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Abstract

This thesis contains several pieces of work related to the 2-part of class groups and
Diophantine equations. We first give an overview of some techniques known in
computing the 2-part of the class groups of quadratic number fields, including the
use of the Rédei symbol and Rédei reciprocity in the study of the 8-rank of the class
groups of quadratic fields. We review the construction of governing fields for the
8-rank by Corsman and extend a proof of Smith on the distribution of the 8-rank
for imaginary quadratic fields, to real quadratic fields, conditional on the general
Riemann hypothesis.

In joint work with Peter Koymans, Djordjo Milovic, and Carlo Pagano, we
improve a previous lower bound by Fouvry and Kliiners, on the density of the solv-
ability of the negative Pell equation over the set of squarefree positive integers with
no prime factors congruent to 3 mod 4. We show how Rédei reciprocity allows us to
apply techniques introduced by Smith to obtain this improvement.

In joint work with Djordjo Milovic, using Kuroda’s formula, we study the aver-
age behaviour of the unit group index in certain families of totally real biquadratic
fields Q(/p. V/d) parametrised by the prime p.

In joint work with Christine McMeekin and Djordjo Milovic, we study certain
cyclic totally real number fields K, in which we attach a quadratic symbol spin(a, o)
to each odd prime ideal a and each non-trivial o € Gal(K/Q). We prove a formula
for the density of primes ideals p such that spin(p,o) = 1 for all non-trivial o €
Gal(K/Q).

Finally, we study integral points on the quadratic twists £p : y? = 2® — Dz
of the congruent number curve. We show that the number of non-torsion integral
points on Ep is < (3.8)r2nk £p(Q and its average is bounded above by 2. We deduce

that the system of simultaneous Pell equations aX? — bY? = d, bY? — cZ? = d
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w(abed)

for pairwise coprime positive integers a, b, ¢, d, has at most < (3.6) integer

solutions.



Impact Statement

This thesis showcases several pieces of work relating to the arithmetic statistics of
class groups, elliptic curves, and Diophantine equations. We hope that this could
lead to new insights in investigating other connections between different objects in
number theory that have not been fully explored.

We study several interesting questions in arithmetic statistics. We show how
some new results in the area can be applied to existing unsolved problems in the
field. For example, we apply recent work by Smith on the distribution of the 2-part
of class groups to improve a current lower bound to the density of the solvability of
the negative Pell equation, working towards a conjecture by Stevenhagen in the field.
We ask a new question on the arithmetic statistics of the unit group of biquadratic
fields, and provide an answer in a special case using Kuroda’s formula and our
understanding of the 2-part of class groups.

In the study of the 8-rank of class groups of quadratic fields, we give explicit
constructions of minimally unramified Cy-extensions, which may facilitate further
study in class fields.

Furthermore, we give applications of the study of elliptic curves to Diophantine
equations. We apply methods from Diophantine approximation to study the number
integral points on elliptic curves, and show how results obtained for elliptic curves

have implications for Diophantine equations such as simultaneous Pell equations.
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Introduction

The Pell equation is the quadratic Diophantine equation having the form
2 — Dy? =1, (0.1)

where D > 0 is a given squarefree integer and we are interested in finding integer

solutions x,y. The negative Pell equation is the analogous equation
x? — Dy? = —1. (0.2)

With the factorisation 2 — Dy? = (x + yv/D)(x — yv/D), it is natural to study the
unit group of Q(\/ﬁ) We know from Dirichlet’s unit theorem, that the unit group
of a real quadratic field Q(v/D) must have the form

<_1> X <€D>7

where €p is the fundamental unit, i.e. the minimal unit in K greater than 1. There-

fore (0.1) is always solvable and possesses infinitely many solutions.

However this is not the case for (0.2). Taking (0.2) modulo any prime p | D ,
we see that —1 has to be a quadratic residue modulo p, so D cannot be divisible by
any prime p = 3 mod 4 if (0.2) is solvable. However the condition that any p | D
is not congruent to 3 mod 4 is not sufficient in determining the solvability of (0.2).
For example, there are no solutions when D is 34,146,178,194, 205,221, ---. The
equation (0.2) is solvable if and only if there is an element with norm —1 in the
unit group of Q(\/E) This happens precisely when the ordinary class group Clp
and the narrow class group Cp of Q(v/D) coincide. The odd parts of Clp and Cp

are always isomorphic, so it suffices to study the 2-parts of Clp and Cp. In recent
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years, much progress has been made in the study of the distribution of 2-parts of
class groups of quadratic number fields, most notably by Fouvry and Kliners [30]

and Smith [81].

We start off in Chapter 1, by giving an overview of some of the techniques
known in computing the 2-part of the class groups of quadratic number fields. Class
field theory establishes the existence of the class field Hp and the narrow class
field Hj), which are the fields that satisfy Clp = Gal(Hp/Q(vD)) and Cp =
Gal(H}/Q(V/D)). The field H}, is the maximal abelian extension of Q(v/D) that
is unramified at all finite places, and Hp is maximal totally real subfield of H'g.
Therefore we can study the 2-part of the class group by constructing unramified

2-power extensions of Q(v/D).

In Chapter 2, we give an explicit construction of minimally ramified cyclic degree
4 extensions of quadratic fields. This generalises the construction of cyclic degree 4
extensions of Q(v/D) that lie in its narrow class field H},, considered in the study of
the 4-rank of Cp. With this we define the Rédei symbol and give a proof of Rédei
reciprocity. The Rédei symbol, together with Rédei reciprocity, originated from
Rédei’s [65] classical work on the 8-rank of Cp, and were generalised by Corsman
[27]. The Rédei symbol is a triple [a, b, ], taking values in {1}, where (a, b) defines
a cyclic degree 4 extension L, ;/Q(v/D) that is minimally ramified, i.e. unramified
at all prime ideals not dividing 2ab, and ¢ specifies an class in Cp|[2], represented by
an ideal ¢ of norm |c|. The Rédei symbol is by definition multiplicative in its last
entry, and the value of [a, b, c|] depends on the splitting of ¢ in L,;/Q(v/D) when ¢
is a prime ideal. Rédei reciprocity shows that the entries of the Rédei symbol are

symmetric, and this allows us to extend multiplicativity to all three entries.

In Chapter 3, we show how Rédei reciprocity can be applied to the study of
the 8-rank of the narrow class groups of quadratic fields. It allows us to construct
minimal governing fields for the 8-rank, as shown by Corsman [27], which are fields
Q3(d) such that the 8-rank of Cg, is determined by the splitting of p in Q3(d)/Q.
Then we extend a proof of Smith [80] in obtaining the distribution of the 8-rank
for imaginary quadratic fields, to real quadratic fields, conditional on the general
Riemann hypothesis. Let D(N) be the set of positive squarefree integer less than
N.
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Theorem 3.1. Assume the general Riemann hypothesis. For any m > j > 0 and

any § € {£1}, we have

. #{0-DeD(N):tkyCp =m, ks Cp = j}

|
N e #{6-DeD(N) :tksCp = m}
Prob(j | m,m+1) ifd=1,
Prob(j | m,m) if 6 = —1,
where

#{M € Maty,xn(F2) : corank(M) = j}
#Matmxn(FQ)

Prob(j | m,n) ==

and Mat,, «n(F2) denotes the space of m x n matrices over Fa.

In Chapter 4, we consider the solvability of the negative Pell equation over the

set
P = {D positive squarefree integer : p # 3 mod 4 for all primes p | D}.

This is the set of squarefree D > 0 such that rko Cp = rke Clp. Stevenhagen [86]
conjectured that the natural density of D € P such that the negative Pell equation
is solvable, is 58.057...%. Fouvry and Kliiners [31, 32] showed that the density lies
between 52.427...% and % Their lower bound comes from the density of D € P
such that such that

rky Clp =1ks Cp € {0, 1} and I"kg Cp = 0,
and their upper bound comes from the density of D € P such that
rks Cp = rks Clp +1.

In joint work with Peter Koymans, Djordjo Milovic, and Carlo Pagano [19], we
improve the lower bound using new techniques introduced by Smith [81], together
with some new algebraic results relying on Rédei reciprocity. More precisely, let
P(N)={D < N:DeP}, P(N):={D e P(N): (0.2) is solvable for D}, and
a=[[72,(1+ 277)71 = 0.41942.. . ., we prove the following.
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Theorem 4.1. We have

lim inf w

> =0.53822. ..
TR ’

where

B=> 2 nt9/2 = 198395, > 5/4.
n=0

Our improved lower bound comes from the density of D € P such that

k4 Clp =1k4s Cp = n and rks Cp = 0.

In Chapter 5, we proceed to study a generalisation of the Pell equation. This
chapter contains results from joint work with Djordjo Milovic [21]. Fixing any d in
the set

R = {d € Z~¢ squarefree : rko Cl; = rko Cy4, rkq4 C4 = 0},

we study how often an equation
2% — dy?* = 4e, (0.3)

is solvable for z,y € Oq(, 5), where €, is the fundamental unit of Q(\/p), as we vary
p in certain congruence classes. This involves studying the unit groups of the fields
ki = Q(/p), k2 = Q(Vd), ks = Q(v/dp), K = Q(vd, /p). Under our choices of d
and p, the unit group index of K is Q(K) = [Of : OF Oy O] € {1,2}, and (0.3)
is solvable if and only if Q(K) = 2. We make use of Kuroda’s class number formula
[51, 48, 49] to translate this problem to the setting of class groups. The formula
states that
R(K) = QUK) - R(ka) (o) (),

where i (K') denotes the size of the 2-part of Clx. We use techniques similar to that
used in Chapter 2, to construct the maximal 2-power subfield %;p of the narrow
Hilbert class field of K. Define mgq,, := #{q | d : q splits completely in Q(,/p)}, and
take

Pim = {p=1mod 4 prime : p{d, tky Cgp =0, mgy = m},
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and Pgm(N) = {p € Pam : p < N}. Writing g, = Q(\/ﬁ, V/P), we expect that
the density of p € Py, such that Q(Kq,) = 2 to behave as follows.

Conjecture 5.2. Ford € R, we have

i HPE Pan(N): Qa) =2} _ 1
N—o0 #Pd,m(N) a 2=’

where t = w(d).
We are able to prove our conjecture in the cases m =t —1and m =1t — 2.

Theorem 5.3. Suppose d € R and let t = w(d). Then the map

Pd,m — {]—7 2}7 p— Q(S{d,p)

is Frobenian for m =t —1 and m = t — 2. Moreover, Conjecture 5.2 holds for

m=t—1and m=1t-—2, and, for allm € {0,1,...,t — 3}, we have

. P EPim(N): Q(Kqap) =2} 1
M P () < om

Chapter 6 is based on joint work with Christine McMeekin and Djordjo Milovic
[20]. We study totally real cyclic odd degree extensions K/Q, which have odd class
number, and such that every totally positive unit is the square of a unit. Given a
non-trivial o € Gal(K/Q) and an odd ideal a, the spin of a (with respect to o), is
defined as the quadratic residue symbol

spin(a, o) = (ﬁ) ,

a(r

where « is any totally positive generator of the principal ideal a”, and h is the class
number of K. The spin was previously studied by Friedlander, Iwaniec, Mazur,
and Rubin [33]. Conditional on a standard conjecture on short character sums
(Conjecture C, in Chapter 6), we prove a formula depending only on the degree n =
[K : @Q], for the density of primes p such that spin(p,o) =1 for all o € Gal(K/Q) \

{1} holds for some prime ideal p lying above p, over the set of primes that split
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completely in K/Q. We can state our theorem more precisely. Define

S = {p prime : p splits completely in K/Q},
Sy ={peS:p=+1mod4Z},
F:={pe€ S:spin(p,o) =1 for all 0 € Gal(K/Q) \ {1}},

Fr=5.NF,

where p denotes a prime ideal in K lying above p. For sets of primes A C B, we

define the restricted density of A (restricted to B) to be

o #Hp<N:pe A}
dAIB) = lim N pe Bl

Theorem 6.4. Let K be a cyclic totally real number field of odd degree n over Q
with odd class number, such that every totally positive unit is the square of a unit,

and such that 2 is inert in K/Q. Assume Conjecture C, holds for n = n(i For

n—1)°
k # 1 dividing n, let dy, be the order of 2 in (Z/kZ)*. Then for a fized sign +,

o S+ . S+ + s_
d(F|St) = 5rnyp,  ond d(FIS) = o7
where
¢(k) (k)
S =1+ H 2 2dy H 2%—1 ,
k|n, k#1 k|n, k#1
dy, 0dd dy, 0dd
and
d B(k) o(k)
so= J] ez+1n% ][] @%-1)%,
k|n, k#1 kln, k#1
dy even diodd

where ¢ denotes the Fuler’s totient function.

At first sight, it might seem that the probability that spin(p,o) = 1 holds for
all 0 € Gal(K/Q) \ {1}, should be 1/2"7! since there are n — 1 quadratic symbol
conditions to satisfy. However, it turns out that not all of these symbols behave inde-
pendently. More precisely, it was shown in [33] that spin(p, o) spin(p,c~!) depends
on the Hilbert symbols («, a”), at even places v, where « is any totally positive gen-
erator of p". Assuming that 2 is inert in K/Q, we are able to give a combinatorial

argument to study the behaviour of the condition (a, @)y = 1.
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In Chapter 7, we explore an application of the study of elliptic curves to a

special type of simultaneous generalised Pell equations.
Theorem 7.6. Let a,b, c,d be pairwise coprime positive integers and set D = abced.
Then for any sufficiently large D, the system of equations

aX?-bY? =d, bY? —cZ%2=d

1/3

has at most 15+(1.89)" 197" < 15—1—(3.58)“’(13)‘*'12“’([))1/3 solutions (X,Y,Z) € 73,

where r := rank Ep(Q).

The solutions to the system of equations in Theorem 7.6 can be mapped explic-

itly to integral points on the congruent number curve
Ep 1yt =2 — D%z

Then Theorem 7.6 follows from an upper bound on the number of integral points

on &p.

Theorem 7.1. We have
#Ep(Z) < (3.8)™kén(Q),

We also prove an average result on the number of integral points. Let 7p denote
the set of torsion points in Ep(Q), and D(IN) denote the set of squarefree integers
less than N.

Theorem 7.5. We have

lim sup

Nosoo #D(N) > #(Ep(Z)\Tp) <2

DeD(N)
If we further assume the abc conjecture, the upper bound can be improved to 1.

Non-torsion integral points come in pairs of the form (z,+y). It follows
from Smith’s work [81] that almost all £p has rank 0 or 1. The upper bound
in Theorem 7.5 comes from the possible existence of a pair of small points in

the range D?/(log D)1?27¢ < z < D*'¢, and a pair of large points of size z >
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exp(exp(% log D)) left from an application of Roth’s Theorem, which we are un-

able to eliminate on most curves of rank 1, except by using the abc-conjecture.



Chapter 1

The 2-part of class groups of quadratic

number fields

Class groups first appeared in the theory of binary quadratic forms. An integral
quadratic form has discriminant D = b? — 4ac. Gauss defined a composition law on
quadratic forms of a fixed discriminant. The set of equivalence classes of quadratic
forms is then a finite abelian group. The formulation of the concept of ideals by
Dedekind, allows class groups to be described in terms of ideals. The class group
measures how far a ring is from being a principal ideal domain.

Gauss made several conjectures in Disquisitiones Arithmeticae [34]. The first

being the following statement later proved by Heilbronn [39).
Theorem. The class number of Q(v/D) tends to infinity as D — —oc.

This implies that there are only finitely many imaginary quadratic fields with
any given number. For low class numbers, Gauss gave tables of fields, which he
conjectured to contain all the possible imaginary quadratic fields with the given
class numbers. Providing a complete list of imaginary quadratic fields with a given
class number became known as the “class number problem”. For class number 1,
this was solved independently by Baker [4], Heegner [38] and Stark [84].

In contrast, much less is known for real quadratic fields. The following conjec-

ture is still open.
Conjecture. There are infinitely many real quadratic fields with class number one.

The p-part of an abelian group is the subgroup containing all elements with

p-power order. The fundamental theorem of finite abelian groups states that any
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finite abelian group is isomorphic to a direct product of cyclic groups of prime-power
order. Therefore the isomorphism class of a given abelian group is determined by
its p-parts. Given a finite abelian group G and an integer k > 1, the p*-rank of
G is defined as 1k,» G = dimp, (p*~1G/p*@). The non-increasing sequence of non-
negative integers {rk, G'}x>1 determines the isomorphism class of the p-primary
part of G.

We are mainly interested in studying the 2-part of the class groups of quadratic
fields. We review the techniques known in computing the 2¥-ranks of the class group
of quadratic fields.

Let C), denote the cyclic subgroup of order n, V4 denote the Klein four group,

and Dg denote the Dihedral group of order 8.

1.1 Class groups

For a number field K, the narrow class group is defined as Cx = Jg/ PI'(Ir and the

ordinary class group is defined as Clx = Jx /P, where

Jx = {fractional ideals of K},
Py = {principal fractional ideals of K}, and

PI'{*' := {totally positive principal fractional ideals of K}.

The class groups Cg and Clg are both finite abelian groups. There exists the

following short exact sequence
0 — Pg /P — Cx — Clg — 0. (1.1)

We say a € K is totally positive, if o(a)) > 0 for all real embeddings o : K — R.

A principal ideal is totally positive if it has a generator that is totally positive.

1.1.1 Some class field theory

Suppose L/K is a Galois extension. Let p be a prime of Ok unramified in L and 3

be a prime in Op, containing p. The Artin symbol is the unique Frobenius element

(Ml) in Gal(L/K) [28, Lemma 5.19, p.95] such that for any o € Op,, we have

B
(L{;() (o) = aNo™m®) mod 9.
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The Artin symbol satisfies some useful properties [28, Corollary 5.21, p.95]. First
of all, it encodes information about the splitting of a given prime. A prime p splits

completely in L/K if and only if (L/TK> = 1. Moreover, for any o € Gal(L/K), we

(%) (%)
L/K

We denote by (L/TK) the Frobenius conjugacy class of (T) in the Galois group
Gal(L/K). When (L/—K) contains only one element, by abuse of notation we write

p
(L/TK) to stand for the unique element in the conjugacy class. For example, when

L/K is an abelian extension, (L/TK) is the only element in (L/—K>, and we write

(59~ (%)

If L/K is abelian and p splits completely in K/Q, (I*p@) contains only one element,
(9)-(5)
p /) B /)

When K is totally real, the Artin symbol (%) is defined as the Frobenius

have

SO we write

where (p) =P N O.

at infinity, i.e. the identity map if L/K is totally real, and complex conjugation

otherwise.

1.1.2 Hilbert class field

Suppose L/K is a abelian extension unramified at all finite places. Then we can

extend the Artin symbol to all ideals in O by multiplicativity

<L/K> : Jx — Gal(L/K) E[pjoH<L£f—>ej.

J

Class field theory tells us that the Artin symbol induces isomorphisms between

class groups and Galois groups.

Proposition 1.1 (Artin reciprocity). [43, p.228, 242] Let K be a number field.
Denote HY the maximal abelian extension of K unramified at all finite primes and

H the mazimal abelian extension of K unramified at all finite and infinite primes.



24 Chapter 1. The 2-part of class groups of quadratic number fields

Then

<H+/K) : Cx — Gal(HT/K)

and

<H/K> . Clg = Gal(H/K).

We call HT the narrow Hilbert class field and H the ordinary Hilbert class field.
Given any Galois extension K/Q, the class fields HT and H are always Galois over
Q since any conjugate fields are also unramified.

The following proposition is useful for constructing unramified extensions.

Proposition 1.2 ([37, Chapter V, Theorem 120]). Let L be a number field and
suppose that B € O \ (9% is coprime to 2. Given a rational prime p, L(~/B)/L is

unramified at any prime p in L above p if and only if the following are satisfied:
(1) ordy, BOy is even at every p above p, and
(ii) further that X2 = 3 mod 4 is solvable for some X € Op, if p = 2.

Theorem 1.3 (Monodromy theorem [59, p. 265, Corollary 2 of Proposition 6.8]).
Let L/K be a normal finite extension of an algebraic number field. The subgroup of
Gal(L/K) generated by all inertia groups of prime ideals of Or, corresponds to the

mazximal subfield of L, unramified over K.

1.1.3 Dual class group
The dual class group Cx is defined as Hom(Cgk, T), where T is the circle group
{z € C:|z| =1}. Since Ck is a finite abelian group, we have Cx = Cg.

Given some ¢ € Cf, since ker ¢ is a subgroup of the abelian group Gal(H'/K),
we can take L to be the subfield of H" such that ker¢y = Gal(H*/L). If ¢ has
exact order m, then Gal(L/K) = C,,. We call L the field of definition of 1. In

other words, L is the smallest field such that one can write

Gal(H"/K) — Gal(L/K) =< C,, — T,

1w

P Cg

where the first isomorphism is Artin reciprocity. For ease of notation we simply
write ¥ = <L/—K) as an element in Cg by identifying the image of <L/—K) with

{zeC:|z|=1, 2™ =1} CT.
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1.2 Quadratic number fields

Here and henceforth, take K to be the quadratic number field Q(v/D), where D # 1

is a squarefree integer. The discriminant of K/Q is given by

D if D=1 mod4,
Ag =

4D if D =2 or 3 mod 4.

A discriminant of a quadratic field is a fundamental discriminant. For simplicity,

we write Cp and Clp for C@( VD) and Cl@( VD) respectively.

1.2.1 Imaginary quadratic fields

For imaginary quadratic fields K, i.e. D < 0, every element has positive norm, so

Pt = Pk and Cp = Clp. Hence also H = H*. The unit group is simply (—1).
1.2.2 Real quadratic fields

For real quadratic fields K, i.e. D > 0, there exist elements with negative norms, for
example v/D. Principal ideals generated by such an element is only totally positive
if there exists a unit with negative norm. In (1.1), the quotient P /Pj- is generated
by the class [(v/D)],

0 — ([(VD)]) = Cp — Clp — 0. (1.2)

Dirichlet’s unit theorem states that the unit group of a number field is finitely
generated and has rank r + s — 1, where r is the number of real embeddings and s
is the number of conjugate pairs of complex embeddings of K. Therefore, we can

express the unit group of K in the form
<_1> X <€D>) (13)

where €p is taken as the minimal unit in K greater than 1, which is called the
fundamental unit. Therefore, Clx = Cg holds precisely when e€p has norm —1. A
field extension of a totally real field is unramified at all places in infinity, if and only
if it is totally real. Therefore H is the maximal totally real subfield of H*. Also

[Ht : H] < 2. There is the following short exact sequence

HY/K
0

0— Gal(H"/H) = << >> — Gal(HY/K) — Gal(H/K) — 0.  (1.4)



26 Chapter 1. The 2-part of class groups of quadratic number fields

Relating (1.1) and (1.4) by Artin reciprocity, we see that
<H+/K> B <H+/K>
0 (VD)

1.2.3 Quadratic symbols

generates Gal(H' /H).

Suppose E is a number field. For any nonzero a € O and p a prime in E, we write
(%) to denote the Kronecker symbol, and extend this multiplicatively. We define
<%>+ to be ¢ € {0,1} such that (—1)¢ = <%) If p is unramified in E(y/a)/E, we
can equate the Artin symbol and the Kronecker symbol by

(Z) _ (E(\/E)/E> _ 11 if p splits in E(y/a)/E,

P if p is inert in E(y/a)/E.

We write Mg to be the set of places of F, for example
Mg = {prime numbers} U {oo}.

We call a prime ideal p in O even if p N Z = 2Z, and odd otherwise. If p € Mg,
we write Ej for the completion of £/ with respect to p. For any p € Mg, and any

a,b € E*, we define the local Hilbert symbol at p to be

1 if 2® — ay® = bz? has a solution (z,y,2) € EJ \ {(0,0,0)},
(av b)p =
—1 otherwise.

By the Hasse-Minkowski theorem, 22 — ay? = bz? is solvable by some (z,y,2) €
E3\ {(0,0,0)} if and only if (a,b), =1 for all p € Mp.

We can relate Artin symbols of quadratic extensions with Hilbert symbols.

Lemma 1.4. Suppose E is a number field and let a,b € Og. If a prime p is
unramified over E(\/a)/E, then

(a,b), = <E(\/§L)/E'>Ordpb.

Proof. This follows from results from local class field theory, see for example [61,



1.2. Quadratic number fields 27

Proposition 3.1 p.333], [17, Exercise 2.8, p.352] and [17, Chapter V1.2, Proposition 2,
p.141]. Since the global Artin map at a prime is the corresponding local Artin map,

we have i <Ep(\/b6)/EP> ) <E(\/6)/E>ordpb' -
p

1.2.4 Splitting of primes in biquadratic extensions

Lemma 1.5. Suppose F' and E are number fields such that Gal(F/E) = V. Let
E1, Ey, E3 be the three quadratic subfields. If v is unramified in F/Ey and v N Op
is unramified in Es/E, then

()= (Sonn 0

Proof. Let p = 0N Op. If p ramifies or splits in Ey/E, then p = Normpg, /50 and

the splitting of v in F'/E; is the same as the splitting of p in Ey/FE.
If p is inert in E1/FE, then p? = Normpg, /50 and p must split in one of Fz/E
and Es3/E. Therefore (%) =1 O

Lemma 1.5 also follows from more general theory of Artin symbols, see for

example [17, Chapter VII, Proposition 3.2, p.166].

Lemma 1.6. Suppose F' and E are number fields such that Gal(F/E) = V. Let
Ey, Ey, E3 be the three quadratic subfields. If p is unramified in Ey/E, then F/FE

and F'/Es must be unramified at any prime above p.

Proof. By symmetry it suffices to show that F'/Ey must be unramified. If p ramifies
in Ey/F, then since the inertia degree of p in F'/E is 2, any prime in F5 above p must
be unramified. If p is unramified in Fy/FE, then since F' = Ej - Eg, p is unramified

in F/E. O

Lemma 1.7. Let a,b # 1 be distinct squarefree integers. A prime ideal ramifies in

Q(v/a, vb)/Q(Vab) if and only if it divides ged(Aq(ya) Agvi))-

Proof. First suppose that p | gcd(AQ(\/a), AQ(\/E))’ then p ramifies in both Q(v/a)
and Q(v/b). If p ¢ Ag(yap)> 1-e- p is unramified in Q(Vab)/Q, which is always the
case when p is odd, then it must ramify in Q(v/a, vb)/Q(vab). If p | A@(\/@), then
p is totally ramified in Q(v/a, v/b)/Q.
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Suppose instead p ¢t gcd(A@(ﬁ),AQ(ﬁ)). If pt Ag(ya) and p " AQ(\/B)’ p is
unramified in both Q(y/a) and Q(+/b), hence also in their compositum Q(y/a, V).

a

is unramified in one of Q(y/a)/Q and Q(v/0)/Q, but ramifies in Q(v/ab)/Q, so the
prime ideal above p must be unramified in Q(v/a, vb)/Q(Vab). O

If p divides exactly one of AQ( Ja) and AQ( NOE then p | AQ( Jab)* In this case p

When we have quadratic extension of a quadratic extension, the following lemma

allows us to determine its Galois closure.

Lemma 1.8 ([54, Chapter VI, Exercise 4, p.321]). Let K be a number field. Let
E = K(y/a), where a € K*\ (K*)2, and let F = E(\/B), where 8 € E*\ (E*)2.
Let N = Normpg/x(8).

(i) If N € (K*)2, then F/K is normal and Gal(F/K) = Vj.
(ii) If N € a- (K*)2, then F/K is normal and Gal(F/K) = Cy.

(i5i)) If N ¢ (K*)2Ua - (K*)2, then F/K has normal closure F(v/N) and
Gal(F(VN)/K) = Ds.

1.3 Inductively computing the 2f-rank

To find the size of the 2-part of Cp, we can either work with Cp H*
directly or its dual C D, by constructing 2-power extensions of L
Hy.o
K contained in the narrow class field H. Let roe = rkox Cp, 2
so 2%k = #Ch 2] =#(Ch ™/ Ch).
Since C%k is a subgroup of Cp, there exists some field H, 2*,6 C ‘
H* such that C% = Gal(H*/H},) under Artin reciprocity. HY
Then we have Gal(H),/K) = Gal(H'/K)/Gal(H"/H},) = 278
ok H
Cp /Cp. We see that 4
274
H} /K HY /K Hy
( 2/ ) :Cp/Ch — Gal(H}, /K)  [m] — (2/> . 2
. m T2
Q(vD)
Therefore ‘
Q

H} /K
CQDk = ker <2k/> = ﬂ ker W. (1.5)

veCp[2+]
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We see that H, is the compositum of the fields of definition of all ¥ € Cpl[2¥]. The
field H;; is constructed as the maximal abelian at finite places unramified extension
of K of exponent 2¥. We can repeat this until we obtain HQJC,O, the maximal abelian
at finite places unramified 2-power extension of K. This is a finite process since the
class group is finite.

The field H; is called the genus field of K. It follows from Gauss genus the-
ory [28, Theorem 6.1] that

Hf = K(\/p*:p| Ak), (1.6)
where p* = (—1)1)7_1]7 for odd p and

2 if D=2mod S8,

2" =4 -2 if D=-2mod 8,

B D
= 71_[ r
odd p|D —1 if D =3 mod 4.

We can also show directly that the field we defined is indeed the genus field of K.
It is straightforward to check that the H, /K is indeed unramified, for example we
can apply Lemma 1.6. We prove the following more general lemma which implies
that the genus field must have degree bounded by 2!~! over K, where t = w(Af).
Then since we have constructed an unramified extension H, /K with degree 271,

we see that 79 = ko Cp = ¢ — 1.

Lemma 1.9. Suppose E is a number field with odd narrow class number, and let
K/E be a quadratic extension. Let H;; be the mazximal abelian at finite places
unramified extension of K of exponent 2. Let o € Gal(H;/E) be a lift of the
generator of Gal(K/E). Then for any subfield L C HQJ; containing K, L/E is Galois
and ogo=t = g7t for any g € Gal(L/K). Furthermore, Gal(H, /E) is abelian and
of exponent 2, and rke Cx < #{p prime in E : p ramifies in K/E} — 1.

Proof. Consider the short exact sequence
1 = Ck /C¥ = Gal(Hy, /K) — Gal(H}, /E) — (o) — 1.

Each classin Cg / C%? contains a prime ideal v in K by Chebotarev density theorem.
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Suppose p is the prime in E lying below v. Since E has odd narrow class number,
[p] is trivial in Cg / C%k, and so [pOk]| is trivial in Cg / C%? . If p splits or ramifies
in K/FE, then v0° = pOk, so [v] ™} = [0]? in Ck / C%?. If p is inert, then [v] is trivial
in Cg / C%. Since the isomorphism Cp / C%? = Gal(H;;/K) respects the action of
o, this implies that cgo™' = ¢g~! for any g € Gal(H;;/K). Now every subgroup of
Gal(H;; /K) is stable under o, so any L C Hzt containing K is Galois over E. The
same argument for L/K shows that ogo~! = g~! holds for any g € Gal(L/K).
When k = 1, any g € Gal(H; /K) has order dividing 2, so g = g~* and since
ogo~!t = g~1, we see that g commutes with . Therefore Gal(H; /E) is abelian and
of exponent 2. It follows from the monodromy theorem (Theorem 1.3), since E has
no unramified at all finite prime abelian extension of even degree, that Gal(H, /E)
is generated by the inertia groups of ramified primes. Since Gal(H, /E) is abelian,
the inertia group does not depend on the choice of prime above a given prime p in
E, so the number of generators is bounded by the number of primes ramifying in

K/E. O

Let p1,...,ps be the distinct prime factors of Ax. These are precisely the
primes that ramify in K/Q. Denote p; the ideal in Ok that is above p;, so (p;) = p?
and [p;]* = 1. It is well known (see for example [85, Corollary 9.9(a)]) that Cp|[2]
can be generated by the classes [p;], so we can express any element in Cp[2] as
[1;[p;]%, for some e; € {0,1}.

Define a t-dimensional Fo-vector space

{£b] Ak} C Q*/{1,~D}(@Q*)? if D >0,

{b| Ak :b> 0} C Q*/(Q*)? if D <0.
Since #V; = 2! and # Cp[2] = 2!1, there is a two-to-one projection

[m] if m >0,
P:Vl—»CD[Q] m—

m(vD)] if m <0,
where m is an ideal in K with norm |m| . One set of representatives for V; is

€t

{pi'ps®...pf" : (e1,e2,...,e) € }F’;}
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Since # ker P = 2, there exist exactly one non-trivial positive representative R | Ay
in ker P. If D < 0, we always have R = D, since (/D) is a totally positive principal
ideal. Define Vi to be the set of elements b € V; such that P(b) € Czk 1[ 2].

