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Abstract

We consider two types of extremal problems for hypergraphs. In chapters
two, three and four these are problems related to Lagrangians of hypergraphs.

In the final chapter we examine a problem on intersecting families of sets.

After giving an introduction to extremal problems for hypergraphs and La-
grangians in chapter one, we consider a question due to Frankl and Fiiredi.
They asked how large the Lagrangian of an r-graph with m edges can be.
We prove the first “interesting” case of their conjecture on this problem,
namely that the 3-graph with (g) edges and largest Lagrangian is [k]®). We
also prove a result for general r-graphs: for k sufficiently large, the r-graph

supported on k + 1 vertices with (*) edges and largest Lagrangian is [k](.

In the third chapter we consider Erdés’ jumping constant conjecture and give
a new result on values which are not jumps for hypergraphs. We also discuss

an unresolved case of this conjecture which is of particular interest.

Our main result in chapter four is a bound for a Turan-type problem related
to Erdés’ jumping constant conjecture. We also review Turan’s original prob-

lem and the use of Lagrangians in this context.

In the final chapter we consider a problem due to Holroyd and Johnson on



intersecting families of separated sets. Our main result here is a new version

of the Erdés-Ko-Rado theorem for weighted separated sets.
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Chapter 1

Introduction

Extremal problems for hypergraphs are questions of the form how many (or
few) edges may a particular type of hypergraph contain given that it has a
certain property? Such questions often place restrictions on which sets may
occur as edges in the hypergraph, perhaps by insisting that their size is
fixed. Examples of properties we may consider include the condition that
all the edges of the hypergraph are disjoint or that a particular forbidden

subhypergraph does not occur.

Many extremal problems for hypergraphs arise as natural generalizations of

problems from extremal graph theory. Extremal graph theory is a broad and
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rich area of combinatorics providing answers to questions such as: how many
edges may a triangle-free graph of order m contain? In sharp contrast to
the wealth of results for graphs there are many seemingly simple extremal

problems for hypergraphs which remain unanswered.

We will find the following definitions useful. For a set V and a positive
integer 7 let V(™) be the collection of all subsets of V' of size . An r-uniform
hypergraph or r-graph G consists of a set V of vertices and a set £ C V(") of
edges. An edge e = {ai1,as,...,a,} will often be denoted by a;a3...a,. So
for example if r = 3 then 137 will represent the edge {1, 3,7}. In the special
case of r = 2 we will often refer to G simply as a graph. The order of a
hypergraph is the cardinality of its vertex set, while its size is the cardinality

of its edge set.

For an r-graph G = (V, E) and a subset of vertices W C V we define the
subhypergraph induced on W by G to be G[W] = (W, ENW®). We may

also denote the set of edges of such an induced subhypergraph by E[W].

When considering extremal problems for r-graphs it is useful to have a mea-
sure of the number of edges present in an r-graph as a proportion of the

collection of all possible edges, V(). We define the density of an r-graph
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G = (V,E) by

A fundamental extremal problem for hypergraphs is to ask: how dense may
an r-graph be without containing a copy of a forbidden hypergraph from a

family G?

Given a family of r-graphs, G, and an r-graph, H, we say that H is G-free
if no member of G is a subhypergraph of H. The maximal size of a G-free
r-graph of order n is denoted by ex(n,G). A simple averaging result due to
Katona, Nemetz and Simonovits [17] tells us that the sequence {“ ng }00

is decreasing. Hence the limit of this sequence exists and we may define the

extremal density of a family of r-graphs G by

. ex(n,G)
g) = lim .
7(0) = lim, @)

There are some special hypergraphs which we will encounter frequently. We
will denote the complete r-graph of order t by Kt(r). This is the r-graph of
order ¢ containing all possible edges. For any positive integer n we will denote
the set {1,2,...,n} by [n], and so in this notation the complete r-graph of

order n may also be denoted by [n](). Finally, for integers [, r and ¢ we will
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denote the complete [-partite r-graph with vertex class size t by K l(r)(t). This

!
is the r-graph with vertex set |J Vi, where V1, V5, ..., V] are disjoint sets each
i=1
l
of order t. The edges of K l(r) (t) are all r-sets from |J V; meeting each V; in

i=1

at most one point.

A very natural and simple function to consider for any r-graph is its La-
grangian. For an r-graph G of order n we define the weight polynomial of G

to be

w(G,x) = ZH:E,

ecE ice

We will call x = (21,...,7,) € R" a legal weighting (for G) if

(i) Yie[n] z; >0,

The Lagrangian of G is then defined by
AG) = maxw(G, x),

where the maximum is taken over all legal weightings for G. (Note that this
maximum is clearly always attained.) We will call a legal weighting x optimal

if in addition to the above the following condition holds
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(iii) w(G,x) = M\(G).

Why are Lagrangians interesting? Firstly, the Lagrangian of an r-graph is
related to its density. In particular we have the following trivial but useful

bound

Another important property of A\(G) is that if H is a subhypergraph of G

then A(H) < A(G).

An interesting probabilistic interpretation of A(G) is the following: select r
elements of N independently with the probability that 7 is selected being z;.
Denoting the resulting set by F' we have P(F is an edge in G) = rlw(G, x).
Hence 7!\(G) is the maximum probability, over all distributions, of obtaining

an edge of G in this way.

Lagrangians were introduced for 2-graphs by Motzkin and Straus in 1965 [23].
They determined a simple expression for the Lagrangian of a 2-graph, namely
that it is given by taking a clique of maximal order and giving each vertex
within this clique equal weight. (A cligue is a subset of the vertices that
induces a complete graph.) We omit the proof since it will follow immediately

from Lemma 2.3(b).
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Theorem 1.1 (Motzkin and Straus [23])

Let G be a 2-graph in which the mazimal order of a clique ist. Then

1 1

AG) = MK:) = 5 (1 - Z) .

This result allowed Motzkin and Straus to give a new simple proof of the
first major result in extremal graph theory, Turdn’s theorem. More precisely
Motzkin and Straus gave a new proof of the extremal density version of

Turan’s theorem.

Recall that Kt(r) denotes the complete r-graph of order ¢,
ex(n, Kt(r)) = max{|E|: G = (V, E) is a K{"-free r-graph, |V| = n},

and

(r)
¥(KD) = lim ex(n, K")

()

Theorem 1.2 (Turdn’s Theorem [28], [23])

The extremal density of the complete 2-graph of order t is
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Proof: 1f G is Kt(z)—free then Theorem 1.1 provides an upper bound for the
Lagrangian of G

1 1

AG) < AKP) = 5 (1 - m) .

Also, as noted earlier, A(G) is bounded below by the value of w(G,x) given

by placing weights equal to % at each vertex. This yields the upper bound

1
KP)<1—-—.
Y(K”) < F—1
For the other direction of the inequality note that the complete (¢t — 1)-

partite 2-graph of order n formed by taking the vertex classes to be as equal

as possible in size is Kt(z)—free. a

The problem of determining ex(n, Kt(r)) and y(K{"), for t > r > 2, is known
as Turdn’s problem. In contrast with the case of r = 2 very little is known
concerning Turdn’s problem for r > 3 (see for example Sidorenko [27]). The
new proof of the 2-graph case using Lagrangians aroused interest in the study
of Lagrangians for general r-graphs. However, as may be expected given the
difficulty of Turan’s problem for r > 3, determining the Lagrangian of a

general r-graph seems to be non-trivial.

In the next three chapters we will examine three related problems. We will

first consider a question due to Frankl and Fiiredi [12] as to how large the
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Lagrangian of an r-graph with m edges may be. We prove the first “interest-
ing” case of their conjecture. In particular we show that the 3-graph with (£)
edges and largest Lagrangian is [k]®). Our other main result in this chapter
is that if k& is sufficiently large then the r-graph of size (’:) supported on k+1

vertices and with largest Lagrangian is [k](".

In chapter three we will consider a conjecture due to Erdés [7] as to which
values may occur as the extremal densities of r-graphs. We adapt an idea
due to Frankl and Rodl [13], using a new construction, to show that certain

limiting densities are not jumps.

Finally in chapter four we will consider some Turan-type problems. Our
main result here is a non-trivial upper bound for a particular forbidden sub-

hypergraph problem, related to Erdés’ jumping constant conjecture.

In the final chapter we will examine a different type of extremal hypergraph
problem. In 1961 Erdés, Ko and Rado [8] answered the following question:
how many edges may an r-graph of order n contain given that no two edges
are disjoint? We consider a problem due to Holroyd and Johnson [15] that
asks the same question of a restricted subhypergraph of [n] ("), the collection

of separated r-sets.



Chapter 2

The Frankl-Furedi Conjecture

2.1 Introduction

In this chapter we will consider a very natural question due to Frankl and
Firedi [12]. For integers m > r > 3 they asked how large the Lagrangian of
an r-graph with m edges can be. In order to state their conjecture on this
problem we require the following definition. For A, B € N{") with A # B
we say that A is less than B in the colex ordering, and write A < B, if
max(AAB) € B. So for example as 3-sets we have 246 < 156. Note that for
integers r < k the r-graph consisting of the first (¥) sets in the colex ordering
of N is simply the complete r-graph of order k, [k]™).

16
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Conjecture 2.1 (Frankl and Fiiredi [12])

The r—graph with m edges formed by taking the first m sets in the colex

ordering of N™) has the largest Lagrangian of all r-graphs with m edges.

In particular the r-graph with (*) edges and largest Lagrangian is [k](".

The validity of this conjecture for r = 2 follows directly from Theorem 1.1.
However, for r > 3 very little was previously known (see for example [24]).
In the next section of this chapter we will prove our main result for 3-graphs
on this problem (Theorem 2.2). In particular we will show that Conjecture

2.1 is true for m = (’;)

Following a brief discussion of the remaining cases for 3-graphs we give a
result for general r-graphs. We show that for k£ sufficiently large the r-graph

supported on k + 1 vertices with (*) edges and largest Lagrangian is [k].

2.2 An exact result for »r = 3

Our aim now is to prove the following result.

Theorem 2.2 Let m and k be integers satisfying

() sms (5 () 0o
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Then Conjecture 2.1 is true for r = 3 and this value of m.

In particular Congjecture 2.1 is true for 3-graphs with () edges.

We first need to establish the following three easy lemmas concerning simple
properties of Lagrangians. They provide assumptions that we may make
about any r-graph G of size m satisfying A(G) = max{A(H) : H is an r-

graph of size m}.

The first lemma tells us that we may assume that any such r-graph is cov-
ering, in the sense that any two vertices lie in at least one common edge.
(Note that when r = 2 this single lemma is enough to establish the truth of
Conjecture 2.1 since a covering 2-graph is simply a complete 2-graph.) This

lemma also provides a way of comparing the weights of distinct vertices.

The second lemma tells us that we may assume that G is left compressed.
This is useful since it allows us to infer the existence of various edges in E

simply by knowing that a certain special edge belongs to E.

The third lemma implies that we need not compare A(G) directly with the
Lagrangian of the r-graph formed by taking the first m edges in the colex
ordering of N, For the values of m which we are interested in it is suffi-

cent to check that A\(G) < A([k—1]™). The proofs of all three lemmas are
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immediate.

For an r-graph G = (V, E) we will denote the (r—1)-neighbourhood of a
vertex i € V by E; = {A € VO-Y . AU {5} € E}. Similarly we will
denote the (r —2)-neighbourhood of a pair of vertices 7,5 € V by Ej; =
{B € V-2 : BuU {i,j} € E}. We will denote the complement of E; by
E = {A e Vi1 AU {i} € VO\E}. Similarly we define Ej; = {4 €
V=2 Au{i,j} € VO\E}. Note that the vertex i does not belong to any
set in E; or E;. Similarly neither 7 nor j belong to any set in either E;; or
ES,

We will assume throughout the remainder of this chapter that any optimal

legal weighting x = (z1,...,%,) satisfies z; > 25 > --- > z,,.

