Unique continuation problems and

stabilised finite element methods

Mihai Nechita

A thesis submitted in conformity with the requirements

for the degree of Doctor of Philosophy

University College London

2020



Disclaimer

I, Mihai Nechita, confirm that the work presented in this thesis is my own. Where
information has been derived from other sources, I confirm that this has been indicated in
the thesis.

Signature

Date




Abstract

Numerical analysis for partial differential equations (PDESs) traditionally considers
problems that are well-posed in the continuum, for example the boundary value problem
for Poisson’s equation. Computational methods such as the finite element method (FEM)
then discretise the problem and provide numerical solutions. However, when a part of the
boundary is inaccessible for measurements or no information is given on the boundary at all,
the continuum problem might be ill-posed and solving it, in this case, requires regularisation.

In this thesis we consider the unique continuation problem with (possibly noisy)
data given in an interior subset of the domain. This is an ill-posed problem also known as
data assimilation and is related to the elliptic Cauchy problem. It arises often in inverse
problems and control theory. We will focus on two PDEs for which the stability of this
problem depends on the physical parameters: the Helmholtz and the convection—diffusion
equations. We first prove conditional stability estimates that are explicit in the wave number
and in the Péclet number, respectively, by using Carleman inequalities. Under a geometric
convexity assumption, we obtain that for the Helmholtz equation the stability constants
grow at most linearly in the wave number.

Then we present a discretise-then-regularise approach for the unique continuation
problem. We cast the problem into PDE-constrained optimisation with discrete weakly
consistent regularisation. The regularisation is driven by stabilised FEMs and we focus on
the interior penalty stabilisation. For the Helmholtz and diffusion-dominated problems, we
apply the continuum stability estimates to the approximation error and prove convergence
rates by controlling the residual through stabilisation. For convection-dominated problems,
we perform a different error analysis and obtain sharper weighted error estimates along the
characteristics of the convective field through the data region, with quasi-optimal conver-

gence rates. The results are illustrated by numerical examples.



Impact statement

The work presented in this thesis concerns the theoretical and numerical analysis of
unique continuation problems. These are a class of ill-posed problems for partial differential
equations that are of both mathematical and practical importance.

Unique continuation arises often in inverse problems and control theory, and po-
tential applications of our results and of similar numerical methods could arise in acoustic
problems with unknown scatterers or flow problems in which the full boundary is inacces-
sible for measurements but where local data (either in a subset of the domain or on a part
of the boundary) can be obtained. Another source of practical applications could involve
data assimilation problems in biomedical imaging.

The main results obtained for the Helmholtz and convection—diffusion equations
have been published in [21] and [22], with the preprint [23] being under review. They
have also been presented at several conferences: ICIAM (Valencia, 2019), Applied Inverse
Problems (Grenoble, 2019) and Inverse Problems: Modeling and Simulation (Malta, 2018).
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Introduction

In this thesis we will consider the ill-posed unique continuation problem for two
partial differential equations (PDEs) for which the stability depends on the physical parame-
ters: the Helmholtz and the convection—diffusion equations. The numerical approximations
that we propose are designed following a discretise-then-regularise approach in which the
discrete regularisation is based on stabilised finite element methods (FEMs).

We begin in Chapter 1 by introducing well-posed problems in the setting of PDEs
and recalling the necessary and sufficient conditions for well-posedness. We then discuss
linear ill-posed problems and the classical theory of the Moore-Penrose generalised inverse
based on least squares solutions. For linear continuous operators with non-closed range —
such as the ones we will consider — there is no continuous dependence of the solution on
data as the generalised inverse is discontinuous. However, instead of continuous dependence,
one can have conditional stability. The problems we will consider are of this kind and an
important example is the elliptic Cauchy problem, where Dirichlet and Neumann data
are given on a subpart of the boundary. This is a severely ill-posed problem, but it is
conditionally stable. In close connection to this, we introduce the main topic of this thesis:
unique continuation problems with (perturbed) data given in an interior subset of the
domain.

Conditional stability estimates for unique continuation are discussed in Chapter 2.
These are obtained from Carleman estimates that are proven in an elementary way. For
the convection—diffusion operator we derive three-ball inequalities in which the stability
constant depends exponentially on the Péclet number. This is based on our work [22].
For the Helmholtz operator we assume a specific geometric setting for unique continuation
inside the convex hull of the data set, and, following our paper [21], we prove stability
estimates with constants that are uniform in the wave number or increase at most linearly
in it, depending on the chosen norms. For both operators, to weaken the norms in these
estimates we make use of semiclassical pseudodifferential operators that are briefly recalled

in Appendix B.
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In Chapter 3 we focus on the numerical approximation of the unique continuation
problem. We present a general discretise-then-regularise approach in which the problem
is written in the form of PDE-constrained optimisation. We first discretise the problem
and introduce a Lagrangian functional to which we then add discrete regularisation terms
based on stabilised FEMs. The discrete regularisation should enhance stability and also
control certain residual quantities in order to provide error estimates. In particular, the
stabilisation is obtained through the continuous interior penalty that acts on the discrete
solution penalising the jumps of the normal gradient across interior faces. The optimality
conditions then give a well-posed discrete FEM system.

Based on [21], we apply in Chapter 4 this methodology to the Helmholtz equation
and we prove error estimates that are explicit in the wave number for the geometric set-
ting considered in Chapter 2. To prove that the saddle points converge to the continuum
solution (when it exists) we apply the continuum stability estimates to the approximation
error. Bounding the residual by the stabilising terms, we obtain error estimates with the
convergence order given by the Holder stability exponent. Numerical examples demonstrate
the results and highlight the difference between convex and non-convex directions for unique
continuation in this case.

For the convection—diffusion equation we consider the diffusion-dominated regime
in Chapter 5, which is based on [22]. We take a similar approach to the previous chapter
and use continuous interior penalty as the key component of the discrete regularisation.
The continuum stability is used to obtain error bounds by controlling the residual of the
PDE through stabilisation. The constants depend explicitly on the Péclet number and
the convergence order is again given by the Holder stability exponent. When convection
dominates, however, the stability constant grows exponentially and to overcome this we
develop in Chapter 6, based on [23], an error analysis that captures the dominant transport
phenomenon. For a simplified geometric setting, we obtain quasi-optimal weighted error
estimates in a stability region along the characteristics of the convective field that go through
the data set. Different convergence properties are proven and observed numerically for

unique continuation upstream compared to downstream.



Chapter 1

Ill-posed inverse problems and

unique continuation

We begin with an introductory chapter that briefly describes ill-posed inverse
problems, setting the scene for the class of ill-posed problems that we will study in this
thesis: unique continuation problems. We first recall in Section 1.1 the definition of well-
posed problems related to PDEs and then consider in Section 1.2 the class of ill-posed
problems that can be solved by using the generalised inverse. The problems we are interested

in fall outside these two classical types of problems.

1.1 Well-posed problems

We first recall the definition of a well-posed problem given by Hadamard [35]: a
problem is well-posed if it admits a unique solution and the solution depends continuously

on data (stability property). To be more precise, let us consider an abstract linear problem
Au = f, (1.1)

where A : W — F' is a linear operator between two Banach spaces. We will denote the
kernel of A by Ker(.A) and the range by Im(.A).

Definition 1.1 (Well-posed problem). Problem (1.1) is well-posed if the following hold

true:
1. For any f € F there exists a solution u € W.

2. The solution u € W is unique.

11
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3. The solution u € W depends continuously on data, i.e. there exists Csy > 0 such that
forany f € F,
[ullyy < Cstll fll -

In other words, problem (1.1) is well-posed if A is bijective and its inverse A~*
is continuous. If A is a continuous linear operator, then the condition for well-posedness
is that .4 should be bijective — its inverse A~! will necessarily be continuous by the Open
Mapping Theorem.

For PDE-related problems, the operator A in the abstract problem (1.1) arises

from the weak formulation, which typically reads as
find w € W such that a(u,v) = f(v), for any v € V, (1.2)

where V is a reflexive Banach space, a is a continuous bilinear form on W x V', and f € V'

is a continuous linear form on V. Indeed, defining A : W — V' by
(Au, v)y v = a(u,v), (1.3)

problem (1.2) is equivalent to problem (1.1) with F = V".
When the test space V' and the solution space W are Hilbert spaces and coincide,

a sufficient condition for well-posedness is given by the Lax-Milgram Lemma.

Lemma 1.2 (Lax-Milgram). Let V' be a Hilbert space, a : V xV — R be a continuous
bilinear form and f € V'. If the bilinear form a is coercive, i.e. there exists o > 0 such
that for any u € V,

a(u,u) > of[ull?,
then problem (1.2) is well-posed with the a priori estimate
1
< — /.
lully < <11/l

Proof. See [32, Lemma 2.2]. O

If, in addition to the assumptions in Lemma 1.2, the bilinear form « is symmetric,

then the solution of problem (1.2) is the minimiser over V' of the energy functional

J(v) = %a(v,v) — f(v).

Example 1.3 (Poisson’s equation). Let Q C R™ be a domain, let f € H=*(Q) and consider
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Poisson’s equation with homogeneous Dirichlet boundary conditions

—Au=f inQ,
u=0 on .

Integrating by parts, the weak formulation of this problem reads as: find u € H}()) such
that
(Vu, V) 2(0) =t a(u,v) = f(v), for anyv € H(Q).

By the Lax-Milgram Lemma 1.2 this problem is well-posed. Indeed, for the usual norm on
H(Q) given by HUH%%(Q) = HUHQLQ(Q) + HVUH%Q(Q)7 the bilinear form a defined on H} () is

continuous by the Cauchy-Schwarz inequality and it is coercive since

a(u,u) = HVUH%Z(Q) 2 O‘H“H%{é(ﬂ)? with o = ﬁ?
by the Poincaré inequality
lull 20y < CollVull 2y, for any u € H(Q). (L4)

However, the coercivity condition in Lemma 1.2 is not an optimal condition for the
well-posedness of problem (1.2); it is only a sufficient condition. Necessary and sufficient
conditions are given by the following inf-sup condition, which is also known as the Babuska-
Brezzi condition or the Ladyzhenskaya-Babuska-Brezzi condition. For consistency with [32],

we adopt the Banach-Necas-Babuska terminology proposed there.

Theorem 1.4 (Banach-Necas-Babuska). Let W be a Banach space and V' a reflexive Ba-
nach space. Let a : W x V. — R be a continuous bilinear form and f € V'. Then problem
(1.2) is well-posed if and only if

(BNB1) There exists a > 0 such that

inf sup _alw.v) > Q.
weW veV HwHWHvHV

(BNB2) Let v € V. If a(w,v) =0 for any w € W, then v = 0.

Moreover, the following a priori estimate holds

1
[ullw< =1 fllv.
(67



Chapter 1. Ill-posed inverse problems and unique continuation 14

Proof. See [32, Theorem 2.6]. O
Note that the inf-sup condition in Theorem 1.4 is equivalent to

a(w,v)

sup

> allwlly, V€W,
veV ||UHV

which in terms of the operator A : W — V' given in (1.3) can be written as
lAwly, > alwlly, VoeW.

By the Closed Range Theorem and the Open Mapping Theorem this is equivalent to A
being injective and Im(.A) being closed, see e.g. [32, Lemma A.39]. Considering the dual
operator A" : V' — W' defined by (A*v, )y 1y, = (Aw, v)y. v, where we have identified V"
with V' due to reflexivity, we thus have the following equivalences for the BNB conditions,

see e.g [32, Appendix AJ:
e (BNB1) <= Ker(A) = {0} and Im(.A) closed <= A* surjective.
e (BNB2) <= A* injective.

When the spaces V' and W have the same finite dimension, problem (1.2) reduces to a
linear system and the condition in the Lax Milgram Lemma 1.2 states that the matrix is
positive definite, while the BNB conditions in Theorem 1.4 become equivalent and say that

the matrix is invertible.

1.2 Linear inverse problems

We will now introduce linear ill-posed problems and briefly review the standard
theory of least squares solutions and the Moore-Penrose generalised inverse, see e.g. [31,
Chapter 2|. For the abstract problem (1.1), we herein suppose that A : W — F is a
continuous linear operator between two Hilbert spaces, and we denote by A* : F' — W its

adjoint operator defined by (Av,g)p = (v, A*g)y,, for any v € W and g € F.

Definition 1.5 (Ill-posed problem). Problem (1.1) is ill-posed if at least one condition in
Definition 1.1 is not satisfied. This means that at least one of the following holds:

1. Non-existence, i.e. there exists f € F such that f ¢ Im(A).

2. Non-uniqueness, i.e. Ker(A) # {0}.
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3. Instability, i.e. the solution does not depend continuously on data.

The non-existence issue, in which the data is not in the range of the operator, can
be overcome by considering least squares solutions that minimise the distance to the data.
To deal with non-uniqueness, which arises when the operator is not injective, one of the
least squares solutions — the one with the minimal norm — can be selected to obtain the
best approximation solution. We recall these definitions and the conditions under which the
best approximation solution exists.

We call u € W a least squares solution of problem (1.1) if
lu = fll < Ao — f o, for any v € W,

We call ut € W a best approzimation solution of problem (1.1) if ul is a least squares
solution and

ut|lyy < |Jully, for any least squares solution .

Moreover, due to the convexity of the norm, the best approximation solution is unique in
this case. When least squares solutions exist, they can be characterised by the normal
equation

A*Au = A* f.
However, least squares solutions might not always exist.

Lemma 1.6. Least-squares solutions exist for problem (1.1) if and only if f € Im(A) ®
Im(A)*L.

Proof. See [31, Theorem 2.6] O

Notice that Im(A)* = Im(.A)L, hence Im(A) @ Im(A)* is dense in F.
o If Im(A) is closed, then least squares solutions exist for any f € F. Note that this is

a necessary condition for well-posedness in Theorem 1.4 as well.

e When Im(A) is not closed, least squares solutions do not exist for f € Im(A)\ Im(A).

We can thus define an operator mapping data f € Im(A) @ Im(A)* to the best approxima-
tion solution of Au = f. This operator is called the pseudoinverse or the Moore-Penrose
generalised inverse, and can be obtained by restricting the domain and codomain of A in

order to obtain an invertible operator which is then extended to its maximal domain.
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Definition 1.7 (Moore-Penrose generalised inverse). Let A : W — F be a continuous
linear operator and denote its restriction to Ker(A)* by A : Ker(A)* — Im(A). The

Moore-Penrose generalised inverse
At DAY - W

is the unique linear extension of the inverse A~ to D(AT) := Im(A) @ Im(A)+ with
Ker(A") = Im(A)*. Moreover, AT is a linear operator with Tm(A") = Ker(A)*.

Theorem 1.8. Let f € Im(A) @ Im(A)*. Then problem (1.1) has a unique best approzi-
mation solution which is given by

ul = ATf.
Proof. See [31, Theorem 2.5]. O

Even though the generalised inverse overcomes the issues of non-existence and
non-uniqueness that can appear in the linear inverse problem (1.1), it cannot provide a
remedy for the instability encountered when the range of the operator is not closed: the

generalised inverse is discontinuous in this case.
Theorem 1.9. The generalised inverse Al is continuous if and only if Im(A) is closed.
Proof. See [31, Proposition 2.4]. O

An important class of problems that are ill-posed due to instability is given by
the inversion of compact operators — their infinite-dimensional range cannot be closed, see
e.g. [31, Section 2.2]. In this case, the generalised inverse can be expressed using the singular
value decomposition of the operator and the ill-posedness can be quantified in terms of the

decay to zero of the singular values:

e Problem (1.1) is severely ill-posed if the singular values decay to zero at an exponential

rate.

e Problem (1.1) is mildly ill-posed if the singular values decay to zero at a polynomial

rate.

Solving such unstable ill-posed problems requires reqularisation and we will present

a discrete regularisation framework in Chapter 3.
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1.2.1 Conditionally stable problems

In this thesis we will focus on ill-posed problems that have conditional stability:
the solution depends continuously on data assuming an a priori bound on the solution itself.

We articulate this notion in the following definition.

Definition 1.10 (Conditionally stable problem). Problem (1.1) is conditionally stable with

respect to a seminorm |-|w on W if
1. For any f € Im(A), the solution u is unique.

2. There exist a non-decreasing function Csg : [0,00) — [0,00) and a modulus of conti-

nuity YT, such that for any f € Im(A),

ulw < Cst ([[ullyw) T (I f1l7) -

We say that a function T : [0,00) — [0,00) is a modulus of continuity if it is
continuous with T(0) = 0. The non-decreasing function Cy; incorporates the a priori bound
on the solution and acts similarly to a stability constant. Note that we only assume that the
solution can be controlled in a seminorm |-|y. The dependence on data, i.e. the stability
of the problem, is provided through the modulus of continuity Y. The ill-posed problems

that we will discuss henceforth have two types of conditional stability, namely:
e Holder stability, if Y(¢) = ¢* for some k € (0,1).

e Logarithmic stability, if Y(¢) = |log(¢)| ™" for some x € (0, 1).

1.3 The Cauchy problem

Figure 1.1: Sketch for a domain 2 with Cauchy data given on a part of the boundary
I con.
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A well-known ill-posed problem which is conditionally stable is the elliptic Cauchy
problem. For an open set  C R™ with 02 smooth, Dirichlet and Neumann data are given
on a part of the boundary I' C 012, see Figure 1.1. The problem reads as follows: find
u € HY(Q) such that

—Au=f in €,
u=gp onTl, (1.5)

Vu-n=gny onl,

where f € H=1(Q), gp € H%(F), gN € Hfé(l“) and n is the unit outward normal.
The elliptic Cauchy problem (1.5) was considered by Hadamard in [35] where it was
shown — by a now classical example — that it is ill-posed: there is no continuous dependence

on data.

Example 1.11 (Hadamard’s example). Let Q = (0,7) x (0,1) and consider a zero source
1

n

term f = 0 and Cauchy data on T' = (0,7) x {0} given by gp = 0 and gy =
together with the exact solution of (1.5)

sin(nz),

u(z,y) = 7712 sin(nz) sinh(ny).

The solution doesn’t depend continuously on data since

913 gy < Cllgwlowqry = 0 as > o,

while

[ull g1y = o0 and u(z,y) — oo exponentially a.e. asn — oo.

Figure 1.2: Plot of Hadamard’s classical Example 1.11 on [0, 7] x [0, 1] for n = 4.

Moreover, the Cauchy problem is an example of a severely ill-posed problem. It

was proven in [7] that for a smooth domain in R? the problem is equivalent to inverting
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a compact operator with non-closed range and whose singular values decay to zero faster
than any polynomial rate.

However, the Cauchy problem (1.5) is conditionally stable, i.e. assuming an a
priori bound on the solution one can obtain continuous dependence on data, see e.g. [1]
or [43, Chapter 3]. We recall a simplified version of [1, Theorem 1.7] which states that for a
simply connected subset B C 2 for which BN (9Q2\T) = 0, there exist C > 0 and x € (0, 1)
depending on B such that the following L?-norm stability estimate holds

1-k K
el 2y < € (Iulla@y) (1711 + l9nllya oy + lowly ) - (16)

Since HUHEFQ) < ||u||11q_1?9) trivially, the problem is Holder stable with respect to the lo-
cal L?-norm on B. For a global L?-norm estimate on €, the stability deteriorates into

logarithmic with an H'-norm a priori bound on u.

1.4 Unique continuation

In close connection to the Cauchy problem, we introduce the unique continuation
problem in which the restriction of the solution is given on an open subset and no data is
given on the boundary, see Figure 1.3. This is also known as the data assimilation problem.
We make no assumption on the regularity of the domain which, without loss of generality,
can be replaced with a slightly smaller polyhedral domain that can be easily discretised.
Considering again the Laplacian as the typical elliptic differential operator, for an open
subset w C 2 C R™ the problem reads as follows: find u € H'(f2) such that

—Au = in
u=f in ), )

U=1U, 1N w,

where f € H-(Q) and u,, € H'(w). For a solution to exist, the data must be compatible:
—Au,, = f in w. Assuming there is a solution v € H'(Q) for problem (1.7), its uniqueness

follows by considering the difference w of two solutions, which satisfies

Aw =0 in ,

w=0 inw.

We have that the difference w vanishes everywhere by analytic continuation as harmonic

functions are real analytic. In general, we say that an elliptic differential operator £ has
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the unique continuation property if any solution to £u = 0 that vanishes on an open subset
must vanish everywhere.

The unique continuation property can also be deduced from the uniqueness of the
solution to a Cauchy problem. Indeed, if w|,= 0 and Aw = 0 in €, then taking a ball
w' C w, we obtain w =0 in Q2 \ w’ as the unique solution of the equation Aw =0 in Q \ &’
with zero Cauchy data on dw’. The reverse is also true: the unique continuation property

implies uniqueness for Cauchy data, see e.g. [1].

Figure 1.3: Sketch for unique continuation from the subset w (grey).

The unique continuation problem is ill-posed. To prove this consider the contin-
uous linear operator Ay, : HY(Q) — H~1(Q) x H'(w) given by Ay.u = (—Au,ul,). The
range of this operator is not closed and its generalised inverse At ... is discontinuous. Indeed,
if Im(Ay.) was closed then by Theorem 1.9 there would exist a constant C' > 0 such that
for any u € H' ()

lull sy < € (1Aullr-1(gy + il ey )

Using Hadamard’s Example 1.11 for a subset w close to the origin, we have that the constant
C above cannot be uniform and must actually depend on n, hence we obtain a contradiction.

However, if a solution u € H'(£2) to problem (1.7) exists in the usual weak sense,
i.e. not just in the sense of Al acting on (f,uy), then conditional stability estimates hold
and they are closely related to the ones for the Cauchy problem. We discuss conditional
stability estimates for unique continuation in Chapter 2. The Cauchy problem can be used to
derive stability estimates for unique continuation, as in [40, Corollary 1.2], while quantifying
the reverse implication was at the heart of the method used in [1] in which stability estimates
for unique continuation (Theorem 5.1 there) were used to derive stability estimates for the
Cauchy problem (Theorem 1.7 there) by slightly extending the domain near the set with
Cauchy data. As discussed, the Cauchy problem is severely ill-posed, and hence unique

continuation is also severely ill-posed, due to the above equivalence.



Chapter 2

Conditional stability estimates for

unique continuation

We have seen in Chapter 1 that unique continuation is ill-posed and closely related
to the Cauchy problem. In this chapter we will study quantitative unique continuation via
conditional stability estimates in a bounded, open, simply connected domain 2 C R" for a

second order elliptic operator £ that will be either:
e the Laplacian £ = A.
e the convection—diffusion operator £ = pA — 3 -V, with > 0 and § € [L*>(Q)]™.
e the Helmholtz operator £ = A + k2, with the wave number k > 0.

Given an open subset w C Q we want to find u € H'(Q2) that solves the unique continuation

problem

Lu=f in €, 2.1)

where f € H=1(Q), u, € H'(w). For an open set B C § that contains w such that B\ w
does not touch the boundary 99 (see Figure 2.1) we will prove Holder stability estimates

that essentially state that

2y < Cot (lulae) + I1€0ll-1(0y)  lull 2o,

for a stability constant Cs; > 0 and some k € (0,1). When lower terms are included, i.e.
for the convection-diffusion and the Helmholtz operators, we will be interested in making

such estimates explicit in the physical parameters.

21
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Let us mention that we will not focus on global stability estimates, which are of
logarithmic type. We recall that it was proven in [44] that analytic continuation from a disc
to a larger concentric disc has only logarithmic stability. From the numerical point of view,
it was recently shown in [59] that an exponential loss in digits of accuracy can happen for
analytic continuation when moving away from the subset where the function is known to
a certain precision. This indicates that accurate computations in the logarithmic stability

regime are extremely challenging. We will consider only Hoélder stable problems.

Figure 2.1: Sketch for unique continuation from the set w (grey) to the set B C  (light
grey).