Define another t-dimensional Fo-vector space

Uy = {(p)) (p3)2 ... (0))% : (e1,e2,...,e1) €FLL C QX/(Q*)%  (1.8)

The field of definition of any ¥ € Cpl[2] is contained in Hy, so we can write ¥ =
(K (Va)/K )

for some a € U;. Then there is a two-to-one projection

Y1 :U - Cpl2] ar <W>

Since K (y/a) = K(y/D/a), we see that ker¢; = {1, D}. Define Uy to be the set of
a € Uy such that ¢ (a) € C%k_l[Q].

For any a € Uy, there exists some ¥ € Cp[2¥] such that 2" = ¢ (a). Since
U e Cp[2¥], we can write U = (L/—K), where L C Ht and Gal(L/K) = Cy for
some i < k. From 02" = ¥1(a), we deduce that the field of definition of v (a)
must be contained in L. Also if ¥ (a) is non-trivial, then ¥ must have exact order
2% so0 i = k. Therefore L C H, o« 18 a Cye-extension of K containing K (y/a). We see
that any two choices of (L) defer by an element in Cp[28~1]. If ¢y (a) is trivial

then U e Cp[2F~1]. Therefore we can define

2k71

U Uy — Cp[2¥]/Cp[21] yr(a)> = ¢i(a).

The following is now clear.
Theorem 1.10. Let a € Uy \ {1, D}. Then a € Uy, if and only if there exists a field
L such that K C K(y/a) C L C H' and Gal(L/K) = Cy.

We see that

m ker ¥ = m m ker 1);(a)

veCp[2k] i<k a€l;

From (1.5), we deduce that

c :ker< 2-- 1/K> M kervn(a) = CH " () kervu(a)

a€Uy, a€Uy,
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Define a pairing
< , >k :Z/{k X Vk — {:l:l} <a, m>k —> wk(a)(P(m)) (1.9)

Since Cp[2F~] is trivial on C%kfl, ( , )k is well defined. It is straightforward to
check that the pairing factors through CA?QDkfl [2] x C%_l [2]. This pairing arises from
the natural pairing Cp x Cp — T. The important property of this pairing (v Dk
is that its left kernel (i.e. cokernel) is U1 and right kernel is Vi1, which both have
size 217™2k+1 | Starting with ¢ and Vi, we inductively obtain the r4, 75,716, ... via

this pairing. We have sequences of subspaces
{LD}yC - QU1 CU C - ClUh {L,R}C - CVen SV C - TV,

such that 1 (Uy) = C% 2], PWVy) = C3 ' [2] and dimp, Uy = dimg, Vi, = ror + 1.
Define
Uk = U /{1, D} and Vi, = V/{1, R}. (1.10)

The pairing is also well-defined on U}, and Vy.

For any S = {s1,...,sm} C U, and T = {t1,...,tn} C Vy, define Ry g7 (D) to
be the m x n matrix (¢; ;) over Fa, such that (—1)%7 = (s;,t;). If S is a basis for
U, and T is a basis for Vi, then Ry g7 (D) is the matrix representation of ( , ),
and we have coker Ry g7(D) = Up41 and ker Ry, s 7(D) = Vi4q, under the maps
(€1,...,em) > st .. s&m and (eq,...,en) — ' ... 5", respectively.

We will discuss this idea in computing 74 and rg in the following sections.

1.4 Computing 4-rank

We can find r4 = rky Cp from the dimension of the right kernel of { , );. We
attempt to obtain a matrix representation of the pairing ( , ); with respect to
the basis S = {p},...,p;} for U; and the basis T = {p1,...,p:} for V;. Taking
norms, we obtain an expression in terms of the Kronecker symbols at each prime p;,

(W) = (%) iizg

J

QW/D/p)/QN\ _ (D/pE\ e
(m) = (T) if i =j.

pj
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We see that the matrix representation for ( , ); with respect to the bases S and

T, is given by Ry s7(D) = (cij)1<ij<t, where

), wir

D/p} e
(T)Jr if 1 =3j.

Cij =

Note that the entries have been converted from {£+1} to {0,1}, as ( , )1 is multi-
plicative, while the matrix space acts on additive structures. We call Ry := Ry g7(D)
the Rédei matrix, since it was first given by Rédei [64]. Then Vs is the left kernel of
R1, Uy is the right kernel of R, and corank R; = rq + 1.

We can convert the Kronecker symbols into Hilbert symbols, so alternatively,

for any p; and odd pj,

i pi)r = (Dspj)p = (=D, pi)p;-
If p; = 2, we see that exactly one of p} or D/p} is congruent to 1 mod 4, and

1 if pf or D/pf =1 mod 8
(p;,2)1 = (DaQ)pi = .
—1 if pf or D/p; =5 mod 8

Therefore checking also the Hilbert symbol at oo, and noting that (—D,a), =

D,b), =1 for any a,b | D and pt A_/5, we have
P vD

Uy ={aeclhy : (—D,a), =1 for all p € Mg,

and a or D/a =1mod 8if 2 € V;}, (1.11)
Vo ={beV;:(D,b),=1forallpe Mg}. (1.12)

1.4.1 Decomposition of second type

Rédei and Reichardt [66] showed that we can find the 4-rank by constructing the
unramified Cy-extensions. Fouvry and Kliiners [31] described the construction in
more detail and applied this idea to the negative Pell equation. They gave the

following definition.



34 Chapter 1. The 2-part of class groups of quadratic number fields

Definition 1.11 (decomposition of second type). Given a squarefree integer D, we

call {D1, D2} a decomposition of second type if the following holds
e D=D;Dy;
e (D1,D3), =1 forallp € Mg;
e if one of AQ(JE)»AQ(@) is even, the other is 1 mod 8.

In terms of Kronecker symbols, an equivalent formulation of the last two con-
ditions in the definition is (%) =1 for all p | D; and (%) =1 for all p | Dy. We
treat { D1, Do} and {D3, D1} as the same decomposition since they define the same
extensions.

It is straightforward to check from (1.11) that this is an alternative description

of elements in Us.

Theorem 1.12. We have a € Uy if and only if {a,D/a} is a decomposition of
second type. Therefore Q(v/D) has 2™ decomposition of second type.

For a € Uy ¢ {1,D}, the field of definition of ¥y(a) € Cp[2¥] turns out to
be Dg-extensions of Q. We will show in Section 2.1 that such extensions can be
constructed explicitly. Here we prove a slightly more general lemma. The case when

E = Q is known by Rédei and Reichardt [66].

Lemma 1.13. Let E be a number field with odd class number, and let K/E be a
quadratic extension. Suppose LK is a Cy-extension unramified at all finite places.

Then Gal(L/E) = Cy x Cy = Ds.

Proof. By Lemma 1.9, ogo—! = g7! for any g € Gal(L/K), and L/E is a Galois
extension. Since Gal(L/FE) has order 8, the only group that satisfy the conditions
is Dg. ]

1.5 Computing the 8-rank

To compute the 8-rank, we find the right kernel of the pairing ( , )o.

Definition 1.14 (Rédei symbol for decomposition of second type). Let a € Us and
b € V,. Define the Rédei symbol as

[a, D/a,b] = (a,b)s.
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and the additive Rédei symbol, which takes values in Fa, as
0 ifla,D/a,bl =1,
[av D/aa b]-f— =
1 ifla,D/a,b] = —1.
Take a basis S = {ai,...,ar,41} for U = coker Ry and a basis T =
{b1,...,by,41} for Vo = ker Ry. Then the matrix representation of ( , )2 is

RQ’SJ’(D) = ([CLZ', D/ai, bj]+)1§i,j§r4+1a and corank R2 =rg+1.

In the next chapter we will study the Rédei symbol in a more general setting.






Chapter 2

A new look at Rédei reciprocity

In 1939, Rédei defined a symbol in terms of some power residue symbol [65] to study
the 8-rank of the class group, with a similar meaning to the symbol we defined in
Definition 1.14, but with more restrictions on the entries. He showed that his symbol
satisfies some form of symmetry in the entries. More recently, in a more class field
theoretic setting, Corsman [27] extended the Rédei symbol to include the infinite
places, and discovered a more general form of the symmetry, which we will call Rédei
reciprocity. Smith also provided a proof of Rédei reciprocity in [80]. However, as
pointed out in [87], both Corman and Smith’s proofs did not account for subtleties
arising from the primes above 2 and oo correctly. Stevenhagen gave more careful

versions of the definition and proof of Rédei reciprocity in [87, Theorem 1].

The proofs involve applying Hilbert reciprocity to an appropriate field and
relating the Hilbert symbols with the Artin symbol defining the Rédei symbol. We
will give a proof following a similar approach, but taking a more explicit route when

constructing minimally ramified extensions, where the Rédei symbol is defined.

For any principal ideal (d) in a field K, let [d] denote the squarefree ideal
dividing (d) such that (d)[d] is the square of an ideal. In contrast to the previous

chapters, here K will denote some Vj-extension of Q.

2.1 Constructing minimally ramified Cj-extensions

In this section, let a,b # 1 be nonzero integers satisfying

(a,b), =1 for all p € Mg. (2.1)
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Note that (a,b)s = 1 implies that at least one of a and b is positive. Define

2gcd(AQ(ﬁ),AQ(\/5)) if {a,b} = {5 mod 8, 3 mod 4},
ab =

ged(Ag(ya)s AQ(\/E)) otherwise.

Define Fg to be the set containing all § € Q(y/a) such that
(i) L = Q(v/a,vb,+/B) is a Galois extension of Q,

(ii) L/Q(vab) is a Cy-extension that is unramified at any prime ideal not dividing
Sab-

We will show that given (2.1), F,p is non-empty. Fouvry and Kliiners [31,
Section 3.2] constructed elements in F,; when {a,b} is a decomposition of second

type of ab. We extend their construction to this more general setting.

2.1.1 Choosing a generator

We will construct some € Fgp. By the Hasse-Minkowski theorem, condition (2.1)

implies that there exists some (z,y,2) € Q3 \ {(0,0,0)} satisfying
z? — ay? = b2 (2.2)
Clearing denominators and removing any common factors if necessary, we take
x,y,z € Z not all zero and pairwise coprime satisfying (2.2). (2.3)

When a or b is congruent to 1 mod 4, we also require that either
{ (x,y,2) =(1,1,0) mod 2 and x —z=1mod 4, or (2.4a)
(z,y,2) =(1,0,1) mod 2 and z —y =1 mod 4. (2.4b)

Note that (2.4a) implies that @ = 1 mod 4 and (2.4b) implies that b = 1 mod 4. The

existence of such (z,y, z) is guaranteed by the following lemma.

Lemma 2.1. If a or b is congruent to 1 mod 4, there exists (z,y, z) satisfying (2.3)

and one of (2.4b) and (2.4a).

Proof. From the preceding discussion, it is clear that hypothesis (2.7) implies the

existence of some (z,y, z) satisfying (2.3). Without loss of generality, assume that
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= 1 mod 4. It suffices to show that x is odd and and exactly one of y and z is even,
because then switching the sign of x gives x+ —y =1 mod 4 or x — 2z = 1 mod 4.
Suppose a = 1 mod 4. Notice that 22 = 2? + y? mod 4, so z is odd and exactly
one of y and z is even.
Suppose a = 2 mod 4. Then from 22 — 2y? = 2% mod 4, we see that x is odd, y
is even and z is odd.

2 = 2?2 mod 4, we see that z is odd and

Suppose a = 3mod 4. From z? 4y
exactly one of z and y is odd. If x is even and y is odd, we can take (X,Y,Z7) =
(x(1+b) — 2bz, y(1 —b), 22 — z(1 + b)), which satisfies X? — a¥Y? = bZ2. Then X
and Z are both exactly divisible by 2 and Y is divisible by 4. Therefore removing

any common factors of X, Y and Z reduces to the case where z is odd and y is

even. O

Fix some (z,y, z) satisfying (2.3) and in addition (2.4b) or (2.4a) if a or b is

congruent to 1 mod 4, we define

o=z + 2D, ﬁ:“‘%ﬁ if a=1mod 4 and 2 | z,

(2.5)
a=2(x+2Vb), B==x+yJ/a otherwise.

Let F, , be the set of all 8 € Q(y/a) that arise from (2.5).

Note that [ is defined as a primitive element in the ring of integers (’)Q( Ja): Le.
p 1 B for any rational prime p. Moreover, o = (v/B + sgn(z)\/3)2, where 3 is the
conjugate of 8 in Q(v/a) and sgn(z) € {£1} is the sign of z.

We will show the following.
Theorem 2.2. F, , C Fup.

Define K = Q(v/a,vb) and L = Q(v/a, Vb, /B). To prove Theorem 2.2, we
need to check L satisfies the conditions set out in the definition of F ;.

Applying Lemma 1.8 shows that Gal(L/Q) = Dg, unless ab € (Q*)?, when
Q = Q(Vab) and Gal(L/Q) = C4.

In our case N is bz? and the normal closure F(v/N) in the theorem is L.

We obtain the following field diagram, where & denotes the conjugate of « in

Q(v/b). Here L/Q(v/ab) is a cyclic extension of degree 4 which is central in L/Q.
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L = Q(va, Vb, VB)

e | STe—

K=Qavh  Qa

\\/\\\/

Q(va) Q(Vab) Q(vb)

\Q/

To prove Theorem 2.2, it remains to show that L/Q(v/ab) is unramified at any
prime ideal not dividing S, .
With Proposition 1.2 in mind, we first show that L/K is unramified at odd

primes not dividing S p.

Lemma 2.3. The following holds.
(i) Q(v/B)/Q(y/a) is unramified at any odd prime not dividing b, and
(i) Q(\/)/Q(\/b) is unramified at any odd prime not dividing a.

It follows that L/ K is unramified at any odd prime not dividing ged(a,b).

Proof. Suppose p is a prime in Q(y/a) lying above an odd prime p 1 A V) Note
that p ramifies in Q(v/3)/Q(y/a) if and only if p | 3. If p | 3, then p | x + yv/a.
Taking norms gives p | bz2, but p 1 b, so p | z. The condition ged(z,y) = 1 implies
that p t 8 in OQ( Ja)» S0 p is the only prime above p that divides B. Now ord, 3
is even, hence p is unramified over Q(1/3)/Q(yv/a). Applying Lemma 1.6 to the
Vi-extension L/Q(y/a), we see that L/K is unramified at any prime above p.

Ifp1 AQ( Ja): & symmetric argument with B replaced with a shows that p is
unramified over Q(y/a)/Q(v/b) and L/K is unramified at any prime above p. [

To handle ramification over the prime 2, we require a € Q(v/b) or § € Q(y/a)
to be a square modulo 4 when 2 ¢ S. Indeed, suppose a = 1 mod 8, then if 5 =
X2 mod 4 and is odd in Q(/a), then 1 and (X + v/B)/2 forms an integral basis of

(’)Q( J/B) over OQ( V) This basis has discriminant 3, which is odd, so 2 is unramified.

Lemma 2.4. Suppose 2 ¢ S, . Then the following holds:

(i) Q(v/B)/Q(y/a) is unramified at any even prime if (2.4b) holds, and
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(ii) Q(v/a)/Q(Vb) is unramified at any even prime if (2.4a) holds.
Furthermore, L/ K is unramified at any even prime.

Proof. The assumption 2 {5, ; implies that a =1 mod 8, orb=1mod 8,ora =b =
1 mod 4. We first show that (2.4b) implies that 3 is a square modulo 4 in Og, /),
so that Q(+v/3)/Q(y/a) is unramified at any even prime. Assuming (2.4b) holds, we
have b = 1 mod 4.

If a =1 mod 4, then 8 =z + yy/a = (a:—y)+2y(1+2\/a) =1 mod 4.

Suppose a = 2mod 4. If y = Omod 4, then 8 = = + yy/a = 1 mod 4. If
y =2mod 4, then 8 =z + y/a=3+2ya = (1 ++/a)? mod 4.

Suppose a = 3 mod 4. Then b = 1 mod 8. From 22 — ay? = 22 mod 8, we must
have y = 0 mod 4, so 8 = = + y\/a = 1 mod 4.

Therefore L/Q(y/a) is unramified at any even prime. Applying Lemma 1.6 to
the Vj-extension L/Q(y/a), we see that L/K is also unramified at any even prime.

If (2.4a) holds instead of (2.4b), then a = 1 mod 4 and z is even, so & = z+2V/b.
A symmetric argument shows that a is a square modulo 4, so that L/Q(+/b) and

hence L/K are unramified at any even prime. O

By Lemma 2.3 and Lemma 2.4, L/K is unramified at any finite prime not
dividing S, . Together with Lemma 1.7, we see that L/Q(vab) is unramified at any

finite prime not dividing S, ;. This proves Theorem 2.2.

2.2 Defining the Rédei symbol
To define the Rédei symbol, take a,b,c # 1 to be nonzero squarefree integers satis-

fying

ng(AQ(\/E)’ AQ(\/I;)’ AQ(\/E)) = 1, and (26)
(a,b)p = (a,c)p = (b,c)p, =1 for all p € M. (2.7)

Our goal is to define an Artin symbol (W

Fix some 8 € F, , and define L = K(1/f). By Theorem 2.2, L/K is unramified

) that only depends on a, b and c.

at any odd prime dividing ¢, since it must be coprime to S, by (2.6). When c is
even, at least one of a and b is congruent to 1 mod 4 by (2.6) so must be congruent

to 1 mod 8 by (2.7), so L/K is unramified at any prime at 2. Any p | ¢ splits or
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ramifies in Q(y/a)/Q and Q(v/b)/Q from condition (2.7), so we can always find an

ideal ¢ in K with norm |c|.

2.2.1 Removing the dependency on the choice of field extensions

Now that we know where this Artin symbol exists, we need to check where it is
independent of the choice of 8 and c.

Since Gal(L/K) is in the centre of Gal(L/Q), for each prime p | ¢, the symbol
(L/TK> does not depend on the choice of prime ideal v above p. Therefore taking a

different ¢ does not change the value of <L/TK>

Theorem 2.5. Let a,b,c # 1 be nonzero squarefree integers satisfying the condi-
tions (2.6) and (2.7). Define K = Q(v/a,Vb). Let B, € Fap. Let ¢ be an ideal in

K of norm |c|. Futher assume for any even prime p in Q(y/a),
ordy 8 is even if {a,b} = {3 mod 4, 5 mod 8} and ¢ =5 mod 8. (2.8)

Then
(W) _ (KW)/K) ife>0,

C [

CcoO CoO

(W) _ (K(WVK) if ¢ <0.

Lemma 2.6. Let a,b # 1 be nonzero squarefree integers satisfying (2.1). Define
K = Q(v/a,Vb). Suppose 8,3' € Fop. Then K(\/B') = K(\/dB) for some squarefree
integer d. Furthermore, K(v/d)/Q(v/ab) is also unramified at any finite prime not

dividing S, and
ng(AQ(W)vAQ(\/&)) | Sa,b' (29)

Proof. Since K (1/B") and K (v/F) are both Cy-extensions of Q(v/ab), by Lemma, 1.8,
we must have Normg /)08 = bz? and Normg(,/z)/0 8" = bz"? for some z, 2 €
Q*. Now Normgy, /z) /0 BB = (bz2")?, so Q(v/BA)/Q is a Vj-extension. Hence
Q(VBF) = Q(v/a,Vd) for some squarefree integer d, and 88" € d - (Q(v/a)*)>2.
Therefore K(v/B') = K(v/dB). Since K(vd) ¢ K(v/B) - K(v/F), we know that
K (v/d)/Q(v/ab) must be unramified where K (/B)/Q(vab) and K (/5)/Q(+/ab) are
both unramified, i.e. outside S, 4. In particular Q(v/d, Vab)/Q(+/ab) is unramified
outside S, 5. Now (2.9) follows from Lemma 1.7. d

Proof of Theorem 2.5. Suppose d is a squarefree integer such that K(y/f') =
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K(1/dB) as in Lemma 2.6. If (W) = 1, since Gal(K(v/B,v/B)/K) = Vi,

we have

C (& C C

<KW>/K> _ <K<¢B>/K> (KW)/K) _ <K(\/B)/K).

Therefore it suffices to show that (K(\/a)/ K) =1.

[

Suppose p | c. Then (2.6) implies that p t S, ;. The condition (a,c), = (b,¢)p, =
1 in (2.7) implies that any p either splits or ramify in the extensions Q(v/a)/Q
and Q(\/B)/Q Suppose v | ¢ is the prime in K above p. Apply Lemma 1.5 to
K(v/d)/Q(vab), then to Q(vab,v/d)/Q, then

(K(ﬁ)/K) _ (Q(\/%, ﬁ)/@(ﬁ)) (B529)  itptAgm,

b Norm o ) ) (eWab/d/e) .
K/Q(\/%) <p> lprAQ(\/m)
We must be in at least one of the two cases by (2.9). Converting to the Hilbert
symbol,
K(vd)/K
(MU)/> = (d, ¢)p. (2.10)

since by assumption (ab, ¢), = (a,c)y(b,c)p, = 1.

Since c is squarefree, multiplying the symbols (2.10) over v | ¢ then applying
Hilbert reciprocity, we have

<W> = H(d, c)p = (d,0) H(d, )p:

ple plc

C

If ¢ > 0 then (d,¢)so = 1. If ¢ is negative, then

(W) o

o0

Therefore it remains to show that

[0, =1 (2.11)
pte
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For any odd p dividing d but not ¢, p must divide a or b because of (2.9), so

(d.c), = <@<¢E>/@> _ ) @ep ifple
P (b,e)p  ifp|b
If p { 2¢d, we have (d, c), = 1.

The term (d,c)2 only appear in (2.11) when c is odd. If ¢ is odd and 2 { Sgp,
then from (2.9), Q(v/d)/Q or Q(y/ab/d)/Q is unramified at 2, so (d,c)2 = 1. The
remaining case is when c is odd and 2 | S, ;. Since AQ(\/E) is coprime to S, we
must have ¢ = 1 mod 4. If ¢ = 1 mod 8, then (d,c)2 = 1, so the remaining case is
¢ =5 mod 8. To satisfy (2.7), we are left with the case in (2.8), but our assumption

ensures d is odd, so (d,c)s = 1. O

We see from the following example that the value of the Artin symbol depends

on the choice of g if (2.8) is not assumed.

Example 2.7. Toke a =23 =3 mod4, b =13 =5mod 8 and ¢ = 29 = 5 mod 8,
which satisfy (2.6) and (2.7). We find that (z,y,z) = (6,1,1) and (29,1,6) are both
solutions to x® —ay? = bz?. Set B = 6++/13 and ' = 29++/13, then K(/B)/Q and
K(V/B)/Q are both unramified at 29, but (W) =1 and <W#) = —1 for
any ideal ¢ in K with norm 29.

We now define the Rédei symbol.

Definition 2.8 (Rédei symbol). For any triple (A, B,C) € Q* x Q* x Q* sat-
isfying conditions (2.6) and (2.7), take a,b,c to be the squarefree integers such
that (a,b,c) = (r2A,s°B,t2C) for some r,s,t € Q*. Define K = Q(\/a,v/b). If
a,b,c # 1, take any € Fqp which satisfies (2.8), and any ideal ¢ in K of norm |c|.
The Rédei symbol is defined by

<w> @'fc>0and1¢{a,bac}a
[A,B,C]: <W> ifc<0a’nd1€{aab,c}a

1 if 1 € {a,b,c}.

2.3 Proof of Rédei reciprocity

Our aim is to prove the following theorem using Hilbert reciprocity.
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Theorem 2.9 (Rédei reciprocity). For a,b,c € Q* satisfying the condi-
tions (2.6), (2.7), we have
[a, b, c] = [a,c,b].

It suffices to prove Theorem 2.9 assuming a,b,c¢ # 1 are nonzero squarefree

integers. We can also fix § € ]:é,b and y € F/ ., since they automatically satisfy (2.8),

a,c’

and the Rédei symbols are independent of such choices. Define K, = Q(/a, \/l;),
Kae = Q(va,V¢), Loy = Q(va, Vb, v/B) and Lo = Q(va, Ve, /7).

We will prove the following more explicit version of Theorem 2.9.

Theorem 2.10. Let a,b,c # 1 be nonzero squarefree integers satisfying (2.6)
and (2.7). Take c to be an ideal in Ko which has norm |c| and b to be an ideal in

K, which has norm |b|. Then

(La,b/Ka,b) lfC < 0

[e.e]

Lap/Kap\ (Lac/Kac\ _ ) 1./ :
i) ()| ()

1 if b >0 and ¢ > 0.

Theorem 2.9 is immediate from Theorem 2.10.

Now Lgp/Kap and Lgc/Ka. are unramified at primes outside S, 5 and Sg.c
respectively. Take c to be an ideal in K, which divides +, and has norm |c|. Take
b to be an ideal in K, . which divides /3, and has norm |b|. It is possible to pick

such b and c by the following lemma.

Lemma 2.11. There exists an ideal ¢ in K, such that Normy o /a)(c) = [7],

and Norm(c) = |c|.

Proof. Let p be a prime in Q(y/a) above some prime p in Q. Ounly at most one
prime p in Q(y/a) above p can divide 7, since p 1 7. From the defining equation for
v, we get vy = cz? or ¢(z/2)? for some z € Z, if p | [y], then p | c. Any p | ¢ must
either ramify or split in Q(v/0)/Q and Q(y/a)/Q by (2.7). Since c is squarefree, we
have ordy[y] = ord, c. For each p | ¢, we can take a prime v in K, ; above p so that
NormKa’b/@ v = p. We take c to be a product of such v over all p | ¢, then c satisfies

the required properties. O

For any prime p in Q(y/a), we study the Hilbert symbol (3,~), according to
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ab_ (fff)
o Fad
ab— (f\[)

Q(va)

the ramification of p in the extensions Q(v/B), Q(v/B), Q(y/7) and Q(1/7). Notice
that L,/Q(y/a) and L, /Q(v/a) are Vj-extensions.

Lemma 2.12. If p is unramified in Q(+/B)/Q(v/a), then

La Ka ordp [’Y]
(/677)13 = <’bé’b> )

where v is any prime in K,y lying above p.

Proof. Note that p being unramified in Q(v/3)/Q(y/a) implies that v is unramified
in Lgp/Kqp by Lemma 1.6.

By Lemma 1.4,
ordy []
_ (QB)/Q(Va)
B =" :
p
We are done if ordy[y] = 0, so assume ordy[y] = 1. By Lemma 2.11, we have

Normy_, iq(/a)® = p- Since Gal(Lq,/Q(v/a)) = Vi, we can apply Lemma 1.5 to get

( Q(A)/Qa) ) _ (L/K) 0

Normp, ,/q(va) © v

If pis odd and p | [5] and p | [y]. By Lemma 2.11, we can find v and u that are

unramified in L, /K, and Lg /K, b respectively.

Lemma 2.13. Suppose p ramifies in both Q(v/B)/Q(v/a) and Q(/7)/Q(va). If
{a,b} = {3 mod 4, 5 mod 8} or {a,c} = {3 mod 4, 5 mod 8}, assume further that p

is odd. Let v be a prime in K, lying above p, and u be a prime in K, . lying above

p. Then
(5 ) = La,C/Ka,c ordy 9] La,b/Ka,b ordy 1]
Y p u v )

Proof. Since Q, € Q(y/a),, we have (b, c), =1 from the assumption (b, c), = 1. By
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the multiplicativity of the Hilbert symbol, we have

1= (b, C)p = (577)}3(677)!3(67'7)13(87:)/)9'

Since p ramifies in both Q(v/B)/Q(v/a) and Q(,/7)/Q(v/a), by Lemma 2.3 and
Lemma 2.4, p | Ag(yp) and p | Ag(ye)- By (2:6), p1 Ag(a), 50 P 1 Sap and pf S,
so v is unramified in Ly /K, p, and u is unramified in L, /K, . Taking the inertia
field of p in in L,,/Q(v/a), we see that p must be unramified in Q(v/3)/Q(v/a).
Similarly we see that p is unramified in Q(1/7)/Q(v/a).

Now we can apply Lemma 2.12 to (3,7)s, (8,7)p and (3,7),. O

If p is unramified in Q(v/5)/Q(y/a) or Q(/7)/Q(v/a), we can apply Lemma 2.12.

Otherwise p is ramified in both Q(v/3)/Q(y/a) and Q(\/7)/Q(y/a), then we can apply
Lemma 2.13, except when p is even and {a,b,c} = {3 mod 4, 5mod 8, 5 mod 8}

or {3mod4, 1mod8 5mod8}. If a =b=1mod4 ora =c = 1mod4, or
one of a,b,c is congruent to 1 mod 8, then p is unramified in Q(v/3)/Q(\/a) or
Q(/7)/Q(v/a) by Lemma 2.4, so we we are covered by Lemma 2.12. Therefore the

remaining case is when p is even and a = 3 mod 4, and b = ¢ = 5 mod 8.

Lemma 2.14. Suppose a =3 mod 4, and b = c =5 mod 8. Let p be an even prime
in Q(va). Then (B,7), =1.

Proof. By (2.4b) and from the equation 2% — ay? = 522 mod 8, we see that f = =
34+24/a mod 4, so each of 8 and ~ is congruent to one of {3+2+/a, —1+2y/a} mod 8.
Since (3+2v/a)(14+2y/a) = —1 mod 8 and (3+21/a)(3—2v/a) = (1+21/a)(1-2/a) =
5 mod 8, it suffices to compute the Hilbert symbol between 34 24/a, —1 and 5. The
fact that (5,5), = (5, —1), = 1 follows from the Hilbert symbol at the rational prime
2. Since (y/a)? is congruent to either —5 or —1 mod 8, we also have (—1,—1), = 1.

Notice that
(Va)? = (3+2va) + (3+2va)(1 + va)? mod 8,
(2+va)* = (34 2va) +5(1 + v/a)? mod 8, and
(2 ++va)? = (3+2va) — (1 —+/a)?* mod 8.

Hensel’s Lemma implies that (3+2+/a,3+2+v/a), = (3+2y/a,5), = (3+2y/a,—1), =
1. By the multiplicativity of the Hilbert symbol, we have (5,7), = 1.
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From Lemma 2.12, Lemma 2.13, and Lemma 2.14, we conclude the following.

Lemma 2.15. Let p be a prime in Q(y/a). Let v be a prime in K, lying above p,

and u be a prime in K, . lying above p. Then

(La,cﬁKu,c) (Lu.,b{)Ka,b> if ordp[,@] = ordp[’y] =1,
] ) i i
Y p =
(%) if ordy[B8] =0 and ordy[y] = 1,
1 if ordy[B] = ordy[y] = 0.

We now look at the places at infinity.

Lemma 2.16. We have

[18.p ={ (Leclfec) ifp <o,
ploo
1 if b>0 and c > 0.
Proof. Suppose p is a place at infinity in K,;. Note that (5,7), = —1 is only

possible when Q(v/a) is real and 3, are both negative in Q(v/a)p. If a > 0, then
there are two embeddings of Q(y/a). Now [[, ., (8,7)y = —1 if and only if exactly
one of {B,7},{B,7} contains all negative elements. This can only happen when
b < 0 or ¢ < 0. Note that b and ¢ cannot both be negative since (b, ¢)so = 1.

By symmetry we only need to prove one of the two cases b < 0 and ¢ < 0.
Suppose ¢ < 0, so exactly one of v, 7 is negative and a,b > 0. Then (%) =-1
if and only if 8, 8 < 0 and this holds precisely when Hp‘oo(ﬁ, Y)p = —1. O

Hilbert reciprocity formula in Q(y/a) states that

H (Ba’y)P =1

pEMo(va)

Substitute each term (3, ), with the expressions in Lemma 2.15 and Lemma 2.16,

then Theorem 2.10 follows from Lemma 2.11.
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2.4 Symmetry in entries

The Rédei symbol, where it is defined, is symmetric in its first two entries by con-
struction. It follows from Rédei reciprocity that any two entries are symmetric.

Rédei reciprocity also allows multiplicativity to hold at any entry. Since the
Rédei symbol is defined as an Artin symbol, it is multiplicative in the last entry. We
get [a,b, c][a,b, ] = [a,b, cc’] where the symbols are defined. By Rédei reciprocity,
we have

[a,b,c][a,b,c] = |a,c,b]la,c,b] = [a,c,bb] = [a, b, c|.