Lemma 2.3 (Frankl and Rodl [13])

Let G = (V,E) be an r-graph and x = (z1,...,%,) be an optimal legal
weighting for G. Let k € [n] be the number of non-zero weights, so z; > 0
fori=1,...,k and z; = 0 for ¢« > k. Further, let us suppose that k is
minimal, in the sense that any other optimal legal weighting for G uses at

least k non-zero weights.

Then for every pair {i,j} € [k]®
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(¢) w(Ei,x) = w(Ej, %),

(b) there is an edge in E containing both i and j.

Proof: Suppose, for a contradiction, that there exist vertices {i,5} € [k]®
with w(E;, x) > w(E;,x). We define a new legal weighting y for G as follows.
Let 0 < 6 < z; and define y; = x; for l #4,j, y; = z; + 6 and y; = z; — 4.

Then y is clearly a legal weighting for G and

w(G,y) ~w(G,x) = é(w(E;,x)—w(E;x)) - 6*w(Ey,x) (2.1)

> 0,

for ¢ sufficiently small and positive, contradicting w(G,x) = A(G). Hence

part (a) holds.

For part (b) suppose that there exist {4,j} € [£]®® such that no edge in
E contains both 7 and j. Let y be defined as above with § = x;. Since
E;; =0, part (a) and (2.1) imply that w(G,y) = w(G,x) = A(G). However
{7 : v > 0}| = k£ — 1, contradicting the minimality of k. Hence part (b) also

holds. |
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For the next lemma we require the following definition. Let E ¢ N e ¢ E

and 7,5 € N with ¢ < 5. Then define

Li(e) = (e\{sjHu{i} ifi¢eandjece

e otherwise

and
Cij(E) = {L,](e) e € E} U {6 . €, L,-j(e) € E}

We say that E is left compressed if C;j(E) = E for every 1 < i < j.

Lemma 2.4 Let G = (V,E) be an r-graph of order n, ,j € [n] with i < j

and x = (z1,...,Z,) be an optimal legal weighting for G. Then
’lU(G,X) S w(G,-j,x),

where Gij S (V, C’LJ(E))

Proof: Consider the difference

w(Gij,x) —w(G,x) = Y wle\{j},x)(z: — ;).
e€E, Lij(e)¢E
ide, j€e
This is non-negative since ¢ < j implies that z; > z;. 0O

We will denote the r-graph with m edges formed by taking the first m ele-

ments in the colex ordering of N by C, ,.
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Lemma 2.5 For any integers m, k and r satisfying

(k‘—l) < < (k—l) (k‘—2)
T T r—1
we have

)‘(Cr,m) = )‘([k_l](r))'

Proof: First we note that A(C,.,) > A([k—1]®) since [k—1]® C C; .

Let x = (z1,...,zx) be an optimal legal weighting for C, ,, using ! < k non-
zero weights. Sox; >0for 1 <¢<land z; =0fori=1[0+1,...k. Further,
let us suppose that ! is minimal, in the sense that any other optimal legal

weighting for C, ,, uses at least [ non-zero weights.

As the pair of vertices k—1 and k£ do not appear in a common edge of C, 5,

Lemma 2.3(b) implies that zx = 0. Hence | < k — 1 and
MCrim) = w(Crym, x) = w([k=1]", %) < A([k—1]").
S0 A(Crm) = A([k—1]™). O
We require one final definition. Let
Ay, = max{A(G) : G is an r-graph with m edges}.

We will now give an outline of the proof of Theorem 2.2. Let G = (V, E) be

a 3-graph satisfying A\(G) = A3, for m = |E|. The basic argument involves a
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type of “compression” on the edges of G. We remove certain edges from E
and insert others. We then need to check two things. Firstly, that the total
weight of the 3-graph (with a slightly modified weighting) has not decreased
and secondly that the number of edges we have added does not exceed the

number previously removed.

Going into a little more detail, let us suppose that an optimal legal weighting
for G uses k strictly positive weights, z1,...,z; and that k£ is minimal. Our
aim is to show that most of the edges in [k]® are contained in E. We show
that if too many edges in [k—1]®) are missing from FE then we can remove the
weight from the lightest vertex, k, and place it at vertex £—1. This reduces
the weight of G but also reduces the number of edges in F (since any edge
containing the vertex k now has zero weight and so may be discarded). We
may then insert new edges into E (using some of the edges in [k—1]®)\E)
and hence produce a new 3-graph G’ with the same number of edges as G
but with a larger Lagrangian, clearly contradicting the maximality of A(G).
The same type of argument is then repeated but this time the weight from
vertex k—1 is removed and added to vertex k. We can again construct
a new 3-graph with a larger Lagrangian than G if the number of edges in

([k—2]?@ x {k})\E is too large. Combining these two results tells us that
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|[k]®\E| must be small. Hence, if m is in the range given in the statement
of Theorem 2.2 then any optimal legal weighting for G can only use at most
k—1 strictly positive weights. So A(G) < A([k—1]®), which as Lemma 2.5

tells us is enough to prove the result.

Proof of Theorem 2.2:

Let G be a 3-graph with m edges satisfying A(G) = )\3. Suppose that
x = (z1,...,%,) is an optimal legal weighting for G satisfying z, > zo >
<re > Tk > Tgyy = - = Tp, = 0. We may suppose that k£ is minimal in the
sense that any other optimal legal weighting for G uses at least & non-zero

weights.

We will show that the number of edges in G must satisfy

IB] > (’:1) + (’“;2) —(k-2). (2.2)

So if

k-1 k-1 k—2
< < — (k-1
() == (5)+(57) -
then the Lagrangian of G is achieved on k—1 vertices. Hence we have

AMG) < M([k—=1]®). So, by Lemma 2.5, Conjecture 2.1 is true for such values

of m.
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We aim to show that if |E| is small compared to k, i.e. if (2.2) does not hold,
then we can find another 3-graph, G', with the same number of edges as G

satisfying A(G') > A(G), contradicting the maximality of A(G).

We know, by Lemma 2.3(b), that the vertices k—1 and k appear in some
common edge e € E. Also, by Lemma 2.4, we may suppose that E is left
compressed and hence 1k—1k € E. (Recall that 1k —1k denotes the edge
{1,k—1,k}.) Define b = max{: : ik—1k € E}. Then, since E is left
compressed, we have E; = {uv :iuv € E} ={1,...,i—1,i+1,...,k}?, for
1 <1< b. Hence, by Lemma 2.3(a), we have z; = 2o = - -- = x,. Note that

b< k-2

The following three lemmas will provide the lower bound on |E|, proving
(2.2). In particular Lemma 2.6 implies that E contains most of the the first
(*3') edges in the colex ordering of N®), while Lemma 2.8 implies that E

also contains most of the next (k;Z) edges.
Lemma 2.6

Ik—1)P\E| < [b (1 + %b;mﬂ .

Lemma 2.7

[k —21P\Ey| <b.
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Lemma 2.8

[k —2®N\E| < b.

Once these lemmas are verified we obtain, using Lemma 2.6 and Lemma 2.8,

|E| = |k=1®NE|+]|k—2]?nNE|+|Er_w

()b ()
s> ()« (57) - [ (- 5552)]

It is then easy to check that [b (1 + %f_;%l)] < k — 2 and so (2.2) holds

Vv

So

and the theorem is proved. O
We must now prove the three lemmas.

Proof of Lemma 2.6: We define a new legal weighting for G, y, as follows.
Let y; = =z; for © # k—1,k, ypr—1 = Zg-1 + 2 and y, = 0. (We think of
this new weighting as being given by moving the weight from vertex k£ and

placing it at vertex k—1.) Clearly y = (v1,...,¥x) is a legal weighting.

By Lemma 2.3(a) w(FEx_1,x) = w(Ek,Xx), so

b
w(G,y) —w(G,x) = zp(w(Ep_1,x) — w(E,x)) — 22 le
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= —bz x5, (2.3)

Since yx = 0 we can remove all edges containing k£ from F to give a new
3-graph G = (V, E) with w(G,y) = w(G,y) and |E| = |E| — |Ex|. We will
show that if Lemma 2.6 fails, then there exists a set of edges F' C [k—1]®)\E

satisfying
w(F,y) > br,r} (2.4)
and
|F| < |Egl. (2.5)

Then, using (2.3), (2.4) and (2.5), the 3-graph G’ = (V, E'), where E' =

E U F, satisfies |E'| < |E| and

w(G,y) = w(G,y)+w(F,y)
> w(G,y) + br,z}
= w(G,x)

= XG).

Hence A(G') > A(G), contradicting the maximality of A(G). Our next task

is to construct the set of edges F.
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Consider the equality given by Lemma 2.3(a), w(E1, x) = w(Eg_1,X). Since
E is left compressed we know that if ab € Ex_; and a,b # 1 then ab € E;.

Cancelling such pairs we obtain
mlw(Elk_l, X) = xk_lw(Elk_l, X) + ’LU(E1 N El:—l’ X).

Hence we have

’LU(El N E::——l’ X)
’I.U(E]_k_.l,X) .

Ty = Tg-1 +

Multiplying by bx? and considering those pairs of the form ak € E; N E;_,

separately we obtain

k-2

ba 3 = briw(C,x)

bxlmi = bxk_lxi + :::b+1 k % d y
i=2,1#£k—1 i=2,i£k—1

where C = [k—2]@\E,_;. Then, since z; > 2o > - -+ > 24,

(2.6)

ba:lcci < bmk—lxi (1 " k—(b+ 2)) bxrw(C, x).

k—3 k—2
Define o = [%1 and § = [b (1 + %22)-’ Let the set F} C [k—1]®\E
consist of the o heaviest edges in [k —1]®\E containing the vertex k—1.

Recalling that yx_; = zx—1 + T4 we have

w(F,y) > 2UGH)

2
AT 125
= k—2 + k—14k
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So using (2.6)
w(F,y) — bziz} > —zk_124(8 — @). (2.7)
We now distinguish two cases.

Casel a>p

In this case w(F1,y) — bz122 > 0 so defining F' = Fj satisfies (2.4). We need
to check that (2.5) holds, i.e. that |F| < |Ex|. We have |F| = a = [%l_%,l]
and since |Ej| is an integer it is sufficient to prove that

b|C|
— < |E|- .

Since bk—1k € E and FE is left compressed we know that [6]® U {1,...,b} x
{b+1,...,k—1} C Ej. Hence

b(k — 1)

E.|l >
|Ex| > 5

b(2k — (b+3))
5 >

Also, since C C [k—2]?, we have

IC| < (k;Q) < (kgl). (2.10)

So using (2.9) and (2.10) we obtain

bCl _ bk —1)

< .
F—2s" g SIB
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Hence (2.8) holds and so both (2.4) and (2.5) are satisfied. Thus we may
construct the new 3-graph G' = (V, E’) as described above with |E'| < |E|

and A(G') > A(G), contradicting the maximality of A(G).
Case2 a<f

Suppose that Lemma 2.6 fails. So |[k—1]®¥\E| > B+ 1. Let F; consist of
any 8+ 1 — a edges in [k—1]®\(E U F}) and define F = F; U F5. Then,

using (2.7),

w(F,y) — bxlxi = w(f,y)— bxlxi +w(Fy,y)
> —xk_lxi(ﬂ —a)+(f—a+ 1)952_1

> 0.

So F satisfies (2.4) and we again need to check that |F'| < |E|.

|F| = |F)|+|FR=B8+1= [b(1+%b";2)>] +1.

Since |E| is an integer it is sufficient to prove that

k—(b+2)
_— < .
b<1+ 3 )+1_|Ek|

Using (2.9) it is sufficient to show that

(B2 09) gy (2o ben),
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This is easily seen to be true for £ > 5. Note that if ¥ = 3 then there is
nothing to prove and if k£ = 4 then |[3]®\ E| < 1 trivially implies that Lemma,

2.6 holds.