We first prove, in an elementary way, a Carleman inequality that will then be used
to prove quantitative unique continuation results. Sometimes semiclassical analysis is used
to derive this kind of results, see e.g. [51]. Such techniques are very convenient when the
estimates are shifted in the Sobolev scale, and we will use them in Sections 2.3.1 and 2.4.1
below. This chapter is based on [21] and [22].

2.1 A pointwise Carleman estimate for the Laplacian

In the seminal paper [26], Carleman introduced a new kind of inequality to prove
unique continuation for a second order elliptic operator £ in R?. Roughly speaking, for
a compactly supported function w € C§°(R"™), the modern usage of the term Carleman

estimate refers to an inequality of the form

HeT(waL?(Rn) < C“€T¢£U}HL2(RH)7
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where 7 > 0 is a large parameter and ¢ is a weight function. Quantitative unique continu-
ation can be proven by applying Carleman estimates with suitable ¢ and cut-off x.

In this section we present an elementary proof for a Carleman estimate for the
Laplacian £ = A. The starting idea is to use an exponential weight function e’ and study
the expression

A(e‘w) = e Aw + lower order terms,

or the conjugated operator e *Ae for a function ¢ that will be carefully chosen afterwards.
For an overview of Carleman estimates we refer the reader to [51,58], the classical references
are [38, Chapter 17| for second order elliptic equations, and [39, Chapter 28] for hyperbolic
and more general equations. Let us also mention that a typical approach is to study com-
mutator estimates for the real and imaginary part of the principal symbol of the conjugated
operator. Our approach can be seen as an alternative to these estimates by considering
a more elementary computation that leads first to a pointwise Carleman estimate similar
those in [48, Chapter 2] or [50, Chapter 4].

Lemma 2.1 (Carleman-type identity). Let £ € C3(Q), w € C?(Q) and o € C1(2). We

‘w and

definev=-e
a=0c—-Al, qg=a+|V{? b=—ov—2(Vyv,Vl), B=(Vv*—qu?)VL.
Then
L (Aw)? = L(Av + qu)? + 1b?
+ a|Vu|*+2D*(Vv, Vv) + (—a|V{|*+2D*((VL, VL)) v?
+div(bVv + B) + R,

where R = (Vo, Vo)v + (div(aVY) — ao) v2.
Proof. Step 1. Let us start by expanding A(e‘w) into

Av = A(efw) = div(V(efw)) = div(vV{ + e Vw)
= (Vu, V) + vAl 4 (Ve Vw) + e Aw
= 2(Vu, VI) + (AL — |V} + et Aw,
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where we have used the identity

(Vel, V) = (e'VI, Vw) = (VL, e Vw) = (VI,V(efw)) — (VI wVeb)
= (VI, Vv) — v| V2.

Rearranging terms, then adding and subtracting cv, we have that
e!Aw = Av — 2(Vo, VI) + (AL + |VI*)v = Av + b+ qu.
Thus
%e%(Aw)2 =1(Av+qu+b)? = L(Av+ qv)? + 36 + bAv + bgu. (2.2)

We will now study the cross terms bAv and bguv.
Step 2. We start with the first cross term, bAwv, in (2.2). Let us begin by studying
BAv where = —2(Vv, V{). We write

BAv = —(VS, Vv) + div(8Vv)
and
—(V3,Vv) = 2(V(Vv, V), Vv) = 2D*v(Vv, V) 4+ 2D*((Vv, Vo),

where D?/ is the Hessian matrix of £, and D?/(X,Y) = XT(D2()Y for some vectors X and
Y. We also have that

2D%*v(Vv, VI) = (VL, V|Vv|?) = div(|Vv]? Vi) — |Vu2AL. (2.3)
To summarize, for f = —2(Vv, V¥) it holds that
BAvY = —AL|V|*+2D?((Vv, Vo) + div(BVv + |[Vu|*VE). (2.4)
Consider now SAv where 8 = —ov. We have that

—(VB,Vv) = (Vo, Vo) + | Vo|?,
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and
BAv = o|Vv*+(Va, Vu)v + div(8Vo). (2.5)
Now (2.4) and (2.5) imply that
bAv = a|Vv|*+2D?*((Vv, Vo) + div(bVv + ¢o) + Ro, (2.6)

where ¢y = |Vv|>?V/ and Ry = (Vo, Vo).
Step 3. Let us now study the second cross term, bgv, in (2.2). We have

—2(Vou, Vl)qu = —(Vo?, qV{) = v? div(qVe) — div(v3qVe),
hence, recalling that ¢ = a + |[V/|?> and —a = —0 + A/,

bqu = —oquv?® — 2(Vv, V) qu (2.7)
= (—oq +div (¢VE)v? +dive
(—|Vl20 + div(|VE]*VE)v* 4 dive + Ry,

where ¢; = —qu?V/{ and R; = (div(aV/{) — ao)v?. The identity (2.3) with v = £ implies
that
div (|V€|*VE) = 2D*(VL,VE) + |V AL,

and since o = a + Af, we have that
V{20 + div(|VL*VE) = —a|VE*4+2D*(V L, V). (2.8)

The claim follows by combining (2.8), (2.7), (2.6) and (2.2). O

Let us notice that from this identity we obtain an inequality that is very close to

a pointwise Carleman estimate, namely

Le?(Aw)? > a|Vu|*+2D%((Vv, Vv) + (—a|VE[>+2D*(VE, V) v
+ div(bVv + B) + R.

For a weight function ¢, we can now take the function a in such a way that the following
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bounds containing Hessian terms hold

a| V|2 4+2D%*(Vv, Vo) > C1|Vo]?,
(—a|VL?>+2D?0(VE,VO)v? > Cr30?,

with constants depending on ¢, and from this we will obtain the following result.

Proposition 2.2 (Pointwise Carleman estimate). Let p € C3(Q) and K C Q be a compact
set that does not contain critical points of p. Let a, 7 > 0 and the weight function ¢ = e*.
Let w € C%(Q). Then there exists C > 0 such that

¥ (a7 — agm®)w? + (by7 — bo)|Vw|?) + div(bVou + B) < Ce?™(Aw)?  in K.

Proof. Step 1. Let £ = 7¢, v = e™®w, and let A > 0 such that |[D%p(X, X)|< A\|X|?. Using

the product rule we have that
D’$(X, X) = ad(a(Vp, X)? + D*p(X, X)),

hence
D*¢(X,X) > apD?*p(X, X) > —arg| X|?

and
D*¢(V¢, Vo) > ¢ (a|Vp|*=A|Vp|?).

Choosing & > 0 such that ¢ < |Vp|?< ¢! it holds

D*$(Vo, V) > a’¢’(ag® — Ae ™).

Since
2D%*(Vv, Vv) > —2a\éT|Vo|?,

by choosing a = 3aA¢T, i.e. 0 = Al + 3aA¢pT in Lemma 2.1 we obtain the bounds

a’VU|2+2D2£(VU7vv) > a/\¢7'|Vv|2,
(—a| V242DV, VE)v? > (202 — 5Ae™ 1) (agr)?v?.

Step 2. We now bound the last two terms

(div(aV¥{) — aa)v2 = ((Va, V) — a2)v2 = (3a)\|V¢|2—9a2)\2¢2)7'2v2,
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and
(Vo, Vo)v = (V(AL), Vo)v 4 3aA (VL Vo)v > —(|V(A) |43\ V| ) 7| Vul-|v].
Combining this lower bound with
TIVol-Jul< 5(IVol*+7%[o]?),
and taking « large enough, we obtain from Lemma 2.1 that
Ce¥?(Aw)? > (a17° — agr?)v? + (b1 — bo)|Vo|*+ div(bVv + B), (2.9)

with a;,b; > 0 depending only on «a and p. In particular, a; = 20323 and by = a\g.
Step 3. Using the elementary inequality

(z+y)* > 32° — ¢,
which gives that
Vo= 20 rwVe + V> 24|V 27| Vo 2riu?,

we conclude from (2.9) by taking « large enough such that a; can absorb —Cb; for some

positive constant C' independent of a. O

Corollary 2.3 (Carleman estimate). Let p € C3(Q) and K C Q be a compact set that does
not contain critical points of p. Let o, 7 > 0 and ¢ = e*’. Let w € C’g(K). Then there
exists C' > 0 such that

| etatet crvupyas <c [ @laufa,
K K

for a large enough and T > 19, where 79 > 1 depends only on o and p.

Proof. We integrate over K the pointwise inequality in Proposition 2.2 and then use that
the integral of the divergence term vanishes by the divergence theorem since w = 0 on
OK. O
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2.2 Holder stability estimates

Now we explore how the Carleman estimate in Corollary 2.3 can be used to obtain
a conditional stability estimate for unique continuation for the Laplacian. The first estimate
of this kind that we prove is a three-ball inequality. By a covering argument, see e.g. [52],
it can be propagated to obtain Holder stability in the interior of the domain for unique
continuation from an open subset.

We first state an auxilliary log-convexity lemma that optimises the exponential
parameters coming from the Carleman estimate and provides a Holder-type inequality with

an explicit stability constant.

Lemma 2.4. Suppose that a,b,c > 0 and p,q > 0 satisfy ¢ < b and ¢ < ePra + e~ Db for
all X > Xo > 0. Then there are C >0 and r € (0,1) (depending only on p and q) such that

c < CePogrpl=",

Here k = q/(p +q).

Proof. We may assume that a,b > 0, since ¢ = 0 if a = 0 or b = 0. The minimizer A, of the

function f(\) = ePra + e~9b is given by

b
A = ilogq—,

and writing r = ¢/p, the minimum value is

gb\ P/ P+ gb\ "V P+
fO) =a <> +b <> _ (Tp/(p+q) i T—Q/(P“FQ))aQ/(P+Q)bP/(P+Q)_
pa pa

This shows that if A\, > Ao then
c < Cha™b' ™",

where k = q/(p + ¢) and Cy = rP/(P+9) 4 =0/(+9)  On the other hand, if A, < Ao then it
holds that e~9%0 < e=®» = q/(P+a) (pp) =9/ (P9 or equivalently,

pd/ (P+4) < o420 a/(P+a) . —a/(P+a)

Therefore
c < b= bt/ Pt pp/(+a) < garop—a/(p+a) ga/ (P+a)yp/ (pt+a)
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That is, if Ay < Ao then

c< Cgeq’\oa“bl_“,
where Cy = r=9/(P+9)_ Ag %0 > 1 and O > Cs, the claim follows by taking C' = Cf. O

Corollary 2.5 (Three-ball inequality for the Laplacian). Let zp € Q and 0 < r; < ro <
d(zo,09). Define Bj = B(xo,rj), j =1,2. Then there exist C > 0 and x € (0,1) such that
for uw € H(Q) it holds that

Proof. Due to the density of C?(€2) in H?(), it is enough to consider u € C?(f2). Let now
0<rg<r;and rg <rg<ry<d(xg,dQ). We choose non-positive p € C*°(2) such that
p(z) = —d(z,x0) outside By. Since |Vp|= 1 outside By, p does not have critical points
in By \ By. Let x € C§°(By \ By) satisfy x = 1 in Bz \ Bi, and set w = xyu. We apply
Corollary 2.3 with K = By \ By to get

/ (73w 47 |Vw|?)e?™ dz < C |Aw|?e*™® du, (2.10)
B4\ Bo B4\ Bo

for ¢ = e*P, with large enough o > 0, and 7 > 79 (where 79 > 1 depends only on « and p).

—ar

Since ¢ < 1 everywhere, by defining ®(r) = e we now bound from below the left-hand

side in (2.10) by
2 2
/ (P|w+7|Vw)e*™ dz > e u|F g,y — 7€ ullF g,
Bs\B1
An upper bound for the right-hand side in (2.10) is given by

C’/ |Auf?e*™ dz 4 C A, xJu?e*™® da
Ba (B4\B3)UB1
T 2 T 2 T 2
< Ce||Aul T2 (g, + C) |[ullf sy + CE 0l 5y)-
Combining the last two inequalities we thus obtain that, for 7 > 79,

7D ) g,y < O (J[ulld gy, + 180l3a(5,) ) + O ulldn s,

We conclude by Lemma 2.4 with p =1 — ®(r2) > 0 and ¢ = ®(r2) — ®(r3) > 0. O
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2.3 Convection—diffusion operator

Using the previous results, one can easily include lower order terms having low
regularity in the differential operator £ and obtain a three-ball inequality similar to Corol-
lary 2.5. However, the stability constant will depend exponentially on the size of these lower

order terms. To be more precise, for the convection—diffusion operator
L=uA -5V,

with g > 0 and 8 € [L*°(Q)]", we recall the Péclet number associated to a given length

scale [ given by
B0 (qyn
Pe(l) = 181 Lo ) '
I
We have the following result.

Corollary 2.6. Let g € Q and 0 < 11 < rg < d(z0,08). Define Bj = B(xo,75), j = 1,2.
Then there are C > 0 and x € (0,1) such that for > 0, B € [L>®()]" and u € H?(R) it
holds that

-9 K —x
Il sy < Ce (Ilulls sy + R0l 2@y ) el ey
where Pe = 1+ (B]/p and | 8]= |8l 100 (cyyn-

Proof. Following the proof of Corollary 2.5 and using the same notation, we have that

u2/ (73w +7|Vw|?)e?™ dr < C/ |nAw|?e*™® dz, (2.11)
4\Bo B4\Bo
for ¢ = e*P, with large enough o > 0, and 7 > 79 (where 79 > 1 depends only on « and p).

We bound from above the right-hand side by a constant times

/ \uAw — B - Vw|?e?™ dx + |ﬁ|2/ |Vw|?e*™ da.

B4\BO B4\BO

Taking 7 > 2|3|?/u?, the second term above is absorbed by the left-hand side of (2.11) to
give

.UQ/ (73|w\2+z|Vw|2)627¢ de < C |pAw — - Vw|2627¢ dz. (2.12)
B4\B0 2 B4\BO

—ar

Since ¢ < 1 everywhere, by defining ®(r) = e we now bound from below the left-hand
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side in (2.12) by
u2/B (FPlwf+r|Vw)e?™ dz > 2™ |lulf3 ) — 127 |[ullF g,
2 1
An upper bound for the right-hand side in (2.12) is given by

O [ b~ VP dzt (A - 8- V)™ de
By (B4\B3)UB1

< Ce||plu— B VulFa (g, + Ce) (12 + [B1)|ull3 5,1 5)
+Ce (1 + B ull3 s, -

Combining the last two inequalities we thus obtain that

/L2€2T(I>(T2)HUHf*-Il(Bg) < C@ZT ((/1,2 + ’BP)HU’”?{I(BQ + H/LAU — B : VU”%Z(B@)

+ 0?09 (422 + 8P |ulF g,

for 7 > 70+ 2|B|?/u?. We divide by u? and conclude by Lemma 2.4 with p =1 — ®(ry) > 0
and ¢ = ®(ro) — ®(r3) > 0, followed by absorbing the Pe = 1 + |3|/u factor into the
exponential factor eCP;GQ. O

Note that a similar approach applied to the Helmholtz operator £ = A + k? would
give a three-ball inequality for which the stability constant increases exponentially with the
wave number k. However, estimates that are robust in the wave number — in the sense that
the stability constant is uniform — can be obtained under certain convexity assumptions on

the geometry. We discuss this in Section 2.4.

2.3.1 Shifting the norms

Our goal in Chapter 5 will be to design finite element methods for unique contin-
uation that combine continuum Hoélder stability estimates as in Corollary 2.6 with discrete
regularisation, in order to obtain good convergence properties for the numerical solutions.
For this aim, we will need to weaken the norms in which we measure data for unique

continuation, from

[ull g,y and [[Lull 12q)
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to

lull L2,y and [|Lul[ -1(q)-

This shift in the Sobolev indices will allow us to make the stability estimates valid for
H' functions and apply them to the finite element approximation error and its residual.
A similar argument to the one in this section will also be made in Section 2.4.1 for the
Helmholtz operator and will be used in the error analysis in Chapter 4.

When shifting Carleman estimates, as we want to keep track of the large parameter
T, it is convenient to use the semiclassical version of pseudodifferential calculus where we
write i > 0 for the semiclassical parameter that satisfies A = 1/7. The semiclassical
pseudodifferential operators are pseudodifferential operators where, roughly speaking, each
derivative is multiplied by h. We recall the precise definition and the results that we will

use in Appendix B. The scale of semiclassical Bessel potentials is defined by
J*=(1-h2A)2 seR,
and the semiclassical norms for Sobolev spaces are given by

ol oy = 17 2

We will give a shifting argument that is similar to that in Section 4 of [29]. To this
end, we introduce the following key estimates for semiclassical pseudodifferential operators,
see e.g. (4.8) and (4.9) of [29]. Suppose that ¢, x € C5°(R™) and that y = 1 near supp(¢)),
and let A, B be two semiclassical pseudodifferential operators of orders s, m, respectively.
Then for all p,q, N € R, there exists C' > 0 such that

10 =)AW@ gy < CEN Jull s oy, (2.13)
|| [.A, B]u”chl(R") < ChHuHHggermfl(Rn). (214)

Both these estimates follow from the composition calculus, see Corollary B.3. The first
inequality is sometimes called a pseudolocality estimate, and the second one is a commutator

estimate.

Lemma 2.7. Let xg € Q and 0 < r1 < 19 < d(z9,09). Define Bj = B(xo,7j), j = 1,2.
Then there are C > 0 and x € (0,1) such that for > 0, B € [L>®(Q)]" and v € H*(Q) it
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holds that
~ 2 K
el z2ay) < €™ (Il o) + 21€ullg-say) Tl jz(e:

where Pe = 1 + 1B/ and |B|= Hﬁ”[Loo(Q)]n'

Proof. Let 0 < rj < rjy1 < d(x0,09Q),j = 0,...,4 and B; = B(zo,r;), keeping By, By
unchanged. Let 7; € (rj_1,r;) and B’j = B(xo,7;),j = 0,...,3, where r_; = 0. Choose
p € C®(Q) such that p(x) = —d(z,zo) outside By, and define ¢ = e for large enough a.
Consider v € C$°(Bs \ By). As in Lemma 2.1, by taking £ = ¢/h and 0 = AL + 3a\d/h,

we obtain after integration that
C [ (e A (e dg > / (L Vo 2+h 302 — |Vo2—h202) da.
R™ R”
Scaling this with p2h*, we insert the convective term and obtain that

C | (ue®"h2A(e=?/M) — e?/"h28 - V(e %/ Mv))? da
Rn

can be bounded from below by

/ hp? (B2 V> 40?) dz — / B2 2 (B2 Vo> 40?) dz — / (e?/"h28 - V(e=®/"v))? d.
n Rn

n

Since
e?"123 .V (e M) = —h(B - V)v + h2B - Vo,

introducing the conjugated operator Pv = —h2e?/ h£(6_¢/ hv), the previous bound implies
2 2 2 2
ClPullzany = T lloll gy — B2 10l rny = B2 1B 01 oy

The last two terms in the right-hand side can be absorbed by the first one when

1 1 p?
h<—-and h < -— 2.1
=g = 5p (219
thus obtaining that
\/ﬁMHUHH;d(Rn) < C”PUHH(R”)- (2.16)

Let now 7,9 € C§°(Bs \ By) and suppose that © = 1 near By \ By and 1 = 1 near
supp (). Let also x € C§°(By \ By) satisfy x = 1 in B3\ B;. Then there exists fig > 0 such
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that for v = yw, w € C*(Q), and h < hy,
ol 2y < 199 0l gy + 1= )T 90l oy < Clad " olgs goys (217)

where we used (2.13) to absorb one term by the left-hand side. From (2.17) and (2.16) we
have that

Vol gy < OVRRINI 0l g1 gy < CIPOI ™) oy (218)
and the commutator estimate (2.14) gives that
P 1T~ Joll gy < Chulollgaggeny + CHABII 1 o

Recalling the assumption (2.15), these terms can be absorbed by the left-hand side of (2.18),

obtaining
Vol ey < Clnd = (Po)l 2@y < ClIPOIl -1 ny- (2.19)

We now combine this estimate with the technique used to prove Corollary 2.6.
Consider u € C*®°(R") and set w = ¢?/"u. Take ¥ € C3°(Q) supported in By U (Bs \ Bs)
with ¢ = 1 in (B; \ Bo)U (B4 \ B3). Recall that x € C5°(By\ By) satisfies x = 1 in B3\ By.
Using (2.14) to bound the commutator

1P, xJwll g1 gny < 1P XYWl g1 gy < Ch(p + [BD Y] 12 (g
we obtain from (2.19) that
VAR gy < CIXPW] gy + O+ 18D [0l 2y
This leads to
v

oy < O e (uu =3 9u)| + Chp+18) [l

L2( H-1(Rn) L2(Rn)’

where we used the norm inequality || - ”H*ll(R") < Ch7?|- [ -1 (rny- Letting ®(r) = e
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and using a similar argument as in the proof of Corollary 2.6, we find that

_3
Meq)(m)/hHUHL2(B2) < Cel/h ((M + 18Dl g2,y + 22 [|[nAu =B - vUHH—l(Q))
+ Ce®TD/M3 (34 |B]) |[ull 2

when h satisfies (2.15) and is small enough. Absorbing the negative power of & in the
exponential, we then use Lemma 2.4 and conclude by absorbing the Pe = 1 + |3|/u factor

2
into the exponential factor e“Fe . ]

Remark 2.8. In the case of three-ball inequalities one can be more precise about the Holder
exponent Kk in Lemma 2.7. We recall some known results for second-order elliptic equations:
we refer to [1, Theorem 2.1] for the Laplace equation, and for the case including lower-order
terms to [52, Theorem 3]. Let u be a homogeneous solution of £u = 0. For a constant Cs
depending implicitly on the coefficients p and B3, the following three-ball inequality holds
1—
[ullL2(,) < Catllullfz s, lull 12(p,)-
The constant Cs does not depend on the radii vy, T2, but it does depend on r3. The exponent
k€ (0,1) is given by
log 72
K= 2
Cslog 12 + log 12 ’

ry

where C3 > 0 is a constant depending on r3. Notice also that when the radius r1 — 0, the

exponent k — 0 as well and the three-ball inequality provides no useful information.

We can weaken the norms just in the right-hand side of Corollary 2.6 by making the
additional coercivity assumption V-5 < 0 and using the stability estimate for a well-posed

convection-diffusion problem with homogeneous Dirichlet boundary conditions.

Corollary 2.9. Let g € Q and 0 < 11 < rp < d(z0,08). Define Bj = B(xo,75), j = 1,2.
Then there exist C > 0 and x € (0,1) such that for p > 0, 3 € [Wh(Q)]" having
esssupa V- 3 <0, and u € H'(Q) it holds that

~ 2 K 1—k
el gy < CeP (Il gy + 2Ll i-10y) (Nl ey + BI€ullg-1e)) s

where Pe = 1+ (B]/p and | 8]= |8l 100 (coyn-

Proof. Let the balls By, B3 C ) be such that B; C Bjy1, for j = 0,2. Consider the
well-posed problem
Lw = Luin By, w =0 on 0B;3.
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Since esssupg V - 8 < 0, as a consequence of the divergence theorem, we have

[wll 1By < O | Lull -1 ()

Taking v = u — w, we have £v = 0 in Bs. The stability estimate in Corollary 2.6

used for By, By, Bg reads as

cpe’ 1-
0]l 1. myy < Ce N0l oy 10l 1y

and the following estimates hold

1l (o) < M0llar(my) + w0l (s,

)
< Ce% (Jull g1 ) + LISl 71 Ul ) + 211 Sl 1) ™
Now we choose a cutoff function x € C§°(By) such that xy =1 in By. Then yu satisfies
L(xu) = xLu+ [£,x]u, xu=0ondBy,

and we obtain

il sy < Il sy < O (NS Mull sy + X0l -1,

1

"
< CL (0 + 18Dl 2sy) + 120l -1y
The same argument for By C ) gives

el sy < C% (G 18D Il gy + 1 22ll 10y ) -

thus leading to the conclusion after absorbing the Pe = 14 |8]/u factor into the exponential

2
factor e“Pe . O

2.4 Helmholtz operator

It is well known, see e.g. [43], that if B\ w C € then the unique continuation
problem for the Helmholtz operator £ = A + k? is conditionally Holder stable: for all & > 0
there exist Cy; > 0 and x € (0, 1) such that for all u € H?(Q)

sy < Cot (s oy + 180 + K20 o) Ml i (2.20)
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As discussed in the introduction of this chapter, if B\ w touches the boundary 92 then one
can only expect logarithmic stability.

