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Positive solutions to Schrodinger equations and
geometric applications

By Ovidiu Munteanu at Storrs, Felix Schulze at Coventry and Jiaping Wang at Minneapolis

Abstract. A variant of Li-Tam theory, which associates to each end of a complete
Riemannian manifold a positive solution of a given Schrédinger equation on the manifold,
is developed. It is demonstrated that such positive solutions must be of polynomial growth of
fixed order under a suitable scaling invariant Sobolev inequality. Consequently, a finiteness
result for the number of ends follows. In the case when the Sobolev inequality is of particular
type, the finiteness result is proven directly. As an application, an estimate on the number of
ends for shrinking gradient Ricci solitons and submanifolds of Euclidean space is obtained.

1. Introduction

Recall that a complete manifold (M, g) is a gradient shrinking Ricci soliton if there exists
a function f on M such that the Ricci curvature of M and the hessian of f satisfy the equation

1
Ric + Hess(f) = Eg.

As self-similar solutions to the Ricci flow, gradient shrinking Ricci solitons arise naturally
from singularity analysis of the Ricci flow. Indeed, according to [6, 13, 31,40], the blow-ups
around a type-I singularity point always converge to nontrivial gradient shrinking Ricci soli-
tons. It is thus a central issue in the study of the Ricci flow to understand and classify gradient
shrinking Ricci solitons. While the issue has been successfully resolved for dimension 2 and 3
(see [3,15,31, 34, 35]), it remains open for dimension 4, though recent work [12, 28, 30] has
shed some light on it. Presently, there is very limited information available concerning general
gradient shrinking Ricci solitons in higher dimensions.
The potential f and the scalar curvature S are related through the equation [15]

(1.1) IVfP+S=f
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with f normalized by adding a suitable constant. By [8], S > 0 unless (M, g) is the Euclidean
space. Moreover, according to [5, 16], there exist a point p € M and constants c1(n), ca(n)
depending only on the dimension n of M such that

(1.2) L—Itrz(x) —c1(m)r(x) —ca(n) < f(x) < %rz(x) + c1(n)r(x) + ca(n)

forall x € M, where r(x) = d(p, x) is the distance from p to x, and the volume V,(r) of the
geodesic ball B, (r) centered at p of radius r satisfies

Vp(r) < c(n)r’.

_ ! ~f
n(g) = 1“((47,)3 /M e )

(5r3)"7.

Perelman’s entropy is given by

Set

o = limsu
R—>oop Vp(R) JB,(R)

We have the following result.

Theorem 1.1. Let (M, g) be a gradient shrinking Ricci soliton with o < co. Then the
number of ends of M is bounded from above by I'(n, a, t(g)), a constant depending only on
dimension n, u(g) and o.

A gradient shrinking Ricci soliton M is said to be asymptotically conical if there exist
a closed Riemannian manifold (¥, gx) and diffeomorphism

D:(R,o0)xX —> M\ Q

such that )L_zp;'{@*g converges in C;2° as A — oo to the cone metric dr?+r2gs on[R,00)x X,
where €2 is a compact smooth domain of M. Clearly, an asymptotically conical shrinking Ricci
soliton must satisfy o < oo.

Recall that an end of a complete manifold M with respect to a compact smooth domain
Q2 C M is simply an unbounded component of M \ €. The number of ends e(M) of M is
the maximal number obtained over all such 2. The novelty of Theorem 1.1 is that only the
scalar curvature integral information at infinity is needed. Another feature is that the exponent
of S in the definition of « is %, not the commonly seen 7 in analysis. We emphasize that the
estimate here is explicit. That M has finitely many ends follows readily by assuming the scalar
curvature of M is bounded. Indeed, as observed in [14], (1.1) and (1.2) imply that |V | > 1
outside a compact subset of M and hence M must have finite topological type. We mention
here that in [29] it was shown that any complete shrinking K&hler Ricci soliton must have one
end. The proof uses Li—Tam’s theory and a fact special to the Kéhler situation that the gradient
vector V f' is real holomorphic.

For shrinking gradient Ricci solitons of dimension n > 3, by Li and Wang [26], the fol-
lowing Sobolev inequality holds:

( / ¢,3_"2)” = coe™ [ (VoP + 592)
M M

for ¢ € Cg°(M). So Theorem 1.1 is a consequence of the following general result.
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Theorem 1.2. Let (M, g) be a complete Riemannian manifold of dimension n > 3 sat-
isfying the Sobolev inequality

n—2

(o)™ < w00

forany ¢ € C§°(M), where A > 0 is a constant and o > 0 a continuous function. Suppose

n—1

o« = limsup (r’o) 2 < oo

R—o0 VP(R) B,(R)

and V(R
Voo = limsup -2 (R)
R—o00

< o0

Then the number of ends of M is bounded above by a constant I" depending only on n, A, «
and Vso.

The well-known Michael-Simon inequality [2,27] for submanifolds in the Euclidean
space RY states that

n—1

(/ |¢|n”l) " zcm [ (Vo1 1HI8)
M M

for any ¢ € C§°(M), where H is the mean curvature vector of M. In fact, this inequality
holds for submanifolds in Cartan-Hadamard manifolds as well [18]. These inequalities are par-
ticularly useful in studying minimal submanifolds. We refer to [4,7,33,36] and the references
therein for some of the results. It is easy to see that

n—2

(/ ¢) ' sc(n>/ (IVI? + | H[>¢?)
M M

holds for n > 3. As a corollary of Theorem 1.2, we have the following result.

Corollary 1.3. Let M™ be a complete submanifold of RN with n > 2. Suppose

1
a = limsup / (r|H)" ! < o0
R—o0o Vp(R) By(R)
and V(R
Voo = limsup p(R) < 00

R—o0 R"

Then the number of ends of M is bounded above by a constant T" depending only on the
dimension n, o and V.

Strictly speaking, for the case of dimension n = 2, the conclusion does not follow directly
from Theorem 1.2. Rather, it follows by a slight modification of its proof. Our proof of Theo-
rem 1.2 is very much motivated by the work of Topping [42,43], where the diameter of a com-
pact manifold M satisfying the Sobolev inequality is estimated in terms of the constant A
together with the integral | M o"z . The argument there is adapted to show that for each
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large R, the volume of E N B,(R) satisfies V(E N B,(R)) > cR" for some constant ¢ for
at least one half of the ends £ of M. Note that for different R the choice of such set of ends E
may be different. Nonetheless, the desired estimate of the number of ends follows as the to-
tal volume of the ball B, (R) is at most of 2V, R". We emphasize that the argument strongly
depends on the fact that the Sobolev exponent is of -.%5 with n being the dimension of the
manifold. For a Sobolev inequality with general exponent 1 > 1 of the form

1

(/ ¢2“)” < A/ (V9P +0¢?) ford € CEM),
M M

we instead develop a different approach of using positive solutions to a Schrodinger equation
to estimate the number of ends.