2.5 Rédei symbol for decompositions of second type

We now check that the Rédei symbol defined in Definition 2.8 is actually a more
general version of Definition 1.14.

We use the description of the elements in Uy as decompositions of second type
in Theorem 1.12. Suppose D = ab and {a, b} is a decomposition of second type for
Q(VD). Take ¢ € Vo. We proceed to check the conditions in Definition 2.8 holds
for a, b and c.

It is immediate from the definition of decomposition of second type that (a,b), =
1 for all primes p < oo. We also have ged(a,b) = 1, which implies S(a) NS(b) = @,
so (2.6) always holds. Since if one of a, b is even, the other has to be 1 mod 8, (2.8)
does not apply to decomposition of second type.

We still need to check (a,c), = (b,c), = 1 for all primes p < co. By (1.12),
we have (D, c), = 1 for all primes p < co. Note that (D, c), = (a,c)y(b,c)p, so it
suffices to show that for each p, one of (a,c), and (b, c), is 1. Suppose p { c. Since
ged(a,b) = 1, we have p { a or p { b, which implies (a,c), = 1 or (b,c), = 1. Now
suppose p | ¢, since ¢ must split in at least one of Q(y/a) and Q(v/d), then either

(a,c)p = (%) =1or (bc), = (%) =1.






Chapter 3

Governing fields and the distribution
of the 8-rank

In this chapter, we will present an application of Rédei reciprocity. Corsman [27]
used Rédei reciprocity to construct a minimal governing field for the 8-rank of class
groups of quadratic fields, that is, a Galois extension ©(d)/Q such that the splitting
of primes p in Q(d)/Q determines rkg Cg,. Governing fields are useful because
Chebotarev density theorem allows us to determine the density of different splitting

behaviour of primes.

The distribution of the 4-rank was predicted by an extension of Cohen-Lenstra
heuristics [22] by Gerth [35]. Fouvry and Kliiners [30] proved that the 4-rank of
class groups of quadratic number fields behaves as predicted. Using Corsman’s
construction, Smith [80] found the distribution of the 8-rank of the class groups of
imaginary quadratic fields, assuming the general Riemann hypothesis. Subsequently
Smith proved unconditionally the distribution of the full 2-primary part of class

groups of imaginary quadratic field [81].

In Theorem 3.21, we extend Smith’s initial conditional result to real quadratic
fields. Let D(NN) be the set of positive squarefree integer less than N. We will prove
the following.

Theorem 3.1. Assume the general Riemann hypothesis. For any m > j > 0 and
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any 6 € {£1}, we have

#{6-D e D(N):1tkyCp =m, rksCp = j}

N #{6-DeD(N) :tksCp = m}
Prob(j | m,m+1) ifd=1,
Prob(j | m,m) if 6 = —1,
where
) #{M € Mat,xn(F2) : corank(M) = j}
Prob(j | m,n) = 3.1

and Mat,,xn(F2) denotes the space of m x n matrices over Fa.

The § = —1 case is due to Smith [80].

3.1 Frobenian maps

Let X be a discrete set. A map f: Mg — X is called Frobenian [70, Section 3.3]
if there exists a Galois extension E/K, and a map ¢ : Gal(E/K) — X such that

(i) ¢ is invariant under conjugation, and

(i) f(p) = go((E/TK)) for any p € Mg that is unramified in /K.

When f is a Frobenian map, we call any field F satisfying the above a governing
field of f. Since the Chebotarev Density Theorem is a ready-made tool for studying
densities of prime numbers, it is of particular interest to determine when a map is

Frobenian.

3.1.1 Chebotarev density theorem

Chebotarev density theorem is a useful tool in studying splitting behaviour of primes.

Theorem 3.2 (Chebotarev density theorem, [43, Chapter V, Theorem 10.4], [60,
Chapter V, Theorem 6.4]). Let L/K be an abelian extension. Then given any con-
Jugacy class C in Gal(L/K),

#{p prime in K : Norm(p) < n, (MTK> =C} 40

nh—>Holo #{p prime in K : Norm(p) < n} LK)

Lagarias and Odlyzko also proved an effective form of Chebotarev density the-

orem [52, Corollary 1.3]. However, their result only holds for n > exp(10 - [L :
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Q](log Ay, /Q)Q), which is not applicable when the discriminant of the field is too
large relative to n. If we are allowed to assume the generalised Riemann hypothesis,
such requirement can be weakened. The following conditional result was proved by

Lagarias and Odlyzko, and refined by Serre.

Theorem 3.3 (Effective Chebotarev density theorem, [52, Theorem 1.1], [69,
Théoreme 4] ). Let L/K be a Galois extension. Assume that the generalised Rie-
mann hypothesis holds for the Dedekind zeta function associated to L. Then given

any conjugacy class C in Gal(L/K), we have

# {p prime in K : Norm(p) < n, <L/pK> — C’}

= W (1 +0 (lo\?ﬁn (log Apjg + [L: Q) logn))) :

In Theorem 3.3, having n > (log AL/@)“E + [L : Q]?*€ is enough to give us our
desired asymptotics as n — oo.

We can show that the density of primes in p in K with inertia degree 1 over Q
has density 1. Let p be the rational prime below p. If p does not split completely in
K/Q, then p? < Norm(p) < n. There are < /Li(n) such p by the prime number
theorem. Therefore the set of prime p in K such that ZNp splits completely in K/Q

has density 1, more precisely

#{p prime in K : Norm(p) < n, (IZ%(S) =id} 10 1
#{p prime in K : Norm(p) < n} Li(n)

Moreover, when L/Q is Galois and L/K is an abelian, if p splits completely

in K/Q, the conjugacy class <LI/TQ) contains exactly 1 element. This allows us to

deduce the following from Theorem 3.2 and Theorem 3.3.

Corollary 3.4. Let L/K be an abelian extension and L/Q be a Galois extension.
Then given any o € Gal(L/K),

#{p < n prime: (L/TQ> =0} 1
li = :
nes00 #{p < n prime : p splits completely in L/Q}  [L: K]

Corollary 3.5. Let L/K be an abelian extension and L/Q be a Galois extension.
Assume that the generalised Riemann hypothesis holds for the Dedekind zeta function
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associated to L. Then given any o € Gal(L/K), we have

e (1) -

_ [Eif’& <1 +0 (l‘z;gﬁ” (log A g + L : Q) logn))> .

3.2 Governing fields for the 2*-rank of class groups

Cohn and Lagarias [23] conjectured that governing fields exists for the 2*-rank of
class groups of quadratic fields. In other words, more precisely, for fixed d and 7,

the map f; sending primes p to the sequence {rkor Cgp}r<; is Frobenian.

Conjecture 3.6. Given integers d and j, there exists a normal extension €;(d)
of Q having the following property. If p and py are primes such that (W) =

(Qj(};M)’ then rkzk Cdp = erk Cdpo fOT’ 1 < k < .7

0

If such a field Q;(d) exits, we call it a governing field for the 2J-rank. Cohn
and Lagarias also showed that the conjecture holds for j = 1 and j = 2. The cases
j =1 and j = 2 are relatively straightforward. The existence of governing fields
for j = 3 was first proved by Stevenhagen in [85]. Corsman [27] gave a different
proof by constructing the governing fields explicitly using Rédei reciprocity. We will
present the construction of governing fields 3(d), following Corsman’s approach.

No governing field has been found for j > 4 so far.

3.2.1 Building on a common basis

The case j = 1 follows from genus theory.
Theorem 3.7. Q(d) = Q(v/—1,V/d) is a governing field for the 2-rank.

Proof. Suppose (M) = (%) Then p has to be unramified in Q(v/d)/Q

and Q(v/—1)/Q, so p, po 1 2d. Also <_71> = (;—01) implies that p = pg mod 4, so dp =

dpo mod 4 and w(Ag(/ap)) = w(Ag(yaps)): Where w denotes the number of distinct
prime factors. Since rky(dp) = w(AQ( \/@)) — 1, we have rky Cgp, = rko Cgp,. d

Suppose AQ( NG has prime factors pg,...,pt—1, where pg # 2. Observe that
for the set of fields {Q(1/dp) : (M) = (QI(I;M> }, we can take a common bases

p 0
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S={p;,...,pj_,} for Uy and

- {p1,...,pt—1,—1} for V; if d >0,

{pla"~7pt71} for Vl lfd<0

The existence of Q3(d) follows from the Rédei’s work. Given fields with the

same U and Vi, we look for those which have the same Vs, hence the same 4-rank.

Proposition 3.8 (Governing field for 4-rank). Fiz a squarefree integer d. Let
P1, ..., pr be distinct odd prime factors of d. Let

Qz(d):Q(ﬁ,\/i,m,...,\/ﬁ).

Suppose p and py are primes that satisfy <92(Z)/Q> = <Q2(p(?/@). Then Ry s1(dp) =
Ry s7(dpo) and hence tky Cgp, = 1ky Cap,. In particular, Qo(d) is a governing field

for the 4-rank of {Cap}p.

Proof. Suppose p and pg are primes so that (%) = (%%). Since 4 (d) C

0y(d), we see that p and pyp must be odd, dpy = dp mod 4, and p,py 1 d. Suppose

Po, P1, - - -, Pt—1 are the distinct prime factors of AQ( NZL Restricting to subfields of
-1\ _ (-1 2) _ (2 i _

Q(d), we see that (7) = (p—o) and (5) = (p—o). This implies that p = pg mod 8.

We also see that (%) = (%), for odd p; and j € {1,...,t —1}. The only possible

difference in the entries of Ry g7 (dp) and Ry s7(dpy) are on the diagonal. The

diagonal entries of Ry g7 (dpo) are (M> for j =1,...,t—1. Therefore
Jr

Pj
it suffices to show that (ﬁ) = (i) and <M) = (M) This
by pj Po P
follows from quadratic reciprocity. Therefore Ry g7 (dp) = R1,s,7(dpo)- O

For odd primes py 1 d, define

Adpo = {p prime : p { 2d and pop square modulo 8d}.

Let Agp,(n) = {p € Aap, : p < n}.
From the proof of Proposition 3.8, we see the following by restricting to

quadratic subfields of Qs(d)/Q.

Lemma 3.9. Suppose p and pg are primes. Then the following are equivalent
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(7:) pE Ad,po;
oy (922(d)/QY _ (9220d)/Q
W( p >*< Po )
Proposition 3.8 gives us a condition that is enough for Ry s 7(dp) = R1 57 (dpo)
to hold. Therefore we can find a basis for Uy = coker Ry that is common for Q(+/dp)
and Q(v/dpo), and also for ker Ry, which is Vs, if d > 0 and Vs if d < 0. Our aim

is to determine the fields Q(/dp) that have the same matrix representation of the

paring ( , )2 on this basis.

Lemma 3.10. Let d be a squarefree integer and let py 1 2d be a prime. Take a basis

{ai : i} for coker Ry g7 (dpo) and a basis {bj : j} for ker Ry g7 (dpo). Define
FPO (d) = HL(li,b]')
.7j

where Lo, p, = Q(\/as, Vbi,\/Bij) for some fized choice of B € Faip; and Fqp is as
defined in Section 2.1. Then if p € Agp, satisfy (M> = (M>, we have

Po Po
I‘kg Cdp = I‘kg Cdpo .

Proposition 3.11 (Governing field for 8-rank). Let d be a squarefree integer. Take
Z(d) to be a set containing a prime in each class in (Z/8dZ)* /((Z/8dZ)*)%. Then

Q3(d) = (d) - [ Fpold)

po€Z(d)
is a governing field for the 8-rank of {Cap}p.

It suffices to show that such a field Fj,(d) exists for any odd prime py. We fix
a prime po and take any p € Ag,,. Let m be the 4-rank of Cg,,. Let ¢ be number

of distinct prime factors of A@( Vapg) S0t =T List the distinct prime factors of
AQ(\/%) as PO, - -« Pt—1-

3.2.2 Governing fields for the 8-rank

Now take So C spanp, S so that S = {ai,...,an} is a basis for Uy =

coker Ry s 7(dpo). Also take a basis

- {b1,..., b1} € spang, T for Vo = ker Ry 57(dpo) ifd >0
2 p—

{b1,...,bm} C spang, T for Vo = ker Ry s,7(dpo) if d <0.
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By construction py { a; and pg 1 b;. The matrix Ry g, 1,(dpo) is the Fo-matrix
([as, dpo/ai, bjl+)ij. By the multiplicativity of the Rédei symbol and Rédei reci-

procity, we have

la;, dp/ai, bj]ai, dpo/ai, bj] = [a;, pop, bj] = [as, bj, pop]

_ <La¢,b]~ /Kaubj ) (Lai,bj /Kambj )
b Po ’

where p and po are primes in K, p, with norm p and py respectively. Since

La, b, /Kay b,
<M> and [a;,dpo/ai,b;] are fixed, Ryg,7,(dp) only depends on

Po
La,i,bj /Kai,bj

Lemma 3.12. Suppose p { 2abd. If a € Uy and b € Vo, then p splits in both
Q(va)/Q and Q(v)/Q.

Proof. Since (a,dp/a), = (dp,b), = 1, this implies that (%) = <%> =1, so p splits
in Q(v/a)/Q and Q(vb)/Q. O

By construction, any p € Ag,, is coprime with any a;, b;. By Lemma 3.12, p

splits completely in the compositum

Ep (d) = H Kai,bj
1,

Lai,bj/Kai,bj _ Lai,bj/Q

Lai»bj /Kai,bj > o (EPO (d)’Laivbj /EPO (d)

By Lemma 1.5,

i o >, where v is a prime in

E,,(d) above p. Therefore there is the following one-to-one correspondence between

{(FPO(CZ)/Q) PEe Ad,pO} = {R2,5,1,(dp) 1 p € Adpo} © Matyxs(F2)

p
T = <T rLai,bi>. L
7”-]

where s is m when d < 0 and m + 1 when d > 0. Therefore Fj, (d) is the field

required by Proposition 3.11. The 8-rank of Cg, only depends on the splitting of p
in Fy,(d)/Ep,(d). This proves Lemma 3.10.
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3.3 Distribution of the 8-rank in congruence classes

Lemma 3.13. Suppose p and po 1 2d are primes. Then
(i) <792(Z)/Q> = (LQ(;?/Q) if and only if p € Agpy;

(i) if p € Aagy, then (F2SU28) — (FlbIR) i and only if Ras,r(dp) =

p Po

Rs s, 1, (dpo);

(iii) <Q2(d)'Fp0(d)/Q> = (QQ(d)'Fpo(d)/Q> if and only if p € Aqp, and Ry s, 1, (dp) =

p po
Ra.s,.1,(dpo)-

Fp, (d) = Hi,j Lai7bj Qa(d) = Q(\/jla \/i, VP, \/]Tr)

EPO (d) = H’L,j Kai,bj

Q

To obtain the distribution over all imaginary quadratic field, an effective form of
Chebotarev density theorem is needed to allow summing over all squarefree integers
d. However, the unconditional form of Chebotarev density theorem requires N/d
to be relatively large with respect to the discriminant of the field being applied to.
Without this, we have to assume the Riemann hypothesis to obtain a good enough

error term.

Assumption 3.14 (GRH). The generalised Riemann hypothesis holds for Dedekind
zeta function associated to any Galois extension L/Q, with Galois group Gal(L/Q) =

C5 x (CF' x CF) for some positive integers m < n and s.

We apply the Chebotarev density theorem as stated in Corollary 3.4, over the
extension Qg(d) - Fpy(d)/Ep,(d) and Qa(d)/Ep,(d), noting that p splits completely
in Ey,(d)/Q.

Theorem 3.15. Take R € {Ra 5, 1,(dp) : p € Agpy}- Then

m #{p € Ad7p0 (TL) : R2,52,T2 (dp) = R} 1

A FAqpm (1) " [Fpo(d) s Ep(d)]
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If we assume (GRH), then

#{p € Ad,po (n) : R27527T2 (dp) = R}
#Ad,po (n)

= 2 lognlogd
B [Fpo (d) = Epy(d)] +0 ( NG > , (3.2)

where r is the number of odd prime factors of d.

Proof. Let E = E,(d), F' = Fp,(d), and M = Qa(d) - Fp,(d). Assuming (GRH),
we can apply an effective form of Chebotarev density theorem over the abelian
extensions M/E and Qa(d)/E, as in Corollary 3.3, then for ¢ € Gal(M/FE) and
7 € Gal(2(d)/E).

# {p < n prime : (MT/Q) _ J}
# {p < n prime : (92(2)/(@) _ 7_}

_ m (1 Lo (10% (log Ans + [M : Q) 1ogn)>) . (33)

Observe that [M : Qa(d)] = [F : E], [Q2(d) : Q] =272 and [M : Q] = 2"2.[F :
E]. The prime that ramifies in M/Q must divide 2d. Therefore by [69, Proposition
6, p.130], we have

log Ay < ([M:Q—1) > logp+ ([M : Qlog[M : Q)w(Ay)
plAn

= O(2"[F : E]logd).
Then (3.2) follows from (3.3) and Lemma 3.13. O

3.4 Prime divisors

Define S, (N) :={n € D(N) : w(n) =r} and p = u(N) := loglog N. Sathé-Selberg

theorem [67] shows that, uniformly in the range r < 2u, we have

_ N (log log N)"~*
#5r(N) = logN  (r—1)!

This shows that the number of distinct prime factors is Poisson distributed in D(N).
Let T(N) == {(do,p) : 0 < dop < N, d odd squarefree integer, p t 2dy prime}, and



60 Chapter 3. Governing fields and the distribution of the 8-rank

T,(N) = {(do,p) € T(N) : w(dg) =7 — 1}. Observe that

#T-(N) < r4£S-(N)
Lemma 3.16. The number of elements in (do,p) € T(N) so that |r — p| > u?/3 is
< exp(—2p/3)#T(N).

Proof. By the Erdés—Kac theorem [88, Chapter 111.4, Theorem 8], the limit dis-
tribution of w(n) is the normal distribution with mean loglogn and variance
loglogn. Therefore the density of integers in D(N) with |r — pu| > p?/3, is

< pMoexp (—1p'/?) < exp (—pl/?). O

Now we show that we can make assumptions on the size of p in 7,.(N) without

affecting the resulting density.

Lemma 3.17. [80, Lemma 4.5] Suppose |r — p| < p*/®. The number of elements
in (d,p) € Tr(N) so that loglogp < p€ is < p~U=O#T,(N).

Proof. Suppose n is such that loglogn = u*.

Zp<n #Sr-1(N/p) r—1 Z log N

<K
r#5,(N) rloglog N £ plog(N/p)

1 1 loglogn
3L Joglogn

<< - —
loglog N b loglog N

3.5 Genericity

The result on the distribution of the 8-rank of class groups of imaginary quadratic

fields is due to Smith [80]. Where F}, (d)/E,,(d) has maximum degree, we expect
m2
Gal(Fpy (d)/ Ep(d)) = C3"

where m = k4 C(dpp). This shows that each matrix in Mat,, (;,41)(F2) occurs

equally likely, i.e. with density [Fpo(d):lEpo @ = 2m<}n+1>.

We call (d,p) generic if
(i) d is a squarefree integer,

(ii) p12d is a prime, and
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(iii) there exists non-trivial a | d such that (a, —dp), = (a,dp), = 1 for all v € M.

It is straighforward to check that if (d,pg) is generic, then (d,p) is automatically

generic for any p € Ag,.

Lemma 3.18. If (d,po) is generic, then

oy’ ifd <0,
Gal(Fy, (d)/Epy(d)) =

eyt ird > 0.

Proof. Let E = Ep (d) and F' = F}, (d). In this case, the sets Uy and V, are disjoint
subspaces in Q*/(Q*)2. This implies that E is a C2™-extension of Q when d < 0
and C3™-extension when d > 0. Let o; (resp. 7;) be the element in Gal(F/Q) that
sends \/a; — —y/a; (resp. \/E — —\/17]) and fixes all other generators. The the
commutator [0, 7;] is the unique non-trivial automorphism of Lai’bj / Kai’bj and fixes
all other Ly, p,. The commutator subgroup of Gal(F/Q) is generated by all [0}, 5],
therefore has order 2™ when d < 0 and order 2™(™+1) when d > 0. The maximal
abelian subextension of F'/Q is F/Q, so the commutator subgroup of Gal(F/Q) is
Gal(F/E). Since F//E has exponent 2, this proves the lemma. O

Smith showed that almost all (d, pg) are generic in [80, Lemma 4.6].

Lemma 3.19. Suppose |r — p| < p?/®. The number of (do,p) € Tr(N) such that
(do,p) or (2dy,p) is not generic, is <K (%)T #T,.(N).

Proof. Suppose (d,p) € T,(N) and (d, p) is not generic. Suppose a | d has k prime
factors and satisfy (a, —dpo)s = (a,dpo)y = 1 for all v € Mg. Then we have (_71) =
(dp%/a> = 1forv | aand (%) = 1forv | dpp/a. These are r+k independent Legendre
symbols. The probability that a satisfies the requirements is < 2~7~%. Making use
of [45, Proposition 9], we can convert this probability to natural density. Therefore
the probability that some a | d satisfies the equations is < Y75 (1)2757F < 277 (1+
$)" < (2)". For the case when (2dp,p) is not generic, replacing d with 2dy we get

the same estimate up to a multiplicative constant. O
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3.6 Distribution of the 8-rank in natural densities

The expression for Prob(j | m,n) in (3.1) can be evaluated more explicitly [83,

Chapter 1 Exercise 192],

Hz@j—&-l(l B 2_i) H?:n—m—&-j-l—l(l - Z_i)

Prob(j | m,n) = 9i(n=m+) [ (1 — 2-1)

The imaginary case is in [80, Proposition 2.5].

Lemma 3.20. Suppose (d,po) is generic. Let m :=rky Cgp,. Then for any j < m,

we have
L #{p S Ad7p0 (n) : tkg Cdp = j} PrOb(j ’ m7m) ifd <0
im =

Prob(j | m,m+1) ifd> 0.

If we assume (GRH), and further that (d,po) satisfies |w(d) — p| < p?/?, dpy < N,

loglog% > u'/2, then for any ¢ < 1/2 and j < m, we have

#{p € Agp(n) : 1ks Cgp, = j} | Prob(j [ m,m)+0O (exp(—ce“”e)) ifd <0

#Ad’p(n) PI'Ob(] ‘ m,m + 1) 4 O (exp(_ceul/6)> ?,fd > 0.

Proof. The lemma follows from summing Theorem 3.15 over all R of corank j. The
lower bound of n gives the required error term. Lemma 3.18 shows that every

element in Mat,xm (F2) or Mat,,xm+1(F2) are attained with the same density. [

We are now ready to prove our main theorem. We will prove the following

effective version of Theorem 3.1.

Theorem 3.21. Assume (GRH). For any m > j > 0 and 6 € {1}, we have

#{0-D € D(N) :tky Cp = m, rks Cp = j}
#{6-D e D(N):1kyCp = m}

Prob(j | m,m + 1) + O ((loglog N)~(=9)  if§ =1,

Prob(j | m,m) + O ((loglog N')~(1=9) if 6 = —1.
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Proof. We first fix n € {1, 42}, and sum over (7 - doy,p), where (dy,p) € T(N), i.e

#{(do,p) € T(N) : tky Cyp.45p = M, rks Cydpp = J}
#{(do,p) € T(N) : tky Cyp.gop = m}

Write d = 1 - dg, where dy is an odd positive integer. By Lemma 3.16, we only need

to consider the sum over r in the range |r — u| < p2/3

. Also by Lemma 3.19, we can
assume (d, pg) is generic.

It suffices to consider the sum

Z Z Z #{(dO’ ) (N) pEAde( )’ rkSCdp_]}

i Hnn) €T pe A

rky CdPO —m
(d,po) generic

where Z(d) is taken as in Proposition 3.11. When loglog N/d < \/loglog N, apply
Lemma 3.17, otherwise apply Lemma 3.20. Combining the sums for n € {1,2} when
0=1and n € {-1,—2} when § = —1, and keeping track of the error terms coming
from Lemma 3.16, Lemma 3.17, Lemma 3.19 and Lemma 3.20. This proves the

theorem. O






Chapter 4

The negative Pell equation

This chapter is based on joint work with Peter Koymans, Djordjo Milovic, and Carlo

Pagano [19].

We consider the solvability over Z of the negative Pell equation
22— Dy? = —1, (4.1)

where D is a positive integer. A necessary but insufficient condition for (4.1) to be
solvable is that D is not divisible by any prime congruent to 3 mod 4. To see this,
simply take the equation (4.1) modulo any prime p | D, then —1 must be a quadratic

residue modulo p, which is impossible if p = 3 mod 4.

Recall from (1.3) that the unit group of K has the form
(=1) x {ep),

where ep is the fundamental unit in Q(v/D). If (4.1) is solvable, we see that 2 +y+/D
is a unit in Q(+/D) with norm —1, so Normep = —1. Conversely, if Normep = —1,
then e?b can be written as = +yv/D, where z,y € Z, which corresponds to a solution

to (4.1). Therefore (4.1) is solvable if and only if Normep = —1.

Since v/D has negative norm, the ideal (\/E) is totally positive if and only there
exists a unit of norm —1. From (1.2), this happens precisely when the narrow and
ordinary class groups coincide. Altogether, we see that (4.1) is solvable if and only

if Clp = Cp.

Since # Cp /# Clp can only be either 1 or 2, the odd parts of Clp and Cp
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are always isomorphic, so it suffices to compare the 2-parts of Clp and Cp. Hence
(4.1) is solvable <= rkqr Clp = rkyx Cp for all integers k > 1.

The frequency of solvability of (4.1) is intricately related to the joint distribution of

2-primary parts Clp and Cp.

Note that rky Clp = rke Cp if and only if D is in the Pell family
P = {D positive squarefree integer : p Z 3 mod 4 for all primes p | D}.

This can be seen by observing that the genus field H2+ as discussed in (1.6) is totally
real if and only if D € P.

As P has natural density 0 in the set of all positive squarefree integers, it is more
meaningful to study density questions concerning the solvability of (4.1) relative to

P. There exists D € P such that (4.1) is not solvable, for example:
34,146, 178, 194, 205, 221, 305, 377, 386, 410, 466, 482, . . . .

Stevenhagen [86] conjectured that

P~ (V)]
Ngnoo P a = 0.58057...,
where
P(N)={DeP:D<N},
P (N)={D € P(N): (4.1) is solvable over Z},
and
a=[[a-27) H (1+279)7' =0.41942. ...
j odd 7=1

Until now, the best bounds in the direction of Stevenhagen’s conjecture are due

to Fouvry and Kliners [31, 32]. They proved that

5 P—(N)| _ . [P~ (V)|
0.52427... = -a < hm 1nf <limsup ———+ < 4.2
1 POl = N ) 2

2
3
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The lower bound in (4.2) comes from proving that the density of D € P such that
rkyCp =0
is equal to o and the density of D € P such that
rks Clp =1k4 Cp =1 and ks Cp =0

is equal to a/4.

By incorporating the methods developed by Smith [81], we can improve the

lower bound.

Theorem 4.1 ([19, Theorem 1.1]). We have

(N
m2a520.53822...,

where

B=> 27/2 =1 98325 .. > 5/4.

n=0

We obtain our lower bound by proving that the density of D € P such that
rky Clp =1ks Cp =n and rkg Cp = 0.

is equal to 27 +3)/4q,

In fact, we prove more. For integers n > m > 0, let
Pn,m(N) = {D S P(N) : I'k4 CID = I'k4 CD = n and I'kg CD — m},

and

Pn(N)={D € P(N) : tky Cp = n}.
Theorem 4.2 ([19, Theorem 1.2]). For integers n > m > 0, we have

lim [P (N)| _ 9—n(n+1) [T (2" —2"7)

e [PV T [T, (2~ DI @ - 1)

(4.3)
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Similar to (3.1), define

M o) : k(M) = i
Probsy(j | m) = HLED ) Sk G0 =),

where Sym,,, (F2) denotes the space of m x m symmetric matrices over Fo. The limit

in (4.3) can be interpreted as

1 .
on Prob(m | n,n) rli)rglo Probgym(n | r).

By [86, Proposition 2.8],

«

[lie (2 -1

TILIQO Probgym(n | r) =

Proved by Fouvry and Kliiners in [31], this is the density of D € P such that

rky Cp = n. Then Theorem 4.2 follows from proving that

(i) 2% is the density of D in P such that rky Clp = rky Cp given that rky Cp = n;

and

(ii) Prob(m | m,n) is the density of D in P such that rks Cp = n given that
I‘k4 CD = I‘k4 ClD =n.

More precisely, the following is the main result in [19] used to deduce Theo-

rem 4.2.

Theorem 4.3 ([19, Theorem 6.1]). For any integers n > m >0 Then

N

1
'#Pmm(N) ~ o0 Prob(m | n,n)#P,(N)| < m

Similar to (1.4), writing K = Q(v/D), we have

0— Hy /K — Gal(H}, /K) — Gal(Hq /K) — 0
(VD) * i '

H2+k /K
(VD)
rkox Clp = rkor Cp holds if and only if —1 is in the right kernel of { , )x41. To

From this we see that H;; = Hy, if and only if < ) is trivial. Therefore

check that rks Clp = rky Cp holds, for all a € U, we need to have (a,—1)s =
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[a,%,—l] = 1, where [,-,-] is the Rédei symbol defined in Section 1.5. Since
dimp, Uy = tky C(D) = n, we expect there to be n independent symbols, which
should give a probability of 2% for all of them to be trivial.

For D € P, {b| D : b > 0} is a set of representatives for both V; and U;. By
quadratic reciprocity, we see that the Rédei matrix discussed in Section 1.4, with
respect to a basis of this set is symmetric. Therefore ( | )1 is a symmetric pairing
on this set of representatives. This leads to the same set of positive representatives

for Us and Vs, given by
{a| D:a>0, asquarefree, (a,D/a)=1}.

This also follows from comparing the sets given in (1.11) and (1.12). This leads to a
major novel difficulty with working in the Pell family. The reason for this is that the
algebraic results break down in this case since there is no valid choice of “variable
indices”. In particular, all discriminants D € P end up in the error term of Smith’s
theorem [81]. Considering up to the 8-rank, we are able to extend Smith’s algebraic
results to mitigate this issue using Rédei reciprocity.

We will discuss some of the ideas used in proving Theorem 4.3.

4.1 Reflection principles

The Rédei symbol plays a prominent role in the proof of Theorem 4.2. We prove
several identities on the product of Rédei symbols, which serve as the algebraic input
for our analytic machinery in proving equidistribution.

Write Uy, (D), Vi(D), Uy(D), Vi(D), and { , )i p to stand for spaces defined
in (1.8), (1.7), (1.10), and the pairing defined in (1.9), respectively, for the field
QD).

We call a triple of nonzero integers {a, b, c} admissible if abc is not divisible by
any prime that is congruent to 3 mod 4, and the Rédei symbol [a, b, c] is defined,
i.e. {a,b,c} satisfies conditions (2.6) and (2.7). It is straightforward to check that
admissibility of {a, b, ¢} does not depend on the ordering of the triple. Also if {a, b, c}
and {a,b, '} are admissible then so is {a,b,cc’}. Recall from Definition 1.14, that
(a,b)s,p is the Rédei symbol [a, 2, b].

We now prove our main algebraic results.



70 Chapter 4. The negative Pell equation

Theorem 4.4. Let d € P. Let p1,p2,q1,q2 be primes congruent to 1 mod 4 and
coprime to d. Let a and b be divisors of d, where a > 0 and b is possibly negative.

Assume that b € Va(piq;d) for all i, j € {1,2}.

(1) If a € Ua(pig;d) for all (i,75) € {(1,2),(2,1),(2,2)}, then a € U(p1g1d) and

<aa b>2,p1q1d<a7 b>2,p1q2d<a> b>2,p2q1d<a7 b>2,p2q2d =0. (4'4)

(it) If instead pia € Uz(piq;d) for all (i,7) € {(1,2),(2,1),(2,2)} and (%) —
(%) =1, then p1a € Us(p1q1d), {p1p2,q192,b} is admissible and

<p1(L, b>2,p1q1d<plaa b>2,p1q2d<p2a7 b>2,p2q1d<p2aa b)?,pqud - [ppov q192, b] (45)

Proof. (i) We can check that the assumptions implies that (a, —p1¢1d), = 1 for all
v € Mg, so a € U(p1qid). Writing the terms as Rédei symbols, the left-hand
side of (4.4) equals

d d d d
la, p1q1—, b][a, prg2—, b][a, p2q1 —, b][a, p2g2—, B].
a a a a
By the multiplicativity of Rédei symbols, this product equals

la,q1q2, b][a, q1G2,b] = 1.