In general, the stability constant Cs; and the Holder exponent x in (2.20) depend
on the wave number k, and might actually blow up faster than any polynomial in k& as we

show in the following example.

Example 2.10. Let ¢ € (0,1) be small and consider Q = (—e,1 + €)? and the domains
w=(0,1) x (0,¢) and B = (0,1)%. Take the ansatz u(x,y) = e’ a(x,y), where for n € N,

a(z,y) = ao(z,y) + kai(z,y) + ...+ k "an(2,y).

We have that
Au + E?u = e (2ikdya + Aa),

and we choose aj, j =0,...,n such that
Orag =0, 2i0za; +Aaj—1 =0, j=1,...,n (2.21)

Then
Au + kK*u = ek " Aa,,

and ||Au + kQUHLQ(Q) = k7" Aan| 12(q)- Since aj is chosen to be independent of k, for all

j=0,...,n, we obtain for a generic constant C > 0 that
|| Au + kQuHLQ(Q) < Ck™™.

We can solve (2.21) in such a way that ag(z,y) = ag(y), supp(ap) C (&,1) and

supp(aj) C [—&,1+¢] x (g,1), j=1,...,n.
Then u|,= 0 and we have that

C™k < lull gy < lull iy < CF.
for large k. The estimate (2.20) then becomes
Ck < Cy(k™™)k'F,  ie. CEFH) < Oy

Choosing large n we see that C; depends on k, and for any N € N, Cy; < kN cannot hold.
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However, under suitable convexity assumptions on the geometry and direction
of continuation, it is possible to prove that in (2.20) both the constants Cg and x are
independent of the wave number k£ — this is closely related to the so-called increased stability
for unique continuation [40].

The proofs are based on a pointwise Carleman estimate that is a variation of [40,
Lemma 2.2] but we give a self-contained proof in Corollary 2.12. In [40] the Carleman
estimate was used to derive the increased stability estimate under suitable convexity as-
sumptions on the geometry. We briefly recall these assumptions for completeness. Let
I' € 09 be such that I' C dw and I' is at some positive distance away from dw N 2. For a
compact subset S of the open set 2, let P(v;d) denote the half space which has distance d
from S and v as the exterior normal vector. Let Q(v;d) = P(v;d) N and denote by B the
union of the sets Q(v;d) over all v for which P(v;d) N 9Q C I'. This geometric setting is
illustrated in a general way in Figs. 1 and 2 of [40] where B is denoted by Q(I';d). Under

these assumptions it was proven that
— 1—
lull o gy < CF + Ck~ F¥Jul 15, (2.22)

where F' = [Jul| g1,y + [[Au + kQUHLQ(Q) and the constants C' and « are independent of k.
As k grows, the first term on the right-hand side of (2.22) dominates the second one, and
the stability is increasing in this sense.

As our focus in Chapter 4 will be to design a finite element method for this problem,

we prefer to measure the size of the data in the weaker norm
E = |lull p2() + | Au+ Eul -1 -
Taking u to be a plane wave solution to the Helmholtz equation suggests that
lull 2y < CkE + CEJull ity

could be the right analogue of (2.22) when both the data and the a priori bound are in
weaker norms. Similarly to Section 2.3.1, using tools from semiclassical analysis we prove in

Section 2.4.1 a stronger estimate with only the second term on the right-hand side, namely
1—
lull L2y < CE"|lull 2 (g)-

Following the argument in Lemma 2.1, we first prove a Carleman-type identity for

the Helmholtz operator.
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Lemma 2.11. Let k > 0. Let £ € C3(Q), w € C%(Q) and o € C1(Q). We define v = c‘w,

and
a=0—-Al q=k +a+ |Vl b=—cv-2Vv,Vl), c=(Vv|*—qv?)VL
Then

L (Aw + K*w)? = L(Av + qu)? + b7
+ a|Vv|[*4+2D?¢(Vv, V) + (—a\V€|2—|—2D2€(V€, Vi) v? — k2av?
+div(bVv +¢) + R,

where R = (Vo, Vo)v + (div(aV/{) — ao) v2.
Proof. Following Step 1 in the proof of Lemma 2.1 we have

%e%(Aw + Ew)? = L(Av + b+ qu)? = 1(Av + qu)? + 10 + bAv + bgv, (2.23)

and it remains to study the cross terms bAv and bgv. For the first term we have from Step

2 in the proof of Lemma 2.1 that
bAv = a|Vv|?+2D?((Vv, Vo) + div(bVv + ¢) + Ro, (2.24)

where cg = |Vo|?V/ and Ry = (Va, Vo)v. Let us now study the second cross term in (2.23).
We have

—2(Vu, Vl)qu = —(Vv?, qVI) = 0% div(qVe) — div(v3qVe),
hence, recalling that ¢ = k? + a + |V/{|? and —a = —0 + A,

bqu = (—oq + div(¢Ve))v? + div ey (2.25)
= (=|VLo + div(|VL*VE)v? — k*av? + diver + Ry,

where ¢; = —qu?V/{ and Ry = (div(aV¥) — ao)v?. The identity (2.3) with v = £ implies
that
div(|VL>Ve) = 2D((VE, V) + |V AL,
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hence, recalling that o = a + A/,
— Ve + div(|VL2VE) = —a| VL[> +2D((V L, V). (2.26)

The claim follows by combining (2.26), (2.25), (2.24) and (2.23). O

In this section we use the identity in Lemma 2.11 with the choice o = A/, or equiv-
alently a = 0, but we remark that a different choice was used in the proof of Proposition 2.2

for convection—diffusion.

Corollary 2.12 (Pointwise Carleman estimate). Let ¢ € C3(Q) be a strictly conver function

without critical points, and choose p > 0 such that
D?¢p(X,X) > p|X|?, X eR™
Let 7 >0 and w € C%(Q). We define £ = 7¢, v = e‘w, and
b=—(Alv —2(Vu, VL), c=(|Vu]*—(k*+ |V{*)v*) VL.
Then
e ((aoT — bo)T*w? + (a17 — b1)|Vw|?) + div(bVv + ¢) < 2> (Aw + k*w)?,
where the constants a;j,b; >0, j = 0,1, depend only on p,
inf [Vo(x)|* and 21618|V(A¢(fv))\2-

Proof. We employ the equality in Lemma 2.11 with ¢ = 7¢ and 0 = Af. With this choice
of g, it holds that a = 0. As the two first terms on the right-hand side of the equality are

positive, it is enough to consider

2D%((Vv, Vv) + 2D*((VL,V0)v? + R
> 2pT\VU\2+2pT3]V¢\2v2 — 7|V (A®)|-|Vvl|-|v|.

The claim follows by combining this with

[Vo|?= 627¢|va¢ + Vuw|*> 627¢%|Vw|2—627¢%|v¢\272w27
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and
7|V(AQ)||Vul|v|< C(IVo|*+73[v]?).

O

When continuing the solution inside the convex hull of w as in [40], we consider
for simplicity a specific geometric setting defined in Corollary 2.13 below and illustrated in
Figure 2.2. As shown in Example 2.10, without such a convexity assumption, the stability
constant in estimates of the form (2.20) may depend on the wave number k£ and can even
increase faster than any polynomial in k. A similar reasoning to the one in Corollary 2.6
would lead to a three-ball inequality with a stability constant that is exponential in k.
However, in the geometric setting that we consider, we can derive a stability estimate that is
robust in the wave number by starting from the pointwise Carleman estimate Corollary 2.12
and using a foliation by spheres in the convex direction.

The stability estimates we prove below in Corollaries 2.13 and 2.14, and Lemma 2.15
also hold in other geometric settings in which B is included in the convex hull of w and B\ w
does not touch the boundary of €2, such as the ones we consider for numerical experiments

in Chapter 4 and for which we give a proof in Example 4.10.

Figure 2.2: The geometric setting in Corollary 2.13.
We use the following notation for a half space

H:={(z',...,2") € R"; 2" < 0}.
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Corollary 2.13. Letr > 0, 8 > 0, R > r and \/r?+ 82 < p < \/R?+ 32. Define
y=1(0,...,0,8) and

Q=HnNB(0,R), w:Q\B(O,r), BZWU(Q\B(yap))
Then there exist C > 0 and x € (0,1) such that for all u € C*(Q) and k >0

s () < € (Il oy + 180 + K20l gy ) Nl iy

Proof. Choose /72 4 32 < s < p and observe that dQ\ B(y, s) C @. Define ¢(z) = |z —y|>.
Then ¢ is smooth and strictly convex in €, and it does not have critical points there.

Choose x € C3°(€2) such that x =1 in Q\ (B(y,s) Uw) and set w = xu. Corol-
lary 2.12 implies that for large 7 > 0

/(T3w2 + 7|Vw|?)e?™dx < C’/ (Aw + k*w)%e*™dz, (2.27)
Q Q

a result also stated, without a detailed proof, in [43, Exercise 3.4.6]. The commutator [A, x|
vanishes outside B(y,s) Uw and ¢ < s in B(y, s). Hence the right-hand side of (2.27) is

bounded by a constant times

/ |Au + k2ul|?e®™dx + / 1A, xJu|?e*™dx (2.28)
Q B(y,s)U

T 2 7—52
< CTFH (| Au + Kl T2y + [ulFn ) + CE™ Nl p.0)-

The left-hand side of (2.27) is bounded from below by
[ (P2} 7 o> 9l (2.29)
B\w

Using the trivial bound 627"’2\\u\|12ﬁ11(w) < 627(ﬁ+R)2||uH§{1(w), the inequalities (2.27)—(2.29)
imply
ol gy < O (1804 Kl gy + 1l ) + O™l .

where p = (8 + R)? — p> > 0 and ¢ = p? — s> > 0. The claim follows from Lemma 2.4. [

Corollary 2.14. Let w C B C Q be defined as in Corollary 2.13. Then there exist C' > 0
and k € (0,1) such that for allu € H* () and k >0

el .y < Chlllull 2y + 18 + B2 ull 1)) (lull 2 (@) + 18w + Kl 1)) ™"
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Proof. Let w; C w C B C Q; C Q, denote for brevity £ = A+k?, and consider the following

auxiliary problem
Lw=Lu in Q,

Opw +ikw =0  on 0€),

where 0,, denotes the normal derivative, whose solution satisfies the estimate [5, Corollary
1.10]
VWl 200,) + Ellwll 2,) < CkllLull -1 (q,),

which gives

lwll g1(q,) < CRILull -1 (q)-

For v = u — w we have £v = 0 in ;. The stability estimate in Corollary 2.13 used for

w1, B, )y reads as

V]l i1y < Cllv o ol Tay)

and the following estimates hold

lull sy < Ivllgesy + lwllgs)
< Cllull g1 oy + 10l g1 o)) ll 11 20y + 0l g1 0,)) 7 + CRIEull -1
< Cllull gy + FlIul 10" Ulull g1 0y + FllLullg-10)) "

Now we choose a cutoff function x € C§°(w) such that x =1 in w; and yu satisfies
L(xu) = xLu+ [£, x]u, On(xu) + ik(xu) = 0 on dw.
Since the commutator [£, x| is of first order, using again [5, Corollary 1.10] we obtain

ol sy < Ixeallrs oy < Ck (1125 X0l -3 + xSl g1 )
< Ck (Il g2 + €0l g1y ) -

The same argument for 2; C €2 gives

lull gy < CR(lull 2 + [[€ull 10

thus leading to the conclusion. O
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2.4.1 Shifting the norms

In this section we prove an estimate similar to the one in Corollary 2.13, but
with the Sobolev indices shifted down one degree. Compared to Corollary 2.14, we can
win a factor of £ by using a semiclassical argument that is in the same vein as the one
in Section 2.3.1. Our starting point for this is again a Carleman inequality. Appendix B
contains the definitions and the main results in semiclassical analysis that we will use. The
stability estimate with weaker norms will be applied to the approximation error of the finite

element method devised in Chapter 4.

Lemma 2.15. Let w C B C (Q be defined as in Corollary 2.13. Then there exist C > 0 and
k € (0,1) such that for allu € HY(Q) and k >0

ull 20y < Cllll 2y + A0 + K2l -1 )" lull 20

Proof. We take the semiclassical parameter to be A = 1/7. Let ¢ be as in Corollary 2.12
and set £ = ¢/h and 0 = Al in Lemma 2.11. Then

2
%(ewme*qﬁ/% v k%) > o1~ LD2(Vu, Vo) + 253 D24(V e, V)o?
+div(bVv + B) + h™ (VA, Vv)v

Consider the conjugated operator P = e®/"h? Ae=¢/" and let v € C§°(Q') where Q' C R” is
open and bounded, and Q C 2. Then, rescaling by B,

Cl|Pv + 52’“2””%2(11@71) = h”hVUH%%Rn) + h”””%%ﬂen) - Ch2||v\|§{;d(ﬂ§n)v
and for small enough A > 0 we obtain
\/ﬁHUHHSlCI(]R") < C|Po + RE0|| 2 gy
Note that the conjugated operator P is a semiclassical differential operator,
Pu = e?"h? div V(e ") = h2Au — 2(V, hVu) — h(A)u + |Vo|?u.

Let x, v € C§°(Y') and suppose that ) = 1 near Q and x = 1 near supp(¢). Then
for v € C§°(Q),

Pollgrse gy < IXT0l1 g + 101 = 20700l 1 gy < "0l oy
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where we used the pseudolocality (2.13) to absorb the second term on the right-hand side
by the left-hand side. We have

VAol < OVAINT 0l oy < CIP + BTV oy, (230)
and using the commutator estimate (2.14), we obtain
1P, xT*10ll L2 gmy < CRll0]| rts ey
This can be absorbed by the left-hand side of (2.30). Thus
\/ﬁHUHHSlCTS(Rn) < COlxJ*(P + h2k2)v||L2(R”) <CI(P+ thQ)U”H:CI(]R")'

Take now s = —1 and let the cutoff x and the weight ¢ be as in the proof of
Corollary 2.13, with the following additional condition on x: there exists ¢ € C§°(B(y, s)U
w) satisfying 1 = 1 whenever [P, x] # 0.

Let u € C®(R™) and set w = e?/"u. Then the previous estimate becomes
\/ﬁHXwHLZ(R”) < (P + h2k2)XwHHs—cll(Rn)'

We have
1P X0l g1 gy = NP A0y ey < Ol gy

Using the norm inequality || - ‘|Hill(Rn) <Ch?|- | 7-1(rn), We thus obtain

\/ﬁer‘b/huHLg(Rn) < C’Hx(e‘f’/F‘Ae_d’/h + k‘2)wHH71(Rn)
scl

)—i—Cth/Jed’/hu‘

+ Chllwl| g2 g

< Ch*z”xe‘z’/h(Au + kzu)H

H-1(Rn L2(R™)

Using the same notation as in the proof of Corollary 2.13, due to the choice of ¢ we get
e M|u] 2y < CePTR (03| A+ K2 o1 gy + 1E oy ) + Ce™ /M0 ull 2y,

for small enough A > 0. Absorbing the negative power of & in the exponential, and using

Lemma 2.4, we conclude the proof.
O



Chapter 3

Discrete regularisation using

stabilised finite element methods

In this chapter we change focus to numerical analysis and review a computational
framework that can be used to solve ill-posed problems with an emphasis on unique contin-
uation. We first describe two different approaches to regularising such ill-posed problems:
regularise-then-discretise and discretise-then-regularise. Then we present in more details
the latter strategy based on stabilised finite element methods, which will be employed in
the subsequent chapters.

Let © C R™ be a bounded domain and let £ be a second order elliptic operator,
that will either be the Hemlholtz operator in Chapter 4 or the convection—diffusion operator
in Chapters 5 and 6. We consider the ill-posed unique continuation problem discussed
previously, which reads as follows: given an open subset w C € and the data u, € L*(w)
and f € H1(Q), find v € H'(Q) such that

Lu=f in €,
(3.1)
U= 1U, Iin w.
To begin with, we cast this as a PDE-constrained optimisation problem:
min £ fu— uw||%g(w) subject to  Lu = f in Q. (3.2)

ueH(Q)

For compatible data u, and f, these two problems are equivalent. Consider the weak

formulation of £u = f given through the bilinear form a by

a(u,z) = f(z), for any z € V,

46
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for a test space V. H'(Q) that could encode some boundary conditions, for example
V = H(Q). We can then introduce the test function z as a Lagrange multiplier and

consider the naive Lagrangian functional

I:(u, Z) = %Hu — UWH%;(UJ) +(1(U72) - f(z) :
—_—

data term PDE constraint

Solving the minimisation problem (3.2) is equivalent to finding the saddle-point of L, which

we will denote by (@, 2) € HY(Q) x V. The saddle point satisfies the optimality conditions

0=0d,Lv=(i— Uy, V) 12() + a(v, 2),

) Y(v,w) € HY(Q) x V,
0=0,Lw = a(t,w) — f(w), ’

which can be written as: find (@, 2) € H*(Q) x V such that

(fL,U)Lz(w) + a(v,i) = (’U,w,'l))Lz(w),

Y(v,w) € HY(Q) x V,
alii,w) = f(w), "

This problem is still ill-posed, of course, and its discretisation will lead to linear systems
that might be singular or very ill-conditioned (thus with very unstable numerical solutions).

To overcome the ill-posedness one uses reqularisation. This can be performed on
the continuum level or on the discrete level. On the continuum level, regularisation is
achieved by adding some penalty terms to the objective function of the minimisation prob-
lem (3.2) to render it well-posed. The optimality conditions then give a well-posed problem
that can be discretised with standard methods and solved numerically. This is a regularise-
then-discretise approach, and one classical example of this kind is Tikhonov regularisation.
For a general introduction, see e.g. [31, Chapter 5]. Introducing a regularisation parameter

ar > 0 and penalising the norm of the gradient, this reads as follows:

: 1 2 « 2 . o .
uerlgllr(lﬂ) sllu = wollzz@) + FIVullf2q) subject to Lu= fin Q.

Notice that increasing the regularisation parameter ar enhances stability in the detriment
of data fitting. Writing the PDE constraint in weak form again and introducing a Lagrange

multiplier z, we have the regularised Lagrangian functional

Lr(u, 2) i= gllu = uo||Zag) + [Vl 720y +alu, 2) = f(2).
—_—————

data term regularisation PDE constraint
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The optimality conditions for the saddle point (ta.,, 2ay) € HY(Q) x V are given by

Uy V) 12(0) + @7 (VUug,., VU + a(v, 2o ) = (Uw, V) L2(0)
(Uar, V) 2(w) + a7 (Viar, VU)12(0) + a(v, 2ag) = (U, V) 12(0) o) € HY(Q) % V.

a(uaT7w) = f(w),

For any ar > 0 this system is well-posed by Theorem 1.4. If the unique continuation

problem (3.1) has a solution u, then this will be recovered as the limit of the regularised
luti li =u.

solutions lim ua; = u

Another version of Tikhonov regularisation for problem (3.1) is to consider the

minimisation problem

. 2 r 2
venln 31w = fllze(q) + G- llwlizn o),
where a4 > 0 is a regularisation parameter and Dy(£) = {u € D(£) : u = g in w},
with D(£) being the domain of the operator £. The optimality condition for the solution
Ugr € Dy, (£) is given by

(Lugr, £0) 12(q) + Qgr(Ugr,s V) () = (f, £0)12(), Vv € Do(L). (3-3)

The fourth order regularised problem (3.3) is well-posed for any oy, > 0. This regularisation
method is known as quasi-reversibility. It was introduced in [49] for the Cauchy problem,
and revisited in [47] and [10]. Mixed formulation of this method have also been considered,
most recently in [11].

However, when solving regularised continuum problems, a regularisation parameter
—such as ar > 0 and oy > 0 above — must be chosen and making an optimal choice is a
delicate issue that depends on the stability of the problem and the size of the perturbations
in data. Moreover, when the problem is discretised one also has to balance the regularisation
parameter with the mesh size. In the following we will see that such issues can be avoided

by taking a different methodological approach.

3.1 Discretise-then-regularise

We now present a discretise-then-reqularise approach in which the optimisation
problem with PDE constraints is first discretised using finite elements and then regular-
ising terms are added on the discrete level. These regularising terms draw upon stabili-

sation techniques for numerically unstable well-posed problems that we briefly review in
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Sections 3.2 and 3.3. This framework was introduced in [14] and [15] to solve non-coercive
boundary value problems as well as ill-posed problems such as the Cauchy problem. We
will use it in Chapter 4 for a Helmholtz problem and in Chapters 5 and 6 for convection—
diffusion problems. The methodology has also been proven feasible for unique continuation
subject to other PDEs such as the heat equation [24], the wave equation [16], the Stokes
equation [19] or the linearised Navier-Stokes equation [9]. For a comparison with Tikhonov
regularisation see [20].

Consider first a finite element solution space V}, in which a discrete solution uy, € V3,
for problem (3.1) is sought. Let W}, be the discrete test space and let aj be the discrete

bilinear form giving the weak formulation of £u = f as
ap(up, zp) = f(zn), for any z, € Wy,

Introducing the test function z; as a Lagrange multiplier, a naive discrete Lagrangian

functional would be

LY (un, zn) = llun — ol T2 + an(uns zn) = f(zn) -

PDE constraint

data term

To enhance stability we add some discrete regularising terms through the abstract bilinear

forms s : V, x V;, — R and s* : Wj, x W), — R and obtain the discrete Lagrangian functional

Ly (up, zp) == %Huh — uw||%2(w) + %S(’U,h,uh) — %3*(%, zp) +ap(up, zn) — f(zp) . (3.4)

data term discrete regularisation PDE constraint

Here the stabilising forms s and s* can be scaled with the parameters v > 0 and v* > 0,
respectively. These can be chosen experimentally and their values can be fixed throughout
all the computations (when refining the mesh). They do not depend on the noise level in
the measurements nor on the mesh size, and they do not play a role in the convergence of
the method.

Any saddle point (up, z1,) € Vi x Wy, of the Lagrangian (3.4) satisfies the optimality

conditions

ah(uhawh) — S*(Zh,wh) = f(wh)> \V/('Uh wh) c Vh X Wh (3 5)

(Un, V) L2(w) + an(Vn, 2n) + $(un, vn) = (Uw, Vn) L2(w)s

Notice that we have written first the equation corresponding to 0., Lrwy, = 0. Assuming
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that an exact solution to problem (3.1) exists, we see from this equation that the dual
variable that we are approximating by zp is trivially Z = 0 for which the bilinear form s*

should vanish as well. As general required properties, the stabilisers s and s* must:
e enhance stability and make the discrete problem well-posed.

e be weakly consistent, i.e converge to zero at an optimal rate for smooth solutions as

the approximation spaces get refined.

e control, together with the data term, the residual of the weak formulation which,
combined with conditional stability estimates on the continuum level, then provides

convergence rates for the error.

B

Collecting the left-hand sides of the optimality conditions (3.5) in the bilinear form A, with

Al(up, zn), (vh, wp)] == ap(up, wn) — " (20, wh) + (Un, V) L2(w) + 8(Un, Vi) + an(vn, 25),

the discrete system (3.5) can be written as

A[(uh, zn), (Un, wh)] = (U, Uh)Lz(w) + f(wy), Y(vp,wp) € Vi X Wi, (3.6)
Note that
Al(un, 2n), (uny —20)] = llunll72 () + 5(un, un) + 5* (20, 21),
and by designing the stabilisers s and s* such that

Cuns z) 13 = llunl72qy + (uns un) + 5*(zn, 28) (3.7)

is a norm on Vj, x W}, we obtain by Theorem 1.4 that problem (3.6) is well-posed — and

problem (3.5) as well — since it satisfies the inf-sup condition

sup Al(un, zn), (vn; wh)]

> [[(uns 2n)l5-
(Vh,wp ) EVR X W, H(Uh?wh)Hs 7 3

The linear system corresponding to problem (3.5) thus has a unique solution and its matrix

version is

F
Uw

A |-s
M,+5| AT

Un
Zp,

)

where A is the matrix representation of aj, S corresponds to s, S* to s*, and M, to the

scalar product on w. By the capitals Uy, Zj, F' and U, we denote the vectors corresponding
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to up, zn, f and wuy,.

