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ABSTRACT

I undertake a sfudy of the Beéicovitch—Ha.usdorff diménsion of the residual set of
arbitrary packings of convex bodies in R".

In my second chapter, I consider packings of convex bodies of bounded radius
of curvature and of fixed orientation into the unit plane square. I show that the
Besicovitch-Hausdorff dimension, s, of the residual set of an arbitrary packing

satisfies

s>1+
log rg

where ry is the bound for the radius of curvature.

In chapter 3, I construct a packing which demonstrates that this bound is of
the correct order.

I generalise the 2-dimensional result to higher dimensions in chapter 4. I use
a slicing arguement to prove this.

In the final chapter, I tackle the disk packing problem. Using Dirichlet cells, I



Abstract

improve the bound obtained in [1] to 1.033.
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1. INTRODUCTION

In this thesis I study the Besicovitch-Hausdorff dimension of the residual set of
packings of convex bodies in R*. When studying packings of R™ we restrict our
attention to the unit n-cube in R"; it is clear that doing so is not detremental to
the generality of the problem.

Let

L= {z. € R™ [lzfloo < %}

where |||l = maxi<k<n [Tk, for £ = (21,...,25).
A packing of I, is the union of disjoint open bodies, 8;, for ¢ € Z, some index

set, such that

UO,- C I,.

€T

For a given packing of I,,, we define the residual set

R=1)\{J#.

1€l



1. Introduction

In this thesis I consider arbitrary packings of I, by reduced copies of some
general convex body . We assume that the orientation of ihe reduced copies
are fixed. The results in this thesis give bounds on the Besicovitch-Hausdorff

dimension of R, for an arbitrary packing {6;}:cz, dependent on the convex body

0.

1.1. B‘esicovitch—H ausdorff dimension

In this section we give the definition of the Besicovitch-Hausdorff dimension of a
set E C R"™. Firstly we define the s—dimensional Besicovitch-Hausdorff measure

of E. Let 0 < s < 0o and é > 0, then we define

$(E) = inf {3"; diam (b;)*: b; are balls in R™ such that

E C U;bi, and diam (b;) < 6} .

It is easy to see that Hi(E) is non-increasing, as a function of 6 decreasing. Thus
the limit

H'(E) = limH3(E)



1. Introduction

exists. This limit is the s-dimensional Besicovitch-Hausdorff measure of the set

E. We can now define the Besicovitch-Hausdorff dimension of the set E.

Definition 1. The Besicovitch-Hausdorff dimension of a set E C R" is

dimE = sup{s:H’(E) > 0} = sup{s: H*(E) = o0}

= inf{t: H'(E) < oo} = inf{t: H'(E) = 0}.

1.2. Results

A considerable amount of work has been undertaken concerning packings of open
discs in the plane. In {1] D.G. Larman showed that a lower bound for the
Besicovitch-Hausdorff dimension of the residual set of arbitrary packing of disks
in the plane is 1.03. Previously, in [5], K. Hirst had considered the Apollonian
packing of circles using different methods. P. Gruber, in [3], considered packings
of general convex bodies, and dealt with packings where variation of orientation
was permitted.

In chapter 2 we consider packings of convex bodies of bounded radius of cur-
vature, and of fixed orientation. The methods we use are based on those of D.G.

Larman in [1] for the disc packing problem.



1. Introduction

00
=1

We pack a collection of open, strictly convex bodies {6;}:-, of bounded radius
of cﬁrva.ture rg and of fixed orientation into the unit plane square I,. Then the
residual set R = I,\ {6;}2, is compact and has Besicovitch-Hausdorff dimension
at least 1. We show that for packings of this type that the Besicovitch-Hausdorff

dimension s5(rg) of the residual set R is at least

1 + €(ro) Wheree(rg)=0( ! ) (1.1)

logrg

0< C(T‘g) <1,

and where ry is a bound for the radius of curvature of the convex body 6. In
chapter 3, we continue our study of 2-dimensional packings of convex bodies and
proceed to construct, for @ sufficiently large, a packing for which the Besicovitch-

Hausdorff dimension of the residual set is of the same order as our lower bound,

1

1+ ,
log Tg

thereby demonstrating that the bound we obtain in chapter 2 is of the correct
order.

In chaper 4, we consider packings in higher dimensions, where 8 is an n-
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dimensional convex body with radius of curvature bounded above by r;. We
extend the 2-dimensional result, using an inductive slicing arguement, to show that
in higher dimensions the Besicovitch-Hausdorff dimension sn(rg) of the residual

set R is at least

3n(re) = Sn-1(re) + 1. (1.2)

Here s,(rg) is defined by

3n(re) = inf{ s:s1is the dimension of the residual set

of the packing (0,,)%_; in I,.}

where the infimum is taken over all packings of convex n-bodies with radius of

curvature bounded by ry. This will lead to the result

sn(re) 2 (n —1) + €(ry) (1.3)

where, by combining (1.1) and (1.2)

e(ra)=0( ! ) , (1.4)

logrg

10



1. Introduction

In chapter 5 we turn our attention to arbitrary packings of disks {6, },._, into
the plane square I. A lower bound for the Besicovitch-Hausdorff dimension of
the residual set R is greater tﬁan 1.03. This was shown by D.G.Larman in [1].
We improve this bound by developing the methods used to attempt to obtain the

best possible result in 2-dimensions. We do this using Dirichlet cell methods.

11



2. CONVEX BODIES OF BOUNDED RADIUS OF

CURVATURE

Theorem 1. Suppose that {6,}.. ; forms a packing within the unit plane square
I, of strictly convex bodies whose radius of curvature is bounded above by ry.

Then the residual set R = I\, 0. has Besicovitch - Hausdorff dimension s

n=1

where

1

log e

s>14¢€ where € ~

Proof. We may suppose without loss of generality that the 6,, are open sets, and
that diam (0,4+1) < diam (6,) for n = 1,2,.... This gives us an order to our

packing. The largest copy being ¢,, and the 6;’s decreasing in size as ¢ increases._

12



2. Convex Bodies

Let s =1 + ¢ where 0 < € < 1, and define the n'® stage residual set,

R. =L\ | 6n
m=1

and the residual set, R, for the packing, by

R=()Ru=1L\ U bm.

n=1 m=1

Since R is compact we need only consider coverings of R by finite collections of
open squares {C;}]_, when determining whether the (1+¢)-dimensional Hausdorff
measure of R is positive.

Let {C;}_, be a cover of R by a finite number of open squares. We may
suppose that all of the C;’s are necessary, i.e. none of them are contained within
any bf the 6,, n = 1,2,..., nor contained in each other. Let the diameter of C;
be v2A;, for j =1,2,...,p.

Each R, is compact, and Rn4; C R, for each n and hence {R,}>-, is a nested
sequence of non-empty compact sets. This implies there exists some m € N such

that

13



2. Convex Bodies

and from this point on we shall fix such a sufficiently large m.

We shall find a condition on € such that under this condition }; A}*" cannot
be close to zero which will in turn imply dim(R) > 1+ e=s

Now suppose that the z-axis is the horizontal axis, and the y-axis is the vertical
axis. Let 0 < z <1, and let I, denote the vertical line through the point (z,0),
ie. L{(X,Y), X =z}.

Let I'(z,j) be the open interval equal to I N C;, and let [ ;) represent its
length. Then, either we have

| R
l(x,j) = —ﬁDlam(Cj) = Aj

or

l(l‘,j) - 0.

Let us define a function f(z) to be

p
f(x) = Z lf:c,j)'
i=1

14



2. Convex Bodies

g \J

NOY
(

?gbj/é)\ =

Figure 2.1: If z = z; then Iz ;) = 0. If z = z, then [, ;) = A;.

