s +1)--- (s +n — 1) det(X + A)*~!

for any fixed matrix A. This latter identity can be proven exactly as above, with X~! replaced by (X + A)~', and it works
whenever X + A is invertible. Taking, for instance, A = —cI, we prove the identity for all real or complex matrices X whose
spectrum does not contain the point c. Putting together these identities for all c € C, we cover all matrices X.
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Let us now indicate the modifications needed to prove (2.2) for a minor I, J, where I, | C [n] with
[I| = |J| = k. We begin by introducing a Grassmann representation for det(d;):

— T 7 ion
deta) =ect. ) [ Duon.iy ([Tim), e (511)
where
(TTm),. o =i i (512)
and iy, ..., iy (resp. ji,..., jn_k) are the elements of I¢ (resp. J¢) in increasing order. Applying the

translation formula (5.1) as before, we obtain
det (3 ;) (det X)* = (I, ])/Dn(n, (1 ﬁn)lc o det(X i)’ (5.13a)
=e(l, ])(detX)S/Dn(n,ﬁ) (]_[ ﬁn)lc B det(I+X~'in")’.  (5.13b)

Once again we change variables from (1, 77) to (1, i) = (n, X~ '#), picking up a Jacobian det(X~1) =
(det X)~1; and we use the identity (5.7), obtaining

(detd)(det X)* = (I, J)(det )" / outn i) ([Toxin), | S0 (‘;) (i"n)" (5:14a)
=0

n—k 00
=€, ety Y (]—[Xip,rp)Z( 1)Z< )

T1,....,Tn—k€[n] \ p=1 =0
n—k '

x /Dn(n,ﬁ) (]_[ﬁrpnj,,>(ﬁTn) : (5.14b)
p=1

The rules of Grassmann integration constrain the integral to be zero unless £ =k and (rq,...,Th_¢) =
(jo1y, -+ Jom—k)) for some permutation o € S,_,. We therefore have

n—k
—S
(detd;j)(det X)* = e (I, J)(det X)*~ 1 )" sgn(a)(H x,-p,,-a(m)(—l)k( 0 >

oeSy_k p=1

/Dn(n n)(]_[n]pnjp>k'(]_[nm,> (5.15a)

ie]
n—k
=e(l, et X)* Ts(s+ 1) (s+k=1) Y sgn(@) [ [ Xipjoi,y (515b)
0ESh_ p=1
=€(l, [)(det X)*'s(s +1)--- (s + k — 1) det(Xje je). (5.15c)

This proves (2.2). O
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5.2. Two useful lemmas for the all-minors case

Let us now pause to abstract the type of reasoning that was just used in proving the all-minors
identity (2.2), as similar reasoning will be needed to prove the all-minors versions of the symmetric
and rectangular Cayley identities and the all-principal-minors versions of the antisymmetric identi-
ties. The reader who is interested mainly in the case I = | = [n] can skip this subsection on a first
reading.

The key results of this subsection will be a pair of general formulae: Lemma 5.1 for “complex”
fermions and Lemma 5.3 for “real” fermions. Important special cases of these formulae (which also
have easier direct proofs) will be stated in Corollaries 5.2 and 5.4, respectively. These corollaries are,
in fact, all we need to handle the all-minors symmetric Cayley identity (Section 5.3) and the all-
principal-minors antisymmetric Cayley identity (Section 5.4). However, the rectangular Cayley iden-
tities (Sections 5.5-5.9) will need the full strength of Lemmas 5.1 and 5.3 to handle the all-minors
case.

Let I, J C [n] with |I| =|]J| =k, and let I, J° be the complementary subsets. We denote by
i1,...,0n_k (resp. ji,..., jn_i) the elements of I (resp. J¢) in increasing order. Let n;, 7; (1 <i<n)
be Grassmann variables as before. Then, for any n x n matrices A, B, we define

(TTAD®BM) ., = A, B, - A, B0, - (516)

In particular, ((A7)(Bn)z,o =1.

Now suppose that we have N further sets of (real) Grassmann variables Oi(o‘) (1<i<gn 1<
o < N) - the case N =0 is also allowed - and suppose that f(7n,7,0) is a polynomial in the scalar
products 779, 770@, nT@ and 9@Te#), Then a Grassmann integral of the form

f Da(n, 7, 6) <1‘[ﬁm,-)f<n, 71,6) (517)

iel

obviously takes the same value for all sets L C [n] of the same cardinality.
Let us now show how a Grassmann integral involving ([T(A7)(Bn))ic, jc and f(n,#,0) can be
written as a determinant containing A and B multiplied by a purely combinatorial factor:

Lemma 5.1. Let I, ] C [n] with |I| = | ]| =k, let A, B be n x n matrices, and let f(n, ,6) be a polynomial
in the scalar products as specified above. Suppose further that the number N of additional fermion species is
even. Then

[ oucnno) (Tanrem), fon.io)

=det[(AB") ¢ ] / Dn(n,1,6) (]_[ ﬁini>f(n, i,6) (5.18)

iel
where L C [n] is any set of cardinality n — k.
Proof. The expansion of the product (5.16) produces

n—k

(ITamen) . = 2 T B s, (5.19)
, "

1, Tn—k €[Nl
S1seees Sp—k€ln]
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Note that, by nilpotency of Grassmann variables, the product on the right-hand side of (5.19) is nonva-
nishing only if the indices rq, ..., r,_ are all distinct and the indices s1, ..., s,_k are also all distinct.
Let us now integrate (5.19) against one of the monomials arising in the expansion of f(n, 1, 6). For
each “site” i € [n], this monomial contains an even number of factors »;, 7; or Gi(a); and it must

contain each one of the factors 9,.(“) (1 < o < N) precisely once if the Grassmann integral over 6
is to be nonvanishing. Since N is even, this means that at each site i we must either have both
of the factors n; and 7;, or neither. In order to have a nonvanishing Grassmann integral over n
and 7, the former situation must occur at k sites and the latter at n — k sites; moreover, the lat-
ter n —k sites must correspond precisely to the factors 7,7, in (5.19). We can therefore assume that
(1, ... s Tn—k) = (So(1)s - - - » So(n—k)) for some permutation o € S,_; the contributing terms in (5.19)
are then

n—k

> Y [T AuwnBir, i e - (5.20)

1,k €lN] 0 €S,k p=1
all distinct

The factors B JpTy-1gy €3N be reordered freely; reordering of the Grassmann factors M, 1) yields a

prefactor sgn(o). We therefore obtain

Y. D sen) ]_[ Aty 1y B .1y Ty - (5.21)

1, Tnk€[N] €Sy
all distinct

By the remarks around (5.17), the integral

n—k
[ Pan.iico) (Hnr,,nrp>f(n 7.60) (5.22)
p=1
is independent of the choice of rq,...,r_ (provided that they are all distinct) and hence can be

pulled out. We are left with the factor

n—k

> ) ) F[Azp 1o Bloto 1 (5.23)

1,...in_k €[] €S,
all distinct

We can now remove the restriction that the rq, ..., r,_ be all distinct, because the terms with two or
more r; equal cancel out when we sum over permutations with the factor sgn(o). So (5.23) equals

n—k
Z Z sgn(o) l_[ AigryBioory = Z sgn(o) l_[(ABT),.p!ja(p) (5.24a)
p=1

Ty Tn_kEMIOES, _k oeS_k

= det[(AB"), ,c]. o (5.24b)

Remark. If N is odd, the situation is different: at each site i the monomial coming from f must now
provide exactly one of the factors n; and #;. This means that we can get a nonzero contribution only
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when n is even and k =n/2. For instance, suppose that N=1, n=2, I ={i} and J° = {j}, and that
fm.7,0)=®"0)(77"6). Then

[ P20 (Teainem) | (070)(70) = ~AnB 2+ Ay (525)

We shall not consider this situation further, as we shall not need it in the sequel.

The following identity is what was used in the proof of the all-minors ordinary Cayley identity
(2.2) and will also be used in the proof of the all-minors symmetric Cayley identity (2.5):

Corollary 5.2. Let I, | C [n] with |I| =| ]| =k, let A, B be n x n matrices, let M be an invertible n x n matrix,
and let £ be a nonnegative integer. Then

/Dn(n, i) (l_[(Ar'])(Bn))lc ]C(ﬁTMn)K =k! 8y (det M) det[(AM’TBT)Ic]c]. (5.26)

First proof. The case M =1 is an easy consequence of Lemma 5.1. The case of a general invertible
matrix M can be reduced to the case M = I by the change of variables (1, 7j') = (Mn, 1}), which picks
up a Jacobian det M and replaces B by BM~!. O

Here is a simple direct proof of Corollary 5.2 that avoids the combinatorial complexity of the full
Lemma 5.1 and instead relies on standard facts from the theory of Grassmann-Berezin integration
(Appendix A)%6:

Second proof. It is easy to see that the Grassmann integral is nonvanishing only when ¢ = k. So in
this case we can replace (77 Mn)¥ in the integrand by k!exp(;;"Mn). The claim is then an immediate
consequence of Wick’s theorem for “complex” fermions (Theorem A.16). O

In order to handle the all-principal-minors versions of the antisymmetric identities, we shall need
formulae analogous to Lemma 5.1 and Corollary 5.2, but for “real” rather than “complex” fermions.
So let I € [2m] with |I| = 2k, and let I be the complementary subset. We denote by i1, ..., iom_2k
the elements of I° in increasing order. Let 61,..., 6, be “real” Grassmann variables. Then, for any
2m x 2m matrix C, we define

(H(CG))F = (CO, -+ (COYiyy (5.27)

(note that the order of factors 6 is crucial here because they anticommute). In particular,
([1CcoNns =1.

Now suppose that we have N further sets of (real) Grassmann variables Xi(“) (1<ig<2m, 1<
o < N) - the case N =0 is also allowed - and suppose that f (6, x) is a polynomial in the symplectic

products 106, 0 ] x @, 1x@ Jx@ and x@ Jx®, where the 2m x 2m matrix J is defined by

26 Said another way: The proof of Wick’s theorem for “complex” fermions (Theorem A.16) requires combinatorial work similar
in difficulty to that occurring in the proof of Lemma 5.1. But since Wick’s theorem is a “standard” result, we can employ it
without reproving it ab initio.
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(5.28)

Now consider a Grassmann integral of the form

/D2m<e, X) (1‘[0,->f(9, X) (5.29)

iel

for some set L < [2m], where the product [[;.; 6; is understood to be written from left to right in
increasing order of the indices. Clearly |L| must be even for the integral (5.29) to be nonvanishing.
But more is true: L must in fact be a union of pairs {2j — 1, 2j}, otherwise (5.29) will again vanish.?’
To see this, it suffices to observe that all the variables # or x (* with index 2j — 1 or 2j appear in
pairs in f(0, x); therefore, in order to have an integrand that is even in these variables, the set L
must contain either both of 2j — 1 and 2j or neither. Let us call a set L C [2m] well-paired if it is a
union of pairs {2j — 1, 2j}. Obviously the integral (5.29) takes the same value for all well-paired sets
L C [2m] of the same cardinality.

Let us now show how a Grassmann integral involving ([](C6));c and f(6, x) can be written as a
pfaffian containing C multiplied by a purely combinatorial factor:

Lemma 5.3. Let I C [2m] with |I| = 2k, let C be a 2m x 2m matrix, and let f (6, x) be a polynomial in the
symplectic products as specified above. Then

[P0 (o) s0.0

= pf[(C]CT)MC]/DM(@a X) (]_[91‘)“@ Xx) (5.30)

iel
where L C [2m] is any well-paired set of cardinality 2m — 2k.
Proof. The expansion of the product (5.27) produces
2m—2k
(l_[(CQ))IC = Z ( 1_[ Cipﬁf)eﬁ Oy (531)
1,...Tam—2k€[2m] \ p=1

By nilpotency of Grassmann variables, the product on the right-hand side of (5.31) is nonvanishing
only if the indices r1, ..., ram_o are all distinct. Moreover, as noted above, the set R = {rq, ..., ram_2k}
must be well-paired if the integral is to be nonvanishing. Let us denote by r{,...,r}, . the elements

27 This statement of course pertains to our specific choice of J, and would be modified in the obvious way if we had chosen
a different convention for J.
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of R in increasing order. Then we can write (rq,...,Tm_2k) = (r(’m), e r;(Zm_Zk)) for some permu-
tation o € Sy_ok. The contributing terms in (5.31) are then

2m—2k

Z Z l_[ CiP’r:I(p) er:m) N .9r</7(2m—2k). (532)

RC[2m] o0€Smm-—2x \ p=1
[R|=2m—2k
R well-paired

We can now reorder the factors 6 into increasing order, yielding a factor sgn(o), so that (5.32) be-
comes

2m—2k
> > s [] Cipr! ) (]_[el). (5.33)

RC[2m] o0€Sym_ak p=1 ieR
|R|=2m—2k
R well-paired

We now multiply by f(0, x) and integrate Dy, (0, x). As noted previously, the integral

[P0 (TTer) 100 (5:34)

ieR

is independent of the choice of R (provided that it is well-paired and of cardinality 2m — 2k) and
hence can be pulled out. In order to calculate the prefactor, let us substitute the defining structure
of well-paired sets R by writing r}, ;| =2j, — 1 and r}, = 2j, for suitable indices ji < - < jm—
in [m]. We are left with

2m—2k
Z Z sgn(o) l_[ Cip,r(;(p). (5.35)
1<j1<<jm-—kSM 0 E€Sm_2k p=1

Ton-1=2Jn=1.194=2]n

Alternatively, we can sum over all distinct ji,...jm_ € [m] by inserting a factor 1/(m — k)!.2 Re-
markably, we can now remove the restriction that the ji,..., jm_r be all distinct, because the terms
with two or more j, equal cancel out when we sum over permutations with the factor sgn(c).2? We
can also reorder the factors C freely. Therefore (5.35) equals

2m—2k

1
(m—k)! Z Z sgn(o) 1_[ Cig—up),r;,
’ Jteees Jmk€lm] 0 €Sam-2k p=1
Py 1=2jn—=1,15,=2jn
1 m—k
= — sgn(o l_[ C; s C; /
(m—K)! Z Z gn(@) lo=1g-1"20-1 'o=129)"2g
J1seodm—k€lml  0€Som_2 q=1

r/Zh—l =2j,—1, r/ZhEZjh

28 Such a factor might not exist in a general commutative ring R. But we can argue as follows: First we prove the identity
when R =RR; then we observe that since both sides of the identity are polynomials with integer coefficients in the matrix
elements of C, the identity must hold as polynomials; therefore the identity holds when the matrix elements of C are specialized
to arbitrary values in an arbitrary commutative ring R.

2 If jo = jg with o # B, it suffices to use the involution exchanging r,_, with réﬁ_l (or alternatively the involution ex-
changing r,, with réﬁ ).
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m—k

1
~ 2mk(m — k! Z Z sgn(e) 1_[ Ciyti2g-1)%0 Cig 1 gy ta Jsata

S1seeesSm—kE[2M] 0 €Som—_2k
t1,...s tm_k€l2m]

= pf[(C]CT)ICIC]. O (5.36)

The following identity is what will be used in the proof of the all-principal-minors antisymmetric
Cayley identity (2.8):

Corollary 5.4. Let I C [2m] with |I| = 2k, let C be a 2m x 2m matrix, let M be an invertible antisymmetric
2m x 2m matrix, and let ¢ be a nonnegative integer. Then

1 J4
/DZm(e) <H(C6))1C<§0TM0> = kI8¢ (PEM) pE[(CMTCT) ], (5.37)

First proof. The case M = J is an easy consequence of Lemma 5.3. For a general real antisymmetric
matrix M, we can use the decomposition M = A JAT (Lemma B.17) and the change of variables 6’ =
ATo (which picks up a Jacobian det A = pf M) to reduce to the case M = J.

Finally, if M is an antisymmetric matrix with coefficients in an arbitrary commutative ring R, we
argue that both sides of (5.37) are polynomials with integer coefficients in the matrix elements of M;
since they agree for all real values of those matrix elements (or even for real values in a nonempty
open set), they must agree as polynomials; and this implies that they agree for arbitrary values of the
matrix elements in an arbitrary commutative ring R. O

Here is a simple direct proof of Corollary 5.4 that avoids the combinatorial complexity of the full
Lemma 5.3 and instead relies on standard facts from the theory of Grassmann-Berezin integration:

Second proof. It is easy to see that the Grassmann integral is nonvanishing only for ¢ =k. So in this
case we can replace (%GTMQ)" in the integrand by k!exp(%@TMO). The claim is then an immediate

consequence of Wick’s theorem for “real” fermions (Theorem A.15). O

5.3. Symmetric Cayley identity

With Corollary 5.2 in hand, we can this time proceed directly to the proof of the all-minors iden-
tity.

Proof of Theorem 2.2. Recall that the matrix Y™ is given by

dfoxii  ifi=],
(8%™),; = 39/0x;j ifi <, (5.38)
39/0xji ifi> j.

As before, we introduce Grassmann variables 7;, 7; (1 <i<n) and use the representation
det(3;]™) =€, J) / Da(n, 7)) (H ﬁn) exp| Lami+im—|. (539
) ’ IC,]C l<j 2 ] ] axu
By the translation formula (5.1), we have

sym = — 1 - -
det(93") f (txijhi<j) = €L, J) / utn. i) ([Tn), f({x,»ﬁ—(nmj—nmj)} ) (5.40)
¢ Je 2 i<
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for an arbitrary polynomial f. We shall use this formula in the case f({xj}i<;) = det(X*¥™)* where s
is a positive integer, so that

.1 N
det(d7™) det(X™)° = e (1, ) / outn. i ([Tm),. det[xsym + 5 ("~ nﬁT)] . (541
It is convenient to introduce the shorthand

(X¥m) " = x V™ 4 %(fmT — ") (5.42)

for the argument of det.

Let us now change variables from (17, 7) to (', ") = (1, (X¥™)~14}), with Jacobian (det XsY™)~1,
Dropping primes from the new variables, we observe that the expression for the translated matrix
can be written as

(Xsym)trans — xsym |:I + %(7_]771- _ (Xsym)*lrlﬁTXsym)]7 (5.43)
so that
det(X¥™)"™ = (det X*¥™) det|:1 + %(ﬁnT - (xsym)‘lnﬁszym)]. (5.44)

Applying Corollary B.12 to the rightmost determinant yields

-2
det[! + %(ﬁnT - (Xsy“‘)‘lnﬁszy"‘)] = (1 - %ﬁTn) (5.45)

so that we are left with the Grassmann-integral expression
det(a;)™) (det xsym)®

. . . 1. —2s
= (det X*¥™) Ted, ])/Dn(n, ) (n(xSymn)(n))lc JC(1 - 5’7T77> . (5.46)

Now insert the expansion
—2s 00 4
1_ 1 =25\ , 1 \¢
(1-3m) =2() (7)o 47
=0

into (5.46) and use Corollary 5.2: we obtain

k
det(5™) (det X9™)° = (det X¥™)* " e(1, J)(det xi?}?)kz(-%) (‘,fs). (5.48)

This proves (2.5) when X¥™ is an invertible real or complex symmetric n x n matrix and s is a
positive integer; the general validity of the identity then follows from Proposition 2.18. O
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Remark. A slight variant of this proof employs the factorization X%¥™ = AAT when X%™ is a
real symmetric positive-definite n x n matrix (Lemma B.16); we then use the change of variables
', 1) = (A~'n, A~17j), with Jacobian (det A)~% = (det X*¥™)~1, This slightly shortens the calcula-
tions, but has the disadvantage that the proof is no longer purely algebraic/combinatorial, because it
invokes a decomposition that is valid for real symmetric positive-definite matrices in order to define
the needed change of variables (which involves A and not just X¥™). We therefore prefer to avoid
matrix decompositions wherever we can (which is unfortunately not always). See also the Remark at
the end of Section 5.4, and the discussion in Appendix B.3.

5.4. Antisymmetric Cayley identity

With Corollary 5.4 in hand, we can again proceed directly to the proof of the all-(principal-)minors
identity.

Proof of Theorem 2.3. The 2m x 2m matrix 92"i$Y™ is gjven by
0 ifi=j,
(83““53"“)” = { 9/0xjj ifi <j, (5.49)
—8/3)(]‘,' ifi > j.

We introduce “real” Grassmann variables 6; (1 <i < 2m) and use the representation

antisym 0
pf(a7 ):e(l)/Dzm(Q) (]‘[9)16 exp[Z@iejF]. (5.50)
i<j Xij

By the translation formula (5.1),
pE(O™™) f ((xighi<j) = €(1) / Dan(®) ([0) . f (1 +6i6i<) (551)

for an arbitrary polynomial f. We shall use this formula in the case f({xj}i<j) = (pf x3ntsymys \yhere
s is a positive even integer. It is convenient to introduce the shorthand

(Xantisym)trans — xantisym  gaT (5.52)

for the argument of pf.
Suppose now that X2UYM js 3 2m x 2m real antisymmetric matrix of rank 2m. Then Lemma B.17
guarantees that we can find a matrix A € GL(2m) such that X3"tym — A J AT, where

J= (5.53)

is the standard 2m x 2m symplectic form (note that with this convention pf ] = 41 for any m). We
have

(Xantisym)tranS =A(J+ AflggTA*T)AT (5.54)



S. Caracciolo et al. / Advances in Applied Mathematics 50 (2013) 474-594 509

and

pf(xamisym)trans — (pfxantisym) pf(J + AilOOTAiT). (555)

Now change variables from 6 to 8’ = A~16, with Jacobian (det A)~! = (pfX)~!. Dropping primes, we
are left with

pE(07MISY™) (pf X3NYM)® — ¢ (1) (pf xantisym)*~! / Dan®) ([J(40)) pf(J +667)".  (5.56)

We can now write

s/2

pf(J +00")° = det(J +66")" = det(I — JooT) (5.57)

since pf ] =det ] =+1 and J~! = —].30 The matrix I — J0#T is a rank-1 perturbation of the identity
matrix; applying Lemma B.11 with vectors u = — J6 and v =6, we obtain

det(I — JooT) = (1—6"jo) . (5.58)

Using Corollary 5.4, we have

/ Dom(0) (H(AG))IC pf(J +60")°
=/D2m(e) (l—[(AG)>IC(l —0"J0)"? (5.59a)

= (—2>"k!<_f</ 2) of [ (AJTAT) o ic]
=5(s+2)--- (s +2m — 2) pf(XIEY™) (5.59b)

since pf J =+1 and J~T = J. This proves (2.8) when X2"¥™ is 3 real antisymmetric matrix of rank
2m and s is a positive even integer; the general validity of the identity then follows from Proposi-
tion 2.18. O

Remark. Although the statement of Theorem 2.3 is purely algebraic/combinatorial, the foregoing proof
is unfortunately not purely algebraic/combinatorial, as it invokes the decomposition Xatisym — 4 JAT
that is valid for real full-rank antisymmetric matrices in order to define the needed change of variables
(which involves A and not just X2Misym) A similar decomposition will be invoked in the proofs of
the rectangular Cayley identities (Sections 5.5, 5.6, 5.7 and 5.9). This contrasts with the proofs of
the ordinary and symmetric Cayley identities (Sections 5.1 and 5.3), where we were able to define
the needed change of variables in terms of the original matrix X or X*Y™. The matrix factorization
lemmas needed for the former proofs are collected and proven in Appendix B.3.

30 The equality pf(J +66T) = det(J +667)!/? follows from the general fact (pf M)? = det M together with the observation that
both pf(J 4+ 06") and det(J + 66T) are elements of the Grassmann algebra with constant term 1, and that an element of the
Grassmann algebra with constant term 1 has a unique square root in the Grassmann algebra with this property.
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5.5. Two-matrix rectangular Cayley identity

In the remaining subsections of this section we shall prove the various rectangular Cayley identities
that were stated in Section 2.2. It is convenient to begin with the two-matrix rectangular Cayley iden-
tity (Theorem 2.6), whose proof is somewhat less intricate than that of the corresponding one-matrix
identities (Theorems 2.7 and 2.8). Indeed, the one-matrix rectangular symmetric and antisymmetric
Cayley identities are related to the two-matrix identity in roughly the same way as the symmetric
and antisymmetric Cayley identities are related to the ordinary one.

Here we will need the full strength of Lemma 5.1 to handle the all-minors case.

