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We study a braneworld Randall-Sundrum type II (RSII) model using the Hamilton-

Jacobi formalism. We extend the standard inflationary parameters and the flow equa-
tions for this braneworld scenario. We investigate the conditions that reduce the infinite
number of flow equations into a finite number and confirm that by considering that one
of the inflationary parameters vanishes, the Hubble expansion rate gets a polynomial

form in both General Relativity and in the high-energy regime of RSII. We also show
that if one sets this inflationary parameter to a constant value, the model features a
non-polynomial form of the Hubble expansion rate. The form of the Hubble parameter
in this case is different in General Relativity and RSII. Next, we consider a single-scalar

field model with a Hubble expansion rate behaving as H ∝ ϕn and show that compared
to GR, the RSII model has a smaller tensor-to-scalar ratio and larger spectral index
for n > 1. Therefore, RSII model leads to better predictions than General Relativity.

Keywords: Inflation; Braneworld scenario ; Flow equations

PACS numbers:

1. Introduction

Inflation was proposed in order to solve some problems in cosmology such as the

horizon and the flatness problems. It also provide a quantum mechanical origin for

anisotropies observed in the cosmic microwave background and primordial density
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perturbations that form large-scale structures.

The Randall-Sundrum type II (RSII) model was first proposed as an attempt

to solve the hierarchy problem in the standard model of particle physics. The large

noncompact extra dimansion decreases the scale of gravity to weak scale and solves

the hierarchy problem. The developments in string theory have increased the in-

terest in such models. In RSII,1 it is assumed that matter fields are trapped on

a 3-brane embedded into a 5-dimensional spacetime with a Z2 symmetry. In this

model, gravity can propagate into the bulk. For a complete review on RSII model

see Refs. 2–13. One of most important features of RSII is the modification of the

Friedmann equation, which now reads as

H2 =
8π

3M2
4

ρ

(
1 +

ρ

2µ

)
, (1)

where H = ȧ/a is the Hubble expansion rate, ρ is the energy density of the matter

fields confined on the brane and µ = 6M6
5 /M2

4 is an intrinsic tension on the brane.

Here, the constants M4 and M5 are the 4D and 5D Planck masses, respectively.

The above equation is obtained by considering a spatially flat Friedmann-Robertson-

Walker (FRW) spacetime on the brane. In the limit µ → ∞, we recover the standard

Friedmann equation. The quadratic term in the above Friedmann equation (1) de-

cays as a−8 during the radiation dominated epoch, therefore, it can be neglected

in this epoch. However, during inflation, it might result in considerable effects and

it cannot be ignored in general. On the other hand, The modified expansion law

of RSII, modifies common phenomena in cosmology, e.g. gravitino production,14,15

baryogenesis,15–17 dark matter relic abundance18–23 and etc.

The Hubble expansion rate H is a fundamental quantity in the Hamilton-Jacobi

approach that can be written as a function of multiple scalar fields. Then, inflation

is described by a tower of flow parameters depending on the Hubble parameter (see

Refs. 24, 25 and references therein). Then, by truncating these flow equations, one

can describe the dynamics of inflation in an exact form. The multiple scalar-field

inflation in this context was studied in Ref. 24. For the high-energy limit of the RSII

model, the Hamilton-Jacobi formalism with a single field was studied in Refs. 26–28

and its flow equations in Refs. 29, 30. In Refs. 24, 31, the authors found conditions

to ensure that all the higher order inflationary parameters vanish. Then, infinite

number of flow equations would reduce to a finite number of first order differential

equations. If we set a parameter (at some order) to zero, the model is equivalent

to the case where we consider a polynomial Hubble expansion rate. Although the

polynomial model is convenient to study inflation in many cases, it would be inter-

esting to study more general classes of models. Setting some parameters equal to

zero is not the only way to obtain a finite number of equations for the inflationary

parameters. For instance, in Ref. 32 was shown that if one inflationary parameter is

constant, e.g. (m)λ = cons., the equations at the m-th and higher orders become al-

gebraic and then, the higher order parameters can be expressed in terms of the lower

order ones. On the other hand, if one sets one of the inflationary parameters to be a
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constant, this leads to a non-polynomial Hubble expansion rate. The flow equations

can be used to study the stability of different cosmological solutions. As an example,

in this paper we consider flow equations with (2)λ = 0 and (2)λ = const., and show

that for (2)λ ̸= 0, the fixed point is the only past time attractor. The equations and

parameters used in this work are reduced to the GR case in the low-energy limit.