Integrating from 0 to 1 gives,

/01 f(z) dz = /01 é‘fz.j)dx = EP:A}’“‘ (2.1).

j=1

In time we will define another function g, such that f} f(z)dz > [y gm(z)dz and
then proceed to show f; go(z)dz > 0 and deduce our result.

So let us consider U%_, C;, then I, intersects it in a collection of non overlapping

15



2. Convex Bodies

. —
O I }
<::::::::)(:::> <:::> S— Y j/
57
S QO\: e 4 oo
-7 o] { \?11““\31
b " )
‘ \C:L lf%;jz)f ®)
=i
== ter
™ (@)
< )Q/> o

Iz

Figure 2.2: For example ji, ., = Ul l(z,5)-

open intervals {j{x,r)}u_l of lengths {j(x,,)}v__l.

Now each of these intervals can be expressed’as the union of {l' x’ji)}zirl) chosen
» y ;

from {lfw‘)}j=1’ 80 J(z,r) = Yizil(z,j)-

Now jiz,r) < 2 l(z,5), and since 0 < e < 1,

v(r) _
jfx”') < ;lfl‘di) r=1,...,v

16



2. Convex Bodies

Summing over r gives,

v p v(r) P
lefz.r) < 21 z; lzi) < Z; lz.i)- (2.2)
T= r=1 1= J=

Let us define our function g,,(z), by

gm(z) = Zj(;,r)'

r=1

So, if we integrate g,,(z) from 0 to 1 and use (2.1), we then have

1 )
/gm(x) dz = /Zj(cz,r) dz
0 0 =1
1 P
< / 2 ey d=
0 j=1

P
= YAl (2.3)
Jj=1

If we show for any cover {Ci};_,, that

1
/ gm(z) dz > 1,
0

then the residual set R will have Besicovitch-Hausdorff dimension of at least 1 +e.

17



2. Convex Bodies

Figure 2.3: I, intersects {Ji_; C; UU{L;,, 0k in a collection of disjoint inter-
vals.

Let ¢ be some integer, 0 <: < m — 1 and consider

P m
U Cj U U 0.
=1

k=i+1

Then [, intersects this union in a collection of disjoint intervals { Iz i)}u(t’:) of
L r=

lengths { j(zyr,;)}::m) respectively.

18



2. Convex Bodies

Define

v(i,x)

g,(.’L‘) = Z j{z,r;,i)
r=1

If zisoneof 1,...,m, then
1 1 L
[ s@de= [ ga(@)do+ [ (9:2) — gima(a)) deo (2:4)
0 0 0 |
We shall show that for any :
1
_/0 (9i(z) — gi-1(z))dz > 0
and since we clearly have f! go(z)dz = 1 the result follows, since this implies
[ 9@z > [ go(a)iz =1
| gm(2)dz 2 | go(z)dz = 1.

For 0 < z <1, I, meets §; in an interval, possibly empty, of length « say.

Let l{wi) be the interval I. N 6;, and [, 4,) be it’s length. Then either

lizg) = a, if I, meets 6;,

or

19



2. Convex Bodies

L1 7

7

0
N
)
| O\
/

A1

2 ~

O
D ¥ ‘
S
1

0;

7
)

2N L\

q

7
)

1
N

N
[
50—0

Figure 2.4:

lz) =0 otherwise.

Now gi(z) = gi—1(z) for those z such that I, does not meet §;. As there are no

extra intervals to consider, so we need only worfy about those = where [, meets
P m

0;. The segment of I, which lies in §; meets U C; U U 0, in a collection of

=1 k=i+1
non-overlapping intervals {r}}%=} of lengths {r;}¥=;, whose closures do not meet

20



2. Convex Bodies

\/ \ /‘:{ 3 !?T' /

Figure 2.5:

the boundary of 6;, and two intervals r; and r,, , (r below ry) , whose closures

meet 0;, in fact they may coincide.
P m
The line I, also meets | JC; U |J 6k in two intervals 4,7, of lengths
j=1 =141
To,Tws1 , immediately above and below §; respectively.

21



2. Convex Bodies
Let us define a function T'(z) such that |
1 if r{ and r], do not coincide
T(z) =
0 otherwise

Then the difference is

gi(z) — gisa(z) =T(z)[(ro + ro)+ry+---

+ 1+ (rw +rws) — (ro+ @+ ruta)].(2.5)

Suppose that 0 < g <rg and 0 < A < ryys.

Let

hi(x’ £, ’\) = T(.’L‘)[(ﬂ + Tl)e + ’I‘; +- r:u—l + (T‘w + )‘)e

— (p+a+X)].  (26)

Then gi(z) — gi—1(z) = hi(z,r0,7w+1). We show that g;(z) — gi—1(z) > 0 by
first differentiating hi(z, 70, 7w+1) > hi(z,0,0) and then that h;(z,0,0) > 0.

Then, since both ry,r, < a we have,

22



2. Convex Bodies

Figure 2.6:

d d
—h.: > —h: > N
dﬂh,(z,u,/\) >0 and d)‘h,(x,u,)\) >0 (2.7)

Let the following intervals be labelled in the following way,

ro=AB, r,,=CD ,rqUr; = ABE, r,Ur,,, =CDF.

23



2. Convex Bodies

Then, if Gy, H, are points of A; B, C1Dy respectiv.ely , we may define, for all z
such that [, meets 6;, g/(z) to be the same as g;() except that Ay B, E;, CiDF;
are replaced by G1B1E,, F,C1Hy, and ¢!_,(z) defined as g;_1(z) with A;D;
replaced with Gy1H;. Let gi(z) = gi(z), and ¢/_;(z) = gi—1(z) for all other z.

Then we have for all z, u‘sing (2.4), (2.6) and (2.7), that

_Ll gi(z)dz = /Olgm(x) dz +/: (g:(z) — gi—1(z)) dz
/01 gi-1(z)dz +/01 (g;(x) —95_1(70)) dz (2.8) |

Y

We use this to simplify our problem.

We examine 6,, , and find a polygon P, which encloses it.

oo

Lemma 1. Let {U Gn} form an ordered packing of the unit plane square I,.
n=1

Then there exists a convex polygon P,, which encloses 8,, and whose interior does

not intersect §; for i < m; P, having no more than 15 sides.

Proof. Consider 0,, and those 8;, 1 €1 < m, surrounding it.
Let ¥, be the maximal ellipsoid which is contained within 6,,, and ¥, be the
minimal ellipsoid which contains 6,,. Then ¥; has no less than twice the area of

W,. This is easily shown to be true for the worst case an equilateral triangle and

24



2. Convex Bodies

a circle, all other cases for triangles can be reduced via an affine transfofmation
of the equilateral case.

The number of sides of our polygon P,, will depend on all those §;, 1 <i < m
within some neighbourhood of §,,. Let U3 be the ellipse with the same centre as
¥, but with radius three times as large. We look at the largest (m — 1) copies
of 6 which intersect the ellipse ¥3. Since we only need an upper bound for the
number of sides of P, we may replace those §;, 1 < ¢ < m by the ellipse ¥; within
;. Taking the Dirichlet cell of {6; : ¢ < m} produces a polygon P!, which has at

most 15 sides.

AreaVU; — Area ¥, _ 167ab — wab _

) ,
The number of sides of P,, = Area ¥, = —

15.