Proof of Theorem 2.6. We begin once again by representing the differential operator as a Grassmann
integral: exploiting Corollary B.6, we have

Om |0x

det(ax(')\T,) = det ( a1,

) _ / DY, §) Dan, iy T T00(5,60)

Here v, ¥; (1 <i<m) and nj, Nj (1< j<n) are Grassmann variables, and the subscripts on D
serve to remind us of the length of each vector; shorthand notations for index summations are un-
derstood, e.g. T axn=3"1, Z?:l ¥in; d/dx;j. For a general minor I, J C [m] with |I| = |]| =k, we
have (writing L={m+1,...,m+n})

Om |9
deq(axaghj]::det[(gT+;(> ] (5.61a)
“ Yy [ n /UL, JUL

=€l )) / D ) Dan. 1) ([T99) 777 o™i (5.61b)

IE’]E

Applying the translation formula (5.1) to the whole set of variables {x;j, yij} produces

deq(axa§hj]f(x,Y)

—c. D) [ Patw i Putr. i) ([T00), TP (X iy 40 (562)

for an arbitrary polynomial f. We shall use this formula in the case f(X,Y)=det(XYT)S where s is
a positive integer. It is convenient to introduce the shorthands

Xrans = x 4 T, (5.63a)
yuans =y 4y’ (5.63b)

for the arguments of f.
Suppose now that X and Y are real m x n matrices of rank m that are sufficiently close to the
matrix Iy, defined by

1 ifi=j,

(Imn)ij = {0 ifi . (5.64)

[Note that fmn = (Im, Omx(n—m)) when m <n, and imn = igm otherwise. Henceforth we shall drop the
subscripts mn on Tonn to lighten the notation.] Then by Lemma B.18 we can find matrices P, P’ € GL(m)
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and Q € GL(n) such that X = PIQ and Y = P'IQ ~T. We have
det(XYT) = det(PTQ Q ~'I"P'T) = det(PP'T) = det(P) det(P’) (5.65)
and
Xtrans(ytrans)T = (X + 1/‘”7T) (YT _ ﬁwT)
=PI+ P '(yn")Q'JQQ[I"— Q(qy )P T]PT. (5.66)

Let us now change variables from (v, ¥, n,#) to (', %', 0, 7) = (P'~ 1y, P~1y, Q Ty, Q#), with
Jacobian (det P)~1(det P’)~1 = det(XYT)~1. In the new variables we have (dropping now the primes
from the notation)

Xtrans(ytrans) (I + wr’ )( T]l//T) P/T, (5.67)
and the translated determinant is given by
det[(X127) (Y'"2%)T] = det(XYT) det[ (I + yn") (IT - 7y ™)], (5.68)
so that
det[(9xay), ] det(XyT)’
= €1, J)det(xyT)*" / (v ) Patn. i) ([TPD(P)),,
x e det[ (1 + ") (IT — 7w ™). (5.69)

Let us now split the vectors n and 7 as

Mo sM) =1y ooy Ay X5 -5 Xn—m)> (5.70a)
(ﬁ1,.--,ﬁn)=(/_\1,-..,im,)?1,.--,)2n—m) (5-70b)

so that
T+ ("= 7y") = Im + 92T =2y T+ gy T (5.71)

with ¢ = ATA + xTx. This matrix has the form of a low-rank perturbation Iy, + Y 2_, gV}, with
vectors {uy}, {vy} given by:

o
1|v r+cy (5.72)
2| X
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By Lemma B.11 we can write the needed determinant as the determinant of a 2 x 2 matrix:

det[(T+yn") (1" -7y ")]

T.7. Ty
=det ! (1 + (f;;rcg,) v ()Ll tcl;fﬂ'r)i)\) (5.73a)
T.7, Ty
=det! (1:;@” 1C :L 3;?) (5.73b)
=[(1 =) +3Ty) — (X)) (5.73¢)

where the second equality is a row operation (row 1 — row 1+ ¢ row 2). We therefore have
det[(0x0]), ] det(XYT)" = €(1, J) det(xyT)"™" /Dn_m(x,)Z)eXTX

< [ Dut i Dt N ([TPir(Pw),
< (=9 +2Ty) - (X))@ "Y)] (5.74)

Note in particular that the integrand depends on llf ¥, A, A only via scalar products. This allows us
to apply Lemma 5.1 to the integral over v, ¥ ; using also the fact that P(P’)T = XYT, we obtain

det[(0xa}), ] det(XYT)* = e(l, J)det(XYT)"™" det[(XYT) . ]
% [ Du-nt 06X [ Dutr &)Dmu,i)e“( I %%)
a=k+1
x [(1=9") (1 +2Ty) - (x"x) @ )] (5.75)

This formula expresses det[(dxd});;]1det(XYT)S as the desired quantity det(XYT)S~Te(l, J)det[(X x
YT),cIc] multiplied by the purely combinatorial factor

PG m ) = [ D §) D) P )

x eH R X( I1 wawa)

< [(1=9"™) (A +2T) - (X)) @v)] (5.76)

which we now proceed to calculate.

First note that the factor ]_[;” Kt WYaq forces the Taylor expansion of the square bracket to contain
no variables v, ¥, with k 4+ 1 <a < m. We can therefore drop the factor | 11 Va,, forget about
the variables v, ¥, with k+1<a<m, and consider v, ¥ henceforth as vectors of length k. Let us
also rename the vectors A, A as

My km) = Oty oo e s - ok (5.77a)
Ay ees ) = Oty ooy Ay s - - -5 ) (5.77b)
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Then the quantity (5.76) is equivalent to

ptmrect s m n k) = / Di(¥, ) Di(A, &) Dk (1, 1) D (X, X)
w EHEH (1= ) (14 5) - (@] 578)

where scalar products involving ¥, ¥, A, A are understood as referring only to the first k variables.
Integration over the variables u, [ is trivial and produces just a factor 1. So we are left with

ptmrect s m n k) = /Dk(w, ¥) De(r, A) Dn-m (X X)
(=T (14T - (G 679)

Note that P'™t(s m, n,k) depends on n and m only via the combination n — m.
The binomial expansion of the integrand in (5.79) yields

(=™ (1 +3T) = (X0 Tv)] ™

00 s ) ) o ] ]
=2 < h )[(1 — )+ )] = 0 )] (5.80)
h=0
For each fixed value of h, integration over variables y, x gives

[ Dot e K770 = -1 (“;m)m. (581)

Now the factor (Tv)" will contain h pairs of variables, which can be chosen in (’,:)h! ways (counting

reorderings); then in the term f(y, v, A, 1) =[(1 = ¥ ) (1 + XTy)] 7~ we will have to use only the
other k — h pairs of variables for both v, ¥ and A, A, and with a reasoning as in Lemma 5.1 we can
choose them to be the first k — h indices, so that

/ D, ) D 2y (F ) F (. 1T
! - _ o7 _ _
= <;>h!/z>k7h<¢f, V) Dk—p O, Ky €™ 2 F (P, 9, A, R, (5.82)

and hence

tmrect _ - _1\h n—m k 2( S
P (s,m,n,k)_’;( 1)( N ><h>(h!) <h>

x / Dih (W, ) Do, ) € (1 = FT2) (1 +2Ty)]

—Sh o (5.83)

Let us now make the change of variables ¥ — Aj, A; & —; (whose Jacobian is cancelled by the
reordering in the measure of integration); we have
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f Dicn (P ) Do e D) € H[(1 = §Ta) (14 2Ty) 7" (5.84a)
- / Do ) D 1y eV [(1+ 3 T9) (1 4570 (5.84b)
= / Die_n (W, ) Din G, 1) [(1 4+ 9 9) (1 + 2707 (5.84c¢)
= [ / Dy—n(W. ¥) (1+ Jﬂt/f)”r (5.84d)

2
[(7{5 " )(k h)'] (5.84e)

Collecting all the factors, we have

00 2
Pt (s m,n, k) =Y (=1)" (n 0 m)( )(h')2< hs> [(7{5 0 )(k - h)‘] (5.85a)

h=0

S 0
= h k

=) (-1f (n ;m> (kD2 (=1t (s J,:]i; 1)(—D"(S H;: 1) (5.85¢)
h=0

—wr ("N (D (5850)

h=0

:(k!)z(s+lli—1) (s—i—k—i—r;{—m—l) (5.85¢)
k=1

=[I6+hG+n—m+j. (5.85f)
j=0

where the sum over h was performed using the Chu-Vandermonde convolution (Lemma B.2).

This proves Theorem 2.6 when X and Y are real m x n matrices of rank m lying in a sufficiently
small neighborhood of Imn, and s is a positive integer. The general validity of the identity then follows
from Proposition 2.18. O

5.6. One-matrix rectangular symmetric Cayley identity

The proof of the one-matrix rectangular symmetric Cayley identity is extremely similar to that of
the two-matrix identity, but is slightly more complicated because it involves a perturbation of rank 4
rather than rank 2 [compare (5.97) with (5.72)]. Luckily, the resulting 4 x 4 determinant turns out to
be the square of a quantity involving only a 2 x 2 determinant [cf. (5.98b)/(5.99)]. Once again, we will
need the full strength of Lemma 5.1 to handle the all-minors case.

Proof of Theorem 2.7. We begin once again by representing the differential operator as a Grassmann
integral: exploiting Corollary B.6, we have

det(99") = det <OTT'T> / D, %) Dy, ) €7 THY 100+ (5.86)
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Here v, ¥; (1 <i<m) and nj, Nj (1< j<n) are Grassmann variables, and we use the same con-
ventions as in the preceding subsection. For a general minor I, J] C [m] with |I| = |]| =k, we have
(writing L={m+1,...,m+nj})

det[(30"),,] = det[(o—"}'ﬁ> } (5.87a)
=0 |In UL, JUL

=e(. 1) [ Patw 9y Dutr. i ([T00),, 77004500 (570)

IE,]C
Applying the translation formula (5.1) to the whole set of variables {x;;} produces
T
det[(38"),,]£ (%)

=e.)) [ Daw 0y Dutn iy ([T09), T (X I 40i)  (588)

for an arbitrary polynomial f. We shall use this formula in the case f(X) = det(XXT)* where s is a
positive integer. It is convenient to introduce the shorthand

XTans = x Lyt +yqt (5.89)

for the argument of f.

Suppose now that X is a real m x n matrix of rank m that is sufficiently close to the matrix Tonn
defined in (5.64). Then by Lemma B.19 we can find matrices P € GL(m) and Q € O(n) such that
X =PIQ [we drop the subscripts mn on Iy, to lighten the notation]. We have

det(XX") = det(P1Q QI"PT) = det(PP") = det(P)? (5.90)
and
X" =X +yn' +yn' =PI+ P ' (yn"+vi")Q"]Q. (5.91)

Let us now change variables from (v, ¥, n,7) to (W', ¥, 0, 7) = (P~ 'y, P~14, Qn, Q7), with Ja-
cobian (det P)~2 = det(XX")~!. In the new variables we have (dropping now the primes from the
notation)

xtrans _ P(i + &nT + lﬁT_]T)Q, (5.92)

and the translated determinant is given by
det[ (X'7215) (x") "] = det(XX") det[ (T + ¥ + v ) ("= 09" —y")].  (5.93)
so that
det[(9"), ] det(XXT)"
= et det(xx")*" [ Duc iy 2atn i) ([Te0rPw)

x e 1 det[ (1 + 9"+ yi") (1T = ny" — 7y ")]'. (5.94)
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Let us now split the vectors 1 and 7 as

(7717«--’77n):()hl, '~~a)"m7 X17 '--7Xn7m), (5'958)
(ﬁlwu,ﬁn):(il,-~~s)_hmv)zl7~~7)2n7m) (5'95b)
so that
(T+9n"+ya") (1" =0y’ —iy")
=Im+ 92"+ Y i =g =iy gyt — eyt (5.96)

with ¢ = ATx 4+ xTx. This matrix has the form of a low-rank perturbation Ly + Y a_, ugvl, with
vectors {uy}, {vq} given by:

o

1|¢ r4cy

2 vy A—cy (5.97)
312 —y

4|r -y

By Lemma B.11 we can write the needed determinant as the determinant of a 4 x 4 matrix; after a
few row and column manipulations we can write

det[(T+ 90"+ ya")(I" — 9y — 7y ")]

A ‘ 0 X'x
— det 1 _)_(TX 0
=det — (5.98a)
0 =Ty AT
vy 0
=[detA — (¥"y)(x"x)]* (5.98)
where
T T
A=<“{T§_/‘1’ 11%@) (5.99)
and hence
detA=1+A"y + 2Ty + (A"9)ATy) + (AT9) (v "2). (5.100)
We therefore have
det[(99"), ] det(XXT)" = e, Jydet(xxT)! /Dn,m(x,x)efx
< [ Dut iy utc e ([Teirew)
x [det A — (¥T) (X"x)] % (5.101)
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Note in particular that e* » and detA — (¢ Ty)(xTx) depend on v, ¥, A, A only via scalar products.
This allows us to apply Lemma 5.1 to the integral over v, ¥, A, A; using also the fact that PPT = XXT,
we obtain

det[(90"), ] det(XX")* = €1, J)det(XX")'"" det[(XX"),c ]

% / Dnm(x. 1) X~ / DY, %) D (h. Ty

x ( ﬁ ¢a¢a> [detA — (%) (X"x)] % (5.102)

a=k+1

This formula expresses det[(3d");;1det(XXT)® as the desired quantity det(XX")*~Te(l, J)det[(X x
XDyje je] multiplied by the purely combinatorial factor

pSYmIect (s m n k) = / Din(¥, ¥) Din (%, 1) Do (X X)
xeiT“XTX< [1 %wa)[dem—(Ww)(XTX)]_zi (5.103)
a=k+1

which we now proceed to calculate.

First note that the factor [TgL, ; ¥aa forces the Taylor expansion of [detA — (y¥)(X x)]™* to
contain no variables v, ¥, with k+1 < a < m. We can therefore drop the factor ]_[Z;k 1 Yaa, forget
about the variables ¥q, Yo with k +1 <a<m, and consider v, ¥ henceforth as vectors of length k.
Let us also rename the vectors A, A as

()“13 e 7)“m) = ()"]s D) )\‘kv Mla AR} /»‘mek)7 (5.104&)
My eesdm) = s oo os My s s flmi)- (5.104b)

Then the quantity (5.103) is equivalent to

PsymreCt(s’ m! n! k) = fDI((w3 I)Z’)le()\‘s )_\‘) ,Dm—k(l't’! //_l/) Dn—m(Xv X)
x AT [det A — (3 Ty) ()] (5.105)

where det A has the same expression as in (5.100) but scalar products involving ¥, ¥, A, A are un-
derstood as referring only to the first k variables. Integration over the variables w, [ is trivial and
produces just a factor 1. So we are left with

Psymrect(s’ m, n, k)

—2s

= / Di(¥. ) Die(h, 3) Dam(x. F) € T X [det A — (3"y) (X" x)] (5.106)

Note that PSY™®t(s m, n, k) depends on n and m only via the combination n — m.
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The multinomial expansion of the integrand in (5.106) (except for eXTX) is

Z < —2s )(n +--- +t5)eXTX (—1)b
>0 t1+---+ts5 t1,...,t5 r!
(T8 (X0 GT) S GT) G P T 510

The integration

/anm(X’ X)eX X (XTX)[ _ _@om! (5.108)

T (n=m—=20)!

is trivial. So we are left with two integrations over complex Grassmann vectors of length k. This is
performed through a lemma that we shall prove at the end of this subsection:

Lemma 5.5. For all integersa,a’, b, b’, ¢, ¢’ > 0, we have
/ Da(W. ) Daha 1) (A7) (0 T9) (FT9)" (179)” (T) (9 72)°

= 5aa,abb/5w3(,+b+c,n< )(a! bich?. (5.109)

n
a,b,c

Combining formula (5.107) (after integration of x, x) and the statement of the lemma, we are left
with three independent summations; we choose the summation indices to be t1, t3 and t5, which we
relabel as h, | and j, respectively. The remaining indices are given by r=j, tp =h,t4=m—j—h—1
The resulting expression is

symrect . 2 —2s i —2s—k\ /m—m\ (h+1
p¥ (s,m,n, k) = (k) ( k) Z ( 1)< h >< j >< h) (5.110)

Jj,h,1>0
Jj+h+I<k

Renaming —2s — k =a and n — m = b highlights the fact that there is no direct dependence of the
summands on k. From Lemma B.4 we have

BN, a)(b)(h—i—l):(a—b—i-k—i-l)’ 5111
j,?[;o( )<h j h k ( )

j+h+I<k
which finally gives
-2 —(2 -m-1
Pt (s, m, n, k) = (k!)2< ks)< @ +nk " )> (5.112a)
k-1
:1_[(25+j)(25+n—m—1+j). (5.112b)
j=0

This proves (2.19) when X is a real m x n matrix of rank m lying in a sufficiently small neighborhood
of Imn, and s is a positive integer; the general validity of the identity then follows from Proposi-
tion 2.18. O
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Proof of Lemma 5.5. Let us rewrite (5.109) by forming an exponential generating function: that is, we
multiply both sides by a®(@)? 82(8)Y y<(y')¢ /la'a’'tb!b’Ic!c’!] and sum over a,d’,b,b’,c,c’ > 0. So
(5.109) is equivalent to

/"Dn(w, 1&) Dn()\(’ )2) eOlXT)»-‘rC(/‘/}TW+ﬁXT¢+ﬁ/}\T¢+yiT1/}+V/¢TK — (aa/ + /3/3/ + yy/)n, (5113)
and this is the formula that we shall prove. Note first that the measure can be rewritten as

Dy (Y, ¥) Du(h, 1) = dym d¥n din din - - -dip1 dr dig dia (5.114)

with no minus signs. So let us assemble ¥, ¥, A, A into a single Grassmann vector 6 of length 4n,
with Yy = O, YUk = Oak—1, A = Oak—> and Ay = Og_3; then the measure becomes Da,(6). In the
exponential we have an antisymmetric bilinear form %GQQ, in which Q is block-diagonal with n
identical 4 x 4 blocks that we call Q":

0 o y B
N —y’
Q' = _3‘ p % a)f . (5.115)
-8y —a 0

So the result of the integration is pfQ = (pfQ’)". And indeed, pf Q' =’ + B8’ + yy’, as was to be
proven. O

5.7. One-matrix rectangular antisymmetric Cayley identity

Let us now prove the one-matrix rectangular antisymmetric Cayley identity (Theorem 2.8). Again,
this proof is extremely similar to that of the two-matrix and the symmetric one-matrix rectangular
identities. As always with pfaffians, we will deal only with principal minors, for which we will need
the full strength of Lemma 5.3.

Proof of Theorem 2.8. We begin once again by representing the differential operator as a Grassmann
integral: exploiting Corollary B.9, we have

pf(ajaT)=(—1)’"pf(gza"} Jz ) (5.116a)
—(nm f Dom (W) Do () e 37 1140700 (5116b)

where v; (1 <i<2m) and n; (1< j<2n) are “real” Grassmann variables, and we use the same
conventions as in the preceding subsection. For a general even-dimensional principal minor I C [2m]
with |I| = 2k, we similarly have (writing L={m+1,...,m+n})

pf[(3Ja"),,] = (- DF pf[<0L”;’i> ] (5.117a)
=" Jn /1oL
= (-0%et) [ Danw) Dantn) ([T0) 200 (517b)

Applying the translation formula (5.1) to the whole set of variables {x;;} produces

pi1(2187) )10 = (1) [ Danw) D) ([T0) e f (X 4 ) (5118)
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for an arbitrary polynomial f. We shall use this formula in the case f(X) = pf(XJXT)* where s is a
positive integer. It is convenient to introduce the shorthand

Xtrans = x 4 gt (5.119)

for the argument of f.

Suppose now that X is a real 2m x 2n matrix of rank 2m that is sufficiently close to the matrix
i2m,2n defined in (5.64). Then by Lemma B.20 we can find matrices P € GL(2m) and Q € Sp(2n) such
that X = Pme,an. We recall the defining property of Sp(2n), namely that Q J2,QT = J»,. We have

X Jon X" = Plom.anQ Jan Q13 5 PT = P JomPT, (5.120)
so that
pf(X J2nX") = pf(P JomPT) = det P (5121)
and
xrns=x 4+ yn'=P[I+P 'yn'Q7']Q (5122)

(we drop the subscripts on 72m$2n to lighten the notation). Let us now change variables from (v, )
to (¥, n') = (P~'y, Q Tp), with Jacobian (det P)~! = pf(XJXT)~1. In the new variables we have
(dropping now the primes from the notation)

X — p(i+yn)aQ, (5.123)
and the translated pfaffian is given by
pf[(xtrans)J(Xtrans)T] _ pf[P(i + wnT)](iT _ 771/’T) PT]
=det(P)pf[ (T +yn") J(I" — ny™")]
=pf(XJX)pf[(T + ") J(I" = ny )], (5.124)
so that
pfl(8J9"),,] pf(XJX")’
_ T\S—1, q1\k
=pt(xJX") 1) [ Dano) D) ([TeP)
s eI pf[ (T 4+ y") J(iT = py ™)' (5125)
Let us now split the vector n as
M1, M2n) = (A1, A2ms X1s -+ -0 X2(0—m))s (5.126)

so that

T+ yn") Joan(I" = nv™) = Jom — w27 12 — JomAy T — cyry” (5.127)
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with ¢ =37 Jann = AT JamA + x T Jan—m) x - The matrix (5.127) is manifestly antisymmetric, and has the
form of a low-rank perturbation of J»n. Since pf Jo; = 1 and the perturbation is purely Grassmannian,
we can write

pf(J — yAT T — JayT —cyyT) = det'2(1+ JyaTJT —ay T +cJyyT). (5.128)

Here the argument of det is a matrix of the form Iy +Zi:1 Uy vg, with vectors {uy}, {vy} given by:

o Uy Vg
1]y Jri+cy (5.129)
2| -x ¥

By Lemma B.11 we can write the needed determinant as the determinant of a 2 x 2 matrix, which,
after a slight row manipulation, can be written as

Ty T
det(I+ JyaT T —ayT+cJyyT) = det ! (11“‘]”1? 15#{;). (5130)

We therefore have
pf[(aJa"), ] pE(XIXT)* = pf(XJXT) " (= D)ke(D) / D (x) 27X /X

< [ Pan) Danir e ([Tow),

—s/2

<[ =) + (T Iw) ("I x0)] (5.131)

In this expression we have both an ordinary scalar product (¥TA) and symplectic scalar products
(ATJA, wTJy and xTJx). By a further change of variables A — A’ = — J, we can reduce to symplectic
products only (the Jacobian is 1). Dropping the primes, we have (also using JT]J = J)

ptl (2 J0"), ] pf(XJXT)" = pE(XJXT) T (—Dke(D) / Danmy(x) 2%/

% [ Pan) Danir ¥ ([Tow),

—s/2

< [0 =TI + (T (X" Tx)] (5.132)

Now the integral on the v and A fields is of the form described in Lemma 5.3. Applying this lemma,
and making use of (5.120), we have

pf[(3Ja"),, ] pE(XJXT)* = e(D) pE(X JXT)' ™" pE[(XJXT) ]

x (D / Doy () €371 / Dom(¥) Dam(2) €322

2 (5133)

.....

This formula expresses pf[(d J8T);;1pf(X JXT)* as the desired quantity pf(X JXT)s=Te () pf[(X JXT)jesc]
multiplied by the purely combinatorial factor
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P = (-1 [ Doy (0 €4 [ Do) Danh) 2411
2 —s/2
1—yTa T T ., (5134
(TT¥) s o[ 0102)° @ I0) (10T, (5139)

which we now proceed to calculate.

Note, first of all, that the factor H322k 11 ¥a forces the Taylor expansion of [(1 — YT A2 +
W T JY)(xTJx)17%/ to contain no variables 1, with 2k + 1 < a < 2m, and thus also no variables A
with 2k +1 < a < 2m. The latter must all come from the trivial diagonal exponential ez Ik , and their
integration can then be performed easily (it gives 1). We can therefore drop the factor ]_[a:2k 11 Ya
forget about the variables ¥, and A, with 2k + 1 <a < 2m, and consider ¥ and A henceforth as
vectors of length 2k. We have

Pasre“(s,m,n,k)z(—l)k/Dzm—m)(X)e%XT”/DZk(lﬁ)Dzk(l)

=52, (5135)

x e Iyt ) + (0T Iw) ("I x)]
We see that P3™(s m, n, k) depends on n and m only via the combination n —m.

In the expression (5.135) we have symplectic scalar products of “real” Grassmann fields. How-
ever, our summation lemmas (such as Lemma 5.5) have heretofore been developed only for ordinary
scalar products of “complex” Grassmann fields. However, through a relabeling of the fields, we can
rewrite (5.135) in terms of ordinary scalar products of “complex” fields of half the dimensions.
More precisely, we relabel (¥r1,...,¥2%) = (W1, Y1, s i Yi)s M1, .ov, Aok) = (M, A1, .0, Ak, Ak)
and (X1,..., X2m-m)) = (X1, X1, ---» Xn—m> Xn—m). NoO signs arise in the measure of integration, and
we have the correspondences

%wTjw — YTy, (5.136a)
%ATJA — AT, (5.136b)

Yir— P+ 2Ty, (5.136¢)
%XT]X - x'x, (5.136d)

which rewrites (5.135) as

P s mn ) = (<1 [ Dy ) DU D) Dt 1)
Aa+xTx o T AV 7T T, \]—5/2
x e [(A=v'A=2"y)" +4(@ ) (x ' x)] " (5137)
We begin by getting rid of variables x and ), writing

R e (O R R OIS

-y (‘2) (40Ty) (1= g2 —2Ty) (” ‘a m)a!. (5.138)
a=0
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So we have

Pasrect(s’ m.n, k) — (_1)k / Dk(‘/f, 1}) 'Dk()\, 5\) e’_\TA
_s _ _ e n—m
x Z( 2)(4¢T¢)a(1 — T =Ty)” 2“( )a!. (5.139)
a a
az0
Next we expand fully the integrand in (5.139), yielding

—5\ (n— —s—2a\ (b+Db\ 1
Pasrect k) = 49(_1 k—b 3 n—m | S 1
(s, m, n, k) Z =D a a )¢ b+b b Ja!

a,a’>0
b,b’>0

7 (T ST\ (7T, \Dy TT\D
y / D D) DG ) (BT (TR (G (05)Y. (5140)
The fermionic integration here is a special case of Lemma 5.5, which thus gives

N /
" _ kpf{—3\(n—m —s—2a\ (b+b"\ 1
P¥™%Y (s m,n, k) = E 49 (—1)* < . )( . )a!( b+ b’ s an

a,a’>0
b.b'>0

k
x aaa/abb,(sm,k(a) (a!b))?

k a B
=Y (-49° <— %) (=5 — 2a)2’<*—2“<" ) m) (Daz (5.141)
a=0

where xX =x(x — 1) --- (x — k + 1). Notice now that

(_%)7(_5 _ 2a)2k7211

= <—%) S5+2)---(s+2k—2)(s+2a+1)(s+2a+3)---(s+2k—1). (5.142)

The factors of the form s+ 2j, namely s(s + 2)--- (s + 2k — 2), are independent of the summation
variable a. What remains is

k
D 2%s+2a+1)(s+2a+3)- - (s+2k — 1)(n;m> (k)a!

a
a=0

k s—1
=ZZ"(T+k)(k—a)!<n_m><k)a!
k—a a a
a=0
s—1
= +k\/m—m
2Kjer 2
kg( k—a >< a )

=2"k!<52] +n—m+k>

k
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k—1
=[]s+1+2n—2m+2j) (5.143)
j=0

where the sum over a was a Chu-Vandermonde convolution (Lemma B.2). Restoring the factors of the
form s + 2j, we conclude that

k—1
P™et(s,m,n, k) = [ [(s +2/)(s + 1+ 2n — 2m +2). (5.144)
j=0

This proves (2.22) when X is a real 2m x 2n matrix of rank 2m lying in a sufficiently small neigh-
borhood of Im 2n, and s is a positive integer; the general validity of the identity then follows from
Proposition 2.18. O

5.8. A lemma on Grassmann integrals of scalar products

In the preceding proofs we have frequently had to evaluate Grassmann integrals over one or more
sets of Grassmann variables, in which the integrand depends only on scalar products among those
sets. A simple version of such a formula occurred already in (5.9), while more complicated versions
arose in (5.79) ff. and (5.109). [Also, a version for real fermions arose in (5.59).] So far we have simply
treated such integrals “by hand”. But since a much more complicated such integral will arise in the
proof of the multi-matrix rectangular Cayley identity (Theorem 2.9) in the next subsection, it is worth
stating now a general lemma that allows us to systematize such calculations. Indeed, we think that
this lemma (Proposition 5.6 below) is of some independent interest.