In general, inflationary observables (such as the tensor-to-scalar ratio or the spec-

tral index) are modified in the RSII model compared to General Relativity (GR).

Although braneworld inflation models with a single power-law potential V ∝ ϕn

are now ruled out by recent observational constraints, they have been widely stud-

ied. Different power-law parameters n have been studied in Refs. 11,12,33, showing

that in general, braneworld inflationary models are in disfavour with respect to GR.

Surprisingly, using our approach, we find that RSII models can explain inflation in

a better agreement with observations than GR. The aim of this work is to study

RSII model in the Hamilton-Jacobi formalism and compare it to GR. This paper is

organized as follows:

• In Sec. 2, we consider a flat FRW background spacetime and generalize

the multiple fields parameters and flow equations defined in Ref. 24 for the

RSII model. While the modified parameters and flow equations are not the

same as those in GR, we confirm that the truncation condition is the same

as in GR and the potential would be restricted to a polynomial inflationary

field. We then focus on the high- and low-energy regimes separately. In each

case, we consider that one of the inflationary parameters is a constant. In

the low-energy limit regime, we get the same potential studied in Ref. 32;

however, in high-energy regimes, we get models that cannot be studied only

by truncating the equations.

• Sec. 3 is devoted to show how different inflationary observables are modified

by considering a RSII model. Such effects also exist in single scalar field

models in a slow-roll regime, therefore, as a simple and important example,

we investigate a single potential with a Hubble expansion rate being H ∝ ϕn

with general n. After this, we study different values of n to analyse how

inflationary observables change. We confirm that if we consider the Hubble

parameter as a fundamental quantity, RSII models will result in decreasing

(increasing) the tensor-to-scalar ratio for n > 1 (n < 1).

Throughout this work we use i, j, k · · · = 1, 2, 3, · · · for scalar fields ϕi and Greek

indices µ, ν, · · · = 1, 2, 3, 4 for spacetime indices. We set the reduced Planck mass to

M4 = 1.2 × 1019GeV.

2. General flow equations for multiple scalar fields

Let us consider a set of multiple scalar fields confined on the brane denoted by ϕi,

with i = 1, .., N , in a flat FRW background ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2).
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The total energy of the scalar fields is given by

ρ =
1

2
ϕ̇iϕ̇i + V (ϕi) , (2)

where V (ϕi) is a general potential and dots denote derivatives with respect to the

cosmic time t. The Klein-Gordon equation for each scalar field can be written as

ϕ̈i + 3Hϕ̇i +
∂V (ϕj)

∂ϕi
= 0 . (3)

Using Eq. (1), the energy density can be written as a function of the scalar fields,

namely

ρ = µ

√
3M2

4

4πµ
H2 + 1 − µ. (4)

By taking time derivatives in Eqs. (2) and (4) and then by using the Klein-Gordon

equation (3), one finds

ϕ̇i = −M2
4

4π

H,i√
3M2

4

4πµ H2 + 1
, (5)

where H,i := ∂H/∂ϕi. Eq. (5) can be also obtained by doing similar calculations as

it was done in Refs. 24,31,35. In low-energy regime (µ → ∞), we recover the same

standard equation reported in Ref. 35 (see Eq. (2.14a)), which reads

ϕ̇i = −M2
4

4π
H ,i , (6)

whereas in the high-energy limit (µ ≪ 1), Eq. (5) is reduced to

ϕ̇i = −
√

µM2
4

12π

H ,i

H
. (7)

By replacing Eqs. (4) and (5) into (2), one finds that the potential behaves as

V (ϕi) = µ

√
3M2

4

4πµ
H2 + 1 − 1

2

(
M2

4

4π

)2
H,iH

,i

3M2
4

4πµ H2 + 1
− µ . (8)

Inflationary parameters are defined with the Hubble expansion rate and its deriva-

tives with respect to the scalar fields. Then, the flow equations which depend on

the inflationary parameters form an infinite set of ordinary differential equations.

