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ON SETS NOT BELONGING TO ALGEBRAS AND
RAINBOW MATCHINGS IN GRAPHS

DENNIS CLEMENS, JULIA EHRENMULLER, AND ALEXEY POKROVSKIY

ABSTRACT. Motivated by a question of Grinblat, we study the minimal number v(n) that sat-

isfies the following. If Aj,..., A, are equivalence relations on a set X such that for every
i € [n] there are at least v(n) elements whose equivalence classes with respect to A; are
nontrivial, then Aj,..., A, contain a rainbow matching, i.e. there exist 2n distinct elements

Z1,Y1,.--,Tn,Yn € X with 2; ~4, y; for each ¢ € [n]. Grinblat asked whether v(n) = 3n — 2 for
every n > 4. The best-known upper bound was v(n) < 16n/5 + O(1) due to Nivash and Omri.
Transferring the problem into the setting of edge-coloured multigraphs, we affirm Grinblat’s
question asymptotically, i.e. we show that v(n) = 3n + o(n).

1. INTRODUCTION

Let X be a set and let P(X) denote its power set. A nonempty subset A C P(X) is an algebra
on X if A is closed under complementation and under unions, i.e. if My, My € A, then X\ M; € A
and M;UMs € A. In a series of papers and books [4, 5 [6] Grinblat investigated sufficient conditions
for countable families {A;}; of algebras such that |J; A; # P(X) and J; A; = P(X), respectively.
In this context, Grinblat [4] defined v = v(n) as the minimal cardinal number such that the
following is true. “Let Aj,...,A, be algebras on a set X such that for each ¢ € [n] there exist
at least v(n) pairwise disjoint sets in P(X) \ A;. Then there exists a family {U}, U2};cpn) of 2n
pairwise disjoint subsets of X such that, for each i € [n], if @ € P(X) and @ contains one of the
two sets Ul and U? and its intersection with the other one is empty, then @ ¢ A;.” In [4] Grinblat
showed that v(n) > 3n — 2 for each n € N. He posed the following problem.

Problem 1 (Grinblat, [6]). Is it true that v(n) = 3n — 2 for n > 47

In [6] Grinblat proved that v(n) < 10n/3 + 1/2n/3. Nivasch and Omri [8] improved the upper
bound to v(n) < 16n/5+ O(1) using the following equivalent definition of v(n) in the context of
equivalence relations. Let X be a finite set and let A be an equivalence relation on X. If z,y € X
are equivalent under A, we write x ~4 y. With

[#la={ye X :x~ay}
we denote the equivalence class under A of an element x € X, while the kernel of A is defined as
ker(A) = {z € X : |[z]a] > 2}.

Using these definitions, it turns out that v(n) = vy (n) holds, where vy (n) is defined to be the min-
imal number such that if Ay, ..., A, are equivalence relations with ker(A) > vy(n) for each i € [n],
then Ay, ..., A, contain a rainbow matching, i.e. a set of 2n distinct elements x1,y1,...,Tn,yn € X
with @; ~a4, y; for each 7 € [n]. This identity is mainly based on the fact that there is a natural
correspondence between algebras and equivalence relations. Indeed, given an equivalence relation
A on the set X, we can define the algebra A := {{J,cg[z]la: S C X}. Conversely, given some
algebra A4 on X, one can define the equivalence relation A on X the equivalence classes of which
are the inclusion minimal sets in \A. A complete argument to show that v(n) = vy(n) is given in
the appendix.

In this paper we show that v(n) < 3n + o(n), thus giving an asymptotic answer to Problem
More precisely, using the terminology of Nivasch and Omri [8], we prove the following.
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Theorem 1. For every § > 0 there exists ng = no(8) = 144/5% such that the following holds for
every n > ng. Let Ay, ..., A, be n equivalence relations on a finite set X. If | ker(A;)] > (3+d)n
for each i € [n], then Ay,..., A, contain a rainbow matching.