More specifically, the approach relies on a variant of Li—Tam theory. In [23], to each
end E of M, they associate a harmonic function fg on M. The resulting harmonic functions
are linearly independent. So the question of bounding the number of ends e(M ) is reduced to
estimating the dimension of the space spanned by those functions. The theory was successfully
applied to show that e(M) is necessarily finite when the Ricci curvature of M is nonnegative
outside a compact set. We shall refer to [22] for more applications of this theory. Here, we
develop a variant of their theory by considering instead the Schrodinger operator

L=A-o0
with o being a nonnegative but not identically zero smooth function on M .
Theorem 1.4. Let (M, g) be a complete manifold and E1, E», ..., E; the ends of M

with respect to a geodesic ball B, (ro) of M with | > 2. Then for each end E;, there exists
a positive solution u; to the equation Au; = ou; on M satisfying 0 < u; < 1on M \ E; and

supu; = limsup u;(x) > 1.
M x—E;(c0)
Moreover, the functions uy, . ..,u; are linearly independent.

One nice feature here is that all the functions u; are positive, while in the case of harmonic
functions fg is positive if and only if M is nonparabolic, that is, it admits a positive Green’s
function. With this result in hand, we set out to bound the dimension of the space & spanned
by the functions u1, ..., u;. The work of [10, 11,21] on the dimension of spaces of harmonic
functions with polynomial growth inspires us to consider the mean value property for positive
subsolutions to L. More precisely, assume that M admits a proper Lipschitz function p > 0
satisfying

1 m
(1.3) S=IVpl=1 and Ap< =
0

in the weak sense for p > Ry, a sufficiently large constant and some constant m > 0.
Denote the sublevel and level sets of p by
D(r)y={xe M :p(x)<r},
Y(r)y={xeM:px)=r}.

To simplify notation, we let V(r) = Vol(D(r)) and A(r) = Area(X(r)).
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Definition 1.5. A manifold (M, g) has the mean value property (M) if there exist con-
stants Ag > 0 and v > 1 such that forany 0 < 6 < 1 and R > 4R,,
sup u <

Ao 1

s —— u
s® 02 V(A +OR) Jp(1+6)R\D(Ro)

holds true for any function u# > 0 satisfying Au > ocu on D(2R) \ D(Ryp).

With this definition at hand, we can now state our main estimate on positive solutions to
the Schrodinger equation Lu = 0. For g > 1, define the quantity

a 1
o = limsup (qu][ aq) q, where ][ o = —— o4
R—00 S(R) >(R) A(R) Jx(r)

Theorem 1.6. Assume that (M, g) admits a proper function p satisfying (1.3) and has
the mean value property (M). For a polynomially growing positive solution u of Au = ou on
M \ D(Ry), if @ < co for some g > v — %, then there exists a constant I'(m, Ag,v,a) > 0
such that

u<A(" +1) on M\ D(Ry),

where A > 0 is a constant depending on u. In the critical case ¢ = v — % the same conclusion
holds true with I' = I"(m, Ag, v) provided that @ < ag(m, Ao, v), a sufficiently small positive
constant.

This result is reminiscent of Agmon-type estimates in [1,24,25], where a positive sub-
solution u to L is shown to decay at a certain rate if it does not grow too fast, provided that
a Poincaré-type inequality holds on M. Whether a positive solution u# to Lu = 0, under the
assumptions in Theorem 1.6, is automatically of polynomial growth is unclear at this point.
But we do confirm this is the case under a pointwise assumption on o > 0 that

sup(p?0) < 0.
M

If we let
Ld(M) ={v:Av=ov,|v| < cpd on M},

the space of polynomial growth solutions of degree at most d, then an argument verbatim
to [21] immediately gives the following estimate of the dimension.

Lemma 1.7. Assume that (M, g) admits a proper function p satisfying (1.3) and has
mean value property (M). Then dim L2 (M) < T'(m, Ao, v, d).

Summarizing, we have the following conclusion, where & is the space spanned by all
positive solutions to the equation Ay = ou on M.

Theorem 1.8. Assume that (M, g) admits a proper function p satisfying (1.3) and has
mean value property (M). Suppose that o decays quadratically. Then dim P < I'(m, Ay, v, )
provided that o < oo for some q > v — % In the critical case ¢ = v — % the same conclu-
sion holds for some T'(m, Ay, v) when o < ag(m, Ao, v), a sufficiently small positive constant.
Consequently, the number of ends e(M ) of M satisfies the same estimate as well.
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It is well known that the mean value property (M) is implied by the following scaling
invariant Sobolev inequality via a Moser iteration argument with the number v determined by
the Sobolev exponent p through the equation

Definition 1.9. A Riemannian manifold (M, g) is said to satisfy the Sobolev inequal-
ity (&) if there exist constants i > 1 and A > 0 such that

1.4 21
a6 (£ )

for ¢ € C§°(D(R)) and R > Ro.

=

< ]{)(R)(l o + 00?)

We have denoted with

fou=gi )
D(R) V(R) Jp(r)
for any integrable function u on D(R). Consequently, Theorem 1.8 continues to hold if one
replaces the mean value property (M) by the Sobolev inequality ().
We also establish a version of Theorem 1.6 localized to an end.
For an end E of M, define

1

) R4 a
ag = limsup ol ,
R—oo \A(R) J3E(R)

where E(R) = EN D(R) and 0E(R) = E N Z(R).

Proposition 1.10. Assume that (M, g) admits a proper function p satisfying (1.3) and
that the Sobolev inequality (8) holds. Suppose that o decays quadratically along E. Then there
exists '(m, A, i, ag) > 0 such that

uf/\(pr+1) on E

for positive solutions u to Au = ou on E, where A > 0 is a constant depending on u, provided
that ag < oo for some g > v — % In the case ¢ = v — %, the same conclusion holds for some
I'(m, A, u) > 0when ag < ag(m, A, ), a sufficiently small positive constant.

Corresponding to an end E, let u g be the positive solution of Aug = ocug on M con-
structed in Theorem 1.4. Then 0 < ug < 1 on M \ E. Proposition 1.10 implies that such u g
must be of polynomial growth on M with the given growth order. With this in hand and in view
of Lemma 1.7, for the case of critical g = v — %, one concludes that the number of ends with
small «g is bounded. For an asymptotically conical gradient shrinking Ricci soliton M, it is
not difficult to show that at least one half of the ends have small « g if the total number of ends
is large. Obviously, Theorem 1.1 follows, at least for asymptotically conical shrinking Ricci
solitons, from these facts as well.

Sobolev inequalities are prevalent in geometry. Other than the aforementioned ones for

gradient shrinking Ricci solitons and submanifolds in the Euclidean spaces, for manifolds with
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Ricci curvature bounded from below by a constant —K, K > 0, according to [37], the Sobolev
inequality (1.4) holds on any geodesic ball B, (R) with constant

A = ec(n)(1+RR)

and 0 = %. Finally, for a locally conformally flat manifold M, by [39], a suitable cover
of M can be mapped conformally into S” and satisfies a similar Sobolev inequality of gradient
shrinking Ricci solitons.

For a comprehensive study of Sobolev inequalities on manifolds and their applications,
we refer to [17,38].

The paper is organized as follows. In Section 2, we present the proof of Theorem 1.2 and
derive some of its consequences. In Section 3 we focus on the proof of Theorem 1.4. We then
turn to estimates of positive solutions to Au = ou in Section 4 and prove Theorem 1.6. The
dimension estimate given in Lemma 1.7 is proved in Section 5. Section 6 is devoted to proving
the fact that the mean value property (M) follows from the Sobolev inequality (§).