The polygon P!, can be defined as the intersection of some finite number of half- -

planes, H;. Let H(y,a) = {z € R? :< z,u >< a}. Then
r r
P, =\ Hi=)H(u,d), I' <15,
=1 =1

where u; is the normal to the half-planes H; chosen to pass through the centre of

¥,. We translate each half-plane in turn along their normal until they become

25



2. Convex Bodies

|

2

Figure 2.7:

supporting half-spaces of 6,,; that is until the boundary of the half-plane touches
the boundary of 8,,. This produces a new polygon P,, which contains 6,,.
Then P,, may have fewer sides than P! , since some may be lost during the

process of translating the half-planes. So

I I

P =) Hi=)H(w, ), I<15

=1 =1 ’ O

26



2. Convex Bodies

Y G2

N

le Figure 2.8:

If z is in the interval {0,1] , and [, meets 0,, then [, meets P,,\6,, in two
intervals G, B, of length I and C;H, of length ;. By construction of P,, these
two intervals do not meet {6;}77".

Let G = G, and H = H, then we may define ¢/'(z) , ¢/ ,(z), as gi(z), ¢!_,(z),

27



2. Convex Bodies

respectively with these choices of G and H, and deduce from (2.8) that

/(;1 gi(z)dz > ./01 gi-1(z)dz + A‘l (gél("’“') - g:'_l(:v)) dz. (2.9)

If we show that,

[ (6/2) - sta(@)) do >0, (2.10)

then we are done. So in view of (2.5) we have to show that,
1 1 1
/(l;)‘ dz S/ I da:+/ lde, I =0LNP, (2.11)
0 0 0

The question remains, how do we know there exists such an epsilon?

Lemma 2. Suppose 0,, is our convex body and is contained within some polygon,

Qm say, then there exists s = (1 + €) where 0 < € < 1 such that

1 1 - 1
! € < € € / — .
fo (L) do < /0 [ dz + /0 lde, I =1,NP,

Proof. Suppose that (2.11) is false, then in particular there exists an at most 15

28



2. Convex Bodies

sided polygon @,, containing 6,, such that,
1 1 1 1 1 31
/ (I)m dz S/ I d:z:+/ I dz.
0 0 0

This would be true for every m, so letting m — oo we produce a contradiction,
i.e 1 > 2. Therefore there exists some 5.0

Let us now cover 6,, by the intersection of at most 15 discs, whose radii are
bounded by kre , where k is the reduction factor from 6 to 6,,. We will now

calculate explicitly a value of € for which

/ol(l;)fdngoll; d:c+/:l§ dz,

which means removing 8,,, decreases the integral in (2.8).

At least one of the edges of P,, will be an interval, [a, 8], of length greater than
"T'g?-. Let [a,b] be the projection of this interval onto the z-axis. We concentrate
on one of these intervals, as they will contribute most to the integral of g;(z). We
integrate along this interval [a, b], doubling up the contribution from the shallowest
arc, and ignoring the other side. Without loss of generality we may assume it is

the top arc; the radius of curvature in this interval is kry , and the centre of this

29



2. Convex Bodies

Ii‘rg

e an mm

Figure 2.9:

arc is the origin.

To prove our hypothesis we must show

[ W<z | "I da.

30



2. Convex Bodies

Then,

b —kr sina+k—'59-cosa 1\ ¢
2/ lide = 2[ ? ' (krg - (k2r92 - w2)2> sec* adz  (2.12)

—krgsino
-5

= 2/ (krg)'* cos (1 — cos ¢)° sect a do (2.13)

1 -6 ¢

= (2krg)'*e secea/ sin®¢ 5 cos ¢ dé (2.14)
—krg sin a+%ﬁ cos o

> € .

> /_kmm ke dg (2.15)
-6

= / k*€rg cos ¢ dg. (2.16)

So,
/ (2”“ sect arg® sin®* 3] 1}cospdp >0

cancelling the other terms. Now we split up our range of integration into the

intervals [—a, —f3],[—8, —7],[—7, —§] so that

sin%¢ (—— —g) > 27 (rpseca)”® (2.17)
. 1
rgsin(—6) > 0 (2.18)

31



2. Convex Bodies

We then have,

"y ] ¢
/; (21+‘rg‘secc(a)s1n2‘ (§> - 1) cos ¢ do

v

~

211y sect(a) sin -1

cos ¢ do

/__j (2”51"‘9c sec*(a) sin* - 1) cos ¢ d¢
L )

)
NS N6 Ne

+

-6
(2“" re° sec(a) sin®
Y

- 1) cos ¢ do

(2.19)

The first integral will provide a negative contribution, the second will be small
and positive but insufficient to compensate for the first. The third integral is also

positive and sufficiently large to compensate. Therefore

-5 ) é
/_ (2”‘1‘9‘ sec®(a) sin® (5) — 1) cos ¢ d¢

> _ cos ¢ do + - 21t¢rp¢ sec’(a) sin* 2 _ 1) cos ¢ d¢
2

- —y

32



2. Convex Bodies

We choose —« so that

2ter,f sect(a) sin2 (g—) -1~

N | =

We take

so we have

-5
/ (2”‘7'9‘ sect a sin?* (g) - 1) cos ¢ d¢

I\

-8 —§
/ —cos ¢ dop + (2”’6 sect arg® sin®* (%) — 1) cos ¢ do

et}

> sh(—a)—sh(—ﬂ}+%/?ﬁam¢d¢

v

0

We now take sin @ = 0, the worst possible case. Therefore we have,

igm—a > sin(—p) (2.20)
sin®¢ (—g) > 27 (rgseca)”® (2.21)
82 sin? (—§) > 27'7(rpseca)”” (2.22)

33



2. Convex Bodies

Using (2.18) -

(1207'9)—26 > 271" (rgseca)”"

Taking logarithms,
2elog(120r9) < (1 + €) log 2 + elog(rg seca)

Rearranging this gives,

log 2
€ < .
~ logry + 2log 120 — log sec

log 2

Therefore, provided € < ToersToTog: 70 Togeeca

jol(z;)‘ da:z/ollj dm+/011; dz.

That is

[ (64(2) = da(2)) de 2 0

which implies,

/1 (z) d >/1. (z) dz > >/1 (z)dz =1
ngx T 2 091—137 T 2.0y 2 090 -

34



2-dimensional Packing Construction

and hence,

p 1
Yo A >/ gn(z) dz > 1

=1 0

as required. a

35



3. CONSTRUCTION OF A 2-DIMESNIONAL

PACKING

Let I, be the unit plane square whose vertices are at [ + 1,4 1]. Then our

convex body @ is the intersection of four discs of radius ry (00 > rg > 1) of

centres [0, £(rg — 3)], [£(rs — 3),0].

By construction, at all but four points of the boundary, § has radius of cur-
vature bounded by ry. The construction of § can be considered to be the act of
slicing off the sides of I; using shallow arcs. This idea of transforming a square

into a copy of 8 will be used later.
Let ;I" be the boundary arcs of 8, £k =1, ..., 8.

Let p = (z,y) be the intersection of the two arcs {I" and I as indicated. This
is where both ;I' and oI’ meet the line z = y. We find p = (z,y), enabling us to

evaluate the horizontal distance & from 6 to I, in fact Z = % —z.

36



2-dimensional Packing Construction

Figure 3.1:

The equation of the top arc I is

37



2-dimensional Packing Construction
2¢2 4+ 2 r—--l- T+ r——1—2—r2—0
65 65 g = U.

Solutions are of the form

s = i[—2(r9—-;—):l:44<r9—%) -—S((rg—-;-)z—rg)]

I

|
B[ =
e
=3
L)

I
N =
~—
H-

| =

N

=

DD

|
N

=3
s+

|
N —
N—

[ %

m—l r9+l 7‘2+7‘—l
Tog 2 Tyt
;o= 1 z = 1+r—9—l rg+r 1
T3 IR T AU
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2-dimensional Packing Construction

For simplicity we use an approximation to z.