(ii) It is straightforward to check that the assumptions ensures that (p1a, —p1qi1d), =
1 for all v € Mg, so pra € U(p1q1d). Writing the terms as Rédei symbols, the
left-hand side of (4.5) equals

d d d d
[p1a, q1—,b][p1a, g2—, b][p2a, g1 -, b][p2a, g2 —, ]
a a a a
Applying the multiplicativity of Rédei symbols, this product equals
[p1a, 192, b][p2a, q192, b] = [p1p2; q1G2, ). o

Theorem 4.5. Letd € P. Take primes p1,p2, q1,q2 that are 1 modulo 4 and coprime
tod. Let a be a positive divisor of d. Assume that p;a € Va(piq;d) for alli,j € {1,2}.
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Then pia € Us(pig;d) for all i, j € {1,2}, {p1p2, q1q2, p1p2} is admissible and

<p1a) p1a>2,p1q1d<pla7 pla>2,p1q2d<p2a7 p2a>2,p2q1d<p2aa p2a>2,p2q2d

= [p1p2, p1p2, 142 (4.6)

Proof. Since p;a is not divisible by primes congruent to 3 mod 4, the assumption
pia € Va(pigjd) implies that (p;a,pigid), = (pia, —pig;d), = 1 for all v € Mg, so
pia € Uz(piq;d). Therefore the left-hand side of (4.6) is

d d d d
[plaa Q1a,pla] [pm, Q257P1a] [ma, (J157p2@] [P2aa (J257p2a]-

The product becomes

[p1a7 q142, Pla] [p2a7 q142, 102@]

= [p1a, q142, —Q1Q2][P2G,Q1Q27 —Q1Q2] = [p1p2>Q1Q27 —Q1Q2]-

By Lemma 4.6, we have

[p1p2; 192, —q1G2] = [P1p2, 0142, P1P2]-
Then the desired result follows from Rédei reciprocity. Ul

Lemma 4.6. Suppose a,b € P are coprime integers such that (a,b), = 1 for all
v € Mg. Then
[a, b, —ab] = 1.

Proof. Since a € Usz(ab), we have [a,b, —ab] = (a, —ab)a qp = (a,1)2 4 = 1 by defini-
tion. O

Theorem 4.7. Let d € P. Let p1,p2, q1,q2 be distinct primes congruent to 1 mod 4
and coprime to d. Let a,b be a positive divisors of d. Assume that b, pja € Va(piq;d)
for alli,j € {1,2}. Then b,p;a € Us(piq;d) for all i,j € {1,2}, and

2 2

H H<pia, b)2,piq;d(0s Pi@)2 pq;d = 0. (4.7)

i=1j=1
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Proof. The assumptions implies that b, p;a € Ua(pig;d) for all 7,5 € {1,2}. The

product (4.7) can be rewritten as

2 2 d
H H qg, (b, 3 pigj api]

By the multiplicativity of Rédei symbols and Rédei recirocity (Theorem 2.9), we

have

[p1a, q1G2, b][p2a, G162, b][b, 412, ap1][b, q1q2, ap2]

= [p1p2aQ1Q2,b][b, Q1(J2,p1p2] =0. O

Theorem 4.8. Let d be a positive squarefree integer composed of primes that are 1
or 2 modulo 4. Let p1,ps,qi1,qs be distinct primes that are 1 modulo 4 and coprime
to d. Let a,b be positive divisors of d. We assume that q;b,p;a € Vao(p;q;d) for all
i,j € {1,2}. Then we have g;b, p;a € Uz(piq;d) for all i,j € {1,2}, {p1p2, q1g2, —1}

1s admaissible and

2 2
H H i, 4j0)2 pq;a(a5b: Pia)2,pig;a = [P1P2, —1, q142]- (4.8)
i=1j=1

Proof. The assumptions implies that p;a, q;b € Va(pig;d) for all 4,5 € {1,2}. The
left-hand side of (4.8) equals

2 2 ;
El;[ qm% I[g;0, gpz‘,pia].

By the multiplicativity of Rédei symbols, we can rewrite the product as

d

P2, ap2]-

d
—P1, apl][(h%, b

d d
[P1p2, —q1, bq1][p1p2, —q2, bg2][q1 G2,
a a b

One readily checks that pi% is coprime to ¢ig2 and that qjg is coprime to pips.

Therefore we can apply Lemma 4.6 to each of the terms in the above sum

d
—p2, —dabqi ga).

d
—p1, —dabqig2][q142, b

d d
[p1p2, pUeE —dabp1p2][p1p2, a2 —dabp1p2][q192, b
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We can further simplify this by multiplicativity and get

[p1D2, q1G2, —dabpip2][p1p2, 41G2, —dabqiq2] = [pP1P2, q1G2, P1P2q1G2)-

Since p1po and g1q2 are coprime, we can apply Lemma 4.6 and get that the above
equals

[ppo) q1492, _1]7

and the result follows from Rédei reciprocity. O

4.2 Equidistribution

For a squarefree integer D, write the distinct prime factors of D as p; < p2 < -+ <

pr, where r := w(D). Define

pp Tyt = Uy (D) (€1, vseprm1) = PP D

Take S; = {p1,p2,- .-, pr_1}, which is a basis for /1 (D). Then S; U {—1} is a basis
for V1(D). For D € P, we always have —1 in the kernel of ( , )i, so we can always
take —1 in the basis of Vo(D). In particular V(D) = spang, (ker Ry s, 5, (D)U{—1}).
In the following, write R1(D) = R1 g, s, (D).

Given a matrix A € Sym,_,(F2) with corank n, take a basis B for ker A, then
S = pp(B) is a basis for Us(D) and T = pup(B) U{—1} is a basis for Vo(D). We
need to show that Ry(D,B) = Ry g7(D) is equidistibuted in Mat,, y41(F2), over
the set of D € P such that Ri(D) = A.

Define Po(N) == {D € P : Ri(D) = A}. The goal is to show that for most
A that appear as Ri(D) for some D € P(N), fixing a basis B for ker A, for any

non-trivial (multiplicative) character F': Maty, n41(F2) — {£1}, we have

#PA(N)

2, PP ED < (g oglog N

DeP4(N)

(4.9)

For if we take B = (b; ;) € Mat,, y+1(F2), then

g L1 (1 (1053
2y
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is an indicator function of the subset {B} of Maty,,+1(F2), where Fj;
Mat,, n4+1(F2) — {£1} is the character such that F; ;(M) = 1 if and only if the
(i,7) entry of M is —1, for 1 <i <mand 1 < j <n+ 1. Expanding the product,

we can rewrite the indicator function as

2n(n+1 Z H ”EJ’

(i,j)eH

where the sum is taken over all subsets H of {1,...,n} x {1,...,n+ 1}. When
H = &, the product is 1 by convention. Now summing up the indicator function

evaluated at Ry(D,B), over D € P4(N), we get

#{D € Pa(N) : R2(D, B)

s (X [ T o) X | T A | (s

H#o \(i,j)eH DePa(N) \(ij)eH

I
s
——

Each []; jyen Fij Matn ny1(F2) — {£1} is a character, so we can deduce from (4.9),

that
1
on(n+1)

#Pa(N)
(logloglog N)3°

‘#{D € PA(N) : Ry(D,B) = B} —

4.2.1 Variable indices

We work with D € P4 and B fixed according to A. List the elements in pp(B)
as $1,...,5,. Then the entries of Ry(D,B) = (a; ;) satisfy (—=1)%7 = (s;,55)2 =
[si, D/sq,s5] for 1 <i,j <nand (—1)%n+! = (s;,—1) = [s;,D/s;,—1] for 1 <i <mn.
Write p; as the i-th largest prime of D.

The set {F;; : 1 < i <mn, 1 <j < n+1}is a basis of the dual space of
Mat,, n41(F2). Any character F' : Maty, ,,41(F2) — {1} can be written as

relley

where ¢; ; € {0,1}. Define By = (¢;j)i<ij<n and By = (¢jnt1)1<i<n. For each

non-trivial F', we take a subset W of {1,2,...,7 — 1} with size 2 or 3 as follows.

(V1) If By # 0 is symmetric with diagonal entries all 0, and B; = 0, take 1 <
J1,J2 < n so that ¢j, j, = 1. Then take W = {k1, k2}, so that
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® Dk, | 85, and py, { s for all i # ji;
o Diy | 5, and py, 1 s; for all i # ja.
(V2) If By is not symmetric, take 1 < ji,j2 < n so that ¢, j, = 1 and ¢j, ;, = 0.
Then take W = {k1, k2, k3}, so that
® pi, | 85, and py, {s; for all i # ji;
® Di, | 85, and py, { s for all i # ja;
e pi, 1s; for all i.

V3) Otherwise, By is diagonal or By # 0. Take 1 < j < n such that ¢;;, = 1 or
3,J
¢jn+1 = 1. Then take W = {ky, ka2}, so that

e pi, | s; and py, 1 s; for all i # j;

e pi, 1s; foralli# j.

Any choice of W is universal for any D € P4 when A and B are fixed.
For most A that appear as R;(D), the existence of a choice of W is guaranteed

when r is large enough by [19, Lemma 6.9].

4.2.2 A combinatorial result

Instead of working with F' : Mat,, 5,41 (F2) — {£1} directly, we consider a product
of F evaluated at a certain set of integers.

Let X = X1 xXyx-+-xXg. Defineamapd: {X — {£1}} - {XxX — {£1}}.
For F: X — {#1}, define

GRS R [ R 2 (G s L))
vg) €

(V1 yees {1,2}*

where () = (.%gi), ce acl(;)) Let A(X) =imd.

We expect that it is rare to have
‘F*lu)‘ > e#X. (4.10)

We say that g is e-bad if (4.10) holds for some F such that dF = g. Then [19,
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Theorem 3.3] implies that

#{g € A(X) : gis e-bad}
#A(X) '
is small.

Let M = [(logloglog N)!V|. Fixing a choice of W, we take a collection of
subsets of elements in P4(N) (described in [19, Section 6]). Each D € P4(N)
appear in the same number of subsets, other than a small proportion collected in

the error term.

The subsets of the collection take the following forms. If we are in (V1) or (V3),

a subset has the form

{a} x Y x Z = {a} x {p : i} x {¢V) : j}

(viewed as a subset of P4(N) via the map (a,p®,¢?)) — ap®q¥)), where p() and
¢\ are respectively the k;-th and ko-th largest primes of ap? ¥ for all 4, j € {1,2},
#Y = M, and Z is the largest possible set such that all the above conditions are
satisfied.

If we are in (V2), take subsets of the form
{a} x Y1 x Yy x Z = {a} x {pP : i} x {gV) : j} x {r®) : k},

where p(@, ¢, +*) are respectively the ki-th, ke-th, and ks-th largest primes of
ap@Dqr®) | for all 4,4,k € {1,2}, #Y; = #Y5 = M, and Z is the largest possible

set such that all the above conditions are satisfied. Let Y = Y7 x Y5 in this case.

4.2.3 Relative governing fields

Recall the definition of F,; in Section 2.1. For any nonzero integers a,b satisfy-
ing (2.1), fix a choice of 3 € F,, and write L, ; = Q(v/a, Vb, vB).

We define the relative governing fields we need. If we are in (V1), or (V3) with

¢jj = 0 and ¢j,1 = 1, take

L= H Ly py,—1-

(p1,p2)€Y XY
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If we are in (V3) with ¢;; = 1, take

L= H Lplpz,(*l)cj’"'*'lplm
(p1,p2)€EY XY

If we are in (V2), take

L = H LP1P2,‘11‘12'
((p1,91),(p2,g2))EY XY

Let K is the maximal multiquadratic extension of Q contained in L. By construction
any prime in Z splits completely in K/Q.

We have an isomorphism
U : Gal(L/K) = A(Y) o (01,02 = 0 11y 1)

Surjectivity of ¥ follows from a dimension calculation in [19, Lemma 3.1].

For any o € Gal(L/K), the proportion of primes r € Z such that (Li—@) =o0is
1/# Gal(L/K) = 1/2M~1 up to a small error (see [19, (6.11)]) by a delicate analytic
argument, which amounts to careful applications of Chebotarev density theorem for
relatively small primes and large sieve for larger primes. This requires the existence
of a large gap between primes factors for almost all D € P [19, Theorem 4.1(iii)].

Take g € A(Y x{1,..., M}) such that g is not e-bad, i.e. (4.10) does not hold for
any F such that dF' = g, with e taken as (logloglog N)3. Then g(-,-,4,7) € A(Y).
By the equidistribution of <L£—Q) for r € Z, take any rq in Z, then find ro,73,..., 70
such that W((%)) =g(,-1,7).

Repeating this process of taking rq,...,rp in Z, by equidistribution of (L/TQ)
for r € Z in Gal(L/K), we can put almost all elements in Z into disjoint subsets of
primes with size M such that @((%)) =g(1,7).

It remains to show that the sum in (4.9) restricted to each constructed subset
of P4(N) of the form {a} x Y x {ry,...,rp} is small. This follows from the fact
that g is not e-bad, provided that we can verify dF = ¢ for some suitable E.

Let X =Y x {1,...,M}. If we are in (V1), or (V3), define F : X — {£1} by
F(p,j) = F(Rysxlapry)) and Fyj : X — {£1} by F;;(p,j) = F,j(Ra,sr(aprj)).
If we are in (V2), define F' : X — {#1} by F((p,q),7) = F(Ra2.s7r(apqr;j)) and
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E;j: X — {£1} by F,;((p,q), j) = Fi j(Ro,s.1(apqr;)).

We now check that dF = g. For (V1), we apply Theorem 4.7 and Theorem 4.8.
Since ¢j, j, = Cj,.jy = 1, Theorem 4.8 gives dF}, j, = g. Now consider any (j3, ja) 7
(41, J2), with ¢j, j, = 1. Then j4 < n and ¢j, ;, = 1. Hence Theorem 4.7 implies
dﬁjs,ﬂ = 1. Altogether we conclude that dF = g.

For (V2), applying Theorem 4.4(ii) twice shows that dﬁ’jl,jQ = g. Two ap-
plications of Theorem 4.5 show that for all 1 < js < ng, we have dﬁjmz =1,
while two applications of Theorem 4.4(i) imply dﬁjs,ﬂ =1 for all (j3,74) such that
(j1,2) & {(j3.a), (ja j3)} and js # js. This shows that dF = g.

The case (V3) follows from an application of Theorem 4.4 and Theorem 4.5.

Notice that Rédei reciprocity played a key role in Section 4.1 in allowing us
to separate the primes that end up defining the relative governing field L and the
primes in Z which we ask for the splitting behaviour. Without this, the field L
would vary with the prime in Z in some cases, which makes it impossible to control

in the current framework.



Chapter 5

Kuroda’s formula and arithmetic

statistics

This chapter is based on joint work with Djordjo Milovic [21].

We are interested in real biquadratic fields, i.e. normal totally real extensions
K of Q with Gal(K/Q) = Vj. Let ki, ko, ks be the quadratic subfields of K. and ¢;
be the generating units for k;. Kuroda [50] proved that if K is real, the unit group

of K has a set of generators of one of seven types

{61762763}7 {\/5762763}7 {\/a; \/5763}7 {\/6162762763}7
{Verer, Ves, o}, {Vearea, Vares, Vesear}, {Vereaes, ez, €3} (5.1)

This shows that the unit group index, defined as
Q(K) =[O : O, OF O ],

can be 1, 2, or 4.

Let 7(K) denote the largest power of 2 dividing the class number of K.

Kuroda’s class number formula [51, 48, 49] states that
1
h(K) = ZQ(K)ﬁ(k:l)ﬁ(kg)ﬁ(kg). (5.2)

A particular choice of K that is natural from the standpoint of Gauss’s genus theory
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and that appears in the literature [78, 79, 3, 6, 89, 90, 62] is

K = Q(\/ﬁ? \/&)’

where p is a prime number and d is a positive squarefree integer coprime to p. With
this choice of K, we can now ask more precise statistical questions pertaining to the
arithmetic objects appearing in (5.2). For instance, if we fix a positive squarefree
integer d and i € {1,2,4}, then we may wish to determine the natural density, if it

exists, of prime numbers p such that Q(K) = i.

In analogy with numerous works on 2-parts of class groups we discussed in
Section 3.2, for instance [23, 24, 85], we may further inquire if there exists a governing
field M (d)/Q, not depending on p, such that Q(K) is determined by the Frobenius

conjugacy class of p in the Galois group Gal(J/t(d)/Q).

We first establish our notation for this chapter. Given integers di,...,d, let
Ka, .., = QWdi,...,\/dy). Let Cly, . 4, and Cg, 4, denote the ordinary and

the narrow class group of Ky, . 4

. respectively. Let %g, 4, (resp. ‘7@1 dk) denote

the 2-Hilbert class field (resp. the narrow 2-Hilbert class field) of g, g4, i.e. the
maximal abelian at all places (resp. at finite places) unramified 2-power extension of
K. Let i(dy,...,d;) and ' (dy,...,d;) denote the size of the 2-parts of Cly, g,
and Cg, g, respectively. This implies f(dy,...,dy) = [#q, .4, : Ka,,. a,) and
ht(dy, ... dgy) = [%C‘Z d

L Ka,,...d)- Also let mg, denote the number of primes

dividing d that split completely in X, /Q.

We aim to study the natural density of the fibres of the map ¢q : p — Q(Kq).
We will describe a case where we can prove that the map ¢4 is indeed Frobenian

and compute the density of the fibres of ¢g .

If Normy, /g(e;) = —1 for all i = 1,2,3, then from (5.1) the only possible cases

are

{61562763}7 and {\/ 61626 762763}7 (53)

since we can see that all other cases would contradict to K being real by taking the

norm from K to one of ki, ko, k3. In (5.3), the first case gives Q(K) = 1 and the
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second case gives Q(K) = 2. The second case happens if and only if
z? —dy? = dep,

where €4 is the fundamental unit of Q(,/p), has a solution z,y € O JB)" Therefore
we may ask how often Q(Hg,) = 2 holds.

We consider this question in some restricted sets of d and p. Define
R = {d € Z~¢ squarefree : rky Cl; = rko Cy4, tky C4 = 0}.

The condition rke Cl; = rko C,; occurs if and only if d has no prime factors congruent
to 3 modulo 4, which happens precisely when the genus field of 4 is totally real.
Further take

Pq = {p=1mod 4 prime : ptd, rky Cg, = 0}.

Then for d € R and p € Py, let t = w(d), then we have
n(d) = hT(d) =2"", Hh(p)=h"(p)=1, and Hh(dp)=h"(dp)=2",
so that the formula (5.2) becomes

fu(d,p) = Q(HKayp) - 2°7°. (5.4)

We will first prove that k¥ (d,p) = 2%72, so that Q(Kap) = 2 or Q(Kap) = 1

depending on whether or not %:{p is totally real.

Theorem 5.1. Supposed € R andp € Py. Lett = w(d). Thentks Cyp = t+mgp—
1 and rky Cyp =t —mg,— 1. In particular, ™+ (d,p) = 2272, Q(Ka,) € {1,2}, and
Q(Kqp) =2 if and only if %;‘p is totally real.

Furthermore, after proving Theorem 5.1, we will explicitly construct %;—,p as the
compositum of ¢ —1 disjoint quadratic extensions of the totally real field #4,, so that
%Zp is totally real if and only if each of the t—1 aforementioned quadratic extensions
is totally real. Roughly speaking, we can prove that mg, of those extensions are
totally real with probability 1/2, and we expect the remaining ¢ —mgq, — 1 to behave

similarly. Hence we make the following conjecture.
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Further define Py, = {p € Py : mgp = m}, and Pym(N) = {p € Pam :» <
N}.

Conjecture 5.2. For d € R, we have

i T2 E Pam(N): QFKap) =2} _ 1
N—oo #Pd,m(N) a 2t_17

where t = w(d).
Our main “statistical” result about Q(¥g,) is the following theorem.

Theorem 5.3. Suppose d € R and let t = w(d). Then the map

Pd,m — {17 2}7 p— Q(S{:d,p)

is Frobenian for m =t —1 and m = t — 2. Moreover, Conjecture 5.2 holds for

m=t—1and m=t-—2, and, for allm € {0,1,...,t — 3}, we have

o HPEPun(N): Q) =) _ 1
N—oo #Pd’m(N) — om’

5.1 The 2-rank of C,,

Let d € R and t = w(d) as in the introduction and let p € Pg,,. We begin by
constructing an unramified at all finite primes C§+m_1—extension of K, 4 and stating
a criterion for this extension to be totally positive.

Let g1, ..., g be the prime divisors of d. We may reorder the ¢; so that (%) =1
for 1 < 7 < m and (%) = —1for m+1 < i < t. First, as we described in
Section 1.3, genus theory for the quadratic number field ¥4 implies that X, 4, .. 4
is an unramified at all primes C’é_l—extension of K4, Now suppose that 1 <i < m,
so that (%) = 1. Applying [31, Lemma 19, p.2059] (or more generally our (2.5))
with Dy = ¢; (or 4¢; if ¢; = 2) and Dy = p, we can choose x;,y;, z; € Z satisfying

the ternary quadratic equation

a} —pyl — gz} =0



5.1. The 2-rank of Cg, 83

such that (i) 22, py?, and ¢;2? are pairwise coprime, y;,z; > 0 (ii) z; odd, and one
of y; and z; is even, and (iii) z; — y; = 1 mod 4 if y; is even and z; — z; = 1 mod 4 if

z; 1s even. We define

T + Yi\/D if z; is odd,

%(a:z +yi/p) if 2 is even;

then [31, Lemma 20, p.2060], or more generally Theorem 2.2, implies that
Kpq:(v/i)/Q is a Dg-extension, unramified at all finite primes over ¥X,, and a
fortiori over XK 4,. The extension XK, 4, (y/ou)/Kp is a Vy-extension, and so, upon

taking the compositum over all 1 <14 < m and also with X, 4, .. 4, we find that

%d,p = 3{p,ql,“.,qt(\/OTb ey Oém) (5.6)

is normal over X, with Galois group isomorphic to C§+m. We hence conclude that
€dp/Kap is a normal, unramified at all finite primes extension with Galois group
isomorphic to C§+m_1. Since K, has odd class number, we can apply Lemma 5.4 to
over X, we see that rko C4, < t 4+ m — 1, since the number of primes of K, that
ramify in Ky, is t +m. This also follows from results in genus theory over X, [90,

Lemma 2.3]. Hence we have proved

Lemma 5.4. Define €4, as in (5.6). Then €,,/HKa,p is the mazimal unramified
at all finite primes abelian extension of K of exponent 2. In particular, rko Cg, =

t+m—1.

Now [31, Proposition 5, p.2061] implies that XK, 4, (\/a;) is totally real if and only if
m m ~ 1. (5.7)
qil4 P14y

Here, as in [31, p.2061], for a prime ¢ and a rational integer a, we define

[a] 1 if a is a fourth power modulo ¢
4

—1 otherwise
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whenever £ is an odd prime such that (%) =1 and

[} 1 if a =1 mod 16
4

—1 ifa=9mod16

whenever ¢ = 1 mod 8. Thus €4, is totally real if and only if (5.7) holds for all
i€{1,...,m}. We will now rewrite the condition (5.7) in terms of genuine fourth

power residue symbols () over K_1, a field containing a primitive fourth root of

4

unity. Suppose that p and g; split into primary primes as p = 77 and ¢; = p;p; in
the ring of Gaussian integers Oy _, (assume for the moment that ¢; # 2). Then,

since 1Oy _, and p;Oy_, are primes of degree 1, we have

H8-(5),®.-(2).C),.5),

Quartic reciprocity law [42, Theorem 2, p. 123] implies that

()@ () - e

Hence

pPl%) <&> pi <&) Pi\ _ <&)
anran w/a\mw ), \mw/a\ 7 ), w2
Hence we have proved that when 2 { ¢1...¢m, €4, is totally real if and only if p

splits completely in the number field

M(d) = K1 g1, (VL. - -2 /) (5.8)

Now suppose q; = 2, so that p = 1 mod 8. By definition, [§]4 = 1 if and only

if p = 1mod 16, i.e., if and only if p splits completely in K_1 (/2 + +/2), while
[}%}4 = 1 if and only if p splits completely in K_12(v/2). Hence [gh [%]4 =1if and
only if p splits completely in K_12(v2V2+v2) = K_12(/1++/—1). Thus, if
q1 - gm is even with ¢; = 2, say, then again €, is totally real if and only if p splits

completely in M2 (d), where now p; = 1++/—1 € H_1.

Suppose p € Py . It follows from Rédei’s classical work [64] on the 4-rank of

class groups of quadratic fields, as we discussed in Section 1.4 and Proposition 3.8,
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that the condition rk4 Cg4, = 0 can be detected by the Frobenius conjugacy class of p
in the abelian Galois group Gal(¥,, .. 4, /Q); furthermore, since p splits completely
in Ky, q../Q, the condition rks Cg, = 0 is in fact equivalent to <M>
belonging to some fixed subset ¥ C Gal(Kg,,,,...,/Q). For each element o € X,
let Pym,o be the set of p in Pgy,, such that (%qm#) = 0. Since p € Py

splits completely in K_1 4, 4../Q, since K is disjoint from My (d), and since

Gt 15t
[(Ma(d) : K_1,4,,...9n) = 2™, the Chebotarev Density Theorem implies that, for each
o € X, the natural density of primes p in Py, » such that €, is totally real is equal
to 27™. Taking the union over all ¢ € 3, we deduce also that the natural density of
primes p in Py ,, such that €, is totally real is equal to 27™. In conjunction with
Theorem 5.1, since %Ip cannot be totally real unless €, is totally real, this proves

the case mg =t — 1 (with Ma(d) as the governing field) as well as the upper bound

in the second part of Theorem 5.3.

5.2 The 4-rank of Cg4,

Define «; as in (5.5). Let a; be the conjugate of o; in K,. Let g; be a prime above
¢; in K, and q; be its conjugate if i < m, so that a;Oy, factorizes into g; times a
square ideal.

Call a € K /(HX)? a decomposition of second type for Kqp if

i) a=11" o I, ;% Hfzm_H qui mod (3’{;)2, where e;, €}, fi € {0,1}; and

K3
(ii) (a,d/a). =1 for all finite and infinite primes v in Og,.

Lemma 5.5. Let a € K /(HX)?. Suppose that L/HKq, is a Cy-extension unramified

at all finite primes and containing Kqp(v/a) C €4p. Then
(i) Gal(L/X,) = Ds; and
(ii) (a,d/a). =1 for all v € Mg, .

Proof. The first part follows from Lemma 1.13.

For the second part of the lemma we follow the proof [31, Lemma 17| with
Q replaced by X,. The extension L/¥4, is the unique central Cy-subextension in
L/¥,. Suppose q is a prime ideal in Oy, that ramifies in K, (y/a)/¥K,, the inertia
field of q in L/¥X, have degree 4 since L/¥g, is unramified. The inertia field of
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q therefore must contain K,(y/d/a) and is not Fq,. Since the inertia field is not
normal in L/¥,, there must be at least two prime ideal in Of, above q. Therefore q

must split in ¥, (y/a). Switching the role in of a and d/a proves the lemma. O

The set of decompositions of second type form a multiplicative group in

SK?/ (3{;)2 of size 21tkaCap
5.2.1 Generalised Rédei matrix

Similar to [31, Lemma 13|, the condition (a,d/a). = 1 for all finite and infinite

primes v in Oy, is equivalent to the following conditions
(i) a > 0;
(ii) (%) =1 if ordg(da) is odd; and
(i) (M) =1 if ordy(a) is odd.

5.2.1.1 Rational decompositions of second type

Consider the subset of decompositions of second type where a € QQ, a > 0. Study-
ing the splitting of primes in the Vj-extension ¥, ,/Q, we see that the condition
(a,d/a). = 1 for any prime ideal v in K, is equivalent to asking for each prime ¢ | d

with (%) =1 to satisfy

<a>:1 ifq‘g, <d/a>:1 if ¢ | a.
q a q

Writing a as a product of ¢;, the conditions can be packaged in a matrix over Fs.
Take S = {q1,...,¢} and T'= {q1,...,qmn}, and let By be the matrix R; g7(d) as

defined at the end of Section 1.3, i.e.

(%) (&)
B <z;> (d%@)

where the subscript 4+ denotes the conversion of each entry from {£1} to {0,1}.

Then ker By corresponds to the set of decompositions of the second type. The size

of the matrix implies that dimker By > ¢ — m. Therefore tkyCy), > t —m — 1.
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Combining with the fact that rko C4,, = t +m — 1, the 2-part of Cg,, has size at
least 2212,

5.2.1.2 General decompositions of second type

Now consider all decompositions of second type for ;). The set of decompositions

of the second type a is given by the kernel of the matrix

A A Az
A= Ay Axp Ag |,
A3z Az Ass

where

An = : , A = , A1z =

A2 = : , Az = , A2z = :
om ay . d/am Imi1) . ar
Im + Im qm + am Im 4
=S am S E om d/amyr) qt
Im-+1 Im-41 Im+1 Im-41 Im41 Im-41
An=| o A= R T
a1 am a1 . Sm Imt1 . d/qe
qat qat + Im—+1 Am+41 + qt qat +

The matrix A has the same rank as

A A+ Ar A3z
A By
Bi= 1A+ A1 Ay + Ao+ Aoy + Agg Ajg+ Aos | = B o
0
Az Az + Aso As3

In particular, when By has maximal rank m and m < ¢, rank B = 2rank By,

then the dimension of ker B = (t +m) —2m =t —m, and so rky Cgq, <t —m — 1.

5.2.2 The vanishing of the 8-rank of C,,

Lemma 5.6. Let K be a biquadratic number field with quadratic subfields k1, ks,
ks. Let n > 1 be an integer. If tkon Cy, is 0 for i = 1,2,3, then the 2" -rank of
Cgk is 0.

Proof. Take a prime ideal 8 in O above prime p. It suffices to show that the
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order of [P]? € Ck divides the order of some ideal class in Cy,. We split into three
possible cases according to the splitting of p in K.

Suppose p is inert in ki, ko and splits in k3. Let p be an ideal below ¥ in
ks. Since P = pOy, if p' is principal in k3, then 9! must also be principal in K.
Therefore the order of [J] € Cg divides the order of [p] € Cy,.

Now suppose p ramifies in k; and ko. Let p be an ideal below 33 in k3. Since
B2 = pOk, the order of [J]? € Ck divides the order of [p] € Cys.

Suppose instead p splits completely in K. Let p; be the prime ideal below 3 in
k; for i =1,2,3. Then p,Ox = PPB;, where P; is a conjugate prime ideal of P under
the non-trivial map in Gal(K/k;). Then (p)Ok = PP1PB2PBs, so [p1p2p3Ox] = [B)?
in Ck. Therefore the order of [B]? € Ck divides the lem of orders of [p;] € Cy,. O

Lemma 5.7. Suppose d € R and p € Pq . Then tkg Cyq ) = 0.

Proof. The quadratic subfields of the biquadratic field K4, are X4, K, and Kg,. By
assumption on d, we have rky C4 = 0. We have rko C,, = 0 and so also rks C, = 0.

By definition of Py ,, we have rky Cg, = 0. The result now follows from Lemma 5.6.

O]

5.2.3 Proof of Theorem 5.1

The lower and upper bounds from Sections 5.2.1.1 and 5.2.1.2, respectively, yield
kg Cyp=t—m—1.
In conjunction with Lemma 5.7, we conclude that the 2-part of Cg ), is congruent to
o3 x Ch=m=l,

Now equation (5.4) implies that 2272 = AT (d,p) > h(d,p) = Q(Ha,p) - 2273, so
that Q(K4p) < 2 with equality if and only if A™(d,p) = h(d,p), i.e., if and only if

%Zp is totally real.

5.3 Construction of %z{p

In this section, we will give an explicit construction the narrow 2-Hilbert class field
?C:[’p of Xq,. We have
Wi, = Cap if m=t—1,
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where €, ), is defined in (5.6). This follows from the upper bound on the 4-rank of
Cg,p given in Section 5.2.1.2.