Let us start by rephrasing the simplest case (5.9) in a suggestive way. Let n be a positive integer,
and introduce Grassmann variables i, ¥; (1 <i<n). Let f(x) = Z,fio axx* be a formal power series
in one indeterminate. We then have by (5.9)

f D ) F(FT) =nlay. (5.145)

On the other hand, we also have trivially

=nla, (5.146)

x=0

d]’l
dx f@

and

=n!ay. (5.147)

Hence

_ _ dan
/ D ) £ (1) = 5 F 0 (5.148)

d n
x=0 N f<a>x

Surprisingly enough, a similar formula exists for Grassmann integrals involving multiple sets of
fermionic variables:

x=0
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Proposition 5.6. Let ¢ and n be positive integers, and introduce Grassmann variables ¥, 1/_/,”‘ 1<a<y,
1 <i<n). Let f(X) be a formal power series in commuting indeterminates X = (xaﬂ)g p=1' and write 0 =
(9/0xqp). We then have

/Dn(Wv ¥ Da(v ) F (P79 )) = det(®)" £ (X)x=0 (5.149)
= f(3)(det X)"|_,- (5.149b)

Proof. We write
FX= > fn ]_[ X (5.150)

NeNtxt  a,p=1

where the sum runs over matrices N = (na,g)ﬁl’ p=1 of nonnegative integers. Note first that it suffices
to prove (5.149) for polynomials f, since all three expressions in (5.149) have the property that only
finitely many coefficients N contribute (namely, those matrices N with all row and column sums
equal to n). So it suffices to prove (5.149) for all monomials XN := ]_[a p=1%ap "ef But then it suffices to
prove (5.149) for the exponential generating function

We pX ap
pa(X) =exptr(2TX)= > ]‘[ ( ""’ “ﬂ) (5.151)
NeNtxta,p=1
where 2 = (a)w,g)éﬂ=1 are indeterminates, since the value at the monomial XN can be obtained
by extracting the coefficient [£2N]. Our goal is to prove that all the three expressions in (5.149),

specialized to f(X) = ¢ (X), equal (det £2)".
For the Grassmann-integral expression we have

/ Da(' 9 Da(v 7) e (9797}

e
=/Dn(¢1,@1)...Dn(¢ﬁ,¢‘)exp<z > Ipf‘waﬁwiﬂ) (5.152a)
= (det2)". (5.152b)

For the power series in derivative operators applied to a power of a determinant, a simple application
of the translation formula (5.1) yields

€
b (9)(det X)" |, _ O_exp( > wapy 0 )(detX)” (5.153a)
o, f=1 Xap X=0
= (det(X + 2))"|_, (5.153b)
= (det2)". (5.153¢)

For the power of a determinant in derivative operators applied to a power series, it suffices to cite
the proof (5.153) and invoke transposition duality X <> 9 in the Weyl algebra; but for completeness
let us give a direct proof. Use a fermionic representation of the differential operator
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4
_ _ 9
det(d) =/D/z(n, m) exp( E Mo ﬁw) (5.154)
a,p=1 o

and apply again the translation formula (5.1):

¢
det(a)[exptr(QTX)]:/De(fl,ﬁ) exp( Z Mo

ma) [exptr(27X)] (5.155a)
o,f=1

Bxaﬂ

= f Dy(n, i) exptr(27(X +7n")) (5.155b)

14
:[exptr(_QTX)]/Dg(n,ﬁ)exp< Z ﬁaa)a,gr],g> (5.155¢)
o,p=1
= (det 2) exp tr(227X). (5.155d)

Iterating n times, we get

det(d)"pq (X)|x=0 = (det £2)" exp tr(227X) =(det2)". O (5.156)

|x=0
5.9. Multi-matrix rectangular Cayley identity

In this subsection we shall prove the multi-matrix rectangular Cayley identity (Theorem 2.9), which
is the most difficult of the identities proven in this paper. The difficulty arises principally from the fact
that the number of matrices appearing in the identity (which we call £) can be arbitrarily large, and
we are required to provide a proof valid for all £. The proof nevertheless follows the basic pattern of
the proofs of the other identities (notably the two-matrix rectangular identity), and divides naturally
into two parts:

(i) We represent the differential operator as a Grassmann integral, and after several manipu-
lations we are able to express det[(3V.-.3©®); ]det(XV ... X©) as the desired quantity
det(XM® ... X©O)y=Te(1, ) det[(XD ... X®)jc ] multiplied by a purely combinatorial factor b(s)
that is given as a Grassmann integral.

(ii) We evaluate this Grassmann integral and prove that b(s) = 1_[2:1 ]_[']‘-:](s +ng — Jj).

The major new complications, as compared to the preceding proofs, come from the fact that our
Grassmann integral involves ¢ sets of fermionic fields, while in the preceding proofs we only had
one or two, and the matrix arising from the application of the “low-rank perturbation lemma”
(Lemma B.11) is of size ¢ x ¢, while in the preceding proofs we never had a matrix larger than
4 x 4. Despite these complications, step (i) follows closely the model established in the preceding
proofs and is not much more difficult than them: the main novelty is that we need to use a variant
of the low-rank perturbation lemma (Corollary B.13) that is specially adapted to perturbations of the
product form (5.170) encountered here. The big trouble arises in step (ii): to evaluate the Grassmann
integral involving scalar products among ¢ sets of fermionic fields, we shall first rewrite it as a dif-
ferential operator acting on a determinant (using Proposition 5.6) and then exploit the fact that the
matrix arising in this differential operator is upper Hessenberg (i.e. has zero entries below the first
subdiagonal); the latter leads to some special combinatorial/algebraic computations (Theorem 5.7 and
Corollary 5.8).

It is convenient to formally divide the statement of Theorem 2.9 into two parts, corresponding to
steps (i) and (ii) above:
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Theorem 2.9, part (i). Fix integers ¢ > 1 and ny,...,ny > 0 and write ngy 1 =ny. For 1 < a < ¢, let X@
be an ny x ng41 matrix of indeterminates, and let 3 be the corresponding matrix of partial derivatives. If
I, ] € [nq] with |I| =|]J| =k, then

det[(51---9), ] det(xD ... xV)’

=D, npe(s) det(XD - XO) el [y det[ (XD - XO) k] (5157)
where
Dny..n:k(8) = (= 1)’“/17, vt De (U V) Doy oy (0 7%) -+ Dy (0, 1)
xexp[i(l/_/‘ﬂl//a 1+n“Tn“)} det(Iy + M)™S (5.158)
a=2
and

voTyP ifa < B,

Map =1 —7*Tp® ifa=p+1, (5.159)
0 otherwise.
Theorem 2.9, part (ii). We have
Lk
by = [T [ +1a = 0. (5.160)
a=1 j=1

Let us now begin the proof of part (i) of Theorem 2.9. As before, we will need the full strength of
Lemma 5.1 to handle the all-minors case.

Proof of Theorem 2.9, part (i). We can assume that ny > ny for 2 < o < ¢, since otherwise
det(X™ ... X®©)y is the zero polynomial.

We begin, as usual, by representing the differential operator as a Grassmann integral, this time
exploiting Lemma B.14 (rather than just Corollary B.6). We have

det(s V-0 0) = [ Doy (0. 9") - Du (0, 7)

e
x exp|: D (@ Ty — g Ty Dy ) 4 WTWW}. (5.161)

Here v, 1/_/,0‘ (1 <o < 1<i<ny) are Grassmann variables, and the subscripts on D serve
to remind us of the length of each vector; shorthand notations for index summations are under-
stood, e.g. YT9@y o+l =3 Z""“ iy ““ 3/3x(a) For a general minor I, J C [nq] with |I| =

|J| =k, the quantlty det[ (3D .. a“)),,] has a representation like (5.161) but with an extra factor
e, DqT¥ ¥, jc in the integrand.

It is convenient to make the change of variables ¥! — —1, as this makes the summand ¥ ¢9© !
analogous to the ¥~ 1@ Dy arising for 2 < a < £. We shall exploit this structure by writing ¢+
as a synonym for ¢!. This change of variables introduces an overall factor (—1)™ (=1)" K = (=1)k.
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Applying the translation formula (5.1) to the whole set of variables {xg.x)} produces

det[ (009, 17 (XD..... X )

:E(I, ])/Dm (1/fl, I/_/1) "'Dnz(l/flv JIZ)

¢
x (—1)K exp|: 3 &“w“} (1—[ 1/—/11#1)]6 jcf(xgg;ns, X9 (5.162)

=2

for an arbitrary polynomial f, where we have introduced the shorthand

X@ = x@ _ e (yotn)T (5163)

trans
for the arguments of f. We shall use the formula (5.162) in the case f(XW1, ..., x©) =
det(X® ... X©)S where s is a positive integer.
Suppose now that the X® are real matrices of rank min(ny, ne41) that are sufficiently close to the
matrix Inanaﬂ defined in (5.64). Then by Lemma B.21 we can find matrlces Py € GL(ny) for 1 <o <
€+ 1 such that X@ = Polnn,,, Pyt We have XV ... X® = Pyl since TnjnyIngny + Tngny = Iny

a+1°
as a consequence of the fact that ny, > ny for 2 < o < £. Therefore

det(XD ... X©) = det(P1) det(P¢1) " (5.164)

We also have

1 4 — T _
Xéra)ns ) t(r;ns 1_[ PO! Ina"a-H - P(x wa (waJr]) Pa+1]Pa+1 (5‘165)

where the product is taken from left (o« = 1) to right (« = ¢).
Let us now change variables from (%, %) to (y'%,y’%) defined by

Ply® for2<a <
ra NCASE
w { Z+]1/fl foroa = 1, (5166)
V=P (5.167)

The Jacobian is (det P; ') (det P¢y1) = det(X™ - X®)~1 [using (5.164)]. In the new variables we have
(dropping now the primes from the notation)

14

(1) (] 3 - 1 1

Xirans - Xtrans = P1 ( 1_[ [Iﬂana+1 -y (I/J(H ) ]) P[+] s (5.168)
a=1

so again using (5.164) we see that the translated determinant is given by

det(X{ims -+ Xira

trans trans)

det(X™ ... X©)(det My, _n,) (5.169)
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where the matrix My,

J4
My,,..n, = 1_[ [inana_ﬂ — 1/'/05 (waJrl)T]. (5.170)

Therefore
det[(37---5), ]der(x V... x)*

— (I, J)ydet(xD ... XY (—1) / Doy (051D, (9 7Y)

4

(H(Pﬂﬁ)( Ly )HC [Z i|det(Mn1 ,,,,, n)’ (5171)

To evaluate det(Mpy, ... n,), we shall use Corollary B.13, which is a variant of the low-rank perturba-
tion lemma that is specially adapted to matrices of the form (5.170). Before doing so, it is convenient
to split the vectors ¥* and ¢% as

(W) = (A0 A0 e i) (5.172a)
(Wl’---"/fna)=(11~--vkn],§1,--.,Z,%‘a), (5.172b)

where mg :=ng —ny (note in particular that ¢! ="' and y! ="). We now apply Corollary B.13
with x4 = V%, yo = ¥**! and € = —1 to obtain

det(Mp, ... n,) = (detN)~! (5.173)

.....

where the ¢ x £ matrix N is defined by

Y el ifa < B,

1 1

. 5.174
Sap — AP ifa > B ( )

Nop =

and my, g := ming<y <gMy. We now fall into the conditions for the application of Lemma 5.1 with
n=yl=x", 7=y =1"and 0 ={1%,..., A X2, ..., 1t} (here the variables ¢ and ¢ just go for the
ride), yielding

det[ (8- 9®), ] det[x ... X O

= e, J)det[xD . XOT  det[ (XD x®) . J-DF

X /DTH ()‘1’)_‘]) -+ Dn, (ke’j‘z)pmz (42’ 52) -+ Dm, (gz’ EK)

nm l
x ( I1 X}x}) exp|: (T + E“Tgo‘)} det(N)~%. (5.175)

Jj=k+1

We have thus represented det[(dD ---9®);;]det(XD ... X®)S as the desired quantity det(X( ...
X©Oys=Te(l, Jydet[(XD - .- X©)cjc] multiplied by a purely combinatorial factor by, _n,.k(s) that is
given as a Grassmann integral:
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buy... ek (8) i= (=D [ Dny (A1, A1) - Dy, (A4, 38) Dy (¢2,22) - D, (¢4, 2Y)

n J4
x ( I i}x}) exp|: > O(ET + E"‘Tg“)} det(N)~S. (5.176)
a=2

Jj=k+1
In order to handle the factor H] 1 A} AJ, it is convenient to further split the fields A and X as
(T A = (A A X X k) (5.177a)
(Afs ) = (S AR R K ) (5.177b)
Notice now that the overall factor ]_[J L1 M= ]‘[?111‘ Xt x]!in the integrand kills all monomials in

the expansion of the rest of the integrand that contain any field x! or y'. Now, the factor (detN)~*
in (5 176) depends on the fields 2, X, X %, ¢, ¢ only through products of the forms {A‘)‘ }]<ﬁ<a<(.
(] )» hep<e X X, h<peas<e (X X, h<p<e and {5 3 }2<a<ﬁ<€. while the eXPOHEHtlal depends
only on combinations A¥A%, ¥%x® and £%¢® that are “charge-neutral” in each field separately. There-
fore, the only monomials in the expansion of (det N)~* that can contribute to the integral must also
be charge-neutral in each field separately. But since no monomial containing any x! can arise, it is
impossible to make such a charge-neutral combination using any other x or x since all such terms
are of the form x%x” with 8 <. In a similar way, the terms {*Z# with 2 < o < 8 < £ cannot
contribute. (The combinations ¢%z% do survive.) The integral (5.176) will therefore be unchanged if
we replace N by a new matrix N’ in which all these “forbidden combinations” are set to zero:

¢FTgP ifo=pg-1,
wp=10 _ifa<p-1, (5.178)
Sap — 2TIAE ifa > B.

Note that the matrix N’ is lower Hessenberg (i.e. has zero entries above the first superdiagonal).
Summarizing, we have

bny....ng:k(8) = (=1) ka (AL AT D (A6 15

X Dnl—k(X s X ) . 'Dnl—k(X[, Xl) sz (4.2’ 52) o 'Dm[ ({Z’ Zl)

ni—k
( [T x'x )exp[Z(/_\“TA“ + XX+t )} det(N')°.  (5.179)

=2

Since N’ does not contain y or ¥, we can immediately perform the integrations over these fields,
yielding 1.

To make the indices in the matrix N’ look nicer, we perform the change of variables from A to A’
defined by (A)* =A%*1 for 1 < < £ (and recalling that A*1 is a shorthand for A!); the variables A
are left as is. The Jacobian is (—1)¥¢~1_ So, dropping primes, we have

bn,..... nz:k(s):(_1)’</Dk()‘l’il)"'Dk()‘e’iz)pmz(fzv52)"'sz(§£75€)

¢
x exp|: > o(eme E“Tgo‘):| det(N")"° (5.180)
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where

PP ifo=p-1,
wp=10 _ifa<p-1, (5.181)
Sap —22TAP ifa > B.

Finally, in order to put our scalar products of complex fermions in the standard forms zT¢ and
2T, we anticommute all the bilinears (obtaining a minus sign); and in order to keep the indices in
a natural notation, we replace N” by its transpose. After a renaming A — v and ¢ — #, the result is
(5.158)/(5.159), where (N")T =1, + M.

This proves part (i) of Theorem 2.9 when the X® are real matrices of rank min(ng, ng41) lying
in a sufficiently small neighborhood of 7,1,1"& .1+ and s is a positive integer; the general validity of the
identity then follows from Proposition 2.18. O

We now turn to the evaluation of the Grassmann integral (5.158)/(5.159) for by, . n,:k(s). The in-
tegrand depends on the fields only through the scalar products {&“Twﬂ}ﬁﬁﬁﬂ and {7°Tn*}! _,. We

can therefore apply Proposition 5.6 once to the entire set of variables ¥, ¥ and separately to the
variables n%, 7% for each o (2 < @ < £). We therefore introduce indeterminates X = (xo(,g;)gﬁ:1 and

y= (ya)f;:z, along with the corresponding differential operators 9/9xys and 9/3yy. Using Proposi-
tion 5.6 in the form (5.149b), we obtain (after renaming y2,...,Y¢ asS ¥1,..., Y¢—1)

,,,,,,,

-1 -1
0 0
X exp Z ——— + — ) | det(X)k 1—[ o , (5.182)
0Xo+1,0 0Ya
a=1 ’ a=1 X=y=0
where now M reads
3 3 3 3
I+5g  on prm T
3 3 3 3
M= —3y; 1t o . (5.183)
: ' ) 3 8
0 o 0 Tyt 1+ xee

We can now apply the translation formula (5.1) to the exponential of the differential operator: this
My

transforms I—[éj Yo into ]_[f;_:]l(l + Yo)™ and xqp into x&ﬁ =Xgp + 80, p+1. Thus
B -1
bay. ..k (s) = (=1 (det M)~ det(X') H (14 yo)™ : (5.184)
a=1 X=y=0

Finally, we observe that M does not contain the differential operators 9/dxyg with a > g, so in X’
we can set those variables x4 to zero immediately. We thus have (5.184) where now

X1 X12 X130 X
1 xpp X3 -+ X
X=|0 1 x3 -+ X3 [, (5.185)

0 0 1 Xey
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Since the evaluation of (5.184) will involve a recursion in ¢, it is convenient to introduce an infinite
set of indeterminates {Xyp}1<a<pg<oco, along with the corresponding set of differential operators dyg =
0/0xqp, as well as another infinite set of indeterminates {ay}1<a<n—1 (only finitely many of these will
play any role at any given stage). Then define, for each ¢ > 1, the quantities

1+ 011 012 013 01¢
a 1+02 023 02¢
D@ =det| O az 1483 - I3 (5.186)
0 0 ag_1 140
and
X11 X12 X13 - X1
1 xpp X23 -+ X
Xe=det| 0 1 X33 -+ X3 (5.187)
0 0 1 Xey

where we also set Dg(a) =1 and Xg = 1. Note also that D,(a) [resp. X;] involves only those dyg
[resp. xqp] with o < B < 4.

Given a formal indeterminate s and a nonnegative integer k, our goal in the remainder of this
subsection is to compute the expression

De(a) S Xk (5.188)

|x=0°

which abstracts the relevant features of (5.184) [as s is a formal variable, the choice between s and
—s has no special role and is made here just for convenience]. Since D;(a) is a polynomial in the
quantities {9y} and {ay} with constant term 1, D¢(a)~* is here to be understood as the series

o
_ ) h
D¢(a)* = D¢(a) — 1 5.189
o(a) Z(h)[m ] (5.189)
h=0
which, when applied to Xif as in (5.188), can be truncated to h < k€. We shall prove the following:

Theorem 5.7. With the definitions above, we have

k
—s—b\ab
Zk!(ks_b )‘L‘f (5.190)

—S
De(@) " Xf|y_o = k!( B )

We remark that

3 —S—b\Z (s Fi(—k: s: 2) (5.191)

k—b )bt~ k)M '
b=0

although we will not use this.

What we shall actually need is a specific corollary of Theorem 5.7. Let us introduce the variables
{Va}1<a<oo and the associated derivatives d, = /9y, as well as the further indeterminates (or non-
negative integers) {mMy }1<a<oo-
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Corollary 5.8. With the definitions above, we have

-1 £—1 k-1
De(=0) Xy [0+ ya)™ =DM T[] +ma +1i) (5192)
a=1 X=y=0 a=0i=0

with the convention mg = 0.
Given Corollary 5.8, the proof of Theorem 2.9, part (ii) is a triviality:

Proof of Theorem 2.9, part (ii), given Corollary 5.8. It suffices to recognize det[M] and det(X’) as
the operators D¢(—d) and X, in Corollary 5.8. The sign (—1)¥¢ in (5.184) combines with the one in
(5.192), leaving exactly the prefactor claimed in Theorem 2.9. O

Let us next show how to deduce Corollary 5.8 from Theorem 5.7:

Proof of Corollary 5.8, given Theorem 5.7. We evaluate the left-hand side of (5.192) by using (5.190)
with a, replaced by —d,. Since

(—06)°(1 + yg)™ lyumo= (—1)bb!(n;°‘> (5.193)

and everything is factorized over «, we obtain

-1
De(=) X [+ ya)™

a=1

-1 k

:k!<_ks> I Zkz(‘ks_‘bb><—1>b(";"‘). (5194)

X=y=0 a=1b=0

Then for each o we have

k k
—s—b b(Ma) _ kb s+k—1 b Ma
03 (00 ) () ez (55 e ()
b=0 b=0
k

CECE)

b=0

s+k+my —1
= (=1*k!
UL A

k—1

=D [ [ +ma+1) (5.195)
i=0

where we used the Chu-Vandermonde convolution (Lemma B.2) in going from the second to the third
line. The prefactor k!(’ks) gives an analogous contribution with mg=0. O

Finally, we turn to the proof of Theorem 5.7. We shall need two main lemmas: one that essen-
tially provides an inductive step, and another dealing with a special sum of multinomial coefficients.
Henceforth we shall write D, as a shorthand for D(a).

We start with a pair of easy recursive formulae, obtained by expansion of the determinant on the
last column:
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Lemma 5.9.
Dy=D; 1+ Z(—l)e_aaa -+ 0g—1Dg—19n¢ (5.196)
a=1
(the empty product ay, - - - ag—1 for o = £ should be understood as 1) and
14
Xe=Y (=D *Xq 1Xar. (5197)
a=1

Related formulae for the determinant of a Hessenberg matrix can be found in [99,100].
The induction lemma is the following:

Lemma 5.10. Let m > 1and cq, ..., cy > 0 be integers, and let t be an indeterminate. Then

m m t+c c Ty b
CIIoe[Ixe| = % " ( ™) [Ta"
a=1 Cm b],... bm a=

a=1 Xam=0 bi,....bm=>0 1
by+---+bm=cm
m—1 m—1
b b
< DYy ] pa ™ I xa ™. (5.198)

Proof. Notice, first of all, that the factors D, and X, for « <m do not play any role, i.e. we can
rewrite the left-hand side of (5.198) as

m—1
< 1_[ DC"‘> Cm+f Cm| ( l_[ X&a> (5.199)
a=1

and concentrate on the central factor alone. To compute DG X% |, o, we expand D™ and X5
using Lemma 5.9:

t+cm b] +---+ bm t+cm—(by+--+bm)
Dt+5m _ pttem 1 m
m Z bi1+---+bn bi,...,bnm m—1

by,....bm >0
- b
l_[[( 1)m a(aol am—])Da—lao{m] a7 (5.200)
a=1
- b
Xm = Z (b )]—[( D™ *xgmXa—1] (5.201)
biobm>0 N 1T a=1
by4+-Abm=cm
Since  92,,X0 |xum=0 = Sppb!, the two sets of summation indices, when combined inside

¢ T
Dt x f,l"‘ |x,m=0, Must coincide, and we get
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t+c C
D;;n‘f’txlf%m . —o — Z m Cm! m Dfn_1
am b1,...,bm

b1, sbm >0 Cm
by+-+bm=cm
m b m
x [Tl@a--am-1)Da-1]"" [ Xa-1)e. (5.202)
a=1 a=1

In the two final products, we can drop the factors Dg1 and Xg1 since Dg = Xo = 1. Reintroducing the
missing factors from (5.199), we obtain (5.198). O

We will now apply Lemma 5.10 for ¢ “rounds”, starting with the initial conditions m = ¢, t =

—s—k, ¢y =---=c—1 =0and ¢, =k. At round i we have m = £+1—i. Let us denote by c! , ..., CL+171‘
the parameters {c;} immediately before entering round i, and let us denote by b’i,...,bhki the
summation indices in round i. We therefore have the initial conditions
cd=-.=c =0, =k (5.203)
and the recursion
dHl=cl4p . for1<j<e—i (5.204)
IR AN R :
[cf. (5.198)]. The summation indices b}, ..., b}, ; obey the constraint
i .
Z bY=chiq - (5.205)
j=1
Using (5.203) and (5.204) we prove by induction that
i-1
= bl for2<i<e. (5.206)
h=1
It is convenient to arrange the summation indices {bZ-}iJr j<e+1 into a matrix
1 1 1 1
b% b% b; --2~ b,
by b3 - b4
B=| b = .7 (5.207)
Dbyt
¢
by

in which the first row sums to k and, for 2 <i < ¢, row i and column ¢ 4+ 2 — i have the same sum.
Such matrices can be characterized as follows:

Lemma 5.11. Fix integers £ > 1 and k > 0. For a matrix B = (b;)i+]‘<[+] of nonnegative integers as in (5.207),
the following conditions are equivalent:
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(a) The first row sums to k and, for 2 <i < £, row i and column £ 4+ 2 — i have the same sum.
(b) For1 < h < £ we have

Z bl =k.