Hence |F| < |E| and so (2.5) holds in this case as well. Since (2.4) and (2.5)
both hold we can again construct the new 3-graph G’ as described above,
contradicting the maximality of A(G). This completes the proof of Lemma

2.6. O

Proof of Lemma 2.7: This proceeds in a very similar way to the previous
proof and we assume some of the notation from there.
If Lemma 2.7 fails, then |C| = |[k — 2]®\Ex_1| > b+ 1. We again construct
a new set of edges F' C [k—1]®\E and need to check that F satisfies (2.4)
and (2.5). Let F consist of all edges in [k—1]®\ E containing the vertex k—1
(so F =C x {k—1}). Then, since yx_1 = Tx_1 + Tk,

w(F,y) = (xx-1 + zx)w(C, x) > 2z4w(C, x).
Using (2.6) we obtain

k—(b+2)

b
w(Fa Y) - bxlxi > _bxk—lxz (1 + k——3> + ka(C’, x) (2 — —k—Z) .

In order to show that (2.4) holds it is sufficient to prove that

|C|(2—%) >b<1+%§2>.
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This follows simply from |C| > b+ 1. To show that (2.5) holds we note that
by Lemma 2.6 we have |F| < |[k—1]®\E| < 8. So we simply need to check
that 8 < |Ex|. However, in the proof of Lemma 2.6 we have already shown
that 8+ 1 < |Eg|. Hence F satisfies (2.5). So as in the proof of the previous
lemma we may construct a new 3-graph G’ with the same number of edges
as G but with a larger Lagrangian. This contradiction completes the proof

of Lemma 2.7. a

Proof of Lemma 2.8: This proof is again almost identical to that of Lemma
2.6, the main difference being that this time the new legal weighting for G is

given by moving weight from vertex k—1 to vertex k.

Consider a new legal weighting for G, z = (z1,. .., 2;), given by z; = z; for
i #k—1,k, zx_1 = 0 and 2z = xx_1 + xx. (We think of this weighting as
being given by taking the weight from vertex £—1 and placing it at vertex

k.) By Lemma 2.3(a) w(Ex_1,%x) = w(Ek,X), S0

b
w(G,z) —w(G,x) = z4_1 (W(Ek,x) — w(Ex_1,%X)) — To_, Zx,
i=1

= —brzi_,. (2.11)

Since zx—; = 0 we may remove all edges containing k—1 from E to give a

new 3-graph G* = (V, E*) with w(G*,z) = w(G, z) and |E*| = |E| — |Ex-1|.
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By Lemma 2.7 we know that
IEk—ll = |[k—2](2) n Ek——ll +b
(")
> .
- 2
We will show that if Lemma 2.8 fails, then there exists a set of edges H C

{1,...,k—2,k}®\E satisfying
w(H,z) > bx,7i_, (2.12)

and

|H| < (kgz) (2.13)

Then using (2.11), (2.12) and (2.13) the graph G” = (V, E"), where E" =
E*UH, satisfies |E"| < |E| and A(G") > w(G",z) > A(G), contradicting the

maximality of A(G). We must now construct the set of edges H.

Consider the equality given by Lemma 2.3(a), w(E, x) = w(Ek,x). Since E
is left compressed this implies that

’LU(E1 N E;,X)

Ty =X+
! w(Elk,x)

Hence

)
bxd z;
k 1i=;+1 ' bxﬁ_lw(D,x)

2 2
bl‘ll’k_l = bxk_lmk + e )

1 k—1
2 i=2

1=
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where D = [k—2]®P\E;. Then, since z; > x5 > - -+ > 4,

bay_y (k

- (b+2)) N bzk_lw(D,x).

; R (2.14)

bz x| < b Tk + —
Let H consist of those edges in {1,...,k—2, k}®\E containing the vertex k.

Then
w(H,2z) = (zk-1 + zx)w(D, x).

Suppose now that Lemma 2.8 fails. So |D| > b+ 1. Using (2.14) and the
fact that w(D,x) > z2_,|D| we obtain

_bad (k- (0+2)

-3

b
w(H,z) — brizs_, > zp7i_, + |Dlzh_, (1 - 2)

o

Then, since |D| (1 - &) > 222 we have w(H,z) > briz}_, and so
(2.12) holds. Finally, D C [k—2]® implies that |H| = |D| < (*;?) and hence
(2.13) holds. Therefore we may construct the 3-graph G” as described above,
contradicting the maximality of A(G). This completes the proof of Lemma

2.8. O

2.3 The remaining cases for r =3

Despite the fact that Theorem 2.2 deals with the very natural case of m = (’;),

the remaining values of m for which Theorem 2.2 does not apply include what
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we feel are perhaps the most interesting cases of the problem.

If m satisfies

(557) + (57) rrem<(5) -

it is easy to construct examples of 3-graphs with m edges whose Lagrangians
are strictly larger than A([k—1]®). Indeed if Conjecture 2.1 is true for all

values of m then A3, jumps at each m in the range given above.

In fact Conjecture 2.1 is true in two cases which are jumps for A3, namely:

() ()

This follows from the proof of Theorem 2.2, by noting that m < (’c

%) implies

EC [k](3) and then recalling that we may suppose that E is left compressed.
For the remaining values of m we have the following approximate result. This

tells us that any counterexample to Conjecture 2.1 for 7 = 3 cannot differ

greatly from Cs .

Theorem 2.9 Let m, k and a be integers satisfying

m= (5 () +

and —(k—2) <a < (k-5).
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Suppose G = (V, E) is a 3-graph with m edges satisfying \(G) = A3, and that
|V| is minimal in the sense that any other 3-graph H satisfying \(H) = X3,

has at least |V| vertices.

If Conjecture 2.1 fails to hold for r = 3 and this value of m then G and Csp,

differ in at most 2(k — a — 2) edges, i.e. |EAE(Csn)| <2(k—a—2).

This follows simply from noting that the proof of Theorem 2.2 implies that

E C [k]®.

2.4 Results for general r

We have also considered Conjecture 2.1 for r > 3. For such values of r,
indeed for simply the next case of r = 4, it seems very difficult to generalize

the ideas used in the proof of Theorem 2.2.

The main argument used to prove Theorem 2.2 requires two conditions to be
satisfied. Firstly there must exist edges, not already present in the r-graph,
which are “reasonably heavy”. Secondly the number of these edges we need
to insert must not exceed the number of edges previously removed. The proof

of Theorem 2.2 can be adapted for r > 4 so that the former condition holds.
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However, the later condition has so far escaped our attempts at verification,

although there is no obvious reason why it should fail.

Frankl and Fiiredi [12] originally asked how large the Lagrangian of an r-

graph of order £ and size m can be, where m < (1:) Define
A(k,r,m) = max{\(G) : G = (V, E) is an r-graph, |V| =k, |E| =m}.

If Conjecture 2.1 is true for a given value of r and m then clearly A(k,r,m) =
A(l,r,m) whenever k and { satisfy m < (¥) < (!). (In other words it does
not matter how many vertices we are allowed to use, the r-graph with m

edges and largest Lagrangian uses the smallest number of vertices possible.)

Given that we have been unable to verify Conjecture 2.1 for any values of m

with r > 4 the following weaker result may be of interest.

Theorem 2.10 For any r > 4 there exist constants v, and ko(r) such that

if m satisfies
(k—1> <m< (k—l) + (k—2) kT,
T T r—1
with k > ko(r), then A(k,7,m) = MCipm).

In particular if k > ko(r) then the r-graph of order k + 1 with (*) edges and

largest Lagrangian is [k](.
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A proof of this result follows along similar lines to the proof of Theorem 2.2
although the details are rather more involved. The parts of the earlier proof
checking that when we insert edges F' C [k—1]™\E we have |F| < |E;| are

now redundant.

Proof of Theorem 2.10: We will take v, = 22". This is not a best possible

constant, simply a convenient value.

Suppose m satisfies

(F)ems ()2 ( e o

Let G be an r-graph of order k and size m satisfying A(G) = A(k,r,m).
Choose x = (z1,...,Tk), an optimal legal weighting for G using a minimal
number of non-zero weights. If z;, = 0 then A\(G) < A([k—1]™), so by Lemma
2.5 there is nothing to prove. Therefore we may suppose, for a contradiction,

that z > 0.

We know, by Lemma 2.3(b), that the vertices £k —1 and k appear in some
common edge e € E. Also, by Lemma 2.4, we may suppose that F is left
compressed and hence 12...7r—2k—1k € E. Recall that E;; = {4 € V(2 ;

AU{i,j} € E}. Let b= |Ep_1x|- So 1 <b < (*72).

Our aim is to show that G must contain more than m edges, a contradiction.
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In order to achieve this we need to generalize Lemmas 2.6 and 2.8. First we

require two rather technical lemmas.

Lemma 2.11 Let Dy_; = [k—(i + 1)]" Y N E;_,, fori € [k—1], and D} =

[k—2)""Y N E;. Then for any j < k —i

= W(Ejk—hx) I—foi
and
w(Dk’ X)
<
Tho1 = w(EIc—-lkax) o

Proof: We will prove the first part of this lemma, the second part follows
identically. Suppose ¢ € [k — 1] and j < k — 4, then by Lemma 2.3(a) we
know that w(Ej, x) = w(Ek—;,x). Since E is left compressed, we have

’lU(Ej N Elt:—i’ X)

Tj = Tp—i+

w(Ejk—i, )
k
nw(E; N E,_;,x
< 4 +l.—_ls:z—:i+1 (B N By )+ w(Dg—i, X)
< Tpoi
(Ejk i, X) w(Ejk-i, X)
’U)(Dk - X
< Zy.
SN

The first inequality follows from expanding w(E; N E;_;,x). The second

inequality follows from w(E;NE;_;,x) < w(Ej,—;, x) for k—i+1 <1< k.O
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Note that whenever the lower limit of a sum or product is greater than the
upper limit we take this to be the empty sum or product. These are defined

to be equal to zero and one respectively.

Lemma 2.12 For0<t<r—-3andi1<j<k—-di<---<k—-dy<k-2

we have
r—2 t
E Tgp_1Tk H T, ka—d,, < zw(E;j, x). (2.16)
11...tr—2€EEL _1% m=t+2 p=1
te4+1<]

Proof: Let A = {i1,...,%r2} € Eg_1x with 4447 < j. For each such set A
we need to find a set B € E;j, uniquely determined by A, such that the
contribution of A to the left hand side of (2.16) is less than or equal to the

contribution of B to the right hand side. The contribution of A is always

r—2 t

Tk-1Tk H Tip H Tk—d,-
m=t+2 p=1

If An{i,j} = 0 then A € E;; so let B = A. Then the contribution of B

r—2 t t+1
to (2.16) is z; [] s, and since zx_ 2k [] 2k—q, < z; [] i, these terms
m=1 p=1 m=1

satisfy (2.16).

If i € Abut j ¢ A then there exists 1 < s < r — 2 such that ¢ = i;. Let

B = (AU {k})\{¢} then B € E;j and k € B but k—1 ¢ B. This time

r—2
the contribution of B to (2.16) is zjzx  [[  i,. We have two cases: if
m=1, m#s
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t t+1
s <t+lthenzp_y [ 7x-q, <z; [I =i, so(2.16) issatisfied. Otherwise
p=1 m=1, m#s

t i
we have s > t+2s0 z;, < 74, and zx_1 [] zk—q, < z; [] :,,. Hence (2.16)
p=1 m=1

is satisfied.

If j € Abuti ¢ A then there exists t + 2 < s < r — 2 such that j = i,. Let

B = (AU {k-1})\{j} then B € E;; and k—1 € B but k ¢ B. This time the

r—2 t
contribution of B to (2.16) is xjzx—1 []  i,. Then, since z; [] zx—q4, <
m=1, m#s p=1
t
z; I i, and z;, < z;,,,, (2.16) is satisfied.

m=1

Finally, if 4,j € A then there exist 1 < s < v < r — 2 such that ¢ = i; and

j=1,. Let B=(AU{k—1,k})\{i,j} then B € Ej; and k — 1,k € B. This

r—2
time the contribution of B to (2.16) is z;zx_12 Il  zi,. We know that

m=1, m#s,v
v > t + 2 but we must distinguish two cases depending on the value of s.

t t+1
First suppose that s < t+1 then z;, [[ zx-q, <z; [[ i, implies that
p=1 m=1, m#s
t t+1
(2.16) holds. Now suppose s > t + 2 then z;,z;, [] 2xk—q4, < z; [] 4, s0
1

p:l m=

(2.16) holds in this case also.