Let us use the standard definition of the slow-roll inflationary parameter ϵ given by

ϵ = − Ḣ

H2
, (9)

where one can notice that an accelerated expansion ä/a = H2(1−ϵ) > 0 is obtained

when ϵ < 1. Using Eq. (5), we find that this parameter becomes

ϵ =
M2

4

4π

H,iH
,i

H2F 2
, (10)
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where for simplicity we have defined the function

F (H) =

(
3M2

4

4πµ
H2 + 1

)1/4

. (11)

It is then possible to rewrite the slow-roll parameter ϵ as

ϵ = ϵiϵ
i , (12)

where we have defined

ϵi :=

√
M2

4

4π

H,i

HF
. (13)

The evolution of the parameter ϵi can be then written using the above definitions,

namely

dϵi

dN
= λijϵ

j − ϵiϵ γ(x) , (14)

where N = log(a) is the number of e-foldings, and d/dN = −d/Hdt. In the above

equation, we have also introduced the following quantities:

γ(x) :=
3
2x2 + 1

x2 + 1
, (15)

x :=

√
3M2

4

4πµ
H , (16)

and

λij :=
M2

4

4π

H,ij

HF 2
, (17)

and we have used dH/dN = −ϵH. We can further compute the evolution of λij

which gives us

dλij

dN
= (2)λij − λijϵ β(x) , (18)

where

β(x) :=
2x2 + 1

x2 + 1
(19)

and

(2)λij :=

(
M2

4

4π

)2(
1

HF 2

)2

H,ijkH ,k . (20)

In the same way, we can generalize this result by defining higher order inflationary

parameters as follows:

(m)λν0 ν1 :=

(
M2

4

4π

)m(
1

HF 2

)m

H,ν0···νm

m∏

i=2

H ,νi , m ≥ 2 . (21)
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Then, the flow evolution of these higher order parameters (m)λν0 ν1 can be expressed

as

d(m)λij

dN
= (m+1)λij + (m)Wij − m (m)λijϵ β(x) , (22)

where

(m)Wν0ν1 :=

(
M2

4

4π

1

HF 2

)m+1

H,ν0···νm

m∑

k=2,I=1

m∏

j=2,j ̸=k

HIH
,IνkH ,νj . (23)

It should be noted that Eq. (22) is only valid for m ≥ 2. Eqs. (14), (18) and (22) form

an infinite hierarchy of differential equations. These equations are a generalisation of

the standard flow equations due to the existence of the functions γ and β. By taking

the case (m)λν0ν1 = 0 = (m)Wν0ν1 for all ν0 and ν1, and then by choosing a specific

m, all higher order parameters vanish. Therefore, the condition for truncating the

flow equation to a closed form is

H,ν0···νm = 0 , (24)

which gives the Hubble parameter H(ϕi) behaving as a polynomial form described

by;24,31

H =
∑

a,b,c···
Aa,b,c···

(
ϕ1
)a (

ϕ2
)b (

ϕ3
)c · · · , (25)

where sums go from a+ b+ c+ · · · = 0 to a+ b+ c+ · · · = m. Eq. (22) does not take

any assumption on the potential. However, truncating these equations is equivalent

to restricting the models considered. In the low-energy regime (γ = β = 1), we

recover the flow equations obtained in Ref. 24. In a single scalar field model, the

flow equations are reduced to the following standard flow equations,36,37

dϵ

dN
= ϵ [ω + 2ϵ(2 − γ(x))] , (26)

dω

dN
= −(4 + β(x))ϵσ − 4ϵ2 [β(x) + 2(2 − γ(x))] + 2 (2)λ ,

d (m)λ

dN
= (m)λ

{
m − 1

2
σ + ϵ [m(2 − β(x)) − 2]

}
+ (m+1)λ , m ≥ 2 , (27)

where ω := 2λ − 4ϵ was defined and, we have used the fact that
(m)W = (m)λλ(m − 1) in a single scalar field inflationary model.