1<i<h
1<j<e+1-h

(c) There exist nonnegative integers bl, bf 1reees bg completing the matrix B to one in which all the row and
column sums are equal to k. (Such numbers are obviously unique if they exist, and must lie in the interval
[0, k].)

Note in particular that statement (b) with h = ¢ tells us that the first column sums to k.

Proof of Lemma 5.11. (a) — (b): By induction on h. By hypothesis the equality holds for h = 1. Then
for h > 2 we have

i i h_ i _
Soobi— > b= > bt 3 bi, =0 (5.208)
1<i<h 1<igh-1 1<j<t—h 1<ig<h—1
1<j<t+1-h 1<j<+2-h

by hypothesis.
(b) = (c): It is easily checked that the definition

blop= Y. b} for2<h<e (5.209)
1<i<h-1
1<j<e+1-h

does what is required.
(c)==(a) is obvious. O

Remark. An analogous equivalence holds, with the same proof (mutatis mutandis), for matrices B of
nonnegative real numbers where k is a fixed nonnegative real number.

The ¢-fold application of Lemma 5.10 with the initial conditions (5.203) gives rise to a sum over
matrices B satisfying the equivalent conditions (a)-(c) of Lemma 5.11. To each such matrix there
corresponds an ¢-tuple ¢ = (c!,...,c%) of integers in the range [0, k], where ¢ = Z‘ZH 'b‘ is the

sum of row i (it also equals Cji+1—i) and of course ¢! =k. It will be convenient to partition the sum
over matrices B according to the vector ¢, so let us denote by B(c) be the set of matrices satisfying
the given conditions with the row sums c:

C+1—i
B(E):[3=(b§.),.+j<e+leNW“)/Z: > bi=cfor1<i<e
j=1

i—1
and ) by, ;=C for2<i< z}. (5.210)
h=1

The summand is then

¢ =i -1 t—a o pi
(H<t+c> (bi Cbi >)(1_[a<§i=l J_]bj). (5.211)
1 1 P41

i=
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Furthermore, it follows from Lemma 5.11(b) that
L .
> bh=k—gte, (5.212)

Let us now show how to perform the sum over matrices B with a given vector c:
Lemma5.12.Let £ > 1,k >0andcl,...,ct > 0 be integers, with ¢! = k. Then
‘ ¢ Lk
2 n(bi,...,bf .>:H<Ei>‘ (5213)
B=(b))ij<ir1€B@ =1 ! =2 i=
Before proving Lemma 5.12, let us show how it can be used to complete the proof of Theorem 5.7.

Proof of Theorem 5.7, given Lemma 5.12. Summing (5.211) over B € B(¢) and using (5.212) and
(5.213) along with t = —s —k and ¢! =k, we obtain

l£[ —s—k+¢ & k ﬁak—f‘z”*“ —K! =S ﬁ —s—c k'at&lﬂ (5.214)
c A AV Nk g ke e '

i=1

2 £ 1 -1

where &* =k — ¢t+1=_ The sum over ¢2,...,¢¢ - or equivalently over ¢!,...,¢1 - now factorizes

and gives precisely (5.190). O

Proof of Lemma 5.12. The sum on the left-hand side of (5.213) is nontrivial because the “row” and
“column” constraints (5.210) are entangled. We shall replace one of the two sets of constraints (say,
the “column” one) by a generating function: that is, we introduce indeterminates &; (1 < j <¢) and
consider

L iy ¢
be®= Y J[5 <b" N ) (5.215)
{bf,'}iJer/chl j=1 i=1 N1 e

(=i i i
Zj:] bj—C

The sum now factorizes over rows: we have

V4 +1—i bi (‘:i
@Z,k,&(g) = 1_[ Z ( l_[ Ejj> (bll o bi > (5.216&1)
>0 \ j=1 T

1 o 41—
=
bbbl =¢'

¢ geri—i \©
:1‘[( > gj> (5.216b)

—E A E A E ) G+ 8T EL (52160)
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We must now extract the coefficient of the monomial

‘ j o, a1 22
I =elel'el & (5.217)

j=2

in @y z(§). We first extract [Efz] from (5.216¢): here & occurs only in the first factor, so we get
(é‘z)(& + -+ &_1)* times the remaining factors, ie.

k k &3 ¢t
<Ez>(§1 +oo &) G+ Ee ) (5.218)

We can then extract [éfil] in the same way, and so forth until the end, yielding right-hand side of
(5.213). O

Let us conclude by apologizing for the combinatorial complexity involved in the proof of Theo-
rem 5.7. The simplicity of the final formula (5.190), together with the simplicity of (5.213) and the
miraculous simplifications observed in its proof, suggest to us that there ought to exist a much sim-
pler and shorter proof of Theorem 5.7. But we have thus far been unable to find one.

6. Proofs of diagonal-parametrized Cayley identities

In this section we prove the diagonal-parametrized Cayley identities (Theorems 2.10 and 2.11). We
give two proofs of each result: the first deduces the diagonal-parametrized Cayley identity from the
corresponding Cayley identity by a change of variables; the second is a direct proof using a Grassmann

representation of the differential operator.

6.1. Diagonal-parametrized ordinary Cayley identity

Proof of Theorem 2.10. We change variables from (Xij)?,j:] to new variables (t;)7_; and (Vij)1<izj<n
defined by
ti = Xii, (6.1a)
—a;, ~(1-0))
yijzxiiaxjj J ij. (61b)

We also set y;; =1 for all i and define the matrices Ty = diag(t?f), Ti_q = diag(til_ai) and Y = (yi)),
so that

X=TyYTi_a (6.2)
and hence
n
(det X)* = (]‘[tf) (detY)’. (6.3)
i=1

A straightforward computation shows that the differential operators (vector fields) 9/dx;; can be
rewritten in the new variables as



S. Caracciolo et al. / Advances in Applied Mathematics 50 (2013) 474-594 539

9 fl[ti%—aizkﬁy,-kaﬁ—ik—(1—oei>2,¢,<yu%”] ifi = j, 64
axi —(1-aj) 3 U .
3xij t; t] ! W5 ifi# j.

Let us denote by A, the matrix of differential operators whose elements are given by the right-hand
side of (6.4); please note that each element commutes with each other element not in the same row
or column [that is, (Ag);j commutes with (Ag)yj whenever i # i’ and j # j'].

Now (6.3), considered as a function of t = (t;), is of the form const x [];t;; therefore, acting on
(6.3), each operator t; 3/dt; is equivalent to multiplication by s. It follows that the action of Ay on
(6.3) is identical to that of Ay s defined by

605 — o Y Viger — (1 — ) Yy viigo-] ifi=J,
(Aa,s)ij = —aj, —(1=aj) 5 P . (6.5)
t 't X ifi #j.
Furthermore, (Ag)ij and (Agq,s)ij both commute with (A s)irj whenever i # i and j# j'.

Now suppose we have a product (Ag)j,j, - - (Aa)i,j, acting on (6.3), in which iy,...,i, are all
distinct and also ji,...,j, are all distinct (this is the case that will arise when we take the de-
terminant of any submatrix). Then the rightmost factor (Ag);,j, can be replaced by (A )i, j,; and
the same can be done for the other factors by commuting them to the right, changing them from
Aq t0 Ags, and commuting them back. It follows that, under the given condition on the indices,
(Aw)iyj; - (Ag)igj, (det X)* = (Ag s)iyjy - - - (Aa,s)ig j, (det X)°.

Translating back to the original variables (Xij)?,j:r Ag,s equals Dy s defined by

X' [s — ot Y Xikgoe — (1 =o)Xy Mg ] ifi=J,

(Da.s)ij = e (6.6)
o,s)ij a?(_u if i 7& i,
and the Cayley formula (2.2) tells us that
det((De,s)1))(det X) =s(s +1)--- (s + k — 1)(det X)*"e(I, J)(det Xjc je). (6.7)

On the other hand, Dy g s = )A(ﬁDa,s)Aﬁ_ﬂ where 5(5 = diag(xﬁ.") and )21_ﬂ = diag(x}i_ﬁ"), so that

det((Dg.p.s)1)) = (]—[x )(]—[x1 ﬁf)det (Da.s)i1j)- (6.8)

i€l je]
Combining (6.7) and (6.8), we obtain (2.27). O

Now let us show an ab initio proof based on Grassmann representation of the differential operator
det((Dg,s)1)). Since Dy s contains not only terms d/dx;; but also terms x;; /9x;;, the role played in
Section 5 by the translation formula (5.1) will here be played by the dilation-translation formula
(B.60): see Appendix B.4 for discussion.

Alternate proof of Theorem 2.10. For notational simplicity let us assume that the diagonal elements
x;; are all equal to 1; the general case can be recovered by a simple scaling.

Consider the matrix of differential operators Dy s defined by (6.6). In terms of the matrices EY
defined by (3.4), we can write

9
Das=sl+Y (EV —xj[aiE" + (1 aj)E“])W‘ (6.9)
] Y
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As before, we introduce Grassmann variables 7;, 1; (1 <i<n) and use the representation

det((De.s)iy) =€, J)fDn(n, ) (]_[ ﬁn)

ICA'JC

_ _ _ _ 0
X eXP[SXi: nin; + ;[mm — xij(oimini + (1 — Otj)ﬂjﬂj)]axij]o (6.10)

Let us now apply this operator to a generic polynomial f(X): using the dilation-translation formula
(B.60) on all the variables x;; (i # j), we obtain

det((Da.s)1))f(X) = €(1. ) f ot ([Tim),. exp[sz ﬁmi}
x f({ —ailindxig (1 — A —epiing) +dimjh)- (6.11)

Note that the diagonal terms remain unchanged at their original value x;; = 1. Defining the diagonal
matrices My = diag(1 — o;n;n;) and M1_ = diag[1 — (1 — «;)1;n;], we see that the argument of f is

X' =MgXMi_q + 70" (6.12)

(note that also the diagonal elements i = j come out right). We are interested in f(X) = det(X)*, and
we have

det X' = (det My ) (det M1_q) det(X + Mg 'iin"M; ") (6.13a)
= (det M) (det M1_q) det(X + iin") (6.13b)

where M,;lﬁ =17 and nTM{_]u =nT by nilpotency. The factor (det My)*(det M;_q)° exactly cancels
the factor exp[s ) ; 7;n;] in the integrand, and we are left with

det((Daoy) detX)* =e(t. ) [ Ducn.iy ([Tim),,  dex(x i), (61
which coincides with (5.13a). Arguing exactly as in (5.13)-(5.15), we therefore obtain

det((Dg,s)1y)(det X)* =s(s +1)--- (s + k — 1)(det X)* e (I, J)(detXjeye). O  (6.15)
6.2. Diagonal-parametrized symmetric Cayley identity
An analogous proof gives the symmetric analogue:

Proof of Theorem 211. We change variables from (xij)i<igjgn to new variables (t)}_; and
(Vij)1<i<jgn defined by

ti = Xii, (6.16a)

Vij =X ijjzx,-j. (6.16b)
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We also set y;; =1 for all i, use the synonymous yj; = y;; for j > i, and define the matrices T =

1
diag(t/) and Y = (yj;), so that
X=TYT (6.17)
and hence
n
(detX)* = (]‘[tf) (detY)®. (6.18)
i=1

A straightforward computation shows that the differential operators (vector fields) d/dx;; can be
rewritten in the new variables as

-1 0 1 1 J ) .
9 t; [ta—ti—jzk#,)’zkaylk jzl#yum] ifi=j,

1.1 o (6.19)
axij t°t; 5 ifi # j.

N
(=5

Let us denote by A the matrix of differential operators whose elements are given by the right-hand
side of (6.19); please note that each element commutes with each other element not in the same row
or column [that is, A;; commutes with Ay whenever i # i and j# j'].

Now (6.18), considered as a function of t = (t;), is of the form const x []; tl? ; therefore, acting on
(6.18), each operator t; d/9dt; is equivalent to multiplication by s. It follows that the action of A is
identical to that of Ag defined by

[5 Zkﬁy’kﬁylk %Zl#iyli%] ifi=j,

(As)ij = IR (6.20)
2472 _0 P .
t; °t; g ifi+#j.
Furthermore, A;j and (As);; both commute with (As)y whenever i # i’ and j# j'.
Now suppose we have a product A;,j, ---A;,j, acting on (6.18), in which iy,..., i, are all dis-
tinct and also j1,..., j are all distinct. Then the rightmost factor A;,j, can be replaced by (As)j,j,:

and the same can be done for the other factors by commuting them to the right, changing them
from A to Ag, and commuting them back. It follows that, under the given condition on the indices,
Ai]j] e Al‘[j( (dEt X)S = (As)i1j1 e (As)i(j/é (dEt X)S

Translating back to the original variables (xij)1<igj<n, As equals D?ym defined by

(6.21)

—pg _ 1 R I o NPT I T

(3™ — X 1S = 3 DopsiXik gy — 2 2otz Xigy ] ifi=1],
ST 2 ifij
(?X,'j ]s

and the Cayley formula (2.2) tells us that

det((Dﬁym)”)(detxsym)s=s<s+%> (—i—kT)(detXSVm) e, Jy(det XM, (622)

On the other hand, ngyrsn =XgDY™X1_p where Xg = diag(xﬁ") and X;_pg = diag(x}f‘s"), so that

det((Dj DY) <Hx ><1_[x1 ﬁf)det iym)u). (6.23)

iel jej

Combining (6.22) and (6.23), we obtain (2.32). O
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Now let us show the proof based on Grassmann representation of the differential operator:

Alternate proof of Theorem 2.11. For notational simplicity let us assume that the diagonal elements
xj; are all equal to 1; the general case can be recovered by a simple scaling. We are therefore using
the matrix XY™ defined by

1 fori=j,
(Xsym)ij =1{x; fori<j, (6.24)
xji fori> j.

Consider the matrix of differential operators D;yrs“ defined by (2.30). In terms of the matrices EU

defined by (3.4), we can write

1 . " iy 9
sym __ - ij JU_ 5. (F1 J] _
Dgs =sl+3 i§<j[E +E' —x;;(E" + E )]axi,-' (6.25)

We introduce Grassmann variables 7;, ; (1 <i<n) and use the representation

sym — -
det((Dg’y),,) =€, J)/Dn(n, ) (]_[ nn)mc
_ 1 _ _ _ _ a
xexp| sy fimi+5 > [Aim =il —xGini +mp)] 5~ |- (626)
- — ij
i i<j
Applying the dilation-translation formula (B.60) on all the variables x;; (i < j), we obtain

det((D;iy,rsn)”)f({xij}kj)

=e<1,1)/1>n<n,ﬁ> ([Tn), . exp[sZﬁmi]

1. 1. 1 _ _
X f({ (1 - EUi’)i)xij (1 - E’“'“) + E(nmj - mnj)]kj)- (6.27)

Note that the diagonal terms remain unchanged at their original value x;; = 1. Defining the diagonal
matrix M = diag(1 — %ﬁm,-), we see that the argument of f is

/ 1, _
XV = MXYMM 4 E(nn—r — nnT) (6.28)

(note that also the diagonal elements i = j come out right). We are interested in f(X¥Y™M) =
det(XY™)S and we have

/ 1. 4. T\ g
det XY™ = (det M)? det[X +5M Yan" =" )M 1] (6.29a)
1
— (det M) det[x + 5 (" - nﬁT)} (6.29b)

where the last equality again follows by nilpotency. The factor (det M) exactly cancels the factor
exp[s Y ; 7jini] in the integrand, and we are left with
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dEt((D;;)trsn)u) dEt(Xsym)s

.l S
— s = sym ; * (=T =T
=<, ]) f outn ) ([T),. . det[X + 5 (" =i )} , (630)
which coincides with (5.41). The remainder of the proof is as in (5.41)-(5.48). O

7. Proofs of Laplacian-parametrized Cayley identities

In this section we prove Theorems 2.12 and 2.14. The proofs use a Grassmann representation of
the differential operator, and are closely patterned after the proofs of the ordinary and symmetric
Cayley identities in Sections 5.1 and 5.3, respectively.

7.1. Laplacian-parametrized ordinary Cayley identity

Let us begin by recalling the definitions of the matrices arising in Theorem 2.12:

row-Lapy __ ) Xii ifi#j,

(* )i = l — DkpiXik ifi=j, (71a)
row-Lapy __ ) 0/0x;j ifi j,

(@ )i = {0 ifi=j, (7.1b)

and of course T = diag(t;). In order to maximize the correspondences with the proof in Section 5.1, it
is convenient to prove instead the dual (and of course equivalent) result for column-Laplacian matri-
ces:

Xii ifi#j,
Xcol—Lap = 1 o g 7.2
( )i { =Dk fi=1], (7.23)
col-Lapy __ 8/axij ifi # j,
(0 )ij = {0 ifi_ (7.2b)

(note that g<lLlaP — grow-Lap) In what follows we shall drop the superscripts “col-Lap” in order to
lighten the notation, but it is important to remember the definitions (7.2).

Proof of Theorem 2.12. We introduce Grassmann variables n;, 1; (1 <i<n) and use the representa-
tion

det(U + 9) — det(d) = f Da(, 7)) (€7 U7 — 1)1, (73)

It is convenient to introduce the Grassmann quantities ® =}, ¢ and 6= > ¢ 7, so that iTun =
OTe. Since ®2 = @2 =0, the first exponential in (7.3) is easily expanded, and we have

det(U + 3) — det(d) = / Du(n, 1) (@T@)e'fa’?. (7.4)

Let us now apply (7.4) to det(T + X)* where s is a positive integer, using the translation formula (5.1):
by (7.2b) we get x;j — x;j + 1;n; for i # j, and by (7.2a) this induces X — X + inT — diag(@n;). We
therefore obtain
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[det(U + 9) — det(d)] det(T + X)*

= / Dp(n, 7)) (O7O) det(T + X + iin" — diag(@ny))’. (7.5)

But now comes an amazing simplification: because of the prefactor 6T©@ and the nilpotency 6% =0,
all terms in the expansion of the determinant arising from the term diag(©n;) simply vanish, so we
can drop diag(®n;):

[det(U + 9) — det(d)] det(T + X)* = / Da(n,7) (07@) det(T + X +17n"). (7.6)
Assuming that T + X is an invertible real or complex matrix, we can write this as

[det(U + 9) — det(d)] det(T + X)°* (7.7)

=det(T + X)* f Dn(n, ) (7Un) det[1 + (T + X)"'iin']".

Let us now change variables from (1,7) to (7,7") = (n, (T + X)~'77): we pick up a Jacobian
det(T + X)~!, and dropping primes we have

[det(U + 3) — det(d)] det(T + X)°* (7.8)

=det(T + X)°" /Dn(n, i ([ (T + X")Un) det(I +iin")’.

But since X is column-Laplacian, we have UX =0 and hence XTU =0, so that 77(T + XT)Un reduces
to 7TTUn.2! This expresses the left-hand side of the identity as the desired quantity det(T + X)*~!
times a factor

P(s,n, T)E/Dn(n,ﬁ) (7"TUn) det(I—i—ﬁnT)s, (7.9)

which we now proceed to calculate. The matrix I+7n7 is a rank-1 perturbation of the identity matrix;
by Lemma B.11 we have

det(I+in") =(1-7"n)"" (7.10a)
= Z(—l)‘(?) in)". (7.10b)
=0
Now

ATTUn =) tdimi+ Y Y tiflin;, (7.11)
i

i j#

31 For a row-Laplacian matrix we would have instead chosen to multiply 77T by (T + X)~! on the right, and then made the
change of variables from (n,7) to (1',7’) = ((T + XT)~'n,#), picking up a Jacobian (det(T + XT))~! = (det(T + X))~! and
obtaining a prefactor 7TU (T + XT)n; then UXT = 0 because X is row-Laplacian.
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but the terms 7;n; with i # j cannot contribute to an integral in which the rest of the integrand

depends on 7 and 7 only through products 7;n;; so in the integrand we can replace 7TTUn with
7T Ty. Since

/ Da(. ) i (77)° = (0 — 118001 (712)

for each index i, it follows that
)
P(s,n,T) = ti ) (=" ! - 1! 713
(s,1,T) (Z 1)< ) (n_1>(” ) (7.13a)
1
= (Zt,)s(s—i— 1) (s+n—2). (7.13b)
i
This proves (2.36) when X is a real or complex matrix, t = (t;) are real or complex values such that

T + X is invertible, and s is a positive integer; the general validity of the identity then follows from
Proposition 2.18. O

7.2. Laplacian-parametrized symmetric Cayley identity

Now we prove the corresponding result for symmetric Laplacian matrices. Let us recall the defini-
tions:

xij lfl < j,

(Xsym—Lap)ij ={ xji lfl > ]:, (7.14a)
_Zk;&ixik ifi=j,
a/0x;; ifi<j,

(8sym-Lap)U =1 d/0x;; ifi> ], (7.14b)
0 ifi=j.

Once again we drop the superscripts “sym-Lap” to lighten the notation.

Proof of Theorem 2.14. Again we introduce Grassmann variables 7;, 1; (1 <i < n) and apply the
representation (7.4) to det(T + X)* where s is a positive integer. Using the translation formula (5.1)
and defining ® and ©@ as before, we obtain

[det(U + 9) — det(d)] det(T + X)*

= /Dn(n, 1) (©©)det(T + X +ijn" — nij’ — diag(7};©) — diag(@ny))". (7.15)

We again argue that because of the prefactor @T® and the nilpotencies @2 = ©? =0, all terms in
the expansion of the determinant arising from the terms diag(:;®) and diag(®n;) simply vanish, so
we can drop these two terms:

[det(U + 0) — det(d)] det(T + X)°

= /Dn(n, i) (©©)det(T + X +in" —ni')". (7.16)
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Assuming that T + X is an invertible real or complex matrix, we can write this as
[det(U + 0) — det(d)] det(T + X)°

= det(T + X)* / Du(n, ) (7" Un) det[ + (T + X)~' (7in" — nii")]". (717)

Let us now change variables from (17, 7) to (17, ') = (17, (T + X)~'7); we pick up a Jacobian (det(T +
X))~!, and dropping primes we have

[det(U + 0) — det(d) ] det(T + X)°
= det(T + X)*! / Du(n. 1) (7" (T + X")Un)
x det[I +7in" — (T +X)"1ni" (T + X))’ (7.18)

But since X is symmetric Laplacian (hence column-Laplacian), we have XTU =0, and the prefactor
reduces to 7' TUn. Now we apply Corollary B.12 to the determinant expression, and obtain

[det(U + 9) — det(d)] det(T + X)*

2s

=det(T + X)*! /Dn(n, m (A" TUn)(1—-n"n)" (7.19)

This expresses the left-hand side of the identity as the desired quantity det(T 4+ X)*~! times a factor

P(s,n,T)z/Dn(n,ﬁ) [ TUR) (1 —7"n) %, (7.20)

which we now proceed to calculate. As in the row-Laplacian case, the terms in 77 (TU)#% of the form
nin; with i # j cannot contribute to the integral, as the rest of the integrand depends on 7 and 7
only through products 7;n;, so we can replace T(TU)n with §TTn. Since

/ Da. ) i (771)" = (1 — 11801 (721)

for each i, it follows that
P(s,n T)=<Zt~>(—1)”‘1<_25>(n—1)v (7.22a)
9 9 , 1 n _] . .
=<Zt,~>25(25+1)-~(25+n—2). (7.22b)

This proves (2.40) when X is a symmetric real or complex matrix, t = (t;) are real or complex values
such that T + X is invertible, and s is a positive integer; the general validity of the identity then
follows from Proposition 2.18. O

8. Proofs of product-parametrized and border-parametrized rectangular Cayley identities

In this section we prove the product-parametrized and border-parametrized rectangular Cayley
identities (Theorems 2.16 and 2.17) and then discuss the close relationship between them.
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8.1. Product-parametrized rectangular Cayley identity
Before beginning the proof of Theorem 2.16, let us observe that the quantity det(MA) appearing
in the statement of the theorem [cf. (2.44) for the definition of the matrix M in terms of X and B]

has an alternate expression as follows:

Lemma 8.1. Let A, B, X and M be as in Theorem 2.16. Then

det(MA)= Y e(l,L)(det(BTA)  )(det(XA)ere). (8.1)

LE[m]
L=k

Proof. The definition (2.44) of M can be rewritten as

Mie, = Xjey, (8.2a)
M= (BN .. (8.2b)
Therefore
(MA) ey = (XA) ek, (8.3a)
(MA)1, = (BTA) . (8.3b)

for any matrix A. We now apply multi-row Laplace expansion (A.8) with row set I and summation
variable L; this yields (8.1). O

We are now ready to prove Theorem 2.16. In order to bring out the ideas behind the proof as
clearly as possible, we will first fully develop the reasoning proving the “basic” identity (2.42) -
which is actually quite simple - and then describe the modifications needed to handle the all-minors
case.