Theorem [I| can be rephrased in the context of graphs. If A1, ..., A, are equivalence relations on
a set X, let the vertices of an edge-coloured multigraph be the elements of X and, for each i € [n],
let {z,y} € ()2() be an edge of colour ¢ if and only if  ~4, y. This means that the equivalence
relations are represented in this multigraph by colour classes, each of which is the disjoint union
of nontrivial cliques, i.e. complete graphs with at least 2 vertices. A matching in an edge-coloured
multigraph is called rainbow matching if all its edges have distinct colours. Using this notion, we
can reformulate Theorem [ as follows.

Theorem 2. For every § > 0 there exists ng = no(8) = 144/5% such that the following holds for
every n > ng. Let G be a multigraph, the edges of which are coloured with n colours and each
subgraph of which induced by a colour class has at least (3 + §)n vertices and is the disjoint union
of nontrivial cliques. Then G contains a rainbow matching of size n.

Theorem [2|is a strengthening of an earlier result by the first two authors [3], which proves the
above statement when the multigraph G is bipartite (and thus each clique consists of two vertices).
The latter was motivated by famous conjectures of Ryser [10] and of Brualdi and Stein [2], 1I] on
Latin squares and by the following conjecture of Aharoni and Berger [IJ.

Conjecture 3 (Aharoni and Berger [1]). Let G be a multigraph, the edges of which are coloured
with n colours and such that each colour class induces a matching of size n + 1. Then there is a
rainbow matching of size n.

These conjectures remain widely open. However, asymptotic versions are known to be true. For
instance, as a consequence of a theorem of Haggkvist and Johansson [7] one obtains that there is
a rainbow matching of size n in case when G is an edge-coloured bipartite graph the colour classes
of which induce perfect matchings of size n + o(n). The third author [9] provided a proof for the
more general case where the matchings are disjoint, but not necessarily perfect.

In the next section we prove Theorem [2] which automatically provides a proof for Theorem
As already mentioned, the best-known lower bound on v(n) is 3n — 2 for each n > 4. Indeed,
if all colour classes are identical and are the disjoint union of n — 1 triangles, then there is no
rainbow matching of size n. Hence, Theorem [2] is asymptotically best possible. If n = 3, then
v(3) =9 > 3n — 2 as shown by Grinblat [4]. See Figure [1]for the lower bound v(3) > 9, which was
also observed by Nivasch and Omri [§].
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FiGURE 1. Example of a graph with 3 colour classes each of size 8 that has no
rainbow matching of size 3.

2. PROOF OoF THEOREM [2

The aim of this section is to present the proof of Theorem [2] We will start with stating and
proving a lemma, which will be the essential part in the proof of Theorem However, we first
need to introduce some necessary definitions and notation.

Given a multigraph G, we denote by Fg[A, B] the set of edges in G that have one endvertex
in A CV and one endvertex in B C V. For any edge-coloured multigraph G, we denote by c(e)
the colour assigned to the edge e € F(G). For the sake of simplicity, we call an edge of colour ¢
simply c-edge. Let I be a set or a sequence of edges, then V(F) := |J . e is the verter set of
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F. Next we define switchings, which, given some rainbow matching M of size k, provide us a new
rainbow matching of size k by replacing edges in M with edges in E(G) \ M. See Figure 2| for an
illustration of a switching of length 3.

Definition 4. Let G be an edge-coloured multigraph and let M be a rainbow matching in G. We
call a sequence of edges o = (eg,m1,€1,M2,...,€x_1,Mk) & (c(eo),c(mk))—switchmg of length k
with respect to M if for each i # j € [k] we have

(S1) myq,...,my are distinct edges in M,

(82) ei_1 € Eg [mi, %4 \ V(M)} s

(S3) c(eg) # c(m;) and c(e;) = ¢(m;), and

(84) ei—1MN €j—1= <.
Whenever it is clear from the context, we omit writing with respect to which matching a switching
is defined. The length of ¢ is denoted by ¢(o). Furthermore, we denote by m(o) the set of all edges
of o that are contained in the matching M and by e(o) the set of all other edges of o. Observe
that £(o) = |m(o)| = |e(o)]-

For every colour ¢, we also define an empty (c, c¢)-switching ¢2. This switching has no edges,
starts and ends at the colour ¢, has length zero, and has m(o?

o) =e(0d) =10.

—_
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FIGURE 2. A (1,4)-switching of length 3.