T =
(EREeE=r
2 )
) 1((1-7'9) -—r3+r9—%)
2 (E—Tg)— r§+rg—l
_ 1 27'9—%
2\/7‘3'}'7‘0—;4'7'9"%
_ L k7
2
it h oyt
_ k7
1 1 1
1+;——Q+ ~ 3
1 1
~ -1l —-—
2( 49"9)
1
So, 2 ~ —.
*F 87‘9
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2-dimensional Packing Construction

3.1. The Packing and its Notation

At each stage we pack countably many reduced copies of 6 into I3, building up
the packing progressively. Let R, be the nt® stage residual set. A cover of R, is

given at every stage.

The packing is built up by repeatedly applying a transformation 7' to I, this

transformation acts upon all squares at this stage in the following way:-

Let S be one such square, and let X and Y be previous labels. Let A

denote J= diam ( S ); in fact AF is the side length of the square Sff.

T replaces S{f by a reduced copy 8 by a factor Af and countably many smaller
squares, which together cover S apart from a set of small measure. ( Along the

arcs of the newly created € labeled 9{5 , kI‘{f )
T covers S§f\0f with squares by splitting it up into twelve regions.

Four corner squares of side %—?— = A})fo", k = 1,...,4 labeled Sff)".This leaves

eight similar regions ,Qf k = 1,...,8. These are approximately triangular; their

perpendicular sides are of lengths —?—:Y:-, 3)15_(1 - Z%E) and their other sides are the

arcs ;Iff.

Let A}"ff = %diam S{’,f°. The A,)f'." are found by solving L,)f'," and xI'¥ to find
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v
N\
N
N
N

their points of intersection.

Lo

Y;

Since we sum over subscripts and not superscripts we write this as

Ly,

Figure 3.2:

i-1
§i=%— Y A7,

=0

Il

i—1
§i =3 — Y Ay,.
i=0
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s
’, ’
’ 4
. .
s .
v -
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.
v 14
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. , . ’
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’ .
. 4 4
s 4 ‘
. 4 ‘
s, ’ .
s 4 ’
’ s s
. .

Figure 3.3:

Xk — AXo —
Let AYOK = AK’O = AYo‘
So at the nth stage when we pack sideways we increase the length of the n't
subscript.

Find Ay, ; by solving for j = 1:-

Ln,l : gtyl = i’vl - 6Yi’
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2-dimensional Packing Construction

for j >1

with equation of the relevant arc, in this case

- . 1
B (§+ (o — )= 1}

Let

by, = Ay, — Ay,

t

So by construction

> Ay, = Ay,
j=1
and further
22 Ay, =
=0 j=1 ! 2

This leaves us with countably many approximately triangular sections {I}),f“ }::
For simplicity again knowing we arein  f we can drop the superscript. The

perpendicular sides of the {Ifff"}:l are of lengths éy, = Ay,_, — Ay,, and Ay, for

i=1,2,...
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2-dimensional Packing Construction
(650 = A — AJ).
We then pack the Iy, similarly for each z. From now on we drop all the superscripts
since they are all Xj.

Our left over regions are the {Iy; };2, which are approximately triangular sec-
tions with perpendicular sides éy,; = Ay, , — Ay, and Ay, ; for J=L12..
Note when j = 1, dy;; = éy; — Ay;, so we let Ay,, = by, for simplicity. So we
repeat the layering process, packing the largest possible square into the corner,
then the next largest possible underneath it, and so on, labeling as we pack.

— Ay, s the i, > 0 with Ay, ;o = by

tpey

So the approximately triangular region Iy,

..... in

and Ay, ... The Ay, . = Z=diam (CY"J,...,.',.“) which are found by solving,

for t,41 =1
LYil,...,in,l : Yiryeind = Tig,eyin,1 — 5)’.1 ,,,,, in?
for in+1 >1
thi1-1
L'}"—] ,...,in,in+1 : yily--"inqin-}l = xilv--;in'in{-l - 61‘1,...,1-" - Z A),il,...,in,k’
k=1
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2-dimensional Packing Construction

with equation of the relevant arc, in this case

. . 1
B4 5+ (o — 5)P= 1

So by construction we have,

f: A A
. Yijosing 9
tngi=1

We sum over all subscripts along one side of our initial square S7. Let I be this

indexing set, then this gives,

1

We have given I, the initial label S?, then at each stage we apply T' to all
squares created at the previous stage.

Given any 6 it is possible to identify where it entered the packing by the
depth of the subscript Y.

Define the depth of Y, denoted by dep(Y'), to be n if the subscript Y is of the
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2-dimensional Packing Construction

form,

Y= [Ll][la].

) {Ln]

Where each [L;] is a string of integers of countable length. If the subscript Y has
depth n then 6f entered the packing at the n'® stage. So at first we apply the
transformation T to I3, which have labeled S?, this produces a éingle copy of 8
labeled 69, and countably many squares. On the next application of T all those

newly created squares have their sides sliced off, and become
0% fork=1,...,4

and

k {91.'1 }:___1 k {{01"1"2 }:;1 }:=1
{{onn )

i3=1

For each of these @ there are also countably many squares.

3.2. The Cover

Our cover for the nt® stage residual set R, consists of two subcovers;
(1) Covering the sets of small measure on the arcs of the 65
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2-dimensional Packing Construction

for which dep (Y) < n,
(2) Covering the part of the residual set which is the countable union

of sets of the form (S’% \6f ) for dep (Y) = n.

3.2.1. The cover of type (1).

For each 7 in turn we cover the arcs of those 6§ with dep(Y) = ¢, by choosing
sets of squares W = {,wi};2, so that,

( \/i) 14¢

:\__I:diam (kw?) e < on

k=1

This is possible since we can choose our squares arbitrarily small and by construc-
tion our #’s will go under the cover.
For each 6§ with dep (Y') < ¢ we cover its arcs ;I'f for k =1,...,8 by sets of

mx
the form WX = {kw}"f }k—y1 such that for each 65

m¥X . AX Lte
édiam (kwl)f)H < _(_\/__2_2:)_

47



2-dimensional Packing Construction

Summing over all 8% with dep (y) = i we have,

2D 3 Y5 AP s D o G2

Y:dep(Y)=1 Y:dep(Y)=t

oI 5 e 2

Y:dep(Y)<n-1

14¢
. (2
T

We obtain this for each: = 1,...,n — 1, and so,

ZZa---,ZXk:(diam ()™ < (v2) 21("_1) <1.

Y:dep(Y)<n—-1

3.2.2. The cover of type (2).

We are concerned with those 6§ which have most recently entered the packing,
so those 8F with dep(Y) = n. We cover each section of R, of the form Sif \#F

: X
using four strips of 8ry squares of diameter M;ATYZ. We call these sets the VX.

32rg

The set V¥ covers SF\05f (dep (Y) = n), and is of the form V¥ = { g } We

=1

choose € so that,
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2-dimensional Packing Construction

> (diam ()" < (VEAY)™
1=1
39rs (gr__}),:)lk < (A?:)H-E
4
(8rg)* s 1
2log 2
€= 3log2 +logry

And hence,

ZZ,...,Z;Z:;(diam(jv{f))He T3 Y (VEag)

Y:dep(Y)=n Y:dep (Y)=n

IA

< (va)'™
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2-dimensional Packing Construction
3.2.3. Justification for the use of this cover.