Proof of Theorem 2.16. Let us apply Corollary B.6 to the determinant det(dB) and then introduce a
Grassmann representation for the resulting block determinant: we obtain

_ Om |0\ - — T _T _T
det(9B) =det (— 1) = | Dn(¥, V) Dn(n, ) exp[y ' on — 7' By + 17" 1] (8:4)

where ¥, ¥; (1 <i<m)and n;, ij; (1 <i<n)are Grassmann variables. By the translation formula
(5.1), we have

det(3B) (X) = / Do, ) D ) explT (— By + )£ (X + 917 (85)

for an arbitrary polynomial f. We shall use this formula in the case f(X) = det(XA)S where s is a
positive integer, so that

det(dB) det(XA)* = f Din (¥, ¥) Du(n, ) exp[ii’ (—By + m)] det[(X + yn")A]".  (8.6)
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It is convenient to introduce the shorthand
Xtrans = x 4 ypl. (8.7)
Suppose now that XA is an invertible real or complex matrix. Then we have
X"SA = (X +9yn")A = (XA)[Im + (XA ) (n"A)]. (8.8)

Let us now change variables from (v, v, n,7) to (¥, v/, n', ") = (¥, (XA)~ 1, n, i), with Jacobian
det(XA)~! = (det XA)~ 1. In the new variables we have (dropping now the primes from the notation)

X" A = (XA)(Im + ¥0' A), (8.9)

and the translated determinant is given by

det(X"™™ A) = det(XA) det(Imm + ¥ A), (8.10)
so that
det(3B) det(XA)* = det(XA)*! f D, %) Du(, 7)) e Y+ det(1+ T A). (811)
Applying Lemma B.11 to the rightmost determinant yields

det(I+9n"A) = (1—9TA™y) ", (812)

so that we are left with the Grassmann-integral expression

det(aB)det(XA)S=det(XA)5_1/Dm(w, 0) Du(n, e T BV —§TATY) . (813)

We have therefore proven that det(dB)det(XA)® equals the desired quantity det(XA)S~! multiplied
by a factor

b(s. A, B) = / D (Y, %) Du(, 7y e BYHI (1 — T ATy) ™ (8.14)

that does not involve the variables X (but still involves the parameters A and B). Now, in the expan-
sion of

(1—yTATy) Z( 1)( ) TAT) (8.15)

only the term k =m survives the integration over the variables ¥, so we can replace (1 —TATy)~*
in the integrand of (8.14) by (— 1)’“( ) (¢ TATn)™. Moreover, the same reasoning shows that we can

replace (#TATn)™ by m!exp(yTATn). We are therefore left with a combinatorial prefactor

(—1)m<;ls>m!=s(s+1)'~'(5+m—1) (8.16)
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multiplying the Grassmann integral

) N\ /0y |AT 0 | AT
/ Do, ) Da (11, 7) exp[(?) (—#) (‘”)} _ det(%), (817)
n —B| Iy n —B|I,

which equals det(ATB) by Corollary B.6.

This proves the “basic” identity (2.42) whenever XA is an invertible real or complex matrix and s
is a positive integer. Now, if A has rank < m, then both sides of (2.42) are identically zero; while if A
has rank m, then XA is invertible for a nonempty open set of matrices X. The general validity of the
identity (2.42) therefore follows from Proposition 2.18.

Now let us consider the modifications needed to prove the all-minors identity (2.43). For a while
these modifications will run along the same lines as those used in the proof of the two-matrix
rectangular Cayley identity (Section 5.5). Thus, a factor e(I, [)(] 1/_/1[/)15,16 gets inserted into the
Grassmann integral (8.4)-(8.6); after the change of variables (and dropping of primes) it becomes
e, ])(]‘[(XAIZ)@Z/),c,]c. So we have, in place of Eq. (8.13), the modified expression

det[(9B)1)] det(XA)* = €(I, J) det(XA)*™! / D, ) Dan. ) ([T XADIY )

]C,]C
x exp[ii'n — 7" By (1 —¢TATy) . (8.18)
Once again we argue that the integration over variables v allows to replace
_ _ —S _
(1-yTATy) " - (—1)"( B >l<!exp[1//TATn] (8.19)

since, in both cases, only the k-th term of the expansion survives. We therefore have

det[(0B);)] det(XA)®

=e(l, J)det(XA)* s(s+1)---(s+k—1)

x / (. 1) Dan. 1) ([T AX)Y ) exp[n"n—n"By +97A™n].  (8.20)

Now we perform the integration over n and 7 using Wick’s theorem for “complex” fermions in the
“source” form [cf. (A.94)], yielding

det[(3B);y] det(XA)* = €(l, J) det(XA)* 's(s+1)--- (s+k—1)

x / D (. ) (ﬂ(&ATxT)w)ICJC exp[¢TATBy].  (821)

Next we perform the integration over v and v using Wick’s theorem for “complex” fermions in the
“correlation function” form (A.97), yielding3?

32 Here we have made in (A.97) the substitutions A — ATB, B — (I) je,, C — (ATXT)ype, [ > K, | — L.
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[ Puw i (TIGA™X) | exol374T5Y]

= Z €(K, L)(detIe;)(det(ATB) ) (det(ATXT), )
IK|=|L|=n—k

= Z G(K’]C)(det(ATB)Kfj)(det(ATXT)KIE)
[K|=n—k

= D €(KS, JO)(det(ATB) ) (det(ATXT) e pc). (8.22)
|K|=k

We now use €(K€, J) =¢€(J,K) and €(, J)e(J,K) = €(I, K); it follows that €(I, J) times (8.22)
equals (8.1). O

Remark. The s =1 special case of the all-minors identity (2.43) has an easy elementary proof, which
actually proves a stronger result. Note first that by the multilinearity of the determinant det(XA) in
the variables {x;;}, we have

det(MA) = (]_[(BB)ip ,-p> det(XA). (8.23)
p

Moreover, because permuting the indices jq, ..., jx amounts to permuting the rows of BT and hence
permuting a subset of the rows of M, we have

det(MA) = sgn(a)( [ @8y, j”(m> det(XA) (8.24)
p

for any permutation o € S. Summing this over o € S, we obtain

k!det(MA) = [det(dB);;] det(XA), (8.25)

which is nothing other than the s =1 case of (2.43). But it is amusing to note that (8.24) holds for
each o € S, not just when summed over o € Sk.

8.2. Border-parametrized rectangular Cayley identity

Proof of Theorem 2.17. We introduce Grassmann variables v, v; (1 <i<m) and n;, #; (1<i<
n —m). We use the representation

det(9) = / DY %) Do (17 ) exp[v'ﬁa (‘z) + ﬁTB@)]. (8.26)

By the translation formula (5.1), we have

T
det(d)f(X) = f Don(rs ) Do (1, 7) exp[ﬁTB@)]f(X + &(Iﬁ) ) (827)
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for an arbitrary polynomial f. We shall use this formula in the case f(X) = det(X)* where s is a
positive integer, so that

THs
det(d) det(X)* = / D (Y, ¥) Da—m(1), 1) exp[ﬁTB<f)]det[X+ (ﬁ) ('f}) } . (8.28)

It is convenient to introduce the shorthand

n T
(X)trans — % 4 <‘g> (‘g) (8.29)

for the argument of det.

Let us now assume that X is an invertible real or complex matrix, and change variables from ('f")

to (‘f],/) = 5(4(%) with Jacobian (det X)~!. Dropping primes from the new variables, we observe that

the expression for the translated matrix can be written as

n T
(X)trans _ 5([1 + (‘g) (:) ] (8.30)

n T
det(X)™ = (det X) det|:1 + <‘g) (”:) } (8.31)

so that

Applying Lemma B.11 to the rightmost determinant yields

det[[ + (ﬁ) (‘gﬂ =(1-9"y)", (8.32)

so that we are left with the Grassmann-integral expression
det(9) det(X)°* = det(X)*"" / Din(¥, ¥) Dp—m (1], 77)
X exp [ﬁTBf(T (Z)} (1—yTy)~" (8.33a)
—det(0™" [ Dy ) P,

x exp["BX Ty + 7"BATn](1 - ¥Ty) . (8.33b)

As the integrand depends on the Grassmann variables only through combinations of the form 1/_/jwj,
nin; and n;v; (i.e. there is no ‘Z’iﬁj)- we can drop all the terms 7;vj, as these terms would certainly
remain unpaired in the expansion. This removes all the dependence on X in the integrand, and proves
that det(é) is a Bernstein-Sato operator for det(X). We are left with the determination of the prefactor
b(s), which is given by

b(s) = f Din(¥. ) Do (. ) exp[ 7T BATR] (1 — 7). (8:34)
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Integration over n and i gives a factor det(BAT) = det(ABT), while the integration over v and
is identical to the one performed in the case of the ordinary Cayley identity [cf. (5.7)-(5.10)] and
gives s(s+1)---(s+m — 1). This proves (2.46) whenever X is an invertible real or complex matrix,
B is an arbitrary real or complex matrix, and s is a positive integer. Now, if A has rank <n —m,
then both sides of (2.46) are identically zero; while if A has rank n —m, then X = (fg) is invertible
for a nonempty open set of matrices X. The general validity of the identity therefore follows from
Proposition 2.18. O

8.3. Relation between product-parametrized and border-parametrized identities

Let us begin by recalling the product-parametrized Cayley identity (2.42) and the border-
parametrized Cayley identity (2.46), writing the matrices A and B occurring in them as A©, B©
in the former identity and A%, BM in the latter:

(2.42):  det(9B@)[det(XA@)]’ = b(s) det(ACTBO)[det(xA®)] ", (8.35)
9 X N X s—1
(2.46): det<B(1)>det<ﬂ> =b(s)det(A(l)B(l)T)det<W) (8.36)

where b(s) =s(s+1)--- (s+m—1). Here X is an m x n matrix, while A and B© are n x m matrices,
and A® and BMW are (n — m) x n matrices. Note that A© and B® must have full rank m, otherwise
(8.35) is identically zero; likewise, A and B must have full rank n —m.

We will construct the matrices A and AM out of a larger (n x n) matrix A, as follows: Let A be
an invertible n x n matrix, and define

A©® = A, () = first m columns of A, (8.37a)

AD = (A_l)[m]C . =lastn —mrows of A1 (8.37b)

Likewise, let B be an invertible n x n matrix, and define B©® and B by the same procedure. We
then have the following facts:

Lemma 8.2. Let X and Y be m x n matrices, with m < n; let A and B be invertible n x n matrices; and define
matrices AQ, A, BO B gs above. Then:

(a) det(XA©®) = (det A) det(-X-).
(b) det(YB©) = (det B) det().

(c) det(AOTBO®)Y = (det A)(det B) det(A(D B(IT),

Proof. (a) First we expand the left-hand side using the Cauchy-Binet identity (A.3):

det(XA@) = )" (det X, )(detA)) = Y (det X,1)(det AL m)). (8.38)

ILl=m |L|=m

Next we expand the right-hand side using multi-row Laplace expansion (A.8) with row set [m], fol-
lowed by the Jacobi identity (A.7):
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X
det(ﬂ> = Z e(L)(det X*L)(detAS_)c)

IL|=m

= Y el)(det X.)(det AT )

IL|=m

= Y e()(det X, )e(L)(det A)~' (det Ap fm). (8.39)

IL|=m

Comparing (8.38) and (8.39) proves (a); and (b) is of course identical.
(c) First we expand the left-hand side using Cauchy-Binet:

det(AOTB®) = 3" (det(AT), ) (det BYY) = > (detApm)(det B m)).  (8.40)

[L|=m [L|=m

Next we expand the right-hand side using Cauchy-Binet and then using the Jacobi identity twice:

det(AVBIT) = 3 (detAD)(der(0T), )

|K|=n—m

= Z (det(A~T) K, [m]f) (det(B~T) K,[m]f)

|K|=n—m

= Z e(K)(det A)~! (det Age m))€ (K)(det B)~'(det Bke,im))

|K|=n—m

= (detA)~"(det B)™" ) " (det AL jm)(det By m)). (8.41)

|L|=m
Comparing (8.40) and (8.41) proves (¢). O

Using Lemma 8.2, we see immediately the equivalence of (8.35) and (8.36) whenever A® and A
are related by (8.37) and likewise for B©® and BM,

On the other hand, given any n x m matrix A© of rank m, it can be obviously completed to yield
a nonsingular matrix A (which is invertible at least when the matrix elements take values in a field).
Likewise, an (n —m) x n matrix A?) of rank n —m can be completed to yield a nonsingular matrix
A~1. So to each A© there corresponds a nonempty set of matrices A1), and vice versa.

Remark. It is not in general true that every pair (A©®, A() arises from a matrix A. Consider, for
instance, m =1 and n = 2: an easy calculation shows that for arbitrary A we must have ADA©® =,

9. Conjectures on minimality

Let us recall that any pair Q (s, x, 3/9x) and b(s) # 0 satisfying

Q(s,x,8/3x)P(x)* = b(s)P(x)*"! (9.1)

is called a Bernstein-Sato pair for the polynomial P(x). The minimal (with respect to factorization)
monic polynomial b(s) for which there exists such a Q is called the Bernstein-Sato polynomial (or
b-function) of P. Our Cayley-type identities thus provide Bernstein-Sato pairs for certain polynomials
arising from determinants. But are our polynomials b(s) minimal?
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For the ordinary Cayley identities (Theorems 2.1-2.9), it follows from the general theory of preho-
mogeneous vector spaces [52,60] that the polynomials b(s) found here are indeed minimal, i.e. that
the correct b-functions are

s(s+1---(s+n—-1)

for an n x n matrix,
sGs+3) - (s+ 51

for ann x n symmetric matrix,
s(s+2)---(s+2m—2)

for a 2m x 2m antisymmetric matrix (pfaffian),
(s— s+ (s+m—1)

for a 2m x 2m antisymmetric matrix (determinant),
s+ (s+m=1(+n—-—m)---(s+n—-1)

for a pair of m x n rectangular matrices,
S5+ 1) (s + By (s 4+ 1=y L (s B2

for an m x n rectangular matrix (symmetric),
ss+2)---(s+2m—-2)(s+2n—-2m+1)---(s+2n—-1)

for an m x n rectangular matrix (antisymmetric),
Moot [T 5+ 1 —n1+ )

for £ matrices of sizes ng X ng.41.

b(s) = (9.2)

Indeed, the polynomials P occurring in these identities all correspond to relative invariants of pre-
homogeneous vector spaces: the ordinary, symmetric and antisymmetric Cayley identities [(2.1), (2.4)
and (2.7)] correspond to cases (1), (2) and (3), respectively, in Kimura’s [60, Appendix] table of the
irreducible reduced prehomogeneous vector spaces; the one-matrix rectangular symmetric and anti-
symmetric Cayley identities [(2.18) and (2.21)] correspond to cases (15) and (13) in the same table;
while the two-matrix and multi-matrix rectangular Cayley identities [(2.16) and (2.23)] correspond
to prehomogeneous vector spaces associated to equioriented quivers of type A [98]. Whenever P is
a relative invariant of a prehomogeneous vector space, the general theory [52,60] allows the imme-
diate identification of a suitable operator Q (d/9x) - namely, the dual of P itself - and provides a
proof that the corresponding b(s) satisfies degb = deg P and is indeed (up to a constant factor) the
Bernstein-Sato polynomial of P.33

For the Laplacian-parametrized identities (Theorems 2.12 and 2.14), we conjecture that the poly-
nomials b(s) found here are also minimal, i.e. that the correct b-functions are

s(s+1)---(s+n—2) foraLaplacian-parametrized n x n matrix,

s(s+ %) (s + %) for a Laplacian-parametrized n x n symmetric matrix. (9:3)

b(s) = {

Perhaps these identities can also be interpreted within the framework of prehomogeneous vector
spaces; or perhaps an alternate proof of minimality can be found.
It is even conceivable that the following general fact about Bernstein-Sato polynomials is true:

Conjecture 9.1. Let P(x1, ..., X) # 0 be a homogeneous polynomial in n variables with coefficients in a field
K of characteristic 0, and let b(s) be its Bernstein-Sato polynomial. Then degb > deg P.

Simple examples show that we need not have degb > degP if P is not homogeneous: for in-
stance, P(x) =1 — x> has b(s) = s. Moreover, slightly more complicated examples show that one

33 See [52, Corollary 6.1.1 and Theorem 6.1.1], [60, Proposition 2.22] for the first two points, and [52, Theorem 6.3.2] for the
third. We are grateful to Nero Budur for explaining to us the connection between our results and the theory of prehomogeneous
vector spaces, and in particular for pointing out that this connection provides a general proof of minimality.
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can have degb > deg P even when P is homogeneous: for instance, the Bernstein-Sato polynomial
of P(x1,%2) = X1X2(X1 + axz) with a 0 is (in our “shifted” notation) s%(s — %)(s + %) [109, Corol-
lary 4.14 and Remark 4.15], [84, 5.4].3* However, no one that we have consulted seems to have any
counterexample to Conjecture 9.1.

Let us remark that a necessary condition for a polynomial b(s) to be a Bernstein-Sato polynomial
is that its roots should be rational numbers < 1: this is the content of a famous theorem of Kashiwara
[56], [9, Chapter 6], [66, Proposition 2.11].3> Our polynomials (9.2) and (9.3) satisfy this condition.

For the diagonal-parametrized Cayley identities (Theorems 2.10 and 2.11), a slightly more compli-
cated situation arises. The polynomials b(s) arising from the basic case I = J = [n] of those theorems,
namely

s(s+1)---(s+n—1) forann x n matrix,

s(s + %) (s + %) for ann x n symmetric matrix (9.4)

b(s) = {

are definitely not minimal. Indeed, as remarked already in Section 2.3, a lower-order Bernstein-Sato
pair can be obtained by taking I = J =[n] \ {io} for any fixed iy € [n]:

s(s+1)---(s+n—2) forann x n matrix,

s(s+ %) (s %) for an n x n symmetric matrix. (9:5)

b(s) = {

We conjecture that these latter polynomials are indeed minimal, but we have no proof for general n.

It is curious that these polynomials are the same as we get for the Laplacian-parametrized Cayley
identities. Furthermore, also the Q operators corresponding to these (conjecturally minimal) polyno-
mials b(s) of degree n—1 are somewhat similar in one respect: namely, for the diagonal-parametrized
case the Q operator is given by any principal minor of size n — 1 (i.e. I = J =[n]\ {ip}) of the rele-
vant matrix Dy g s of differential operators, while for the Laplacian-parametrized case the Q operator
is a polynomial det(U + d) — det(d) that is a sum over all minors (not necessarily principal) of size
n — 1. We do not know whether this resemblance is indicative of any deeper connection between
these identities.

10. Note added

After this paper appeared in preprint form, Nero Budur (private communication, July 2011) in-
formed us that he has a proof of our minimality conjectures for the Laplacian-parametrized and
diagonal-parametrized Cayley identities.
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Appendix A. Grassmann algebra and Gaussian integration

In this appendix we collect some needed information on Grassmann algebra (= exterior algebra)
and Gaussian integration (both bosonic and fermionic). We begin by recalling the main properties
of determinants, permanents, pfaffians and hafnians (Appendix A.1). We then recall the well-known
properties of “bosonic” Gaussian integration, i.e. Gaussian integration over R" or C" (Appendix A.2).
Next we define Grassmann algebra (Appendix A.3) and Grassmann-Berezin (“fermionic”) integration
(Appendix A.4). Finally, we explain the formulae for fermionic Gaussian integration (Appendix A.5),
which will play a central role in this paper. Our presentation in these latter three subsections is
strongly indebted to Abdesselam [2, Section 2]; see also Zinn-Justin [117, Chapter 1] for a treatment
aimed at physicists.

A.1. Determinants, permanents, pfaffians and hafnians

Notation. If A is an m x n matrix, then for subsets of indices I € [m] and ] C [n] we denote by Ay
the matrix A restricted to rows in I and columns in J, all kept in their original order. We also use the
shorthand notation A,j = Ajm); when all the rows are kept, and Ay, = Ajjn) when all the columns are
kept. Finally, if A is invertible, we denote by A~T the matrix (A~")T = (AT)~1.

A.1.1. Permanent and determinant
Let R be a commutative ring with identity; we shall consider matrices with entries in R. In par-
ticular, if A= (aij)’,?j:1 is an n x n matrix with entries in R, we define its permanent

perA= " a150) o (A1)
oeS,
and its determinant
detA = Z SgN(0)a o (1) -+ n,o (n)- (A2)
oeS,
Here the sums range over all permutations o of [n] = {1, ...,n}, and sgn(o) = (—1)*(even cycles of o) jg

the sign of the permutation o. See [68] and [79] for basic information on permanents and determi-
nants, respectively.
In this paper we shall need only a few of the most elementary properties of determinants:

Lemma A.1 (Properties of the determinant).

(a) detl =1.
(b) det(AB) = (det A)(det B).
(c) (Cauchy-Binet formula) More generally, let A be an m x n matrix, and let B be an n x m matrix. Then

det(AB) = Z (det A,;)(det B,). (A.3)

1<[n]
|I]=m
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(d) Let A be an n x n matrix, and define the adjugate matrix adj A by

(adj A)jj = (—1)i+j det Ayjjeije (A4)

(note the transpose between the left-hand and right-hand sides). Then

(adjA)A = A(adj A) = (det A)I. (A5)

In particular, A is invertible in the ring R™*" if and only if det A is invertible in the ring R (when R is a
field, this means simply that det A # 0); and in this case

A7 = (det A)~T(adj A) (A.6)

(Cramer’s rule).
(e) (Jacobi’s identity) More generally, if I, ] C [n] with |I| = |]J| =k, then

det((A*T)”) = (detA)'e(I, J)(det Ajc ) (A7)

where e(1, J) = (—1)2iel t2jes ],
(f) (Multi-row Laplace expansion) For any fixed set of rows I C [n] with |I| = k, we have

detA = Z 6(1,])(detA”)(detA,c]c). (A.8)

JCIn]
|J1=k

A.1.2. Hafnian
Let A= (aij)zm be a 2m x 2m symmetric matrix with entries in R. We then define the hafnian [13]

i,j=1
hfA= " []a (A.9)

MeMypy ijeM

where the sum runs over all perfect matchings of the set [2m], i.e. all partitions of the set [2m] into m
disjoint pairs. There are (2m — 1)!! = (2m)!/(2™m!) terms in this sum. We have, for example,

ar ap
hf =daiy, A.10a
<a12 a22> 12 ( )

a1 a12 413 0414
a12 G2 423 0424
hf = (12034 + A13024 + A14023. (A.10b)
a13 a3 a33 0434
a14 024 034 044

Note that the diagonal elements of A play no role in the hafnian.

Equivalently, we can identify matchings with a subclass of permutations by writing each pair
ije M in the order i < j and then writing these pairs in increasing order of their first elements:
we therefore have
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hfA = Z Ao (1)o (2) * * * Qo 2m—1)0 (2m) (A11)

*
0eS;,

where the sum runs over all permutations o of [2m] satisfying 0 (1) <o (3) <--- <o(2m —1) and
ok —1)<o2k) fork=1,...,m

Note that if we were to sum over all permutations, we would obtain each term in hf A exactly
2™m! times. Therefore, if the ring R contains the rationals, we can alternatively write

hfA = < Ug 2m—1)o (2m)- (A12)
JESZm
A.1.3. Pfaffian
Finally, let A = (a,])” ; be a 2m x 2m antisymmetric matrix (i.e. a;; = —aj; and a; = 0) with
entries in R.3® We then define the pfaffian by
pfA= Y eM.Mo) [] ay. (A13)
MeMom a, ])GM
l<]

Here the sum runs once again over all perfect matchings M of the set [2m], and M is an (arbi-
trarily chosen) oriented version of M, i.e. for each unordered pair ij € M one chooses an order-
ing (i, j) of the two elements. The value of the summand in (A.13) will be independent of the
choice of M because 6(1\71, 1\710) will be odd under reorderings of pairs (see below), while A is an-
tisymmetric. Here Mo is some fixed oriented perfect matching of [2m] (we call it the “reference
matching”). The sign e(M1 Mz) is defined as follows: If M1 = {(i1, 1), (i3, 14), ..., (iam—1, i2m)} and
Mz =1{(1,Jj2), (3, ja), ..., (Jam=1, j2m)}, then e(Ml,Mz) is the sign of the permutatlon that takes
i1- . ~iom mtg Jj1- jom. (Thls is well defined, i.e. independent of the order in which the ordered pairs
of M] and M, are written, because interchanging two pairs is an even permutation.) This quantity is
clearly odd under reorderings of pairs in 1\711 or 1\712, and has the following properties:

() 6(LVll,lez)=€(1V12,1V11):

(b) e(M. M) =

(c) E(Ml,Mz)G(Mz M3)—6(M1 M3);

(d) e(M1 Mz) = —1 whenever M1 and M2 differ by reversal of the orientation of a single edge

(e) e(Ml Mz) —1 whenever M] and Mz differ by changing directed edges (a, b), (c,d) in M1 to
(b,0),(d,a) in M>.