Note that in each case the set B is uniquely determined by A. (We can see
this by considering whether or not k—1 and & belong to B in each case.)

This completes the proof of the lemma. a
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Let ¢; and d; be defined as follows for ¢ > 0,

Ct

0021, Ct+1:Z(dt+’i+1),

i=1

dO = 1, dt+1 =c + dt'
We have the following generalizations of Lemmas 2.6 and 2.8.

Lemma 2.13

Ik = (dr—z + 1)]"\E| < ¢r—a| Ex_1al-

Lemma 2.14

[k — (dr—2 + 1)](r_1)\Ek| < ¢cr—2|Ex-1k|-

Once these lemmas are verified we may complete the proof of Theorem 2.10

as follows. Since |Ex_1x| < (*-2) Lemma 2.13 implies that
B[k = (ds+1)]7] > (’“ - (d;j? + 1)) e (’: - 2). (2.17)
Since F is left compressed, if ¢ satisfies kK — d,_5 < ¢ < k then
|Ei N[k — (dr—2 + 1))V > |Ex 0 [k — (dra + 1))V

Hence Lemma 2.14 implies that

|E:iN [k = (dreg + 1)) D] > (k B (Td’_“21+ 1)) — Cr2 (f : ;) (2.18)
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for ¢ satisfying k — d,—2 < 7 < k. So using (2.17) and (2.18) we have the

following lower bound for |E|

B> (T ) e () 90 ((00),

Since d, < 2c¢,_; and ¢, < 2%, a tedious but straightforward calculation

k—1 k—2
E _ rk'r—2

for k sufficiently large. This contradicts our assumption that |E| lies in the

yields

range given by (2.15) and so completes the proof of Theorem 2.10. O
Proof of Lemma 2.13: As in Lemma 2.11 let Dy_; = [k — (i + 1)]"" VN E;_,,
for i € [k—1], and Dy = [k — 2] N E;. We claim that the following

inequality holds for every 0 <t <r — 2,
Tp-1T5W (Eg-1k, %) < Zﬂ% iw(Dg—i,x)  +

Z CiTr 1T H .’L',m]:[l‘k —dp+ 219

11..8r—2€EEL_1% m=t+1
We prove this by induction on ¢. Since ¢ = 1 and dp = 1 (2.19) holds for
t = 0 with a simple equality.
Now let us suppose (2.19) holds for some 0 < ¢t < r — 3. We will show that

(2.19) also holds for t+1. Let I satisfy d;+1 < I < d;4,. Consider i1 € [£].
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If K —1 <44y <k then z;,,, < x4y Otherwise 4441 < k — 1, so Lemma 2.11

implies that

Dy, x
i € D) S,

- 'w(EzH.lk X

j=k—1
Hence
r—2 r—2
E H Tip < E Th—1 H Lipn +
21 8r—2€EL_1x m=t+1 11...0r~2€EF; 1 m=t+2
i1 kL
r—2
’LU(D;C_I x)
E (m + (l + 1).’17);_5 H T,
i1 dr—2€Ex_1k i1kl m=t+2
r1<k—l
So

r—2 r—2
Z H T < Z (l + l)mk-—l H i, +
11...8r—2€FE,_1x m=t+1 11...0r—2€EL 1% m=t+2
r—2
w(Dg—1,%x) [ =i,

m=t+2
. (2.20
Z w(Eit-Hk—b x) ( )

11..4r—2€Ep 1%

tir1<k—l1
Also, by Lemma, 2.12, we have
r—2 t
Tp_1Tk H zi, H Tk—d,
3 meth2  pel < k1. (2.21)

w(Eit+1k—l7 X)

118, —2€EE; 1
it+1 <k-l

Using (2.20) and (2.21) we obtain
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r—2
> Th-12k | Tim H$k dp < Tpmw(Di—i,x)  +
41..ir—2€Ep_1k m=t+1 p=1
E (l+1 Tk_1Tk-1Tk H x,mek —dp- (2.22)
21...8,—2€FK_1% m=t+2

This last inequality holds for each [ satisfying d; + 1 <1 < dyy;.

Ct
Finally, since dyy1 = ¢ +dy, c41 = Y (d¢ +1+1) and zx—; < Tk—g,,,, We can

i=1

use (2.22) repeatedly to obtain

di41
> amkamk H Ti, vak o< D wow(Denx)  +
11...0r—2€EK 1k m=t+1 p=1 l=di+1
t+1
Z Ct+1Zk—1Tk H Lipm ka —dp-
11...tr—2€EL 11 m=t+2 p=1
Hence (2.19) holds for ¢t + 1 and the induction is complete.
Setting t = r — 2 in (2.19) we obtain
dr—2 r—2
Th-1ZkW(Br-16, %) < > 2w (Dp—i X) + Croak—17k| Bp—ri] | [ -a,-
=2 p:l

(2.23)

Now suppose that Lemma 2.13 fails. Then we may proceed as in the proof
of Lemma 2.6 to give a new weighting, y, for our r-graph G by moving
the weight from vertex k to vertex k — 1. Let y; = xz;, for ¢ # k — 1,k,
Yr—1 = Tx—1 + T and y; = 0. Clearly y is a legal weighting for G. Let G’

be formed from G by removing all of the edges in G containing k. Then
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NG 2 w(G,y) = w(G,y) = w(G,x) — }w(Ex_14,%). Let G~ = [k — 1](".

Note that G" cannot contain more edges than G.

Since we are assuming that Lemma 2.13 fails we have

dr—2 r
w(G*,y) >w(G,y) + Z T—iW(Dk—i, X) + Cr—2| Eg—1k] H$k~d,_2—j-
i=2 j=1

Hence by (2.23) w(G",y) > w(G,x). This contradicts the assumption that

Ak, r,m) = AM(G) = w(G, x) and completes the proof of Lemma 2.13. O

Proof of Lemma 2.1/4: This is easy given the work we have already done. We
proceed as in the proof of Lemma 2.8 to give a new weighting, z, for G by
moving the weight from vertex k — 1 to vertex k. So z; = z;, for i # k — 1, k,
zr—1 = 0 and zx = zx_1 + zx. Then z is clearly a legal weighting for G. Now
let G’ be formed from G by removing all of the edges in G containing k — 1.
Then MG') > w(G',z) = w(G, z) = w(G, x) — z2_,w(Ex_1x,x). By Lemma
2.11 we have

’lU(Dk,X)

<
Tho1 S w(Eg-1k, X)

+ Tk

So w(G',z) > w(G,x) — Tx_1w(Dk,x) — Tx_17xw(Ex_1x,%). Now let G~ =
{1,...,k=2,k}). Asbefore G" cannot contain more edges than G. Suppose,

for a contradiction, that Lemma 2.14 fails, then we have

dr—2

*

w(G ,z) > w(G,z)+ zk_1w(Dy,x) + Zxk_iw(Dk_i,x) +

=2
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r—1
Cr—2|Ex—1k|Tk H Tk—dr—2—j-
i=1
So again using (2.23) we obtain w(G",z) > w(G,x). This contradicts our

assumption that A(k,r,m) = MG) = w(G,x) and completes the proof of

Lemma 2.14. a

2.5 Further remarks

It would obviously be nice to settle Frankl and Fiiredi’s conjecture in general.
However, as we mentioned at the beginning of the previous section, there are
problems which we have been unable to overcome in generalizing the methods
used in the proof of Theorem 2.2. We can perhaps claim the main result of the
last section (Theorem 2.10) as intuitive evidence of the truth of the conjecture
for r-graphs with (’:) edges. This is because it says essentially that if there
exists a counterexample to the conjecture then it must use at least k + 2
positively weighted vertices and so there is no r-graph whose set of edges is
“similar” to [k](") with a larger Lagrangian. Hence a counterexample, should

one exist, would contain lots of “gaps” - this seems a little implausible.



Chapter 3

Erdos’ jumping constant

conjecture

3.1 Introduction

Recall that for an r-graph G = (V| E) of order n the density of G is the

proportion of all possible edges G contains,

For an r-graph H the eztremal density of H is the limit, as the number of
vertices tends to infinity, of the maximum density of an r-graph of order n

48
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not containing a copy of H:

+(H) = lim max{|E|: G = (V, E) is an H-free r-graph of order n}
o @) |

As before K l(r) (t) denotes the complete I-partite r-graph with ¢ vertices in

each vertex class.

The Erdés-Stone theorem is a fundamental result of extremal graph theory.
Turén’s theorem told us that if a graph of order n has more than (1 — 1) (3)
edges then it contains a copy of K ,(i)l. The Erdds-Stone theorem says that
for any integer ¢t and € > 0 there exists ng(l, ¢, €) such that any graph of order
n > ng, with more than (1 — %) (’2‘) + en? edges contains a copy of K, l(i)l (t).

We state the extremal density version of this result.

Theorem 3.1 (Erdds and Stone [10]) Forl > 2 andt > 2

HEP @) =1- .

This result allows us to determine the extremal density of any given 2-graph

using the following simple corollary.

Corollary 3.2 (Erdés and Simonovits [9]) For a 2-graph G, with chromatic

number x(G),
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Recall that for a family of r-graphs G the maximal size of a G-free r-graph
of order n is denoted by ex(n,G). The ertremal density of such a family is

denoted by

123
’)’2—{0,5,5,1,...}.

For 2-graphs we have a complete characterisation of v, which is in sharp
contrast to the situation for r > 3. Erdés’ jumping constant conjecture

concerns the structure of the set v, for r > 2.

Given r > 2 and « € [0,1], we say that « is a jump for r if there exists a
constant ¢(r, &) > 0 such that for every € > 0 and every integer m > r there
exists ng(r, o, €,m) such that every r-graph of order n > ny and density
at least a + € contains a subhypergraph of order m with density at least

a+¢(r,a). Note that if o is a jump for r then v, N (e, a +¢(r,a)) = 0.

For r = 2 every a € [0,1] is a jump. Clearly the set 7, is well-ordered iff

every « is a jump for 7.
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Conjecture 3.3 (Erdés [7])

V- 18 well-ordered for every r > 2.

In 1984 Frankl and R&dl [13] showed that this conjecture is false with the

following result.

Theorem 3.4 (Frankl and Rédl [13])

Forr >3 and | > 2r the value 1 — ;¢ is not a jump for r.

However, this result still leaves us with very little information about the

structure of the set v, for r > 3.

For example is r’—' a jump for all » > 2?7 This was of particular interest to
Erdés since the next result tells us that [0, Z) Ny, = {0}, for r > 2. Also,
it is easy to see that T’—,' € v, for all » > 2. Consider the family of r-graphs
G = tﬁl G, where G; consists of those r-graphs of order r¢ with more edges

than Kﬁr)(t). Then, for each t > 1, K" (t) is a G-free r-graph of order rt

and maximal size. Hence

ex(rt,G)
()

=d(KD(t)) = —

ast — oo.
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Theorem 3.5 (Erdés [6])

Forr>2andt>3
Y(KO(t)) =0.

For [ > r > 2 we define the limiting density of the complete [-partite r-graph

to be

So for r = 2 we have
ve = {da1,d22,d23,. .. }.

Sarkar [24] noted that the method employed by Frankl and Rédl to prove
Theorem 3.4 cannot be used directly to show that the value d,; is not a
jump for any [ > r > 3. This is because their construction is based on the -
graph with [ vertex classes each of order ¢ and all possible edges except those
contained entirely within a single class. Their proof relies on the fact that we
may insert new edges into such an r-graph without affecting its Lagrangian

too much.

The obvious 7-graph to consider if we are to attempt to show that d,; is not

a jump using Frankl and R6dl’s method is K l(r) (t). However, adding just a



CHAPTER 3. ERDOS’ JUMPING CONSTANT CONJECTURE 53

single edge to K" (t) increases its Lagrangian by at least (er)r" and so this

approach fails.