Fig. 1 shows the flow of the parameters ϵ and λ for the condition (2)λ = 0, that

is equivalent as having ∂3H/∂ϕ3 = 0, for the following system:

dϵ

dN
= 2ϵ [λ − ϵ γ(x)] , (28)

dλ

dN
= (2)λ − λϵ β(x) . (29)

In this figure, blue areas show the accelerating regime whereas arrows indicate the

inflationary direction. Both low- and high-energy regimes result in a similar flow.
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Notice that the values of ϵ and λ affect the scalar spectral index ns and tensor-to-

scalar ratio r at the horizon exit; after this period, ϵ and λ do not affect the value

of ns and r. From Fig. 1, one can notice that some trajectories do not cross the

line ϵ = 1 since in this case, inflation should be ended by another physical process.

For small ϵ and λ, as it is in GR at the horizon exit, the line ϵ = λ/2 coincides

with ns = 1. Then, ϵ > λ/2 indicates that ns < 1 and on the contrary, ϵ < λ/2

results in ns > 1. In the high-energy regime of RSII, ns = 1 is equivalent as

having ϵ = λ/3. The fixed critical point for both high- and low-energy regimes

with (2)λ = 0 is ϵ = 0 and λ = const.. Then, the stability matrix of the system at

this critical point for both high- and low-energy regimes becomes

J
∣∣∣
ϵ=0

= λ

(
2 0

−1 0

)
. (30)

One can find that the above stability matrix has two eigenvalues, 0 and 2λ. Since one

of eigenvalues vanishes, the point is non-hyperbolic and linear stability theory fails

to study its stability properties. One can use center manifold theory to determine the

behavior of trajectories around this point (see Ref. 38 for a review about dynamical

systems and also how to use center manifold theory). The line ϵ = 0 with λ > 0 at-

tracts some of trajectories starting at ϵ = 0 = λ. However, the line ϵ = 0 with λ < 0

repels some other trajectories (see Fig. 1). This behavior can also be concluded from

the sign of the eigenvalue 2λ. By constraining r and ns, one can set observational

constraints for the values of the parameters at the horizon crossing. Fig. 2 shows

the flow of ϵ and λ for a single field inflationary model for GR and RSII, considering

the truncation condition (2)λ = 0.

The above analysis is restricted to a polynomial Hubble expansion rate. However,

one can truncate the flow equations without setting the higher order flow parameters

equal to zero.32 Considering (m)λ = const., one can express the higher parameters

in term of the lower parameters, i.e.

(m+1)λ = (m)λ [mϵβ − (m − 1)λ] . (31)

Then, infinite number of equations would be reduced to a set of m ordinary differen-

tial equations. As an example, let us consider the case ϵ = const.. In the low-energy

regime we find that the Hubble parameter becomes

H(ϕ) = H0 exp

(
±
√

4πϵ

M2
4

ϕ

)
, (32)

that is equivalent to the following potential

V (ϕ) = V0 exp

(
±
√

16πϵ

M2
4

ϕ

)
, (33)

where V0 = M2
4 H0(3 − ϵ)/8π. On the other hand, in the high-energy regime
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0

1

2

2 1 0 1 2 3

0

1

2

Fig. 1. Flow of ϵ and λ considering the truncation condition (2)λ = 0 in a single field inflationary

model. The upper figure describes GR (low-energy limit of RSII) while the lower figure shows RSII
in the high-energy limit. The blue area represents the accelerating regime.

0.0

0.5

1.0

ε

×10−2

ns=
0.97

5

ns=
0.95

5

r=0

r=0.1

−0.02 −0.01 0.00
λ

0.0

0.5

1.0

ε

×10−2

ns=0
.975

ns=0
.955

r=0

r=0.1

Fig. 2. Flow of ϵ and λ considering the truncation condition (2)λ = 0 in a single field inflationary

model. The upper figure describes GR (low-energy limit of RSII) while the lower figure shows
RSII in high-energy limit. Notice that ϵ and λ should be in the region confined by dashed lines at
horizon crossing. Dashed lines describes r = 0, 0.1 and ns = 0.955, 0.975 .
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with ϵ = const., the Hubble parameter reads as follows

H(ϕ) =
H0(

1 ± 2 4

√
3πϵ2

M2
4 µH2

0
ϕ
)2 , (34)

with the related potential being

V (ϕ) =
V0(

1 ± 2 4

√
3πϵ2

M2
4 µH2

0
ϕ
)2 , (35)

where V0 =

√
M2

4 µ
3π

(
3
2H0 − ϵ

H0

)
. The Hubble parameter in the form of Eqs. (32)

and (34) cannot be obtained from setting the flow parameters equal to zero.