2. Sobolev inequality and ends

In this section, we prove Theorem 1.2 following the ideas in [42, 43]. To include the
case n = 2, we consider more generally complete noncompact Riemannian manifolds (M, g)
satisfying the Sobolev inequality

n—q

@ (/M |¢|nq—"q) "o A/M<|V¢|q +olpl?)

for some g with 1 < ¢ <n —1 and any ¢ € C5°(M), where A > 0 is a constant and o > 0
a continuous function. Define

n—1

(2.2) @ = limsup (ro) a
R—oo Vp(R) JB,(R)
and
V,(R
(2.3) Voo = limsup %,

R—o0
where p € M is a fixed point, r(x) = d(p, x) is the distance function to p, and
Vp(R) = Vol(By(R)).

the volume of the geodesic ball B, (R) centered at p of radius R.
We restate Theorem 1.2 below under this more general Sobolev inequality.

Theorem 2.1. Let (M, g) be an n-dimensional complete Riemannian manifold satisfy-
ing the Sobolev inequality (2.1). If both a of (2.2) and Vo of (2.3) are finite, then the number
of ends of M is bounded from above by a constant I depending only on n, A, a and V.

Proof. Foranend E of M we denote E(R) = B,(R) N E. Assume that M has at least
k ends with k > 1 large, to be specified later. We may take R > 0 large enough such that

k
Bp(2R) \ By(R) = | J Ei(2R) \ Ei(R).

i=1
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Moreover, we have from (2.3) that

(2.4)

for all ¥ > R. Similarly, by (2.2) we have

k
Z/ (rqo)% <2aV,(3R).
= JEGR\E: (R)

This implies that

k
(2.5) >

i=1

n—1 V,(3R)
! Co Rn—1 °

A

/ -
E;(3R)\E;(R)

Here and below constants Cy, C1, etc., depend only on n, A, o and V.
We may assume that the ends E1, ..., Ej are labeled so that

T
E;BR\E;(R) i=1,..k

.....

is an increasing sequence. Then (2.5) implies that

(2.6) [
E;(3R)\E;(R)

k Rn—1
foralli = 1,2,...,[%].
Fori €{1,2,..., [%]},pick
(2.7) z; € 0E;i (2R).
By relabeling Eq, ..., E [£] if necessary, we may assume that

Wz (R)}ioy k]

is increasing.
Assume by contradiction that

2.8) Vo (R) = LR
where C; = 3"T2V,,. Since
Bz;(R) C E;(3R) \ E;(R)
and { B, (R)}E]1 are disjoint in B, (3R), it follows from (2.8) that
&) K1C1 Gy
VpGR) = 3 Ve (R) = [5]712" > LR = 300 (3R)"

i=1

as C; = 3" T2V This contradicts (2.4). In conclusion, (2.8) does not hold and

C
V., (R) < %R”.
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For convenience, from now on we simply write £ = E; and z = z;. Hence, z € 0E(2R) and

Cq

By (2.6) we also have
n— C>,V,(3R
(2.10) / o' <22 p(_l).
EGBR)\E(R) k R"

L.et y(t) be a minimizing geodesic from p to z with0 <¢ <2R.Fort € [%R, %R] and x = (1),
since

2
d('x9 Z) E §R»
the triangle inequality implies
R
(2.11) By (;) C B:z(R).
Consequently, (2.9) yields
R Cy
2.12 Vil=) < —R"
ot (5)-¢
forall x = y(¢t) with ¢t € [%R, 2R].
Assume by contradiction that
(2.13) / o < 8ratT(Ve(r)) T
By (r)

forall0 < r < %, where § > 0 is small constant to be set later.
For0 <r < g fixed, we apply the Sobolev inequality to cut-off function ¢ with support
in By (r) such that ¢ = 1 on By(5) and |V¢| < 2 Then (2.1) implies that

7

N Y
(vw(3) " =a(Gvos )

Using (2.13) we obtain that

r _n— 24 n—g—1
(2.14) (Vx(z))Tq = A(r—q Vx(r)+8r”qT1(Vx(r)) = )
forany 0 <r < %. Let us assume there exists 0 < r < % so that
(2.15) Ve(r) < 8“7

Then by (2.14) we have

n—q

(V" (g)) T <A@ 18T

n
(2.16) Vi (%) < M(AQ9 + 1))agnas"T (g) .

Hence,
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We now choose § to be small enough so that
M(AQY + 1))asima < 1.

Then (2.16) implies

2.17) v, (3) <s§"T (5) .
2 2

In conclusion, assuming that (2.13) holds for any 0 < r <
implies (2.17).
By assuming k to be sufficiently large such that 3 Cl < § T 7 , inequality (2.12) says that

R n—1 R n
V.X (_ E 8 4 (_) )
3 3

that is, (2.15) holds for r = % Applying (2.15) and (2.17) inductively, we conclude that

R n—1 R "
Vi <4§ a
3.2m 3.2m

for all m > 0. Letting m —» 00, we reach a contradiction by further arranging § to be suffi-
ciently small such that § ¢ < wp, the volume of the unit ball in the Euclidean space R”".

The contradiction implies that (2.13) does not hold. Therefore, for any x = y(¢), where
t e [%R, %R], there exists 0 < ry < % such that

R

3, we have shown that (2.15)

(2.18) / 0 > 8(re) T (Vi (re)) 7T
Bx(rx)

By the Holder inequality we have

q

/ af(/ o"q') T (Valre))
Bx(rx) Bx(rx)

Thus, by (2.18) we get

n—1 1
(2.19) / o4 > —r
By (ry) Gy ”

forany x = y(¢t) and t € [%R, 2R].

By a covering argument as in [42, 43], we may choose at most countably many dis-
joint balls {By,, (rx,,)}m>1 With X, = y(tm), tm € [%R, 2 R], each satisfying (2.19). More-
over, these balls cover at least one third of the geodesic y([iR, 2 R]). Therefore,

1
erm_ R——R —R.
3 37) 79

Together with (2.19) we have
— n—1
_R< I, < C3 / 45C3/ o7,
mz>1 mz>1 Bam (rxm) B-(R)

where for the last inequality we have used (2.11) and that the balls { By,, (x,,) }m>1 are disjoint
in B;(R).
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Combining this with (2.10) and (2.7), we conclude that
1 n—1 _ C V,(3R)

—R < / o4 < — .
9C3 EGR\E(R) k  Rn—1
In other words,
k
V,(3R) > —R",
pOR 2
which contradicts (2.4) if k > 2 Vo, C43". This proves the theorem. ]

For a shrinking gradient Ricci soliton, the asymptotic volume ratio Vo, is always finite.
By Li and Wang [26], the following Sobolev inequality holds for dimension n > 3:

n—2

2n_ n _2u(g)
( [o7) " = cae s [ (vor + s
M M
provided ¢ € C5°(M). This implies Theorem 1.1.

Corollary 2.2. Let (M, g) be a gradient shrinking Ricci soliton with o < 0o, where

n—1
o = limsup r?) 7.
R—oo Vp(R) B, (R)
Then the number of ends of M is bounded from above by I (n, o, u(g)), a constant depending

only on dimension n, u(g) and o.

For a submanifold M in Euclidean space RV, the well-known Michael-Simon inequality
[2,27] states that

n—1

(/ |¢|n"1) " <cm [ (Va1 1HI8)
M M

for any ¢ € C5°(M), where H is the mean curvature vector of M. By Theorem 2.1, we have
the following conclusion.