In the next section we will examine the role of Lagrangians in relation to
Conjecture 3.3. Our main result, Theorem 3.7, adapts Frankl and Rodl’s
method to give an example of a limiting density which is not a jump: dzg.
The proof relies on the use of a different hypergraph as the starting point for
the construction. We also describe a 5-graph that can be used in a similar

way to show that ds 19 is not a jump for r = 5.

In the final section of this chapter we will briefly consider the question of

whether Z is a jump for all r > 2.

3.2 Limiting densities which are not jumps

We say that a € [0,1] is threshold for a family of r-graphs F if for every
e > 0 there exists ng(¢, o, F) such that any r-graph G of order at least ny

and with density d(G) > o + € contains some F' € F as a subhypergraph.

Theorem 3.6 (Frankl and Rédl [13]) For r > 2 and a € [0, 1] the following

are equivalent:
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(i) o is a jump for r.

(i1) « is threshold for some finite family F of r-graphs satisfying A\(F') > &

Tl

forall F € F.

This result allows us to reduce the problem of deciding whether a given

a € [0,1] is a jump for some value of 7 to a problem concerning Lagrangians.

Our next theorem gives a new value ds¢ (that is the limiting density of
Kée’)(t)) which is not a jump for » = 3. The proof follows Frankl and R6dl’s
method [13] but the original 3-graph we consider and the final calculation

are new.

Theorem 3.7 (3)& =2 is not a jump forr = 3.

Proof: Let Vi, V5 and V3 be disjoint sets of vertices each of order ¢t. Write

G(t) for the 3-graph with vertex set V = .LSJI V; and edges consisting of all
i=

triples from V with either one vertex from each V; or one vertex from V; and

two vertices from V4, for i = 1,2 or 3, where V; = V; (see Figure 3.1). It

is not difficult to see that the Lagrangian of G(t) is achieved by taking each

vertex to be equally weighted and so

MG(t) = <t3 + 3t<;)> (31)3 = 5% (1 - %) :
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Figure 3.1: The 3-graph G(t)

Suppose, for a contradiction, that % is a jump for r = 3. Then by Theorem
3.6 there exists a finite family F of 3-graphs such that g is threshold for F
and minper A(F) > 2. Let k = max{|V(F)| : F € F}. We require the

54

following lemma.

Lemma 3.8 (Frankl and Rodl [13]) If k and c are fized then there exists

to(k,c) such that for all t > to there is a 3-graph H satisfying:

(i) [V(H)| =1,

(ii) |E(H)| = [et*],
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(i41) if Vo C V(H) with 3 < |Vo| < k then |E(H) N [Vo]®] < Vo] — 2.

Proof of Lemma: (See [13] for details). Consider a random 3-graph H, of
order t in which edges are inserted independently with probability % The
expected number of edges in Hj is at least 3th° Further, the expected number
of subsets Vy C V/(Hp) which do not satisfy condition (z7) is less than %, for
t sufficiently large. Hence, the probability that H, contains a subhypergraph

H with the required properties is strictly positive. 0

In order to obtain a contradiction we need to show that for some € > 0 there
exist F-free 3-graphs with arbitrarily many vertices satisfying d(G) > 3 +e.
Let H be the 3-graph on t > ty(k,c) vertices given by the previous lemma,
with k as defined above and ¢ = 1. Define G*(t) to be the 3-graph formed
from G(t) by inserting the edges of H into each vertex class. Then let G*(¢,n)
be the n-blow-up of G*(t). That is the 3-graph formed from G*(t) by replacing
each vertex v by a collection of n new vertices W, and taking the edges in

G*(t,n) to be E(G*(t,n)) = {abc : a € W;,b € W;,c € Wy, ijk € E(G*(t))}.
Lemma 3.9 If G*(t,n) is defined as above then

d(G*(t,n)) > g <1 + -%) |
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Proof of Lemma: Counting edges in G*(¢,n) we obtain

t3n® + 3tn3 (;) + 3t2n3

(’s)

5 3
> 2(1+2).
—9<+5t)

d(G*(t,n))

O

Since we are assuming that g is threshold for 7, Lemma 3.9 implies that for n
sufficently large G*(t, n) contains some F' € F. So for large enough n, G*(¢, n)
should contain a subhypergraph P of order k with A(P) > mingcr A(F) > 2.
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The next lemma will provide the desired contradiction.

Lemma 3.10 Regardless of the value of n, any subhypergraph P of G*(t,n)

of order k satisfies

5

< —.
MP) <5

Proof of Lemma: Let P C G*(t,n) be a subhypergraph of order k then
Lemma 2.3(b) implies that when evaluating A(P) we may suppose that P C
G*(t). Fori=1,2,3let P, = V(P)NV;. Then, by adding vertices if needed,
we may suppose that |P;| = k for each 7 = 1,2,3. Let P[V;] denote the
subhypergraph of P induced by P;. Note that each P[V}] is a subhypergraph

of the 3-graph H given by Lemma 3.8. For fixed 7 let x be a legal weighting
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for P[V;] with z; > 29 > - -+ > x;. We will show that we may replace P[V}]

by a new 3-graph P*.

Let P* be the 3-graph of order k with edges E(P*) = {125 : j =3,...,k}.

We would like to show that

w(P[Vi],x) < w(P*,x).

Suppose P[V;] has s edges ey, ...,es, listed in order of decreasing weight.
Since P[Vj] is a subhypergraph of H of order k¥ Lemma 3.8(iii) implies that

!
s <k—2. Weclaimthat | | e;| > 1+2forl=1,2,...,s. If this is not true,
=1

!
say | U e;] < 1+ 1, then there exists Vo C P[V;] C H with |Vp| <1+ 1 and
j=1
|E(H) N [Vo]®| > 1 > |Vp| — 2 contradicting property (iii) of H as given by
!
Lemma 3.8. Hence there must exist a vertex m € |J e; withm > {42 and so
=1

w(e,x) < 1222142 for some e = e; with j < I. Therefore w(e;, x) < 1222142

s s+2
and so w(P[V;],x) = w (U ej,x> < Y zzez; < w(P*,x). So we may
j=1 3=3

suppose that for each 1 = 1,2,3 we have P[V;] = P*.

We must now calculate the Lagrangian of P directly. We will take the k
vertices of P; to be {vi,...,vi}. Let y be an optimal legal weighting for P,
so w(P,y) = A(P). Lemma 2.3(a) tells us that for any two vertices v and w

we have w(Ey,y) = w(Ey,y). So if vertex v} has weight y} then it is easy to
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see that we may take

fori=1,2,3.

Since w(E,,y) is constant over all vertices of P then for any vertex v

’w(EU,Y) _ yww(Ew,Y) _ _
2E) - 5 o) - i) = a(7) (3.1)

Now consider three vertices, u, v and w, one from each V; receiving weights

b1, b and b3 respectively. We know by (3.1) that

w(Ey,y) + w(Ey,y) + w(Ey,y)
9

= A(P).

So in order to obtain A(P) < Z it is sufficent to show that

(=)

w(Ey,y) + w(Ey,y) + w(Ey,y) <

Let w; = Y vy. So wy +wy+ws = 1. Then
veEP;

w(Eyw,y) = ai +wiws —biws +wyws + Z Yilj
{i.j}eP?
_ 2
w(Ey,y) = a3+ wiwe — bowy +wyws + Z YiYj
{i.j}eP{®
_ 2
w(Bw,y) = a3+ waws — bywy +wywe + Z YilY;-
{i.}eP®
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Hence

3
( u,y)+w( v,y)+w( ‘uny <Z a’l+wl(1_wl)+ Z Yiy;

{i ]}GP(Q)
We now wish to show that for { = 1,2,3 we have
ai+ Y oy < ut (3.2)
l Yiy; = 9 .
{is}ep”
Assuming this we obtain
3
w(E‘u.ay) + w(E‘Ua Y) + w(E'IU)y) S Z 1 - wl)
=1
_ 1 (w? + w2 + w?)
2
< 2
- 6

as required.

So we simply need to show that (3.2) holds. We have w; = 2a; + (k — 2)b; so

b = —’—ﬁi Hence

k—2
g+ > wy = 200 +2(k—2ab + ( ) )b?
{I)J}EPI(Z)
(wl —_ 2(1{)2

< 2a? + 2ay(w; — 2a) + 5

2
w;

7.

This completes the proof of Lemma 3.10 and hence of Theorem 3.7. a
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Having shown that one value d,; is not a jump our next objective is to
generalize this to other values of 7 and {. To date we can only give one other
example which is not a jump: ds ;0. This can be proved in a similar way to
Theorem 3.7. However we first need to find a suitable 5-graph on which to

base our construction.

In general, if we wish to adapt Frankl and Rodl’s method to show that some
value « is not a jump for a given r > 3, then we need to find a sequence of

r-graphs, {G,}2,, with the following properties:

(i) Gn has order at least n,

(iii) A(G,) is not attained on any proper subhypergraph,

(iv) AM(Gn) 15 asn — co.

In the case of ds ;o the following 5-graphs have the required properties. Let
G, be the 5-graph of order 5n given by taking five disjoint vertex classes each
of order n: Vi, V3, V3, Vi, V5. Define the edges in G,, by specifying an ordered
partition of five such as (2,1,1,1,0) and taking as edges those subsets of

size five formed by taking two vertices from V; and one vertex from each of
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Vi1, Vigo and Vigg for e = 1,2...,5, where V; = V,_5 for 7 > 6. The ordered
partitions we use are: (1,1,1,1,1), (2,1,1,1,0), (2,0,1,1,1), (3,1,1,0,0),

(3,0,0,1,1) and (1,4,0,0,0). Figure 3.2 gives an idea of what this 5-graph

ZAN
PR

@

\ )
I

Figure 3.2: The 5-graph used to show that ds 1o is not a jump for r =5

looks like.

I
N




CHAPTER 3. ERDOS’ JUMPING CONSTANT CONJECTURE 63

We cannot give any other examples of limiting densities which are not jumps.
This is because it becomes increasingly difficult to find suitable r-graphs on
which to base our construction. It seems likely that for each r > 3 there
exists some value d,; which is not a jump for r. Indeed it would perhaps be
more surprising to find a value d,; with { > r > 3 which is a jump for 7. The

case of [ = r will be examined in the next section.

3.3 Is Z a jump?

rT

As we mentioned earlier Erdés was particularly interested in the question of
whether or not T’—; is a jump for every r > 2. We cannot at present resolve

this problem but we have a few observations.

Firstly we note that Frankl and Rédl’s method cannot be extended to show
that :—,' is not a jump. This is because we would require a sequence of r-graphs

satisfying A\(G,) 1 . However, since AK) = L, this is impossible.

We also have a result due to Sarkar.
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Theorem 3.11 (Sarkar [24]) Suppose Z- is not a jump for some r. Then

:’-7‘

there is a sequence of r-graphs G1,Gs,... of orderst, <ty < ... such that
1
AMGp) 4 —
(Gn) 4
and, for all n,

NGy =

for any proper subhypergraph G}, of G.

This seems to provide evidence that :—' is indeed a jump for all r since the
existence of such r-graphs would be surprising. For large n, G, must in
some sense be symmetric since A\(G,) is achieved only by giving each vertex

a strictly positive weight. However, all their proper subhypergraphs achieve

their Lagrangians on a single edge.

If TT—,' is a jump for some r > 3 then by Theorem 3.6 there exists a finite family
of r-graphs, F*, for which :—,’ is threshold satisfying min{A(F) : F € F*} >

Ti,. We have examined the 3-graph case of this problem in detail.

Looking only at small 3-graphs the following three appear to be obvious
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candidates to belong to the family F*:

[

G, = {123,124, 134} A(G1) = & = 0.0493827,

o

1

G, = {123,124,125, 345} A(G,) = 833Y58 — 0,0385954,

1922
Gs = {123,124,235,145,345} A(G3) = = = 0.04.

25 —

Indeed any 3-graph with at most twelve edges and Lagrangian larger than

L

57 contains Gy, Gy or Gs.