With ϵ = 0, Eqs. (32) and (34) lead to H = H0. For (2)λ = const., the low-

energy fixed point is ϵ = λ =
√

(2)λ whereas, in the high-energy regime, we

find ϵ =
√

(2)λ/3 and λ =
√

3(2)λ/4. While the condition (2)λ = const. can be

analytically solved in the low-energy regime for different signs of (2)λ,32 in the

high-energy case, there are not any analytical solutions except for the specific case

when (2)λ = 0. The Jacobian matrix (stability matrix) evaluated at the fixed

0

1

2

2 1 0 1 2 3

0

1

2

Fig. 3. Flow of parameters ϵ and λ with the condition (2)λ = 0.5 . Blue dashed lines show the
fixed point for different values of (2)λ.
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1.0
ε

×10−2

ns=
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ns=
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5

r=0

r=0.1

−0.02 −0.01 0.00
λ

0.0

0.5

1.0

ε

×10−2

ns=0
.975

ns=0
.955

r=0

r=0.1

Fig. 4. Flow of parameters ϵ and λ with the condition (2)λ = 0.5 . Observational constraint set
constraints on these parameters at the horizon crossing. Dashed lines show the same region as in
Fig. 2.

point ϵ =
√

(2)λ/3 and λ =
√

3(2)λ/4 is

J
∣∣∣
GR

=
√

(2)λ

(−2 2

−1 −1

)
, (36)

J
∣∣∣
RSII high−energy

=
√

3 (2)λ

(−1 2
3

−1 − 2
3

)
. (37)

Their eigenvalues are
√

(2)λ(−3±
√

7i)/2 and
√

3(2)λ(−5±
√

23i)/6, respectively. In

both cases, the eigenvalues are complex with negative real part; therefore, this point

is an unstable spiral in both limits. This fixed point is the only past time attractor.

Figs 3 and 4 show the phase space diagram for both low- and high-energy regimes

with (2)λ = 0.5. Notice that the fixed points for both limits (GR and high-energy

of RSII) are above the lines ϵ = λ/2 and ϵ = λ/3, respectively. Comparing Fig. 1

and 3, one notices that the flow lines significantly are different in small ϵ for (2)λ = 0

and (2)λ ̸= 0.

In general, the fixed point for (m)λ = const. is

λ = ϵ γ(x) ,
(m)λ = (m−1)λϵ [(m − 1) β(x) − (m − 2) γ(x)] . (38)

For constant γ and β, ϵ is also a constant and (m)λ ∝ ϵm.

AC
CE

PT
ED

M
AN

US
CR

IP
TAccepted manuscript to appear in IJMPD

In
t. 

J.
 M

od
. P

hy
s.

 D
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 N

A
T

IO
N

A
L

 U
N

IV
E

R
SI

T
Y

 O
F 

SI
N

G
A

PO
R

E
 o

n 
03

/1
6/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



February 23, 2020 10:59 WSPC/INSTRUCTION FILE Abedi

Hubble inflation in RSII model 11

3. Slow-roll single field inflation

In single-field inflation, the curvature perturbation ζ is conserved on super-horizon

scales. On the other hand, in multiple-field inflation, ζ can change outside the

horizon. In this section we are going to discuss some consequences of using the

Hubble function as a fundamental quantity; therefore, we restrict our attention to

the single field case. We also assume that the slow-roll approximation is valid during

inflation.