For each piece of the residual set of the form Sff \#§ we choose a cover { ;i }J_ to
maximise the sum of the diameters of the covering sets to the power 1+ €. Let us
drop the subscripts and superscripts for simplicity.So the {v;},,; cover S\0 and
let diam(S) = v/2A, and diam (v;) = v/2A;. Then we maximise the following

over all covers,

Yo (A< (A

JjeJ

subject to,

2 (8j) = A

j€J
A

A < —

7= 8ry
Bjnn < By

Suppose that {v;}72, cover the residual set S\6 and maximise the sum subject to
the constraints.
We cover the cover using squares of diameter \/55‘%;. This increases the sum,

but we ensure that the sum is < Al*¢. Eventually we will show that this over
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2-dimensional Packing Construction

estimate is finite, and hence so is our original.
Suppose without loss of generality, that A; < é% and not equal to it. The

consider,

AL+ )™+ (A=) + 3 4;,=3
St

1

We have borrowed from A, to increase A;. Let 332, Aj = 5. Then consider,

-
™
I

(A1 + 8 = Al 4+ (8, — ) — A

= (14+€)(A]— A6+

(1+e€)e(e—1)
6

(1 -;6) € (Ai—l _ A;—l) 52

(A2 —A52) 6 +...>0

Since A; > A,
So we take A; = s%’ and then we can repeat the proéedure borrowing from
the smaller A;’s to increase the early A;’s in the same manner, until we have

squares of diameter % as required.
Now' R, the residual set for our packing is ﬂ R, and so R C R,, for all n.

n=1

Therefore the (1+ €) -dimensional measure of R, denoted by m!*< (R) is less than
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2-dimensional Packing Construction

or equal to the (1 + €)-dimensional measure of the R,, for all n. So,

m!'*¢(R) < m'**R, for all n.

If we show that mt¢R,, is finite for all n then we have shown that so is m!*¢(R),

and we are done. We proceed in the following way. At the nt® stage we have,

forn=1,

327y

m(Ry) < 3 d(p?)+ < v2' T < 4
Jj=1

4{ > fd(,—v?)‘+‘+ Yo Do d(euwy)'te
Y

:dep(Y)=n j=1 Y:dep(Y)=n k

(e (5

4\/§l+€(1+n—1)

211.

10

Therefore the (1 + €)-dimensional measure of R is at most 10 and hence the

Hausdorff dimension of R is at most 1 + ¢, where

2log 2
€ =
3log2 + logrs
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4. HIGHER DIMENSIONAL RESULTS ON THE
BESICOVITCH-HAUSDORFF DIMENSION OF
PACKINGS OF CONVEX BODIES OF BOUNDED

RADIUS OF CURVATURE.

In two dimensions we have shown for packings of this type that the Besicovitch-

Hausdorff dimension s3(rg) of the residual set R is at least

1

1 + €(rg) where €(rg) ~ Togr
0

(4.1)

0<e(rg) <1

We will assume that all convex bodies mentioned within this chapter are of

bounded radius of curvature.
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4. Higher Dimensional Results

We will, using an inductive slicing arguement, show that in higher dimensions the

dimension s,(rg) of the residual set R is at least

Sn(Tg) > Sp-1(re) +1

where s,,(rp) is defined by

sn(rg) = inf{s: s is the Besicovitch-Hausdorff dimension of R}

where the infimum is taken over all packings of bodies with radius of curvature

bounded by ry. This will lead to the result

sn(rg) > (n — 1) + €(rg) (4.2)
where
(re) loglrg (4.3)
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4. Higher Dimensional Results

by combining (4.2) and (4.3). Hence
sn(rg) >n—1 forn=2,3,.... (4.4)

In the proceeding paragraphs we will need the following notation: let C be a set
in R", let C(y) denote the vertical slice of C, y units along the X, axis, i.e. C(y)

is the subset of C' which lies within the hyperplane X, = y.

Theorem 2. Let {0,,}5_; be a solid packing of homothetic copies of the convex
n-body 0 into the unit cube I,; 6 having radius of curvature bounded above by
Tg.

Then with s,(rs) defined as above we have
8n(re) 2 sn-1(re) + 1.

Proof. Let {0,,}2_, be a packing of convex n-bodies, with radius of curvature of
0 bounded above by ry < oo, into the unit n-cube I,.

We may assume without loss of generality that the {6,,} are open since the set

U 6.,

m=1
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4. Higher Dimensional Results

has Besicovitch-Hausdorff dimension n — 1, and we will show
S,>n—1

Then the residual set R is compact and hence it is sufficient to consider finite
coverings of R by open sets.

We proceed by defining a function on the reals. For § > 0, 0 < s < s,_1(rp) we
define

f(z) =m§(R(z)), Vz>0.

This is the s-dimensional é-measure of the slice of R which is contained in the
hyperplane z,, = z.

We integrate this measurable function in the z,, direction to produce the required
result.

We have

£(z) >0 ¥z € [0,1] (4.5)

To show f is measurable we use the sufficient condition that f is a measurable
function if and only if {z : f(z) < ¢} for any real c is a measurable set.

Consider R(z), this is the (n — 1)-dimensional slice of R which is contained in the
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4. Higher Dimensional Results

hyperplane z, = 2. R(z) is compact for all real z, and so given real ), z, we can

find a finite é-cover {E;}7_; of R(z) such that

idia,ms(E.-) <m{R()+A=f(z)+ A (4.6)

=1
diam®*(E;) <4, t=1,..,p

Note that the F; have dimension n — 1.

Let us now define sets E;(pu) for e =1,...,p by
E(p)={zeR":|lz—y|| < p, y € E}.

This can be viewed as giving thickness to the E; which are (n — 1)-dimensional
sets sitting in n dimensions. So the E;(x) have dimension n. They are open sets
and have diameter

diam (E;) < diam (E;) + 2p.

It is easy to see that if we choose u correctly we are able to ensure that:

diam (E;(¢)) < diam (E;) + 2 < 6. (4.7)
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4. Higher Dimensional Results

Let h be a positive real number such that A < p.
We choose & in such a way as to ensure that if for some real number 2z’ € (z —
h,z + h) our cover {E;(g)}.-, is also a cover for R(2’). We find that a sufficient

condition on the size of 4 is

2(h + k%) < p. (4.8)

So let z' € (2 — h,z + h) and let ¢ € R" such that

Suppose & € R(2') and consider (R(z2') + a) N R(z). We have two cases

Case 1

z € R(z') and (R(2') + a) N R(z) # ¢. Then {E;(p)}., is also a cover of R(z')
since h < p.

Case 2

z € R(z') and (R(2') + a) N R(z) = ¢. Then there is a 8, such that z € 0,,(2').

But z + a € 0,,(2) and hence

diam (0,,(2)) — diam (0,.(;')) < \2(h+h2) — k2
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4. Higher Dimensional Results

= (2h+hR?)3.

Let

F 4
d=inf{l|lz+a—yll:y € |J E:}

=1

then

=

d < (2h + k%)% < (2h + 2k%)% < p.

: P

Hence we have that z + a is less than a distance p from the set U E;. So we have
i=1

that {E;}}_, is also a cover for R(2).

Now we ha\'fe
f(z) = m§(R(2))
and
édaamsw,.(ﬂ)) < mi(R(2)) +

diam (Fi(p)) <6 1=1,..,p

with {F;(¢)}=; also a cover for R(2’). So this implies

m3(R(2")) < zp:diams(E,-(y)) < mi(R(z)) + A, Vz' € (z — h,z + h).

=1
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4. Higher Dimensional Results

Writing this with respect to our function f we have
fZ)Y< f(z)+e, VZ€(z—h,z+h). (4.9)
Let ¢ be some positive real number then define the set

Z(c)={z: f(z) < ¢}.

Then it follows from (4.8) that Z(c) is open and hence measurable.