If g—; is a jump for r = 3 then it is possible that there are no 3-graphs whose
Lagrangian lies in the interval (3, A(G2)), although this is pure speculation

based only on our rather limited knowledge of the values occurring as the

Lagrangians of small 3-graphs.

However, given Theorem 3.11 and the fact that Frankl and Rodl’s method
for showing that values are not jumps cannot possibly be extended to work

for the case Z, it seems quite plausible that Z is a jump.

We will return to the family F = {G,, G2, G3} when we consider the related

Turan-type problem in the next chapter.



Chapter 4

Turan-type problems

4.1 Introduction

The new proof of Turan’s theorem given by Motzkin and Straus, using a
characterization of the Lagrangians of all 2-graphs (Theorem 1.1), was the
original catalyst for the study of Lagrangians of hypergraphs. In this chapter
we will briefly examine Turan’s original conjectures and discuss the possible
applications of Lagrangians to these problems. However our main result,
given in the final section of this chapter, is a bound for a different Turdn-

type problem related to Erdés’ jumping constant conjecture.

66
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Recall that Kt(r) denotes the complete r-graph of order £,

ex(n, K) = max{|E| : G = (V, E) is a K"-free r-graph, |V| = n}
and

, . ex(n, K"
Y(K) = JLIQOT”

Turan’s problem

For t > > 3 determine ez(n, K") and v(K™).

There are two old conjectures due to Turdan for the 3-graph case of this

problem [28], [29].

Conjecture 4.1 Consider the 3-graph of order n given by dividing the ver-
tices into three almost equal classes: Vi, Vo and V3. Take as edges in G all
triples consisting either of one vertex from each V; or one vertex from V; and
two vertices from Viyq for i =1,2,3, where Vy =V, (see Figure 4.1). Then

ex(n, K2) = |E| and hence y(KY) = 2
4 4

9°

Conjecture 4.2 Consider the 3-graph of order n given by dividing the ver-
tices into two almost equal classes: Vi and V,. Take as edges in G all
triples not contained entirely in one vertexr class (see Figure 4.2). Then

ex(n, Kés)) = |E| and hence fy(Ké3)) = %,
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Figure 4.2: Turan’s K, §3)-free example

Currently Conjecture 4.1 remains unsolved and no larger example of a K f)-
free 3-graph has been found. However, if this conjecture is true the optimal
K¥_free 3-graph is not unique. Kostochka [19] has described 2™=2 non-

isomorphic 3-graphs of order 3m which are Kf)-free and have the same
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number of edges as Turan’s example.

The best known upper bound for ex(n, K\»)) is due to Chung and Lu [4].

They showed that

ex(n, K L 3HVIT
) - 12

r

This implies that y(K{Y) < i’ﬁl——‘z/ﬁ = 0.593592..., while Turdn’s example

gives y(K) > 8 = 0.5555. ...

Turdn’s conjecture for K, 5(,3) (Conjecture 4.2) has been shown to be false by
Kostochka and Sidorenko [20]. They give examples for all odd n > 9 of K-
free 3-graphs with more edges than Turdn’s example. However, for n = 2m+1
they contain at most 7 extra edges and so the second part of Conjecture 4.2,
fy(Kés)) = 3, is still unresolved. The best known upper bound for 7(K§3))
is due to de Caen [2]. He showed that y(K{¥) < 2 while Turén’s example

gives 7(K{)) > 3.

4.2 Lagrangians and Turan’s problem

For a 2-graph G the value of A\(G) is determined solely by the order of the

largest clique in G. For general r-graphs, with » > 3, this is no longer the
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case. There are many examples of r-graphs for which Kt(r) Z G and yet
AG) > /\(Kt(r)). For instance the example given in Conjecture 4.1 satisfies
Kf) Z G and A\(G) > )\(KE(,S)). The simple reason for this is that the La-
grangian of a general r-graph need not be attained on a small subhypergraph.

Indeed for many r-graphs A(G) is only attained on the entire vertex set.

One observation we have concerning Conjecture 4.1 and Lagrangians is that
the asymptotic version of this conjecture is equivalent to the statement that
every K f')—free 3-graph G satisfies A\(G) < )\(Ké3) ). It is easy to show that
this is true for Turdn’s Kf’)—free example directly (that is not simply by
counting edges). However, we have been unsuccessful in finding a direct

proof of this fact for Kostochka’s examples of K 23)-free 3-graphs.

Although Lagrangians have not provided any real insights into Turdn’s prob-
lem for hypergraphs they have proved very useful when considering other
Turan-type problems. For example consider the following problem due to

Katona.
Problem

Determine the mazimal number of edges in an r-graph of order n with the

property that the symmetric difference of any two edges is not contained in a



CHAPTER 4. TURAN-TYPE PROBLEMS 71

third.

This problem was first answered for 3-graphs by Bollobés [1]. He showed that
the unique extremal 3-graph of order n with this property is the tripartite
3-graph whose three vertex classes are as equal as possible in size and whose

edges are all triples meeting each vertex class exactly once.

Later Sidorenko [26] showed how useful Lagrangians could be in this context.
He provided a new proof of the asymptotic version of Bollobas’ result, and
gave a similar result for 4-graphs. His proof uses the fact that if G is a
3-graph or 4-graph satisfying the conditions of Katona’s problem then the

Lagrangian of G is given by weighting a single edge. Hence

for such an r-graph (where r = 3 or 4).

4.3 A bound for a Turan-type problem

While considering the question of whether :—,' is a jump for r = 3 in the

previous chapter we saw that the family of 3-graphs F = {G;, G2, G3} was

of particular interest, where



CHAPTER 4. TURAN-TYPE PROBLEMS 72

Gy, = {123,124,134}, G, = {123,124,125,345}
and

G; = {123,124,235,145, 345}.

This was because we have no examples of 3-graphs whose Lagrangian is
strictly larger than —217 not containing a copy of some member of F. For this
reason it is interesting to consider the related Turan-type problem. That is,

how dense may an F-free 3-graph be?

We would really like to show that there is a finite family 7* C {G : A(G) >
5} satisfying y(F*) = 2. This would imply (by Theorem 3.6) that 2 is
a jump for r = 3. However, for any such family 7* we may suppose that
F C F* and so any upper bound for y(F) is equally an upper bound for
v(F*).

Before considering this problem we note the following bounds for y(G;) due

to Frankl and Fiiredi [11] and de Caen [2] respectively

Since G; € F and v(G1) < 3 we would like, at the very least, to show that

v(F) <
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We will make use of the following averaging lemma due to Katona, Nemetz

and Simonovits [17].

Lemma 4.3 (Katona, Nemetz and Simonovits [17])
If G is a family of r-graphs then for any integer n > r

ex(n+1,G) < ex(n,G)

G I

Our main result is the following.

Theorem 4.4 If F is the family of 3-graphs given above then

1
Y(F) < 03103 < 3,

where 0.3W03 ... is the real root of 5z(1 + 3z%) — 2 =0.
The proof of this result involves an averaging argument over the subgraphs

of order six of an F-free 3-graph. We first need to examine F-free 3-graphs

of small order and we have a series of lemmas.

Lemma 4.5 There are three maximal F-free 3-graphs of order 5, H, =

{123,124,125}, Hy = {123,134,125,145}, and Hs = {123,234, 125, 145}.
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1

N

Figure 4.3: The 2-graph representation of Gy = {123,124, 125, 345}

Figure 4.4: The three maximal F-free 3-graphs of order 5.

Proof: We note that any 3-graph of order 5 may be represented by a 2-graph
of order 5 where edges are given by complements. (See Figure 4.3 for such
a representation of G5.) So if H is a maximal F-free 3-graph of order 5 and
v € V(H) we can define d(v) to be the degree of the corresponding vertex in

the 2-graph representing H.

Since G; € H we have d(v) < 2 for every v € V(H). Hence H contains

at most 5 edges with equality iff H is a pentagon (as a 2-graph). But this
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is G3. Hence H contains at most 4 edges. Further, since H is Gy-free, if it
contains a triangle then it contains no other edges. Hence H is one of the

three 3-graphs H;, Hy or Hj (see Figure 4.4). ]

For an r-graph G = (V,E) we say that U C V is an independent set if
E[U] = 0. Our next lemma is interesting in its own right since it implies
that if H is an F-free 3-graph then it contains a large independent set of

vertices.

Lemma 4.6 Let t > 5 be an integer. If H is an F-free 3-graph and {123,

124,125,...,12t} C E(H) then
E(H)N[t]® = {123,124,125,...,12t}
and hence

E[{3,...,t}] =0.

Proof: Suppose there is an edge 1ij € E with 4,5 € {3,4,...,t} then

{145,12i,125} = G; C H. Similarly there can be no edge of the form 2ij.

Also if there is an edge ijk € E with 4,5,k € {3,4,...,t} then we have

{12i,125, 12k, ijk} = G, C H. O
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Corollary 4.7 If H is an F-free 3-graph with density -y then there exists an

independent set of vertices U of order [y(n —2)].

Proof: The identity

3)El= > |Eyl,

{i.j}ev®
implies that there exist vertices ¢, j € V with |E;;| > %%Eyl = v(n—2). By the
previous lemma Ej;; is an independent set in H. O
Our next two lemmas are slightly more technical. Lemma 4.8 provides useful
information concerning the number of edges in F-free 3-graphs of order 6,

while Lemma 4.9 enables us to count special subhypergraphs of order 6 in a

general F-free 3-graph.

Lemma 4.8 If H = (V, E) is an F-free 3-graph of order 6 and Gq is the

3-graph {123,124,125} then

|E| <8~ {Go: Go C H}|.

Proof: Note that by Lemma 4.5 we have ex(5, F) = 4 so Lemma 4.3 implies

that
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Hence if H = (V, E) is an F-free 3-graph of order 6 then |E| < 8.

If there exist vertices ¢ and j for which |E;;| = 4 then {123,124,125,126} C
H. So, by Lemma 4.6, H contains no other edges and hence |E(H)| =4 =

8 — [{Go : Go C H}|, as required.

For the remainder of this proof we may suppose that |E| < 8 and |E;;| < 3
for all {3,j} € V(. We may also assume that there is at least one copy of

Gy contained in H (otherwise |F| < 8 implies the result).

If there is exactly one copy of Gy contained in H we may suppose (by re-
labelling if necessary) that it is {123,124,125}. Lemma 4.6 implies that
E[{1,2,3,4,5}] = {123,124,125}. Also, since ez(5,F) = 4, any other 5-set
in H contains at most four edges so summing over all 5-sets in H we obtain

3lE|= ) |E[B]|<3+5-4=23.
BeVv(®)

Hence |E| < 7. So the result holds when [{Go: Go C H}| = 1.

Now suppose there are at least two copies of Gy contained in H. Without
loss of generality one of them is {123,124,125}. If the other copy of Gy is
{abc, abd, abe} then by Lemma 4.6 and symmetry we may take b = 6 and
either a = 1 or a = 3. Using the fact that |E;;| < 3 for all {4,5} € V and

remembering that H is F-free we have two cases to consider.
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Either H contains a copy of {123,124,125,136,146,156} or H contains a
copy of {123,124,125,136,346,356}. It is easy to check that these are both
maximal F-free 3-graphs. (In both cases any new edge we try to insert must
contain 2 and 6, but adding any such edge would mean that H is no longer
F-free.) Hence we see that H cannot contain exactly three copies of Gy and
if it contains exactly two copies of Gy then |E| < 6 =8 — |{Gy : Go C H}|

as required. O

We require one final lemma before proving Theorem 4.4.

Lemma 4.9 If G = (V, E) is a 3-graph of order n and size m then

4y (Ifiijl>+ ) (lE:;ij|)|E:j|29(n2—}L)52)ln—3+O(n5), (4.1)

{i.j}ev® {i,j}ev® 2
where E;; = {k :ijk € E} and E:j = {k : ijk € [n]O\E}.