Corollary 2.3. Let M™ be a complete submanifold of RN with n > 2. Suppose

1
a = limsup

(r[H)" ™! < o0
R—oo Vp(R) JB,(R)

and V(R
Voo = lirnsupL < 00
R—o00 "

Then the number of ends of M is bounded above by a constant I" depending only on the
dimension n, & and Veo.

Recall that a hypersurface M C R"*! is a self-shrinker of the mean curvature flow if it
satisfies the equation

1
H:_ b b
()

where x is the position vector, H the mean curvature and n the unit normal vector. Self-
shrinkers arise naturally in the singularity analysis of mean curvature flow. In fact, it follows
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from the monotonicity formula of Huisken [19] that tangent flows at singularities of the mean
curvature flow are self-shrinkers. Many examples have been constructed by gluing methods by
Kapouleas, Kleene, and Méller in [20] and Nguyen in [32].

A self-shrinker M is asymptotically conical if there exists a regular cone € C R"*! with
vertex at the origin such that the rescaled submanifold AM converges to € locally smoothly
as A — 0. By a theorem of Wang [44], the limiting cone € uniquely determines the shrinker M .

For an asymptotically conical shrinker, clearly both & and V, are finite.

Corollary 2.4. Assume that M"™ C R"1 is an asymptotically conical self-shrinker of
the mean curvature flow of dimension n > 2. Then the number of ends e(M) < I'(n, Voo, @),
where & is defined in Corollary 2.3.

We would also like mention a recent result of Sun and Wang [41] which bounds e(M) in
terms of the entropy and genus when n = 2.

3. Ends and solutions to Schriodinger equations

In this section we prove Theorem 1.4. The standing assumption in this section is that M
is complete and that o is a nonnegative, but not identically zero, smooth function on M .

We first recall an interior gradient estimate for positive solution u# of Au = ou established
by Cheng and Yau (see [9, Theorem 6]).

Lemma 3.1. Suppose that u > 0 is a solution to Au = ou on the geodesic ball B, (2r)
centered at p € M and of radius 2r. Then

|VInu| < C(r) on Bp(r),

where C(r) is a constant depending on r, 6 and the Ricci curvature lower bound of M
on B, (2r).

In particular, the lemma implies that on any compact subset K of B (r), the Harnack
inequality u(x) < C(K)u(y) holds for x, y € K with a constant C(K) independent of u.

We now construct nontrivial solutions of the equation Au = ou when M has more than
one end. In contrast to [23], there is no need to distinguish the two cases of M being parabolic
or nonparabolic.

Theorem 3.2. Let (M, g) be a complete manifold and E1, E,, ..., E; the ends of M
with respect to the geodesic ball By, (ro) withl > 2. Then for each end E;, there exists a positive
solution u; to the equation Au; = ou; on M satisfying 0 < u; < 1lon M \ E; and

supu; = limsup u;(x) > 1.
M x—>E;(c0)
Moreover; the functions Uy, . ..,u; are linearly independent.

Proof. We first construct the functions u;. To ease notation, let

E=E and F=F =M\E,.
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As [ > 2, F must be unbounded. For R > rg, denote
E(R) =ENBy(R) and F(R)=F N By(R).
Let vg : Bp(R) — R be the solution of the Dirichlet problem

Avg = ovgr in Bp(R),
v =0 on 0F(R),
vr =1 on 0E(R).

Since 0 > 0 on M, by the strong maximum principle, it follows that 0 < vg < 1 in B,(R).
We now normalize vg by setting
ur = CRUR,

where .
CRz(max vR) > 1.
Bp(rO)

Then u g is a solution of

Augp =oupg in Bp(R),
ur =0 on 0F(R),
ugr =Cg ondE(R).

In addition,

3.1 max ug = 1.
Bp(rO)

Hence, by Lemma 3.1 and the remark following it, we conclude from (3.1) that for any fixed
R

0<r<3,
sup ugr < C(r)
By (r)
and
sup |Vug| < C(r),
By (r)
where C(r) is a constant independent of R. It is now easy to see that a subsequence of u g
converges to a solution ¥ > 0 of Au = ou on M. Note that u can not be a constant function
as o is not identically 0.
Since ug = 0 on 0F(R), the strong maximum principle implies that supyg () UR is
strictly increasing in r and sup, (. u R decreasing in r. Therefore, the same holds true for
the function u. In particular, by the fact that

max u = 1,
Bp(rO)

one concludes that0 <u < lon F = M \ E and

supu = limsup u(x) > 1.
M x—E (00)

This finishes our construction of the function u; .
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We now turn to prove that the functions uy, ..., u; are linearly independent. Assume that
1
(3.2) > aju; =0
j=1

for some constants a; € R. For an arbitrary but fixed j, if u; is unbounded on E;, then clearly
aj = 0asu; is bounded on E; foralli # j.
So we may assume from here on that each u; is bounded on E;. Let

S; =supu; > 1.
E;

Then there exists a sequence x; ;. € E; such that
(3.3) lim (S; —u;)(xjx) = 0.
k—o0

Note that S; —u; > 0 on M. In particular, there exists a constant C; > 0 satisfying

1
Sj—u; > —
j T Uj C
on By (rg). We now claim that for i # j,
©h u; < Cj(S; —uy)

on Ej.
Indeed, recall from the construction that u; is the limit of a subsequence of u; g satisfying
Au; g =ou; g in By(R),
ujr =0 on 0F;(R),
ui,r = Ci,g  onodE;(R),

where F; = M \ E;, together with

max u; g = 1.

By (ro)
Now the function

wi, R = ui,R — C;j(Sj —uj)
satisfies Aw; g > 0 on F;(R) \ Fi(ro) as 0 > 0. Also, w; g <0 on 0F;(R) UdF;(rg). By
the maximum principle, w; g < 0 on F;(R) \ Fj(ro). After taking limit, one concludes that
u; < C;j(S; —uj;)on F; \ Fi(ro). Since i # j and E; C F; \ F;(ro), the claim follows.
By (3.3) and (3.4) it follows that

. 0 ifi # ],
lim wi(xj) = e
k—o00 ’ Sj ifi = J.

Plugging this into (3.2), one infers that a; = 0. But j is arbitrary. This proves that uq, ..., u;
are linearly independent. m)
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4. Growth estimates

Our focus in this section is on growth rate estimates for positive solutions to Au = ou.
We fix a large enough positive constant Ry and assume that the manifold M admits a proper
function p satisfying

@.1) <|Vpl<1 and Ap<™
o

| =

in the weak sense for p > Ry, where m is a positive constant. Denote the sublevel and level set
of p by
D(r)y={xeM:px)<r} and X(r)={xe M :p(x)=r},

respectively. They are compact as p is proper. Denote with V(r) the volume of D(r) and
with A(r) the area of X (r).

Definition 4.1. A manifold (M, g) has the mean value property (M) if there exist con-

stants Ag > 0 and v > 1 such that forany 0 < 6 < 1 and R > 4R,,
(4.2) < Ao !
. sup U < — —————— u
SR VA +OR) Jp+0)R\D(R)

holds true for any function u > 0 satisfying Au > ou on D(2R) \ D(Ryp).