Therefore f is a measurable function. Hence f is Lebesgue integrable and we have

/: f(z)dz > 0.

Now let us consider a finite open é-cover of R by n-cubes {C;}I_,, with edges of
same orientation as the co-ordinate axis.
Then, if we take an n — 1 dimensional slice of R,, at some real number 2 we will,

for some given j, have either

1. A face of Cj, i.e. an (n-1) dimensional cube, of diameter
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, Or
2. No intersection with Cj.

Let us define

o() = " diam*(Cy(2)).

j=1

Then g¢(z) is integrable with f(z) < g(z), Vz € [0,1], and we have
0< /1 f(z)dz < /1 g(2)dz = Xq:diam”s(C“(z))
0 ‘ ~Jo J=1 !
and, since s < s,-1(rg), the result follows. That is
5p(re) = 14 8,-1(79) 0

A corollary to this result is

sn(rg) >n—1

This result follows inductively from our two dimensional result and our theorem.
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5. AN IMPROVED BOUND ON THE
BESICOVITCH-HAUSDORFF DIMENSION OF
THE RESIDUAL SET OF ARBITRARILY PACKED

DISKS IN THE PLANE

In this chapter we turn our attention to arbitrary packings of disks into the unit
plane square, I,. A lower bound for the Besicovitch-Hausdorfl dimension of the
residual set R was shown by D.G. Larman in [1] to be greater than 1.03. We

improve this bound by developing the methods used in chapter 2.

Theorem 3. Suppose that {0, },., forms a packing of disks within the unit plane
square I,. Then the residual set R = I\ U, 0, has Besicovitch - Hausdorff
dimension s and

s> 1.033.
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5. An Improved Bound

Proof. We may suppose without loss of generality that each disk 4, is open, and
that diam (6,41) < diam (6,) for n = 1,2,.... This gives us an order to our
packing. The largest copy being 6;, and the 8;’s decreasing in size as ¢ increases.

We define the nt® stage residual set to be

R,=IL\ | n

m=1

and the residual set for the packing,

R= () B.= D\ Qlam.

1

Since R is compact we need only consider coverings of R by finite collections
of open squares {C;}2, when determining whether the s-dimensional Hausdorff
measure of R is positive. Let the diameter of C; be v/2A;.

Let {C;}_, be a minimal cover of R by oéen squares, so all of the C;’s are
necessary, i.e. none of them are contained within any of the 8,, n =1,2,....

Note that each R,, is compact, and that for each n > 0, R,;; C R,. Hence
{Rn},~, is a nested sequence pf compact sets. This implies there exists some
m € N such that R,, C U._,C;. Let us now fix such a sufficiently large m.

J=1
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5. An Improved Bound

To prove our result we find a condition on s such that under this condition
. A} cannot be close to zero which will in turn imply dim(R) > s.

Suppose that the z-axis is the horizontal axis, and the y-axis is the vertical
axis. Let 0 <z <1, and let I, denote the vertical line through the point (z,0),
therefore [, = {(X,Y) € R?: X =z}.’

Let [{, . be the open interval equal to I; N Cj, and let the length of [, ;) be

l(z'j). Then either

1.
lz.j) = ﬁDlam(Cj) = A

or

Iz, = 0.

We now define a function f(z) by

flz) =Y 10

=1

Then we deduce that,

1 1 P p
[ f@) da= [ Y thdz =Y A (5.1)
0 0 1=1 j=1
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5. An Improved Bound

Figure 5.1:

We will define another function g, such that f} f > f!¢,, and then proceed to
show [} go > 0 and deduce our result.

P
Let us consider | J C;, then I, intersects it in a collection of non overlapping
j=1
open intervals { j(z’r)}:_l of lengths { j(z,,)}v_l. Now each of these intervals can be
u(r)
. v(r) P - _ !
expressed as the union of {l’ o, ji)}i=1 chosen from {lzx‘j)}j=1’ SO J(z,r) = U Uiz

=1
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5. An Improved Bound

. Figure 5.2:
Now we have
_ v(r) P
Ier) S 2 @iy 2l r=1..,0
i=1 3=1

and since0 < s—1<1,
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So summing over r we have,

p v(r)

14
Zl(s;:) < E Zlf;al) < glfx}) (5.2)

1i=1

Let us define our function g,,(z), m fixed

gm(z) = ZJ(N)

r=1

So, from (1) and (2) we have

1 1.V
[ on@)dz = [ 32iict de
0 0 r=1
< lil”‘ d
= Jp &) 4T
J:
P
= ZIA;. (5.3)
J=

If we show that [ gm(z) dz > 1, for any cover {Ci}5_,,then the residual set R
will have Besicovitch-Hausdorff dimension of at least s.

Let ¢ be some integer, 0 < i < m — 1 and consider

m

L"J cu U 6.

k=t+1
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5. An Improved Bound

-

T~ o7 S\
6\_/0 J/ \\(1(14)1 %

.\ {L\ 5 0
>
(

|

jlleNul <50
?/ \? ///C\) bian \/\

4

A

-

o

Figure 5.3:

This is {C;}7_, union those disks larger than 0,41, and smaller than 6;. .

[ intersects this union in a collection of disjoint intervals {jfz’m-)}ug’:) of

lengths { j(z,,,;)}vg’:) respectively.

Define

v(i,x)

gi(z)= Y Ty

r=1
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5. An Improved Bound

So suppose ¢ is one of 1,...,m, then,

/01 gi(z)dz = /01 gi-1(z) dz + /01 (gi(z) — gi=1(2)) dz (5.4)

We shall show that for any

[ (62) ~ gia (@) > 0

which gives,

[)lgm(x)dx > /Olgm_l(ac)d:v > ... 2/01g0(w)dx

and since we clearly have fj go(z)dz = 1 the result follows, since this implies

‘/: gm(z)dz > /: go(z)dz =1

For 0 < z < 1, I, meets 6; in an interval of length 2a say, or does not meet 6;
at all. Let lfz,e.-) be the open interval equal to I; N 6;, which has length [, g, then

either

E:L',9.') = ¢
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5. An Improved Bound

Figure 5.4:

or

l(x‘g‘.) = 2o

Now g¢i(z) = gi—1(z) for = such that I, does not meet 6;, as there are no extra

intervals to consider, so we need only worry about those  where I, meets §;.

P m
The segment of [, which lies in §; meets (U C j) U ( U Gk) in a collection
7=1 k=141

w-1

of non overlapping intervals {r}}%=} of lengths {r;}!=, whose closures do not
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5. An Improved Bound

meet the boundary of 6;, and two intervals r{ and 7| , (r, below r;), whose
closures meet 6;, in fact they may coincide. The lengths of r{ and r! being r

14 m
and r,, respectively. I, also meets (U Cj) U ( U Ok) in two intervals rg, ry, .,
7=1 k=1i+1
of lengths rg, ry41, immediately above and below 8; respectively.

Let us define a function T'(z) such that

1 ifr] and 7/, do not coincide
T(z) =

0 otherwise.

Then the difference is,

gi(z) —gimai(z) = T(@)[(ro+rm) ' +r5 1 +...

+ o (P Frep) = (ro 4+ 20+ rugr)Y] (5.5)

Suppose that 0 < p <rgand 0 < X < ryqs1.

Let

hi(z,p, A) = T(2)[(p 4+ ) 43 + 4+ (ru + A7

- (p+2a+ )]
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5. An Improved Bound

O

Figure 5.5:
Then g;(z)—gi-1(z) = hi(z,70,7w41). Weshow that g;(z)—gi—1(x) > 0 by first dif-
ferentiating h;(z,ro,7Tws1) = hi(z,0,0) and then demonstrating that k;(z,0,0) >
0.