Proof: Let us denote the left hand side of (4.1) by S and |Ey;| and |Ej;| by

e;; and €;; respectively. Then €;; =n — 2 — ¢;; so

65 = Z eij(ei; — 1) (e — 2)(es; — 3+ &;5).
{i,i}ev®
= Y egles — (e —2)(n—5).
{i,j}ev®

Now e;; <n —2so

{i.j}ev®
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Hence

= Y €& +0(n*). (4.2)

{i,j}ev®

We now require Holder’s inequality which says that for p,q¢ > 0 satisfying

+ 2 =1 and sequences a;, b; of non-negative real numbers

1,1
P q

K NP [k \7
Z atbt S <Z af) (Z bg) .
t=1 t=1 t=1

Applying this with p =3,¢=3, k= (}), a; = ¢;; and b, = E‘—l)_%— we have

2

k
> b =1so
t=1

3

1j = n\ 2
{i,j}ev® (2)
27m3
- = (4.3)
()
Combining (4.2) and (4.3) we obtain
_ 3
5> I | o),
2(3)
which is (4.1) as required. O

We are now ready to prove Theorem 4.4. Let G = (V, E) be an F-free 3-graph

of order n. We will give an upper bound for |E| = m by carefully counting
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the number of edges present in subsets of V' of order 6 in two different ways.

Firstly we have the simple identity

> 1et) = (" %) (4.0

Acv()

We now want to count the number of edges in those induced subhypergraphs
of order 6 containing a copy of Go = {123,124,125}. We claim that the

following inequality holds

¢ > ("N = ("Eis ¥ -

{ij}ev® {i,j}ev® AEV(®),GoCE[A]
(4.5)
To see this consider A € V) with Gy C E[A]. We saw in the proof of Lemma
4.8 that A can contain either 1,2 or 4 copies of Gy. Lemma, 4.8 also implies
that in each case 8 — |E[A]| > |{Go : Go C E[A]}|. So we need to check that
the left hand side of (4.5) counts those A € V(® containing 1,2 or 4 copies of
Gy at most once, twice or four times respectively. We must also check that

any A € V6 that is Go-free is never counted in the left hand side of (4.5).

Suppose A € V® contains exactly one copy of Go. Then |E,, N A| = 3 for
some {a,b} € A® and |E;; N A| < 2 for all other choices of {i,j} from A®.
So the first term in (4.5) does not count A and the second term counts it

exactly once (when {i,j} = {a,b}).
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Now suppose A € V() contains exactly two copies of Gy. Then |E;;NA| =3
for two choices of {i,j} € A® and for all other choices of {i,5} € A® we
have |E;;NA| < 2. So the first term in (4.5) does not count A and the second

term counts it exactly twice.
If A € V® contains four copies of Gy then from the proof of Lemma 4.8 we

know that F[A] = {123,124,125,126} and so A is counted four times by the

first term in (4.5) and never by the second term.

Finally, if A € V() does not contain a copy of Gy then |E;; N A| < 2 for all
{i,7} € A® and so A is not counted in the left hand side of (4.5). Hence

inequality (4.5) holds.

Since ex(6, F) = 8 we can combine (4.4) and (4.5) to obtain

w("%) < 8((5) -laeveiccEap)+ S e

A€V (®), GoCE[A]
n | E:5l 1Eijl\ | e
Q- 2 (5 5 (%)m)
{i,j}ev®

{i.5}ev®

Applying Lemma 4.9 we have

m(”g?’) < 8(’;) - %”2;”—)5?’2—?+0(n5).

Dividing by % we obtain
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Then letting n tend to infinity we see that (F) satisfies

(S

YF)(L+3(v(F))*) <

This completes the proof of Theorem 4.4.

82



Chapter 5

Intersecting Families of

Separated Sets

5.1 Introduction

We say that a family of sets is intersecting if the intersection of any two sets
from the family is non-empty. How large can an intersecting family of sets
from [n]” be? If n < 2r this is easy to answer since [n](") is intersecting.
However, for n > 2r this question is more difficult. It was answered by Erdds,

Ko and Rado in 1961 {8].

83
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Theorem 5.1 (Erdds, Ko and Rado [8])

Let n > 2r, z € [n] and A C [n]") be intersecting. Then |A| < |Az|, where

A, = {Aen]":z e A}. If n > 2r then |A| = |A,| if A~ A,.

For completeness, and for later reference, we will give two elegant proofs of

this theorem. The first is due to Katona [16] and the second is due to Daykin
[5]-
Proof 1 of Theorem 5.1 (Katona [16])

Let A be an intersecting family in [n]). Consider the bipartite graph G
whose two vertex classes are the collection C of all cyclic orderings of [n] and
[n](). For an r-set B and a cyclic ordering C we say that B is an interval
in C if B appears as r consecutive elements in C. The edges of G join an
r-set B to any cyclic ordering C containing B as an interval. Every r-set is
adjacent to r!(n—r)! cyclic orderings. So the number of edges from A to C is
|Alr!(n — r)!. Given a particular cyclic ordering C we know that C contains
at most r sets from A as intervals since if it contained more then at least two
would be disjoint. Hence the number of edges from C to A is at most r|C].

Then, as the total number of cyclic orderings of [n] is (n — 1)! we have

A< S8 T

riln—r)! n
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The case of equality is easy to deduce. O

Given a family of r-sets A C [n]") the lower shadow of A is defined to be
d(A) = {B e [n]"V: B c Afor some A € A}.

Recall the definition of the colex ordering of N() from page 16. For the

second proof of Theorem 5.1 we will require the following result.

Theorem 5.2 (Kruskal and Katona [21])

Lett > 1 and A C [n]\). Then the lower shadow of A is at least as large as
the lower shadow of the first | A| r-sets in the colex order. If |A| = (T), for

some m > r, then equality holds iff A ~ [m](").

Proof 2 of Theorem 5.1 (Daykin [5])

First suppose that n = 2r. Then, as the complement of an r-set is also an
r-set, an intersecting family .4 may contain at most a half of the sets from

[n](). This is the required result for n = 2r.
For the remainder of this proof we will assume that n > 2r.

Let 0 denote the operation of taking the lower shadow t times. Given an
intersecting family of r-sets, A, let B = {[n]\A : A € A}. If A € A and

BeBthen A¢Z B. So (0" B)nA=0.
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As A, is a maximal intersecting family we may suppose that |A| = | 4;| then
it is sufficient to prove that A ~ A,. Sosuppose |A| = |B| = (*_]). Applying

Theorem 5.2 we have [0B| > ( "~'),18?B| > ( "1),...,|0" 8| > ("}).

n—r—1 n—-r—2
Then A U & 2B C [n]") and, as noted above, this is a union of disjoint
families of sets. Hence we have |9"~2"B| = ("~'). Theorem 5.2 then implies

that B~ [n — 1]™") and so A ~ A,. O

Many questions concerning families of sets from [n]™) can be framed in the
language of graphs. Consider the graph the Kneser graph, K, ., with vertex
set [n]") and edges between any two vertices corresponding to disjoint r-sets.
The Erdés-Ko-Rado theorem (Theorem 5.1) can be restated as: the largest

independent set of vertices in K, , has order (7}).

One of the most fundamental properties of a graph is its chromatic number.
For the Kneser graph it is clear that this must be at least [2], since any
monochromatic set of vertices corresponds to an intersecting family of sets
and so by Theorem 5.1 has order at most (?7}). In the other direction, the
Kneser graph cannot have chromatic number larger than n — 2r 4 2 since we
may colour it with n — 2r + 2 colours as follows. For ¢ € [n] let S; denote

those sets in [n](") whose smallest element is i. Colour those sets in S; with

colour 7 fort = 1,...,n — 2r + 1. Then the remaining sets which have not
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been coloured form an intersecting family (since they are a collection of r-sets
from a set of size 2r —1). Hence they form an independent set in the Kneser

graph and so may all be coloured with colour n — 2r + 2.

A longstanding conjecture due to Kneser [18] was that the chromatic number
of K, is n—2r + 2. This was answered in the affirmative by Lovész in 1977
[22]. Later Schrijver [25] identified a vertex-critical subgraph of K, ., in
other words a minimal subgraph of K, , with chromatic number n — 2r + 2.
In order to describe this subgraph we require the following definition. We
say that a set A € [n](") is separated if, when considered as a subset of [n]
arranged around a circle in the usual ordering, A does not contain any two
adjacent points. Schrijver’s vertex-critical subgraph of the Kneser graph is
the subgraph induced by those vertices corresponding to the collection of all

separated sets in [n](").

Let us denote the collection of all separated sets in [n](" by [n]g). Then
the corresponding subgraph of the Kneser graph has (by Schrijver’s result)
chromatic number n — 2r + 2. However, the independence number of this
subgraph is not known. This is a rather strange situation in that generally
determining the independence number of a graph is “easier” than determining

its chromatic number. For the remainder of this chapter we will consider a
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well-known conjecture of Holroyd and Johnson on this problem, namely that
an analogue of the Erdds-Ko-Rado theorem holds for intersecting families
of separated sets. In fact their conjecture is more general. They define the
collection of k-separated r-sets in [n]™) to be those r-sets A = {as,...,a,}
satisfying a;41 —a; > kfori=1,...,r, where a,4; = a; +n. We will denote

this family by [n]g). Note that a 1-separated set is simply a separated set.

Conjecture 5.3 (Holroyd and Johnson [15])

Letn, k and r be positive integers satisfyingn > (k+1)r. Suppose z € [n] and

A C [n]{") is intersecting. Then |A| < | Az, where A2 = {A € [n]\” : z € A}

Our main results are Theorems 5.5, 5.6 and 5.7. Theorem 5.5 shows that
when n = 2r+2 and k = 1 (the first non-trivial case) Conjecture 5.3 is true.
Theorem 5.6 gives a version of the Erdés-Ko-Rado theorem for weighted k-
separated sets. Finally, Theorem 5.7 gives an extension of Theorem 5.6 along
the same lines as the Hilton-Milner theorem (Theorem 5.4). These last two
results allow us to give non-trivial bounds on the size of intersecting families

of k-separated sets.

Except in the final section of this chapter we will only consider separated

sets, that is the case £ = 1 of Conjecture 5.3.
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Let us first note, following Holroyd and Johnson [15], that Conjecture 5.3
is true when n is large compared to r and k. This follows trivially from a
result of Hilton and Milner [14] on intersecting families of r-sets which are
not fixed by single element (that is families A for which there does not exist

z € [n] such that every A € A contains z).

Theorem 5.4 (Hilton and Milner [14]) If A is an intersecting family of r-
sets from [n]") not fized by a single element then |A| < |A| where A is formed
by taking all r-sets containing both the element r + 1 and at least one of the

elements 1,2, ...,r together with the set {1,2,...,7}.

We note that the family A has size (’:j) — (*7{') + 1. A simple calculation

then implies that Conjecture 5.3 is true for n > 2kr?.

5.2 Some negative results

In this section we will explore the first “obvious” ideas for a proof of Conjec-
ture 5.3. We will consider ways of adapting the two proofs of the Erd6s-Ko-
Rado theorem given in the previous section and show that there are simple
reasons why neither proof is easily modified to give a proof of this new prob-

lem.
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5.2.1 Cyclic orderings

Recall the first proof of Theorem 5.1. When considering separated r-sets we
need a corresponding idea of a “separated” cyclic ordering. We will call a
cyclic ordering of [n] an r-legal cyclic ordering if every interval of length r
forms a separated r-set. So for example 1352746 is a 2-legal cyclic ordering
of [7] but it is not a 3-legal cyclic ordering of [7] since 352 is not a separated

3-set.

If all separated r-sets were contained as intervals in the same number of -
legal cyclic orderings of [n] then we could adapt the first proof of Theorem

5.1 as follows.

Suppose each separated r-set belonged to exactly o r-legal cyclic orderings.
Let C, denote the collection of all r-legal cyclic orderings of [n]. Then given
an intersecting family of separated r-sets, A, we could form a bipartite graph
with vertex classes C, and [n]y), and edges joining an r-set to any cyclic or-
dering in which it appeared as an interval. As before, since A is intersecting,
any C € C, would be adjacent to at most r sets in .A. Hence by counting the
number of edges between A and C, we would obtain a|A| < r|C,|. Counting

the total number of edges in this graph we would also have a|[n]£r)| = n|C,|
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and hence

)
Al <

= A

ric. _ rlin]
o n

However, the problem with this argument is that it is simply not true in
general that every separated r-set is contained as an interval in the same
number of r-legal cyclic orderings. For example if we consider [7){? the 2-set
13 belongs to fewer 2-legal cyclic orderings of [7] than the 2-set 14. Hence

the most simple attempt to modify the first proof of Theorem 5.1 fails.