3.2 Stabilised finite element methods

The required features of the stabilising operators s and s* can be formulated in
an abstract way and now we discuss how these operators can be designed to have these
features, that is to provide the needed stability, to be weakly consistent, and to contribute
to the control of the residual. A wide range of techniques from stabilised finite element
methods come to help and possible choices depend on the differential operator £ as well as
the approximation order of the finite element spaces. In this section we briefly discuss an
example for a well-posed convection-dominated problem that requires discrete stabilisation.
Then in Section 3.3 we discuss in more details how continuous interior penalty can provide

discrete regularisation for ill-posed problems.

Example 3.1. For the diffusivity p > 0 and the convection vector field 3 € [W1>(Q)]"

with esssupq V - B < 0, consider the convection—diffusion problem

—pAu+5-Vu=f inQ,
u=0 on 09,

with the source term f € L2().
The weak formulation in this example reads as follows: find u € H{ () such that
M(VU, V/U)LQ(Q) + (/B : VU,U)LQ(Q) =: a(u,v) = (f7 U)Lz(ﬂ)v Vv € H& (Q)

Denoting by |B|:= [|B||(ze(q), the bilinear form a is continuous by the Cauchy-Schwarz
inequality since

a(u,0) < Clu+ |81l 3 e 10l 1y -

Integrating by parts and using the divergence theorem, we have that

a(u,u) = pl|VulZ2iq) = (3V - B, u) 2 ()

Assuming that esssupn V - < 0, we obtain by the Poincaré inequality (1.4) that the

bilinear form a is coercive since

a(u,u) > oeHuH%[é(Q), with a = ﬁ >0,
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The problem is then well-posed by the Lax-Milgram Lemma 1.2 and we have the stability

estimate )
lull zy = 1 llz2@)-

When convection dominates and p < ||, we see that there is a loss of coercivity (o < 1)
and the stability deteriorates (1 > 1).

Note that if V- 8 = 0, then by multiplying the equation with a constant function
1 and using the divergence theorem we have that —p [, Vu-nds = [, f dz, showing that
the gradient could blow up at the boundary as u — 0, resulting in sharp boundary layers
for the solution. We also have that a(u,u) = ,uHVuH%Q(Q) = (fyu)r2(0)-

Even though on the continuum level the problem is well-posed in the convection-
dominated regime, when considering numerical solutions the degenerate stability constant
becomes an issue and instability arises. Spurious oscillations can appear as there is no
robust control of the error. For example, considering a naive discretisation of the weak

formulation using finite elements, the discrete solution u; satisfies the stability estimate

ulIVunl2q) < Cllfllzz @)

and ,uHVuhH%z(Q) = (f,un)r2() when V- 8 = 0. Since in general u; does not satisfy
the maximum principle, the term (f, up)r2(q) could be moderate and [|Vup | 2(q) could be
large due to spurious oscillations for small p. One remedy comes from stabilised methods.
Considering a solution space V}, with uj € Vj,, a test space W}, and a discrete version ay,
of the bilinear form «a, the underlying idea of such methods is to introduce the stabilising

forms aj and [} and consider the modified problem

an(up, vn) + ap(up, vn) = U (vn) + (f, o) L2(Q),  Von € Wh.

This should enhance the stability and provide estimates with an improved dependence
on the physical parameters. Examples of such methods for singularly perturbed prob-
lems are reviewed in [55] and we mention the streamline diffusion method [46], also known
as streamline upwind Petrov-Galerkin [12], Galerkin least squares, discontinuous Galerkin
methods [28], local projection stabilisation, and interior penalty. In the following we will
focus on the latter which was introduced in [30] and revisited in [18], where the following

stability estimate for Example 3.1 was proven with I = 0 and aj, = hJ}, as in (3.8) below,

1 s s 1 s
12 [Vupllpz) + Wil 2y + 1R28 - VUil r20) < Cllf llz2 )
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This improves the control of the gradient. It is also robust in the L?-norm and the streamline

derivative for fixed h, limiting the rate of blow-up of |3 - Vuj||2(q) when h — 0.

3.3 Continuous interior penalty

We now present the discrete regularisation strategy based on interior penalty,
which will be the cornerstone of the numerical methods discussed in Chapters 4 to 6.

To prepare the setting, let 7, = { K} be a triangulation of the polygonal domain
with elements K having maximal diameter h. Let P; be the set of piecewise affine functions

and consider the conforming finite element space
Vi, = {u € C(Q): ulge Py(K), K € n}

We denote the set of interior element faces by F;. The jump [Vuy - n]F of the normal

derivative across an interior face F' € F; is given by
[[Vuh . n]]F = VUh . n1|K1+Vuh . 712’}(2,

with K7, Ko € Ty, being two elements such that K; N Ky = F, and n; the outward normal
of Kj;, j = 1,2, see Figure 3.1 for a sketch.

K1 KZ

Figure 3.1: Sketch for the jump of a function across an interior face.

The key component in the discrete stabilisation that we will use is the interior

penalty operator

Jh(uh,vh) = Z /Fh[[Vuh . TL]]F[[V’Uh . n]]F dS, (3.8)

FeF;

which acts on functions in the finite element space V}, and penalises the jumps of the normal

gradient across interior faces.
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The following Poincaré-type inequality says that the interior penalty J can be
chosen as the primal stabiliser s since together with the L2-seminorm on w it provides a
full norm on V},. Taking the dual stabiliser s* such that it gives a norm on the test space
W, we obtain that the stabilising norm (3.7) defines indeed a norm on V;, x W}, and hence
problem (3.5) is well-posed. To control the residual of the PDE, we will also need the norm
given by s* to be equivalent to the H'-norm, preferably with constants independent of the

mesh size h.

Lemma 3.2 (Poincaré-type inequality). There ezists a constant C' > 0 such that for all
h >0 and vy, € V}, there holds

NI

).

Proof. See [20, Lemma 2. O

hHUhHHl(Q) = C(HUh”LQ(w) + Jn(vh, vn)

The interior penalty J} is also weakly consistent, as the following estimate shows.

Lemma 3.3 (Weak consistency). Let iy : H'(2) — V}, be an interpolant that satisfies the

standard approrimation inequality
IV (w = inw) 20y < Chlwlgz), Yw € H*(Q).
Then there exists a constant C > 0 such that for all h > 0 and w € H?(QQ) there holds
Th(ipw,ipw) < Ch2|wﬁ{2(9).

Proof. Notice first that since w € H?(1) its gradient has no jumps across faces F € F;.

Inserting w and using the trace inequality (A.2) and approximation, we have that

Z /Fh[[Vihw -n)%ds = Z /Fh[[V(ihw —w) -n])%ds

FeF; FeF;
< O(IV(inw = w) 2y + h2IV (irw = )l o)

< Ch?|[w|F2(q-



Chapter 4
Helmholtz equation

In this chapter we consider the unique continuation problem for the Helmholtz

equation
Su = Au+ k*u=—f,

in an open, bounded and connected set {2 C R", and introduce a stabilised finite element
method to solve the problem computationally. The method is explicit with respect to the
wave number k and we prove convergence estimates with explicit dependence on k. This
chapter is based on [21].

We recall first the unique continuation problem that we aim to approximate

Au+k*u=—f inQ,
(4.1)

U= U, I w,

where w C 2 is open, and f € L?(Q) and u, € L*(w) are given. For a solution to exist, a
data compatibility condition must hold.

Following the discretise-then-regularise approach in Chapter 3, the crux of the
computational method is to discretise this ill-posed problem as a PDE-constrained min-
imisation with additional discrete regularising terms. Continuous interior estimates with
Holder stability were proven in Section 2.4 using Carleman estimates in a geometric setting
typical for continuation inside the convex hull of w. Combined with the discrete properties
of the stabilisers, these estimates lead, when applied to the approximation error, to error
bounds with a (sub-linear) convergence order given by the Hélder exponent and which are
explicit in the wave number. The chapter ends with some numerical examples illustrating

the theoretical results and the importance of the geometric setting, i.e. continuing the

95
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solution inside vs outside the convex hull of the data set.
For the well-posed problem of the Helmholtz equation with Robin boundary con-
ditions
Au+Ku=—f inQ and Opu+iku =0 on 09, (4.2)

the following sharp bounds

IVull 2y + Fllull L2y < Cllfl 20 (4.3)

and
ull g2y < CIIfIl 120 (4.4)

hold for a star-shaped Lipschitz domain 2 and any wave number k£ bounded away from
zero [5]. The error estimates that we derive in Section 4.2, e.g. [[u—upl| 15y < C(hk)"||ull,

in Theorem 4.4, contain the term

lull, = llull g2y + **llull 20

which corresponds to the term k| f|| ;2 (q) in the well-posed case.

It is well known from the seminal works [4,41,42] that the finite element ap-
proximation of the Helmholtz problem is challenging also in the well-posed case due to
the so-called pollution error. Indeed, to observe optimal convergence orders of H'- and
L?-errors the mesh size h must satisfy a smallness condition related to the wave number
k, typically for piecewise affine elements, the condition k2h < 1. This is due to the dis-
persion error that is most important for low order approximation spaces. The situation
improves if higher order polynomial approximation is used. Recently, the precise conditions
for optimal convergence when using hp-refinement (p denotes the polynomial order of the
approximation space) were shown in [53]. Under the assumption that the solution operator
for Helmholtz problems is polynomially bounded in k, it is shown that quasi-optimality is
obtained under the conditions that kh/p is sufficiently small and the polynomial degree p
is at least O(logk).

Another way to obtain stability without, or under mild, conditions on the mesh
size of the approximate scheme is to use stabilisation. The continuous interior penalty
stabilisation (CIP) was introduced for the Helmholtz problem in [60], where stability was
shown in the kh < 1 regime, and was subsequently used to obtain error bounds for standard
piecewise affine elements when k*h? < 1. It was then shown in [25] that, in the one

dimensional case, the CIP stabilisation can also be used to eliminate the pollution error,
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provided the penalty parameter is appropriately chosen. When deriving error estimates for
the stabilised FEM that we herein introduce, we will use the mild condition kh < 1.
4.1 Discretisation

Consider a quasi-uniform family {7} of geometrically conformal triangulations of
Q, see e.g. [32, Definition 1.140]. Let

Vi, = {u € Q) : ulge Py (K), K € Th}
be the H'-conformal approximation space based on the P; finite element and let
Wy, == Vi, N HL Q).
Consider the orthogonal L?-projection 7, : L2(Q) — Vj, which satisfies

(u = Thu, V)2 =0, Yu € L*(Q), Yv € Vp,

Imnull oy < lull ey,  Vu € LH(9),

and the Scott-Zhang interpolant 7., : H'(Q) — Vj}, that preserves vanishing Dirichlet
boundary conditions. Both operators have the following stability and approximation prop-

erties, see Appendix A,
Ipnulli ) < Cllullg gy, Vu € HY(S), (4.5)
lu = prull gon gy < R ™l gy, Yu € HH(9), (4.6)
where pp, € {mp, 752}, k=1,2and m =0,k — 1.
Following the approach presented in Chapter 3, the regularisation on the discrete

level will be based on the L?-control of the gradient jumps over element faces using the

continuous interior penalty bilinear form on V},

Tn(un,on) =Y /Fh[[VUh'n]]F[[Vvh'n]]FdS,

FeF;

where F; is the set of all interior faces. We recall the following trace inequality, see (A.2)
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in Appendix A,
_1 1
[0l 2 02) < C (B2 [0l L2a) +h2 [ Vol L2(ic))s - Vo € HY(K), (4.7)

Lemma 4.1. There exists C > 0 such that all up, € Vi, v € H}(Q), w € H*(Q) and h > 0
satisfy
(Vun, Vo) 20y < CTn(un, un) (0 oll 2y + 1Vl 20)- (4.8)

Proof. This result was proven in [24, Lemma 2] and we include the proof for completeness.
For the first inequality, let us begin by integrating by parts and using that Auy = 0 on each

element K to write

(Vup, Vo) r2(q) = Z / Vuh'Vvd:c:h_% Z / h%[[Vuh-n]]des.
KeT, ' K rer 7l

By the Cauchy-Schwarz inequality and the trace inequality (4.7) we obtain that
1.
(Vun, Vo) 29y < CTn(un, vn)2 (W0l 2y + [Vl 2(0)-

O]

We denote, for brevity, the standard inner product (-,-)z2(=z) by ()=, and we

introduce the bilinear form
an(u, 2) == (Vu, Vz)q — k*(u, 2)q.

The weak formulation of the underlying Helmholtz equation Au+k%u = — f reads as follows:
find u € H'(Q) such that

an(u, z) = (f,2)q, for any z € Hj(1).

As discussed in Chapter 3, our approach is to rewrite the unique continuation
problem as a PDE-constrained minimisation with weakly consistent regularisation leading
to a well-posed discrete system. To be more precise, we aim to find the saddle points of the

Lagrangian functional

L(up, 21) = 3lJup, — o2 + 2s(un, un) — 3% (2n, 21) + an(un, 2n) — (f, 2n)0

where s and s* are discrete regularising terms for the primal and dual variables that should
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also be consistent and vanish at optimal rates. The optimality conditions for the saddle

points (up, z) € Vi, x W}, of the Lagrangian L give rise to the following system

ap(up, wp) — s*(zn,wp) = (f,wn)a,

V(Uh,wh) e Vi, x Wy,
{ an(vh, 2n) + s(un, vp) + (U VR)w = (U Vn)ws

This discrete system can be written as

A[(uh, Zh), (Uh, wh)] = (Uw, Uh)w + (f, wh)g, V(Uh, wh) e Vi, x Wy, (4.9)

where A is the symmetric but indefinite bilinear form

Al(upn, zn), (Vn, wn)] == (up, vp)w + s(un, v) + ap(vn, 2n) — s (20, wp) + ap(up, wp).

The stabilisation must control certain residual quantities representing the data of the error
equation. The primal stabiliser s will be based on the continuous interior penalty given by
Jp- It must also take into account the low order term of the Helmholtz operator. Notice that
when the PDE-constraint is satisfied, it follows trivially that the stabiliser s* is consistent
since zp = 0 is the solution for the dual variable of the saddle point. We make the following
choice

s(un,vp) = vTn(un, vn) + vh2k (un, vn)a,

where the low order term is the only remaining part for piecewise affine functions of a

Galerkin least squares stabilisation yh?(Luy, £v)q, and
8*(Zh, wh) = (Vzh, th)Q.

The parameter v > 0 does not depend on the wave number and can be set empirically. It
does not influence the convergence order of the method and will be absorbed in the generic

constants. We define on V3, and W}, respectively, the norms

unlly, = s(up, up)?, up € Vi, Izllw, = s (zn, 2n) %, 2 € Wi,

together with the norm on Vj, x W, defined by
2 2 2 2
[[Cuny z0)ll5 = llunlly, + llunlly, + [zl -

Since A[(upn, 21), (un, —21)] = |Junl? + HuhH%/h + thH%Vh we have the following inf-sup con-
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dition A
sup [(un, zn), (Vn, wh)]
(’Uh,wh)EVhXWh H(Uh,'ll)h)”s

> Cll(un, zn) (4.10)

that by Theorem 1.4 guarantees a unique solution in Vj, x W}, for the discrete problem (4.9).

4.2 FError estimates

The strategy is to first prove an optimal bound for the stabilising quantity

| (up, — mhu, 20) |

and then to obtain a bound for the residual ap(u—uy, -). Combining this with the conditional
stability in Section 2.4 we thus obtain error estimates in the L?- and H'-norms.

We start by deriving some lower and upper bounds for the norm || - [}, . For
up, € V, and z € H} (), we use (4.8) to bound

a(un, z) = (Vup, Vz)r200) — E*(up, 2)12(0)

< CTn(un, un) P (W12 120y + 121 0y) + F2lunll 2oy 121l 220

and hence
alun, 2) < Cllunlly, (A 12l 2y + 12l ey ) (4.11)

For u € H%(Q), from (4.6) and the weak consistency Lemma 3.3 combined with the stability

of the L?-projection we have that
Imnully, = Tamnes mhu) + IRk Tnul Faga) < C (R2llulfega) + 1Rkl Fag) )

obtaining that
lmnully, < Ch(llullga@) + Kl p2)) = Chllull,, (4.12)

where the star norm is defined by
lull, = llull g2y + E* [l r2qy-

Lemma 4.2. Assume that u € H?(Y) is a solution to (4.1) and let (up,zy) € Vi, x Wy, be
the solution to (4.9). Then there exists C > 0 such that for all h € (0,1)

[(un = s, )|l < Chlull,.
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Proof. Due to the inf-sup condition (4.10) it is enough to prove that for (vj, wp) € Vi x W,
Al(un — mnu, 2n), (vh, wn)] < Chllull [ (vh, wa) -
The discrete weak form (4.9) gives that
Al(un — T, 25), (Vh, wi)] = (w — Tp, 08 )w + an(u — Thu, wp) — s(TRY, VR).
Using (4.6) we bound the first term to get
(u = 71t 0n)e < CP2||ul| 2 gy o,
For the second term we use the L?-orthogonality property of 7, and (4.6) to obtain
ap(u — mpu, wp) = (V(u — mpu), V) r2) < Chllwp|ly, [[ull g2(q),
while for the last term we employ (4.12) to estimate
s(mhu, vn) < |[mnully, [lonlly, < Chllulllvonlly, -

O]

Theorem 4.3 (L?-error estimate). Let w C B C Q be defined as in Corollary 2.15. Assume
that v € H%(Q) is a solution to (4.1) and let (up, z,) € Vi, x Wy, be the solution to (4.9).
Then there exist C > 0 and k € (0,1) such that for all k, h > 0 with kh <1

Ju— uhHL?(B) < C(hk)“k”‘QHuH*-

Proof. Consider the residual (r,w) = ap(up, — u, w) = ap(up, w) — (f,w)q, for w € HL().
Taking vy, = 0 in (4.9) we get ap(up, wp) = (f,wp)a + s*(zn, wp), wy € Wy which implies
that

<T, w> = ah(uhv w) - (f7 w)ﬂ - ah(uha 7"'szw) + ah(uh, 71'szw)

= ap(up,w — Tsw) — (fyw — T w)q + S (2, Ts,w), W E H&(Q)
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Using (4.11) and (4.6) we estimate the first term

ap(tp, w — Tszw) < C”uhHVh(h_le - 7Tszw||L2(Q) + flw = 71'szw”Hl(Q))

< CHuh”VhHw”Hl(Q) < ChHUH*HwHHl(Q),

since, due to Lemma 4.2 and (4.12)

lunlly, < llun = mnully, + lmnully, < Chllul,.
The second term is bounded by using (4.6)

(fyw = mew)a < (| fll2)llw — 7wl 2y < CRI|f] 2@y llwll g1 (o)
and the last term by using Lemma 4.2, the Poincaré inequality and the H!-stability (4.5)
§" (2, Tozw) < |znllw, sz wlly, < Chllull,lwll g o)

Hence the following residual norm estimate holds

17510y < Chllull, + £l L2(q) < Chllull,.

Using the continuum estimate in Lemma 2.15 for u — u;, we obtain the following error

estimate

1—
lu = unllracsy < Clllu = unllpag) + Il g-19) Il = unll2(q)-
By (4.6) and Lemma 4.2 we have the bounds
s =l gy < llw = mnll gy + llun = mll g

< Chllull () + Chllull,
< Chllull,
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and
lu = unll g2y < llw = mhull 20y + llun — Taull f2(q)
< CR?|[ull g2(qy + Ch ™ k72 (lun — mpully,
< (10 + k) ull gy + Il 20y )
< Ck™2|ull,
thus leading to the conclusion. O

Theorem 4.4 (H!-error estimate). Letw C B C § be defined as in Corollary 2.15. Assume
that uw € H*(Q) is a solution to (4.1) and let (up, z,) € Vi, x Wy, be the solution to (4.9).
Then there exist C > 0 and k € (0,1) such that for all k, h > 0 with kh <1

[l = wnl g5y < C(hR)"ull,-

Proof. We employ a similar argument as in the proof of Theorem 4.3 with the same estimates
for the residual norm and the L?-errors in w and Q, only now using the continuum estimate

in Corollary 2.14 to obtain

11—k

lu— Uh”Hl(B) < Ck([lu - UhHL2(w) + ||T||H*1(Q))R(Hu - Uh||L2(Q) + ||THH*1(Q))

< CER(E™2 + )77 ull,,

which ends the proof. O

Let us remark that under the assumption k?h < 1, the estimate in Theorem 4.4

becomes

lu = unll gy < CRE*) K™l
and combining Theorems 4.3 and 4.4 we obtain the following result.

Corollary 4.5. Let w C B C §Q be defined as in Corollary 2.13. Assume that u € H*(Q)
is a solution to (4.1) and let (up,zp) € Vi, x Wy, be the solution to (4.9). Then there exist
C >0 and k € (0,1) such that for all k, h > 0 with k?h <1

kllw = unll 2y + 1w = wnll o ) < C(RE)"k [ull,.

Comparing this with the well-posed boundary value problem (4.2) and the sharp

bounds (4.3) and (4.4), we note that the k~![jul|, term in the above estimate is analogous
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to the well-posed case term || f|| 12(q)-

4.2.1 Data perturbations

The analysis above can also handle the perturbed data
Uy = Uy +0u, fi=f+5f,

with the unperturbed data wu, f in (4.1), and perturbations du € L?(w), §f € H~1(Q)

measured by

5(aw’f) = H(SUHLQ(UJ) + H(SfHH*l(Q)

The saddle points (up, zp) € Vi, x W}, of the correspondingly perturbed Lagrangian satisfy
Al(up, z1), (0n, wp)] = (G, vr)w + (f Wh) g1, 3y V(vn,wn) € Vi X Wi (4.13)

Lemma 4.6. Assume that u € H?(Q2) is a solution to the unperturbed problem (4.1) and
let (up,zn) € Vi x Wy be the solution to the perturbed problem (4.13). Then there exists
C > 0 such that for all h € (0,1)

[(un = mnu, z) |l < C(hl[ull, +0(dw, f)).
Proof. Proceeding as in the proof of Lemma 4.2, the weak form gives

Al(up — mhu, z1), (Vh, wp)] = (u — TRY, V)W + an(u — TRu, wp) — s(Thu, vp)

+ (0u, vp)w + (0 f, wh)-
We bound the perturbation terms by

(0w, vp)w + (0f,wh) < [0ull llvnll, + CNOf Il -1 oy llwnllw,
< O3 (i, )| (v wh) |

and we conclude by using the previously derived bounds for the other terms. ]

Theorem 4.7 (L?-error estimate). Let w C B C Q be defined as in Corollary 2.15. Assume
that uw € H*(Q) is a solution to the unperturbed problem (4.1) and let (up,zx) € Vi, x W,
be the solution to the perturbed problem (4.13). Then there exist C > 0 and k € (0,1) such
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that for all k, h > 0 with kh S 1

lu = unll gy < CRR) K" 2(|lull, + h™"6 (i, f))-
Proof. Following the proof of Theorem 4.3, the residual satisfies
(r,w) = ap(up, w — Tew) — (f,w — Tew)g + 8 (2, Tew) + (0f, Tezw), w € HY(Q)

and
170l -1 < Cllunlly, + 2l 2 + Izllw, + 16f11g-10))-

Bounding the first term in the right-hand side by Lemma 4.6 and (4.12)

lunlly, < llun —mnully, + llmaully, < C(hllull, +6(aw, f))
and the third one by Lemma 4.6 again, we obtain
17/l 71 () < Ch(lull, + 11 £l 2(@y) + C8(aw, f) < Clhlull, + 8(aw, f))-
The continuum estimate in Lemma 2.15 applied to u — uy gives

lu = unl 23y < C (h”uH* +0(t, f)) I = w1

where [lu — up| 12,y Was bounded by using Lemma 4.6 and (4.6). Then the bound

lu = unll 20y < lu—mhull 2y + llun — Thull 2 ()
< C(h?|lull gagy + h k2 lun — maully,)
< C(R?||ull oy + k2 [lull, + A~ k26 (G, )
< Ck2(|lull, + P16 (i, f))

concludes the proof. O

Theorem 4.8 (H'-error estimate). Letw C B C § be defined as in Corollary 2.15. Assume
that uw € H*(Q) is a solution to the unperturbed problem (4.1) and let (up,zy) € Vi, x W,
be the solution to the perturbed problem (4.13). Then there exist C > 0 and k € (0,1) such
that for all k, h > 0 with kh <1

I =l sy < CCBRY™ (. + (i, )):
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Proof. Following the proof of Theorem 4.7, we now use Corollary 2.14 to derive

—K

lu = unll gy < Chllw = unll g2y + 7l -1 ()" (e = unll 2y + 7l 1)

~\ K ~ 11—k
< Ch(Rlull. + 6w, ) (672 4+ ) (lull, + 560, 1))
< Ckh™(E™2 + b)) (||ull, + A~ 6 (tw, f)),
which ends the proof. O

Analogous to the unpolluted case, if k2h < 1 the above result becomes
lu = unll 15y < CCRE*)"E™ (llull, + ™46 (aw, ),

and combining Theorems 4.7 and 4.8 gives the following.