Now,

(@, 0) = (s = DT+ 7)™ = (1 + 20+ )
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5. An Improved Bound

and,

& b, ) = (s = DT (@)(ra + X = (4 204+ 1))

Then since both r;.r, < 2a we have,

d d
—h: > —h: >
i hi(z,p,A) 2 0and o hi(z, p,A) >0 (5.6)

Let the following intervals be labelled in the following way,
7‘6 = A1B1, T':U+1 = ClDl, ’f'(’) U 7"1 = AlBlEl, 7‘:” U r:.u-{-l = ClDlFl.

Then if G,, H, are points of A;B;, C1D; respectively, we may define for all =
such that I, meets 0;, g/(z) the same as g;(z) except that A; B, Ey, Ci1D,F; are
replaced by G1 B Ey, FiC1Hy, and ¢!_,(z) defined as g;—1(z) with A, D, replaced
with G1H;. Let gi(z) = gi(z), and g/_;(z) = gi—1(z) for all other xz. Then we

have, for all z, using (5.4), (5.5) and (5.6), that.

/01 gi(z)dz = /01 gi-1(z) dz +/01 (g:(z) — gi—1(z)) dz
/01 gi—1(z)dz + /01 (gf'(w) —~ gg_l(x)) dz (5.7)

I\
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5. An Improved Bound

Figure 5.6:

We use this to simplify our problem.
We examine 6;, and find a polygon H; which encloses it. Suppose that the
disk 6; has diameter 2t and is centred at (z;,y;), which we label O;.

Let Ly, be the line which passes horizontally throught the centre of ;.

L(yi) = {(:l), y) eR?: y= yi}
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5. An Improved Bound

Now 8; can be contained within a minimal square centred at O; of diameter 2v/21¢.
Let S; denote this square.

Now let H be the regular hexagon centred at O; of diameter 3v/2 Diam(6;) = 61/2¢,
which contains §;. Let the orientation of H be such that 2 of its sides are parallel
to the z—axis.

Let 0;,,,...,0,, be disks centred at Oy, ..., On respectively; each of diameter 2¢.

Then there is a subset, say {GL}ZQ of these, congruent to 6;, which are contained

in H, having centres {0} }7): some subset of {0} i

Let Hi, k =1,...,n(z), denote the set of points of H which are at least as close

to O} as to any other O;.

= . : — O =1 —0O
o= {pen s min Ip-0=lp-Oil}

H, is the Dirichlet Cell (or Voronoi Region) of O}, and is a convex polygon. We

now appeal to the following lemma which can be found in [6], page 47.
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Figure 5.7:

Lemma 3. If H is a convex hexagon, {6;}", is a packing of circles in H, O;

denoting the centre of ;. Let h; be the number of sides of H;, then

Zh,‘ _<_ 6n

=1

Hence if n is sufficiently large, we may assume that the Hj are convex hexagons.

Let H; be the hexagon formed by pushing the facets of H; towards §; until they
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touch its boundary.

Now consider the following polygon:
P,=H.NS;

Then P; is a polygon that contains 6; and which has at most 8 non-vertical sides.
Now if z € [0,1] and [, meets 6; then I, meets P,—0; in two intervals: Gy By, C1H,
immediétely above and below §; respectively.

By construction, G3B;, C1H; do not meet any of the §;, 7 =1,...,2 — 1.

We shall now define ¢g”(z) as g/(z) except that G1B1E;, F1Cy H; are replaced by
G2B1E,, FiC1H;; and g/ {(z) as gi_,(x) except Gy H; is replaced by G, H;. We
then have that

9:(2) — gi-1(2) 2 g{(2) — gi_1(2)

and hence from (7),

/: gi(z)dz > /; gio1(z)dz + /Ol(g,'-'(q:) — g ,(z))dz (5.8)

Suppose that H,, G lie on the segments Q1 R;, Q2R of the polygon P; respec-

tively. Let Vi be the point of intersection of QxR and the boundary of 6;.
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Figure 5.8:

Let U denote the intersection of I, and L(y,), and the horizontal distances from
H,, G; to Vj, V, be y' and y" respectively.

Now

(ViH,)? = H,C, - H, B, (5.9)
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1

Figure 5.9:

H; B, has length at most the diameter of 8;, hence

HyB; < 2t (5.10)

Let 1 be the acute angle that Q;R; makes with Ly, then

y' = ViH; cos (5.11)
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Combining these we get

(Vi) (ViHy)*
H,B, — 2t
(yl)ZseC2,¢,

HzCl -

v
|

H,C, > g_'i
UH, — 22

Similarly we have

(VaGa)? = G By - GaCh

And using

G,C; <2t y" = VoGycosq

Where 7 is the acute angle which Q;R; makes with L(,,) we have

since UG, < t.
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Given some é € [0,1], and providing that
y' > 8t y" > 6t
then it follows from (5.12) and (5.13) that

HCy _ 1, . G:B _ 1,
> —§2 and 2221 > Zg2, 14
UH, = 2° ** Tg, =2 (5.14)

Let s, o, 6 be positive real numbers which satisfy the following:

23236200 > 1 4 o (5.15)
and
s-1
o (253
R el S >8.9° ;
27(27) >8-2% (5.16)

where 0 < 1 and 6 < 1/81.

We shall verify that an allowable set of values is

(@)1.033
s=1.033 o=(2v53)! 6= %56—— (5.17)
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Now using (5.14) and (5.15) we have

Q(chl)"—l - (2UH2)5-1 2 0(2UH2)',_1 (518)

AGyBy)*! — (2UG,)*! > 0(2UG,)*! (5.19)

Except possibly if = belongs to at most 8 intervals whose union is Q. Each interval
of this type having length 26¢t. The centre of such an interval being a horizontal
projection of a point of contact of P; with the boundary of 6;.

Let us suppose that the length of H,C, is greater than G,B; by some length

denoted r. Then if z € @@ we have using (18) and (19)

(H2C1)*™ ! + (G2 By)*™! — (HG,)* ™!

= (GoB1 + 7)1+ (GeB)* ' — (UG, + )t

v

2(G2B1)"™ = (2UG,)*™!

v

0’(2UG2)3_1
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Hence

(H2Ch) P+ (GzBl)"—l—(Hsz)’—l

> omin[(2UG,)*™ ', (2UH,)* "]

If, conversely, G2 B; is greater than H,C; by r, we have

(H2Ch)* ' + (GzB1)s_1 — (H,Gs)* ™t
= (chl)s_l + (Hzol + 1")8—1 - (2UH2 + T)s—l
> 2(H,Cy) — (U H,)™!

> 0'(2UH2)S—1.

If r{; coincides with r/; then we have

gi (z) = gi_s(2).

Otherwise, if z ¢ @, we deduce from (5.20)

9(z) 2 giL1 () + o min[(2UG,)*™", (2U Hz)*™"],
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If z € @, then, since P; C S;, it follows that

/q(gf'(w)—g:'_l(z))dz 2 - /Q(H2G2)s_ld$
26t
2 —8/0 (2t)*~ldzx

= —8.2°6¢". (5.23)

Let 87 be a disk of radius (1 — 6%)t, centred at O;. The remainder of this proof

then splits into three cases as follows:
Case 1 A side of C,, one of the {C;};_; meets ;.
Case 2 Some (), contains ¢! entirely.
Case 3 The disk, 6, does not intersect UZ_,C;.