We have considered trying to overcome this problem by giving weights to the

cyclic orderings but have found no consistent way of doing this.

5.2.2 Ordering of separated sets

Given an r-set A and a family of r-sets B we say that A is disjoint from B

if there exists B € B such that AN B = 0.

For A C [n](" define
D(A) = |{B € [n]” : B is disjoint from A}|.

The second proof of Theorem 5.1 used a special case of the Kruskal-Katona

theorem. Essentially it made use of the following result.
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If A C [n]) then D(A) > D(C), where C is the family of r-sets from [n](") of
size |A| formed by taking the complements of the first |4| sets in the colex

ordering of [n]™~").

In order to adapt this argument to give a proof of Conjecture 5.3 we would
require an ordering of [n]Sf) with the property that any collection of separated
r-sets of size m should be disjoint from at least as many other separated r-sets

as the first m elements in our ordering of [n]ﬁr).

Figure 5.1: The three types of set in [9]&3).

Unfortunately such an ordering does not (in general) exist. We give the
following example. In [9]5,3) there are three basic types of sets. We will call
these types A, B and C. Typical sets of these three types are 135,146 and
147 respectively (see Figure 5.1). A set of type A is disjoint from 10 other

sets in [9)%), a set of type B is disjoint from 9 other sets in [9]® and a

set of type C is disjoint from 8 other sets in [9]&3). Hence, if an ordering
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as described above existed for [9]5,3) its first set would be of type C. Now

consider which pair of sets in [9]£3> are disjoint from the smallest number of
other sets in [9]&3). It is easy to see that if we take the two sets of type B, 137
and 157, then they are disjoint from 11 other sets in [9]5‘3). So if an ordering
as described above exists we must be able to find a pair of sets, at least one
of which is of type C, that are disjoint from at most 11 other sets in [9]&3).
©

However, any such pair of sets is disjoint from at least 13 other sets in [9]

so no such ordering can exist.

5.3 Result for n =2r +2

The first non-trivial case of Conjecture 5.3 that we can prove is the case
n = 2r + 2. (Note that for n = 2r there are only two separated r-sets and
these are disjoint. For n = 27 + 1 there are n separated r-sets all of which

are rotations of each other. So clearly in both cases Conjecture 5.3 is true.)

Theorem 5.5 If A C [2r + 2] is intersecting then |A| < ﬂT?iz and hence

Conjecture 5.8 is true form =2r+2 and k = 1.

Proof: We prove this from first principles by examining in detail the sub-

graph, G, of the Kneser graph Ky, 2, induced by the collection of all sepa-
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rated r-sets. G has vertex set [n]{” and edges between any two sets which
are disjoint. We need to show that the largest independent set in G has order
|Ax| = 5(—T2i1—) We will assume that r is odd, say r = 2d + 1. The case when

r is even may be proved in a similar fashion.

We partition [n]\"” into classes of size r+1 as follows. Let A, (A,) be the class
of all separated r-sets consisting of only odd (even) numbers. All other sets
in [n],(f) contain two gaps of size 2 and r — 2 gaps of size 1. We partition these
into 7 — 1 classes each containing r 4 1 sets by defining for ¢ = 0,...,d -1
B(i,0) (B(i,e)) to be the class of all r-sets in which the two gaps of size 2
are separated by 7 gaps of size 1 and the numbers outside this part of the set

are all odd (even).

) we note that A, U A, induces a complete bipartite

Having partitioned [n]{"
graph of order n in G. This is because every r-set containing only odd
numbers is obviously disjoint from every r-set containing only even numbers.

Also there exist matchings between A, and B(0,e) and between A, and

B(0,0) (see Figure 5.2).

If we wish to choose an independent set in G we may assume without loss
of generality that we choose sets in 4, rather than in A4.,. The complete

bipartite graph induced by A, U A, implies that we cannot choose any sets
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Ao Ae

Figure 5.2: Part of the Kneser graph Ko 42,

from A,. Further, the matching between A, and B(0, ) means that we can

choose in total at most r + 1 sets from A4, U A, U B(0,¢).

There also exist matchings between B(z,0) and B(:+1,e) fori =0,...,d—2.
Hence we may choose at most a half of the r-sets from B(i,0) U B(i + 1,¢)

for:=0,1,...,d — 2.

This leaves only B(d — 1,0) which we can spilt into two equal halves. There
is a matching between these two halves and so we may choose at most a half

of the r-sets in this class.

Hence we have at most (r+ 1)+ (d —1)(r +1) + @ = ”L;-l—) r-sets in our

independent set as required. 0O
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Theorem 5.5 says nothing about the uniqueness of intersecting families of
maximal size. In general there is not a unique family. For example if n = 8
and r = 3 then Theorem 5.5 tells us that any intersecting family has size
at most 6. Obviously this is attained by A} = {135,136,137,146,147,157}.
However, another non-isomorphic family of maximal size is {A € [8]® :

|AN{1,3,5} > 2} = {135,136, 137,157, 357, 358}.

5.4 Results for weighted sets

For A= {ay,...,a,} € [n]\” we define the weight of A to be
(a1 —a; — 1
A — ‘l+1 2 ,
we=T1(""7,
where a,4; = a; +n. So the weight of a k-separated set A € [n]g) is simply
the number of different ways A may be extended to form a set B € [n]((k+1)r)

by inserting exactly k& new elements into each gap in A. We then define the

weight of a family of sets A C [n]g) to be

AcA

The following result says that an analogue of the Erd6s-Ko-Rado theorem

holds for weighted k-separated sets.
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Theorem 5.6 Let n > 2(k + 1)r. Suppose z € [n] and A C [n]g) is inter-

secting. Then w(A) < w(AL), where AL ={A € [n]fcr) 1z € A}

Proof: Consider the bipartite graph G = (V U W, E) with vertex classes
V = [0 and W = [n){*+D). We define E as follows: let A € V be
adjacent to B € W if we can construct B from A by inserting exactly &

elements into each gap in A.

Let A C [n]" be intersecting then
I'(A) = {B € [n]*+)7) . (4, B) € E, for some A € A}

is also intersecting. Since I'(\A) is an intersecting family of (k + 1)r-sets from

[n){*+17) and n > 2(k + 1)r Theorem 5.1 implies that

r< (o o)

For distinct A;, A, € A we have I'(4;) NT'(4;) = 0. To see this, sup-
pose we had B € T'(4;) N T'(A4;) with B = {by,...,bx+1)r}. Without
loss of generality we may suppose that A; = {b1,bk42,...,0k+1)r—k} and
Ay = {bi, bkti41, - - 5 bk+1)(r—1)+i }, for some 2 < 4 < k+1. Hence A;NA; = 0.

This contradicts the fact that A is intersecting,.
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Then, since |I'(A)| = w(A), we have

wl) = 3 wd) = Sl =rl < (Pt ) =u,

AcA AcA

In fact we can prove a stronger result by using the Hilton-Milner theorem

(Theorem 5.4).

Theorem 5.7 Let n > 2(k + 1)r. Suppose z € [n] and A C [n]ff) is inter-

secting. Then at least one of the following holds:
, n—1 n—(k+1)r—1
< — .
() wlA) < ((k+1)r—1) < (k+1)r—1 )+1
) A<

(5.1)

Proof: Consider I'(A) as defined in the proof of the previous theorem. Either

I'(A) is fixed by a single element, so there exists y € [n] such that I'(A) C

.4

B, = {B € [n){*+Y)7) . y € B}, or Theorem 5.4 implies that

wn=mns (1) - (R T

So either (i) holds or their exists y € [n] such that I'(A) C B,
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Suppose that I'(A) C B,. Since every B € I'(A) contains y we see from the
construction of I'(4) that for every A € A either y € A or there exists i € [k]

such that {y — i,y —i+k+1} C A

Suppose {y — i,y —i+k+1} C A € A for some ¢ € [k]. If we rotate A
clockwise by 7 positions then we obtain a disjoint set AT € [n]g) containing
y. This new set is uniquely determined by A. (If two distinct sets A;, As € A
gave rise to the same set then it is easy to see that A; N Ay = (0.) Further,
At ¢ Asince A" N A = (. So for every set A € A, either y € A or there
exists a unique set A*® containing y which does not belong to 4. Hence

|A] < |A;] = | Az, which is (4). O

Both of the previous two theorems enable us to give bounds on the size
of intersecting families in [n],(:), for given values of r, k and n, using simple
information about the weights of these sets. Of course such bounds are not as
good as the conjectured exact result but they are a significant improvement
on the obvious trivial bounds. We will give an example to illustrate how we

may do this.

If A C [n] is intersecting then what upper bounds can we give for |.A|?

Consider a set A € A and its rotation clockwise by 7 positions, for some i €

1

[k]. These sets are disjoint and so .A contains at most 35

of all sets in [n]{".
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Another upper bound for |A| is given by the Hilton-Milner theorem: either
A is fixed by a single element, so |A| < |Az], or |4] < (*2]) — (".771) + 1.

Combining these two observations we obtain the following upper bound,

s max{lashmn {7 (0). (2) - (0037) +1-

For our example we will take k = 1, n = 22 and r = 5. Then |[22]®)] = 8008.

IfAC [22]5,5) is intersecting then the best trivial bound is |.4| < 4004. We will
use Theorem 5.7 to show that | A| < 2651. We partition [22] into classes
according to weight. There are 41 different weights which occur, ranging
from 13 upto 432. Since a set and its rotation by one are disjoint A contains
at most a half of all sets of a given weight. Assuming that |A| is larger than
the conjectured bound, Theorem 5.7 tells us that w(A4) < (291) - (19l ) + 1.
Hence, a simple calculation shows that even if we always pick the “lightest”

possible sets we must have |A| < 2651.

We note that this is a significant improvement on the trivial upper bound of

4004 but still far from the conjectured upper bound of 1820.

In fact we could have used Theorem 5.6 to give the same bound. In order
to see that Theorem 5.7 can provide improved bounds we need to look at

larger examples. If 4 C [40] ®) i intersecting then the difference between the
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bounds on w(A) given by Theorems 5.6 and 5.7 is (32) — 1. Then, since the
heaviest set in [40]®) has weight 48, we see that the bound on |.A| given by
Theorem 5.7 would improve the bound given by Theorem 5.6 by at least 7.

In practice the improvement would probably be a lot more.

We conclude this chapter with the following easy corollary to Theorem 5.6.

") “looks

This corollary tells us that if an intersecting family of sets .4 C [n]
like” a random family of sets, in the sense that the average weight of a set in

(r)
k

A is equal to the average weight of a set in [n];’, then A satisfies the claim

of Conjecture 5.3.

Corollary 5.8 Let n > 2(k + 1)r. Suppose z € [n] and A C [n)\" is inter-
secting. If the average weight of a set in A is at least as large as the average

weight of a set in [n]\") then |A| < | A%

In particular, if the average weight of a set in A is equal to the average weight

of a set in [n]”) then |A| < A%

Proof: Consider the graph G used in the proof of Theorem 5.6. If A € V then
IT(A)| = w(A). Hence |E| = w([n]{"). Also, if B € W then [T'(B)| =k + 1.
Hence |E| = (k + 1)|[n](**1")| and so

(k4 1) ]
average weight of a set in [n]i) = (E+ |)[l[]721)| |
L
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Suppose A C [n]g) is intersecting. Theorem 5.6 implies that

(k + Dr|[n]*+17)]

| Al(average weight of a set in A) = w(A) < -

Hence, if the average weight of a set in A is at least as large as the average

weight of a set in [n]\"”, then
T a(r .
A < ~|[nl] = 4z

as required. O
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