Corollary 4.9. Let w C B C Q be defined as in Corollary 2.13. Assume that u € H*(Q)
is a solution to the unperturbed problem (4.1) and (up, zn) € Vi x Wy, be the solution to the
perturbed problem (4.13). Then there exist C > 0 and k € (0,1) such that for all k, h > 0
with k2h < 1

Kllu = unll 2(p) + llu = unll gy < CORA) ™ (full, +h™16 (G, £))-

4.3 Numerical examples

We illustrate the above theoretical results for the unique continuation problem
(4.1) with some numerical examples. The implementation of our method and all the com-
putations have been carried out in FEniCS [2]. The domain 2 is the unit square, and the
triangulation is uniform with alternating left and right diagonals. Various numerical exper-
iments indicate that for the stabiliser s the parameter v = 107> is a near-optimal value for
different kinds of geometries and solutions. We show in Figure 4.2 an example of the effect
of this parameter on the approximation error for a homogeneous solution.

In the light of the convexity assumptions in Section 2.4, we shall consider two
different geometric settings: one in which the data is continued in the convex direction,
inside the convex hull of w, and one in which the solution is continued in the non-convex

direction, outside the convex hull of w.
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(a) Convex direction (4.14). (b) Non-convex direction (4.15). (¢) Non-convex direction (4.16).

Figure 4.1: Computational domains for Example 4.11. Data set w (grey) and error mea-
surement regions B (dotted).

In the convex setting, given in Figure 4.1a, we take
w=xQ\][0.1,0.9] x [0.25,1], B =Q)\]0.1,0.9] x [0.95,1]. (4.14)

This example does not correspond exactly to the specific geometric setting in Corollary 2.13,

but all the theoretical results are valid in this case as proven in the following.

Example 4.10. Let w C B C Q be defined by (4.14) (Figure j.1a). Then the stability
estimates in Corollaries 2.13 and 2.14, and Lemma 2.15 hold true.

Proof. Consider an extended rectangle Q O € such that the unit square Q2 is centred horizon-
tally and touches the upper side of Q, and © D w and B D B are defined as in Corollary 2.13.
Choose a smooth cutoff function y such that y =1 in Q\ w and y = 0 in Q\ Q. Applying
now Corollary 2.13 for @, B,  and yu we get

[ull 1 (prwy < Cllxullgrsygy < Clxullg ) + 1AGw) + k2XUHL2(§z))”HXU||}{_1TQ)
< Cllull gy + 18U + Eull 120)) " [ull 7oy

where we have used that the commutator [A, x]u is supported in w. A similar proof is valid

for the estimates in Corollary 2.14 and Lemma 2.15. O
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(a) k = 10. (b) k = 50.

Figure 4.2: Varying the stabilisation parameter v for u(z,y) = sin(kz/v/2) cos(ky/v/2) in
the convex direction (4.14) and mesh size h ~ 0.005.

We will give results for two kinds of solutions: a Gaussian bump, that is indepen-
dent of the wave number, centred on the top side of the unit square, {2 given in Example 4.11,

and a variation of the well-known Hamadard solution given in Example 4.12.
Example 4.11. Let the Gaussian bump

(x=05)° (y—1)?
20, 20y

u(z,y) = exp (— > , 0,=0.01,0,=0.1,

be a non-homogeneous solution of (4.1) with f = —Au — k?u and u, = ul.,.

Figure 4.3a shows that for Example 4.11, when k = 10, the numerical results
strongly agree with the convergence rates expected from Theorems 4.3 and 4.4, respectively,
and Lemma 4.2, i.e. sub-linear convergence for the relative error in the L?- and H'-norms,

and quadratic convergence for Jp, (up, up).
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(a) k = 10. (b) k = 50.

Figure 4.3: Convergence in B for Example 4.11 in the convex direction (4.14).

L

1077

Although in Figure 4.3b we do obtain smaller errors and better than expected
convergence rates when k = 50, various numerical experiments indicate that the behaviour
of this example when increasing the wave number k is rather an exception. For oscillatory
solutions, such as those in Example 4.12, with fixed n, or the homogeneous solution u(z,y) =
sin(kx/v/2) cos(ky/+/2), we have noticed that the stability deteriorates when increasing the
wave number as shown in Figures 4.4 and 4.5 for unstructured meshes with 512 elements

on a side.

(a) k = 10. (b) k = 50.

Figure 4.4: Absolute errors for u(z,y) = sin(kz/v/2) cos(ky/+/2) in the convex direction
(4.14). Mesh size h ~ 0.0025.
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Figure 4.5: Absolute errors for u(z,y) = sin(kx/v/2) cos(ky/+/2) in the non-convex direction
(4.16). Mesh size h ~ 0.0025.
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(a) Non-convex direction (4.15). (b) Non-convex direction (4.16).

Figure 4.6: Convergence in B for Example 4.11, k = 10.
In the non-convex setting we let
w = (0.25,0.75) x (0,0.5), B =(0.125,0.875) x (0,0.95), (4.15)
and the concentric discs
w = B((0.5,0.5),0.25), B = B((0.5,0.5),0.45), (4.16)

respectively shown in Figures 4.1b and 4.1c, and we see in Figure 4.6 that the convergence
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order decreases, especially for (4.15). In Figure 4.7 we considered an unstructured mesh
with 512 elements on a side and we notice that the stability strongly deteriorates when one
continues the solution outside the convex hull of w.

= 1.0e2 =
5003 x 3

(a) Convex direction (4.14). (b) Non-convex direction (4.15).
Figure 4.7: Absolute errors in ) for Example 4.11, k = 10. Mesh size h ~ 0.0025.

Let us recall from Chapter 1 that the stability estimates for the unique continuation
problem are closely related to those for the severely ill-posed Cauchy problem. It is thus of

interest to consider the following variation of the well-known Hadamard’s Example 1.11.

Example 4.12. Let n € N and consider the Cauchy problem

A+ k*u =0 in = (0,7) x (0,1),
u(z,0) =0 for x € [0, 7],

uy(z,0) = sin(nz) for x € [0, 7],

whose solution for n > k is given by u(z,y) = m sin(nz) sinh(vn? — k%y), forn =k

by u(z,y) = sin(kz)y, and for n < k by u(z,y) = \/1621_7# sin(nx) sin(vVk? — n2y).

It can be seen in Figure 4.8a that the convergence rates are better than predicted

for the convex setting

w=Q\[Z, 2] x [0,0.25], B=Q\[Z, 2F] x [0,0.95], (4.17)

i.e. sub-linear convergence for the relative error in the L?- and H'-norms. We observe

quadratic convergence for the jump stabiliser Jp,(un,up), although one can notice that its
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values visibly increase compared to Example 4.11.
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(a) Convex direction (4.17). (b) Non-convex direction (4.18).

Figure 4.8: Convergence in B for Example 4.12, k = 10, n = 12.

When continuing the solution in the non-convex direction, the stability strongly
deteriorates and the numerical approximation doesn’t seem to reach the convergence regime,
as it can be seen in Figure 4.8b for the non-convex setting

w= (%, 3) x (0,0.5), B=(%, I¥) x(0,0.95). (4.18)

Data perturbations. We exemplify data perturbations by polluting f and w,,
in (4.1) with uniformly distributed values in [—h, h], respectively [—h?, h?], on every node
of the mesh. In agreement with Theorems 4.7 and 4.8, it can be seen in Figure 4.9 that the

perturbations are visible for an O(h) amplitude, but not for an O(h?) one.

—8— L2-error
—e— H-error

—8— L2-error
—e— H'-error

10-2 1074

103 4 10-3 4

T T T T
1073 1072 1073 1072
mesh size h mesh size h

(a) Perturbation O(h). (b) Perturbation O(h?).
Figure 4.9: Convergence in B when perturbing f and u,, in Example 4.11 for (4.14), k = 10.
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We conclude by emphasising the role of geometry in the convergence of the method.
For unique continuation inside the convex hull of the data set, the continuum stability
estimate is robust in the wave number (or the stability constant grows linearly in the wave
number, depending on the norms), as discussed in Section 2.4, and we observe that the
discrete solution converges at a sub-linear rate that reflects the continuum Hélder stability.
When the solution is approximated outside the convex hull of the data set, the continuum
stability deteriorates since the stability constant might grow very fast in the wave number,
as shown in Example 2.10. In this case, we notice from the numerical experiments that the
convergence rate decreases and, in some cases, it might be hard to observe any convergence

unless very fine meshes are considered.



Chapter 5
Diffusion-dominated problems

In this chapter based on [22] we consider the unique continuation problem for the

convection—diffusion equation
Lu:=—pAu+p-Vu=f inQ, (5.1)

where ) C R™ is open, bounded and connected, u > 0 is the diffusion coefficient and
B € [Whee(Q)]" is the convective velocity field. We assume that there exists a solution
u € H?(Q) satisfying (5.1). For an open and connected subset w C €2, define the perturbed
restriction 1, := ul,+6u, where Ju € L?(w) is an unknown function modelling measurement
noise. Here the coefficients 1 and 3 are assumed to be known. Hence, given f € L?(2) and
iy € L?(w), the perturbed unique continuation problem we will consider consists in finding
u € H?(Q) such that
—pAu+ p-Vu=—f in Q,

U =1U, in w.

The aim is to design a finite element method for unique continuation with weakly
consistent regularisation following the approach described in Chapter 3. In the present
analysis we consider the regime where diffusion dominates and in the following Chapter 6
we treat the one with dominating convective transport. To make this more precise we recall
the Péclet number associated to a given length scale [ by

|81
Pe(l) :=
e(l) L

for a suitable norm |-| for 5. If h denotes the characteristic length scale of the computation,

we define the diffusive regime by Pe(h) < 1 and the convective regime by Pe(h) > 1. It

74
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is known that the character of the system changes drastically in the two regimes and we
therefore need to apply different concepts of stability in the two cases. In this chapter we
assume that the Péclet number is small and we use an approach similar to that used in
Chapter 4 for the Helmholtz equation — we combine conditional stability estimates for the
physical problem with optimal numerical stability obtained using a bespoke weakly consis-
tent stabilising term. For high Péclet numbers on the other hand, we prove in Chapter 6
weighted estimates directly on the discrete solution, that reflect the anisotropic character
of the convection—diffusion problem.

In the case of optimal control problems subject to convection-diffusion problems
that are well-posed, there are several works in the literature on stabilised finite element
methods. In [27] the authors considered stabilisation using a Galerkin least squares ap-
proach in the Lagrangian. Symmetric stabilisation in the form of local projection stabil-
isation was proposed in [6] and using penalty on the gradient jumps in [37,61]. The key
difference between the well-posed case and the ill-posed case that we consider herein is that
we can not use the stability of neither the forward nor the backward equations. Crucial
instead is the convergence of the weakly consistent stabilising terms and the stability of the
continuous problem. Such considerations lead to results both in the case of high and low
Péclet numbers, but the different stability properties in the two regimes lead to a different

analysis for each case.

5.1 Discretisation

As in Section 3.2, let V}, denote the space of piecewise affine finite element functions
defined on a conforming computational mesh 7, = {K}. T, consists of triangular elements
K with diameter hx and the global mesh size is given by h = Kmea% hr. We assume that
the family {75} is quasi-uniform. The interior faces of the triangulation will be denoted by

Fi, the jump of a quantity across a face F' by [-]r, and the unit normal by n.
Let B € [W1°°(Q)]" and adopt the shorthand notation

1Bl:= 1Bz ()
We consider the diffusion-dominated regime given by the low mesh Péclet number

_18lh _

Pe(h) : .

1. (5.2)

We recall from Section 2.3 that the constant of the stability estimate depends exponentially
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on Pe =1+ %l and we will also assume that Pe is small. We will denote by C a generic
positive constant independent of the mesh size and the Péclet number. Let 7, : L2(Q) +— V},
denote the standard L?-projection on Vj,, which for k = 1,2 and m = 0, k — 1 satisfies

Il oy < Cllull gy w € H™Q),

lu = 7hull ey < CRE "l ey, w € HM(S),

see Appendix A. For convenience we recall the standard inner products with the induced

norms
(v, wp)a ::/thhdx,
Q
(Uh, Wh) g0 ::/ vpwy, ds,
o0

and introduce the following bilinear form used in the weak formulation of (5.1)
an(vn, wn) == (B - Vop, wp)a + (WVon, Vwn)a = (Vs - 1, wh) 5o

As discussed in Chapter 3, the discrete regularisation will be driven by interior penalty, but

here we rescale it using the physical parameters p and 3, and define

Tnonwn) =7 /Fh(u+|ﬂ|h)[[Vvh-n]]F[th-n]]Fds.

FeF;

We consider the scaled inner product

Sw(vn, wp) = (1 + [Blh) VR, W),
and then sum
s(vn, wp) = Th(vn, wp) + Sw(vp, wp).

For the dual stabilisers we define

s*(nwn) = 5" ( (A" +181)vns wn) o + (1V0n, Vion)a + Ji(vn, wn)).

The parameters v and v* in J, and s*, respectively, are fixed at the implementation level
and we emphasize that our analysis covers the choice v = 1 = ~* to avoid the proliferation
of constants.

Notice that here the interior penalty J;, and the inner product on w are scaled by
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a factor of p + |B|h. After this scaling, the Poincaré-type inequality Lemma 3.2 becomes
|2 h+ 181202 Yonll 1 gy < O Es(onvn)%,  Yor, € Vi, (5:3)
and Lemma 3.3 gives the weak consistency inequality
Tnlwnu, ) < O+ Bl gy, Vo € HA(Q). (5.4)

We can then use the general framework in Chapter 3 to write the finite element
method for unique continuation as follows. Consider a discrete Lagrange multiplier z; € V3

and look for the saddle point of the functional

Lp(un, 21) = 58w (un — G, up — @) + anun, 2n) — (f, 2n)0

+ 5 Tn(uns un) — 35 (20, 21),

where we recall that i, = u|y,+du and u € H?(Q) is a solution to (5.1). The (primal)
stabiliser used for the discrete solution uy, is the interior penalty Jj, and the (dual) stabiliser
used for zp is given by s*. The optimality conditions for Ly lead to the following discrete
problem: find (up, 2,) € [Vi]? such that

{ ap(un, wp) — s*(zn,wn) = (f,wn)a. (v, w) € [Vi]2, (5.5)

an(vp, zn) + s(up,vn) = Sw(w,vp).

Notice that here the parameters v and * are included in s and s*. We observe that
by the ill-posed character of the problem, only the stabilisation operators J;, and s* provide
some stability to the discrete system, and the corresponding system matrix is expected to
be ill-conditioned. To quantify this effect we first prove an upper bound on the condition

number.

Proposition 5.1. The finite element formulation (5.5) has a unique solution (up,zp) €

[Vi)? and the Euclidean condition number Ko of the system matriz satisfies
Ko < Ch™™

Proof. We write (5.5) as the linear system A[(up, z1), (vn, wp)] = (f, wn)a + Sw(tw, vp), for
all (v, wy) € [Vi]?, where

Al(un, 2n), (v, wp)] := ap(up, wp) — 8*(2n, wa) + an(vn, 2n) + s(up, vp).
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Since A[(un, zn), (up, —2n)] = s(un, upn) + s*(2n, z), using (5.3) the following inf-sup condi-
tion holds

U, =  inf sup Al(un, zn), (v, wp)]

> Cu(1 + Pe(h))h?.
(unzn)€Vi]2 (onwm)eVal? ||y 20)l L2yl (Vhs wi) || 22 ()

This provides the existence of a unique solution for the linear system. We use [33, Theorem

3.1] to estimate the condition number by

Th
Ko < C— 5.6
,s0gh, (5:6)
where A
T, =  sup sup [(uns zn), (on,wn)]
(wnszn)elVal? (onswn)eval2 1(wns z0)l L2l (vn, wa) |l L2
We recall the discrete inverse inequality (A.1)
IVorll o)< Ch™Honllp2eky,  Yon € P1(K). (5.7)
We also recall the continuous trace inequality (A.2)
_1 1
ol z201) < C(h 2 [[oll p2s0) +h2 V0l 2(s)), Yo € HY (), (5-8)
and the discrete one (A.3)
V0, - 1l L2050 < Ch™2 | Vunll2(ys Von € Pi(K). (5.9)

Using the Cauchy-Schwarz inequality together with (5.9) and (5.7) we get

Tilun,0n) = (1 + Pe() 3 [ hIVu, -l [Vor - nlr ds
FeF ' F

< Cu(1 4 Pe(h)h 2 ||lunll 2o lvnll 20

hence
s(un, vn) < Cp(1 + Pe(h))h ™2 ||lunll 2 llvnllz2 ()

Combining this with the Cauchy-Schwarz inequality and the inequalities (5.7) and (5.8), we
obtain
—5*(zn, wp) < Cp(1 4 Pe(h))h 2|zl 20 lwnll L2(0) -
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Again due to the Cauchy-Schwarz inequality, and trace and inverse inequalities, we have

ah(uh,wh) = (5 : Vuh,wh)g +u Z / h[[Vuh . n]]th ds
rer 't

< Cpu(1 + Pe(h)h?|lunll L2 (o) llwnl 2(0),

Collecting the above estimates we have Y, < Cu(l + Pe(h))h™2, and we conclude by
(5.6). 0

5.2 FError estimates

The error analysis proceeds in two main steps:

e First we prove that the stabilising terms and the data fitting term must vanish at an
optimal rate for smooth solutions, with constant independent of the physical stability

(Proposition 5.4).

e Then we show that the residual of the PDE is bounded by the stabilising terms
and the data fitting term. Using this result together with the first step and the
continuous stability estimates in Section 2.3, we prove L?- and H'-convergence results
(Theorems 5.6 and 5.7).

To quantify stabilisation and data fitting for (vy,,wy) € [Vi]? we introduce the norm
[ (ons wp)|[3:= s(vn, o) + 5" (wh, wh).
We also define the “continuity norm” on H 3+ (Q), for any € > 0,
1.1 1 1.1
[ollg:= 1812 [Ih"2vllq + w2 [[Vollg + p2hz[[Vo - 0[50,

which scales as a discrete H'-norm. Using standard approximation properties and the trace

inequality (5.8), we have
1 1.3
lu = mhulls< C(p2h + |B12h2)|u| g2 (q)-
Using (5.4) and interpolation

I(w = mnu, 0)[13 = s(u — mpu, u — mhu) = Tn(mhu, Thw) + so(u — Thu, u — Thu)

< C(uh® + ‘»8|h3)‘“|%12(9)a
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where we used that Jj,(u,vy,) = 0, since u € H?(§2). Hence it follows that for u € H?(Q)
1 1 3
1t = e, Ot = mllg < Clisdh+ BB sy, (5.10)

Observe that, when Pe(h) < 1, the first term dominates and the estimate is O(h), whereas
when Pe(h) > 1 the bound is O(h%). We note in passing that the same estimates hold for

the nodal interpolant.

Lemma 5.2 (Consistency). Assume that u € H*(Q) is a solution to (5.1) and let (up, z,) €
[Vi]? be the solution to (5.5), then

ap(mpu — up,wp) + 8" (zn, wp) = ap(Tpu — w, W),

and

—ap(vp, zn) + s(mpu — up, vp) = Tn(Thu — u,vp) + Sw(TRU — Uy, Vp),
for all (vy,wp,) € [Vi,]%.
Proof. The first claim follows from the definition of ay, since
ap(up, wp) — 8™ (zp, wp) = (fywn)o = (8- Vu — pAu,wp)o = ap(u, w),
where in the last equality we integrated by parts. The second claim follows similarly from
an(vn, 2n) + $(Un, vp) = Sw(lw, vn),
leading to

—ap(vn, zn) + s(Tpu — up, vy) = s(Tpu, vy) — Sw(Uw;'Uh)

= Tn(mhu — u,vp) + So(Thu — Ty, vg).
O

Lemma 5.3 (Continuity). Assume the low Péclet regime (5.2) and that |81 < C|B|. Let
v € H*(Q) and wy, € Vy, then

an(v, wp) < Cllollg]|(0, wh)[s-



Chapter 5. Diffusion-dominated problems 81

Proof. Writing out the terms of a; and integrating by parts in the advective term leads to
ap(v,wp) = —(v, B-Vwp)o—(vV-B,wp)a~+ (B - n, wh) go + Vv, Vwp)o— (1N - n,wp) o -
Using the Cauchy-Schwarz inequality and the trace inequality (5.8) for v, we see that

(VB -, wp) 5o + (WYY, Vwg)o — (uVv - nwp) g < Cllv|14]1(0, w) s

By the Cauchy-Schwarz inequality and a Poincaré inequality for wy we bound

‘5’1,00

5 P2 el 10, wn)

—(WV - B wn)a < ClBhsllvlallwrllo< €

Under the assumption |81 < C|8|, we get
~(uV - BLwp)a < CPe(h)z|[v]|¢]|(0, wp)]|.
We bound the remaining term by
(0.8 Vwn)a < |82k 2 [oll| Veonllo< € Pe(h)? o]0, wn)

Finally, exploiting the low Péclet regime Pe(h) < 1, we obtain the conclusion. O

Proposition 5.4 (Convergence of regularisation). Assume the low Péclet regime (5.2) and
that |Bl1.00< C|B|. Assume that u € H?(2) is a solution to (5.1) and let (up, z) € [Vi]? be
the solution to (5.5), then

| (rne = unszn)ls< Cluzh+ B1202) (ful g2 o+~ ISul).
Proof. Denoting e, = mpu — up, it holds by definition that
[(ens zn) 3= anlen, zn) + " (2, 2n) — anlen, zn) + s(en, €n)-
Using both claims in Lemma 5.2 we may write
1(ens zn)12= an(mnu — u, 2n) + Tn(Thu — u, en) + su(Thu — G, €p).
Lemma 5.3 gives the bound

an(mpu —u, z) < Cllmpu — ullg][ (0, z1) ||s.
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The other terms are simply bounded using the Cauchy-Schwarz inequality as follows
(i =, en) + s(mnu = i, en) < (| (mne =, 0)[+(n2 +|8]252) 8ullo) | (en, 0) .
Collecting the above bounds we have
Iens IS Clllmnu — ull+ (e =, 0)l| (a2 + 181202 lISu ) (ens 20)

and the claim follows by applying the approximation (5.10). O

Lemma 5.5 (Covergence of the convective term). Assume the low Péclet regime (5.2) and
that |Bl1.00< C|B|. Let u € H*(Q) be a solution to (5.1), (un,21) € [Va]? the solution to
(5.5) and w € H} (), then

(8- Vup, w = mpw)g < Cp+ [B) (hllull 2y Hdullo) [wl g1 ()

Proof. Denote by ), € [V4]" a piecewise linear approximation of 8 that is L*-stable and

for which
18 = Brllo,00< Ch|Bl1 00,

and recall the approximation estimate in [13, Theorem 2.2]

D=

it [43(8 - Vun — 1) < c( > ||h[wh~whﬂ||%> < CIBE T )t (5.11)

FeF;

We also use Proposition 5.4 and the jump inequality (5.4) to estimate

1 1 1
TIn(un, up)? < Jp(up — mpu, up, — mhw)2 + Jp(mpu, Thu)2
<C

(u2h+ |B12h2) (|ul gy +h 18ullw) + C(p? + |BI2 2 )hlul g2 (q).
obtaining
Tn(un,un)? < C(uh+ 81202 ) (Jul g2y +h | 6ull). (5.12)
We now write

(B - Vup,w — mpw)q = (By - Vup, w — mpw)a + (8 — Br) - Vup, w — mpw)q,
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and using orthogonality, (5.11), (5.12), interpolation and (5.2), we bound the first term by

1

(Bh - Vun,w — mpw)q < C|B|2h~2 Ty (un, up) 2 h||lwl| g1 (@)
1.1 1 1.1
< C|B[2h2 (pz + B2 h2)(hlu| g2q)+|0ullw) [[wll 71 (0
< C(p+ [B|R)(hlul g2+ 0ullw) lwl 71 (@)

We now use the Poincaré-type inequality (5.3) and interpolation to bound the second term

((B=Br) - Vup, w — mpw)a < Ch?|B)100l| Vurllallwl 1 o)
< ChlBlioe(p? + 181202) ™ s(un, un) il 1 o)
< ChB|1,00(hlul g2(o)+|ullo+|6ullw) w71 (q)
< ChIB1,00 (1l 2 o) Floullw) 1wl 71 (@)

since due to Proposition 5.4 and inequality (5.4)

N[

3<Uhauh)% < s(up, — Thu, up, — Whu)% + Tn(mhu, Whu)% + Su(Thu, THY)

1 1.1
< C(p2 + (B2 h2) (hlul g2 o)+l dullw+(ullo)-
Under the assumption |3]1,,< C|S], we collect the above bounds to get
(8- Vup, w = mpw)g < C(p+ [B]) (hlull g2) +0ullo) w71 )-

O]

We now combine these results with the conditional stability estimates from Sec-
tion 2.3 to obtain error bounds for the discrete solution. For this purpose, we consider an
open bounded set B C 2 that contains the data region w such that B\ w does not touch
the boundary of €. Then the estimates in Lemma 2.7 and Corollary 2.9 hold true by a

covering argument, see e.g. [52], and we obtain local error estimates in B.