When m < t — 2, we will construct certain unramified at finite primes Cjy-
extensions of Ky, by working over X,. In general, this does not lead to simple
criteria for %Zp to be totally real. When m = t — 2, then we can construct the
unramified at finite primes Cj-extension of K4, by working over QQ, and in this
case we can find a criterion for %Ip to be totally real that is amenable to density

computations.

5.3.1 Constructing unramified C,-extensions

Lemma 5.8. Suppose that a | d and that a is even if d is even. Let p =1 mod 4 be

a prime. Suppose that
d

X2 _ay?= 522 (5.9)

is solvable for some X,Y,Z € K,. Then there exists a solution such that B =
X+Y\/a gives an extension Kqp o(v/B) /K pa that is unramified at all finite primes.

More specifically, B can be taken such that
(i) X,Y,Z € Ox,,
(ii) ged((X),(Y),(Z2)) is a square ideal,
(iii) X,Z are coprime with 2 and 2 Y,

(i) X—-Y ifa=1mod4, 1 mod 4 if p=1mod 8,
w

2 1tp
X% fa=2modd 10r#mod4 if p =5 mod 8.

Proof. Our goal is to find a suitable 8 = X + Y\/a that satisfies the requirement
in Proposition 1.2. Let o be the generator of Gal(¥,/Q). Clearing denominators
we can assume X,Y,Z € Og,. Since the fundamental unit in ¥, has norm —1,
we can take z,y € Z satisfying 22 — py? = —1 and set u = = + y/P- Looking at
2 —py? = —1 mod 4 we see that x is even and y is odd, so u = r+y,/p = +,/p mod 4
in Oy,

Choosing  to be coprime to 2. Removing factors of 2 we can assume 2
divides at most one of X,Y, Z. If p = 5 mod 8, then 2 is inert in K, so at most one

of X,Y, 7 is even.
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If p =1 mod 8, then 2 splits in K,. Then

1 — 3 —
Norm( +2\/5> = ! 4]), and Norm< +2\/5) = 9—p

4

are both even but differ by 2, so one must be congruent to 2 mod 4. Say < is the
element from above with norm 2 mod 4. Then exactly one of the primes above 2
divides v with order 1, call this prime t. Suppose max{ord; X,ord(Y,ord¢ Z} = k,
then take X (77/2)%,Y (v /2)%, Z(7°/2)F. Repeat the same for the ideal t°. Then
we can assume that no prime above 2 divides ged((X), (Y), (Z)). Therefore at least

one of X,Y, Z is coprime with 2.

The squares modulo 4 in O, are 0, 1, w = ((1 +p)/2 + /p)/2 and ' =
(1 +p)/2—/p)/2. We have X? = 2Y? + Z* mod 4 when a is even, and X? =

Y2 + Z? mod 4 when a is odd, we see that the possible combinations are

((1,{0,1}) mod 4, (5.10)

w,{0,w}) mod 4, 5.11

(X (y2 22)) = (w;{0,w}) (5.11)
(w',{0,w'}) mod 4, (5.12)

(1,{w,w'}) mod 4 if p=1mod8. (5.13)

The cases (5.11) and (5.12) are only possible when p = 5 mod 8. For if p =
1 mod 8, the norms of w and w’ are (1 — p)2/16, which is even, contradicting with

the assumption that at least one of X, Y, Z is coprime with 2.

For case (5.13), one can obtain another solution to (5.9) that satisfies one
of (5.10), (5.11), (5.12). Without loss of generality assume Z? = w mod 4. Since
X? = 1 mod 4 implies X = +1 or +,/p mod 4, multiplying X,Y, Z by a suitable
0 € {£1,+u}, we can also assume X = 1 mod 4. Let t denote the prime above 2
such that t| Y, then ¢ | Z and t,t” { X. Take

1+d/a lfd/aY 1+d/a

2 )

d
(XY, Z) = ( X+-7, ZiX) (5.14)

(X+Z,0, Z£X)mod4 if ¢ =1modS8,

(-X+Z, 2, —Z+X)mod4 if ¢=5modS8.
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Then
Norm(X') = Norm(Z') =14 (Z + Z%) + ZZ° mod 4.

Z? = wmod 4 implies Z = +(1+4,/p)/2 or £(5+,/p)/2 mod 4. Therefore Z+ Z7 =
1 mod 4 and ZZ% = 0 or 2 mod 4. Pick the sign such that Norm(X’) = Norm(Z') =
2mod 4. Then ord{ X’ = ord¢Z' = 1 and t7 t X'Z'. Carry out the reduction as
before we can obtain new X’ and Z’ that are both coprime to 2. Therefore we can

assume X is always coprime with 2 and exactly one of Y, Z is coprime with 2.

If X,Y are coprime with 2 and 2 | Z, the transformation (5.14) gives X', Z’
that are coprime to 2 and 2 | Y. Therefore we can always take X, Z coprime to 2

and 2 | Y. In particular SOy ip.a 18 coprime to 2 since its norm is odd.

Choosing 5 to be a square ideal. Let h be the class number of X, which
is odd. If ordy(ged((X),(Y),(Z)) is odd for some prime ideal p, we can multiply
X,Y,Z by some vy, where 7 satisfies p" = (7). Remove any rational prime p di-
viding ged((X),(Y),(Z)). Therefore we can assume ged((X), (YV),(Z)) is a square
ideal involving only prime ideals above odd primes that splits in X,/Q. For each

odd prime p that splits in K,/Q at most one of the primes above p can divide
ged((X), (Y), (2)) -

Suppose there exists an odd prime dividing Ox, ,,, then there must be a
prime B below in Oy, , dividing SO, ,. Without loss of generality assume B { d/a,
otherwise consider the prime in Oy, , , and interchange the roles of a and d /a in the
following. Let p be a prime in ¥, below 9. Taking norms to ¥, we have p | Z%d/a,
so p | Z. But p cannot divide both X and Y with an odd power, otherwise p
divides ged((X),(Y),(Z)) with an odd power, so pOy, , cannot divide 8 with an
odd power. Let 7 be the generator of Gal(¥,./¥,). Then ordg 8 + ordypr 8 =
ordyp (X + Y/a) + ordyg(X — Yv/a) = ordg Z* = 2ord, Z being even implies that

ordyg 3 is even. Therefore SOy, , , has even valuation at odd primes.

Choosing  to be a square modulo 4. We now handle the ramification at
2 in cases (5.10), (5.11) and (5.12). First suppose a is odd so a = 1 mod 4. We

assumed 2 | Y so

1
X+Y\/65X—Y+2Y( +2\/6> =X — Y mod 4.



92 Chapter 5. Kuroda’s formula and arithmetic statistics

Also (X —Y)? = X2 +2XY 4+ Y? = X2 mod 4.

In case (5.10), X —Y = %1 or £,/p = 0 mod 4 for some § € {*1,+u}. In
case (5.10), multiplying each of X,Y,Z by ¢ satisfies the requirement since this
forces X —Y = 1 mod 4, which a square modulo 4.

The cases (5.11) and (5.12) are only possible when p = 5 mod 8. Suppose we
are in case (5.11), then (X —Y)? = wmod4. Then X —Y = £(1 + /p)/2 or
+(5+ /p)/2 mod 4. One of {£(1 + ,/p)/2 or £(5+ /p)/2} is a square modulo 4,
and u(1+4,/p)/2 = (5+./p)/2 mod 4. Therefore there exist 6 € {£1, £u} such that
(X —Y) is a square modulo 4. Replace X,Y,Z by 0X,0Y,dZ then S is a square
modulo 4. Case (5.12) is similar.

Now suppose a is even so a = 2 mod 4. In cases (5.10), (5.11) and (5.12), similar
to above there exists § € {£1, £u} such that X = X?+Y?/2 = X?+aY?/4. Then
§X + Y /a = (X +Y+/a/2)? mod 4. O

Recall from Sections 5.2.1.1 and 5.2.1.2 that the space of decompositions of the
second type has dimension equal to ¢ —m inside the Fa-vector space H /(K X)?. Let
ai,...,at—m—1,d denote a basis for this space, with a; | d, and let 51,..., Bt—m—1
denote the corresponding solutions constructed in Lemma 5.8. Then we can realize

%zp as the field
%(—ii_,p = Cé;d,p( V /817 eV 5t—m—1)>
where 84, is defined in (5.6).

5.3.2 The case m =t — 2

Throughout this section, we take m =t — 2, so that q1, ..., g satisfies <q£1) =...=

(325) =1amd (2) = (&) =1

Lemma 5.9. There exists a positive integer a | d, a # 1 or d, such that

d
px? —ay? = 522 (5.15)

18 solvable for x,y,z € Q. Also

(5)-(2)

Proof. Since rank By = t—2, dimker By =t — (t —2) = 2. We can pick (ej,...,e:) €
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ker By \ {{0,...,0},{1,...,1}}. Take a = ¢7*...q;* and b = d/a. Then for each
1< <t -2,

(a,b)g; = 1.

If d is odd, a = b = 1 mod 4, so (a,b)s = 1. Hilbert reciprocity implies
(a, b)‘h—l(a’? b)qzs = H (a,b)r = 1. (5.16)
reMg

When d is even, 2 is one of q1,...,q—2 if p = 1 mod 8, and one of ¢;_1,q if p =
5 mod 8, so (5.16) still holds.

Without loss of generality assume ¢;—1 | b, otherwise interchange a and d/a.
Since rky C4 = 0 and rky4 Cg4y, = 0, there are no decompositions of second type for

HKq or Kgp, so
(avb)Qt—1 = (a7 b)Qt = —1 and ((pa, b)Qt—1 = (pa, b)Qt =—lor (pavb)p = _1) .

If ¢; | b, then (pa,b), = (%) = TLp (%) = 1, so we must have (pa,b)y, , =
(pa, b)q, = —1, but this contradicts with

(P, 0)gi—1 = (P, b)g, = (qt;) = <§’;> = 1.

Therefore ¢; | a. Again a cannot give a decomposition of second type for ¥4, so

(a,b)g,_, = (a,b)q, = —1, and hence (pa,b)q,_, = (pa,b), = 1. We also have
O IE) - ()T
p L\ p P \p A\ p
QZ|a %'d
Therefore (pa, pb), =1 for any prime r € Mg. O

Since the 2-part of the class group and narrow class group of X, are both trivial,

the fundamental unit in ¥, has norm —1, we can take u,v € Z satisfying

u? —po? = —1. (5.17)

Looking at u? — pv? = —1 mod 4 we see that u is even and v is odd, so u + vy/p =

+,/p mod 40y,. Replacing v with —uv if necessary we can assume v —u = 1 mod 4,
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so that u +v\/p = \/p mod 40y,. From u? — pv? = —1 mod 8, we see that this
choice implies

(0,1) mod 4 if p=1mod 8,
(u,v) = (5.18)

(2,3) mod 4 if p=>5mod 8.
If we take some 3 = (z/p + yv/a)(u + v\/p), where z,y satisfy (5.15), then
Kapa(v/B)/FKap is a Cy-extension by Lemma 1.8.
We claim that when £ is chosen appropriately, the Kq, 4(v/B)/Ka,p is unram-
ified at all finite primes. Note that ¥, , is contained in %;;p 50 Kapa/Kap is

unramified.

Lemma 5.10. Let d € Z be a squarefree and has no prime factors congruent to
3mod 4. Suppose a | d and a is even if d is even. Let p =1 mod 4 be a prime. Sup-
pose (5.15) is solvable for some x,y,z € Q. There exists x,y, z € Z satisfying (5.15)
such that

(Z) ng(x,y,z) =1,
(ii) x,z are odd and y is even, and
(11i) © —y =1 mod 4.

Setting B = (x\/p + yv/a)(u + v\/p) gives an extension Kqpo(v/B)/Kipa that is

unramified at all finite primes.

Proof. Our goal is to find a suitable 8 = X + Y'y/a that satisfies the requirement in
Proposition 1.2. Let o be the generator of Gal(¥,/Q). Clearing denominators we
can assume x,y, z € Z.

Choosing 5 to be coprime to 2. Removing factors of 2 we can assume 2
divides at most one of z,y, z. Taking pz? — ay® = gzz mod 4, we see that z must
be odd and one of y, z is even. If d is even, a = 2 mod 8 so y must be even. Now
suppose d is odd. If x,y are odd and z is even, then we can take instead

a—d/a d a-—dfa

5 Yt P T

2
pxr,

(a +2d/a

z— ay) = (1,0,1) mod 2

as another set of solution to (5.15). Therefore we can always take z,z odd and y
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even. In particular 5Oy 4p.a 18 coprime to 2 since its norm

d
NormK/%p ﬁ = (U + U\/ﬁ)2522

is odd.

Choosing ($ to be a square ideal. We can assume ged(z,y,z) = 1 by
removing any common divisors.

Suppose there exists an odd prime dividing fO%, ,,, then there must be a
prime B below in Oy, , dividing SOy, ,. Without loss of generality assume B { d/a,

otherwise consider the prime in Oy and interchange the roles of a and d/a in the

p,d/a
following. Let p is a prime in XK, below . Taking norms to K, we have p | 2%d/a,
so p | z. But p cannot divide both z and y, so pOg,, cannot divide 3. Then
ordy 8 = ordg 22 = 2ordy 2 is even. Therefore SOy,  , has even valuation at odd
primes.

Choosing [ to be a square modulo 4. First suppose a is odd so a = 1 mod 4.

We assumed y is even so

B = (z/p+yva)(u+vyp) = (x/p+yVa)yp =+ y/ap

1+ /a
=r—-y+2 <2p> =z —ymod 40y, .

Since x is odd and y is even, taking —x instead if necessary, we can assume x —y =
1 mod 4. Then 3 is a square modulo 4 in Oy, .
Now suppose a is even so a = 2 mod 4. Taking —x instead if necessary, we can

assume x — y*/2 = 1 mod 4. Then

B = (zyp+yva)(u+uvyp) =z +yyap
=z —yva+2yva <1+2\/I)) = (1—%ﬁ>2m0d4.

Since y is even, %yQ =y mod 4. OJ
Take (5.15) modulo 8, if d is odd, the choice in Lemma 5.10 implies
(1,0) mod 4 if bp =1 mod 8,

(z,y) = (5.19)
(3,2) mod 4 if bp =5 mod 8.



96 Chapter 5. Kuroda’s formula and arithmetic statistics

5.3.3 Criterion for %;p to be totally real when m =t — 2

Lemma 5.11. The field Kqyp.o(v/B) is totally real if and only if zv > 0.

Proof. Let B1 = (z/p+yv/a)(u+vy/p), B2 = (x/P—yva)(ut+vy/p), B3 = (—x\/p+
yv/a)(u—vy/p), and B; = (~\/p—yy/a)(u—vy/p). Then §16; = b:2(u+v,/p)? > 0,
B1Bs = bz? > 0, and B384 = bz?(u — 1)\/15)2 > 0, so 1, B2, B3, B4 are always of the
same sign. Since S + f2 + B3 + B4 = 4xvp, we have (1, B2, B3, B4 > 0 if and only if
xv > 0. O

If d is odd, (5.18) and (5.19) implies

1mod4 if b=1mod 8,
v = (5.20)

3mod4 if b=>5modS8.
Lemma 5.12. The field Hqp.q(v/B) is totally real if and only if
51,
plalblylaly ’
where b= d/a.

Proof. By Lemma 5.11, it suffices to show that

[ab] [ap] [bp] _ -1 ifxzv >0, (5.21)
plalblalaly 1 ifzv <.

Without loss of generality, assume b is odd. Take a = 27ag, where j = 0 if d is

odd and j = 1 if d is even. Take (5.15) modulo p and modulo each odd ¢ | d, we get
5.6 -G) ()
P 4 \P p p/)’
bl (YN (PEN_ _(®
LG =0=-0)
ol (@)= () (%)
aol 4 \ a0 ao ap)

Multiply these equations together

LR -G G ) e
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Write y = 2%yg, where g is odd. Since ag = b = p = 1 mod 4, we can rewrite (5.22)

FABE-EHE @ e e
Take (5.15) modulo each prime 7 | z, r | yo, r | 2, we get
B-@-EGE Q-0 = 0o

By (5.19), i = 1 and (%) = —1if bp = 5 mod 8 and (

as

%) — 1if bp = 1 mod 8.

Simplifying (5.23) gives

BB GG )

Take (5.17) modulo each prime r | v, we have <|;1> =1, so [v| =1 mod 4. Since

v

we have ,
L e @) e

When d is odd, j = 0, so we get (5.21) by (5.20). When d is even, j = 1
and a is even. Take (5.15) modulo 16 gives px? = bz? mod 16 if y = 0 mod 4, and
pr? =8 4 bz? mod 16 if y = 2 mod 4. Then

rz

2 z2)2— ]. lf SU2 = 22 IIlOd 16, b
(2)-com- o],
—1 if22=922 mod 16 4

From (5.24) and since p = b mod 8 here, we have

]

The choice * — y = 1mod4 in Lemma 5.10, together with (5.18), implies
(—1) = (—1)p4;1. Therefore (5.21) holds. O

zv+y—1
2
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5.4 Computing densities from a governing field

Recall that we proved the cases m =t — 1 and the upper bound in the second half
of Theorem 5.3 at the end of Section 5.1. It remains to prove the case m =t — 2 of

Theorem 5.3.

5.4.1 Construction of a governing field

We start by converting the criterion in Lemma 5.12 to a splitting condition in a
suitable governing field. If p is a prime number congruent to 1 modulo 4, then we
can write p = 7 for some 7 = 1 mod (1 + /—1)® in Z[\/—1]; in this case, the
inclusion Z < Og/=1) induces an isomorphism Z/(p) = Og,/=1)/(7), so that an
integer n is a fourth power modulo p exactly when it is a fourth power modulo 7.
For each 1 < i < t, fix p; such that ¢; = p;p; with p; = 1 mod (144)? if ¢; = 1 mod 4,
and take p; = 1 + /1 if ¢; = 2.

Assuming d = ab is odd for now, we have

bl L 5, = ) T, T

gila
(20, ), e (5), T,

where
-1, 1),

Using quartic reciprocity as well as the fact that

#).-(2),- (%),

we have

(5 I(2), - (), ), (7) - (),

(%) -T1(%),

prld prld

Now suppose a is even, write a = 2ag. Define

5(a,b) = 6(ag,b) - (1% - [ <2>4.

i
pilb N
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Since 2 = —p?y/—1, we have

b - G)LEL (),

prlaod pila pjlb
b1 (=1 [bp Pk
— §(ab) - (1) < v > M TI(%),
4 4 ppld

Note that the assumption that a is even and (ap,bp); = 1 implies p = b mod
8. Consider the possible classes of 7 in Z[v/—1]/8Z[\/—1] as in the proof of [31,

Proposition 7], which are

(

1, 1+ 4 if p =1 mod 16,
7+4+6i, 7+ 2i if p=5mod 16,

5, 5+ 41 if p =9 mod 16,

3+6% 3+2¢ if p=13 mod 16.
\

Then

(—le)4:(_1)1?’ and [pr= (-1

Therefore (—1)17%1 (—ﬁ)4 [%’]4 =1.

™

In either case we have

A1 (OF

pxld

We let
My(d) = H_1,a(v/Pr- - pr)- (5.25)

FNENGIREE

if and only if 7 splits in M4(d)/FK_1, if and only if p splits completely in M4(d)/Q.

Then

5.4.2 Computation of densities
Recall that d = ¢q1 -+ - ¢; with ¢; # 3 mod 4 distinct primes, that rky Cly; = rko Cg,

that rky C4 = 0, and that Py, is the set of prime numbers p such that

(i) p=1mod 4,
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(ii) ptd,

(iii) k4 Cgp =0, and

(iv) there are exactly ¢ — 2 indices ¢ € {1,...,t} such that (%) =1.

For each subset  C {1,...,t} of cardinality t — 2, let Pg;_2 o denote the set of
p € Pgi—o such that (%) =1 if and only if i € 2. Hence

Pai—2 = U Pai—2.0-

Qc{1,....t}
|Q|=t—2

If Q1 and Qg are two distinct subsets of {1,...,t} of cardinality ¢ — 2, then there
exists i € ;1 \ 9, and so every prime p € Qy satisfies <%> = —1, which means that
p ¢ Q4. Hence the union above is disjoint, and so, to prove Theorem 5.3, it suffices

to prove for each €) that the map

Pai-20 = {12},  p—= QFHap)

is Frobenian, with governing field lg, say, and that

iy #PEPama: p< N, QHap) =2} 1
N—o00 #{p € 'demyg :p< N} 2t—17’

whenever Pg;_2 ¢ is non-empty. Then one can take the compositum M = [, Mq
as a governing field for the map Py, — {1,2} given by p = Q(Kgp). If P20 is
the empty set, then we may take Mo = Q. Otherwise, by re-numbering the indices,
we may assume without loss of generality that Q = {1,...,¢t — 2}.

First, if p € Pg—2,0, then (th*l) = (%) = —1, so p splits completely in

€ = %—laQIa--thf%‘Zt—qu'

Conversely, any prime p that splits completely in € but not in
3 = %mqt = 36_17‘117"'7‘%

belongs to Py 2. Hence, letting o denote the element in Gal(L/Q) that fixes /—1
and ,/g; for 1 <i <t — 2 and that sends ,/q; to —/g; for i =t —1, t (i.e., o is the
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M =K1 g1,ae (VP - s/ Pi=2, /DL )
|
g = 3{_17‘11»"'7‘11&

€ =K 1,g1,.q-2.0 1

Q

Figure 5.1: Field diagram of the fields € C £ C M.

non-trivial element of Gal(£/€)), we see that p € Py;_2 ¢ if and only if <E£/7@> =0
Next, note that Lemma 5.9 yields the same decomposition a, b = d/a for K4,
and Kgp, for any two primes pi,p2 € Pgi—20. Also note that X_; 4 C 6, so, for

primes p that split completely in €, the final result of the previous section can be

restated as

[d} [bp} [ap] = d(a,b) <= p splits completely in €M 4(d)/Q, (5.26)
plalalylb]y

where Jfl4(d) is as in (5.25). Hence, by Lemma 5.12 and the result of the previous

section, a prime p is in Pg;_2 o and ?C;rp is totally real if and only if
o (2/Q)
(i) (%) =0,
(ii) p splits completely in €M2(d)/Q, where M2 (d) is as in (5.8), and

(iii) identifying Gal(‘€l4(d)/®) with the group {1}, and viewing Gal(€M 4(d)/€)
as a subgroup of Gal(€M4(d)/Q) in the canonical way, (W) = —0(a,b).

Define Ml to be the compositum

M = SzMQ(d)MZl(d) - 36—1,(]1 ..... qt(\/PT7 sy Pt—2, V Pl 'pt)u

and observe that there is a unique element 7(a,b) € Gal(M/€) C Gal(M/Q) de-
pending on a and b such that for every prime p, the three conditions listed above
are equivalent to the condition that (MT/%) = 7(a,b), where p is any prime of €

lying above p. Note also that Gal({l/€) = C%. Applying the Chebotarev Density
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Theorem to /€ and L/€, we get

i WP E Pag—20: p< N, Q(Hap) =2}
N—o0 #{p € Par20: p< N}
 H#HpePar20: p<N, %;p is totally real}
=N #{p € Pig—20: p< N}
#{p prime in O¢ : Norm(p) < N, (M =71(a,b)}

= lim
N—oo #{p prime in O¢ : Norm(p) < N, ﬁ) =0}
9-1

as desired.



Chapter 6

A density of ramified primes

This chapter is based on joint work with Christine McMeekin and Djordjo Milovic
in [20].

Given a number field K, let Cl, and C denote its class group, and its narrow
class group, respectively. We will prove certain density theorems for number fields

K satisfying the following five properties:

(P1) K/Q is Galois, K is totally real, and C = ClI;
(P2) the class number h := # Cl of K is odd;

(P3) n:=[K :Q] is odd,;

(P4) Gal(K/Q) is cyclic; and

(P5) the prime 2 is inert in K/Q.

If K is totally real, then C = Cl if and only if every totally positive unit in O
is a square; see [20, Lemma 2.1]. Let Oy | = {u € O : u totally positive}. Then

property (P1) can be restated as
(P1) K/Q is Galois, K is totally real, and Op , = ((’)[X()Z.

Number fields satisfying properties (P1) and (P4) were studied by Friedlander,
Iwaniec, Mazur, and Rubin [33]. They studied the behaviour of a quadratic residue

symbol defined on odd principal prime ideals

spin(nOx, o) :_< u )

T Ok
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where 7 is totally positive. When 7m and 7 are not coprime, the symbol is 0 by
convention. They proved that if o is a fixed generator of Gal(K/Q), the density of
principal prime ideals 71O such that spin(rOg, o) =1 is equal to 1/2, conditional

to the following conjecture.

Conjecture C, ([33, Conjecture Cy, p. 738-739]). Let 1 be a real number satisfying
0 < n < 1. Then there exists a real number § = d(n) > 0 such that for all € > 0
there exists a real number C = C(n,€) > 0 such that for all integers Q > 3, all real
non-principal characters x of conductor ¢ < Q, all integers N < Q", and all integers
M, we have

> x(a)| < onimote

M<a<M+N

We note that Conjecture C,, is known for n > 1/4, as a consequence of the
classical Burgess’s inequality [14], and remains open for n < 1/4. Moreover, for
sums as above starting at M = 0, Conjecture C), (for any 7) is a consequence of the
Generalised Riemann Hypothesis for the L-function L(s, x).

More precisely, the main result in [33] can be stated as follows.

Theorem 6.1 ([33, Theorem 1.1]). Suppose K is a number field satisfying proper-
ties (P1) and (P4). Suppose n = [K : Q] > 3. Assume Conjecture C, holds for
n=1/n with § = §(n) > 0. Let o be a generator of the Galois group Gal(K/Q).

Then for all x > 3, we have

Z Spin(p,O') <LK gl
p principal
Norm(p)<z

where = 0(n) = 7%(125”“).

An analogous result when the summation is further restricted those p satisfying
a suitable congruence condition was also proved in [33]. Also, by Burgess’s inequality,
Conjecture C,, holds for n = 1/3 with § = ﬁ, so Theorem 6.1 holds unconditionally
for [K : Q] = 3 where 0 = 15&=.

In [33, Section 11], Friedlander et al. pose some questions about the joint dis-

tribution of spin(p, o) and spin(p, 7) as p varies over prime ideals, where o and 7 are

two distinct generators of the cyclic group Gal(K/Q). In [47], Koymans and Milovic
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prove that such spins are distributed independently if n > 5, i.e., that the product
spin(p, o) spin(p, 7) oscillates similarly as in Theorem 6.1. In fact, they prove that

the product of spins

H spin(p, o)

ocH
oscillates as long as the fixed non-empty subset H of Gal(K/Q) satisfies the property
that o ¢ H whenever 0~! € H. Moreover, their result holds for number fields K
satisfying property (P1) and having arbitrary Galois groups, i.e., not necessarily
satisfying property (P4).

1

The assumption in [47] that ¢ ¢ H whenever 0~ € H is made because

spin(p, o) and spin(p, ') are not independent in the following sense.

Proposition 6.2 ([33, Lemma 11.1]). Suppose K is a number field satisfying prop-
erties (P1) and (P4). Suppose p C Ok is a prime ideal and o € Gal(K/Q) is an

automorphism such that p and p° are coprime. Then

spin(p, ) spin(p, o ") = [ [ (e, @%)s.,
v|2
where « is a totally positive generator of p and the product is taken over places v

dividing 2.

Proof. Since o and o are relatively prime, (o, ), = spin(p,o!) and (o, a%)ye =
spin(p, o). By Hilbert reciprocity [[, (o, a?), = 1. Since « is totally positive,
(o,a%), = 1 for all infinite places v. For any odd prime v # p or p?, we have

(o,a%), = 1 by Lemma 1.4. O

In this chapter, we study the joint distribution of multiple spins spin(p, o),
o € H, in a setting where H = Gal(K/Q) \ {1}, so there are in fact many o € H
such that o~ € H as well.

By assuming property (P2), we are now also able to study the spin of all odd
prime ideals, and not only those that are principal. We give the following definition

of spin, which extends the definition of spin from [33] in a natural way.

Definition 6.3. Suppose K is a number field satisfying properties (P1) and (P2).
Let o € Gal(K/Q) be non-trivial. Given an odd ideal a, we define the spin of a (with
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respect to o) to be

spin(a, o) = (g) ,

aU
where « is any totally positive generator of the principal ideal a”, and where (f)

denotes the quadratic residue symbol in K.

The assumption OIX(, L= (OIX{)2 is important for two reasons. First, Cl = C
ensures that the principal ideal a” has a generator « that is totally positive. Second,
any two totally positive generators of a® differ by a square, so the value of the
quadratic residue symbol defining the spin does not depend on the choice of totally
positive generator o.

Suppose p is a prime ideal in Og and « is any totally positive generator of
the principal ideal p*. It is immediate from the definition of spin, that p splits in
K (\/OF )/ K if and only if spin(p, o) = 1. Therefore, for any prime p in K coprime

to 2, the following are equivalent:
(i) spin(p,o) =1 for all non-trivial o € Gal(K/Q), and
(ii) p splits completely in K(va° : 0 € H)/K, where H = Gal(K/Q) \ {1}.

Let 9“?@ denote the set of rational primes coprime to 2. For a fixed sign, +, we

define the following sets of rational primes.

S:={pe 9}5(2@ : p splits completely in K/Q},
St ={peS:p=+1mod4Z},
F:={pe S:spin(p,0) =1 for all 0 € Gal(K/Q) \ {1}},

Fr=5.NF,

where p denotes a prime ideal in K lying above p.
For sets of primes A C B, we define the restricted density of A (restricted to
B) to be

.. #{pe A:Norm(p) < N}
d(AIB) = J\}gnoo #{p € B : Norm(p) < N}’

When IT consists of all but finitely many primes, then d(A) := d(A|Il) is the usual
natural density of A.

Our main result is as follows.
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Theorem 6.4. Let K be a cyclic totally real number field of odd degree n over QQ
with odd class number, such that every totally positive unit is the square of a unit,

and such that 2 is inert in K/Q. Assume Conjecture C,, holds for n = For

2
n(n—1) "
k # 1 dividing n, let dj, be the order of 2 in (Z/kZ)*. Then for a fized sign +,

_ S+ N S+ + s_
d(Fi‘Sj:) = 23(n—1)/2’ and d(F‘S) = W
where
(k) (k)
se=1+ [ 2% | [ 27 -1,
k|n, k#1 kln, k#1
dy, odd dy, odd
and
d (k) (k)
so= [ @F+na T @%-1)%%,
kln, k#1 kln, k#1
dy even dyodd

where ¢ denotes the Fuler’s totient function.

Unlike in [47], we have assumed here that Gal(K/Q) is cyclic.
In particular, when n is prime, writing d = d,,, we have
@+a%%@%i—n,@d—n%%) if d is odd,

(54,5-) = d n—1
(1,(254—1y7r) if d is even.

Table 6.1: Densities from Theorem 6.4, computed for K of degree n satisfying the
necessary hypotheses.

no| d(Fy|Sy) | d(F-|S-) | d(F|S)
3 1/8 3/8 1/4

51 1/64 5/64 3/64
7| 15/512 7/512 11/512
9 | 1/4096 27/4096 7/2048

11| 1/32768 33/32768 17/32768
13| 1/262144 | 65/262144 | 33/262144
15 | 1/2097152 | 375/2097152 | 47/262144

In the cubic case, we have the following unconditional theorem.
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Theorem 6.5. Let K/Q be a cubic cyclic number field and odd class number in
which 2 is inert. Then

1

AFIS) = 7.
1 3
d(F41S4) = 5, and d(F_|S-) = 3.

If the spins of a fixed prime ideal spin(p, o) and spin(p, 7) were independent for
all non-trivial o # 7 € Gal(K/Q), then one might expect the density of F' restricted
to S to be 27 (™1 However, Proposition 6.2 gives a relation between the spins of
a prime ideal, which poses new challenges in our setting compared to that in [33]
or [47].

Define
R:={pc S :spin(p,o)spin(p,c ') =1 for all ¢ # 1 € Gal(K/Q)},

where p is a fixed prime of K above p. Observe that F' C R C S, so if the limits
exist then

d(F|S) = d(F|R)d(R|S).