We begin with a simple observation. Integrating by parts, one immediately sees that for
any C! function w and r > Ry,

0
/ wAp—i—/ (Vw, Vp) =/ w—p,
D(r) D(r) () O
where 7 is the unit normal vector to X (r) given by n = %. Taking a derivative in r of this

identity yields the following formula:

d (Vw, Vp) wAp
(4.3) —/ w|Vpl =/ —+/ —
dr Js(r) =t Vel =t Vol

The following lemma provides volume and area estimates.

Lemma 4.2. Let A(r) be the area of X (r) and V(r) the volume of D(r). Then

A = vy,

V((1+0)r) < (14 )M v(p),
V(r) < r"™ V(Ry)

forallr > Rgand 0 < 0 < 1, where c(m) and y(m) depend only on m.

Proof. By the co-area formula, there exists 5 < t < r such that

r r 1
(4.4) V(r) = Vol(D(r) \ D(E)) =7 /E S
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From (4.1) we have
4m
Ap < TIWI2

for all r > Ry. Hence, applying (4.3) with w = 1 implies

d Ap  4m
- Vol = / _<— IVpl.
dr sy =) Vol = 1 Jse)

t =0 Vol

Integrating in r we conclude that

7 4m
/ Vol < (—) / V)
=(r) 4 (1)

Together with (4.4), this implies

IA

c(m)
45) [ 19 =< v
Z(r) r
Now the area estimate follows from (4.1).
Note that (4.5) and (4.1) also imply
c(m)

Vi(r) < —— V().
r

c(m)
V(R) < (?) V()

for all Rp < r < R. Clearly, it gives both the volume doubling property and growth estimate.
This proves the result. O

Integrating in r, we obtain

The next lemma is our starting point for establishing growth estimates for positive solu-
tions to Au = ou.

Lemma 4.3. A positive solution u of Au = ou on D(R) \ D(Ry) satisfies
d ( 1 / 1 1 (Vu, Vp)

—— u|Vp|) < — ou + /

dr \r*" Js () 4 I Dr\D(ro) 4 Isee) VP

forall R >r >r9g > Ry.

Proof. Applying (4.3) to w = u and taking into account that

/ (Vu, Vp) / / (Vu, Vp)
== Au + T
s Vol D()\D(ro) S(ro)  1VP
we obtain
d A Vu,V
46 L wvpl =/ ou+/ u—'o—i-/ Vu. Vo)
dr Jsa) D()\D(ro) s Vol Jswo) 1Vl

By (4.1) we have that
A 4
/ u—pfﬂ/ N s—m/ ulVpl
= IVel = 1 Jzin Vol = 1 Uz
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for r > ro > Ry. Plugging this into (4.6) implies

d 4m Vu,V
—/ u|Vp| ff ou+ — u|Vpl —i—/ Vu. Vo)
dr Jsa) D(\D(r0) r Jse) S(ro) VP

This proves the result. ]

We now prove a preliminary growth estimate by imposing a pointwise quadratic decay
assumption on o of the form
T

(4.7) o<

on M \ D(rg),

he)

where ro > 4R and Y > 0 is a constant.

Proposition 4.4. Assume that (M, g) admits a proper function p satisfying (4.1) and has
the mean value property (M). If o decays quadratically as in (4.7), then there exists a constant
C = C(@m,Y) > 0 such that

R
u<(p+1n°¢ sup U on D(—) \ D(Rp)
D(ro)\D(Ro) 2

for any positive solution of Au = ou on D(R) \ D(Ro) with R > ry.

Proof. The result is obvious if R < 2ry. Hence, we may assume from now on that
R > 2rp. By Lemma 3.1, it follows that there exists a constant C(rg) > 0 such that

Vu,V
/ M‘ S C(ro) Sup u
o) Vol = (r0)

with the constant C(r¢) independent of u.
By normalizing u if necessary, we may assume that

(4.8) sup u=1.
D(r0)\D(Ro)
So we get
Vu,V
(4.9) / M‘ < C(ro).
s(ro) Vol

By Lemma 4.3 and (4.1) we have that

4.10) d ( 1 / v |) 1 N 1 / (Vu, Vp)
. — | —= u|lVpol | < — ou
dr\r*m Js@ 4 | DeN\D(ro) 4 Jsao)  1V0l
4 (Vu, Vp)
T rém stro) Vol

A

1
ou|Vp|* +
D(r)\D(ro) ram

forall r € [rg, R].
Combining (4.10), (4.9) and (4.7), we conclude

d (1 47 Vo2 C
@.11) —(4—/ M|Vp|) <= ! ’Z' + E{")
dr \r*" Js) ™ ID)\D(ro) p rem
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for all r € [rg, R]. If we set

\V/ 2
(4.12) a)(r)=/ " 'Z' ,
DG)\D(ro) P

then the co-area formula gives

So (4.11) becomes

d 1 4Y C(ro)
Z(,Am—Zwl(r)) = ,A_mw(r) T am

or
r2w"(r) — (4m — 2)ro’ (r) — 4Yw(r) < C(ro)

for all r € [ro, R]. Direct calculation then implies that the function

(4.13) E(r) =rtow(r)
satisfies
(4.14) r&"(r) — a + 4m —2)£'(r) < C(ro)r®™!

for all r € [ro, R], where

V(@dm—1)2 + 16T — (4m — 1)

(4.15) a= >

Rewriting (4.14) into

d( €0\ _ Cuo)
dr \ p2a+4m=2 | = La+4m
and integrating from rg to r, we get

2a+4m—2
) E/(FO) + C(ro)r2a+4m—2

(4.16) £(r) < (i

ro

for all r € [ro, R].
According to (4.13) and (4.12) we have

£ (ro) = rg > / u|Vp.

X (ro)

Hence, by (4.8),
£'(ro) = C(ro).

Plugging into (4.16), we conclude that
€(r) < Clro)r2e+4m=2
for all r € [rg, R]. After integrating from r¢ to r, this immediately leads to

o(r) < Clro)ra*+4m=1,
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In view of (4.12) and (4.15), we have

/ u < Clro)r€om ™
D(r)\D(Ro)
for all r € [rg, R]. Finally, the mean value property implies that
sup u < C(A, p, ro)r€m 0
=(ir)
for all r € [2rg, R]. This proves the result. |

We remark that the assumption of o being of quadratic decay is optimal in the sense
that any slower decay will render the result to fail. Indeed, on Euclidean space, the function
u(x) = exp(ré(x)) satisfies the equation Au = ou with ¢ decaying of order 2 — 2¢.

Our main result of this section is that the order of polynomial growth of u in fact only
depends on an integral quantity of the function o provided that u is a priori of polynomial
growth, namely,

lu| < p€ on M\ D(Ro)
for some constant C > 0.
In the following, we denote

@ = limsup (qu ][ Gq)
R—o00 3 (R)

Q=

with ¢ > 1 to be specified.

Theorem 4.5. Assume that (M, g) admits a proper function p satisfying (4.1) and
has the mean value property (M). For a positive function u of polynomial growth, satisfy-
ing Au =ou on M\ D(Ry), if o < oo for some g > v — % then there exists a constant
I'(m, Ao, v, @) > 0 such that

u <A +1) onM\ D(Ry),
where A > 0 is a constant depending on u. The same estimate for u holds true in the case

qg=v-— % with ' = I'(m, Ao, v) provided that « < ag(m, Ao, v), a sufficiently small positive
constant.