Case 1. If C,, say, has a side which meets §;, then there is a portion of length
p(g,1) which is entirely contained within 6;. As {C;}?_; is a minimal cover, we

know that none of the squares {C;}}_; lie entirely within 6;. Then

plg, 1) > 645t (5.24)
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|
pai) (1— 81y -

Figure 5.10:

From (5.24) we have

—8-2°6t° > —8- 2°p%(q, 1)

Since s < 2 we have

—8-2°%(q,i) > —320°(g,) (5.25)
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i - S,

-\
s
L

/ﬁ\

\\\\Q/

Figure 5.11:

which gives, with (5.8):

[ sz)de > [ gia(z)de ~ 320°(a,9) (5.26)

Case 2. Let 5] be the square that circumscribes 8; which is the same orientation
as S;. 6 is sufficiently small to ensure that all four corners of S; are contained in

the compliment of §;. Coverings of this type are not economical.
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Figure 5.12:

Now C, must contain S}. Then C, must also have all four corners in the compli-
ment of ;.

Suppose that the horizontal intervals where the edges of C’q‘meet 0; are A3Bs, E3F3,
and the vertical intervals are C3D3, Gz H3 shown in Fig . Some of these intervals

may not exist.
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Suppose that A3B; and E3F3 both exist, and that
A3B3 < E3F3.

Let ¢!"'(z), g/,(z) be defined as ¢i(z), ¢/_,(z) by taking Gy = B; and H, = C;.

This gives

gi(z) — gi1(2) 2 6"(z) — g2, (=).

Then using (5.7),

[ 6@tz > [ gia(@dz + [ (g(2) ~ gty (z))dz. (5.27)

Let the points of intersection of §; and C, be as indicated and note their horizontal
projections. If 0 < x <1 then I, meets

(i) C, N 6; in an interval of length f(z).

(i) 6; in an interval of length 2a(z).

If Q' denotes the union of the intervals Z'Dy, E4Fy, G4Z] then it follows that

[ 6t - gta(@)dz = [ (6@ - @a@) N (529
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Now 20(z) < 2t and B = (12 — (1A3B3)?)'~ + (¢ — (1 E3F3)?)'” Hence

Blz) ™t - (2a(z)) 2 —(2a(z) - B(z))*?

v

—(2t - B(z))™"
= _[(t2)1/2 _ (t2 _ (%A:;Ba)z)l/z
+(t2)1/‘2 _ (t2 _ (%Esps)z)lp]a_l

1 1
> —(§A333 + §E3F3)3~1

> —(EsFy)"! (5.29)
Similarly if z belongs to E4B, or to A4F)y

(B(=))™" — (Ga(@)™ 2 ~(GEsFo) (5:30)
If  belongs to Z'Dy

(B(2))*™ = (2a(2))*" 2 —(CsDs)*! (5.31)
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If z belongs to G4Z]
(B(2))" ™ = (2a(z))*™! > —(H3G3)™! (5.32)
Combining (5.28) - (5.32) and noting
C3D3 > Z'Dy, H3Cs3 > G473,
we find that
1
/0 (9:"(z) — ¢i”1(z))dz > —((A3B3)* + (CaD3)" + (E3F3)’ + (GaH3)®).  (5.33)

This also holds if A3B; > E3F3; and therefore combining this with (5.27) we

obtain, for Case 2,

/o1 gi(z)dz 2 /olg.'_l(x)dfv - ;(v(i,q,j))s, (5.34)

where {~(i,q,7)}i-; is the disjoint intervals of boundary of C; which lie in 6;.
Case 3. If L denotes the maximal line segment of L) N 6; which contains O;,

)
but does not meet U C;, then the length of L is at least (2 — 26'2)¢, which,
J=1
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using (5.16), is gt least equal to 8¢. As there are at most 8 non-vertical sides
of P; there is an interval w of length 3t on the z-axis which is contained in the
horizontal projection of L but which does not contain the horizontal vertex of P;
or horizontal of projection of a point of contact of P; with the boundary of 6;.
Hence, there is an interval W’ of W, which has length ;¢ which'is at least a
distance 2,1—.,t from the horizontal projection of either a vertex of P; or a point of
contact of P; with the. boundary of 6;.

Then, if  is a point of W', let H,, C,, U, By, G2 be as indicated and let the points
of intersection of Q1 R; and Q2R; and the boundary of 8; be Vi, V; respectively. "

As U is at least a distance 7 from the complement of ;, we have

26)2 §= V33, (5.35)

Now suppose that Q1R;, Q2R; are sides of P; which lie above and below Ly,
respectively. Suppose also that both. of their horizontal projections onto the z-
axis contain the interval W.

Let IJ be the segment of L(y,) which projects horizontaly onto W’. Note that the

z co-ordinate of J is greater than that of I.
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H,
i
01/ Ly
Figure 5.13:

We have for this case that §; does not meet U%_,C; and hence none of the squares

meet IJ. It follows that

g'(z) — g1 (z) > (HaC1)* ™" + (G2 B1)° ™! — (HoGa)™! (5.36)
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By, A3
N
o4 )

D3 .
: : 0 AR Fs
E;— 1 Il\ ST
ZlD4;«j By Art 1 A
4 Fy Cs
Figure 5.14:

Which, using (5.20), gives

9:(2) = giL1(2) 2 omin[(2QUG,)"™, (U Hz)*].

So, using (5.35),

s—1
(@) — g (@) > o (Wﬁt) .

27
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And hence
2v53 \"7 ¢
{(z) — gt dz > £V od L
f et = gaenis > o () L
> §.2°6t°, (5.37)
using (5.16) and 5> > 6.
Given (5.8), (5.23) and (5.37), we have
/ gi(e)de / l d 5.38
9 z)dz > og'_l(z) z. (5.38)

We now combine cases 1,2 and 3, using (5.26), (5.34) and (5.38), to deduce

[ a@)e > [ ga(e)te 3230660, (5:39)

i=1

where {7(¢, g, j)}4-;are the lengths of the disjoint portions of sides of Cy which lie

entirely within 6;.

Now repeating this argument for : = m,m — 1,...,1 we deduce
1 ! s—1 o . Vs
| gm@de > [ 171de ~32 3" 3 (4(i,0,9))" (5.40)
=1 3=1

\
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where {7(%, ¢(%), 7)}i-, are the lengths of disjoint portions of the sides of a square,
C,, of {C;}:,, which lie entirely within ;.
Let {{(k,)}x3) }3-1 be arearrangement of {{y(i, (), ) } =1}y so that {y(k, )}xZ)
is all the lengths of those intervals which belong to the boundary of C;. Since
{0:}™, are disjoint, and s > 1, we have

()

>k, j)° < 40 (5.41)

k=1

So

p w(j) p

—325°3 4k, j)° > —128 3 AL

=1 k=1 =1

From (5.3), (5.40) and (5.41), we have

P
YA > /olgn(:c)dx >1-128Y A,

i=1

Hence we obtain

Y AI> (5.42)

where s is a real number, 1 < s < 2, such that, with o, 8, satisfy (5.15) and (5.16).

So R has Besicovitch-Hausdorff dimension at least s.
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To show s = 1.033 is an allowable value for s, let

o= (2\/537)_1

23—2362(3—1) =140

p 2\/55 8—1 s
77'(7) = 8-.2%.

Now substituting (5.43) and (5.45) into (5.44) we have

213-—1235332—33+2 ) 1
9272s%~2s - +2\/5_3

Taking log’s produces the following quadratic

(log53 — 2log27)s?
+ (—12log2 — 3log 53 + 2log 27)s

+ (13log2 + 2log 53 — log(1 + 2v/53)™1) = 0

calculation of the coeflicients produces:

a = —1.1384517
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b= —5.92246

c = 7.3330939

The value of s is the larges root of this quadratic, which is 1.033; and this completes

the proof. o
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