Theorem 5.6 (L*-error estimate). Assume the low Péclet regime (5.2) and that |B|1,00<
C|B|. Consider w C B C Q such that B\ w C Q. Assume that u € H?(2) is a solution to
(5.1) and let (up, z1,) € [Vi)? the solution to (5.5), then there exists k € (0,1) such that

52
lu = wpll 23y < CR"Te (||ull 20y +h " ullw),

where Pe = 1+ | 6]/ .



Chapter 5. Diffusion-dominated problems 84

Proof. Let us consider the residual defined by (r,w) = a(up,w) — {f,w), for w € H}().

Using (5.5) we obtain

<’I", w> = G(Uh, w — th) - <f7 w — 7Thw> + G(Uh, th) - <f> 7Th’UJ>

= G(Uh,w - th) - <f7w - 7rhw> + 3*(Zh,7'('h?,U)-

We split the first term in the right-hand side into convective and non-convective terms, and
for the latter we integrate by parts on each element K and use Cauchy-Schwarz followed

by the trace inequality (5.8) to get

(uVup, V(w — mhw)) g — (WVup - n,w — mhw) 5q

= Z / plVup - n]p(w — mhw) ds
Fer; "t
< Cpp+ |81R) ™2 T (un, up) (h ™ w — | 20y +lw — mhwll g o).
Using (5.12) and interpolation we obtain
(1Vun, V(w = mpw))a = (BVun -, w — mpw) 5o < Cp(hlulmg)+loullw) w2 g)-
We bound the convective term in a(up, w — mpw) by Lemma 5.5, hence obtaining
a(up, w — mpw) < C(p+ |B)(hllull gz@)+loullu)wll i (o)
The next term in the residual is bounded by
(f;w —mpw) < |[[fllr2@)llw — mnwlL20) < ChIfl 2@ lwll m1(0)-
The last term left to bound from the residual is
§"(zn, maw) < [1(0, 2)|s[1(0, mhw)]]s,

and using (5.9) for the jump term, together with the H!-stability of 7, we see that

100, mhw) |5 < C(p? |V (mpw) o+ (n? + 81202V (mhw) o+ (uh ™" + |8])? | mhw]|a0)
1 1 1
< C(u? + 181202 |wl ey,

where for the boundary term we used that w|go= 0 together with interpolation and (5.8).
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Bounding ||(0, z3)||s by Proposition 5.4, we get

§" (zn, mhw) < C(p+ |BlR) (hlul g2y +[0ullw) [w] g1 (q)-

Collecting the above estimates we bound the residual norm by

17l zr-1() < Clp + 18D (Allull g2@) +loullw) + Chllf 20
< Cp A+ BN (Ml 20y +0ullw)-

We now use the stability estimate in Lemma 2.7 to write
CPe’ 1 ® 1-k
= wnll 2y < Ce“™ (Jlu = wnll 2oy Hlirlla-rey ) llu = unlFzfe,
By Proposition 5.4 we have

v —unll 2@y < llu — maull L2y +llun — mhull 2w
< Ch2|u|H2(Q)+Ch’u|H2(Q)+CH(5u||w.
< C(hlulg2(q)+6ullw)-

Using (5.3) and Proposition 5.4 again, we bound

v —upll2) < lu— mpull 2@y +lun — mhull 2 o)
< Ch2Jul 2oy +C (w2 h + |B12h3) s (up — myu,up, — myu)2
< O(Jul g2y +h|6ullw).-

Hence we conclude by

1—-k

562 K _
lw = unll L2y < Ce“ (hllull g2y +10ulw)™ (lul 2@ +h " 16ullw)

~ 2
< CeCP B (|lul| 2y +h | dullw),

~ 2
where we have absorbed the Pe = 1+ |3|/u factor into the exponential factor e“Fe . O

Theorem 5.7 (H!-error estimate). Assume the low Péclet regime (5.2) and that |B|1,00<
C|B| and esssupqV - 8 < 0. Consider w C B C Q such that B\w C Q. Assume that
u € H%(Q) is a solution to (5.1) and let (up,zn) € [Vi]? the solution to (5.5), then there
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exists k € (0,1) such that
2
lu = unll ()< CREeT ([[ull g2y +h ™ |[dull.),

where Pe = 1+ |6/ .

Proof. Letting e;, = u—uy,, we combine the proof of Theorem 5.6 with the stability estimate
in Corollary 2.9 to obtain

1-k

~ 2 K
lenllan ) < C<™ (llenllzagy + lrlla-1ay) (lenllza + Hirlla-s(q)

52
< CeT R ([lull 2o+ I0ull)-

5.3 Numerical examples

We illustrate the theoretical results with some numerical examples. The imple-
mentation of the stabilised FEM (5.5) has been carried out in FreeFem++ [36] on uniform
triangulations with alternating left and right diagonals. The mesh size is taken as the in-
verse square root of the number of nodes. The parameters in Jj, and s* are set to v = 107°
and v* = 1. We also rescale the boundary term in s* by a factor of 50, drawing on results
from different numerical experiments. In this section we denote e, = mu — up,.

We consider  to be the unit square and the exact solution with global unit L?-

u(z,y) = 30z(1 — z)y(1 —y).

We take the diffusion coefficient 1 = 1 and investigate two cases for the convection field:

the coercive case of the constant field

Be = (1,0),

and the case
Bnc = 100($ +y,y— $),

plotted in Figure 5.2, for which V - 8 = 200 and ||3||o, o= 200. In this case the boundary
value problem in Example 3.1 is strongly non-coercive with a medium high Péclet num-
ber. This example was also considered in [14] for numerical experiments on a non-coercive

convection—diffusion equation with Cauchy data.
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We consider the following domains for unique continuation, shown in Figure 5.1,
w = (0.2,0.45) x (0.2,0.45), B =(0.2,0.45) x (0.55,0.8), (5.13)

w = (0,0.125) x (0.4,0.6) U (0.875,1) x (0.4,0.6), B = (0.25,0.75) x (0.4,0.6), (5.14)

w=Q\ [0,0.875] x [0.125,0.875], B =\ [0,0.125] x [0.125,0.875]. (5.15)

0.875
0.6
0.45
. “.4
0.2

0 0.2 0.45 1 0 0125 025 075 0875 1 0 0125 0875 1

(a) Domains in (5.13). (b) Domains in (5.14). (¢) Domains in (5.15).

0.125

Figure 5.1: Computational domains. Data set w (grey) and error measurement regions B
(dotted).

The condition number upper bound in Proposition 5.1 is illustrated for a particular
case in Figure 5.2, where we plot the condition number Ky versus the mesh size h, together
with reference dotted lines proportional to A~ and h~*. For five meshes with 2V elements
on each side, N = 3,...,7, the approximate rates for Ko are —3.03, —3.16, —3.2, —3.34.

[ T T T TTTTIT T T T T T T T T TTTTTT \H;\C T 1 1 /’ /////v/v/v//r/k' 200
1011 = 2 H AT L 2 2 > 2> > > 25 5 55 o |
E _3 17 A AATT I 2 2 2 2 5 > 25 5 5 55 |
E Xy e ch B //////////mﬁ%
= 5 AT 2 sy > > > 50y ]
" t - Ch_4 5 //////‘/’/‘/’//P)/)—%—a»—y—»w 150
10 E E
N r ]
Q107 s E > 100
E E GGG o S S SN NN
8| | >—> U NN
10° E NN
B § ; 50
ol U P N O A DR
Tl vl vl Ll [ 0 SNy O
107 1073 1072 107' 10° 10! 0 1
mesh size h z 1Bnell

Figure 5.2: Left: condition number Ky for domains (5.13), 5 = (.. Right: convection field
IBTLC’
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The results in Figure 5.3 for the domains (5.13) strongly agree with the convergence
rates expected from Theorems 5.6 and 5.7 for the relative errors in B computed in the L2-
and H!-norms, and with the rates for ||(ep, z5)||s given in Proposition 5.4.

The numerical approximation improves when considering the setting in (5.14),
in which data is given both downstream and upstream, as reported in Figure 5.4. The
convergence is almost linear and the size of the errors is considerably reduced in the non-

coercive case.

__ e m = ©
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101 4 o—o-me-=0==€-""07" 107" 4 T S a
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1072 4 Bo& 102
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4% 1073 6x 1073 102 4% 1073 6x107* 10-2
log of meshsize log of meshsize

(a) Circles: H'-error, rate ~ 0.45; Squares: L*- (b) Circles: H'-error, rate ~ 0.29; Squares: L*-

. 1
error, rate & 0.56; Up triangles: Sl(eiu en)?, 1ate  error, rate ~ 0.42; Up triangles: s(es,ep)?, rate
~ 1.1; Down triangles: s*(zp,z2,)2%, rate ~ 1.33. 1.32; Down triangles: s*(zp, zh)%7 rate ~ 1.34.

Figure 5.3: Convergence for domains (5.13). Left: 5 = .. Right: 8 = (.
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Figure 5.4: Convergence for domains (5.14). Left: 5 = .. Right: 8 = Se.

Comparing the geometries in (5.13) and (5.14) we also expect to see different effects

of the two convective fields 8. and fB,.. Notice that for both geometries the horizontal
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magnitude of (. is greater than that of 5.. In (5.13) the solution is continued in the
crosswind direction for both 5. and (,., and a stronger convective field is not expected
to improve the reconstruction. On the other side, in (5.14) information is propagated
both downstream and upstream, and a stronger convective field can improve the resolution,
despite the increase in the Péclet number. Indeed, we can see in Figure 5.3 that for the
geometry in (5.13) the numerical approximation is better for 3. than for (,,., while Figure 5.4
shows better results for 8,. than for 3. in the case of (5.14), especially for the L2-error.
The resolution increases all the more when data is given near a big part of the
boundary 0f2, as for the computational domains (5.15) considered in Figure 5.5. In this
configuration of the set w, for both convective fields 3. and B,., the L?-errors decrease below

10~* with superlinear rates on the same meshes considered in Figures 5.3 and 5.4.
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(a) Circles: H'-error, rate ~ 1; Squares: L?-  (b) Circles: H'-error, rate ~ 1; Squares: L>-
. 1 . 1
error, rate ~ 1.81; Up triangles: s(ep,ep)?, error, rate ~ 1.13; Up triangles: s(ep,ep)?,
. 1 . 1
rate ~ 1.04; Down triangles: s*(zp,zn)2, rate  rate =~ 1.30; Down triangles: s*(zp,zn)Z, rate
~ 1.52. ~ 1.16.

Figure 5.5: Convergence for domains (5.15). Left: § = (.. Right: = ..

Data perturbations. To exemplify the noisy data U, = u|,+du, we perturb
the restriction of u to w on every node of the mesh with uniformly distributed values
in [—h%,h%], respectively [—h,h]. Recall that by the error estimates in Section 5.2 the
contribution of the perturbation du is bounded by h~!||dul|,. It can be seen in Figure 5.6
that the perturbations are strongly visible for an C’)(h%) amplitude, but not for an O(h)

one.



Chapter 5. Diffusion-dominated problems 90

R A S-S © PSS S ©
e-g’ N SU _ommg-=—O""
0t IZl\ / .8 107§ o-o=0=-o"
] 7 - -8
. - -B-ao e R S
G \ /B Sy B B
N\ E___B__—E’
o F-a-B-g
2 1072 4 w 10724
ks °
A
f‘A___
e A
- - =m0
10-3 4 - AL LEEE (1 mmmm— =2 1072 4 AT
P e —
_¥--% PO SN s S A
_5 S - r-A-T52 6
w 5 -5
41073 6x 1073 11; 2 4x1073 6x 1073 10'72
log of meshsize log of meshsize
. . 1 . .
(a) Noise amplitude O(h2). (b) Noise amplitude O(h).

Figure 5.6: Convergence for perturbed @, in domains (5.13), 8 = ..



Chapter 6
Convection-dominated problems

In this chapter we consider the unique continuation problem for the convection—
diffusion equation
Lu:=—pAu+p-Vu=f inQCR", (6.1)

when convection dominates, that is, 0 < p < |8|. We assume that 2 C R™ is open, bounded
and connected, and there exists a solution u € H?(Q2) to (6.1). The problem under study
is to approximate the solution u given the source f in 2 and the perturbed restriction
Uy = ulw+ou of the solution to an open subset w C €. The perturbation du is taken in
L?(w). This chapter is based on [23].

We have seen in Chapter 2 (Lemma 2.7) that for an open bounded set B C Q
that contains the data region w such that B\ w does not touch the boundary of 2, and for
u € HY(), the following conditional stability estimate holds for x> 0 and 8 € L>(Q)",

lullzagsy < Cot (ull oy + 21€ulli-10y) Nl o, (6.2)

where the Holder exponent x € (0,1) depends only on the geometric setting. In the case of
simple geometric configurations, e.g. when w, B, {2 are three concentric balls, the exponent
k € (0,1) can be given explicitly, see Remark 2.8. The stability constant Cg is given

explicitly in terms of the physical parameters

Co = Crexp (Ca(1+ B)2), [81= 18] s e (6.3)

with constants C' 2 > 0 depending only on the geometry. Note that the continuum estimate
(6.2) is valid in both the diffusion-dominated and convection-dominated regimes, and that

the stability constant Cy; is uniformly bounded when diffusion dominates. However, when

91
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convection dominates Cy; grows exponentially, rendering the stability estimate ineffective
in practice.

The prototypical effect of dominating diffusion is shown in Figure 6.1, where the
problem is set in the unit square and absolute error contour plots are shown for unique
continuation from a centred disc of radius 0.1. One can notice that the errors oscillate and
grow in size away from the data region towards the boundary in all directions. The plot
is not symmetric due to the presence of the convective term. The exact solution in this
example is u(z,y) = 2sin(5mx)sin(57y) where the factor 2 is taken to make its L2-norm
unitary. For the computation we used an unstructured mesh with 512 elements on a side
and mesh size h ~ 0.0025.

Figure 6.1: Contour plot in the diffusion-dominated case, p = 1, 8 = (1,0). Unit square
domain, data given in a centred disc of radius 0.1, exact solution u = 2sin(57z) sin(57y).

Since the behaviour of the physical system changes fundamentally when convection
dominates and
Pe(h) > 1,

we reconsider the numerical method discussed in Chapter 5 and provide an error analysis
that captures and exploits the governing transport phenomenon. To illustrate this, let us
consider the example in Figure 6.1 and gradually decrease the diffusion coefficient p in
Figure 6.2. We see a transition from a diffusion-dominated regime towards a convection-

dominated regime through an intermediate one. We first observe the intermediate regime
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in Figure 6.2a with a clear asymmetry between downstream and upstream regions. Down-
stream, the impact of the convection is stronger and the errors decrease along the charac-
teristics through the data region. Upstream, the impact of the diffusion is stronger and the
errors still oscillate. Then in Figure 6.2b we see the convection-dominated regime in which
the approximation greatly improves both downstream and upstream from the data region
(with no difference between the two directions), but it severely deteriorates in the crosswind
direction away from the data region. We aim to obtain sharper local error estimates along
the characteristics of the convective field through the data region. Even though the error
analysis that we perform herein is different in nature to the one in Chapter 5, the numerical
method itself is only slightly changed (see Remark 6.1 below). For the error localisation
technique we draw on ideas used for the streamline diffusion method in [46], continuous
interior penalty in [17], and non-coercive hyperbolic problems in [15].

From the definition of the Péclet number we see that the regime will also depend
on the resolution of the computation besides the physical parameters. We can therefore
expect the method to change behaviour as the resolution increases and Pe(h) decreases.
This phenomenon was already observed computationally in [14] and can now be explained
theoretically.
=

= 1.0e3
=5.004

Error

20e4
1.0e-04

(a) p=10"2 (b) u=1075.

Figure 6.2: Contour plot when convection becomes dominant, 5 = (1,0). Unit square
domain, data given in a centred disc of radius 0.1, exact solution u = 2sin(57z) sin(57y).

To make the presentation as simple as possible we consider a model case in the

unit square {2 with constant convection

6 = (6170)’ Bl € Rv
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and the solution given in the subset
w:=(0,2) x (y~,y"), with x > h and y* —y~ > h.

For the subset wg C ) covered by the characteristics of 8 that go through w, we introduce
the stability region wg C wg by cutting off a crosswind layer of width O (h% [In(h)|) (see Sec-
tion 6.1.1 for more details). We separate the convection-dominated and diffusion-dominated

regimes by introducing a constant Pejy,, > 1 such that
Pe(h) > Pejim > 1.

To reduce the number of constants appearing in the analysis, we will write this as Pe(h) 2> 1.
As suggested by Figure 6.2, we expect different results for unique continuation downstream
vs upstream in an intermediate regime. We prove in Theorem 6.12 weighted error estimates

that for 81 > 0 essentially take the following form
1.3 1 _1
lu = unllL2(05)< C<\5\§h§’U\H2(Q)+|ﬁf§h 2 H5UHL2(W))7 when Pe(h) 2 1.

This is similar to the typical error estimates for piecewise linear stabilised FEMs for
convection-dominated well-posed problems, such as local projection stabilisation, dG meth-
ods, continuous interior penalty or Galerkin least squares. On general shape-regular meshes
these methods have an (’)(h%) gap to the best approximation convergence order. Taking
this into account, our result is thus quasi-optimal. For a recent overview of challenges and
open problems in the well-posed case, see e.g. [45] and [54].

When going against the characteristics, i.e. 51 < 0, we prove in Theorem 6.16 first

the pre-asymptotic bound
lu = unllL2 (o < C(1B1Z hlul gr2(oy+h M |0ul| r2(.)), when 1 < Pe(h) < h™,
followed by
o= unll ()< CUBI2R2 ul 20y +h~2 |6ull r2), When Pe(h) > b1,

It follows that when solving the unique continuation problem against the flow, the diffusivity
reduces the convergence order in an intermediate regime. Only for very small diffusion coef-
ficients yu < |B|h? do we get quasi-optimal bounds. This asymmetry of the error distribution

for moderate Péclet numbers is clearly visible in the left plot of Figure 6.2.
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6.1 Discretisation

We use the notation from Section 3.2 and recall it briefly. Let V;, C H*(Q) be the
conforming finite element space of piecewise affine IP; functions defined on a computational
mesh Tj, that consists of shape-regular triangular elements K with diameter hAg. The mesh
size h is the maximum over hx and we will assume that h < 1. The interior faces of all
the elements are collected in the set F; and the jump of a quantity across such a face F' is
denoted by [-]r. We denote by n the unit normal.

We recall the standard inner products with the induced norms

(Vp, wp)= = /_vhwh dz, (vh,wp)yz = /_ vpwy, ds,

and introduce the bilinear form in the weak formulation of (6.1)
an(vn, wp) == (B - Vop,wp)a + (WVon, Vwp)o — (uNVop, - n, wp) 5 -

Following Chapters 3 and 5, we will use for stabilisation the continuous interior penalty

Tnonwn) =7 3 [ bt BIWIT0n - alr - [T - nlr s,

FeF;

which acts on the discrete solution penalising the jumps of its normal gradient across interior

faces, and

S*(Uha wh) = 7* ( <(|6|+Mh_1)vh) wh>aQ + (quh, vwh)Q + jh(”h? QUh)),

where v and v* are positive constants that can be heuristically chosen at implementation.
As discussed before, they do not play a role in the convergence of the method and most of
the time we will include them in the generic constant C. For the data term we consider the

scaled inner product in the data set w given by
sw(Onwn) == (1B + ph™)on, wp)w, ¢ €[0,2].
To this we add the stabilising interior penalty term 73 to define
$(vn, wn) = Jn(Vh, wp) + 8w (v, wh),

As discussed in Chapter 3, the idea behind the computational method is to first
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discretise and then formulate the unique continuation problem as a PDE-constrained opti-
misation problem with additional stabilising terms. For an approximation u; € V} and a

discrete Lagrange multiplier z;, € Vj, we consider the Lagrangian functional

Ly (up, zn) := 550 (up — G, up — ) + an(un, 21) — (f, 2n)0

+ %jh(uh,uh) - %8*(2}172]1)7

where the first term is measuring the misfit between uj and the known perturbed restriction
Uy = ulw+du, the next two terms are imposing the weak form of the PDE (6.1) as a
constraint, and the last two terms have stabilising role and act only on the discrete level.
We look for the saddle points of the Lagrangian L; and analyse their convergence
to the exact solution. Using the optimality conditions we obtain the finite element method
for unique continuation subject to (6.1), which reads as follows: find (u,24) € [V3]? such
that
* _
{ an(un wn) ="z wn) = (Fona g e e, (6.4)

ap(vp, zn) + s(up,vp) = Su(Uw,vp)

Notice that the exact solution u € H?(Q2) (with noise du = 0) and the dual variable z = 0

satisfy (6.4) since the gradient of the exact solution has no jumps across interior faces.

Remark 6.1. The same finite element method (6.4) has been proposed in Chapter 5 for
the diffusion-dominated case; Jy and s* are exactly the stabilising terms introduced there.
However, herein we have increased the penalty coefficient in the data term s, from |B|h+ p
to |Blh~t + uh=C. We note that the bounds in Chapter 5 hold also for this stronger penalty

term, but the sensitivity to perturbations in data increases by a factor of h=1.