Now we are in the position to state and prove Lemma [5] which is the main technical result of
the paper.

Lemma 5. For each n € N and § > 0 satisfying dv/n > 12, the following holds. Let G = (V, E)
be a multigraph whose edges are coloured by n colours, M a rainbow matching of size n — 1 in G,
and cq the colour that is missing from M.

Suppose that for every colour ¢ in G, and every (co,c)-switching o there are at least ([(1 +
§)n] — 4l(o) disjoint c-edges between V \ (V(M)U V(o)) and V \ V(o). Then G has a rainbow
matching of size n.

An important special case of the condition in Lemma [5| is when ¢ = ¢y and ¢ is the empty
switching o . In this case the condition says that there are at least [(1+ &)n] disjoint co-edges
touching V' \ V(M).

Proof of Lemma[j Let C be the set of colours of edges of G and R := V \ V(M). We prove
Lemma [5| by induction on n. For the initial case, we prove the theorem for all n < 144. Notice
that if n < 144, then from d+/n > 12, we obtain § > 1. This means in particular that there are 2n
disjoint edges of colour ¢g in Eg[R,V]. However, there can be at most |V(M)| = 2n — 2 disjoint
co-edges in Eg[R,V (M)]. Hence, there exists a co-edge in Eg[R, R] which can be added to M in
order to obtain a rainbow matching of size n.

Now let n > 144 and assume that Lemma [5| holds for every n’ < n. We may also assume that
0 <1 since otherwise there is a rainbow matching of size n by the same argument as before. Let
G = (V, E) be a multigraph and M a rainbow matching of size n — 1 in G, which satisfies all the
assumptions of the lemma. Suppose for the sake of contradiction that G does not have a rainbow
matching of size n. The following claim produces a switching, a set of colours, and a set of edges
that will later be used to reduce the problem to a smaller multigraph, to which we apply induction.
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Claim 1. There exist a colour ca € C, a (co,c2)-switching o = (eg,m1,e1,m2) and a subset
C* C C\{co,c1,co}, where ¢; := c(mq), with |C*| = [on/6], such that for each ¢ € C* there
exists a c-edge e, between V' \ (V(M) UV (0)) and ms \ e1.

In Figure [3] we illustrate the switching, the set of colours and the edges that are guaranteed by
Claim [il

FIGURE 3. Switching (eg, m1,e1,m2), set C* C C\ {co,c1,c2} and c-edges in
V\ (V(M)UV(0)) with c € C*.

Proof of Claim[1. Let Cy := {c € C : J(cp, ¢)-switching of length 1}. By the assumption of the
lemma, there exist [(1+ d)n] disjoint cp-edges having an endvertex in R. If there exists a co-edge
e € Eg|R, R], then M U {e} is a rainbow matching of size n. Therefore we may assume that all
co-edges from R end in V(M), which implies that |Cy| > [(1 + d)n]/2.

For every ¢ € Cy, let . = (e§,m§{) be an arbitrary but fixed (co, c)-switching of length 1.
For a colour ¢ € (4, we say that an edge m € M is c-good if there exist two disjoint c-edges in
Ec|[R\V(o.),m]. By the assumption of the lemma, for every ¢ € Cy, there exist [(1+ §)n] — 4
disjoint c-edges in Eq[R\ V(o.),V \ V(o.)]. If there exists a colour ¢ € C; and a c-edge e €
Ec[R\ V(oc),R\ V(o.)], then there is a rainbow matching of size n, namely the union of the
subset of M induced by the colours in C'\ {c}, and the edges e and e§. Therefore we may assume
that for every ¢ € Cy, there exist [(1+ 8§)n] — 4 disjoint c-edges in Eg[R\ V(o.), V(M) \ V(o.)].

The maximum number of disjoint c-edges in Eq[R\V (o), V(M) \V (o.)] is less than twice the
number of c-good edges m € M plus the number of edges m € M which are not c-good. Hence,
for every ¢ € C1, there exist at least [on] — 2 edges in M \ m(o.) that are c-good. Next we find
an edge m which is ¢-good for many colours ¢ € Cy. Let

W= mgj\);{\C’ﬂ : C" C C1\ {c(m)} such that m is c-good for each ¢ € C'}.