It follows from (6.2), that R is the set of primes satisfying a certain Hilbert sym-
bol condition. The densities appearing in our main theorems are of greater com-
plexity than those appearing in [33] or [47] because of the necessary considera-
tion of the density d(R|S). Toward computing the density d(R|S), the terms
s+ arise from counting the number of solutions to this Hilbert symbol condition
over (O /40k)* /(O /40K)*)?, through a combinatorial argument given in Sec-
tion 6.2. The argument relies on properties (P4) and (P5), and allows us to obtain

explicit density formulas.

Another issue that we had to resolve arises from our generalisation of “spin” to
non-principal ideals. This extended definition means that techniques in the study
of oscillation of spins in [33] and [47] do not easily carry over. We describe some of

the new ideas in Section 6.3 in order to evaluate d(F|R) using results from [47].

Property (P3) ensures that Gal(K/Q) contains no involutions. While methods
to deal with involutions do exist (see [33, Section 12, p. 745]), incorporating them

into our arguments is non-trivial and may pose interesting new challenges in our
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analytic arguments.

6.1 A consequence of Chebotarev density theorem

In this section, we use Chebotarev density theorem to prove that the primes of K

are equidistributed in
M, = (O /40k) %/ ((Ok /40K)¥)?

under the map

r4:9"%<—>1\/[4 p = o],

where o € O is a totally positive generator of the principal ideal p”. Since squares
are trivial in My by definition and O , = (OIX()Q, the map ry is well-defined. Note
that My is a group with a natural action from Gal(K/Q) and ry commutes with the

Galois action, i.e. r4(p?) = ry(p)? for all o € Gal(K/Q).
Proposition 6.6. Suppose K satisfies properties (P3),(P4) and (P5). Then
(i) My = F% as a Fy-vector space,
(i) the invariants of the action of Gal(K/Q) on My are exactly +1.
Proof. Let Up, == (O /m)*.

(i) Fix a set of representatives R for Ok /2 in Og. Let R* be a subset of R
containing representatives for (O /2)*. Observe that {x+2y: x € R*,y € R}
is a set of representatives for Uy and #Us = 2"(2" — 1). Therefore elements
of U} are of the form (z + 2y)? = 2% mod 40k for x € R* and y € R. Since
#(Ok /2)* = 2™ — 1 is odd, the squaring map on Us = (Ok/2)* is surjective
and so #U? = 2" — 1. Therefore #My = #U,/#UZ = 2. Since My is formed
by taking the quotient of Uy modulo squares, My is a direct product of cyclic

groups of order 2.

For any a € Ok coprime to 2, write [@] as the projection of Ok in My. Since
every x € R* is a square in Us, we can write down the isomorphism explicitly
as

My — Ok /2 =2 TFy [ 4 2y] = [1 + 22 1y > 27 1y (6.1)

We see that My = {[1 +2y] : y € Ok /2}.
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(ii) Let o be a generator of Gal(K/Q). The action of o on [1 + 2y| € My, simply
maps y to y?. Then we see that y = y” mod Ok /2 if and only if y = 0 or
1 mod O /2. These correspond to +1 in My. O

6.1.1 Primes are equidistributed on M,

Lemma 6.7. Assume K satisfies (P1), (P2), and (P5). Let [o] € My. Let p be an
odd prime of K such that r4(p) = a. The map

M, — (Z/4Z)*

[a] = Normg /q(p) = Normg /g(a) mod 4Z

1s well-defined.

Proof. By Lemma 6.8, for any a € My, there exists a prime p € 9“%( such that
ry(p) = o

Let p and q be (odd) primes of K such that r4(p) = rs(q). Let o be a totally
positive generator of p” and let B be a totally positive generator of q”, where h
is the (odd) class number of K. Since r4(p) = ra(q), « = f in My. Then a =
B7v% mod 40k for some v € O. Since 2 is inert, o’ = 5°(7)? mod 40k for all
o € Gal(K/Q). Therefore Norm(a) = Norm(3) Norm(y)? mod 40f. Since the
norms are in Z, Norm(a) = Norm(3) mod 4Z. O

For m an ideal of O, let Jg denote the group of fractional ideals of K prime
to m. Also let Cy, denote the narrow ray class group of conductor m, that is, the
quotient of Ji by the set of principal fractional ideals generated by totally positive
a € K with a =1 mod m.

Lemma 6.8 ([58, Lemma 3.5], [20, Lemma 4.6]). For K satisfying property (P1)
and (P2), the homomorphism J2- — My induced by ry induces a canonical surjective
homomorphism 4 : C4 — My.

For a fixed sign =+, let S, denote the set of primes of K lying above some
p € S such that p = +1 mod 4Z. We now state a lemma that handles the densities
restricted to primes of a fixed congruence class modulo 47Z.

Under the Artin map, ¢4 induces a canonical isomorphism

Gal(L/K) = My,



6.1. A consequence of Chebotarev density theorem 111

where L is contained in the narrow ray class field over K of conductor 4. Then
applying the Chebotarev density theorem over the extension L/K - Q(v/—1) gives

the following lemma.

Lemma 6.9 ([20, Lemma 4.8]). Assume K satisfies conditions (P1)-(P3) and (P5).
For any [a] € My, the density of p € S'. such that p4(p) = « is given by

1

d(r; () N SLISL) = o1

6.1.2 The Hilbert symbol on M,

Lemma 6.10. The Hilbert symbol (-, -)2 is well-defined on My.

Proof. We show that (a, )2 = (o + 4B, )2 for any B € O coprime to 2, which
implies that (-, - )2 is well-defined on (O /40K )* x (O /40K )*. Suppose B € Ok
is coprime to 2. It suffices to show that (a, )2 = 1 implies (o + 4B,5)2 = 1.
Take x,y,z € Ok not all divisible by 2 satisfying 22 — ay? = S22 mod 8. Since
(Ok/20K)* contains all its squares, there exists C,D € O such that C? =
a 'BBmod?2 and D? = a '8 'Bmod2. Take X = z+2Cz, y = Y and
Z = z + 2Dz, then one can check that X? — (a+4B)Y?2 = 2% mod 8. O

Lemma 6.11. The Hilbert symbol (-, -)2 is non-degenerate on My.

Proof. Fix some a € Ok coprime to 2. We claim that (o 4+ 4B,2)y = 1 for some
B € Ok. Since (O /20k)* contains all its squareroots, there exist some 7, z € O
such that a = 72 —22% mod 4. Write x = v+22/ for some 2’ € O, set B = 2'y+z"
and y = 1. Then 2% — (a + 4B)y? = 222 mod 8. This proves our claim.

Now suppose (a, B)2 = 1 for all 5 € Ok coprime to 2. Then taking B from the
above claim, (o + 4B, )2 = 1 holds for all § € Ok coprime to 2 by Lemma 6.10,
and for all g € Ok divisible by 2, by the above claim. Since the Hilbert symbol
is non-degenerate on Ky/K; [68, Chapter XIV, Proposition 7], this implies that
a+ 4B € O%. Hence [a] = [a + 4B] is trivial in My. O

Proposition 6.2 and (P5) shows that for p a prime of K with totally positive

generator a € O, and for o € Gal(K/Q) a generator,

Spin(p7 U) Spin(pv 0-71) = (a7 ag)27
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which motivates the following definition.

Definition 6.12 ([58] ). Assume K satisfies (P1), (P2), and (P5) with abelian

Galois group. Let o € Ok denote a representative of (o] € My. Define the map

* M4 — {:l:l}
1 if (a,a%)9 =1 for all non-trivial o € Gal(K/Q),

[a] =
-1 otherwise.

Observe that % is a well-defined map by Lemma 6.10. If (6.2) holds for some
a € Ok, then it holds for a for any o € Gal(K/Q). Therefore (o) = *(a?) for all
o € Gal(K/Q).

Let x4 denote the restriction of % to
M = {[o] € My : Normy g(ar) = 1 mod 4}
and let x_ denote the restriction of * to
M = {[a] € My : Normg g(a) = —1 mod 4}.

For a fixed sign +, define Ry := RN S4.

By Proposition 6.2, fixing any prime p of K above p, the following are equivalent
(i) spin(p,o)spin(p,o~1) =1 for all 0 # 1 € Gal(K/Q), and

(ii) *ory(p) = L.

Therefore, for each fixed sign =+,
Ry ={pe€ Sy :xory(p) =1 for p a prime of K above p}.

Summing up the densities in Lemma 6.9 over classes [a] € M and [a] € M,
we get

# ker(*4)
d(R£|S+) = ————.
(R+|Sk) ANE

Applying Proposition 6.6 we get #M, = 2". Since half the elements of My are in
M and half in M, #M] = #M; =271,
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Theorem 6.13. Assume K satisfies properties (P1)-(P5). Then

_ #har)
d(R|S) = TR
d(Ry|S4) = w and d(R_|S_) = #H{;"_(f—)‘

6.2 Counting solutions to a Hilbert symbol condition

In this section, we will prove the formulae for # ker(*.).

Fix 7 to be a generator of Gal(K/Q). For any a € K, write o) = o™ for

k€ Z.
Lemma 6.14. (—1,—1); = —1.

Proof. Assume for contradiction that (—1,1)s = 1. Consider a homomorphism ¥ :
M,y — {£1} given by [a] — (a, —1)2. Since the Hilbert symbol is non-degenerate,
and —1 is not a square modulo 4 in K, v is not identically 1. Therefore # ker ) =
HML /4 im g = 271,

For any [a] € My \ {£1}, we have (o), —1)2 = (a, —1)2 for any k. Therefore
1 is stable under the Galois action. The size of each Galois orbit is n except the
orbit of +1. But then n divides both #{[a] € My \ {£1} : ¢¥(a) = 1} = #{[o] €
My :¢(a) =1} —2=2""1 -2 and #{[a] € My : ¥(a) = —1} = 2"~ which is a

contradiction. O

Our aim is to count the number of elements in M4 with a representative o € O

satisfying the spin relation
(o, %) =1 for all non-trivial o € Gal(K/Q). (6.2)

By Lemma 6.11, the property (6.2) only depends on the class of [a] € My.

6.2.1 The Hilbert symbol as a bilinear form on M,

By the Kronecker-Weber theorem, K is contained in the cyclotomic field Q(¢j),
where § is the conductor of K. The conductor f is odd since we assumed that 2 is un-
ramified in K. By [29, Theorem 4.5], there exists a normal 2-integral basis of Q((j),
i.e. we can find some a € OQ(Cf) such that the localization of OQ(Q) at 2 can be written

as O@(Cf)’g = Dgecal(Q(¢) /@) Z2)a?. Similar to the classic result for integral bases [59,
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Proposition 4.31(i)], taking y = TrQ(Cf)/K(a), then {y,y",... ,yTnil} gives a normal
2-integral basis of K. Since Z(z)/2Z(2) = 7/27 and Ok /20K = Ok /20K, we

Tn

know that y,y™, ...,y ~' also form a normal Fo-basis of Ok /20k.

Set a = 14 2y. It follows from the isomorphism in (6.1) that
n—1
M, = {H[a(i)]“i : (U07 cee 7un—1) S Fg} .
i=0

Write (o, a;))2 = (=1)%, ¢; € {0,1}. Note that (ag),a@;))2 = (@, a@j—y)2. The

Hilbert symbol is multiplicatively bilinear, so we can represent (-, - )2 by the matrix

Co Ch—1 Cp—2 ... C1
C1 Co Ch—1 ... C39

A= Co C1 Co C3 (6 3)
Cn—1 Cn—2 Cp-3 ... Co

with respect to the basis [a(;], 0 <i <n — 1.

Define the n x n Fo-matrix

0100 0

0010 0
- 0001 ...0 7

0 00O 1

1 0 00 0

T, =Tf and Ty = 1.

Lemma 6.15. Let A be the matriz representation of (-, -)2 on My with respect to

a normal basis, as given in (6.3). Define a map

U Fy — Folz]/(2" — 1)

u = (ug,...,up—1)— Fu(x) =uo+uiz+ U + -+ Uy L
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Also define
o Fy — Fy u— (u'Tyu, Ty, ..., 0T, _ju).
Let B:=Yo®, so
B :Fy — Folx]/(z™ — 1) u— 2" Fy(x)Fy(1/x) mod (2™ —1).

Then #ker(xy) = #B71(0) and #ker(x_) = #B ' (h(x)), where h(z) =
U(A~1(1,0,...,0)). Furthermore

h(z) = 2"h(1/z) mod (2" — 1). (6.4)

Proof. For any u = (ug, ..., un—1),v = (vo,...,vn—1) € FY, we have

[T ITog) | = o
i i

2

Since (-, -)2 is non-degenerate on My by Lemma 6.11, the matrix A has rank n and

is invertible. Note also that A is symmetric.
Now [, 0/(‘;), u = (ug,...,u,—1) € FY satisfies (6.2) if and only if
W ATiu =u"AThou=--- =u" AT, _ju=0. (6.5)
Since {Ty, T1,...,Th—1} is a basis of GL,,(F2), we can write
n—1
A:ZCiTia c; € Fa.
=0

Then (6.5) becomes

ulTou 0 1

u'Tiu 0 0
Ao®(u)=A ' € 1.1 . (6.6)

ul'T, ju 0 0
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Since A is invertible, we can set h(x) = U(A~1(1,0,...,0)). Notice that ¥ is a
one-to-one correspondence. Then (6.6) can be rewritten as B(u) = ¥ o ®(u) €
{0,h(x)}. Since A is symmetric, A~! is also symmetric, so (6.4) holds. Also
(,a)2 = (o, =1)2 = (a,=1)5 = [[;(ap), —1)2 = (Normg g(a), —1)2, which is 1
if Normg/g(a) = 1 mod 4 and —1 if Normg/g(a) = —1 mod 4 by Lemma 6.14.
Therefore # ker(xy) = #B71(0) and # ker(x_) = #B~!(h(x)). O

6.2.2 The counting problem

Our aim is to obtain the size of the preimage of 0 and h(z) under B. For any

polynomial f, let f* denote its reciprocal, i.e. f*(z) = z9/ . f(1/x).

Lemma 6.16. For any factor k # 1 of n, let dy, be the order of 2 in (Z/kZ)*. Also

set di = 1. Consider the following factorisation in Fo[x],

" —1= fi(@) .. fr@) (@) f7 (@),

where f; are irreducible and f; = f} fori=1,...,m. Then Y ., deg fi = ka ridg

and v =3,k and m =3, my, where 1y =my =1, and

(ﬁ, 0 if dy, is odd,
)

2
(&’ M) if dy, is even,

fork # 1.

Proof. Take f to be an irreducible factor of ™ — 1 in Fa[z]. Let  be a root of f in
an extension of Fo. Then « is a primitive k-th root of unity, where k is some integer
dividing n. Galois theory on finite fields shows that Gal(IF2(y)/F2) is generated by
the Frobenius ¢ : x — 2. Since ¢’ : z > 2% for any ¢ € Z, we see that the order of
© must be di, the order of 2 in (Z/kZ)*. Therefore deg f = dj. The set of roots of
fis {7, 0(7), ©*("),...,o%* (7))}, which is closed under inversion precisely when
dy, is even. Therefore f is self-reciprocal if and only if dj is even. There are ¢(k)

roots of " — 1 which are primitive k-th root of unity, so (2ry — my)dy = ¢(k). O

We are now ready to prove the formulae for # ker(x;) and # ker(*_).
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Proposition 6.17. For each k # 1 dividing n, let dy, be the order of 2 in (Z/kZ)*.
Then

o(k) (k)
#ker(xy) =1+ 11 2 24 11 272 —1],
kln, diodd, k#1 kln, diodd, k#1
and
b(k) (k)
#ker(x_) = I @+ I @1,
k|n, dieven, k#1 k|n, dgodd, k#1

where ¢ denotes the Fuler’s totient function. If n is a prime, then writing d = d,,

( ( ) ( *)) — ( nle( = - 1)) (2d 1)712(11) Zfd is )
#keI x4 ,# ker(x = odd
< ’ ( 1)71) Zfd 18 even.

In particular, when n = 3, #ker(x4) =1 and #ker(x_) = 3.

Proof. The first case B(u) = 0 implies (2" — 1) | Fu(x)F;(x). Obtain the following

factorisation in Fy[x] as described in Lemma 6.16,

" —1= fi(z).. fr(@) fr (@) .. (@), (6.7)

where fi(z) = z+1, f; areirreducible and f; = f* fori=1,...,m. Write F\, = G-H,
where G = ged(Fy, 2™ — 1). Then for each k = 0,...,7, we have fi | Fy or f | Fy.

This leaves us with 2"~™ choices for . Since

deg (2" —1)/G) =n—=> deg fi=> (rk—my)dy,

i=1 k|n

There are 22ln("e=™&)dk _ 1 choices for H # 0 mod (2" — 1)/G, so

#ker(xy) =1+ #|B710)\ {0} =1+ 2™ (szlm—mwdk - 1) . (6.8)

The second case B(u) = h(x). We count the number of u € F} such that

2" - Fu(x)Fy(1/x) = h(xz) mod (2™ — 1). (6.9)
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Fix a primitive complex n-th root of unity (,,. Consider the isomorphism
(Fala]/(z" — 1)) — (Z[¢n] /2Z[Cn]) ™ Fu(z) = Fu(G) mod 2.

Now (6.9) becomes

Fu(Gn)Fu(Cn) = h(¢n) mod 2.

Notice from (6.4) that h(¢,) = k(¢ 1) = h((,) is real. We compute from (6.7),

#(ZIG 22 [Gn])* = #(Fsfa] /(2" = 1))
=[T#®01/00* TI # Fl/(5)"

j=m+1

— H(Qdk _ 1)2rkfmk‘

k|n

Take g € Fa[x] such that

z" —1 1 2 n—1 1
=z" 42"+ trt+l=x2 glxr+a ).

r—1

We can factorise g(x) = go(x)...g-(x), where x989% . g;(x + 271) = fr(z) for

2 <k <mand z98% . g, (x + 271) = fi(x)f(x) for m+ 1 < k < r. Then since

(Z[Cn + ¢ N 2Z[C + ¢ 1)) =2 (Fa[z]/(g)) %, we compute

#(Zlen + GN/22[6n + G ']) ™ = #(Fala]/(9)
= [1# Fl21/(9:)
1=2

_ H (2%/2 —1)™ (2dk — 1)K,
k|n, k#1

Our goal is to compute the size of the kernel of the homomorphism

W 2 (Z[Ga) [2Z[Ca))* = (ZlGn + G/ 2Z[Gn + G B BB

We claim that 1) is surjective. Since (Z[¢,+¢,,1]/2Z[¢n 4, t])* has odd order, every
element is a square, so suppose 82 € (Z[(, + G, ']/2Z[Gn + ¢;1]) %, then ¥ (8) = B2
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for any lift 3 € Z[Cy + (Y of B. Therefore

#(Z[Cn] /22[Gn]) "

#im
_ H (2dk/2+1)mk(2dk — 1) (6.10)
kln, k#1

Hker(x_) = #B7 (h(x)) = #ker ) =

Putting in (6.8) and (6.10) the values of r and m in terms of n and d as in

Lemma 6.16 proves the proposition. O

6.3 Joint spins

Fix a sign u € {£}. The following formula for the relative density of F), in R, was

proved in [20, Section 6].

Theorem 6.18 ([20, Theorem 6.1]). Assume Conjecture C,, for n = n(%_l) Then

d(Fu|Ry) = 2_%1-

Since each p € S, splits into exactly the same number of prime ideals in O,

and since R, is a set of primes of positive natural density, it suffices to show that

o= Y 1+o<10‘:X>, (6.11)

Norm(p)<X Norm(p)<X
peF), pER),

where F /Q is the set of prime ideals lying above primes in F),, and RL is defined
similarly. Let 7 be a generator of Gal(K/Q), a cyclic group of order n. Then,
by definition of the set R,, a prime p € R, belongs to the set F}, if and only if
spin(p, 7%) =1 for all k € {1,2, ..., %‘1} The product

n—1
13[ 1 + spin(p, 7%)

2
k=1

is the indicator function of the property that spin(p,7%) = 1 for all k €
{1,2,..., %‘1} Expanding this product gives

o= Y]] spinp, o), (6.12)

-1
HC{T,...J’”E }JGH
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where the sum is over all subsets H of {7, 72, ... ,T%}. When H = &, the product

is 1 by convention.

Let A denote the set of disjoint G-orbits of elements of M/, so that we can

write

M= || A
AeA

Each G-orbit A is then a collection of invertible congruence classes modulo 40k
that are distinct modulo squares. Let Ay C A be the set of G-orbits A such that
spin(p, o) = spin(p,o ') for all non-trivial & € G and for all prime ideals p such
that r4(p) € A. Note that a prime ideal p in Ok lies over a prime p € R, if and
only if r4(p) € A for some A € A.

Summing (6.12) over all prime ideals p of norm Norm(p) < X, we get that

Sooi=2 Y B(xH,A),

Norm(p)/SX HC{T,...,T%}
pEly AeAo

where

S(X;H,A) = Y]] spin(p.o). (6.13)
Norm(p)<X o€H
P4(P)€A
The sums X (X; @, A) feature no cancellation and provide the main term in (6.11).

It then remains to show that

X
(X, H,A) =
o) =0 ()

for each non-empty subset H of {r,... ,TnT_l} and each A € Ay. To this end, we

need a slight generalization of Theorem 1 of [47].

One of the main reasons we cannot apply [47] directly, is due to our extended def-
inition of spin. If we attempt to modify the arguments in [47] using our previous asso-
ciation of a to a totally positive generator a of a”, then since Norm(a) = Norm(a)”,
we will find that the set of o arising from the ideals a with Norm(a) < X is too
“sparsely” distributed in the set of totally positive elements with norm less than X"

in a way that we are unable to control.

To circumvent this issue, we introduce another relation between prime ideals p
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and some totally positive ag € O . Fix a set C consisting of h unramified degree-one
prime ideals in Ok that is a complete set of representatives of ideal classes in the
class group of K; its existence is guaranteed by an application of the Chebotarev

Density Theorem to the Hilbert class field of K.

Now suppose that a is a nonzero ideal in Ok coprime to Hpec Norm(p), and
let o denote a totally positive generator of a”. As h is odd, the set {p?: p € C} is
also a complete set of representatives. Hence there exists a unique p € C such that
ap? is a principal ideal. Let 7 denote a totally positive generator of the ideal p”.
Let ag denote a totally positive generator of ap?. Then ozg and ar? are both totally

positive generators of the ideal (ap?)”, so we have

spin(a, o) = <a?a)> = <a?aﬂ:2)> = spin(ap?, o) = <a((:16;2)> = (J(i%)) )

since h is odd. Note that for each p € C there is a bijection given by a +— «q as

above, between

{a C O : Norm(a) < X, ap? is principal}

~ {ag € D : Norm(ap) < X - Norm(p)?, ap = 0 mod p?},

where D is a set of totally positive elements in O defined in [33, (4.2), p.713].
Moreover, r4(a) is the class in My of a totally positive generator of a®, i.e., the class
of @ in My. Since squares vanish in My, the classes of a and an?, and so also of

al, coincide in My. Hence, if A is a G-orbit, then
ry(a) € A if and only if [of] € A.

We now state the adaptation of [47, Theorem 1] proved in [20].

Theorem 6.19 ([20, Theorem 6.2]). Take X(X; H, A) as defined in (6.13). Assume
Conjecture Cy) holds true for n = 1/(|H|n) with § = §(n) > 0 (see [47, p. 7]). Let
€ > 0. Then for all X > 2, we have

e O e
L(XGH,A) L X oaliEnQanss)
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6.4 Proof of main results

Proof of Theorem 6.4. By Theorem 6.13 and Proposition 6.17, d(Ry|Sy) =
s+/2""1. By Theorem 6.18, d(Fy|Ry) = 2-(n=1)/2 Therefore

St

d(Fy|S+) = d(Fy|Ry)d(R+|Ss) = PR

Since d(F|S) = d(F4+|S4)d(S+|S) + d(F-|S-)d(S-|S), and d(S+|S) = 1/2,

S+ +5-

d(F|9) = 557

Theorem 6.4 settles a generalised version of Conjecture 1.1 in [58]

Proof of Theorem 6.5. For K a cyclic cubic number field with odd class number,
by [2, Theorem V] or [58, Theorem 1.4], K satisfies property (P1). It is a consequence
of the classical Burgess’s inequality [14] that Conjecture C,, is true for m = 3, as is

shown in Section 9 of [33]. Therefore the result follows from Theorem 6.4. O



Chapter 7

Integral points on the congruent

number curve

This chapter contains results presented in [18].

For squarefree positive integer D, we consider the elliptic curve
Ep 1 y? = — D%z
We are interested in the set of integral points on the curve, defined as
Ep(Z) = {(z,y) € 7%y =a2® — Dzaz} .

Given an elliptic curve with Weierstrass equation y? = 23 + Az + B, Siegel [72]
proved that there are only finitely many integral points, using techniques from the
theory of Diophantine approximation. Baker [5, page 45] gave the first effective

bound on the height of integral points: if an integral point (x,y) exists, then
2| < exp ((10° max{A, B})lOG).

Lang [53, page 140] conjectured that the number of integral points on an elliptic
curve should be bounded only in terms of its rank. This was proven for elliptic
curves with integral j-invariant [75, Theorem A] and for elliptic curves with bounded
Szpiro ratio [41, Theorem 0.7]. The curves £p satisfy both of these properties, and

more specifically the theorems show that there exists some constant C, such that

Ep(Z) < CrnkEp(Q) (7.1)
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From a more general theorem by Helfgott and Venkatesh [40, Corollary 3.11], we
can deduce that

#gD(Z) < Ctd(D) (log D)Q(l_33)rank€D(Q)7

where C' is some absolute constant and w(D) denotes the number of distinct prime
factors of the integer D. We obtain an upper bound with a smaller and explicit

base, specifically for the curves £p.

Theorem 7.1. We have

#Ep(Z) < (3.8)7kén(Q),

Therefore if we expect the rank to be uniformly bounded for all £p(Q) (as has
been recently conjectured by various authors), then there would be a squarefree
positive integer D such that #Ep(Z) attains its maximum.

We proceed by partitioning £p(Z) into cosets of 26p(Q). For any R € Ep(Q),
define

Zp(R) = Ep(Z) N (R +2Ep(Q)).

We obtain an upper bound on the size of each Zp(R) in terms of the rank of £p(Q):

Theorem 7.2. If D is sufficiently large and R € Ep(Q) then
#2p(R) < 30 + (1.89)7 107",

where 1 := rank Ep(Q).

Since #Ep(Q)/2Ep(Q) = 22+720kEp(Q)  Theorem 7.1 is immediate from Theo-
rem 7.2.

Fix e > 0. We partition Zp(R) into the points with “small” z-coordinates,

Sp(R) == {P € Zp(R) : a(P) < D1+ }

and the points with “large” x-coordinates,

Lp(R) = {P € Zp(R) : 2(P) > D2(1+E>} ,
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which we will bound by very different techniques.

Theorem 7.3 (Points with large z-coordinates). There exists some € > 0 such that

the following holds for any sufficiently large D and R € Ep(Q).
(i) If the abc conjecture holds, then Lp(R) = &.

We will complete the proof of Theorem 7.2 by showing that #Sp(R) <
(1.89)r+19r"/%
If x(R) < D then we can improve the bound to #Zp(R) < 4.

Theorem 7.4 (Cosets with respect to points with very small xz-coordinates).
(i) Zp(0) = &;
(it) Zp((=D,0)) = {(=D,0)} and Zp((0,0)) ={(0,0)};

109 D , contains ,0) and no more than one other pair P,—P € Ep(Z),
i) Zp((D,0 ' D,0 d h h ir P,—P € Ep(Z
given by z(P) = (20> — 1)D, where v + u\/D is the fundamental solution of

the equation v — Du? = 1;

() If R € Ep(Q) and —D < z(R) < 0, then Zp(R) contains at most one pair
P,—P € Ep(Z), except for the sets

{(—98,+£12376), (—1058,+£21896)} when D = 1254,

and {(—5184, +398664), (—7056,+233772)} when D = 7585.

The sets considered in Theorem 7.4 ((i)), ((ii)) contains no non-trivial integral
points, and the upper bounds obtained in ((iii)), ((iv)) are sharp. Indeed, on the
curve &(Q) of rank 1, the distinct cosets Zg(R) of integral points are {(—6,0)},
{(0,0)}, as well as

{(=3,£9)}, {(—2,+8)}, {(6,0), (294,£5040)}, {(12,£36)}, {(18,+72)}.

Ordering the curves £p with increasing D, Heath-Brown [36, Theorem 1] showed
that the moments of the 2-Selmer of £p are bounded. Together with (7.1) or The-

orem 7.1, this implies that the average size of £p(Z) is bounded. The boundedness



126 Chapter 7. Integral points on the congruent number curve

of the average of #Ep(Z) was first proved by Alpoge [1], but the upper bound was
not explicitly evaluated.

Let D(N) be the set of positive squarefree integers less than N. Define Tp to
be the set of torsion points on Ep(Q). It is standard that 7Tp = {O, (0,0), (£D,0)}
(see for example [46, Chapter I, Proposition 17]). Let so (D) denote the Za-corank
of the 2-power Selmer group of £p(Q), and sqx (D) denote the Fo-rank of the 2*-
Selmer rank of £p(Q). Then 900 (D) = limg o0 Sox (D). Each sor (D) and hence also
S0 (D) provides an upper bound on the rank of £p(Q). Heath-Brown [36] notes that
it can be derived from results of Cassels [16] and Birch and Stephens [10], that so(D)
is even for D = 1, 2 or 3 mod 8, and odd for D =5, 6 or 7 mod 8. An elementary
proof of this parity condition was given by Monsky [36, Appendix|. Furthermore,
the 2¥*1-Selmer group is computed from the kernel of the Cassels-Tate pairing on
the 2F-Selmer group. Since the Cassels-Tate pairing is always skew-symmetric [15],
we have sor (D) = Sqr+1(D) mod 2 for all k, so sa (D) and sa(D) are of the same

parity. Smith [81, Corollary 1.2] recently claimed that
{D € D(N) : s30o(D) > 2} = o(N).

It then follows that for s € {0,1}, we have

Jim. #Dl(N)#{D € D(N) : 59 (D) = s} = % (7.2)

Since rank Ep(Q) < s900 (D), asymptotically at most half of the curves are of rank
1, and density 0 of curves are of rank 2 or above. This allows us to focus on curves

with rank 0 and 1, hence we can find a better upper bound on the average.

Theorem 7.5. We have

) 1
lim sup

Nooo #D(N) Y. #(Ep@)\Tp) <2

DeD(N)
If we further assume the abc conjecture, the upper bound can be improved to 1.

Note that non-torsion integral points come in pairs of (z,+y). The upper
bound from Theorem 7.5 comes from the possible existence of a pair of small points

in the range D?/(log D)!?*¢ < o < D?%¢, and a pair of large points of size z >



127

exp(exp(23/Iog D)) left from an application of Roth’s Theorem, which we are unable

to eliminate on most curves of rank 1.

We expect the order of ) pep(ny #(Ep(Z) \ Tp) to be roughly N2 To obtain
a lower bound, we attempt by counting a subset of integral points. Suppose u > v

are squarefree positive coprime integers. Let w be the squarefree part of u? — v?,

S0 u,v,w are pairwise coprime. If D = wvw, then (uv?w, u?w?/?V/u2 —v?) € Ep(Z),

2 —v?) is a square by the definition of w. If uv(u? — v?) < N, then

since w(u
D € D(N), so counting the number of squarefree coprime positive integers u, v in

the range v < u < N'/4, gives a lower bound of > N/2.

Now we give a heuristic on the maximum size of 3 pep ) #(Ep(Z) \ Tp). The
larger points (z,y) € Ep(Z) with x > D?*'¢ can be removed by assuming the abc
conjecture as in Theorem 7.3, so let’s look at D € D(N) and |z| < D**¢. If z = —7,
j—D,or D+ jfor 1 <j < D/2 then 23 — D%z ~ jD?. If%D < x < N3 then
23 — D?z =~ 2. Then we expect the number of pairs (D, z) such that 23 — Dz is a

square to be approximately

s (2 ) 2 @)

IN<D<N \1<j<D/2 3D<z<D3

To prove Theorem 7.2, we bound #Sp(R) and #Lp(R) separately. We prove
that #Sp(R) is bounded above by

4 {P € R+2Ep(Q): h(P) < 2(1 +¢)log D + 0(1)} :

where h denotes the canonical height. Then viewing £p(Q) as an r-dimensional
Euclidean space, we apply sphere packing bounds to get an upper bound of

(1.89)”“9’”1/3 after fixing some appropriate e.