Proposition 6.2. The finite element method (6.4) has a unique solution (uy,zp) € [Vi]?

and the Fuclidean condition number Ko of the system matrix satisfies
Ko < Ch™™
Proof. The proof given in Proposition 5.1 holds verbatim. O

6.1.1 Stability region and weight functions

We will exploit the convective term of the PDE to obtain stability in the zone that
connects through characteristics to the data region w. The objective is to obtain weighted
L2-estimates in this region that are independent of x (but not of the regularity of the exact

solution) with the underlying assumption that u < |3|. To this end we first define the
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Figure 6.3: Data set w (grey) and the stability region wg (light grey).

subdomain where we can obtain stability (see Figure 6.3 for a sketch) and some weight
functions that will be used to define weighted norms. These can be given in explicit form

in the simple framework where 5 = (31,0) and
w:=(0,2) x (y",y"), withx > h and y* —y~ > h.

Let wg denote the closed set of all the points p € 2 that can be reached through
characteristics from w, i.e. for which there exists s € R such that p + sf € dw. Similarly
to the classical work [46], we define the stability region wg by cutting off a crosswind layer

from wg, namely
wg = {p € wg : dist(p, 2\ wg) > N ln(l/h)}, (6.5)

with the constant c) to be made precise in the following. In our setting, we simply have
that wg = [0,1] x [y, yT] for some g > g~ > 0.
We will consider different weight functions depending on the direction of the con-

vection field. In the downstream case we let
,l/}l(x7y) = e*ﬂ?’ when /81 > 07
and in the upstream case

P1(x,y) = —e *, when 5 < 0.
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In both cases we have that Vi1 = (—11,0). Let then 1o € W1H*°(Q) be a function satisfying

1 in wg, 1
Vi =0, |Vae|< Ch™2. 6.6
Ve { O(h?) in Q\ wg, bV [Viba] (6.6)

Such a function can be obtained by taking a positive constant A that will be specified later

and letting
z"ﬁ—y) o+
C€Xp ( Nk y>y
¢2($7y) = 1, (x’y) Eéjlﬁ
y—g_ o__
€xXp ( )\h% >7 Yy < y .
Note that 19 is only piecewise continuously differentiable. For 1o to decrease sufficiently

rapidly to O(h3) outside of wg, we can take

dist(, 92\ wg) = min(y™ —§,5 —y7) = 377 In(L),

=

which corresponds to ¢y = 3\ in the definition of wg given in (6.5). We thus have that
Vpa|< A3,

and in the subsequent proofs the constant A will be taken large enough.
We now define the weight function ¢ € W1°(Q) that will be used in the weighted

norms. For the downstream case we take in Section 6.2.1

@ =111y € (0,1), when 1 > 0, (6.7)
and for the upstream case in Section 6.2.2,

=111 € (—1,0), when 1 <0. (6.8)

Using the product rule and the fact that 8- Vi = 0, it follows that in both cases we have

B- Ve =—[Bllgl, (6.9)

and
IVo|< (14+ATh72)|gl. (6.10)

We will denote the inflow and outflow boundaries by 9Q~ and 9Q*, i.e. f-n <0
on 90~ and B-n > 0 on 0. We will also assume that 3-n = 0 can only hold on the



Chapter 6. Convection-dominated problems 99

boundary of Q \ wg, and that p < Pe; |8 - n|h when - n # 0. This is straightforward to

lim
verify in the model case of the unit square that we are considering.
We recall for convenience several inequalities that will be used repeatedly: the

standard discrete inverse inequality (A.1)
IVorll o)< Ch™Honllp2eky,  Von € P1(K), (6.11)
the continuous trace inequality (A.2)
ol 2(omy< Ch™2 ol 2oy +h2 [ V0l i), Vo € H(K), (6.12)
and the discrete trace inequality (A.3)
IV0n - 0l 201 < Ch™2 [ Vonllzgieys Von € PL(E). (6.13)
As in Chapter 5, we will use the Poincaré-type inequality Lemma 3.2 which now reads as
|2+ 181212 Yol s o< Cy 7 (vn, 0n)2, - Von € Vi, (6.14)
and Lemma 3.3 that gives
Tn(mhu, mhu)? < Cy2 (u2h+ |B|7h2)ul o), Vu € HA(Q). (6.15)

We also recall that for a Lipschitz domain K — and hence for any element K € Tj,
— a function ¢ is Lipschitz continuous if and only if ¢ € W1°°(K). This follows from the
proof in [34, Theorem 4, p. 294] where the extension operator in the third step of the proof
is replaced by the extension operator in [57, Theorem 5, p. 181]. This equivalence holds
for more general domains satisfying the minimal smoothness property in [57, p. 189]. The
proof in [34, Theorem 4, p. 294] also shows that the mean value theorem holds and for any

z,y € K,

|(P(33) - 90(3/)|§ CexhK|Q0‘Wloo(K)7 (616)

where the constant C., > 0 is the norm of the extension operator used. We adopt the

notation [[¢]loi= ]z (x) and [eloe aey:= [Vl e o)
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Lemma 6.3. For all v, € Vi, and K € Ty, the following inequalities hold

Ielloo, x[lvnll e < Cllongllx, (6.17)
_1
lonepllore < Ch™2 [[ongl| K, (6.18)

assuming that (h + A_lh%) is small enough.

Proof. Let z* € K be such that |p(z*)|= ||¢|lcc,x- Using the triangle inequality we may
write

[@lloo. i llvnllx < llpvnllx+[[(o(2%) = @)onllx-

By the mean value theorem (6.16) we have that

lp(z™) — 9l < Cexhw‘wlvoo(l()a

and by (6.10) together with the assumption that Ce,(h + )\_lh%) < 1 we get

1,1 1
Ce:ch‘SO’WLOO(K)S Cex(h+ A 1h2)HSDHOO,K§ §”SDHOO,K-

It follows that
plloo, 7 lonll < [l@vnll e+l @lloo, i 10nll 1
from which the claim (6.17) is immediate. Considering now (6.18), using the standard

element-wise trace inequality (6.12) we have

1
Rz vpellox < C(||lvnell k+h|IV (vhe) | K )-

We bound the gradient term using (6.10) and the inverse inequality (6.11),

RV (vne)llx < bl Vol x+h|loVon| x
_ 1
< (h 4+ A7) ||lloo i 1ol & +Cll@ oo, & [[0n ] i

We conclude by collecting the terms and using (6.17). O

6.1.2 Discrete commutator property

We denote by i; the Lagrange nodal interpolant. We herein consider a Lipschitz
weight function and prove the following super approximation result, also known as the

discrete commutator property. This result will be essential to derive local weighted estimates
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and is similar to the one proven in [8] for smooth compactly supported weight functions.

Lemma 6.4. Let vy, € Vj, and K € Ty,. Then for any weight function ¢ € WL (K), there
holds

[vne — in(vnp) | Kk +RIV (Vnp — in(vhe)) |k < Chlplweo gy lonll k-

Proof. We will first show the L?-norm estimate
[vne — in(vrp) |k < Chlplwieo (ko lvnll k-
Let 2* € K be such that [¢(z*)|= ||¢]|ec,x and let R, = ¢ — ¢(2*). Note that
11 = in) (orp) lx= |1 — in) (vnRy) |-
Observe that i (vpp) = in(vpiny) and therefore
11 = in)(vnRo) || k= [lvn Ry — in(vninRy) | i
By the triangle inequality
[in(vninRy) — vn Ryl k < [lin(vninRy) — vnin Ryl k+|lvn(in Ry — Ry) ||k -
For the first term, since vyip R, € H L(K) we have by standard interpolation that
lin(vninRy) — vninRol| k< ChI|V (vpinRy) | x

and then

IV (vrin Rl ke < lin Ry lw.oo (1) |vnl 5 Hin Ropll o, i [ VUr || k-

By inserting V¢ and ¢, respectively, and using the interpolation estimate (A.4) and the

mean value theorem (6.16) we have the following approximation
hlinRplwree (i) Flin R lloo,k < Chleplw.ook)-
Combined with the previous estimate and the inverse inequality (6.11) this gives that

IV (oninRo) |l < Clelwoo ) llonll & - (6.19)
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For the second term, using again interpolation (A.4) we have
|vn(inRy — Rp)||k < [linRy — Rylloo, ik [[vrll k < Chlplwroo (g llvnll k.,

and thus we have shown that

vnse — in(vap) |k < Chlelwreo iy llvnl k-

The approximation estimate for the gradient follows by the same arguments. Indeed,

V(L —in)(vn)llx = IV(1 = in)(0nRy) | k= |V (vnRy) — Vip(vninRy) || i
< |[V(vnRy) = V(vpinRo) |k +IV (vrinRy) — Vip(vpinRy) | k-

We first use interpolation and the inverse inequality (6.11) to get

[V (vn(Ry — inRp)) e < lonV(Ry — inRy) ||k +[(Rp — inRy) Von|| ik

< Clelwree g llvnl k-

Then we use an inverse inequality followed by interpolation and (6.19) to obtain

IV(vninRy) — Vin(vninRy)| k< C|V (vhinRo) | k < Clolweo iy lonll k-

6.2 FError estimates

We recall the following consistency result that holds exactly as in the diffusion-

dominated case, see Lemma 5.2.

Lemma 6.5 (Consistency). Assume that u € H*(Q2) is a solution to (6.1) and let (up, zp) €
[Vi]? be the solution to (6.4), then

ap(mpu — up, wp) + 5™ (zn, wp) = ap(Thu — u, wp),

and

—ap(vp, zn) + s(Tpu — up, vp) = so(Tpu — u, vp) + Sw(TRU — Uy, Vp),

for all (vy,wp,) € [Vi]%.
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We now introduce the stabilisation norm on [V}]? by combining the primal and

dual stabilisers

[ (vn, wh)[|2:= s(vn, vn) + s*(wn, wp,),

and the “continuity norm” defined on H ste (Q), for any € > 0,
1,1 1.1 11
[ollg:= 181> ™2 vllo+8]2 b2 Volla+|[h2 p2 Vo - nf| o

From the jump inequality (6.15), standard approximation bounds for 7, and the trace
inequality (6.12), it follows that for u € H?(Q)

1 1.3
[(w = mnu, 0)|s+[lw = mpulls< C(p2 b+ [B]2h2)|ul g2 (q)- (6.20)

In the high Péclet regime, ,u%h < \5|%h% and the second term in the right-hand side

dominates. We also define the orthogonal space
Vit ={ve H*Q): (v,wp)o =0, Yuwy € Vi}.
Lemma 6.6 (Continuity). Let v € VhJ- and wy, € Vy, then
an(v, wn) < Cllo]l]l(0, wp)]]s-
Proof. Integrating by parts in the convective term of ap and using V - § = 0 leads to
ap(v,wp) = —(v, B - Vwp)g + (VB - n,wn) go + (LY, Vwy)o — (WVv - n,wp) o -

For the first term we recall the discrete approximation estimate that holds for any piecewise

linear 3, see e.g. [13, Theorem 2.2],

[N

D=

inf [[h2(8- Vun —an)lq < C | S RIS - Vwrlld | < CIBIEY 2 T (wh, wp)

(6.21)
2n€Vh FeF;

and use orthogonality to obtain

~(0,8- Vo < [|h"20le_inf |2 (8- Vun —an)lla< Cllollz)|(0,wn)]]s
Th h
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For the remaining terms, applying the Cauchy-Schwarz inequality we see that
(VB -1, wa)oq + (WY v, Vwp)o — (V0 -1, wh) 5o < Cllulg]| (0, wh)]s-

O

The above continuity estimate holds for any divergence-free piecewise linear ve-
locity field 3. For a general velocity field 3 € W1°(Q) we can use a similar argument
by considering its piecewise linear approximation as in Lemma 5.5. The continuity con-
stant would be proportional to Pe(h)%| Bl1,00/|Blloc- Assuming that S is divergence-free,
the constant becomes hPe(h)%|5|17oo/HﬁHoo.

We now prove optimal convergence for the stabilising and data terms.

Proposition 6.7. (Convergence of regularisation). Assume that u € H?() is a solution
o (6.1) and let (un,21) € [Vi]? be the solution to (6.4), then there holds

| (ne = unszn)ls< C(uzh 4+ B1202) (ful g2 oy +h~ISul).
Proof. Denoting e, = mpu — up we have that

I(ens zn) 3= anlen, zn) + 5" (zn, 2n) — anlen, zn) + s(en, €n).
Using both claims in Lemma 6.5 we may write

| (ens z1) 12= an(mhu — u, 21) + Tn (T — u, en) + s (Tt — Ty, 1)
Since mpu —u € VhJ- we have by Lemma 6.6 that
ap(mpu — u, z) < C|lmpu — ullg]| (0, 21)]|s-
We bound the other terms using the Cauchy-Schwarz inequality
Tn(mne = w,en) + w(mhu = o, en) < ([ — u,0) |+ (1A~ + b= [15ull ) | (en, Ol
Collecting the above bounds we have
Ien z0)I2 < O (llmeae =l — w,0) [ +-(B1R 4+ b3 80l ) e 1)

and the claim follows by applying the approximation inequality (6.20). O
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Remark 6.8. Compared to the result in Proposition 5.4 for the diffusion-dominated, the
sensitivity to data perturbations has increased by a factor of h='. This is due to the stronger

penalty in the data term s, (c.f. Remark 6.1).

6.2.1 Downstream estimates

In this case we consider 8 = (f1,0) with 81 > 0 and the data set
w=(0,z) x (y~,y")

touching part of the inflow boundary 9€2~. We aim to obtain control of the following

weighted triple norm defined on V},
11 1 1 11
lonll3 := 1812 vne? |a+12 Vorpz [a+118 - 2l 7one? 3o (6.22)

where ¢ is given by (6.7). Since ¢ € (0, 1), we will often use that [|-¢||o< ||g0%||g We first

consider vy as a test function in the weak bilinear form a; and obtain the following bound.

Lemma 6.9. There exist a > 0 and hg > 0 such that for all h < hg and vy, € Vi, we have
al[vnll?, < an(vn, vag) + Cll(on, 0)]13-
Proof. We start with the convective term. Since V - 8 = 0, the divergence theorem leads to
2(8 - Vup, vpp)a = (Unf - n, vh9) g — (U, vpB - V)a.
Then combining with (6.9) we have that
1
(B Vo, vpp)0 = 3 ((vhﬁ “n, 0pP) pq + 1 Bllvne? H?z) :
We split the boundary term into inflow and outflow
1 1.9 L 1.2
(UnB - n,vpp)pq = —l1B - nl2vpe? [|50-+|8 - nl2vae? |50+,
and write
1 1 1.9 192 1 1 L9
SUIB - nlzone2 [0+ +1Blllone2 Q) = (B - Von, vnp)a + S8 - nlZone? 50--

Splitting now the inflow boundary with respect to the closed set wg and using the discrete
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trace inequality (6.12) in w, and the weight decay (6.6) together with a standard global

trace inequality for H! functions outside, we have that

11 1 1 1
118 - n[2vpp? [lan- < C1B]2 ([lvne? [lag-nws Tvre? lag-\ws)
11 13
< CIB12h™ 2 ||upllw+CBI2h2 [|vp] g1 (q) (6.23)
_1
< ny 2H(Uh7O)HS7

where in the last step we used the Poincaré-type inequality (6.14). Hence we obtain control

over the convective terms in the triple weighted norm

1 1 1 —
3118 - nlzone2 30+ +1Blllvne2 [18) < (B - Vo, vap)a + Cy~ 4| (o, 0) |3 (6.24)

Let us consider the terms in ap(vp, vpe) corresponding to the diffusion operator, starting
with
1 1l 9
(1Y, V(vpp))a = 12 Vure? [g+(uV o, v V),

which we rearrange as
1 1
122 Vore|[d= (1Von, V(one))a — (1Von, pVe)a.
Bounding V¢ by (6.10) and using Cauchy-Schwarz together with p < |G|h we have that

|(uV R, vV @)al < u([Vo - Vil vp)a

1+ A1 2) (Vs 92, vnp? )a

We split the boundary term (uVuvy, - n, vap) 5 into inflow and outflow again. Similarly to
(6.23) we have that

(VR -1, vRP) oo < Chy ™| (vs, 0)|2.

For the outflow boundary term we use Cauchy-Schwarz and a trace inequality to obtain

1 1 11
(VR -, vRP) g+ < |2 Vo - np?[go+ ||p2vne? || go+
1,1 1 -3,1 11
< Ch™z[[p2Vuppz||oPey2 h2 ||| - n|2vpe? || s+

1 1.2 — 1 1.2
< 5lluzVonez g + Pegy 18- nl2 a2 |50+

We denote the part of the boundary where 5 -n = 0 by 9Q° and use the assumption that
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00 is away from wg, meaning that the weight function ¢ is O(h3) there. Together with
the trace inequalities (5.9) and (5.8), the Poincaré-type inequality (6.14) gives that

(Vvh - 1, 0hp) g00 < Ch?|[Voplllonlle< Cy (o, 0)|3-
Collecting the above bounds we obtain that

1 1
31112 Vorp2 [G< (uVon, V(vnp))a — (Vo - 1, vng) g
_ 1 1 1 1 _
+ C(h+ 272+ Pey ) (11812vnp2 [ +18 - nl2vae? I3+ ) + Cy~I(va, 0)|3.

lim

We conclude by combining this with (6.24) and assuming that A is small enough, and A\ and

Peyjiy, are large enough (thus absorbing the convective terms from the rhs into the lhs). O

Now we refine the control over the triple norm |vp||, by taking the projection

7 (vpe) € Vi, as a test function.

Corollary 6.10. There exist a > 0 and hg > 0 such that for all h < hg and vy, € V;, we

have

allonll? < an(vn, ma(vne)) + Cll(vn, 0)]12.

Proof. Since

an(vh, Th(vne)) = an(vn, (Tt — 1)(vne)) + an(vn, vne),

we must bound ay (v, (7, — 1)(vpe)) in a suitable way. Writing out the terms we have

an(vn, (mp — 1)(vnp)) = (B Vo, (mh — 1)(vnp))a + (uNVvr, V(mp — 1) (vre))a
— (Vo - n, (1, — 1) (vhe))gq = I + 11 + 111.

Let us consider the convection term first, and use orthogonality combined with (6.21)

I=(8-Vun, (mh — 1)(vap))a < C|BI7777||(vh, 0)[[sh ™2 || (74 — 1) ()l
< C|B[2y 2| (vn, 0) | sk~ 2 || (i — 1) (vnep) -

Integrating by parts and using that Av, = 0 on every element K we obtain by the trace
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inequality (6.12) and the assumption Pe(h) > 1 that

IT+111= Z / pu[Vop - n](mn — 1) (vpe) ds
Fer; ' ¥

1 1 1 1 1
< CIBI2y 2 Tn(vn, o) > (W2 || (mn — D) (vne) @ +h2 [V (7 — 1) (vap) [[2)-
Notice that ip(vpe) = 74 (in(vhe)) and the stability of the projection gives

IV (= in) (vn) o= IVTR(1 = in)(vne) o< C[V(L = i) (vae) |0 (6.25)
and hence

W2V (rn = D) (wnp)lla < B2 ([V (= in) (vn) la+|V (in = 1) (on9) )

1 (6.26)
< Ch2||V(ip, — 1) (vpep) |-

Since
_1 1.
h=z||(mp — 1) (vnp) lo< CR72|(in — 1) (vne) |

collecting the contributions above we see that

I+ 1+ ITT < C1B13y 5[ (v, 0) s (A2 [ (6n = 1)(wone) k2 IV (i = ) @ne)lle )

v

and hence
an(vh, (T — 1) (0np)) = I + 1T+ ITT < Cy V|| (vs, 0) || 341 BI(1V)*.

The discrete commutator property Lemma 6.4 together with the p-bounds (6.10) and (6.17)
give that
1 1
IV < Ch2 | Ve|ogllvnllo< C(h2 + A7 |lvagla. (6.27)

Since ¢ € (0,1) and ¢ < 90%, it follows that for A small enough and A large enough, given
some « > 0 we have
BTV < & lunl2. (6.28)

Collecting the estimates for ap (vp, (7 — 1)(vpe)) and using Lemma 6.9 we see that

an (vn, Th (vn)) = an(vn, (h — 1) (0r9)) + an(vn, vre) > Sllonllz — Cv~ I (vn, )|,
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from which we conclude by renaming a//2 as a. O

Lemma 6.11. For all vy, € V}, there holds

100, mr (on @) I2< Cllonlly, + 1 (on, 0)113).

Proof. First note that by triangle inequalities we have that up to a constant

100, 74 (0r0)) 1< 1112 V (0 — 1) (on))lo+ll102 V (0r0)) 2
+ (1B]+uh™)2 (|| (7 — 1) (0n) loa-+llongllan)
+ Tn (T4 (0n9), Th(VA)) 2

We bound these terms line by line. Using (6.26), (6.27), (6.10) and (6.17) we bound the
first line by

1.1 . 1 1 .1 —
8202V (in, — 1) (onp)lla+ln2 Vonello+21812 (2 + A7) [unplle< Clllvall,-

For the second line, using the trace inequality (6.12) and again the discrete commutator
property through the bounds (6.26) and (6.27) we have that

(18l+ph™ )2 || (mh — 1) (vnp)lloa< C1B12 vne? o

Splitting the boundary into inflow and outflow, we use the trivial bound ¢ < goé, and by
(6.23) for the inflow term we have that

—1\ % 1 1 1 1
(1Bl+uh™)2 onellan < C1BI2 lvne? lan-+ClIB - nl2vae? [lan-+
< Cl[(vn, O)lls+Cllvnll,-

For the contribution of the jump term, we insert i; and bound

NI

Tn(Th(0ne)s T (0n2))? < Tn((m — i) (0np), (7 — i) (0r0))
+ Tn((in — 1)(vne), (in — 1) (vpe))

1
+ Th(vne, vpp)2.

(NI

(6.29)
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We first observe that using (6.13) and (6.25), we can bound the first term by

Tn((mh — i) (vn0), (T — i) (vn9)) 2 < |BI2 R |V (7, — in)(ong)
181212 |V (i, — 1) (one)lle

< O[22 | Vell.allvnllo

< C[BI2(h% + A7Y) [unglle,

IN

where for the last two inequalities we used the discrete commutator property Lemma 6.4
together with the p-bounds (6.10) and (6.17). Since ¢ is Lipschitz continuous on K, ¢|p is
also Lipschitz continuous, and so ¢|p€ W1H°(F). The restriction of the nodal interpolant
on K onto F' gives the nodal interpolant on F', hence applying Lemma 6.4 to F' instead of

K we have the discrete commutator estimate
) 1 _
hln - V(in — 1)(va@) lr < Chl@lwco oy lonllp < C(h2 + A7) [[one] k,

where in the last step we used (6.10) and (6.17) together with a discrete trace inequality.

After summation we have that

Tn((in — 1) (o), (in — 1) (n9))? < Clloplll,-

Finally we use the trivial bound (since |p|< 1)

1 1
In(vne, vn)? < Tn(vh, vn)2.
We conclude the proof by summing up the above contributions. O

We can now prove in the downstream case 8 = (81,0), 51 > 0, the following error
estimate showing that in the zone wg where we have stability, the convergence in the L?-
norm is of order (’)(h%) on unstructured meshes, which is known to be optimal. We also

obtain that in this region the convergence in the H!-seminorm is O(h).

Theorem 6.12. Assume that u € H?(Q) is a solution to (6.1) and let (up, z,) € [Vi]? be
the solution to (6.4). Then there exists ho > 0 such that for all h < ho with Pe(h) 2 1 there
holds

Il = unlll, < CUBIZA [ul ey +18] 2072 |Gul.).

Proof. Let ey, = mpu —uyp, € Vi, then u — up, = u — mpu + ep. By Corollary 6.10 there exists
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a > 0 such that
allenll? < anlen, mhlen)) + Cv " (en, 0)|12.