Indeed, it is not hard to show that 6(1\711,1\712) is the unique map from pairs of oriented perfect
matchings into {1} that has these five properties.3” It follows from (a)-(c) that the oriented per-
fect matchings fall into two classes (call them A and B) such that e(M1 Mz) equals +1 if M; and Mz
belong to the same class and —1 if they belong to different classes. The choice of reference matching
My really amounts, therefore, to choosing one of the two equivalence classes of matchings as the
reference class, and thereby fixing the sign of the pfaffian.

36 Such matrices are sometimes called alternating matrices, in order to emphasize that the condition a;; = 0 is imposed. This
latter condition is a consequence of a;; = —a;j; whenever R is an integral domain of characteristic # 2 (so that 2x = 0 implies
x = 0), but not in general otherwise. See e.g. [65, Section XV.9]. In this paper we use the term “antisymmetric” to denote
ajj = —aji and a;; =0.

37 This also implies that e(lfdl, Mz) can be given an equivalent (more graph-theoretic) definition as follows: Form the union
IVh U 1\712 Ignoring orientations, it is a disjoint union of even-length cycles. Looking now at the orientations, let us call a cycle
even (resp. odd) if it has an even (resp. odd) number of edges pointing in each of the two directions around the cycle. We then
have G(M], MZ) =(- 1)#(even cycles)
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The choice of 1\710 can be encoded in an antisymmetric matrix J defined by

1 if(, j) e Mo,
Jij =13 -1 if(j,i) e Mo, (A14)
0 otherwise

and satisfying pf(J) = 1. The two most common conventions for the reference matching are

0 1
-1 0
Mo={(1.2.3.4).....@m-1.2m)},  J= ’ (A15)
and
. 0 In
Mo={(1,m+1),2,m+2),...,(m,2m)}, I=\_, o) (A.16)
—Im
In this paper we shall adopt the convention (A.15). We thus have
0 an\
pf(_a]2 0 ) =day, (A17a)
0 ain a3 a4
—a 0 a a
pf| ~912 2 2 = a12a34 — 13024 + a14023. (A17Db)

—a13 —a3 0 asy
—a14 —ay4 —azs O

By identifying matchings M € Mpp, with permutations o € S5, as was done for the hafnian, we
can equivalently write

pf A = sgn(oo) Z SEN(0)dg (1) (2) * * * Ao 2m—1)o (2m) (A.18)

*
oeSy,

where og € &5, is the permutation corresponding to the reference matching Mo. [For our choice
(A.15), o is the identity permutation.] If the ring R contains the rationals, we can alternatively write

1
pfA= Sy $81(00) ; SgN(0)Ao (1)o (2) * * * Ao 2m—1)o (2m)- (A19)
0 €O2m

Let us now recall the following basic properties of pfaffians:

Lemma A.2 (Properties of the pfaffian). Let A be an antisymmetric 2m x 2m matrix with elements in a com-
mutative ring R. Then:

(@ pfJ=1
(b) (pfA)? = detA.
(c) pf(XAXT) = (det X)(pf A) for any 2m x 2m matrix X.
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(d) (Minor summation formula for pfaffians [53,54]) More generally, we have

pf(XAXT)= > (detX,)(pfAn) (A.20)

1C[2m]
n=2¢

for any 2¢ x 2m matrix X (¢ < m). Here X, denotes the submatrix of X with columns I (and all its rows).
(e) (Jacobi’s identity for pfaffians) If A is invertible, then pf(A~T) = (pf A)~" and more generally

p((A7T),,) = € (Pf A" (pf Ajee) (A21)
forany I € [2m], where e(I) = (—1)1UI=D/2(_1)Zier .
See [38,40,48,54,62,65,94] for further information on pfaffians.

Remark. In this paper we will not in fact use the minor summation formula for pfaffians; but we will
rederive it using Grassmann-Berezin integration. See Theorem A.15 and the comments following it.

A.2. Bosonic Gaussian integration

We shall use the following notation: If A = (a;;) is an m x n matrix, and I = (i1,..., i) and | =
(j1,..., je) are sequences of indices (not necessarily distinct or ordered) in [m] and [n], respectively,
then we denote by A;; the k x ¢ matrix defined by

(A1))ap = Qigjs- (A.22)

This generalizes our notation A;; for subsets I C [m] and | C [n], where a subset is identified with the
sequence of its elements written in increasing order. We shall also use the corresponding notation for
vectors: namely, if A = (A;) is an n-vector and I = (i1, ..., iy) is a sequence of indices (not necessarily
distinct or ordered) in [n], then we denote by A; the k-vector defined by (A[)¢ = Ai,.

Let ¢ = ()], be real variables; we shall write

= dy;
po=]] (A23)

for Lebesgue measure on R" with a slightly unconventional normalization. Let A = (a,-j);f‘j:1 be a
real symmetric positive-definite n x n matrix. We then have the following fundamental facts about
Gaussian integration on R":

Theorem A.3 (Wick’s theorem for real bosons). Let A = (a;j)
matrix. Then:

7 i=1 be a real symmetric positive-definite n x n

(@) For any vector ¢ = (¢;){_, in R" (or C"), we have

1 1
/ Dy exp (— E(pTAq) + CT(/)> = (det A)~1/2 exp(icTA’lc) . (A24)

(b) For any sequence of indices I = (i1, ..., i) in [n], we have

LI _|o ifris odd,
/DW/)'] e EXp<_§¢ Ago) N { (det A)~1/2hf((A~Y)yp) ifris even. (A25)
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(c) More generally, for any real or complex r x n matrix C, we have

r
L) _|o ifrisodd,
/'D‘P <£[1(C(p)0t> eXp<_5(p A(p> - { (detA)71/2 hf(CAflcT) l-fr is even. (A26)

Historical remarks. Physicists call these formulae “Wick’s theorem” because Gian-Carlo Wick [113]
proved the analogue of (A.25) for the correlation functions of a free quantum field (see e.g. [95]).
These formulae are called “bosonic” because the functional-integral formulation for bosonic quantum
fields (see e.g. [117]) leads to ordinary integrals over R" or C" (or infinite-dimensional generalizations
thereof). By contrast, functional integrals for fermionic quantum fields lead to Grassmann-Berezin
integrals, to be discussed in Appendices A.3-A.5.

The formula (A.25) for the moments of a mean-zero Gaussian measure goes back at least to Isserlis
[55] in 1918. We thank Malek Abdesselam for drawing our attention to this reference.

Now let ¢ = (¢;)]_, be complex variables; we denote complex conjugation by ~ and shall write

_ T4 (dReg))(dImg;
D(p, §) = l_[ M (A.27)

; T
i=1

for Lebesgue measure on C" with a slightly unconventional normalization. Let A = (a;j) be an

n
i, j=1
n x n complex matrix (not necessarily symmetric or hermitian) whose hermitian part %(A + A¥) is
positive-definite. We then have the following fundamental facts about Gaussian integration on C":

Theorem A.4 (Wick’s theorem for complex bosons). Let A = (a;j) be an n x n complex matrix whose

n
i,j=1
hermitian part %(A + A*) is positive-definite. Then:

(a) For any vectors b = (by)}_; and ¢ = (c;)!_, in C", we have

/ D(p, p)exp(—@"Ap +bTp +@'c) = (det A)~'exp(bTA" ). (A.28)
(b) For any sequences of indices I = (i1, ..., i;) and | = (j1,..., js) in [n], we have

_ _ _ _ 0 ifr#s,
/ D((p’(p)(pil""/’ir‘ph""PfseXP(—¢TA‘p)={(detA)_lper((A_1)lj) ifris. (A-29)

(c) More generally, for any complex r x n matrix B and any complex n x s matrix C, we have

@ ( I (B%) ( 1@ ﬂ> exp(~¢" Ap)

a=1 B=1

0 ifr#s,
- i (det A)~1per(BA~1C) ifr=s. (A30)
Some final remarks. 1. In this article we shall use mainly the “source” versions of Wick’s theorem,
i.e. part (a) of Theorems A.3 and A.4 and the corresponding theorems for fermions. The “correlation
function” versions, i.e. parts (b) and (c), will be used only in Sections 4 and 8.1 and in the second
proofs of Corollaries 5.2 and 5.4 (Section 5.2).
2. We have here presented bosonic Gaussian integration in an analytic context, i.e. integration on
R™ or C". A combinatorial abstraction of bosonic Gaussian integration can be found in [1].
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A.3. Grassmann algebra

Let R be a commutative ring. Every textbook on elementary abstract algebra defines the ring
R[X1, ..., xn] of polynomials in commuting indeterminates x1, ..., X, with coefficients in R, and stud-
ies its properties. Here we would like briefly to do the same for the ring R[X1,..., XnlGrass Of
polynomials in anticommuting indeterminates xi, ..., Xn: we call this ring the Grassmann algebra over
R in generators xi,..., xn. (Of course, readers familiar with exterior algebra will recognize this as
nothing other than the exterior algebra A(R") built from the free R-module of dimension n.3®) To
lighten the notation, we shall henceforth omit the subscripts grass, Since it will always be clear by
context whether we are referring to the Grassmann algebra or to the ordinary polynomial ring.

Here is the precise definition:

Definition A.5 (Grassmann algebra). Let R be a commutative ring with identity element,?® and let
X1,---, Xn be a collection of letters. The Grassmann algebra R[x1, ..., xn] (or R[x] for short) is the
quotient of the ring R(x1,..., xn) of noncommutative polynomials in the letters xi,..., xn by the
two-sided ideal generated by the expressions x;ix;+ x;jxi (1<i< j<n)and Xl-z (1 <i<n). We can
consider R[x] as a ring and also as an R-algebra.

In other words, the generators x; of R[] satisfy the anticommutation relations

XiXj+xjxi=0 foralli,je[n] (A.31)

as well as the relations

x# =0 forallie [n]. (A32)

Please note that the anticommutation relation (A.31) for i = j states that 2Xi2 = 0; but this need
not imply Xiz =0 if the coefficient ring R does not contain an element % For this reason we have
explicitly adjoined the relations X,~2 = 0. Of course, if the coefficient ring R contains an element %
(e.g. if it contains the rationals), then this extra relation could be replaced by the cases i = j of
Xixj+ xjxi=0.

The first important property of R[x] is the following:

Proposition A.6. R[x] is a free R-module with basis given by the 2" monomials x' = Xiy -+ Xi, where
I={i1,...,ip} C M withiy <--- <ip.

It follows that each element f € R[x] can be written uniquely in the form

F=> fix' (A33)

IC[n]

with f; € R. The term f that contains no factors yx; is sometimes termed the body of f, and the rest
Z,;&Q fix" is sometimes termed the soul of f.

38 See e.g. [30, Section 6.4] or [65, Section XIX.1].

39 Much of the elementary theory works also for coefficient rings without identity element. The main change is that polyno-
mials and formal power series @ must have constant term co in R (and not in Z) in order to be applied to elements f € R[x]+:
see the paragraphs immediately after Proposition A.9. But this means that we can consider the most important case, namely
@ = exp, only when R has an identity element. For this reason it is convenient simply to make this assumption from the
beginning.
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Multiplication in the Grassmann algebra is of course R-bilinear, i.e.

<Z f’XI>( > g1x1> = Y figx'x! (A34)
IC[n]

J<lIn] 1,]<[n]
where
o, Dx™ ifInj=2,
x!x! = u, Dx . J (A35)
0 ifiNnJ+#g,

and o (I, J) is the sign of the permutation that rearranges the sequence IJ into increasing order when
I and ] are each written in increasing order.

We define the degree of a monomial x! in the obvious way, namely, deg(x!) = |I|. The Grassmann
algebra R[x] then possesses a natural N-grading

n

Rix1=EPRixlp (A.36)

p=0

where R[], is generated, as an R-module, by the monomials of degree p. A coarser grading is the
Z5-grading

R[x]1= R[x]even ® R[X lodd (A37)
where
R[X Jeven déf @ RIx1p, (A.38)
p even
Rixload & €D Rixlp. (A39)
p odd

Note that R[) ]even is a subalgebra of R[x] (but R[x]oqq is not). The parity operator P, defined by

P(Z f:x’) =Y D" fix’, (A.40)
1 1€(n]

IC[n

is an involutive automorphism of R[x]: it acts as the identity on R[X Jeven and as minus the identity
on R[xlodd- A nonzero element f that belongs to either R[Xleven OF R[)X]odd iS said to be Z;-

homogeneous, and its parity is p(f) 270 in the first case and p(fH) %71 in the second. It is easy
to see that Z;-homogeneous elements f, g satisfy the commutation/anticommutation relations

fg= (_1)p(f)P(g)gf_ (A41)

In other words, odd elements anticommute with other odd elements, while even elements commute
with homogeneous elements of both types. One easily deduces the following two consequences:

Proposition A.7. An even element f € R[x Jeven commutes with the entire Grassmann algebra. (In particular,
R[x Jeven is a commutative ring.)
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Proposition A.8. An odd element f € R[X Joaq is nilpotent of order 2, i.e. f? =0.40

A further consequence of the relations (A.31)/(A.32) and the finiteness of the number n of genera-
tors is that every element of

R+ dﬁf@R[x]p (A42)

(the set of elements with no term of degree 0) is nilpotent:
Proposition A.9. A “pure soul” element f e R[]y is nilpotent of order at most M = |n/2| + 2, i.e. fM =

Proof. Write f = fo + f1 with fo € R[X]even N R[x]+ and f1 € R[xlodd- Then fo and fi; commute [by
(A41)] and f' =0 for n > 2 [by Proposition A.8], so we have fk= f(’)< + kf(’,"lﬁ for all k. And it is
easy to see, using (A.31)/(A.32), that f¥ =0 for k >n/2. O

If I ={iy,...,ip} is a subset of [n], the Grassmann algebra R[x/] d:HR[X,-l,...,)(,'p] is naturally
isomorphic to the subalgebra of R[x]= R[x1,..., xn] generated by {xi}ic;; we shall identify these
two algebras and use the same notation R[] for both. In particular, the degree-zero subalgebra
R[x]o is identified with the coefficient ring R.

If o(x) = Zf:’;o cxx® is any polynomial in a single indeterminate x with coefficients in either R
or Z, we can of course apply it to any f € R[x] to obtain &(f) = Z,’:’zo crf¥ € R[x]. Moreover,
if %) =312, cx* is a formal power series with coefficients in R or Z, we can apply it to any
f € R[x]+ because f is nilpotent and the sum is therefore finite.

But more is true: suppose we have a formal power series @ (x) = Z,fio(ck/k!)x" with coefficients
in R or Z (note the factorial denominators!). If the coefficient ring R contains the rationals as a
subring (as it is usually convenient to assume), then of course @ (f) is well defined for any f € R[x]+.
But we claim that this expression has an unambiguous meaning for f € R[x]+ even if R does not
contain the rationals. Indeed, let f = Z,#g fix" and consider the expansion of

k
f"=(Zf1x’>: S et a3

1#£2 I,y I #2

Whenever two or more of the sets Iy, ..., I} are equal (or indeed have any elements in common), we
have ...y =0 by (A.31)/(A.32). When, by contrast, the sets Iy, ..., Iy are all distinct, then there
are k! terms with the same coefficient fj, --- f], corresponding to the k! different permutations of the
factors x™, ..., x'x, and these terms are either all equal (if at most one of the sets I, is odd) or else
add to zero (if two or more of them are odd). It follows that

40" Proof of Proposition A.8. Write f =3, 44 fix'; then

=Y RN+ D ARG +x0 X

I odd I1,] odd
I<]

where I < J denotes that the distinct sets I and J are written in increasing lexicographic order. But (x/)2 =0 and x!x/ +
x?/x" =0 by (A.31)/(A32) and (A41). O
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f=k > iy fux (A44)
Iy <<l
at most one |Iy| odd

where I; < --- < [ denotes that the distinct sets Iq,..., I, are written in increasing lexicographic
order. So we can define

P(fl=) > iy fux™ e x (A.45)
k=0

l]<---<lk
at most one |Iy| odd

even if the coefficient ring R does not contain the rationals.

The most important case is @ = exp. Note that exp(f + g) = exp(f)exp(g) whenever f,g €
R[x1+ N R[XJeven, but not in general otherwise. In this paper we will apply the exponential only
to even elements.

We also need to define one other type of composition. Suppose first that f € R{x1,..., xn) is
a noncommutative polynomial in the letters xi,..., xp with coefficients in R, and let &i,...,&, be
elements of some ring R’ (not necessarily commutative) that contains R within its center. Then the
composition f(&1,...,&), obtained by substituting each x; by the corresponding &;, is a well-defined
element of R’; furthermore, this composition satisfies the obvious laws

(f+g)(§1s~~~,5n):f@l»nwfn)+g(51,~~,$n), (A46a)
(fOG1, ... &) =f&1,.... 608G, ... . &n). (A.46D)

Now suppose, instead, that f belongs to the Grassmann algebra R[x1i,..., Xn] = R{X1,---» Xn)/
{xixj+ xjxi Xl-z} and that &, ..., &, are elements of R’ that satisfy

&i&j+&5 =0, (A47a)

£2=0 (A.47b)

for all i, j. Then the composition f(&,...,&,) is again a well-defined element of R’, because the
relations (A.47) guarantee that any representative of f in R{x1,..., xn) will give, after substituting

each x; by &;, the same element of R’; moreover, the laws (A.46) continue to hold. In particular,
we can take R’ to be another Grassmann algebra over R (which may or may not contain some of
the x; as generators, and which may or may not contain additional generators) and &1, ..., &, to be
arbitrary odd elements of this Grassmann algebra; the relations (A.47) hold by virtue of (A.41) and
Proposition A.8, respectively. We shall exploit this type of composition in Propositions A.10 and A.12
below.

A.4. Grassmann-Berezin (fermionic) integration

Thus far we have simply been recalling standard facts about exterior algebra. But now we go
on to introduce a process called Grassmann-Berezin integration, which has become a standard tool
of theoretical physicists over the last 40 years but is still surprisingly little known among mathe-
maticians. As we shall see, the term “integration” is a misnomer, because the construction is purely
algebraic/combinatorial. But the term is nevertheless felicitous, because Grassmann-Berezin integra-
tion behaves in many ways analogously to ordinary integration over R" or C", and this analogy is
heuristically very fruitful.

We start by defining, for each i € [n], the derivation 9; = Bixl (acting to the right) as the R-linear

map 9; : R[x]1— R[] defined by the following action on monomials x;, --- xi, With iy <--- <ip:
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def [ (=D xi, Kigoy s+ Xip  ifi =10,
Oi Xi -+ Xi — 1 a—1Alg+1 p A48
Xy Xip {o ifi ¢ (ir,....ip). (A.48)

(Of course, in the former instance there is a unique index o € [p] for which i =iy, so this defini-
tion is unambiguous.) It is then easy to see that (A.48) holds also when the indices iy,...,i, are
not necessarily ordered, provided that they are all distinct. Clearly 9; is a map of degree —1, i.e.
9i : R[x1p — R[x1p—1; moreover, it takes values in R[], i.e. the subalgebra generated by {x;}ji.
Furthermore, the maps 9; satisfy

3 =0, (A.49)
0i0j +0j0; =0 (A.50)

as well as the modified Leibniz rule
%i(fg) =i f)g+ (Pf)(3:g) (A51)

where P is the parity operator (A.40).
We now make a surprising definition: integration is the same as differentiation. That is, we define

/dXi f=af. (A52)

We always write the operator of integration to the left of the integrand, just as we do for the (com-
pletely equivalent) operator of differentiation. To lighten the notation we refrain from repeating the
J sign in iterated integrals, so that [dy;, ---dx;, f is a shorthand for [dy;, --- [ dx;, f and hence we
have

/ dxi, -+-doi, f =50y f (A53)

Note by (A.50) that changing the order of integration changes the sign:
[ @it £ =s200) [y di s (A54)
for any permutation o € Si. For instance, reversing the order of integrations gives
[ s £ = ORI [y, g (A55)
In particular, when we integrate f = 1cm f1 x! with respect to all the generators, we have

/an ~edx1 f = fiy- (A.56)

That is, integration with respect to all the generators simply picks out the coefficient of the “top”
monomial I = [n], provided that we write these integrations in reverse order.*! We adopt the shorthand

41 Of course, since the integrations are performed from right to left, this actually corresponds to performing [dx; first and
Jdxn last.
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Dy Ldyn--dya, (A.57)

and we sometimes write D, () if we wish to stress the number of generators.

An important special case arises when n is even, say n = 2m, and the generators xi,..., xn are
divided into two sets vq,...,¥m and ¥1q,..., ¥m, where we think of each v; as paired with its
corresponding ;. In this case we adopt the shorthand notation

DO ¥) E dyry dipy - AV diim (A.58)

and we sometimes write D (¢, ¥) if we wish to stress the number of pairs of generators. Please
note that since each pair dy; dy; is Grassmann-even, we can also write

D) € [[dvidd: (A59)

i=1

where the terms in the product can be taken in any order. Note also that

D, ) = (=1)MM=D2 Dy Dy, (A.60)

The notation ~ is intended to be suggestive of complex conjugation, but we stress that it has nothing
to do with complex numbers: it merely denotes the extra combinatorial structure on the index set
[2m] that arises from the splitting of [2m] into two sets of cardinality m and the fixing of a bijection
between the two sets.*? In particular, the coefficient ring R is still completely arbitrary. The general
case (x) and special case (i, ) are nevertheless known in the physics literature as “real fermions”
and “complex fermions”, respectively. We shall retain this terminology but shall always put the ad-
jectives “real” and “complex” in quotation marks in order to warn the reader that they are potentially
misleading.

Now let A = (A,'j)’f,j:] be an n x n matrix, and define new Grassmann variables by & = Z’}:l AijX;j.
We then have

n n
/an"'d)(lS]"'Sn:/an"'Xm ZA1j1Xj1"'ZAnanjn

jl=1 jH:l

= Z €(0)A1601) - Ano )
o
=detA. (A.61)
This result can be reformulated as follows:

Proposition A.10 (Linear change of variables in Grassmann-Berezin integration). Let f € R[&1, ..., &), and
define F € R[x1, ..., Xxn] by

F(Xl! RN} Xn) = f(‘é;:]a RN} 5”)'%‘,»:2'];1 Ainj (AGZ)

42 We can view this as dividing the 2m individuals into m males and m females and then pairing those individuals into m
heterosexual couples.
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[note that this substitution is well defined by virtue of the discussion in the last paragraph of Appendix A.3].
Then

/dxn---d)(1 F:(detA)/dgn--.dglf. (A63)

Please note that this is the reverse of the change-of-variables formula for ordinary multivariate
integrals, i.e. in an ordinary integral the factor det(A) would appear on the other side.
We will also need:

Proposition A.11 (Fubini theorem for Grassmann-Berezin integration). Let I = {i1, ... ,ip} withiy <--- <ip
be a subset of [n], and let I° = {j1, ..., jn—p} With j1 <--- < jn—p. Then for any elements f € R[x;] and

g € R[x <] we have
/ Dy Dxic fg = (=1)PT=P) ( f Dy f) ( / Dy g) (A64)

where Dy (resp. D x;c) is shorthand for di, - - - dxi, (resp.dxj, , ---dxj, )

Proof. Expanding f and g in monomials, we see that the only terms contributing to the integrals
on either side are the “top” monomials x' and X’C in f and g, respectively; so we can assume
without loss of generality that f = x! and g= x!°. Now use the fact that integration is the same as
differentiation, and successively apply the operators 9; for i € I to the product fg using the Leibniz
rule (A.51). The differentiations hit only g, and we have Pf = (—1)P f. It follows that

f Dixie fg = (—1)P"P) f ( / Dy g>. (A.65)

The result then follows by integrating both sides with Dy;. O

Let us remark that the same formula (A.64) would hold for any choice of the orderings in defining
Dy and Dyjec, provided only that we use the same orderings on both sides of the equation. We
have chosen to write Dy, =di, ---dx;, for compatibility with our convention (A.57) that Dy =
dxn---dx1.

Finally, the following proposition shows that a Grassmann-Berezin integral over dy; is invariant
under translation by an arbitrary odd element of the Grassmann algebra that does not involve the vari-
able ;. More generally, one can consider integration over a set I C [n] of generators:

Proposition A.12 (Invariance under translation). Let I = {i1,...,ip} € [n] and let &1, ..., & € R[Xiclodd
satisfy £&; = 0 whenever j ¢ I. Then

[ s+ 8= [y 00 (A66)

where f(x + &) denotes the substitution defined at the end of Appendix A.3. [Recall that the oddness of the &;
is required for this substitution to make sense.|

Proof. The formula (A.66) can be rewritten as

By 0y F(X +E) =08, 3y F(X). (A.67)

To prove this relation, it suffices to consider the cases in which f()) = x/ for some ] C [n]. Now for
any i €I and j € [n] we have
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0i(xj +&j) =0ixj = dij (A.68)

because &; € R[x c]. Using this relation together with the Leibniz rule, we see that d;(x + &)1 equals
the same object in which &; has been replaced by zero. Doing this successively for 9;,, ..., 9;,, we set
& to zero for all i € I. But by hypothesis these are the only nonzero &;. O

A.5. Fermionic Gaussian integration

We are now ready to state the fundamental formulae (“Wick’s theorem”) for fermionic Gaus-
sian integration, which are analogues of Theorems A.3 and A.4 for bosonic Gaussian integration.
The main difference is that fermionic integration is a purely algebraic/combinatorial construction, so
that it works over an arbitrary (commutative) coefficient ring R and does not require any positive—
definiteness condition on the matrix A.