Proof. By the Holder inequality, « is increasing in g. So we may restrict our attention

to those ¢ that |
0<e<—,
2

where

2g+1—-2v
&= —.

q

To treat both cases ¢ > v — % andg =v — % at the same time, we let

4.17)

o = min{a, 1} and & = max{«, 1}.
Note that « = o «. In the following,
C() = Co(m,Ao,U,a) > 1

is a fixed large constant, depending only on m, Ag, v and &, to be specified later.
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In view of the definition of «, there exists ro > 4R such that

o4
/ —— < 3a9r24A(r)
st Vol

for all r > r¢. From Lemma 4.2 it follows that

q
(4.18) / O < cm)adr27l V()
=) Vol
for all r > rg.
Denote )
Vol
= [ .
DE\D(Ry) P
We claim that y satisfies the inequality
4m 1 Co [7 1 ’ 1-L am—n—1
(4.19) rrar) = — | xe(A+ )@ at 7dt + Ao
q ro
forall r > roand 0 < 6 < 1, where
(4.20) Ao = / (u + |Vul).
% (ro)

We first prove (4.19) for ¢ > 1. By the co-area formula,
@an 0 = [ iV
: ram =(r) :

Hence, using Lemma 4.3, we have

d (1
4.22 "(r) = — _/ \%
(4.22) X (r) dr(r4m E(r)ul pl)
1 1 Vu,v
= am ou+ . . Vo)
M JD(r\D(ro) rm Jswey VPl

The first term can be estimated by the co-area formula and Holder inequality as

r ou
[ ou = / (/ —) dt
D()\D(ro) ro \Jz@) VPl
1
r q q V4
<[, (o o) (o)
o \Jz@) IVpl @) VPl

=

where

Invoking (4.18), we conclude

V(t)7

N =

mya [ v d
(4.23) / ou <c(m af (/ —) t
D()\D(ro) ro \Js) [Vol) 243
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On the other hand, the mean value property (4.2) implies

Ao 1
supu < _— u
s~ 02 V(1 +0)1) Jpa+6)0\D(ro)

440 ((1+9)t)4’"/ Vol®
< u
g2v V(1) D((1+6))\D(Ro)  P*™
c(m)Ag t*m
R 0)t
= v O

for all ¢+ > rg. Therefore,

(e )

1

tlz( u \r
(sup u) / —
20) @) Vol

1 4m
c(m)A] t¢ 1 u
27”0 1X“((1+9)l)(/ V_)
0 V() =@ Vol

Aé 4m 1 .
Ay T+ 00 )7,
0 V(t)q

N =

IA
N|=

A

where in the last line we have used (4.21).
Plugging this into (4.23), we conclude that

Coa T ’ L ogm—2—1
(4.24) ou < — xa(1+0)t)(x'(t)rt 7 dt,
D(r)\D(ro) g Jro

q
1
where Cy = c(m) A o for some c(m) depending only on m.
By (4.22) and (4.24) it follows that

"Ry < ! L am—2-1 1 (Vu, Vp)
70 = P [ e e [ B

0 a rim

In view of (4.20), this can be rewritten into

q

4m //( ) < o / Xé((l+9)t)(X/(t))1—ét4m—2—é dt"‘A()
0 a Jro

Hence, (4.19) holds for any g > 1.

To extend the result to ¢ = 1, we simply let ¢ — 1 in (4.19) and note that both sides are
continuous as functions of g.

In conclusion, we have

@) g = S8 [ 0o A

G a

forallr > rgand0 < 6 < 1. 3
Since u is assumed to be of polynomial growth, there exist constants » > 0 and A > 0

such that

< Apb on M \ D(rp).
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Together with Lemma 4.2 we get
1 I
1) == | ulVpl < cm)ArP* V(Ro).
r Z(r)

Therefore, for r > ry,

(4.26) ¥ (r) < Ar?
for some constants » > 0 and A > 0.

Obviously, the constant b in (4.26) can be chosen in such a way that (4.26) no longer

holds with b replaced by b — 1 for whatever constant A. Also, the constant A can be arranged
to satisfy that A > Ag and

4.27) A > / (u + |Vu)).
D(ro)\D(Ro)
For ¢ in (4.17) and Cy = Co(m, Ag, v, @) from (4.25) we assume by contradiction that
b8
(4.28) min{:, b} > (100Cy)?.
o

We now prove by induction on k > 0 that

\ 5
(4.29) £ () < A((%) b+ rb—l)

for all r > rg.
Clearly, (4.29) holds for £ = 0 in view of (4.26). We assume it is true for k and prove it
for k + 1. Integrating (4.29) we obtain that

k
r o)\ 2
X(r)SA/ ((%) tb—l-tb_l) dt + x(ro)
14
A p 5
() )

where the last line follows from (4.27). Since

A
A < —rb,
=% r
this implies
k
2A o\ ?2
X(”) < 7((E) rb-i-l +rb)
for all r > rg. Therefore,
2A brif [« : b+l | b

forallr > rgand0 < 6 < 1.
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By (4.29) and (4.30) we get

/ " O A

0

k
rrera\2
< —2/1\(1 +6) f 2N b g bt phme2 gy
ba ro b

Lk
o2 a+0)7 ((ﬁ) S bam—1 rb+4m—2).

- bl-‘ré b¢

Plugging into (4.25), we arrive at

2ACo i@ \? ,_ he Ao
X//(r)fm(l+6) 7 ((E) rPt 2)+r4_m

>

for all r > rg. Integrating in r then yields
3ACox b+l (& _ 1
(4.31) A < S (1+6)4 ((—) P+ b 1) + =Ao + 1'(r0)
0ab*ta 2
forall r > rg and 0 < 6 < 1. Note that by (4.20),

1 1
/
£ (o) = —/ UVl < Ao,
re™ Jx(ro) 2

Setting 0 = % in (4.31) and using (4.17), we obtain that

k

o a2 _
1 (r) < 46COEA((E) rb 4l 1) + Ay.

1
3 1/a\2
4eCod < (X)),
¢ °be—2(be)

Hence, the preceding inequality becomes
1 o\ 2
’ b b—1

1
Ag <A < 5Arl’—l

In view of (4.28),

However,

for r > rg. In conclusion,
k+1

g\ 2
)(/(r) < A((%) b + rb_l)
for all r > ry.

This completes the induction step and proves that (4.29) holds for all k¥ > 0. We have
thus established that

y:
(4.32) 1 (r) < A((%) o rb_l)

forallk > O andall r > rg.
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By (4.28) we have 1;18 < 1. Hence, by letting k — oc in (4.32) one sees that
X’(’”) < Arb_l

for all r > r¢. This clearly contradicts with the choice of b.
In conclusion, we must have

bE
(4.33) min{:,b} < (100Co)?
o

for some constant Co = Co(m, Ag, v, Q).
1

Let us consider first the case ¢ > v — 5 or ¢ > 0. It is easy to see from (4.33) that

b < (100Co)= .