When one is considering a slow-roll regime, it is common to define inflationary

parameters using the potential and its derivatives. In this regime, the parameters ϵ

and λ become

ϵ =
M2

4

16π

V ′2

V 2

1 + V
µ(

1 + V
2µ

)2 , (39)

λ = η − ϵ
(
1 + V

µ

)2 , (40)

where η is the standard inflationary slow-roll parameter,39 expressed as

η =
M2

4

8π

V ′′

V
(
1 + V

2µ

) (41)

with primes denoting derivatives with respect to the scalar field ϕ. In the low-energy

regime, µ ≫ V , and the inflationary parameters are reduced to

ϵ =
M2

4

16π

V ′2

V 2
, (42)

η =
M2

4

8π

V ′′

V
, (43)

η = λ + ϵ. (44)

Another important parameter in inflation is the number of e-foldings N which is

defined as,

N =

∫ t

tend

H dt , (45)

where tend is the end of inflation determined by

ϵ(ϕi
end) = 1 . (46)

One can rewrite N as an integration on scalar fields

N = − 4π

M2
4

∫ ϕi

ϕi
end

HF 2Ai dϕi , (47)

where A = A(ϕi), and

Ai H ,i = 1 . (48)
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In a single-field model, A = 1/H ′ and

N = − 4π

M2
4

∫ ϕ

ϕend

HF 2

H ′ dϕ . (49)

Then, the number of e-foldings in the slow-roll regime yields

N = − 8π

M2
4

∫ ϕ

ϕend

V

V ′

(
1 +

V

2µ

)
dϕ , (50)

where A = 1/V ′. In the low-energy limit, Eq. (50) gives the common GR expression

for the number of e-foldings.

The curvature perturbation for a single scalar field is given by

ζ = −H

ρ̇
δρ = −H

ϕ̇
δϕ . (51)

On large scales, the perturbation of the scalar field is the same as it is in the standard

case based in GR, δϕ = H/2π, therefore, we get that the power spectra behaves as

Pζ =

(
H

ϕ̇

)2 (
H

2π

)2

, (52)

and in slow-roll regime, it becomes

Pζ =
9

4π2

H6

V ′2 . (53)

The spectral tilt and its running get the following forms39

ns − 1 :=
d lnPζ

d ln k
= 2η − 6ϵ , (54)

dns

d ln k
=

M2
4

4π

V ′

V

1

1 + V
2µ

(
3

∂ϵ

∂ϕ
− ∂η

∂ϕ

)
. (55)

Tensorial perturbations are more involved in braneworld inflationary models since

the graviton can propagate into the bulk, and the amplitude of the tensorial per-

turbations would be different than its standard form as in GR. This mean that

the power spectrum of tensorial perturbations is no longer proportional to H2. The

power spectrum of tensorial perturbations in RSII was obtained in Ref. 40 and is

given by

Pt = 8

(
H

2π

)2

A2(x) , (56)

where

A2(x) :=

[√
1 + x2 − x2 ln

(
1

x
+

√
1 +

1

x2

)]−1

(57)

and x is defined in Eq. (16). In addition, the tensor-to-scalar ratio is given by

r =
M2

4

π

(
V ′

V

)2 A2(x)
(
1 + V

2µ

)2 . (58)
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In the low-energy regime (H ≪ µ), we have A(x) ≈ 1, and on the contrary, in

the high-energy regime (H ≫ µ), we have A(x) ≈
√

3x/2. Hereafter, we consider

a special power-law form of the Hubble parameter H = αϕn, where n and α are

constants. In the low-energy regime, the equations are reduced to the standard GR

case. In this regime, the scalar field at the horizon crossing and at the end of inflation

is

ϕ∗ =

√
M2

4

4π
n(2N + n) , (59)

ϕend =

√
M2

4

4π
n , (60)

respectively. In this limit, using the power spectrum of scalar perturbations, we get

α =
M2

4

2

√
Pζ

(
4π

M2
4

)(n+1)/2
n

[n(2N + n)]
(n+1)/2

. (61)

We can also compute another important inflationary observables, such as

ns = 1 − 2(n + 1)

2N + n
, (62)

r =
16n

2N + n
, (63)

dns

d ln k
= − 4(n + 1)

(2N + n)2
. (64)

Considering a high-energy braneworld, V/µ ≫ 1, we get that

H2 =
4π

3M2
4 µ

V 2 . (65)

The scalar field at horizon crossing and the end of inflation behaves respectively as,

ϕ∗ =

{√
M2

4 µ

12π

n

α
[(n + 2)N + n]

}1/(n+2)

, (66)