On the other hand, we show that #Lp(R) is bounded by some constant de-
pending only on e. Assume z(R) > D and R ¢ Tp + 2Ep(Q), otherwise the result
follows from Theorem 7.4. We first prove that points in £Lp(R) obey a gap principle.
Then, for points with larger heights in Lp(R), we apply Roth’s theorem in a way
that is similar to a classical argument of Siegel’s Theorem, which also appeared in

Alpoge’s work [1]. Suppose P =2Q+ R € Zp(R) and z(P) is large, P is close to the
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point at infinity. Let K be the minimal number field containing the z-coordinates
of all points in 1&p(Q). If 45 = R and 2Q = @, where Q,S € Ep(Q), then S
and Q are close together. Making this precise, we can show that x(@) gives a K-
approximation to x(S) with exponent close to 8. Roth’s theorem show that there
are finitely many such Q. In [1], large integral points of the form P = 3Q + R were
considered, where @, R are rational points on a general elliptic curve. The main
difference of our approach is that we apply Roth’s theorem over K instead of Q.
Given a class in Ep(Q)/nEp(Q), the exponents of the Q-approximations obtained

from the argument in [1] are close to £n?

. If we had taken n = 2, the exponent
would be just under 2 which would not be large enough to apply Roth’s theorem.

Applying the argument over K instead gives a large enough exponent.

7.1 Applications to other Diophantine equations

Given positive integers a, b and ¢, Bennett [8, Theorem 1.2] proved that there exists
at most one set of three consecutive integers of the form ¢Z2, bY2, aX?2. In other

words, the simultaneous equations
aX?-by? =1, bY? —cZ? =1, (X,Y,2) €73,

possess at most one solution. We can ask a more general question replacing the 1

in the equations with an integer d.

Theorem 7.6. Let a, b, c,d be pairwise coprime positive integers and set D = abcd.

Then for any sufficiently large D, the system of equations
aX?—bY? =4, bY? —cz?=d (7.3)

has at most 15+ (1.89)7 19" < 154 (3.58)(DIH12(D)'* oputions (XY, Z) € 73,
where 7 :== rank Ep(Q).

We prove Theorem 7.6 by relating the problem to our result in Theorem 7.2. If
we take D = abed and = = ac(bY)?, then  — D = ab(cZ)? and = + D = be(aX)?.
Therefore (ac(bY)?, (abc)?XY Z) € Ep(Z). The image of such a point under the
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injective homomorphism
6: £p(Q)/26p(Q) —» Q/(Q*)* x Q/(Q*)* x Q/(Q*)?
given at non-torsion points by
(z,y) = (x — D, z, z+ D),

is (ab, ac,bc). If P and R are both integral points on £p that correspond to solutions
to (7.3), then P — R € 2Ep(Q). Moreover, x(P) > 0 and b2 | x(P). Theorem 7.6 is

a corollary of Theorem 7.2 as £P corresponds to the same solution for (7.3).

More general forms of simultaneous Pell equations have been studied previously.
For nonzero integers ay, ag, b1, by, u, v, let N'(a1, az, by, by, u,v) denote the number of

solutions to the system of equations
e X?—hY?= u, boY? —ayZ% =v

in positive integers X, Y, Z such that ged(X,Y, Z,u,v) = 1. Theorem 7.6 provides
an upper bound to N (a,c,b,b,d, —d), where a, b, c,d are pairwise coprime positive
integers. Transforming the equations (7.3) by X — aX and Z — c¢Z, we get
N(a,c,b,b,d,—d) = N (1,1, ab, bc,ad, —cd). Assuming a, b are distinct positive inte-
gers and —av # bu, Bennett [7, Theorem 2.1] showed that

N(1,1,a,b,u,v) < 270t og (fu] + Jv]).

This implies N (a, ¢, b, b, d, —d) < 2«(@min{w(@)w(0)} Jog((a+c)d). Bugeaud, Levesque
and Waldschmidt [13, Théoreme 2.2] gave the bound

N(CLl, as, bla bg, u, 1}) <24+ 23996(w(a1a2uv)+1)‘

Translating to our case, this gives an upper bound N(a,c,b,b,d,—d) < 2 +
93996 (w(acd?)+1)

Theorem 7.6 can also provide an upper bound to a different Diophantine equa-
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tion. In 1942, Ljunggren [56] showed that for a fixed integer d, the equation
X4 dy? =1, (X,Y) € Z2,,

has at most two solutions, through a study of units in certain quadratic and bi-
quadratic fields. More recently, Bennett and Walsh [9] used the theory of linear
forms in logarithms of algebraic numbers, to show that for squarefree positive inte-

gers b, d > 2, the equation
VXt —dy? =1, (X,Y) € 7%,
has at most one solution. We prove the following as a corollary to Theorem 7.6.

Theorem 7.7. Let A, B,C be pairwise coprime positive squarefree integers. Then

there are < 2*AB*C*) integral solutions (X,Y) to
A’X* - BY? = C*.

Proof. Let g := ged(X,C). Observe that

(W) ) (5 () +5) =)

The factors on the left hand side have common factor 1 or 2. Therefore we can write

X\ 2 X\?
Ag () — 9 = Blle and Ag () + g = B2Y227 (7.4)
g g g g

where B and By are positive integers such that B1Bos = B or 4B, and Y Yag =Y.
Now applying Theorem 7.6, the system of equations (7.4) has < 2w(ABC) golutions.
There are 2¢() choices of g | C' and < 2¢(B) choices of pairs (By, By). This proves
Theorem 7.7. O

7.1.1 The abc conjecture

In Theorem 7.3, if we are allowed to assume the abc conjecture, we can show that
there exists some € (determined by the conjecture) such that the set £p(R) is empty

when D is sufficiently large. The abc conjecture states that for every € > 0, for any
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pairwise coprime positive integers a, b, ¢, with a + b = ¢, we have

c < H plTe.
plabe

Suppose that (z,y) € Ep(Z) and = > 0. Let g = ged(x, D). Dividing y? = 23 — Dz

by z¢? and rearranging, we have

(5) 50
- _1_72: -
g g g

Assuming the abc conjecture,

<;>2<<6 DH | pire. (7.5)

2 2 2 .
If p | (%)2(5)2572, then p | (%)(%)5—92 = Z—Z. By construction g | D and g3 | y2.

Since g is squarefree, so g2 | y. Therefore p | %. Putting this back to (7.5),

2\ 2 Dy 1+e Da3/? e
2 < () <[5 .
g g g

Then for € < %, since g < D,

1—3e
2(1+¢€) .
T < <D4> < pA(i5se) < p2a+s9),
g €

This proves the last assertion in Theorem 7.3.

7.2 Height estimates

Notice that if (x,y) € Ep(Q), then either x > D or —D < x < 0. For a € Q, define
height functions H(a) = [], max{l,|al,} and h(a) = logH(a) = Y, log™ |aly,
where v is taken over the set of places of Q(a) and log™ is a function on the positive
real numbers, defined as log™ ¢t = max{0,logt}. For any point P € £p(Q), define
H(P) = H(xz(P)), denote the (Weil) height by h(P) := h(z(P)) and the canonical
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height by

h(P) := lim M.l

n—oo n2

Lemma 7.8. Let P € Ep(Q) be a non-torsion point. Write x(2P) = £, where r

rY

and s are coprime integers and s > 0. Then ged(r, D) = 1.

Proof. Suppose P € Ep(Q), then 6(2P) = (1,1, 1), so write

2 2
z(2P) = = z(2P)— D = —;

52’
where r, s,u,v € Z and ged(r, s) = ged(u,v) = 1. Combining gives
r?v? — u?s? = Dv?s?.
We see that v = s, since ged(r, s) = ged(u,v) = 1. Rewriting
r? —u? = Ds°.
Since ged(r, s) = ged(u, s) = 1 and D is squarefree, ged(r, D) = 1. O

We prove for points on Ep(Q) that the Weil height and the canonical height are

close together.

Lemma 7.9. Let P = (z,y) € £p(Q) \ {0, (0,0)}. Write x = %, where r and s are

coprime integers and s > 0. If © > D, then
R 2
—log|ged(r, D)| — 21log2 < h(P) — h(P) < —log| ged(r, D)| + 3 log2.  (7.6)

If —D <z <0, then

. D 2
log | ———|—log™ |z|—21og2 < h(P)—h(P) < log | ————|—log™ —log 2.
08 | i | 1o el 21082 < RP)=H(P) < ok || -tog o+ o
(7.7)
In particular,
R ~ 2
—2log2 < 4h(P) — h(2P) = h(2P) — h(2P) < 3 log 2. (7.8)

IThis is sometimes defined with an extra factor of % in literature.
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Proof. Focusing on the h(2"P) terms in the limit defining A(P), we can express the

canonical height as a telescoping series

h(P) = h(P) -3 4% (h(2”P) - ih(Q”HP)) . (7.9)

Consider a point P € £p(Q) \ {0, (0,0)}. Write 2(P) = L, where r,s are
coprime integers and s > 0. Then

(7”2 + D282)2

z(2P) = 4rs(r — Ds)(r + Ds)’

If an odd prime p divides both (r?2 + D%s?)? and 4rs(r — Ds)(r + Ds), then since
ged(r, s) = 1, p divides both r and D. If 2 4+ D?s? is even, either r, D, s are all odd,
or r, D are even and s is odd. The first case implies that 2 + D?s?> = 2 mod 8, so
4 || (r* + D%s?)2. The second case note that D is squarefree so 2 || D. If 2 || r we
have 4 - 2% || (r? + D?s%)2, otherwise the 24 || (r2 + D?s%)2.

Therefore
ged ((r2 + D?s%)2 4rs(r — Ds)(r + Ds)) = (ged(r, D))* or 4(ged(r, D))*.
Since z(2P) > D, we have

h(2P) = log(r® + D*s%)? — log ged ((r? + D?*s*)?, 4rs(r — Ds)(r + Ds)) (7.10)
7.10
=2 10g(T2 + D2S2) —4log ng(T‘, D) - ]l{s odd}]l{ordg r=ordy D}2 log 2.

We first prove (7.6). Suppose z(P) > D. Then

1 1 D?%s?
h(P)=7h(2P) = —3 log <1 + =2

r2 > +log ng(T, D) + ]1{5 odd}]l{ordz r=orda D}2 log 2.

(7.11)
Apply (7.11) to (7.9). Then

D2 2
0 < log <1+ 7’23 > < log?2.

We know from Lemma 7.8 that ged(r, D) = 1 for double points. The conditions

2t s and ordz r = ordg D can only hold simultaneously at most once in the sequence
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2"P. For if s,r, D are all odd, then subsequent terms would have even s. On the
other hand, since the z-coordinates of double points must be squares, 2 || r can only
happen in the first term. Noting that > 00 o [ = 3, we get (7.6).

For (7.7), suppose instead —D < z(P) < 0. Then from (7.10)

h(P) — imzp)

7“2

D
D7) 198 ey i e 202

1
=155y log |$‘_§ log | 1+

Apply this to (7.9). Similar to the argument for (7.6), but here instead

2
r
0<10g <1+D282> <10g2,

we get (7.7).
Finally (7.8) follows from (7.6) and Lemma 7.8. O

Estimates equivalent to (7.8) were obtained in Section 2 of [12] by analysing
the local height functions specifically for £p. The inequalities (7.6),(7.7) with larger
constant terms can be obtained via a study of local heights by applying theorems
for general elliptic curves [77, Theorem 4.1, Theorem 5.4], and [76, Theorem 5.2].

For general algebraic points on £p, we obtain the following estimate by ap-
plying [77, Equation(3)], noting that the discriminant of £p is Ap = (2D)® and

j-invariant is 1728.

Lemma 7.10. Any P € Ep(Q) satisfies
|h(P) — h(P)| < log D + 4.6. (7.12)
Since h(2P) = h(2P) + O(1) by (7.8), we have
h(2P) = h(2P) — 2log2 > log D — 2log 2. (7.13)

Therefore for any P € £p(Q) \ Tp,

- 1 1
h(P) > ZlogD — 5log 2. (7.14)
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The equation (7.14) is a version of Lang’s conjecture, which says that the canonical

height of a non-torsion point on an elliptic curve should satisfy

h(P) > log|Al,

where A is the discriminant of the elliptic curve. This conjecture was proven for
elliptic curves with integral j-invariant [73], for elliptic curves which are twists [74],
and for elliptic curves with bounded Szpiro ratio [41]. The curves £p are in all three
of these categories, as remarked in [12]. The bound (7.14) for curves £p with the

explicit constant factor 1 was first given in [12, (11)].

7.3 Bounding small points via spherical codes

In this section we prove the following lemma, which gives the upper bound of

#Sp(R) for Theorem 7.2.

Lemma 7.11. Suppose R € Ep(Q) with z(R) > D. Let € < gs. Then for any

sufficiently large D we have

1/3

#{P € R+2Ep(Q) : h(P) < 2(1+ ¢)log D} < (1.89)" 1

We know that the the canonical height of the difference between any two distinct
points in R 4 2Ep(Q) is at least log D + O(1) from equation (7.13). Viewing R +
26p(Q) as a Euclidean space R" of dimension r, we can bound the number of points
by the maximum number of spheres of radius %\/@ + O(1) with centres lying
inside a sphere S};l of radius R = \/m.

A spherical code in dimension r with minimum angle 6 is a set of points on the
unit sphere SI_I in R" with the property that no two points subtend an angle less
than @ at the origin. Let A(r,#) denote the greatest size of such a spherical code.

We can obtain an upper bound in terms of the function A via a classical argu-
ment (see for example the proof of (2.1) in [25]). Project the sphere centres in S}, *
onto the upper hemisphere of S}, orthogonally to the hyperplane. The projections of

the sphere centres are still at least distance y/log D+ O(1) apart, and thus separated
1

202010
points is bounded above by < A(r + 1,0).

by angles of at least 6, where sin g = (1). Therefore the number of small
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7.3.1 For large dimensions

Kabatiansky and Levenshtein proved the following upper bound on A(r,#).

Theorem 7.12 ([44, (52)]). Letr > 3 and o = 52, and let t be the largest root of

k
P2 (t) = — t+ 1) (t—1 L,
r0 =53 (V) (05 e
Take any k such that cos€ < 5. Then

A(r,0)§4(k+r_2>.
L=, r

From the proof of [44, Lemma 4], we know that

27.[.2/3
<ty < T,

T ko) k+at B

where

) a? -1

T = — .
F (k+a)(k+a+1)
Therefore if we take k such that

27.‘_2/3

(k+a)(k+a+1)m)1/3’

cosf < 1 — (7.15)

and since t3, | < Ti41, we have

4 k+r—2
Alr,0) < ———— )
(r )_1—Tk+1< r >

Take 6 such that sin § = #(H) —o(1). Let

~1—sinf 2(1-¢ 1

= S 1
5smd — vi—s 2 oW
so that
— 4 /1 71
. _
F (2N +1)?

ask—>ooand%—>N.

Fix some

O3 > 16m*N(N +1)(2N + 1)° (7.16)
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Take k —2 = |rN + Crl/gj, so (7.15) is satisfied for large enough r. By Stirling’s

formula, we have

k+r—2\ e (k;+r—2)’f+’“" 1 Oty (14 NYHN\T
T 27r 7“+ 2 (k — 2) - 271-\f NN

for large enough r. Therefore for large enough r, we have the upper bound

log(1+N)—log N Crl/3

_l’_
(1—|—N)1+N "I+ N) log(A+N)—Nlog N
A(?", 9) < (]VN ; (717)
taking some small C' in the range (7.16).
We can now prove Lemma 7.11 for r» > 2000. Take € < % and C = %,

o (7.16) is satisfied. Then we can rewrite the bound in (7.17) as A(r,0) <
(1.89)T+19T

1/3

7.3.2 For small dimensions

To prove Lemma 7.11, it remains to check the same bound holds for r < 2000. The
two following bounds, obtained respectively by Rankin and Shannon, are weaker

asymptotically when » — oo but are better bounds for small r.

Theorem 7.13 ([63, Theorem 2]). If 0 < 6 < § and sin# = v/2sin6, then

V7L(%51) sin B tan B

2I'(%) foﬁ sin" 2 z(cos x — cos f)dx

2/ (153) cos \/ 3713 cos 20

T T(5)sin" A1 - Zstan?8)  (V2sing)rl

A(r,0) <

Theorem 7.14 ([71, (21),(27)]). Suppose 0 <0 < 5. Then

A(r.0) < Vrl(55= ) - 2fF(%)cosH V27r cos @
,0) < 01— )

(% fo sin"2xdx — T(5)sin"! 1 tan?0) sin"~14

Evaluating the bounds in Theorems 7.13 and 7.14 for r < 2000 proves

Lemma 7.11 in those cases.

7.4 Repulsion between medium points

Suppose P = (X,Y) and R = (z,y) are integral points in the same coset of 2Ep(Q).
Assume D219 < 1 < X and Yy > 0. Suppose P = 2Q + R for some Q € Ep(Q).
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Replacing @ with one of @ + (0,0), @ + (D,0), Q + (—D,0) if necessary, we can
assume x(Q) > (1 +v/2)D.

Lemma 7.15. Suppose P = (X,Y), R = (z,y) € €p(Q) and D < x < X. Let
X D?
B=<>1and p= Z5. Then

72

2
B+pu
z(P+R)> <\/B2—M+\/B(1—M)> x. (7.18)

Also this lower bound is always greater than %x.

Proof. First suppose Yy > 0. Without loss of generality assume y,Y > 0. Then

w(P—l—R):<\/B2_M_\/B(1_M)>2$:( Bt )>2x>ix.

b -1 VB2 —pu++/B(l—p

If instead Yy < 0, the lemma follows from the fact that (P + R) > (P — R). O

We now show that 2(Q + R) is properly bounded away from D. If (1++/2)D <
2(Q) < 4(1++/2)D, since we assumed z(R) > D219 by (7.18) we have z(Q+R) >
3(1++/2)D for large enough D. If 2(Q) > 4(1+v/2)D, then 2(Q +R) > (1++/2)D
by Lemma 7.15.

Lemma 7.16. Suppose Q € Ep(Q). Assume x(Q) > %D, where § > 1. Then

14(@) < 2(2Q) <5 2(Q).

Proof. This follows immediately from the formula

z(2Q) =

4(1—(1(%))2

Trivially h(Q) > logz(Q) and h(Q + R) > logz(Q + R). By Lemma 7.16 and
the lower bounds on z(Q) and z(Q + R), we have z(Q) > z(2Q) = z(P — R) and
z(Q+ R) > x(2Q + 2R) = z(P + R). Also (P + R) > z by Lemma 7.15. Putting
together we have h(Q), h(Q + R) > logz + O(1). Now apply (7.6) to P and P — R,
then to @Q and Q + R, it follows that

~

log X +logz 4 O(1) > h(P) + h(R) = 2h(Q) +2h(Q + R) > 4log z —4log D + O(1).
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Rearranging gives

log X > 3logx — 4log D + O(1).

139

(7.19)

7.5 Large integral points giving Diophantine approxi-

mations

In this section we will prove the following lemma.

Lemma 7.17. Suppose P € Ep(Z) such that P = 4Q + R, for some Q € Ep (Q) and
R € Ep(Q) \ 26p(Q). Assume h(P) > max{}h(R), +log D} and z(R) > D. Take

S e {Secép(Q):4S = R} such that |z(Q) — z(S)| is minimum. Then

log|z(Q) —x(S)| _ . 1-631—4187 )
h(Q) =-° (1+VN)2(1+0) + 165 o).

Suppose P € Ep(Z) such that P = 4Q+ R, for some Q € Ep(Q) and R € Ep(Q).
Assume h(R) < Ah(P), z(P) > D% and z(R) > D. Then z(Q) < z(2Q) =

z(P — R) <) z(R).
7.5.1 Height estimates

Applying estimates (7.12) to

/@) = /iRy < \Ji(P) < /(@) + \i(R),
also using h(R) < Ah(P) and squaring, we have

(1= VN)2(1 = ) — 166 — o(1) < 12?1(3?

7.5.2 Approximation of algebraic numbers

If S € Ep(Q) such that 45 = R, write

P4(S)

#(R) = 2(45) = T

< (14 VA)?(1+6) + 166 + o(1).

(7.20)

where 1, is the nth-division polynomial of £p and ¢, = 92 — 1,119, _1. Define

fRT) =[] (T —=(5)) = ¢a(T) - 2(R)ya(T)*.

S:4S=R
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The two expressions are equivalent as they are both are monic polynomials of degree

16 with roots {z(S) € Ep(Q) : 4S5 = R}. Put T' = z(Q), then

[T @(@) —2(5)) = 64(Q) — =(R)4(Q)*.

45=R

Substitute ¢4(Q) = ¥4(Q)%x(4Q), we get

[T Q) —2(9) = ¢4(Q)*(z(4Q) — =(R)). (7.21)

2
z(P) ( II @@ —99(5))>
4S=R

= a(Q)* (—y(4Q)y(R) + 2(4Q)%x(R) + 2(4Q)x(R)* — DX(x(4Q) + x(R)))

< 2(4Q)z(R)*max{z(Q), D}~V « z(R)® <« z(P)*.

Taking logs,

log H4sRh|(fC]£§2) —x(5)| < _% n %A L0 <10§D> , (7.22)

Let a = z(S) be a root of fr. Apply [57, p.262 last line],

| fR(@)] > AR Rl

where A(-) denotes the discriminant and ||-||; denotes the £;-norm. Write z(R) = %,

where ged(r,s) = 1. Since sfr(T) € Z[T), so |A(fr)| > s73Y. Also we can check
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that || frll1 < D' max{z(R), D?}. Therefore noting that H(R) = r > Ds,

[T [2(5)=2(S)] = Ifz(@)] > |s| (D" max{z(R), D*})~** > H(R) "D ~*".
S#8:45=R

Take S € {S € £p(Q) : 45 = R} such that |#(Q) — z(S)| is minimum. By the

triangle inequality

Taking products

[ 2@ -«®I> T[] l«(S)—«(S)> HR) D>
S#5:45=R S+S:45=R
Take logs
log [ [2(Q) —=(S)| > —15n(R) — 209log D + O(1).
S#£5:45=R

Put this back to (7.22),

log |2(Q) — x(5)]
h(P)

1 63
< gt 5 A+ 2095+ o(1).

Applying the upper bound in (7.20) proves Lemma 7.17.

7.6 Roth’s Theorem

In this section we follow the proof of Roth’s Theorem in Chapter 6 of [11], specialising
in the bivariate case.

Let K C E be number fields such that m = [E : K|. Suppose « € E. Let ||
be the ordinary absolute value on C. Let S be a set containing exactly one infinite
place of K, i.e. an embedding K — C. We call 8 € K a K-approzimation to o with

exponent k, if

|6 —al <H(B)™"
Approximations obey the following strong gap principle.

Theorem 7.18 (strong gap principle [11, Theorem 6.5.4]). Let 3,3 € K be distinct
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elements such that |a — 8] < H(B)™", |a — 8| < H(B')™ and h(8') > h(B). Then
h(B') > —2log2 + (k — 1)h(B).
Proof. We have
log|B — B'| =log|(a — #') = (a — B)| < max (log|a — 5|, log |a — B]) + log 2
< —kmin (h(8),h(B)) +log2 = —rh(B) + log 2.

Also
log |8 = B'] > =h(B — B') > —h(B) — h(B') —log2. O

Theorem 7.19. Let c <1, M > 72 and L = (M +4)M. Assume

c2-1

K> (c - 4@) B (1 + C_j\; 1) Vam. (7.23)

Suppose p1, B2 € K are both approzimations to o € E with exponent k. If h(51) > L,
then h(B2) < Mh(p1).

We prove Theorem 7.19 by contradiction. Suppose we can find 1, f2 under the
assumptions in Theorem 7.19, and such that h(51) > L and h(B2) > Mh(S1). Let

a::,/% andt::c,/%.

7.6.1 The auxiliary polynomial

Take N large. Choose

N .
d; = {h(ﬁj)J for j =1,2.

Lett <1, a=(a,a) € E? and B = (81, B2) € K2. Let
Lo
Vo(t) = vol ({(z1,22) tx1 + 22 <t, 0<z; <1}) = 575 )

For a polynomial F(z1,z2) = Zj ajxj € Q[x1, 2], define |F|, = max; |a;j|,, H(F) =
[1, |Flo and h(F) = log H(F).

We apply the following lemma to construct an auxiliary polynomial.

Lemma 7.20 ([11, Lemma 6.3.4]). Suppose mVa(t) < 1. Then for all sufficiently

large dy,ds € Z, there exist F € K|x1,x9|, F # 0, with partial degrees at most dy, do
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such that
ind(F; d, @) = mi {21 Z L 0,F(cx) # o} > t;
1
and )
mVa(t)
h(F) < AT ; (o) +1log2 + o(1))d;,
as dj — oo.

Since %th < 1, we have

mVa(t) mt? 1

1—mWa(t) = 2—mt2  2m~1t-2-1

Take Cy := Me)Hoe2 o 1 — (C1 +4)M. Then we can obtain a non-trivial polyno-

c—2_-1 »

mial F' € K[z1,z2] with partial degrees at most dj, da such that

2C1N
7

ind(F;d,a) >t and h(F)< (7.24)

7.6.2 Non-vanishing at the rational point

Next we apply Roth’s lemma to construct a suitable derivative of F' that does not

vanish at [.

Lemma 7.21 (Roth’s lemma [11, Lemma 6.3.7]). Let F € Q[x1,x2] with partial
degrees at most di,ds and F £ 0. Let (£1,&2) € @2 and 0 < 02 <

% Suppose that
dy < 02dy and min; d;jh(&;) > o 2(h(F) + 8dy). Then ind(F;d, &) < 4

Since L > 207 2(Cy +4) and M > 2072, we can apply the lemma to get
ind(F;d,3) < 40. Now we can take p such that 9,/ (8) # 0 and G + 22 =
ind(F;d,B). Let G = 9,F. Since ind(G;d, @) > ind(F;d,e) — 4 — 52 by [11
6.3.2(c)], we deduce from (7.24) that

4C1N

ind(G;d, ) > t — 4o, G(B) #0, and h(G)< 7

(7.25)

7.6.3 The upper bound

For places v ¢ S, we have

2
log|G(B), < log |Gl + ) _ dj(log™ |Bjlu + evo(1)), (7.26)
j=1
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where o(1) — 0 as dj — oo, and

[Kuin]
[K:Q]

if v is archimedean
v =

0 if v is non-archimedean.

For v € §, expand G in Taylor series with center «

=3 AG(a) (B — )" (B2 — )™, (7.27)
k
We have from (7.25), that
kG(a) =0 if %—l—% <t — 4o,
1 2

and

2
log |0kG(a)| <log |Gy + Y (dj — kj)log™ |a| + e, (log 2 + o(1))d;,
j=1

so putting back to (7.27) and taking absolute values and logs,

’:]w

log |G(B )]<maxlog G (a Bj — a)ki +ev210gd +1)

]:1 j=1

2
1
< —  min kjlog™ + log |G
%+%Zt—4a 2231 ’ |/8] —Oé’ ’ ‘U
1 2 J

2
+ ) (log" | +log™ |a| + e, (log 2 + 0(1))) d;.

j=1
(7.28)

Adding up the bounds (7.26) and (7.28) for all places v € Mg, and noting that
>, v =1, we have

k1 ko
vEMg aJr@théla

2
1
Z log|G(B)|ly < —  min Zk:j log™ B —al + h(G)
i=1 ’

2
+ Z (h(B;) + log™ |a| + 2log 2 + o(1)) d;

j=1
< —  min ik-log+1 +<2—|—C>N+O(N)
B e A et ’ |6j — L
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where Cy = 4C + 4log2 + 2log™ |al.

Since

1
kh(B;) < log" ——,
’ 18 — af

we have

2 ko ko
k;l > JN Mo o2
Z o8 el > x 2 (A (@)
This gives us the upper bound

> 1og|G(B)|y <~k (t — 40) N + (2 + CQ) N +o(N). (7.29)

L
’UEMQ

7.6.4 Obtaining the bound

Since G(B) # 0, we have ) log|G(8)|, = 0. Put this into (7.29) and let N — oo,

we get
t Co
K| =—2 1+—=>
K<2 0)—1— +2L*0

Since by assumption o < %, we have

1
t Cy
<2 _ ]
K< (2 20> <1+2L)

which contradicts (7.23). The completes the proof of Theorem 7.19.

7.7 Bounding the number of points

In this section we prove the explicit upper bound of #Lp(R) given in Theorem 7.3,
when x(R) > D and R ¢ Tp + 2Ep(Q). Take R to be the point with minimum
canonical height in the coset R + 2Ep(Q). Let ¢ = 0.00153, which satisfies the

assumption in Lemma 7.11.

For each Q € 3Ep(Q), define Lg (% +4)M as in Theorem 7.19, where
S is chosen in 1R such that |2(S) — 2(Q)| is minimum, with absolute constants M

and c to be specified later. We bound the number of medium points

A= {PeLp(R):n(Q) < L forsomeQGl(P R))
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and large points
~ ~ 1
Ay = {P e Lp(R): h(Q) = Ly forall Q € (P - R)}.
For each S € iR, define

Ba(S) = {Q € %ED(Q) :4Q + R € Ay, |x(S) — 2(Q)| minimum over S € ER}

7.7.1 Medium points

Let Py, Ps,..., Ps; be points in A; with strictly increasing height. Applying (7.19)

repeatedly,
. 2logD+0(1)\ .. s ( ) 15
h(Ps) > |1 - 22— | 35 h(P) = —o(1) ) 337 th(Py). (7.30
(Ps) ( hPY (P1) Tre o(1) (P1).  (7.30)
Take A > i and § > 551+, so that Ah(Ps) > h(P1) > h(R) and 0h(P;) >

For each S € 1R, since 16(S) = h(R) < h(Py), we have by (7.12)
1
h(S) < Eh(Pl) +log D — o(1).

Writing P; = 4Q, + R and using the lower bound in (7.20),

%h(ps) (1= V21— 8) = 165 — 0(1)) < h(Q,)

Hh(Py) +log D +log2 + o(1
<Lg <(16 (P1) + log. Jrlog SO DY
B c_ J—

Now apply (7.30) and divide both sides by 1—16h(P1),

(1 i - 0(1)) gs—1 ((1 — V21— 68) — 166 + 0(1)) < (1 et 0(1)) —

Simplifying we have

9) M
€) (2 -1) ((1 — V21— 5) - 165)

3371 < (1 - + o(1). (7.31)
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Therefore taking s to be the maximum integer satisfying (7.31), then #.A4; < 2s,

where the factor of 2 comes from the possible existence of — Py, ..., —P; .

7.7.2 Large points

Now fix some S € 1R and consider the set B2(S). Let K be the minimal number
field containing the z-coordinates of all points in %SD(Q), and let E be the field
K(x(9)).

Suppose Q € By(S). Fix A = 0.000137, § = 0.0000684, and take k = 7.516,

which satisfies
1 — 63X\ — 4186

A1) 4160

then Lemma 7.17 implies that z(Q) is a K-approximation to z(S) with exponent .

o(1),

Now we can apply Theorem 7.19 with m = [E : K| < 4, M = 276.1 and ¢ = 0.861,
noting that (7.23) is satisfied. Take 8; = 2(Q) such that A(Q) is minimum over all
Q € By(S). Then Theorem 7.19 shows that all points in By(S) must have height in

the interval [h(51), Mh(B1)]. By Theorem 7.18, if ¢ is the smallest integer such that
(k — 1) > M,

then #B5(S) < t. This is achieved by t = 3. There are 16 choices of .S, but since

Ep(Q)[4] € 1&p(Q), if 2(Q) is a K-approximation to x(S), then z(Q + T') is also a

K-approximation to (S + T for any T € £p(Q)[4]. Therefore #.A4s < 3.
Returning to the medium points with our choice of constants, we have #.A4; <

28. If P € Ep(Z) then —P € Ep(Z), so #(A1 U Az) < 30.

7.8 Integral points in other cosets of 2£,(Q)
We now prove the upper bounds in Theorem 7.4.

7.8.1 Cosets with respect to a non-torsion point

Here we will treat the case in Theorem 7.4 ((iv)), assuming R ¢ Tp + 2Ep(Q).
Suppose z(R) < 0. If P € Zp(R), then —D < z(P) < 0 and so h(P) < log D +
%logZ by (7.7). Following the argument in Section 7.3, we obtain an upper bound
of A(r + 1,0) where sing = %\/% = % —o(1). For D > 97353, applying
the following estimate by Rankin gives us an upper bound of 3. Since non-torsion

integral points in comes in pairs of +P, we can reduce the upper bound to 2 if
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R ¢ To + 2(€D(Q).