Double counting the pairs (¢, m), where ¢ € C1 \ {¢(m)} and m is a c-good edge, yields

Wl M| = Cil([6n] - 2)
and hence 5 5

u> ( n722)(1+ )
This means that there exists an edge mo = {z,y} € M and a subset Cy C C \ {c(m2)} of size
[(0n — 2)(1 4 §)/2] such that ms is c-good for every ¢ € Cy. For every ¢ € Cq, let x.,y. €
Eq [R\V(O’c), mg] be disjoint edges of colour ¢ such that . Nmy = {z} and y. Nme = {y} (such
edges exist since my is ¢-good). Let X := {z.: c € Co} and Y := {y. : ¢ € Cy}. The remainder
of the proof is split into the case that there exists a vertex in R that is incident to at least 1/3 of
the edges in X and the case that there does not exist such a vertex.

First suppose that there exists a vertex v € R such that v is incident to at least 1/3 of the edges

in X. Using §y/n > 12 and 6 < 1, notice that |X|/3 = |C2|/3 > (6n —2)(1 +§)/6 > [on/6] + 1.
Therefore, we can let X’ be a subset of X consisting of [dn/6] 4+ 1 edges such that v € e for every
e € X'. Let €] be any edge in X’. Since c¢(e}) € Cy, there is an edge e; € Y with c(e]) = c(e1).
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By the definition of X and Y, we also have e; Ne] = @ and V(0(,)) Ne} = &, which imply
X' C Eg [R\ (V(ac(el)) U 61),1‘]. Set ¢1 = c(e1), c2 = c(ma), eo = e;', and my = mi’.
We show that the set C* := {¢ € Cy : x. € X'\ {e}}}, the sequence o := (eg,m1, €1, Mm3),
and edges e. := x. for each ¢ € C* are as desired in the claim. First let us argue that o is
indeed a (cg, ¢2)-switching. Property (S1) is fulfilled since m; € M as (eg,m1) is a switching and
since mg € M by the choice of msy. Property (S2) holds since (eg,mq) is a switching and since
e1Nme = {y} # @ and e; N R # & by the definition of Y. As ¢y is not assigned to edges in
M, we have ¢(mq) # c(eg) # ¢(ms). Moreover, we have ¢(my) = c(e1) by construction. This
shows Property (S3). Finally, Property (S4) is satisfied since we have e; € Eg[R\ V (o, ), m2]
by definition of e; € Y, and hence eg Ne; = &. Thus, o is indeed a (cp, c2)-switching. Observe
that C* C Cy \ {1} C C1 \ {e1,¢2} € C\ {co,c1,c2}. Finally, for each ¢ € C* C C, we have
ec=1a.€ Eg[V\ (V(M)UV(0)),z] = Eg[V\ (V(M)UV(s)),m2\ e1].

Now suppose that all vertices in R are incident to at most 1/3 of the edges in X. Let e; be any
edge in Y. Then at least 1/3 of the edges in X are disjoint from e; and o). Since, as before,
|X|/3 > (dn—2)(1+§)/6 > [dn/6] + 1 we can choose a subset X* C X of size [0n/6] such that
for every e € X* we have c(e) # c(e1) and eN (e1Uoc(e,)) = @. Set again ¢1 := c(ey), ¢z := c(my),
eo := eg', and my := mi'. Analogously to the previous case, the set C* := {c € Cy : z. € X*},
the sequence o := (eg,m1,e1,ma), and the edges e. := z. for each ¢ € C* are as desired in the
claim. O

From now on we may assume the existence of the switching o = (eg, m1, €1, ma), the set C* C C
and the edges e, as in Claim [I] We consider the following sets. Let

W:={ee M: c(e) € C*},
M':= M\ (m(oc) UW),
C':=C\ (C*"U{co,c1}).
Observe that C’ is exactly the set of all colours assigned to the edges of M’ plus colour ¢;. Note
further that |W| = |C*| = [dn/6]. Moreover, we set
n' = |C' = |n(1—6/6)] 2,
S=J enR,

ceC*
R =R\ (V(o)US).