/ v < ArTe1
=) Vol

Therefore,

for all r > rg, where Iy = (IOOCO)% + 4m + 1. Integrating in r and applying the mean value

inequality (4.2), we get

(4.34) u<Ap' on M\ D(ro),

N _ 2leA
where A = V(Ro)"

Assume now thatg = v — % or ¢ = 0. Then (4.33) implies

1
(4.35) min{:,b} < (100Cy)?.
o
Soif ¢ < g with .
— = (100Cy)?,
oo
then .
— = — > (100Cy)?
o
and (4.35) implies that

b < (100Cy)>.
As above, we conclude that
(4.36) u < Kpr on M \ D(rop)
for some I'(m, Ag, v), where A= %.
By (4.34) and (4.36), the theorem is proved.

O

Combining Proposition 4.4 with Theorem 4.5, we have the following corollary concern-

ing positive solutions u to Au = ou on M \ D(Ry).

Corollary 4.6. Assume that (M, g) admits a proper function p satisfying (4.1) and has
the mean value property (M). Suppose that o decays quadratically. Then there exists a constant

I'(m, Ag, v, ) > 0 such that
u < A(p" +1) on M\ D(Ry),

where A > 0 is a constant depending on u, provided that @ < oo for some q > v — % In the
caseq = v — % the same conclusion holds for some I'(m, Ag,v) > Owhen o < ag(m, Ao, v),

a sufficiently small positive constant.
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5. Dimension estimate

In this section, we establish a dimension estimate for the space & spanned by all positive
solutions to the equation Au = ou on M. We continue to assume that M admits a proper
function p satisfying (4.1) and has the mean value property (M). Our argument closely follows
that in [21].

Define

Ld(M) = {v Av =ov, |y| < cpd on M}

the space of polynomial growth solutions of degree at most d.

Lemma 5.1. Assume that (M, g) admits a proper function p satisfying (4.1) and has
the mean value property (M). Then dim L4 (M) < T'(m, Ao, v.d).

Proof. Let 'W; be any [-dimensional subspace of L4 (M), where [ > 1. For R > 0,

define the inner product
Ar(u,v) = / uv
D(R)

for u, v € W;. We claim that there exists R > 4R large enough so that for {uy,...,u;}, an
orthonormal basis of ‘W, with respect to AR,

l
!
(5.1) » / uf > =,
=L

where T = 2¥(M+2d+1 with (m) being the same constant from Lemma 4.2.
Indeed, assume by contradiction that (5.1) fails for all R > 4Ry. To simplify notation,
for R, > R;, we denote by

I
trqa,. Ar, = / v?
% ARy ; .

for orthonormal basis {vq,...,v;} with respect to Ag,. Since (5.1) fails for all R > 4Ry,
we have that

1 trg,, A
= > 20 TR - (ety,, AR)!
r [
where the last estimate follows from the arithmetic-geometric mean inequality. In other words,
1
(5.2) detg,, AR < T

for all R > 4Ry. Iterating (5.2) and using that

(detAT AR)(detAR As) = detAT As,

we get
1
dCtA . AR < -
2J R 1_,l/
Equivalently,
(5.3) deta, Ayjg =T

forall j > Oand R > 4Ry.
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On the other hand, Lemma 4.2 implies that V(2/ R) < (2/ R)Y™ V(Ry). Together with
the fact that u € 'W; is of polynomial growth of order at most d, we conclude

dety, Ayj g < AZ(2/ R)VMT2DIy (Ry)!

As T > 2vm+2d thig contradicts (5.3) after letting j — oo. This proves (5.1).
For x € X (R) we note that there exists a subspace Wy of W;, of codimension at most
one, such that u(x) = 0 for all u € ‘Wy. So one may choose an orthonormal basis in 'W; with

Up, ..., u; € Wx. By the mean value property (M) we get
l
C(Ao. 1) C(Ao. 1)
Yowdw) =uie) = o [ = o
=1 (2R) Jp@r) (2R)

The function

1
W(x) = Z ul-z(x)
i=1
is subharmonic, therefore its maximum on D(R) is achieved on X (R). We have thus proved

that
l

C(Ao,
= V(2R)
for x € D(R). Together with (5.1) we get
I
[ C(Ao,
S=> e = v,
L~ = /pw V(2R)
Therefore,
l < C(Ag.)T.
Since this holds true for any /-dimensional subspace ‘W; of L (M), we conclude that

dim L4 (M) < C(4o. )T

as well. This proves the result. O

Summarizing, we have the following theorem. Recall & is the space spanned by all pos-
itive solutions to the equation Au = ou.

Theorem 5.2. Assume that (M, g) admits a proper function p satisfying (4.1) and has
the mean value property (M). Suppose that o decays quadratically. Then

dim P < I'(m, Ao, v, @)

provided that o < oo for some q > v — % In the case g = v — %, the same conclusion holds
for some T'(m, Ao, v) when o < ag(m, Ay, V), a sufficiently small positive constant. Conse-
quently, the number of ends e(M) of M satisfies the same estimate as well.

Proof. According to Theorem 3.2, the number of ends e(M) is at most the dimension
of . However, Corollary 4.6 implies that » C L (M) with d = I'(m, Ag, v, @) in the case
q>v— % and d = I'(m, Ag,Vv) in the case ¢ = v — % respectively. The conclusion on the
dimension estimate of J then follows from Lemma 5.1. This proves the theorem. O
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6. Sobolev inequality

In this section, we show that a scaling invariant Sobolev inequality implies the mean
value property (M), a classical fact proven by a well-known Moser iteration argument. For the
sake of completeness, we will spell out the details below. We continue to assume that M admits
a proper Lipschitz function p > 0 satisfying (1.3), namely,

1 m

6.1) S <|Vpl<1 and Ap<=
2 P

in the weak sense for p > Ry. The sublevel and level sets of p are denoted by

D(r)={xe M :px)<r},
X(r)y={xeM:p(x) =r},

respectively, and their volume and area by

V(r) = Vol(D(r)),
A(r) = Area(XZ(r)).

Recall that (M, g) satisfies the Sobolev inequality (&) if there exist constants u > 1
and A > 0 such that

6.2 2“)” AR? Vo |? 2
6.2) (]i(R)¢ < ]i(R)ﬂ o +0¢?)

for ¢ € Cg°(D(R)) and R > Ry. Here and in the following,

][Q” - Voll(Q) /Q”

for a compact subset 2 C M and an integrable function u on 2. We denote v to be the number
determined by

—4+—-=1
[

Proposition 6.1. Assume that (M, g) admits a proper function p satisfying (6.1) and
that the Sobolev inequality (8) holds. Then there exists a constant C(A, 1) > 0 such that
sup u <

C(A, p) y
s®  0*V2B) Jp+6)R\DE)

forany 0 < 0 < 1 and a positive subsolution u of Au > ou on D(2R)\ D(Rop) with R > 4Ry.
In particular, M has the mean value property (M).