ϕend =

(√
M2

4 µ

12π

n2

α

)1/(n+2)

. (67)

Then, from the power spectrum of scalar perturbations we get

α =

(
3

n2πM2
4 Pζ

)−(n+2)/6
{√

M2
4

12π
n [(n + 2)N + n]

}−(2n+1)/3

µ−(n−1)/6 . (68)

Fig. 5 depicts the behaviour of α versus M5 for the H = αϕ2 case at different

e-foldings and assuming a power spectrum equal to

Pζ(k) = (2.22 ± 0.16) × 10−9 , (69)
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×1010
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N=70

Fig. 5. α vs. M5 for H = αϕ2 and different numbers of e-folding N = 50, 60, 70.

with a pivot scale of k0 = 0.002Mpc−1.41 For general n, the other observables are:

ns = 1 − 2(2n + 1)

(n + 2)N + n
, (70)

r =
24n

(n + 2)N + n
, (71)

dns

d ln k
= − 2(n + 1)(2n + 3)

n2 [(n + 2)N + n]
2 . (72)

Fig. 6 shows the tensor-to-scalar ratio vs. spectral index for different values of

n in both the high- and low-energy regimes. In this figure we have considered

N = 50, 60, 70. The bound N ≤ 75 on the number of e-folds was found in Ref. 42

for braneworld scenarios. The contours show the 1σ (2σ) confidence level obtained

from Planck 2018, Bicep/Keck 2014 and the baryon acoustic oscillations (BAO)

data.41 For n > 1 (n < 1), the tensor-to-scalar ratio r decreases (increases); and

the primordial tilt ns increases (decreases). Therefore, considering the high-energy

limit of RSII, analytical results for n > 1 become closer to the observational re-

gion. Fig. 7 shows running of the spectral index dns/d ln k vs. primordial tilt ns for

low- and high-energy limit of a braneworld model. As one can see from the figure,

the running of the spectral index decreases for n > 1. We have also plotted the

spectral index, tensor-to-scalar ratio and running of spectral index vs. number of

e-folds in Figs. 8, 9 and 10. The gray band in Fig. 8 corresponds to 1- and 2-σ for

TT+lowP+lensing data.41 Considering the strong regime of RSII not only increase

the possible number of e-folds, but also push the lines toward the gray band.

4. Conclusions

In this paper, we have studied inflation in braneworld RSII. We derived the general

flow equations for the inflationary parameters in the presence of multiple scalar fields
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Fig. 6. Tensor-to-scalar ratio r vs. spectral index ns for H = αϕn in low-energy (dashed lines)
and high-energy (solid lines) limit. The circles indicate N = 50, 60, 70.
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Fig. 7. Running spectral index vs. spectral index for H = αϕn in low energy limit (dashed lines)
and high-energy limit (solid lines). We have used N = 50, 60, 70.

and we found that the truncation condition used for the inflationary parameters is

the same as the standard one considered in inflation based on GR (see Eq. (24)). If

we consider that one of the inflationary parameters is a constant, then, the number

of equations for the inflationary parameters becomes finite in both high- and low-

energy regime. In this case, a new form of the Hubble expansion rate H is obtained.

It is important to mention that this form cannot be found by just truncating the flow

equations. The condition (m)λ = const. leads to a nonlinear equation and hence, this

equation can only be solved analytically for some small values of m. We have also

shown analytically that by considering the Hubble expansion rate as a fundamental

quantity, and a braneworld scenario with H ∝ ϕn, the tensor-to-scalar ratio is

decreased for n > 1, that makes it more consistent with observational constraints

obtained from Planck 2018 (see Fig. 6). This result differs from previous results such
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+ lensing

Fig. 8. Primordial tilt ns vs. number of e-folds for various values of n, in low-energy limit (dashed
lines) and high-energy limit (solid lines).
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Fig. 9. Tensor-to-scalar ratio r vs. number of e-folds for various values of n, in low-energy limit
(dashed lines) and high-energy limit (solid lines).

as Ref. 12 where the authors found that RSII was in disfavour comparable to GR.

The main difference between our result and previous works is that we employed the

Hamilton-Jacobi approach with the Hubble expansion rate being the fundamental

quantity.
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