We begin with the formula for a pure Gaussian integral, i.e. the integral of the exponential of a
quadratic form. So let R be a commutative ring with identity element, let 1, ..., xn be the generators
of a Grassmann algebra, and let A = (a,-j)’,?’j:1 be an n x n antisymmetric matrix (i.e. ajj = —aj; and

a;; = 0) with entries in R.*> We use the notation

1 1 def
73X Ax = Z Xi®ij X (A.69)
1<i<j<n

and observe that the right-hand side makes sense even if the coefficient ring R does not contain
an element % We then have the following formula, which shows that a Gaussian fermionic integral
equals a pfaffian:

Proposition A.13 (Gaussian integral for “real” fermions). Let A be an n x n antisymmetric matrix with coeffi-
cients in R. Then

1,T 1,T ifni

X AX — _14Tay _ ) pPfA ifniseven,

[ dxaet = [asdype i = {0 AR (A70)
Proof. We expand the exponential using (A.45) with & = exp and then integrate ['dxn---dx;. When
n is odd the integral vanishes, and when n is even (say, n = 2m) the only contribution comes from
k =m in (A.45), yielding

:/anXm Z ai]j]"'aim]'mxll"'xlm (A7la)
<<y
Ie={ik, ji} with i <ji
= Z €(0)as (Mo @) ** Ao 2m-1)o (2m) (A.71b)

o:0Qi—1)<o (2i) and
o(l)<o(3)<---<o(2m—1)
=pfA. (A.71c)

(Note that this holds whether or not the coefficient ring R contains the rational numbers.)

43 See footnote 36 above concerning our use of the term “antisymmetric”.
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For the variant in which A is replaced by —A and the order of integration is reversed, it suffices
to observe that

pf(—A) = (=1)"/? pf(A) (A.72)

[this is an immediate consequence of the definition (A.18)] and use (A.55) to get
/ dy1--dxne” 20 A% = (=1)"D2 pf(—A) = (—1)" /2 pf(A) = p(A) (A73)

because n is even. O

Remark. Eq. (A.70) shows that there exist two equally natural conventions for Gaussian integrals with
. . . . 1,T K
“real” fermions: either we write our quadratic forms as ezX 4% and our integrals as JSdxn---dxa, or

alternatively we write our quadratic forms as e=3X"AX and our integrals as ['dx1 ---dxn. In this paper
we have adopted the first convention [cf. (A.57)].

In the special case in which n =2m and the generators xi,..., x» are divided into two sets
V1, ..., ¥m and ¥rq, ..., ¥m, we have

Proposition A.14 (Gaussian integral for “complex” fermions). Let A be an m x m matrix with coefficients in R.
Then

/ Ay di - - dymdime? A = det A. (A.74)

Please note that here A is an arbitrary matrix; no condition of symmetry or antisymmetry need
be imposed on it.

Proof of Proposition A.14. By the change of variables (¥, V') = (Ay, %), we have from Proposi-
tion A.10

/D(w, Jyelav — (detA)/D(t/f, Jyelv (A75a)
— eta) [ D) [0+ v, (A75b)
i=1

When we expand the product, only the term ¥V --- ¥m¥m has a nonzero integral, and the integral
of this term is 1. O

Here is an alternate proof, which treats “complex” fermions as a special case of “real” fermions
and invokes Proposition A.13:

Alternate proof of Proposition A.14. Let us write (X1, ..., X2m) = (¥1, -+, ¥m, ¥1, ..., ¥m). Then by
(A.59) we have

DWW, ) = (=)™ dYm dm - - - dy1 dy (A.76a)

— (—1)mm+1)/2 AVm - - - dy Ay - - - dyr (A.76b)

= (=)D dyom --dxa (A.760)
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and

- 1
YAy = EXTKX, (A.77)

where K is the 2m x 2m matrix

0 —AT 0 I 0 I\[/0 AT
K=<A 0 )=(A 0)(—1 0)(1 0)' (A.78)

Then by Lemma A.2(c) we have

PFK = det (2 é) -pf( ° (’,) = (=1)"(det A) - (-1)"™"=D/2, (A.79)
so that

Let us make one further observation concerning Gaussian integrals (both “real” and “complex”),
which will be useful in proving certain aspects of Wick’s theorem. If I = (i1,...,i) is an arbitrary
sequence of indices in [n] - not necessarily distinct or ordered - then the “real” Gaussian integral
(A.70) can be generalized to

1T fA if k is even
dy: ---dx; erIAIIXI:{p I s AS1
/ Kb @i 0 ifkisodd. (A81)
To prove this, it suffices to observe, first of all, that if the indices iq,...,i; are distinct, then this

formula is merely (A.70) after a relabeling of indices: the point is that by our definition (A.22), the
variables arise in the same order in the integration measure and in the matrix Aj;. On the other
hand, if the sequence i1, ..., i, contains any repeated index, then the left-hand side vanishes because
dxidy; =0 by (A.49), while pf A;; =0 in such a case because the pfaffian changes sign under simul-
taneous permutations of rows and columns [this is a special case of Lemma A.2(c)]. In a similar way,
the “complex” Gaussian integral (A.74) can be generalized to

v/dl/fil dlﬁj] o 'dl/fik d&jk ev_j}A”w' = detA]I (A.82)

for arbitrary sequences I = (i1,...,ix) and J = (j1, ..., jk)-

We are now ready to state the full Wick's theorem for fermions. Since the “source” version of
Wick’s theorem for fermions will involve a fermionic source A [cf. (A.83)], this means that we will
be working (at least when discussing this equation) in an extended Grassmann algebra R[y, 6] with
generators X1,..., xp and 61,...,0y for some N > 1, and the sources A; will belong to the odd part
of the Grassmann subalgebra R[6].

We assume without further ado that n is even, i.e. n =2m. Recall also from (A.22) the notation Aj;
for arbitrary sequences of indices I and J.

Theorem A.15 (Wick’s theorem for “real” fermions). Let R be a commutative ring with identity element, and
let A= (aij),-zr?:1 be a 2m x 2m antisymmetric matrix with elements in R. Then:
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(a) If the matrix A is invertible, we have

1 1
/DX exp(EXTAX +kTX> = (pfA)exp(EATA_]A> (A.83)

whenever A = (Ai),?g‘] are odd elements of the Grassmann algebra that do not involve x, i.e. A; € R[0]odd-

(b) For any subset I = {iy,...,ir} C[2m] withiy < --- < ir, we have
1 ¢ 0 ifris odd,
/DX Xi = Xir exp(ix AX) - {6(1) pfAjcic ifriseven. (A.84)
(c) For any sequence of indices I = (i1, ..., i) in [2m], if the matrix A is invertible we have
1 1 0 ifrisodd,
/DX Xiv = Xir exp(ix AX) - { (pfA) pf((A~T)yp) ifris even. (A.85)

(d) More generally, for any r x 2m matrix C with entries in R, we have

1 4 0 ifrisodd,
/DX(CX)l”'(CX)reXD<§X AX>={Zmzr(deta,)eu)pf(A,c,c) ifriseven, (A-86)

where C,; denotes the submatrix of C with columns in I; and if the matrix A is invertible,

1 ¢ _]o ifrisodd,
/Dx(Cx)1~--(Cx)rexp(§X AX>_{(pfA)pf(CA‘TCT) if 1 is even. (A87)

Note that (A.84) and (A.85) are equivalent by virtue of Jacobi's identity for pfaffians [cf. (A.21)],
and that (A.86) and (A.87) are equivalent by virtue of Jacobi’s identity and the minor summation
formula for pfaffians [cf. (A.20)]. However, we shall give independent proofs of all these formulae;
as a consequence, our argument provides ab initio proofs of these pfaffian identities by means of
Grassmann-Berezin integration.

Proof of Theorem A.15. To prove (a), we perform the translation x’ = x + A=A and use Proposi-
tion A.12. We have

1 1
EX/TAX/ +2Tx = 5(;(TJrAT,ch)A(X +ATN) +AT(x +ATTR)
1 1 11,1
==X AX+=-AA A (A.88)
2 2
since A”T = —A~! and xTA = —ATy. Therefore (A.83) is an immediate consequence of Proposi-

tion A.13.

For (b)—(d), let us first remark that if r is odd, then the integral must vanish, because the expansion
of the exponential can only give an even number of factors of x, so the “top” monomial in x cannot
be generated (recall that the total number of generators is even, i.e. n =2m).
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To prove (b), we compute

1 1
/DX x’exp(ixTAx> =/Dx x’exp<5X,TcA1czcx:c>

1
=€) / Dxi Dxie X' eXP<5x1TcA:c1cx:c>

1
=6(1)(—1)"2m‘r)</9x:x’)(/D)ﬂc exp(gXﬁ/‘hczf}(zc))

= 6(1) pf(A]CIC). (A89)

The first equality holds because any factor & with i € I arising from the expansion of the exponential
would be annihilated by the prefactor x!; the second equality is simply a reordering of the integration
variables; the third equality is Fubini’s theorem (Proposition A.11); and the last equality is simply the
evaluation of the two integrals (using Proposition A.13 for the second) together with the fact that r is
even.

(c) We specialize result (a) to the case where the “sources” A; are generators of an extended Grass-
mann algebra, then differentiate (or equivalently integrate!) with respect to the sources A;,, ..., A,

and finally replace all the A; by zero**:

1 ] d 1
D . - TA — fA) — ... —)\,TA_1)\,
/ X Xin X”exp<2x x) ®fA) S o eXp(z )Azo
1.4, _
=(pfA)/dlil"’dkireXp<§)‘?(A ])11)">

1
:(pfA)(—nr(f*WZ/m, exp(EAT(A”),,M>
= (pfA)(=1) D2 pf((A71),))
= (PfA) (=12 (1) 2 pf((—A7"),)

= (pfA) pf((A7T),)- (A.90)
Here the third equality involved reordering the integration variables from increasing to decreasing
order; the fourth equality performed the Gaussian integral using (A.81); the fifth equality used (A.72);

and the final equality used —A=1 = A~T and (—1)""/2 =1 (which holds since r is even).
(d) We have

1
/Dx (Cx)1--- (Cy)r exp(ixTAx)
1
=y Clh"'crir/DX Xir ---Xi,exp<5xTAx), (A.91)

but the only nonvanishing contributions in the sum come when iy, ..., i, are all distinct; so we can
first require i1 < --- < i, and then sum over permutations, yielding

44 Setting A — 0 can be interpreted as extracting the monomials that do not involve A, or alternatively as a special case of the
substitution discussed at the end of Appendix A.3 (since 0 is odd).
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1
Y D Ciig -+ Crig, S80(0) / Dxx exp(szAx) > (detCup)e(D pf(Arcre)  (A92)

|l|=roeS; [I|=r

by part (b). If A is invertible, we can write

1 9 1
Dy (Cx)1---(Cx)rexp| = xTA Dyexpl =xTAx +ATC
/ X(Cx)1---(Cx)r p(zx x> o 8A1~,/ X p<2x X+ACx Y
9
= fA)e ATcA~1cTA A93
o a)\i,(p )xp<2 o (A.93)

by using (a). By the same reasoning as in (A.90) we can see that this equals (pfA) pf(CA~TcT). o

Next we state Wick's theorem for “complex” fermions. Once again, when discussing the “source”
version of this theorem [cf. (A.94)], we will work in an extended Grassmann algebra R[v, ¥,6] in
which the sources A;, A; belong to the odd part of the Grassmann subalgebra R[6].

Theorem A.16 (Wick’s theorem for “complex” fermions). Let R be a commutative ring with identity element,
and let A = (aij)?j=1 be an n x n matrix with elements in R. Then:

(a) If the matrix A is invertible, we have

/ D, ¥)exp(Y Ay + 2Ty + ¥T1) = (det A) exp(—2TA72) (A.94)

whenever . = (A)}_; and A= (Xi)’,?:1 are odd elements of the Grassmann algebra that do not involve
and ¥, i.e. Ai, ;i € R[0odd-

(b) For any subsets I = {i1,...,ir} and ] ={j1,..., jr} of [n] having the same cardinality r, withi; < --- <
irand j1 <--- < jr, we have

/ DY, V) ( I1 wlaw1a> exp(VTAy) =€l J)(det Aje jo). (A95)

a=1

[If there is an unequal number of factors v and v, then the integral is zero. ]
(c) For any sequences of indices I = (i1, ...,ir) and | = (j1,..., jr) in [n] of the same length r, if the matrix
A is invertible we have

/D(w, V) (]‘[ ) exp(¥'Ay) = (detA)det((A7"), ). (A.96)

[Again, if there is an unequal number of factors y and 1, then the integral is zero.]
(d) More generally, for any r x n matrix B and n x r matrix C with entries in R, we have

[pwi ( 11 (&CMMM) exp (T AY)

a=1

= Y e(l. ])(detB,))(det Ajcje)(detCp), (A.97)
H=|J|=r
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and if the matrix A is invertible,

/D(w, V) ( ]_[ (I/_/C)Q(Blff)a> exp(¢TAy) = (det A) det(BA™'C). (A.98)

a=1

Note that (A.95) and (A.96) are equivalent by virtue of Jacobi’s identity (A.7), and that (A.97)
and (A.98) are equivalent by virtue of Jacobi’s identity together with the Cauchy-Binet identity (A.3).
However, we shall give independent proofs of all these formulae; as a consequence, our argument
provides an ab initio proof of Jacobi’s identity by means of Grassmann-Berezin integration.

The proof of Theorem A.16 follows closely the pattern used in the proof of Theorem A.15, but with
slightly different combinatorics.

Proof of Theorem A.16. To prove (a), we perform the translations ¢/ =% —A~'x and ' = — A~ Tx
and use Proposition A.12. We have

1/_f/TA1/f/+)_LTW/+T/_f/T)\
=@ =TANA@W - AT+ (Y — AT+ (@ —TAT)A
=y Ay —1TA7. (A.99)

Therefore (A.94) is an immediate consequence of Proposition A.14.
To prove (b), we begin by observing as before that

/ D, ) ( 1% m) exp(v ' Av)
a=1

r
= / DY ¥) ( []% wja) exp(V e Are e ye). (A100)

a=1
We now proceed to reorder the integration measure. We have I = {iq, ..., i;} with _i1 < ---<1ir, and
let us write I°={i{,...,i,_,} with i{ <--- <i;_,; and likewise for J. Then D(y, ) is the product

of factors dy;dy; taken in arbitrary order; we choose the order to be I (i.e., i ceedply o). We
now leave the factors v in place, but reorder the factors ¥ to be in order J J¢ rather than II: this
produces a sign €(I, J). Using the notation

Dy, ¥p) =dyj, d, - -dyrj, s, (A101)

and likewise for the complementary sets, we have proven that

D, ¥) =€, DDy, ¥1) DWr e, Yie). (A102)

This in turn can be trivially rewritten as €(I, J) D(¥ e, z},c)D(x//J, Y1) since the two factors D are
Grassmann-even. We can now apply this measure to the integrand in (A.100); integrating the mono-
mial against D(y, ¥) gives 1, and integrating the exponential against DY e, Vic) gives det Ajcje by
Proposition A.14.

(c) As in the case of “real” fermions, we specialize result (a) to the case where the “sources” A;, A;
are generators of an extended Grassmann algebra, and then differentiate with respect to them:
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/D(l/f, ¥) (lf[ ) exp(yTAY)

r a9 ,
= (det A - — —2TA=1y
e )Q:[] g DA j, el )

:(detA)(—l)r/D()»I,XJ)EXP(—XE(AA)]I)")

A=1=0

= (detA) (=1)" det((—=A"") ;)
= (det A)det((A™"), ). (A.103)

Here the minus sign in the first equality comes from the fact that differentiation of the source term
¥ T with respect to A; yields —; according to (A.51); the second equality says that differentiation is
the same as integration; and the third equality uses (A.82).

(d) We have

[ow. w><]‘[<w6)a<3w>a>exp(w AY)
a=1

r

=y > (]‘[c,-a,aBa,ja> / Dy, &)(Hxﬁfawja)exp(&mw), (A104)
a=1

f] ..... ir j] ..... jr a=1

but the only nonvanishing contributions in the sum come when iq,...,i;, and also ji,..., j,, are
all distinct; so we can first require iy < --- < iy, and j; <--- < jr and then sum over permutations,
yielding

Z Z Z Cigy 1+ Ciggy.rBijray =~ Br.jee

|I|=r|]|=ro,teSr

x sgn(o) sgn(t) / D, V) (]_[ Vi %a) exp(¥"AY)

a=1

=Y > (detB,))e(l, J)(det A je)(detCp,) (A105)
l=r|J|=r

by part (b). If A is invertible, we can write

[ow. w><]‘[(¢6)a<3w>a>exp(w AY)

a=1

x=1=0

_ . . )
- (,»:1 oA 8k,> /D(w V) exp(V' Ay +A'By + ¢ CA)

r
9 9 ;T -1
) <,-_1_8_k:_,) (det ) exp(=1 BATICH) i (A106)

by using (a). Then by the same reasoning as in (A.103) we see that this equals (det A)det(BA~1C). O
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Table 1
Summary of the four types of Gaussian integration. Here A is the matrix appearing in the quadratic form in the exponential.
See text for details.

Type of Combinatorial Analytic Value of Contractions in
variables conditions conditions Gaussian int. 2k-point correlation
Real bosons A symmetric A pos.-def. (det A)~1/2 2k x 2k hafnian
Complex bosons none A+ A* pos.—def. (det A)~! k x k permanent
“Real” fermions A antisymm. none pfA 2k x 2k pfaffian
“Complex” fermions none none detA k x k determinant

A.6. Summary of bosonic and fermionic Gaussian integration

The four types of Gaussian integration and their basic characteristics are summarized in Table 1.
Let us stress the following facts:

e Fermionic integration is a purely algebraic/combinatorial operation: no analytic conditions on the
matrix A (such as positive-definiteness) are needed, and in fact fermionic integration makes sense
over an arbitrary (commutative) coefficient ring R. Bosonic integration, by contrast, is an analytic
operation (at least as we have defined it here) and requires positive-definiteness of A or its
hermitian part.

e For complex bosons and “complex” fermions, no symmetry or antisymmetry conditions are im-
posed on the matrix A. By contrast, for real bosons and “real” fermions, the matrix A must be
symmetric or antisymmetric, respectively.

Appendix B. Some useful identities

In this appendix we collect some auxiliary results that will be used at various places in this pa-
per: identities for sums of products of binomial coefficients (Appendix B.1) and for determinants and
pfaffians (Appendix B.2), lemmas on matrix factorization (Appendix B.3), and an identity that we call
the “dilation-translation formula” (Appendix B.4).

B.1. Binomial identities

We collect here a few identities for sums of products of binomial coefficients that will be needed in
the proof of the rectangular Cayley identities (Sections 5.5 and 5.6). We use the standard convention
[47] for the definition of binomial coefficients:

r rr—1)---(r—k+1)/k! forintegerk > 0,
<I ) =11 fork =0, (B.1)
¢ 0 for integerk < 0,

where r is an indeterminate and k is always an integer. Multinomial coefficients

(a1 +oo +ak> @t ta)! (B2)

ar,...,ag a1!---ak!

will, by contrast, be used only when all the g; are nonnegative integers.

We now state some easy combinatorial lemmas involving binomial coefficients. They are all either
contained in the textbook of Graham, Knuth and Patashnik [47, Chapter 5] or derived in the same
fashion.
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Lemma B.1 (Parallel summation).

Z (r —]: k) = <r +nr:l+ 1) for m integer. (B.3)

k<m

Lemma B.2 (Chu-Vandermonde convolution).

2(062)=(57) ®

Proof. For positive integers w and m, this is the number of ways of selecting p people out of a group
of w women and m men. Since, for any fixed integer p, both sides are polynomials in w and m, the
identity holds as a polynomial identity. O

Lemma B.3.

k(@) (D\(h+! _ a—b+m
k,;l}o v <h) <k)< h >_( m ) (B.5)

k+h+1=m

Proof. The left-hand side equals

bV X G [

k=0 h=0 k=0
:é(—nm (;f:kl) (Z) (B.6b)
= (=" (b _:l_ 1) (B.6¢)
- (“ - fnJr m) (B.6d)

where the first and third equalities use the Chu-Vandermonde convolution. O
Lemma B.4.
a\ (b\ /h+1 a—b+m+1
3 - ) = tmat (B7)
h)\k h m
k,h,1>0
k+h+I<m

Proof. Sum (B.5) and use (B.3). O
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B.2. Determinant and pfaffian identities

We collect here some identities for determinants and pfaffians that will be needed in Section 5:
these concern the determinant or pfaffian of a partitioned matrix and the change of determinant
under low-rank perturbation. These identities are well known, but for completeness we will give
compact proofs using Grassmann-Berezin integration. We will also give a (possibly new) “fermionic”
analogue of the low-rank perturbation formula, which will play a crucial role throughout Section 5.

Let us begin with the formula for the determinant of a partitioned matrix, due to Schur [87,
Hilfssatz, pp. 216-217]:

Proposition B.5 (Schur’s formula for the determinant of a partitioned matrix). Consider a partitioned matrix

of the form
M— A|B B.8
~(etp) (53)

where A, B, C, D are matrices of sizes m x m, m x n, n x m and n x n, respectively, with elements in a
commutative ring with identity.

(@) If A is invertible, then det M = (det A) det(D — CA~1B).
(b) If D is invertible, then det M = (det D) det(A — BD~1C).

The matrix D — CA~'B is called the Schur complement of A in the partitioned matrix M; see [24,
31,76,116] for reviews. One well-known proof of Schur’s formula is based on the identity

A|B\ [(A|0\(Is| A'B B9
<C\D>_<c\1n><o\n—m13>' (89)

Let us give a quick proof of Schur’s formula using Grassmann-Berezin integration:

Proof of Proposition B.5. Let R be the commutative ring with identity in which the elements of A,
B, C, D take values. We introduce Grassmann variables v, i (1<i<m)and nj, 7j (1<j<n)and
work in the Grassmann algebra R[¥, ¥, n, n]. We have

det (%%) - / D, ) Da(n, ) exp [(W’ 7') (%%) Cm

_ / DY, ) Da . ) exp[§ T A + 3By + 77Cy +77Dn].  (B10)

If A is invertible, we can perform the integration over v, ¥ using Wick’s theorem for “complex”
fermions (Theorem A.16), yielding

(detA)/Dn(n, i) exp(ii"Dn — 7" CA™'Bn). (B.11)

Then performing the integration over 7, 7 yields (det A)det(D — CA~'B). This proves (a); and the
proof of (b) is identical. O

Here are some important special cases of Proposition B.5:
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Corollary B.6. Let U, V be m x n matrices with elements in a commutative ring with identity. Then

Om |U
det(UVT) = det (ﬁ) ’ (B.12)

where Op, is the m x m zero matrix and I, is the n x n identity matrix.

Corollary B.7 (Matrix determinant lemma). Let A be an invertible m x m matrix, let W be an invertiblen x n
matrix, and let U, V be m x n matrices, all with elements in a commutative ring with identity. Then

det(A+UWVT) = (det A)(det W) det(W ' + VTA~IU). (B.13)

In particular, if we take W = I, then

det(A + UVT) = (det A)det(I, + VTATIU). (B.14)

If in addition we take A = I, then

det(Im + UVT) = det(I, + VU). (B.15)

Corollary B.7 is sometimes known as the “matrix determinant lemma”, and the special case (B.15)
is sometimes known as “Sylvester’s theorem for determinants”. When n <« m, we can interpret (B.13)-
(B.15) as formulae for the change of determinant under a low-rank perturbation: see Lemma B.11
below for an explicit statement.

Analogues of Proposition B.5 and Corollary B.6 exist also for pfaffians:

Proposition B.8 (Pfaffian of a partitioned matrix). Consider a partitioned matrix of the form

A |B
M= (—BT D> (B.16)

where A, B, D are matrices of sizes 2m x 2m, 2m x 2n and 2n x 2n, respectively, with elements in a commu-
tative ring with identity, and A and D are antisymmetric.

(a) If A is invertible, then pfM = (pf A) pf(D + BTA~1B).
(b) If D is invertible, then pf M = (pf D) pf(A + BD~1BT).

Note that the matrices D + BTA='B and A + BD~'BT appearing here are just the usual Schur
complements D — CA~!B and A — BD~!C specialized to C = —B.

Corollary B.9. Let U be a 2m x 2n matrix with elements in a commutative ring with identity. Then

Ogm | U
pf(U J2nUT) = (1) pf(—U J2oUT) = (=)™ pf( —iﬂ 5 ) (B.17)

where ],y is the standard 2n x 2n symplectic form (A.15).
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Proof of Proposition B.8. This time we introduce “real” Grassmann variables 6; (1 <i <2m) and A;
(1 <i<2n). We have

1 1
pfM = /DZm (6) Dan (1) exp[EGTAG +6TBr+ EATDk] (B.18)

If A is invertible, we can perform the integration over 6 using Wick's theorem for “real” fermions
(Theorem A.15), yielding

1 1
(pfA)/DZn(A) exp<§kTDA + 5ATBTA”B)\) (B.19)

Then performing the integration over A yields (pfA) pf(D + BTA~1B). This proves (a); and the proof
of (b) is identical. O

We next wish to prove an analogue of Corollary B.7 when the entries in the various matrices
belong, not to a commutative ring, but to a Grassmann algebra. More precisely, the entries in A and
W will be even elements of the Grassmann algebra, while the entries in U and V will be odd elements
of the Grassmann algebra.