Proof. The proof is by Moser iteration and can be found in [22, Chapter 19]. We may
assume 0 < 0 < %. For a function ¢ with compact support in D(2R) and a positive integer
k > 1, applying the Sobolev inequality (6.2) to ¢pu¥, we get

1

m 2
(6.3) (/ (u"¢>)2”) < AR : / (IV@F¢)? + ou¢?),
D(2R) V(2R)v /D(2R)
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where % =1- ﬁ Integrating by parts and using Au > ou, we compute the first term of the
right side as

/ |V(uk¢)|2 :kZ/ |Vu|2u2k—2¢2+/ |v¢|2u2k
D(2R) D(2R) D(2R)

1
+ _/ <vu2k’v¢2>
2 JpeR)

= —k(k—1) / \Vu2u2k =292 — / (Au)u?k—12
D(2R) D(2R)
+/ |V¢|2u2k
D(2R)

< —/ ou2k¢2 +/ |V¢|2u2k.
D(2R) D(2R)

Plugging into (6.3), we conclude

1
u 4AR?
(6.4) ( / (u"¢)2“) < 1 / uwk |V,
D(2R) V(2R)v /D2R)
For fixed constants 77, T», 81 and 8, with § <Ty <Th < % and 0 < &1, 82 < %R, let
1 on D(T3) \ D(T1),
1
g(Tz + 82— p(x)) on D(T2 +82) \ D(T2),
) =1
E(p(x)_Tl +681) on D(T1) \ D(Ty — 61),
0 otherwise.
Plugging into (6.4), we get
Jul L *
(6.5) Ull2kp, 11,15 = ( ) Ul|2k,T1—8,,T>+62>
T2 T \VERR) Y min{s;, 5,)2 ol

where

Q=

ltlla,. 7 = ( [ ua)
D(T2)\D(Ty)

We now iterate the inequality. Fix 3R Ri < Ry < 2Rand0 < &1, &2 < L For each integer
q y 8 4 8 g
i >0, set

ki = p',
5 - ak 5 &k
Li = ST 20 = Sirt

i i
i =(1-¢e)Ri + 251,]', i =(1+e)Ry - Z52,j-
Jj=0 Jj=0
Applying (6.5) withk = k;, 81 = 61,j,82 = 82, and Ty = T1,j and T» = T3, and iterating
from j = 0to j =i, one obtains
1

i 4AR? 24/
lull2,(1—e )Ry ,(1462) Ro -

||”“2u"+':7" LTy = 1_[ ( 1
1is12, o V(2R)v min{51,j752,j}2
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Letting i — oo yields

v

4 )Zn ||
Ull2,(1—e1)R;,(1+€2)R
V(2R)" minfe;, £2)2 R

ltlloo.R, Ry < (

for%<R1<R2<§RandO<81,82<%.

So we have
C(A, p)
ulloo,R1 Ry = T [ull2,(1—¢1)R1,(14+€2) Ro
V(2R)2 min{eq, e2}Y
LBy Jul}
- V(ZR)% min{e, £2)" 00,(1—¢1)R1,(1+&2)R> L(1—e1)Ri,(1+&2)R>
Applying this estimate for each i with
R 6R 1 Ri,i+1
R e R = — = — -, = ;= 1 — ’—’
1 1,i 5 2 ) &1 €1,i Ri
Jj=1 ’
i
1 Rait1
Ry =Rz; =R+ 6R —, =g;i=——1
2 2,i + ]Z Y €3 = €2, Ra
and iterating, we conclude that
o5 < el
This proves the result. o

We note that only |Vp| < 1 on M \ D(Ryp) from (6.1) was used in the proof of Proposi-
tion 6.1. The following corollary is immediate.

Corollary 6.2. Assume that (M, g) admits a proper function p satisfying (6.1) and that
the Sobolev inequality (8) holds. Then there exists a constant C(A, i) > 0 such that

C(A, )
sup u < >
D(R) 0 D((1+6)R)

u

forany 0 < 0 < 1 and positive subsolution u of Au > ou on D(2R) with R > Ry.
By combining Proposition 6.1 with Theorem 5.2, we have the following result.

Theorem 6.3. Assume that (M, g) admits a proper function p satisfying (6.1) and that
the Sobolev inequality (§) holds. Suppose that o decays quadratically. Then

dmP <T'(m,A,v,a)

provided that o < oo for some g > v — % In the case g = v — % the same conclusion holds
for some constant T'(m, A,v) when o < ag(m, A,v), a sufficiently small positive constant.
Consequently, the number of ends e(M ) of M satisfies the same estimate as well.
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We also remark that Proposition 6.1 can be localized to an end £ of M as follows.

For r > Ry, we denote
E(r) = E N D(r),

0E(r) = ENX(r).

Corollary 6.4. Assume that (M, g) admits a proper function p satisfying (6.1) and that
the Sobolev inequality (8) holds. Then there exists a constant C(A, 1) > 0 such that

C(A, )
SUp U < 5o u
dE(R) 02" V2R) JE(1+6)R\E (L)

forany 0 < 0 < 1 and positive subsolution u of Au > ou on E(2R) \ E(Rg) with R > 4R.

Proof. In the proof of Proposition 6.1 one may choose the cut-off ¢ with support in the
end E as follows:

1 on E(Tz) \ D(Tl),
1
8_(T2 + 82— p(x)) on E(T2 + 82) \ D(T2),
px) =17
E(P(x)_Tl +681) on E(Ty) \ D(T1 —61).
0 otherwise,
with g <T1 <Th < % and 0 < 81, 67 < %R. The rest of the proof is verbatim. O

It is perhaps worth pointing out that the normalization in Corollary 6.4 is by the volume
of D(2R), not of its intersection with £. We now apply this localized version to improve
Corollary 4.6.

For an end E of M, define

li ( R24 q)é
o = limsu o .
R—>oop A(R) JoeR)

Corollary 6.5. Assume that (M, g) admits a proper function p satisfying (6.1) and that
the Sobolev inequality (8) holds. Suppose that o decays quadratically along E. Then there
exists a constant I'(m, A, v,ag) > 0 such that

qu(pr+1) on E

for any positive solution u to Au = ou on E, where A > 0 is a constant depending on u,
provided that o < oo for some g > v — % In the case g = v — %, the same conclusion holds
for some I'(m, A,v) > 0 when ag < ag(m, A, v), a sufficiently small positive constant.

Proof. First, Lemma 4.3 can be localized to the end E to yield

d 1 1 1 (Vu, Vp)
ar\gam | Vel = Ut Vo
r\r*" Joe ) r4 JE\E(ro) r JaE@y) IVl

for any ro > Ry. Using the fact that o decays quadratically along £, one concludes that u is of
polynomial growth along E by adopting the same argument as in Proposition 4.4.
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Recall by Corollary 6.4 that

CA,p) 1

(6.6) sup U < — - u
JE(R) 02V V2R) JE(1+6)R)\E(Ro)

for R > 4R and 0 < 6 < 1. Following the proof of (4.19), we obtain that the function

= [ uIVoP
EG\E[Ry) P*"

satisfies the inequality

C -~ r
() = QogE / 1E U+ 0)0)7 ({5 () 4270 dt + Ag
Ty

q 0

forr > roand 0 < 6 < 1, where

AO = / (M + |VM|)
oE (ro)

and ® g = min{«g, 1}, with the constant Cy depending only on m, A,  and o .
Using an induction argument as in Theorem 4.5, we arrive at

/ u < Arc(maAnu‘aaE)
OE(r)
for r > ro. Integrating in r and using (6.6), we conclude

u < A(pTe + 1)

on end E. This proves the result.

Corresponding to an end E, let u g be the positive solution of Aug = oug on M con-
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structed in Theorem 3.2. Then 0 < ug < 1 on M \ E. In particular, under the assumptions of

Corollary 6.5, u g must be of polynomial growth on M with the given growth order.
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