See Figure [4| for an illustration of the sets M, W C M, the set S C R and the switching
(607 mla 61) m2)'

W M|

FIGURE 4. Sets M',W C M, set S C R and switching (eg, m1, e1,ma).

To apply induction, we now consider the edge-coloured multigraph G’ formed from G by deleting
edges of colours from C* U{co, ¢} and vertices in (V (o) USUV(W)). Formally, let G’ = (V', E')
be the multigraph with vertex set

V=V \ (V(e) USUV(W)) = R UV (M)
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and edge set
E' :={e€ Eg[V']: c(e) € C'}.
The edges of G’ keep the colours they had in G.
With this notation in hand, we prove the following claim.

Claim 2. There is a constant &' > 12/v/n’ such that for every colour ¢ € C' and (cz, c)-switching
o (in G', with respect to M’) there are at least ([(1 + &')n'] — 44(0) disjoint c-edges between
V'\(V(M')UV(c") and V' \ V(o).

Proof of Claim[3 Set 6’ = ([én] — 12)/n’ and notice that the following holds:

§'n' > 6n—12>12(v/n — 1) > 12¢/n(1 — §/12) > 12y/n\/1 - 6/6 > 12V’

The second and third inequalities use § > 12/y/n. Therefore 6’ > 12/+/n’ holds, and so we can
apply induction to the multigraph G’ with the matching M’. Consider any colour ¢ € C’ and let ¢’
be some (cz, ¢)-switching in G’. We need to show that are at least ([(1+6")n'] —4¢(c")) disjoint c-
edges in Eq/ [R'\V ("), V/\V(¢”)]. Recall that o is the (co, c2)-switching, given by Claim Then
the concatenation of o and ¢’ gives a (cg, ¢)-switching ¢” (in G w.r.t. M) of length ¢(¢’)+2. So, by
the assumption of Lemmal5lon G, we can find at least [(1+8)n] —44(c”) = [(1+0)n] —4({(c")+2)
disjoint c-edges in E¢[R\V (0”),V\V(c")]. As |[R\V(c")|—|R'\V(¢")| = |S| < [én/6], at least
[(1+6)n] — [6n/6] — 4(€(c”) 4 2) of these disjoint edges belong to E¢[R'\ V(¢"),V \ V(¢")] C
Ec[R'\V(c"),V\V(c)].

Assume first that there is no edge e € Eg[R \ V(o/),V(W) U S| with c(e) = ¢. Then,
since at most 6 disjoint edges intersect V (o), the claim holds since the number of c-edges in
Ec/[R\V(c'),V'\V(d")] is at least

[(1+46)n] — [22] = 4((0") +2) — 6 = (1+ 5")n' — 44(c”).

Assume then that there is an edge e € Eg[R'\V (¢'),V(W)US] with c(e) = c. If eNS # @, then
(M \m(c"))U ({e} Ue(c")) is a rainbow matching of size n in G. Otherwise, if e N V(W) # @,
then let f € W with f Ne # @. By definition of W and S, and by Claim [I] we find an edge
g € Eg(S,ma\ e1) with ¢(g9) = ¢(f). Then (M \ (m(c”) U{f})) U (e(c”) U {e,g}) is a rainbow
matching of size n in G, contradicting our assumption that M was maximum. 0

Now we are able to finish the induction. By Claim [2] G’ satisfies the hypothesis of Lemma
Therefore, since n’ < n, by induction G’ contains a rainbow matching M" of size n’. Now,
M" UW Ue(o) forms a rainbow matching of size n, contradicting our assumption there were no
rainbow matchings in G of this size. U

Finally, we are ready to prove Theorem

Proof of Theorem[3 Let § > 0 and n > 144/6% and let G be given according to the theorem. For
the sake of contradiction, let us assume that a largest rainbow matching M in G has size smaller
than n. Let C’ be the set of colours in M plus one further colour ¢g. Set n’ := |C’|. In the
following, we consider the multigraph G’ = (V, E’) with E' = {e € E : ¢(e) € C'}. We now apply
Lemma [5| to G’ in order to find a rainbow matching of size n’. This gives a contradiction since we
assumed that M was a maximum matching.