Theorem 7.22 ([63, Lemma 2]). If 7 <0 < §, then

25sin2 6
A(r ) < 289
(r60) < Sare—1

Checking all the integral points in the range —D < x(P) < 0 on &p for each
D < 97353, we see that the only exceptions are those listed in Theorem 7.4 ((iv)).

7.8.2 Integral points in 26p(Q) + Tp

We now prove cases ((i)), ((ii)) and ((iii)) in Theorem 7.4. We first show that if a
rational point has a multiple which is an integral point, then the original point must

also be integral.

Lemma 7.23. Suppose P € Ep(Q). If mP € Ep(Z) for some integer m > 2, then
Pe SD(Z).

Proof. Suppose P = m@Q, where Q € Ep(Q). We have

where 1), is the mth division polynomial, and ¢, = 292, — ¥ 11%¥m_1 as usual. The

-1

polynomials ¢y, (z) and v, (z)? have leading terms 2™ and m22z™ 1 respectively.

Putting 2(Q) = % with ged(u,v) = 1, and clearing denominators we have

u™ + vF (u,v)
v(m2um™* =1 4+ vG(u,v))’

2(Q) =

for some polynomials F, G € Z[z,y|. Therefore (P) € Z implies v | u, so v = 1 and

Q is also integral. O

We show that 26p(Q) contains no integral points.
Lemma 7.24. Suppose P € Ep(Q) is non-torsion. Then 2P ¢ Ep(Z).

Proof. Suppose P € Ep(Q) and 2P € Ep(Z), then P must be an integral point by
Lemma 7.23. Write P = (z,y), so

x2+D2>2

om= (2
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Suppose 2P € Ep(Z). Then 4y? = 4x(x + D)(z — D) | (22 + D?)2. Therefore x | D
and so z is squarefree. Write d = —%, and we have 4(d — 1)(d + 1) | x(d? + 1)2.
Since we assumed that P is not a torsion point, x # D and —D < z < 0. Suppose d
is odd, then (d> +1)> =4 mod 8 and 8 | (d—1)(d+ 1), so 8 | z, but this contradicts
with 2 being squarefree. Now suppose d is even, then (d? + 1)? is odd, so 4 | =,

which is also a contradiction. O

We now look at points of the form 2P + (—D,0) or 2P + (0,0).

Lemma 7.25. Suppose P € Ep(Q). For each T € {(—D,0), (0,0)}, we have
2P+ T € Ep(Z) if and only if P is a torsion point.

Proof. Notice that 6(2P + (0,0)) = (—-D,—1,D) and 6(2P + (—D,0)) =
(-2D,—D,2). If 2P + (—D,0) € &Ep(Z), taking x(2P + (0,0)) = —s?, we see
that the equation

s>+ Dt* =D

is solvable for s,t € Z. Similarly if 2P + (0,0) € €p(Z), taking (2P + (—D,0)) =
—Du?, then
Du? + 202 =D

is solvable for u,v € Z. The only solutions to each of these equations over the
integers are given by s = 0 and u? = 1. This implies that in both cases P is a

torsion point. O

The only possible non-torsion integral points in 2Ep(Q) + Tp are in (D,0) +
2Ep(Q) and satisfies the property in the following theorem.

Lemma 7.26. Then there exists some P € Ep(Q) such that 2P + (D,0) € Ep(Z) if

and only if the system
s> —1=2Du?  s*+1=20° (7.32)

is solvable for some s,u,v € Z~o. Furthermore, (7.32) has at most one solution for

each D. If a solution (s,u,v) ewists, then (2P + (D,0)) = Ds?,

s? + 2uvVD = (v 4 uVD)?, (7.33)
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and v + uvV'D is the fundamental solution to v? — Du? = 1.

Proof. Note that (2P + (D,0)) = (2, D,2D). If 2P 4 (D, 0) € Ep(Z), then writing
z(2P + (D,0)) = Ds? finds us a solution (s,u,v) to the system (7.32). Conversely
if (7.32) is solvable, it is easy to check that Ds? is the x-coordinate of an integral
point on p, and this point must be in the same coset of 26p(Q) as (D, 0) since 0
is injective.

If (7.32) is solvable, taking the difference of the two equations in (7.32), we get
v? — Du? = 1. From (7.32), we see that (7.33) holds, and also s* — D(2uv)? = 1.
Cohn showed that such equation has at most one solution unless D = 1785. More
precisely, the main theorem in [26] implies that s> + 2uvv/D is either a + bv/D or
(a + b\/ﬁ)2 if a + bv/D is the fundamental solution to v? — Du? = 1. This proves
the final claim. I

7.9 Average number of integral points

In this section we prove Theorem 7.5. From Theorem 7.1
#gD(Z) <<4rank5D(Q).

Heath-Brown [36, Theorem 1] proved that?

1
lim ——— ghrank€p(Q) o 1,
N—00 #D(N) DE%(:N)

Therefore

> (#ep@) <1

DeD(N)

lim sup

Suppose Gy € Dy. By Cauchy—Schwarz inequality,

> #ep@ < (Y <#6D<Z>>2)1/2<#9N>1/2<<<#D<N>>1/2<#QN>”2-

DeGy DED(N)

Therefore the contribution from any subset Gy of D(N) of size o(N) to the average
of #Ep(Z) over D(N) tends to 0 as N — oo.

2To be precise, the theorem was only stated for odd D, but it is possible to extend the proof to
even D.
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Assuming (7.2) implies that we only need to consider the contribution from the
curves £p with rank 0 or 1. A theorem by Le Boudec [55, Proposition 1] shows that

N2

N
Z i {P €&p(2): 2(P) < (logN)“} < (log N)r/2=6"

D>1

where we take k > 12. Therefore we can also exclude all £p with any integral point

H(P) < % since there are o(N) of them.

If rank Ep(Q) = 0, then there are automatically no non-torsion integral points.
In the following we consider £p such that rankEp(Q) =1 and any P € Ep(Z) \ Tp

satisfy H(P) > (1051?))“' This removes the need to consider the points arising from

cases ((1)), ((ii)), ((iv)) in Theorem 7.4.

Our aim is to prove the following.

Theorem 7.27. Assume that rank Ep(Q) = 1 and that any P € Ep(Z) \ Tp satisfy
D2

#(Ep(Z)\ Tp) < 4.

We now demonstrate that the integral points that appear in Theorem 7.4 ((iii))
are rare for D € D(N) and do not contribute to the average average in Theorem 7.5.
Recall that these points are classified in Lemma 7.26. Dirichlet class number formula

for real quadratic number fields states that the class number of Q(v/D) equals

\/BL(L XD)

logep

where xp is the Kronecker symbol (Q) and ep is the fundamental unit of Q(v/D).

Since the class number is at least 1, this gives an inequality
logep < \/BL(LXD)-
It is well-known that L(1, xp) < log D. Therefore together with (7.33), we have
logs < 2logep < VDlog D. (7.34)

On the other hand, since s — 202 = —1 and 1 + v/2 is the fundamental unit of
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Q(v/2), we the possible values of s is given by

(4 v+ (1= v2)h),

S =

N | =

where k is any positive odd integer. For large values of k, |(1 —+/2)¥| is bounded, so
s> (1+V2) (7.35)
Putting together the inequalities (7.34) and (7.35), we get
k < vVDlogD.

Therefore for D € D(N), there are < v/N log N integral points of the form 2P +

(D,0), which does not contribute to the average in Theorem 7.5.

7.9.1 0Odd multiples of a generator

It now remains to treat the points not covered by Theorem 7.4. Notice that if m is
odd, mP+T = m(P +T) for any P € Ep(Q) and T € Tp, so any integral points
not in 26p(Q) 4+ Tp are odd multiples of a generator of the free part of Ep(Q). By
Lemma 7.23, if mP € Ep(Z) then P € Ep(Z).

If P € Ep(Z) and H(P) > 2%, then 2(P + (0,0)), z(P + (=D,0)), #(P +
(D,0)) < D, therefore by assumption P + (0,0), P+ (—=D,0), P+ (D,0) ¢ Ep(Z).
Therefore it is enough to consider odd multiples of one integral point that is also
generator.

We show that small multiples of a reasonably sized rational point, as assumed

in Theorem 7.27 which we wish to prove, cannot be integral.

Theorem 7.28. Let k > 0 and Cy < \/%log 2. Suppose D is some sufficiently large
squarefree integer, P € Ep(Q) and assume x(P) > ﬁ, then mP ¢ Ep(Z) for

all 1 <m < exp(Cy1y/log D).

We have shown that 2P cannot be integral, so assume m > 3. With the formulae

¢2m+1 = ¢m+2¢fn - ¢m—1¢7§1+17 (736)

am = qg’y” (Y221 — ProatPorr) (7.37)
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we prove the following by induction.

Lemma 7.29. Fiz some Cy > ﬁ. Let © > D such that (z,y) € Ep(Q). Then

for any positive integer m satisfying Ca(logm)? < 2(logx — log D), we have

2

Do) > (1 — exp (C(logm)?) (Jj>2> s

2

m“—1

Proof. Write ¢, (z) = (1 — Em(%)2)ma: 2 . Assuming E,, (%)2 < 1, we obtain
from (7.36)

m3(m + 2)

E E,,_ E
2m+1< m1+3 m+1+ 2m+1

(Bypi1 +3Em), (7.38)
from (7.37)

1 m—12(m+2
Em+z<2+Em+( )4( )

1
(En—1+2En+2) + 5 (Em—2 + 2Epn11). (7.39)

Assuming FE,, < exp (02(10g m)2) for all m < N, we obtain an upper bound for
En < exp (Ca(log N)?) from (7.38) and (7.39). Checking the base cases 1)y =
223/2(1 — (%)2)1/2 and ¢35 = 324(1 — 2(2)? — 1(£)1) completes the induction. [

x

Write uniquely z(mP) = .5, where ged(u,v,) = 1 and vy, > 0. By [82,
Lemma 11.4]
1
log vy, < log [t (z)] < log v, + §m2 log |Ap|, (7.40)

where Ap = (2D)% is the discriminant of £p.

2

Proof of Theorem 7.28. Let v == z(P) > (logDiD)"‘ Suppose mP € Ep(Z), then (7.40)
reduces to

bm(z) < (2D) 1™, (7.41)

Fix € > 0 such that

1
logm < \/C (log(1 — €) + 2log D — 2k loglog D),
2
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then by Lemma 7.29,

m?—1
m2 1 D
wm(l’) > emx 2 > €em ((10gD>“/2> y

which contradicts (7.41) for sufficiently large D.

O]

Now following Section 7.7, we have #.A4; = 0 for the medium points using

Theorem 7.28, and #.45 < 3 for the large points. Since non-torsion integral points

come in pairs +P, #(A; U A2) < 2. Therefore the possible points contributing to

the upper bound in Theorem 7.27 comes from the generator and its corresponding

negative point, together with the pair of large points in #.A4,.



Bibliography

1]

L. Alpoge. The average number of integral points on elliptic curves is bounded.

arXiv:1412.1047v3 [math.NT], 2014.

J. V. Armitage and A. Frohlich. Classnumbers and unit signatures. Mathe-
matika, 14:94-98, 1967.

A. Azizi and A. Mouhib. Sur le rang du 2-groupe de classes de Q(y/m, v/d) ot
m = 2 ou un premier p = 1 (mod 4). Trans. Amer. Math. Soc., 353(7):2741—
92752, 2001.

A. Baker. Linear forms in the logarithms of algebraic numbers. I, II, ITII. Math-
ematika 13 (1966), 204-216; ibid. 14 (1967), 102-107; ibid., 14:220-228, 1967.

A. Baker. Transcendental number theory. Cambridge Mathematical Library.

Cambridge University Press, Cambridge, second edition, 1990.

E. Benjamin, F. Lemmermeyer, and C. Snyder. On the unit group of some

multiquadratic number fields. Pacific J. Math., 230(1):27-40, 2007.

M. A. Bennett. On the number of solutions of simultaneous Pell equations. J.

Reine Angew. Math., 498:173-199, 1998.

M. A. Bennett. On consecutive integers of the form az?, by? and cz?. Acta

Arith., 88(4):363-370, 1999.

M. A. Bennett and G. Walsh. The Diophantine equation X% —dY? = 1. Proc.
Amer. Math. Soc., 127(12):3481-3491, 1999.

B. J. Birch and N. M. Stephens. The parity of the rank of the Mordell-Weil
group. Topology, 5:295-299, 1966.


https://arxiv.org/abs/1412.1047
https://doi.org/10.1112/S0025579300008044
https://doi.org/10.1090/S0002-9947-01-02753-2
https://doi.org/10.1090/S0002-9947-01-02753-2
https://doi.org/10.2140/pjm.2007.230.27
https://doi.org/10.2140/pjm.2007.230.27
https://doi.org/10.1515/crll.1998.049
https://doi.org/10.4064/aa-88-4-363-370
https://doi.org/10.1090/S0002-9939-99-05041-8
https://doi.org/10.1016/0040-9383(66)90021-8
https://doi.org/10.1016/0040-9383(66)90021-8

156

[11]

[12]

[13]

[18]

[19]

Bibliography

E. Bombieri and W. Gubler. Heights in Diophantine geometry, volume 4 of New
Mathematical Monographs. Cambridge University Press, Cambridge, 2006.

A. Bremner, J. H. Silverman, and N. Tzanakis. Integral points in arithmetic

progression on y? = z(z? — n?). J. Number Theory, 80(2):187-208, 2000.

Y. Bugeaud, C. Levesque, and M. Waldschmidt. Equations de Fermat—Pell-
Mabhler simultanées. Publ. Math. Debrecen, 79(3-4):357-366, 2011.

D. A. Burgess. On character sums and L-series. Proc. London Math. Soc. (3),
12:193-206, 1962.

J. W. S. Cassels. Arithmetic on curves of genus 1. ITI. The Tate-Safarevi¢ and

Selmer groups. Proc. London Math. Soc. (3), 12:259-296, 1962.

J. W. S. Cassels. Arithmetic on curves of genus 1. IV. Proof of the Hauptver-
mutung. J. Reine Angew. Math., 211:95-112, 1962.

J. W. S. Cassels and A. Frohlich, editors. Algebraic number theory. London
Mathematical Society, London, 2010. Papers from the conference held at the

University of Sussex, Brighton, September 1-17, 1965, Including a list of errata.

S. Chan. Integral points on the congruent number curve. arXiv:2004.03331

[math.NT], 2020.

S. Chan, P. Koymans, D. Milovic, and C. Pagano. On the negative pell equation.
arXiv:1908.01752 [math.NT], 2019.

S. Chan, C. McMeekin, and D. Milovic. A density of ramified primes.

arXiv:2005.10188 [math.NT], 2020.

S. Chan and D. Milovic. Kuroda’s formula and arithmetic statistics.

arXiv:1905.09745 [math.NT], 2019.

H. Cohen and H. W. Lenstra, Jr. Heuristics on class groups of number fields. In
Number theory, Noordwijkerhout 1983 (Noordwigkerhout, 1983), volume 1068 of
Lecture Notes in Math., pages 33—62. Springer, Berlin, 1984.

H. Cohn and J. C. Lagarias. On the existence of fields governing the 2-invariants

of the classgroup of Q(/dp) as p varies. Math. Comp., 41(164):711-730, 1983.


https://doi.org/10.1017/CBO9780511542879
https://doi.org/10.1006/jnth.1999.2430
https://doi.org/10.1006/jnth.1999.2430
https://doi.org/10.5486/PMD.2011.5192
https://doi.org/10.5486/PMD.2011.5192
https://doi.org/10.1112/plms/s3-12.1.193
https://doi.org/10.1112/plms/s3-12.1.259
https://doi.org/10.1112/plms/s3-12.1.259
https://doi.org/10.1515/crll.1962.211.95
https://doi.org/10.1515/crll.1962.211.95
http://arxiv.org/abs/2004.03331
http://arxiv.org/abs/1908.01752
http://arxiv.org/abs/2005.10188
http://arxiv.org/abs/1905.09745
https://doi.org/10.1007/BFb0099440
https://doi.org/10.1007/BFb0099440
https://doi.org/10.1007/BFb0099440
https://doi.org/10.2307/2007707
https://doi.org/10.2307/2007707

[24]

[32]

[33]

[34]

Bibliography 157

H. Cohn and J. C. Lagarias. Is there a density for the set of primes p such
that the class number of Q(y/—p) is divisible by 167 In Topics in classical
number theory, Vol. I, II (Budapest, 1981), volume 34 of Collog. Math. Soc.
Jdnos Bolyai, pages 257-280. North-Holland, Amsterdam, 1984.

H. Cohn and Y. Zhao. Sphere packing bounds via spherical codes. Duke Math.
J., 163(10):1965-2002, 2014.

J. H. E. Cohn. The Diophantine equation z* — Dy? = 1. II. Acta Arith.,
78(4):401-403, 1997.

J. Corsman. Rédei symbols and governing fields. PhD thesis, McMaster Uni-
versity, September 2007.

D. A. Cox. Primes of the form z%+ny?. Pure and Applied Mathematics (Hobo-
ken). John Wiley & Sons, Inc., Hoboken, NJ, second edition, 2013. Fermat, class

field theory, and complex multiplication.

S. Feisel, J. von zur Gathen, and M. A. Shokrollahi. Normal bases via general

Gauss periods. Math. Comp., 68(225):271-290, 1999.

E. Fouvry and J. Kliiners. On the 4-rank of class groups of quadratic number

fields. Invent. Math., 167(3):455-513, 2007.

E. Fouvry and J. Kliiners. On the negative Pell equation. Ann. of Math. (2),
172(3):2035-2104, 2010.

E. Fouvry and J. Kliiners. The parity of the period of the continued fraction of
Vd. Proc. Lond. Math. Soc. (3), 101(2):337-391, 2010.

J. B. Friedlander, H. Iwaniec, B. Mazur, and K. Rubin. The spin of prime
ideals. Invent. Math., 193(3):697-749, 2013.

C. F. Gauss. Disquisitiones arithmeticae. Springer-Verlag, New York, 1986.
Translated and with a preface by Arthur A. Clarke, Revised by William C.
Waterhouse, Cornelius Greither and A. W. Grootendorst and with a preface by

Waterhouse.


https://doi.org/10.1215/00127094-2738857
https://doi.org/10.4064/aa-78-4-401-403
http://dx.doi.org/10.1002/9781118400722
https://doi.org/10.1090/S0025-5718-99-00988-6
https://doi.org/10.1090/S0025-5718-99-00988-6
https://doi.org/10.1007/s00222-006-0021-2
https://doi.org/10.1007/s00222-006-0021-2
https://doi.org/10.4007/annals.2010.172.2035
https://doi.org/10.1112/plms/pdp057
https://doi.org/10.1112/plms/pdp057
https://doi.org/10.1007/s00222-012-0438-8
https://doi.org/10.1007/s00222-012-0438-8
http://dx.doi.org/10.1007/978-1-4939-7560-0

158

[35]

[36]

[37]

[41]

[42]

[43]

[44]

Bibliography

F. Gerth, ITI. The 4-class ranks of quadratic fields. Invent. Math., 77(3):489—-
515, 1984.

D. R. Heath-Brown. The size of Selmer groups for the congruent number prob-

lem. II. Invent. Math., 118(2):331-370, 1994. With an appendix by P. Monsky.

E. Hecke. Lectures on the theory of algebraic numbers, volume 77 of Graduate
Texts in Mathematics. Springer-Verlag, New York-Berlin, 1981. Translated
from the German by George U. Brauer, Jay R. Goldman and R. Kotzen.

K. Heegner. Diophantische Analysis und Modulfunktionen. Math. Z., 56:227—
253, 1952.

H. Heilbronn. On the class-number in imaginary quadratic fields. The Quarterly

Journal of Mathematics, 0s-5(1):150-160, 01 1934.

H. A. Helfgott and A. Venkatesh. Integral points on elliptic curves and 3-torsion
in class groups. J. Amer. Math. Soc., 19(3):527-550, 2006.

M. Hindry and J. H. Silverman. The canonical height and integral points on
elliptic curves. Invent. Math., 93(2):419-450, 1988.

K. Ireland and M. Rosen. A classical introduction to modern number theory,
volume 84 of Graduate Texts in Mathematics. Springer-Verlag, New York, sec-

ond edition, 1990.

G. J. Janusz. Algebraic number fields, volume 7 of Graduate Studies in Mathe-

matics. American Mathematical Society, Providence, RI, second edition, 1996.

G. A. Kabatjanskii and V. I. Levenstein. Bounds for packings on the sphere
and in space. Problemy Peredac¢i Informacii, 14(1):3-25, 1978.

D. Kane. On the ranks of the 2-Selmer groups of twists of a given elliptic curve.

Algebra Number Theory, 7(5):1253-1279, 2013.

N. Koblitz. Introduction to elliptic curves and modular forms, volume 97 of

Graduate Texts in Mathematics. Springer-Verlag, New York, 1984.

P. Koymans and D. Milovic. Joint distribution of spins. arXiv:1809.09597

[math.NT], 2018.


https://doi.org/10.1007/BF01388835
https://doi.org/10.1007/BF01231536
https://doi.org/10.1007/BF01231536
http://dx.doi.org/10.1007/978-1-4757-4092-9
https://doi.org/10.1007/BF01174749
https://doi.org/10.1093/qmath/os-5.1.150
https://doi.org/10.1090/S0894-0347-06-00515-7
https://doi.org/10.1090/S0894-0347-06-00515-7
https://doi.org/10.1007/BF01394340
https://doi.org/10.1007/BF01394340
https://doi.org/10.1007/978-1-4757-2103-4
https://doi.org/10.2140/ant.2013.7.1253
http://dx.doi.org/10.1007/978-1-4684-0255-1
http://arxiv.org/abs/1809.09597

[48]

[49]

[53]

Bibliography 159

T. Kubota. Uber die Beziehung der Klassenzahlen der Unterkorper des bizyk-
lischen biquadratischen Zahlkorpers. Nagoya Math. J., 6:119-127, 1953.

T. Kubota. Uber den bizyklischen biquadratischen Zahlkérper. Nagoya Math.
J., 10:65-85, 1956.

S. Kuroda. Uber den Dirichletschen Kérper. J. Fac. Sci. Imp. Univ. Tokyo
Sect. 1., 4:383-406, 1943.

S. Kuroda. Uber die Klassenzahlen algebraischer Zahlkorper. Nagoya Math.
J., 1:1-10, 1950.

J. C. Lagarias and A. M. Odlyzko. Effective versions of the Chebotarev density
theorem. In Algebraic number fields: L-functions and Galois properties (Proc.

Sympos., Univ. Durham, Durham, 1975), pages 409-464, 1977.

S. Lang. FElliptic curves: Diophantine analysis, volume 231 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical

Sciences/. Springer-Verlag, Berlin-New York, 1978.

S. Lang. Algebra, volume 211 of Graduate Texts in Mathematics. Springer-
Verlag, New York, third edition, 2002.

P. Le Boudec. Linear growth for certain elliptic fibrations. Int. Math. Res. Not.
IMRN, 2015(21):10859-10871, 2015.

W. Ljunggren. Uber die Gleichung z* — Dy? = 1. Arch. Math. Naturvid.,
45(5):61-70, 1942.

K. Mahler. An inequality for the discriminant of a polynomial. Michigan Math.
J., 11:257-262, 1964.

C. McMeekin. On the asymptotics of a prime spin relation. J. Number Theory,
200:407-426, 2019.

W. Narkiewicz. Elementary and analytic theory of algebraic numbers. Springer

Monographs in Mathematics. Springer-Verlag, Berlin, third edition, 2004.


http://projecteuclid.org/euclid.nmj/1118799485
http://projecteuclid.org/euclid.nmj/1118799485
http://projecteuclid.org/euclid.nmj/1118799770
http://projecteuclid.org/euclid.nmj/1118764698
http://dx.doi.org/10.1007/978-3-662-07010-9
http://dx.doi.org/10.1007/978-1-4613-0041-0
https://doi.org/10.1093/imrn/rnu251
http://projecteuclid.org/euclid.mmj/1028999140
https://doi.org/10.1016/j.jnt.2018.11.027
https://doi.org/10.1007/978-3-662-07001-7

160

[60]

[65]

[66]

Bibliography

J. Neukirch. Class field theory, volume 280 of Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-

Verlag, Berlin, 1986.

J. Neukirch. Algebraic number theory, volume 322 of Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1999. Translated from the 1992 German original and
with a note by Norbert Schappacher, With a foreword by G. Harder.

Y. Ouyang and Z. Zhang. Hilbert genus fields of real biquadratic fields. Ra-
manugjan J., 37(2):345-363, 2015.

R. A. Rankin. The closest packing of spherical caps in n dimensions. Proc.

Glasgow Math. Assoc., 2:139-144, 1955.

L. Rédei. Arithmetischer Beweis des Satzes Uiber die Anzahl der durch vier teil-
baren Invarianten der absoluten Klassengruppe im quadratischen Zahlkorper.

J. Reine Angew. Math., 171:55-60, 1934.

L. Rédei. Ein neues zahlentheoretisches Symbol mit Anwendungen auf die
Theorie der quadratischen Zahlkorper. I. J. Reine Angew. Math., 180:1-43,
1939.

L. Rédei and H. Reichardt. Die Anzahl der durch vier teilbaren Invarianten der
Klassengruppe eines beliebigen quadratischen Zahlkorpers. J. Reine Angew.

Math., 170:69-74, 1934.

A. Selberg. Note on a paper by L. G. Sathe. J. Indian Math. Soc. (N.S.),
18:83-87, 1954.

J.-P. Serre. Local fields, volume 67 of Graduate Texts in Mathematics. Springer-
Verlag, New York-Berlin, 1979. Translated from the French by Marvin Jay
Greenberg.

J.-P. Serre. Quelques applications du théoreme de densité de Chebotarev. Inst.

Hautes Etudes Sci. Publ. Math., (54):323-401, 1981.

J.-P. Serre. Lectures on Nx(p), volume 11 of Chapman & Hall/CRC Research
Notes in Mathematics. CRC Press, Boca Raton, FL, 2012.


https://doi.org/10.1007/978-3-642-82465-4
https://doi.org/10.1007/978-3-662-03983-0
https://doi.org/10.1007/s11139-014-9558-7
http://dx.doi.org/10.1017/s2040618500033219
https://doi.org/10.1515/crll.1939.180.1
https://doi.org/10.1515/crll.1939.180.1
https://doi.org/10.1515/crll.1934.170.69
https://doi.org/10.1515/crll.1934.170.69
http://archive.numdam.org/article/PMIHES_1981__54__123_0.pdf

[71]

[72]

[75]

[76]

Bibliography 161

C. E. Shannon. Probability of error for optimal codes in a Gaussian channel.

Bell System Tech. J., 38:611-656, 1959.

C. L. Siegel. Uber einige Anwendungen diophantischer Approximationen
[reprint of Abhandlungen der Preuflischen Akademie der Wissenschaften.
Physikalisch-mathematische Klasse 1929, Nr. 1]. In On some applications of
Diophantine approzimations, volume 2 of Quad./Monogr., pages 81-138. Ed.
Norm., Pisa, 2014.

J. H. Silverman. Lower bound for the canonical height on elliptic curves. Duke

Math. J., 48(3):633-648, 1981.

J. H. Silverman. Lower bounds for height functions. Duke Math. J., 51(2):395—
403, 1984.

J. H. Silverman. A quantitative version of Siegel’s theorem: integral points on

elliptic curves and Catalan curves. J. Reine Angew. Math., 378:60-100, 1987.

J. H. Silverman. Computing heights on elliptic curves. Math. Comp.,
51(183):339-358, 1988.

J. H. Silverman. The difference between the Weil height and the canonical
height on elliptic curves. Math. Comp., 55(192):723-743, 1990.

P. J. Sime. Hilbert class fields of real biquadratic fields. J. Number Theory,
50(1):154-166, 1995.

P. J. Sime. On the ideal class group of real biquadratic fields. Trans. Amer.
Math. Soc., 347(12):4855-4876, 1995.

A. Smith. Governing fields and statistics for 4-Selmer groups and 8-class groups.

arXiv:1607.07860 [math.NT], 2016.

A. Smith. 2°-Selmer groups, 2°°-class groups, and Goldfeld’s conjecture.

arXiv:1702.02325 [math.NT], 2017.

K. E. Stange. Integral points on elliptic curves and explicit valuations of division

polynomials. Canad. J. Math., 68(5):1120-1158, 2016.


https://doi.org/10.1002/j.1538-7305.1959.tb03905.x
http://projecteuclid.org/euclid.dmj/1077314784
https://doi.org/10.1215/S0012-7094-84-05118-4
https://doi.org/10.1515/crll.1987.378.60
https://doi.org/10.1515/crll.1987.378.60
https://doi.org/10.2307/2008597
https://doi.org/10.2307/2008444
https://doi.org/10.2307/2008444
https://doi.org/10.1006/jnth.1995.1010
https://doi.org/10.2307/2155066
https://arxiv.org/abs/1607.07860
https://arxiv.org/abs/1702.02325
https://doi.org/10.4153/CJM-2015-005-0
https://doi.org/10.4153/CJM-2015-005-0

162

[83]

[89]

[90]

Bibliography

R. P. Stanley. Enumerative combinatorics. Volume 1, volume 49 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge,

second edition, 2012.

H. M. Stark. A complete determination of the complex quadratic fields of
class-number one. Michigan Math. J., 14:1-27, 1967.

P. Stevenhagen. Ray class groups and governing fields. In Théorie des nom-
bres, Année 1988/89, Fasc. 1, Publ. Math. Fac. Sci. Besancgon, page 93. Univ.

Franche-Comté, Besancon, 1989.

P. Stevenhagen. The number of real quadratic fields having units of negative

norm. Ezperiment. Math., 2(2):121-136, 1993.

P. Stevenhagen. Redei reciprocity, governing fields, and negative pell.

arXiv:1806.06250 [math.NT], 2018.

G. Tenenbaum. Introduction to analytic and probabilistic number theory, vol-
ume 163 of Graduate Studies in Mathematics. American Mathematical Society,
Providence, RI, third edition, 2015. Translated from the 2008 French edition
by Patrick D. F. Ion.

Q. Yue. The generalized Rédei-matrix. Math. Z., 261(1):23-37, 2009.

Q. Yue. Genus fields of real biquadratic fields. Ramanujan J., 21(1):17-25,
2010.


http://projecteuclid.org/euclid.mmj/1028999653
http://projecteuclid.org/euclid.mmj/1028999653
http://projecteuclid.org/euclid.em/1048516217
http://projecteuclid.org/euclid.em/1048516217
https://arxiv.org/abs/1806.06250
https://doi.org/10.1007/s00209-008-0311-z
https://doi.org/10.1007/s11139-009-9159-z

	Introduction
	The 2-part of class groups of quadratic number fields
	Class groups
	Quadratic number fields
	Inductively computing the 2^k-rank
	Computing 4-rank
	Computing the 8-rank

	A new look at Rédei reciprocity
	Constructing minimally ramified C_4-extensions
	Defining the Rédei symbol
	Proof of Rédei reciprocity
	Symmetry in entries
	Rédei symbol for decompositions of second type

	Governing fields and the distribution of the 8-rank
	Frobenian maps
	Governing fields for the 2^k-rank of class groups
	Distribution of the 8-rank in congruence classes
	Prime divisors
	Genericity
	Distribution of the 8-rank in natural densities

	The negative Pell equation
	Reflection principles
	Equidistribution

	Kuroda's formula and arithmetic statistics
	The 2-rank of CL+(d,p)
	The 4-rank of CL+(d,p)
	Construction of H+d,p
	Computing densities from a governing field

	A density of ramified primes
	A consequence of Chebotarev density theorem
	Counting solutions to a Hilbert symbol condition
	Joint spins
	Proof of main results

	Integral points on the congruent number curve
	Applications to other Diophantine equations
	Height estimates
	Bounding small points via spherical codes
	Repulsion between medium points
	Large integral points giving Diophantine approximations
	Roth's Theorem
	Bounding the number of points
	Integral points in other cosets of 2E_D(Q)
	Average number of integral points

	Bibliography