Proposition B.10 (Fermionic matrix determinant lemma). Let G be a Grassmann algebra over a commutative
ring with identity; let A be an invertible m x m matrix and W an invertible n x n matrix, whose elements
belong to Geven; and let U, V be m x n matrices whose elements belong to Goqq. Then>

det(A+UWVT) = (det A)(det W)~ det(W " + vTA~1U) ", (B.20)
In particular, if we take W = I,,, then
det(A+UV") = (det A) det(I, + VTA'U) . (B21)
If in addition we take A = I, then
det(ly + UVT) = det(l, + VTU) . (B.22)
Note that (B.20)-(B.22) differ from (B.13)-(B.15) by replacing some determinants with their inverse.

Proof of Proposition B.10. Let us first observe that since A and W are invertible, we can rewrite
(B.20) as

det(In + A~ 'UWVT) =det(I, + WVTA'U) ", (B.23)
which is equivalent to

det(Iy + OVT) = det(l, + VT0) ™ (B.24)

under the (invertible) change of variables U = A~'U, V = VW?7. So it suffices to prove (B.22).

45 Note that all the matrix elements in all these determinants belong to the commutative ring Geyen; therefore, these determi-
nants are unambiguously defined.
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Let us first prove (B.22) when the ring R is R. We augment the Grassmann algebra by introducing
generators 7j, 7; (1< j <n), and we also introduce bosonic variables ¢;, ¢; (1 <i<m). We wish to
consider the mixed bosonic-fermionic integral

/ Dim(9, @) Dn(n, ) exp[—@ ¢ +@'Un+7'Vip +i'n). (B.25)

Please note that the quantities U, 7TVT and 77 all belong to the even “pure soul” part of the aug-
mented Grassmann algebra, and in particular are nilpotent; therefore the integrand can be interpreted
as

1
exp(-9"9) Y.

k=0 "

_ _ _ k
(@'Un+0"Vigp+0n) (B.26)

~

where the sum over k is in fact finite. The Gaussian integration over ¢, ¢ can thus be interpreted
as separate Gaussian integrations for the coefficients (which belong to R) of each monomial in the
augmented Grassmann algebra; this makes perfect analytic sense. Let us now evaluate (B.25) in two
ways: Integrating first over ¢, ¢ and then over n, 7, we get

/Dn(n, i) exp[ii'n + 7' VU] = det(I, + VTU). (B.27)
On the other hand, integrating first over 1, 7 and then over ¢, ¢, we get
_ _ _ -1
/Dm (@. @) exp[—@ 9 — ¢"UVTp] =det(In +UVT) . (B.28)

This proves (B.22) when the ring R is R.
Let us finally give an abstract argument showing that (B.22) holds for arbitrary commutative
rings R. The point is that the matrix elements of U and V belong to a Grassmann algebra over

some finite set of generators xi,..., Xn, and hence can be written as
Uj= Y aijxx” (B.29a)
K odd
Vii= Y Bijxx® (B.29b)
K odd

for some coefficients «ij.x, Bij:x € R. Now, both sides of (B.22) are of the form )| oyen v x! where
the coefficients y; are polynomials in {«;j.k, Bij;x} with integer coefficients.*6 But we have just shown
that these two polynomials coincide whenever {«;j. i, Bij.x} are replaced by any set of specific values
in R. Therefore, they must coincide as polynomials in the indeterminates {c;j.x, Bij.x}. But this implies
that they are equal when {a;j;k, Bij.x} are replaced by specific values in any commutative ring R. O

It is convenient, for our applications, to rephrase (B.15) and (B.22) as explicit formulae for the
change of determinant under a low-rank perturbation. So let uq,...,u, and v1,..., v, be vectors of
length m whose entries are elements of a Grassmann algebra and are either all Grassmann-even or

46 The determinant on the right-hand side is an element of the Grassmann algebra whose “body” term is 1; therefore, it is
invertible in the Grassmann algebra and the coefficients of its inverse are polynomials (with integer coefficients) in its own
coefficients.
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all Grassmann-odd. We call these cases € =+1 and € = —1, respectively. We then have the following
formula for the determinant of a rank-n perturbation of the identity matrix:

Lemma B.11 (Low-rank perturbation lemma). Let uq, ..., uy and vy, ..., vy be as above, and define then x n
matrix M by

Map=Va g = > (Va)i(p)i. (B.30)
i=1

Then we have

n
det <1m + ) ug vg) = det(I, + M)¢ (B.31)

where € = %1 is as above.

Here is one special case of the low-rank perturbation lemma that will be useful in Sections 5.3
and 7.2 in treating symmetric Cayley identities:

Corollary B12. Let n = (1, ..., Nm) and ) = (11, . . . , Im) be Grassmann variables, and let A be an invertible
m x m symmetric matrix whose elements are Grassmann-even (hence commute with everything). Then

det(In +7in" — A" ni"A) = (1 - 7"n) 2. (B.32)

Proof. Applying Lemma B.11 with uy =7, vi =0, u = A~'n and v, = —ATij = — A7 gives

_ 1o (140" nTATIy
det(Im 4+ 7in" — A"'niiT A) = det 1( L] ). B.33
(Im+ 11 ni' A) _iTAR 1—7Tn (B.33)

Since A and A~! are symmetric, the off-diagonal elements vanish, which gives the result. O

Another special case of the low-rank perturbation lemma will arise in Section 5.9: here the m x m
matrix Im + UVT occurring on the left-hand side on (B.31) will be written as a product of rectangular
matrices, each of which is a rank-1 perturbation of the corresponding rectangular pseudo-identity
matrix. (The m x n pseudo-identity matrix Imn has matrix elements (Imn),] = §;;.) Direct application
of the low-rank perturbation lemma to such a product matrix yields a rather messy result, but after
some row operations we can obtain a fairly neat alternative formula:

Corollary B.13. Fix integers £ > 1 and nq, ...,ng > 1 with ny > nq for 2 < a < ¢, and write nyy1 = ny. Let
X1,...,X¢ and y1, ..., y¢ be vectors, where x, is of length ny, and y, is of length ny+1, whose entries are
elements of a Grassmann algebra and are either all commuting (¢ = +1) or else all anticommuting (€ = —1).
Then we have

14
det( l_[ (inana-ﬂ - XD[.VE[)) = (det N)e (B.34)
a=1

where the product is read from left (o« = 1) to right (o = £), and the £ x £ matrix N is defined by
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Ng41,8 .
, ifa < B,
Nap = { Titnhvix fa<p (B.35)

Sap = Disg YiX f} ifa =8,
where ng, g = mMing gy <pNy.

Proof. Note first that in,,na +1A

Ingsingsn Inﬂ s is an nyg x n,g matrix whose ij element is 1 if i =

Jj<ngy, B and 0 otherwise. In particular, 1,11,,21,12,73 Ina g = In]na For v a vector of length m > nq,
define v as the vector restricted to the first ny components. So we can expand the matrix on the
left-hand side of (B.34) as

l
1_[ (i”a”aﬂ - Xay-(l;t)
a=1

7 7 7 T (7 T 7 T
=In, — Z Inyny Ingng *+ + Ing_yng Xa Y (I”a+1ﬂa+2 - x0l+1yoz+1) T (1”(n€+1 - ng[)

¢
= Inl - Z)_(ayg (Ina+1noz+2 - X‘X+1y-(l)-(+]) e (Il’l[ﬂg_H - XZY})~ (B36)
a=1
In this form, we are ready to apply Lemma B.11 with vectors uy = —X and v} =yl (?naﬂnwz _
xa+1y£+l) o (Ingngyq — ng}) fora =1,..., ¢ This gives
¢
d8t< l_[ (Inot”a-H - XO(.VE)) = (detI\J(O))E (B37)
a=1
with foﬁ) =8qp + viug. Now observe that
T _ 5T T} 4 T
Vo =Va — Z(yalna+lna+2 "'Inﬁ—lnﬂxﬁ)vﬂ (B-38)
B>

and call cop =y ina+1na+2 Inﬁ npXp =D ioq At y¥ x . Thus, defining the ¢ x £ upper-triangular ma-
trix C as

. cop fa<p
0 ifoo > B,
we have
> Capvh=7s. (B.40)
B

Clearly detC =1, so if we define N =CN©® we have detN = detN©. It is easy to see, using (B.40),
that N is exactly the matrix given in (B.35). O
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Please note that all the entries of the matrix N are polynomials of degree at most two in the vari-
ables x and y - unlike the matrix N® coming from the bare application of the low-rank perturbation
lemma, which contains terms of degree as high as 2¢.

Corollary B.6 is in fact the case £ =2 of a more general lemma that holds for ¢ > 2, and will be
needed in Section 5.9:

Lemma B.14. Fix integers £ > 2 and ny, ...,n, > 1, and write ng41 = ny. Let Uy, ..., U, be matrices with
elements in a commutative ring with identity, Uy being of dimension ny x ny41. Define

O, -U;y 0 - 0
0 In, U3 0

M¢(Up,...,Up):=| 0 0 I, : , (B.41)
: —Ug—1
U 0 - 0 Iy

where O, is the n x n zero matrix and I, is the n x n identity matrix. Then

detM;(U1,...,Uy) =det(Uq---Uyp). (B.42)

Proof. We prove this by induction on ¢. The case ¢ =2 is already proven by Corollary B.6. For ¢ > 2
we use the Grassmann representation of det(My):

detMg(U1,...,Ug):/Dn1 (') D, (v, ¥)

l
x exp[ DY =T U1y ) + Wuzwl}. (B43)

a=2

Now perform the integration over (y¢,?): highlighting the factors in the integrand that involve
these fields, we see that

/ Do, (V5 0°) exp[ Y =9 Uy + 9 Uy | =exp(¥* U1 Ury!).  (BA4)
Comparing this with (B.43), we see that

detM,;(U1,...,Up) =detMy_1(Uq,...,U;—2,Up_1Up), (B.45)
which provides the required inductive step. O

Remark. Just as Corollary B.6 is a specialization of the more general Proposition B.5, so Lemma B.14
has a similar generalization, proven through an identical procedure (of which the details are left to
the reader), namely:

Lemma B.15. Fix integers £ > 2 and ny,...,n; > 1, and write ng41 = ny. Let By, ..., By be matrices with
elements in a commutative ring with identity, By being of dimension ny x ny+1. Let A1, ..., A¢ be square
matrices with elements in the same commutative ring, Ay being of dimension ny, x ny. Assume that A,, ..., Ay
are invertible. Define
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At =By 0 - 0
0 A, —By 0
M(A1,...,A;B1,....Bp:=l 0 0 A; . | (B.46)
: —By—1
B, 0 - 0 A
Then
12
. _ -1 -1
detM(A1. ..., Ay B1,....By) =det(Ay + B1A; "By~ Ay ' By) [ [ det A (B.47)
j=2

If also Ay is invertible, then we can obtain an expression with a form of cyclic symmetry:

4
detM(As. ..., Ag: B1..... By) =det(In, + A 'B1A;'By--- A, 'B) [ [ detA;.  (BA48)
j=1

B.3. Matrix factorization lemmas

In Sections 5.4, 5.5, 5.6, 5.7 and 5.9 we shall need some matrix factorization lemmas having the
general form:

For any matrix X of the form ..... there exists a matrix A of the form ..... such that (X, A) =0
[where @ denotes a specified collection of polynomial or rational functions];

or the multi-matrix generalization thereof:

For any matrices X, Y,... of the form ..... there exist matrices A, B, ... of the form ..... such that
d(X,Y,...,A,B,..)=0.

The prototype for such matrix decomposition lemmas is the well-known Cholesky factorization [44,
Theorem 4.2.5]:

Lemma B.16 (Cholesky factorization). Let X be a real symmetric positive-definite n x n matrix. Then there
exists a unique lower-triangular real matrix A with strictly positive diagonal entries, such that X = AAT.

A similar but less well-known result is the following factorization for antisymmetric matrices
[6,12,71,112,115]:

Lemma B.17 (A J AT factorization of an antisymmetric matrix). Let X be a (real or complex) antisymmetric
2m x 2m matrix. Then there exists a (real or complex, respectively) 2m x 2m matrix A such that X = AJAT,
where ] is defined in (A.15). In particular, if X is nonsingular, then A € GL(2m). [The form of A can be further
restricted in various ways, but we shall not need this.]

In our applications we shall not need the uniqueness of A, but merely its existence. Nor shall we
need any particular structure of A (e.g. triangularity) beyond lying in GL(n) or O (n) or Sp(2n) as the
case may be. Finally, and most importantly, we shall not need the existence of A for all matrices X of
a given type, but only for those in some nonempty open set (for instance, a small neighborhood of the
identity matrix). We shall therefore give easy existence proofs using the implicit function theorem. It
is an interesting open question whether our decompositions actually extend to arbitrary matrices X
in the given classes.
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More precisely, we shall need the following decomposition lemmas in addition to Lemma B.17. The
matrices I, are defined in (5.64).

Lemma B.18. Let X and Y be a (real or complex) m x n matrices (m < n) of rank m that are sufficiently
close to the matrix Imyn. Then there exist matrices P, R € GL(m) and Q € GL(n) such that X = Pl;,Q and
Y =RImQ T

Lemma B.19. Let X be a (real or complex) m x n matrix (m < n) of rank m that is sufficiently close to the
matrix Iyy. Then there exist matrices P € GL(m) and Q € O (n) such that X = P13, Q.

Lemma B.20. Let X be a (real or complex) 2m x 2n matrix (m < n) of rank 2m that is sufficiently close to the
matrix Iym on. Then there exist matrices P € GL(2m) and Q € Sp(2n) such that X = Plym 20 Q.

LemmaB.21.Let £ > 1 andny, ..., g1 > 1; and let { Xy }1<a<e be (real or complex) ny x ng11 matrices of
rank min(ny, ng+1) that are sufficiently close to the matrix ina”a 1~ Then there exist matrices {Po}1<a<e+1
with Py € GL(ng) such that Xo = Palngng., Py y-

Lemmas B.17-B.21 will be needed in Sections 5.4, 5.5, 5.6, 5.7 and 5.9, respectively. In addition,
Cholesky factorization could be used in Section 5.3 but we were able to avoid it; see the Remark at
the end of that section.

The proofs of these lemmas will all follow the same pattern. First we find an explicit pair X, Ag
(or the multi-matrix generalization) with the needed properties. Then we linearize the functions &
in a neighborhood of (Xg, Ag), and we show that the tangent space for A at Ap is mapped onto
the full tangent space for X at Xg. The required existence of A for X in a neighborhood of Xy then
follows from the implicit function theorem.*’ For completeness we will also show how Lemmas B.16
and B.17, which are known to hold globally, have simple proofs in this “infinitesimal” setting. Nearly
all these proofs will be easy; only the last (Lemma B.21) turns out to be slightly tricky.

Proof of Lemma B.16 for X near I. Linearizing X = AAT in a neighborhood of (Xo, Ag) = (I, ) by
writing X =1+ X’ and A=1+ A/, we have X' = A’ + (A))T (plus higher-order corrections that we
always drop). Then an explicit solution is given by the lower-triangular matrix

X|/2 ifi=],
Ay=1X,  ifi> ], (B.49)
0 ifi<j.
The rest follows from the implicit function theorem.*8 0O

47 We will use the implicit function theorem in the following form: Let U € RN and V € RP be open sets, and let f: U x V —
RN be a ¥ function (k > 1). Let ug € U and vq € V satisfy f(ug, vo) =0, with (3 f/du)(ug, vo) nonsingular. Then there exist
neighborhoods U’ 5 ug and V' 5 v such that for all v € V' there exists a unique u € U’ satisfying f(u, v) = 0; moreover, the
map v > u is CK.

48 For completeness let us make explicit how the implicit function theorem is used in this case; the analogous reasoning for
the remaining lemmas can be supplied by the reader.

If M= (m;j)’i'vj:1 is an n x n matrix, let us write [M]ir = (mjj)1<i<j<n to denote its lower-triangular part. We then use the
implicit function theorem (see the preceding footnote) as follows: Let u = A = a generic lower-triangular matrix (ajj)1<i<;j<n»
v =[X]ir, g = vo = [Iir, f(u,v) =[AAT — X]ir. (Since AAT — X is manifestly symmetric, it vanishes if and only if its lower-
triangular part does.) Then (8 f/du)(ug, vo) is the linear map A’ A’ + (A")T; in other words, we have

d fij
a—(uo, vo) = 8ij), ki (1 + Skr),
Upl

which is a diagonal matrix with nonzero entries (namely, 1 and 2), hence nonsingular.
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Proof of Lemma B.17 for X near J. Linearizing X = AJAT in a neighborhood of (Xo, Ag) = (J, ) by
writing X = J 4+ X’ and A=1— A’J, we have X' = A’ — (A")T. Then one explicit solution is given by
the strictly lower-triangular matrix

X, ifi>j
’ )
Aij = { OU ifi< (B.50)

Another explicit solution is given by the antisymmetric matrix A’ = X'/2. O
Proof of Lemma B.18. Linearizing X = lenQ and Y = lenQ in a neighborhood of (Xo, Yo, Po,

Ro, Qo) = (Imn, Imn, Im, Im, Iy) by writing X = Tmn + X’ and so forth we obtain X' = P'Imn + Imn Q'
and Y’ = R'Tmn — Imn(Q)T. In terms of the block decompositions Imn = (Im, Omxm—my)» X' = (X, X5),

Y'= (¥}, ¥5) and @' = (¢! o), we have
X; =P +Qi, (B.51a)
Xy = Qi (B.51b)
Y =R —(Qi)". (B51¢)
vy =—(Q3)"- (B.51d)

We can choose Q1; and Q/, arbitrarily; then the remaining unknowns P’, R/, Q1,, Q5 are uniquely
determined. O

We shall actually prove the following generalization of Lemma B.19:
Lemma B.19'. Let X be a (real or complex) m x n matrix (m < n) of rank m that is sufficiently close to the
matrix Imy, and let Y be a (real or complex) n x n symmetric matrix that is sufficiently close to the identity
matrix I,. Then there exist matrices P € GL(m) and Q € GL(n) such that X = PI;;nQ and Y = QTQ.

When Y = I, this reduces to Lemma B.19.

ProofofLemma B.19'. Lmeanzmg X= PIan andY=0TQ ina nelghborhood of (Xop, Yo, Po, Qo) =
(Tmns Ins Im, In) by writing X = Imn + X’ and so forth, we obtain X' = P'Iymn + ImnQ’ and Y/ = Q' +

(Q")". In terms of the block decompositions Ipn = (I, Omx n—m)), X' = (X', XD, Y = ((:;)T :Z) with
Y}, and Y/, symmetric, and Q' = (Zii giz) we have
X;=P +Qi, (B.52a)
X5 = Q1. (B.52b)
Vii=Qi +(Qh)" (B.52c)
Vi =Qh +(Q3) (B.52d)
Yi, = Qfp+(Q5)" (B.52e)

We can choose arbitrarily the antisymmetric parts of Qi; and QJ, (e.g. by taking Qi, and Q},
lower-triangular, or alternatively by taking Q{, and Q/, symmetric); then the remaining unknowns
are uniquely determined. O
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Similarly, let us prove the following generalization of Lemma B.20:

Lemma B.20'. Let X be a (real or complex) 2m x 2n matrix (m < n) of rank 2m that is sufficiently close to the
matrix Iym 2n, and let Y be a (real or complex) 2n x 2n antisymmetric matrix that is sufficiently close to ]p.
Then there exist matrices P € GL(2m) and Q € GL(2n) such that X = PiZm,Zn QandY=0T7JQ.

When Y = J,, this reduces to Lemma B.20.
Proof of Lemma B.20’. Linearizing X = Pme,ZHQ and Y =QTJQ in a neighborhood of (Xg, Yo, Po,

Qo) = (Tam,2n, Jan, Iom, Ion) by writing X = Tomon + X, Y =Jon + Y, P=Iam+ P and Q = Ipy —
J2nQ’, we obtain X’ = P'Iym an — IomanJ20Q’ and Y = Q' — (Q")". In terms of the block decompo-

sitions Tmn = (Im. Omxnem)), X' = (X]. X5), Y/ = (—(};iilz)T ZZ) with Y7, and Y/, antisymmetric, and
Q'= (g; Ziz) we have
Xy =P — JamQiy, (B.53a)
Xy =—Jam Q1. (B.53b)
Yi;=Q — (Q{1)T, (B.53c)
Y= Q% — (Q5). (B.53d)
Vi, = Q5 — (Qh)". (B.53e)

We can choose arbitrarily the symmetric parts of Q{; and Q/,; then the remaining unknowns are
uniquely determined. O

In preparation for the proof of Lemma B.21, it is convenient to introduce some simple notation for
decomposing rectangular matrices. Given an m x n matrix Y, we define the strictly lower-triangular
m x m matrix £(Y) by taking the strictly lower-triangular part of Y and either deleting the last n —m
columns (if m < n) or appending m —n columns of zeros (if m > n). Likewise, we define the upper-
triangular n x n matrix U(Y) by taking the upper-triangular part of Y and either deleting the last
m —n rows (if m > n) or appending n — m rows of zeros (if m < n). It follows immediately from these
definitions that

Y = L) mn + Innld (Y). (B.54)

Proof of Lemma B.21. Linearizing X, = Pafnana " P;L in a neighborhood of X, = inana 4 and Py =

In, by writing X = Ingng., + X[, and Py = In, + Pl,, we obtain X/, = Pl Inony.; — Ingne.s Pl 1
Let us decompose each P, as a sum of its strictly lower-triangular part L, and its upper-triangular
part U,. We therefore need to solve the equations

X& = (La + Ua)inana+1 - inana+] (Lol+1 + Utx+1)s (B-55)

where Xi, ..., X, are considered as parameters and L1,...,L¢y1,Uq,...,Ussq are considered as un-
knowns. But let us prove a bit more, namely that the matrices U; and Lyy; can be considered as
parameters (i.e. can be chosen arbitrarily). Note first that the system (B.55) can be solved by

Lo = L£(X}, — Ualngngsr + Ingngsr Lat1) (B.56a)
Ua+1 = u(x(/)[ - Uainana_,_] + inanaﬂ La+1) (B-56b)
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in the sense that any solution of (B.56) provides a solution of (B.55). Eqs. (B.56) appear at first glance
to be entangled, i.e. L, depends on U, and vice versa. But this is only an appearance, because the
operators £ and U “see”, respectively, only the strictly-lower-triangular and upper-triangular parts of
the matrix on which they act. Therefore, the system (B.56) can be rewritten as

Lo = L(X}y + Ingngss La+1), (B.57a)
Ug+1 =L{(X& - Uotinanaﬂ)- (B.57b)
But these latter equations can manifestly be solved sequentially for L, ..., L1 (given Ly4+1) and for

U, ..., Upt1 (given Uq). O

Remark. It is instructive to count parameters and variables in Lemma B.21. The parameters are

X1,..., X¢, and their number is N, = Zf;:1 NgNg+1. (The matrices U1 and Ly1, which can be chosen
arbitrarily, do not count as extra parameters because they merely redefine the matrices X; and Xy,
respectively.) The variables are L1, ...,L; and Up, ..., Us4+1, and their number is
nng —1) Ney1 (g1 +1)
NVZf—i—n%—i----—i-n%—i—%. (B.58)
Therefore
(g — Ngs1) (g —n 1)
— Ng+1 —Ng41 —
NV—N,,:; == 2"‘ = >0. (B.59)

The Ny — N extra variables were fixed by our choice of the operators £ and I{: we decided to append
m —n columns of zeros to £ when m > n, and n —m rows of zeros to ¢/ when m < n, but we could
equally well have inserted an arbitrary strictly-lower-triangular matrix of size m —n into £ and an
arbitrary upper-triangular matrix of size n — m into ¢. This gives (m —n)(m —n — 1)/2 additional
variables in both cases, which precisely accounts for Ny — Nj.

B.4. Dilation-translation formula

In Sections 6.1 and 6.2 we will need the following well-known generalization of the translation
formula (5.1):

Lemma B.22 (Dilation-translation formula). Let P(z) be a polynomial in a single indeterminate z, with coef-
ficients in a commutative ring R containing the rationals, and let a and b be indeterminates. Then

p(a~|—bz)az P(z)y=P|e’z+ p a (B.60)

as an identity in the ring R[z, a][[b]] of formal power series in b whose coefficients are polynomials in z and a.
[Here the exponential is defined by its Taylor series, as are e® and (e? — 1)/b.]

In particular, this identity can be evaluated at any nilpotent element b € R, as both sides then reduce to
finite sums.

Remark. If b is nilpotent of order 2 (i.e. b> = 0), then the formula simplifies further to

exp((a + bz)aa—z>P(z) = P((l +b)z+ (1 + g>a>. (B.61)
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In our applications in Sections 6.1 and 6.2 we will have b?> =0 and also ba = 0, in which case the
identity holds even when the ring R does not contain the rationals.

Proof of Lemma B.22. When a = 0, the formula (B.60) states the well-known fact that the opera-
tor zd/dz generates dilations; it is easily checked by applying both sides to z". The general case is
handled by the change of variables w =z+a/b. O

Remark. The formula (B.60) is a special case of a more general formula for operators of the form
expltg(z)d/az]:

] N
exp <tg(z) £> P(z) = P(z(t; 2)) (B.62)

where Z(t; z) is the solution of the differential equation dz(t; z)/dt = g(z(t; z)) with initial condition
Z(0;2) =z.
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