Let 6’ = dn/n’ and observe that from n > 144/62, we have §’ > 12/\/77. Let ¢ € C’ and let o
be any (cg, ¢)-switching in G’ with respect to M. By assumption on G, there exist [(3 + d)n] —
V(M)UV (o) > [(146)n] — (o) > [(1+§)n'] — (o) vertices in V' \ (V(M)UV (o)) that are
incident to colour c. If in the colour class of ¢ any two of these vertices are adjacent or have a
common neighbour, then since all the colour classes in G are unions of cliques, there is an edge,
say e, of colour ¢ between them, which leads to the rainbow matching (M \ m(c)) U (e(o) U {e})
of size n’. So, we may assume that there are ([(1+ §')n/] — (o)) disjoint edges of colour ¢ in
Ec/[V\ (V(M)UV(0)),V] and therefore ([(1+ 6" )n'] —4¢(c)) such edges in Eq/ [V \ (V(M) U
V(0)),V\V(o)]. As ¢ and o were chosen arbitrarily, Lemma [5| now guarantees that G’ contains
a rainbow matching of size n’. O
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3. CONCLUDING REMARKS

We wonder how the problem changes if one adds the natural constraint that every pair of
distinct elements belongs to at most one equivalence relation. More precisely, we are interested in
the following problem.

Problem 2. Determine the minimal number v*(n) such that if A;,..., A, are equivalence rela-
tions on a set X with |ker(4;)| > v*(n) and 4; N A; = {(2,z) : x € X} for each i # j € [n], then
Ay, ..., A, contain a rainbow matching.

Using the graph theoretic notion as before, the additional constraint means that the colour
classes need to be pairwise disjoint. This can also be seen as restricting the problem to graphs
instead of multigraphs. It is known that for every even n, there exists an edge-coloured bipartite
graph, the colour classes of which are matchings of size n, without a rainbow matching of size
n. This follows from a result by Euler on transversals in Latin squares (see e.g. [I2] page 263]).
For general n we thus obtain v*(n) > 2n — 2. An upper bound on v*(n) follows directly from
Theorem 2] i.e. v*(n) < v(n) = 3n + o(n).
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APPENDIX A.

Here we show that two versions of the problem studied in this paper are equivalent. Specifically
we show that v(n) = v1(n), where v(n) and vy(n) are as defined in the introduction.

First we show that v(n) > vy (n) holds. Let Ay, ..., A, be equivalence relations with | ker(A;)| >
o(n) for each i € [n]. Let A; := {U,cqlz]a, : S C X} for each i € [n]. It can be seen easily
that Aj,...,A, are algebras. For each of the at least v(n) elements x € ker(A4;) it holds that
{z} € P(X)\ A; . In particular, by the definition of v(n), we find a family {U},U2}ic[n) such
that if Q € P(X) and Q contains one of the two sets U} and U? and its intersection with the
other one is empty, then Q ¢ A;. For every i € [n], we now choose Q; € A; to be the inclusion
minimal set satisfying U! C Q;, and we note that U? N Q; # 0 is implied. By the minimality of
Q;, it turns out that every equivalence class of A; that is contained in @Q; needs to intersect U},
and thus there is at least one such class [z;]4, intersecting both U} and U2. Choosing arbitrary
elements z; € [z]a, NU} and y; € [z;]a, NU? for every i € [n] finally leads to a rainbow matching
as desired.

To prove v(n) < vy(n), we need to argue that for every algebras Ay, ..., A, on a set X with at
least by (n) pairwise disjoint sets in P(X) \ A;, for each i € [n], there is a family {U}', U2}icpn) as
described earlier. To do so, for each i € [n], we define equivalence relations A; on X the equivalence
classes of which are the inclusion minimal sets in A;. As, by the properties of an algebra, for every
set B € P(X)\ A, there is at least one element b € B with {b} ¢ A;, we conclude | ker(4;)| > v1(n),
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for every i € [n]. Thus, by definition of vi(n), we find a rainbow matching x1,y1,...,Tn, yYn as
described above. Now, for every i € [n], let U} := {x;} and U? := {y;}. Then, whenever U/ C Q
holds for some @ € P(X) and j € {1,2} we obtain [y;]4, = [x:]a, C @, by definition of A;, and
thus Q N U™ # 0.
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