By Cauchy-Schwarz combined with Lemma 6.11 and Young’s inequality
* — 2
—5*(zn, ma(enp)) < Cep (0, 2n) |12 +e1((lenll + [l (ens 0)[12),
for some 0 < g1 < /2, hence
Sllenll?, < anlen, a(enp)) + s*(zn, 7alens)) + Cey (0, 20)[124Cl (en, 0) 2.
Applying the first equality of the consistency Lemma 6.5 we obtain
a 2 -1 2 2
5 llenlly < an(myu — u, mi(enp)) + Cer (0, zn)lls+Cll(en, 0)ll;- (6.30)
Since mpu —u € VhL we may apply Lemma 6.6 to bound
an(mhu — u, mh(enp)) < Cllmau — ullg]|(0, mh(ene))|s-
From Lemma 6.11 and Young’s inequality we thus have that for some €5 > 0,
an(mhu — u, mh(enp)) < C((1+ 5 ) lmnu — ullf+| (en, 0)[3+e2lenll?)-
Taking 3 < /4 and combining the above bound with (6.30) we see that
Hllenll?, < C(1+ &3 Yllmnu — wlF+(1 + &7 )l (en, 20)]13)
zllenllly, = €9 ThU — U||y +e4 €hy Zh)lls)-

Since €12 are independent of h we can absorb them in the generic constant C' and using the

approximation inequality (6.20) together with Proposition 6.7, we conclude that

1 1.3 —
llenll, < Cluzh+[BI202)(ful g2y +h ™2 |[ullw)
1.3 1,1
< C(IB[2 b2 |ul g2y +IB[2 ™2 ||6ullw),

where we used that Pe(h) > 1. O
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6.2.2 Upstream estimates

In this case we consider 8 = (f1,0) with 8; < 0 and the data set

w = (O>$) X (y_ay+)

touching part of the outflow boundary 9Q2". We must choose the weight function differently
and this time we take a negative ¢ given by (6.8)

Y= P1Po € (—1,0).

It seems that in this case we can not simultaneously get control of the L?-norm and the
weighted H'-norm and we have to sacrifice the latter since it is not uniform in p. We now

take the weighted triple norm to be

2 1 1.9 1 1
lonlls, = 11817 onlel2 g + 118 - nlZonle|2 |30- (6.31)

and rederive the results obtained in Section 6.2.1, aiming for a local error estimate. Since
¢ € (—1,0), we will use that ||-0]la< |||¢2 ||o-
We start with an analogue of Lemma 6.9 by taking v, as a test function in the

weak bilinear form a; and notice that since ¢ < 0 we now have that

1 1 1.9 1.9 1 1 1.9

5 (118 nl3vnll? [30-+18lllunlel £ 12) = (8- Von,ongda + 51118 - nlFvalgl2 3o
Arguing as previously in (6.23) but now for the outflow boundary, we obtain the bound

1 1 1 1 1
118 - nl2vnlpl2 lao+ < C1812 ([lvnlel2[laa+nws +vnlel2 [laar\ws)
11 18
< C1B12h™ 2 [Jopllw+C|B]2 h2 [Jvp g (6.32)
1
< Cyz||(vn, 0,

and thus
1 L2 1 L2 -1 2
5 (1811lunlel 2 [3-+118 - nlbvnlel 2 [3a- ) < (8- Vo, vng)a + Cr 7 l(on, O (6:33)

For the diffusion term we no longer have any positive contribution due to the change in sign

of the weight function ¢, since now

1 1
(1Vvh, V(ope))e = —[ln2 Voulo|2 [+ (1Y on, vr Vo).
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We must therefore control this entirely using the stabilisation. Integrating by parts and

using the weighted trace inequality (6.18)

(uVop, V(vpp))a — (WNVop - n, vp9) 5o = Z / u[Vuop - n]ope ds
FeF ¥

1 1 1
< Oy 2 T (vp,vn) 22 hHopglla

1 1 1 1
< Cy 2 Ty (vn, vp) 22 h ™ on o] 2 | o-

To bound this by the triple norm we can simply use that |p|< 1 and p < |g|h, giving that
u%h_1|go|%§ ]5|%h7%. Hence we have that for some € > 0,

|(1Von, V(vnp))a — (4V0h - 1, vnp)aq | < Ce™ 'y A7 T(vn, o) + Celllonlll?.-

However, when Pe(h)h > 1 one can obtain a better estimate due to ,u%h_l |cp|%§ |6|%, which
gives that

|(1Vvh, V(onp))e — (V0 - 1, v9) gg | < O™y~ Tn(vn, vn) + Cellonll.

Summing these contributions we obtain the following result corresponding to Lemma 6.9.
Lemma 6.13. There exists a > 0 such that for all vy, € V}, we have
allvnll?, < an(vn, vnp) + Ch7|(vs, 0)||2, when 1 < Pe(h) < b,

and

allvnll?, < an(vn, vnp) + C|l(vn, 0)[|2, when Pe(h) > h™".

Again, we can refine the control over the triple norm [[vs|[,, by taking the projec-

tion 7 (vpp) € Vi, as a test function and we obtain corresponding results.
Corollary 6.14. There exists a > 0 such that for all vy, € Vi, we have
aH]vhH\?@ < ap(vn, T (vpe)) + Ch7Y (vp, 0)|12, when 1 < Pe(h) < b1,

and

allonll? < an(on, mh(vrp)) + C|l(vh, 0|12, when Pe(h) > h~".

Proof. The argument in the proof of Corollary 6.10 remains valid with the remark that we

now use the inequality |¢|< ]g0|% O
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Lemma 6.15. For all vy, € V}, there holds

10, mh (on@)) 12 < C(R lonll? + | (vr, 0)[12), when 1 < Pe(h) < b1,
and

100, m(on)) 1 < Cllonll}, + | (on, 0)12), when Pe(h) > h~".

Proof. We follow the proof of Lemma 6.11 and we focus on the bounds that are now different.

As before, by the triangle inequality we have that up to a constant

100, 7 (vne))Is< 112 V (7 — D (wn)) la+ 1|12 onVella+ 12 Vorella
+ (181+uh ™2 (| (74 — 1) (vne) loa+ lvnellon)
+ Tn(mh(vpe), Wh(vh‘/?))%-

The first two terms can be bounded by C||vs]|, as previously. For the third one, we can

use the inverse inequality (6.11) and (6.17) to obtain
|62 Vongllo< Cuzh™ @l olvnllo< Cuzh™ unplla< Cuzh™|osle|# o.
Hence we have that
112 Voppllo< Ch=2 |Jugll,,, when 1 S Pe(h) < h™,

and
1
|12 Vopepla< Cllon|l,, when Pe(h) > L.

Arguing as previously, we can bound the second line by Cf|vp[|, using (6.32) instead of
(6.23). We conclude the proof by recalling the estimate (6.29) for the jump term and the

subsequent bounds. O

We now prove the weighted error estimate in the upstream case 8 = (f1,0), 51 < 0,
showing that in the stability region wg we have quasi-optimal convergence for high Péclet

numbers and a reduction of the convergence order by O(h%) in an intermediate regime.

Theorem 6.16. Assume that u € H?(QY) is a solution to (6.1) and let (up,zx) € [Vi]? be
the solution to (6.4), then there holds

1 1. —
e = unll, < CUBIZAIulg2()+1B12h ™ [dullw), when 1 < Pe(h) < h™H,



Chapter 6. Convection-dominated problems 115

and

1.3 1.1 —
llu = unll, < CUBIZh2 |ul g2y +I8I2h 72 [|0ullw), when Pe(h) > h~.

Proof. We combine Lemma 6.13, Corollary 6.14 and Lemma 6.15 as in the proof of The-
orem 6.12 and note that the argument holds verbatim when Pe(h) > h~!. Observe that
when 1 < Pe(h) < h~! we similarly obtain for some o > 0 and 0 < g1 < /2,

Sllenll?, < an(mnu — u,mn(eny)) + Cey [1(0, 21) [3+Ch™" | (en, 0)|13- (6.34)
Since mpu —u € VhL we may apply Lemma 6.6 to bound
an(mhu —u, Th(ene)) < Cllmnu — ullg)l (0, 71 (ene))lls-
From Lemma 6.15 and Young’s inequality we thus have that for some g5 > 0,
ap(myu —u,m(enp)) < C((1+ 3 A [mnu — ullF+|(en, 0)2+e2lenll?)-
Taking 3 < /4 and combining the above bound with (6.34) we see that
Sllenll? < C((1 + &3 '™ llmnu — wll+er W[ (en, 20)|13).

Since €12 are independent of h we can absorb them in the generic constant C' and conclude

the proof by using the approximation inequality (6.20) and Proposition 6.7 to obtain that

1.1 1 —
llenll, < Cluzh2 + |82 h)(ful g2y +h ™2 ||ullw)
1 1.
< C(IB12 hlul 2oy +1812 0| dullw),

when 1 < Pe(h) < h™L. O

6.3 Numerical examples

We let €2 be the unit square and illustrate the performance of the numerical method
(6.4) for different locations of the data domain w and different regions of interest where we
measure the approximation error. The computational domains are given in Figure 6.4 and
the implementation is done using FEniCS [2]. In all the examples below we have used
uniform triangulations with alternating left and right diagonals. In the definition of 7;, and

s* we have taken the parameters v = 107° and v* = 1, and ¢ = 2 for s,,. The effect of
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different combinations of v and +* on the L?-errors is shown in Figures 6.5 and 6.6 when

data is given in a centred disc. Similar results are obtained when the data set is near the

inflow /outflow boundary. Notice that our choice is empirically close to being optimal both

locally and globally.

1

—. s s

0.4 e

(a) w = (0,0.2) x (0.4,0.6), re-
gion (0.2,1) x (0.45,0.55) down-
stream.

(b) w B((0.5,0.5),0.1), re-
gions both downstream and up-

stream.

RN N

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, . 0.6

————————————————————————————————————— ; 0.4

(c) w=(0.8,1) x (0.4,0.6), re-
gion (0,0.8) x (0.45,0.55) up-
stream.

Figure 6.4: Data set w (grey) and error measurement regions (light grey).

10° 1.0e-03 10° 1.0e-02
9.1e-04 8.9e-03
1071 1071
8.2e-04 7.9e-03
1072 7.3e-04 1072 6.8e-03
6.4e-04 5.8e-03
< 1073 2 1073
5.6e-04 4.7e-03
107* 4.7e-04 107* 3.7e-03
3.8e-04 2.6e-03
1075 4 1075
mm . o
10°5 2.0e-04 1076 + T T T T T 5.0e-04
10°° 107° 1074 1073 1072 1071 100 10°¢ 107° 1074 1073 1072 1071 100
¥ ¥
— -3 _ —2
(a) p=10"5. (b) p=10"2

Figure 6.5: Varying the stabilisation parameters v and v*. Absolute L?-errors downstream,
computational domains in Figure 6.4b. g = (1,0), exact solution u = 2sin(57x) sin(57y).
Similar results in the upstream case.



Chapter 6. Convection-dominated problems 117

2.0e+00 10° 2.0e+00

1.8e+00 1.8e+00
1.6e+00 1.6e+00

1.4e+00 1072 1.4e+00
1.2e+00 1.2e+00

1.0e+00 1.0e+00

8.0e-01 8.0e-01

6.0e-01 6.0e-01

4.0e-01 4.0e-01

2.0e-01 2.0e-01

1076 107° 107 1072 1072 1071 10° 1076 107° 107 1072 1072 1071 10°
Y Y

(a) p=1073. (b) p=10"2.

Figure 6.6: Varying the stabilisation parameters v and v*. Absolute L?-errors globally,
computational domains in Figure 6.4b. 8 = (1,0), exact solution u = 2sin(5nz) sin(5ry).

We first show convergence plots both downstream and upstream from the data
set when varying the diffusion coefficient pu and keeping the convection field 3 fixed. As in
the case of well-posed convection-dominated problems, the observed L2-convergence order
is typically O(h?), surpassing by (’)(h%) the weighted error estimates proven for general
meshes.

Data set near the inflow/outflow boundary. We consider the data set w near
the inflow and outflow boundaries of 2, as assumed in Section 6.1.1. We observe in Figure 6.7
that as diffusion is reduced the convergence order for the L2-errors increases, culminating
with quadratic convergence when convection dominates. Confirming the theoretical analysis
in Section 6.2.2, we note the presence of an intermediate regime for Péclet numbers in which
the upstream convergence orders are reduced and the upstream errors are typically larger.
This can also be seen in Figure 6.9 where we consider the diffusion coefficient 1 = 1072 and
an interior data set. The errors in the H'-seminorm are given in Figure 6.8 which shows
almost linear convergence, corresponding to an (’)(h%) convergence order for the gradient

term in the triple norm (6.22).



Chapter 6. Convection-dominated problems 118

—— le-01 100 4 —— le-01
—6— 5e-02 —6— 5e-02
1071 4 —& 2e-02 —& 2e-02
- 1e-02 101 ] - 1e-02
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107° 4 10-5 4
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(a) Computational domains in Figure 6.4a. (b) Computational domains in Figure 6.4c.

Figure 6.7: Absolute L2-errors against mesh size h when varying the diffusion coefficient s
for fixed 8 = (1,0), exact solution u = 2sin(57z) sin(57y).

N le-01 le-01
1071 5e-02 . 5e-02
2e-02 10%4 2e-02
le-02 le-02
le-03 le-03
le-04 le-04
100 4 rate 1 rate 1
10° 4
107! 10-1 4
10-2 } } } } 1072 4 I } } }
1074 1073 1072 107t 10° 1074 1073 1072 107t 10°
(a) Computational domains in Figure 6.4a. (b) Computational domains in Figure 6.4c.

Figure 6.8: H'-errors against mesh size h when varying the diffusion coefficient p for fixed
B8 = (1,0), exact solution u = 2sin(bmz) sin(5my).
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—8— upstream
—-=-- rate 3/2
—-- rate2

downstream 100 4
upstream
rate 3/2
rate 2

107 4
107 4

1072 4

1072 4

1072 4

10~ 4
104 4

10° 10! 107° 1074

(a) Domains in Figure 6.4b. (b) Domains in Figure 6.4a and Figure 6.4c.

Figure 6.9: L?-errors against mesh size h, downstream vs upstream for p = 1072, 8 = (1,0),
exact solution u = 2sin(57z) sin(57y).
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(a) Downstream. (b) Upstream.

Figure 6.10: L2-errors against mesh size h, computational domains in Figure 6.4b. Varying
the diffusion coefficient p for fixed 5 = (1,0), exact solution u = 2sin(57z) sin(57y).

Interior data set. Next we consider the setting of the example discussed in
Figure 6.2, where data is given in the centre of the domain. We give the convergence of
the L2-errors in Figure 6.10 with the caveat that this location of the data set w is not
rigorously covered by the theoretical analysis of the previous sections. Nonetheless, the
experiments are in agreement with the proven results. Notice that the L2-convergence is
faster as p decreases and for high Péclet numbers (above 10) one has optimal quadratic
convergence both downstream and upstream, with the distinction that in the upstream
case the convergence order is reduced in an intermediate regime, in agreement with the

theoretical results. Also, as expected from the error estimates proven in Chapter 5, when
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diffusion is moderately small one can see the transition towards the diffusion-dominated
regime as the mesh gets refined — the convergence changes from almost quadratic to sub-
linear as the Péclet number decreases below 1. Figure 6.11 shows almost linear convergence
in the H'-seminorm which corresponds to order (’)(h%) convergence for the gradient term
in the triple norm (6.22). We also remark almost no distinction between upstream and
downstream for this example, probably because the gradient term is controlled by the L2-

norm for small enough pu.

14
10 10t 4

10° 4

10° 4

107! 10! 4

1072 T T T T 1072

(a) Downstream. (b) Upstream.

Figure 6.11: H'-errors against mesh size h, computational domains in Figure 6.4b. Varying
the diffusion coefficient p for fixed 5 = (1,0), exact solution u = 2sin(57z) sin(57y).

Data perturbations. We demonstrate the effect of data perturbations 4, =
u|,+du in a downstream vs upstream setting by polluting the restriction of u to each
node of the mesh in w with uniformly distributed values in [—~h?, h?], [~h, h] and [—h%, h%],
respectively. Comparing first Figures 6.10 and 6.12 we see that perturbations of amplitude

O(h?) have no effect on the L-errors, as expected.
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10° 4
—+— le-01 —— le-01
—6— 5e-02 1 —6— 5e-02
1011 & 2002 1079 & 2e-02
—e— le-02 —6— le-02
—— le-03 —— le-03
N —— le-04 1072 4 —— le-04
1072 4 -=- rate 3/2 —== rate 3/2
—-- rate2 —-- rate2
103 1074
104 4 1074 4
1075 4 10-5 4
107 10"4 160 161 102 10"5 10"4 160 161
(a) Downstream, perturbation O(h?). (b) Upstream, perturbation O(h?).

Figure 6.12: L?-errors against mesh size h for perturbations in data, computational domains
in Figure 6.4b. Varying the diffusion coefficient p for fixed 8 = (1,0), exact solution
u = 2sin(5rz) sin(5my).

An O(h) noise amplitude exhibits in Figure 6.13 the difference — proven in The-
orems 6.12 and 6.16 — between the downstream and upstream scenarios. In the upstream
case the noise has a strong effect for moderate Péclet numbers and the errors stagnate. Only
for high Péclet numbers one has convergence of order O(h%). In the downstream case one
observes lower errors, faster convergence and almost no noise effect for high Péclet numbers.
The difference is also very clear for perturbations of amplitude (’)(h%) shown in Figure 6.14.
In the upstream case the errors stagnate and there seems to be no convergence, while in

the downstream case the errors still convergence for high Péclet numbers.

10° 4
—— le01 —— le01
—— 5e-02 —e— 5e-02
B -5 2e-02 101 4 -5 2e-02
1077 5 —— 1e-02 —— 1e:02
—— 1e-03 —— 1e-03
—— le-04 —— le-04
1072 4 —--- rate 3/2 —— 1e-05
—-- rate2 107 4 --- rate 172
—-- rate 2
103
103
10*4<
107° 4 10-4 4
10 10 100 100 104 10-2 102 10 10°
(a) Downstream, perturbation O(h). (b) Upstream, perturbation O(h).

Figure 6.13: L?-errors against mesh size h for perturbations in data, computational domains
in Figure 6.4b. Varying the diffusion coefficient p for fixed 5 = (1,0), exact solution
u = 2sin(5rz) sin(57y).



Chapter 6. Convection-dominated problems 122

100 —— le-01
—6— 5e-02
—&— 2e-02
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—— le-05
104 4 -=-- rate 3/2
107 10~ 10~ 107 100 1ot 10~ 10-2 107
. 1 . 1
(a) Downstream, perturbation O(h?). (b) Upstream, perturbation O(hz).

Figure 6.14: L?-errors against mesh size h for perturbations in data, computational domains
in Figure 6.4b. Varying the diffusion coefficient p for fixed 5 = (1,0), exact solution
u = 2sin(brz) sin(57y).

Variable convective field. We note that this case is not rigorously covered
by the theoretical analysis presented above. We briefly mention that a potential way of
extending the analysis to this case could be to assume that § has no closed curves and
vanishes nowhere, and construct the weight functions and the stability region in terms of
the 7 function in [3, Assumption (H3)], for which 3-Vn > C|][ Lo (yn- We consider a unit
vector field (B4, shown in Figure 6.15, that rotates around the point (—0.1,—0.1) and is
given by

Brar(T,y) := \/(x+0.1)21+(y+0.1)2 (y+0.1,—z —0.1). (6.35)
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Figure 6.15: Left: unit vector field 8,4, in (6.35). Right: data set w = (0.4,0.6)% (grey) and
error measurement regions (light grey).
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We consider an interior data set w = (0.4,0.6)% and the exact solution with unit
L?%-norm u = 30z(1—x)y(1—y). Without changing 3,4, we decrease the diffusion coefficient
u and present the absolute errors in Figures 6.16 and 6.17. We first see in Figure 6.16a that
the errors oscillate away from the data set when diffusion dominates. Then in Figure 6.16b
we notice the stronger impact of convection with a clear distinction between downstream and
upstream regions, similarly to the introductory example in Figure 6.2a. This intermediate
regime can still be observed in Figure 6.17a, while Figure 6.17b shows the convection-
dominated regime and a clear stability region with downstream—upstream symmetry.

106400
5.0e-1
20e-1

L1061

=502

Error

(a) p=1. (b) u=1072.
Figure 6.16: Absolute error for variable 8 in (6.35) and u = 30z(1 — z)y(1 — y). Data given
in the outlined square (0.4, 0.6)% and mesh size h ~ 0.005.
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(a) p=1073. (b) p=107°.

Figure 6.17: Absolute error for variable 8 in (6.35) and u = 30z(1 — z)y(1 —y). Data given
in the outlined square (0.4,0.6)? and mesh size h = 0.005.
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We report in Figure 6.18 the L2-convergence measured in the downstream and
upstream parts of the region shown in Figure 6.15. We notice a clear separation between a
diffusion-dominated regime with sub-linear convergence and a convection-dominated regime
with quadratic convergence. As expected, the regimes will also depend on the resolution of
the computation and we observe for g = 1073 that, as the mesh gets refined and the Péclet
number decreases, the convergence of the method changes from quadratic to sub-linear. We
also see that a smaller diffusion coefficient is needed in the upstream case to obtain optimal
convergence.

The annular downstream region is taken to be {(z,y) € (0,1)? : 0.75% +0.12 <
(r+0.1)2 4+ (y +0.1)2 < 0.952 + 0.12 and = — y < 0.2} and the upstream one {(z,y) €
(0,1)2: 0.75%2 + 0.12 < (z + 0.1)? + (y + 0.1)2 < 0.95 + 0.12 and = — y < —0.2}.

107t

—#— le-01 —#— le-01
—— 5e-02 —e— 5e-02
10-2 4 -8 2e-02 1021 -8 2e-02
—— 1le-02 —6— le-02
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107° 4
107° 4
105 1074 10° 10! 102 10-° 1074 10° 10!
(a) Downstream. (b) Upstream.

Figure 6.18: L?-errors against mesh size h. Varying the diffusion coefficient yu for fixed 3 in
(6.35), exact solution u = 30z(1 — z)y(1 — y) and computational domains in Figure 6.15.



Conclusions

In this thesis we have considered the unique continuation problem for second order
elliptic differential operators, focusing on the Helmholtz and convection—diffusion equations.
After discussing the ill-posedness of such problems in Chapter 1, conditional stability es-
timates that are explicit in the coefficients of the partial differential equation (PDE) have
been derived in Chapter 2. A methodology for designing numerical methods for such prob-
lems has been presented in Chapter 3, by first discretising the problem written in the form of
PDE-constrained optimisation, and then regularising on the discrete level using techniques
from stabilised finite element methods (FEMs). Based on continuous interior penalty stabil-
isation, piecewise linear FEMs have been proposed in Chapters 4 and 5 for Helmholtz and
diffusion-dominated problems. The error estimates are explicit in the physical parameters
and the convergence order matches the continuum stability of the problems. Convection-
dominated problems have been analysed in Chapter 6 where the numerical method was
proven to converge with quasi-optimal rates in local weighted norms.

In Chapters 4 and 5, continuum stability estimates were used for the approximation
error and bounding the residual in terms of the stabilisation was a key step in the error
analysis. Due to the a posteriori nature of these estimates, one direction for future work
could be to explore adaptive methods.

Since unique continuation is ill-posed and stability is only provided through the
discrete weakly consistent stabilisation, the ill-conditioning of the linear system becomes
a problem for fine meshes. A possible future area of development consists in devising
preconditioning techniques and efficient solvers for such systems.

Unique continuation problems for PDEs with coefficients that jump across an
internal interface could also be considered based on the methodology presented in this
thesis. Developing fitted and unfitted stabilised FEMs for this kind of ill-posed interface

problems would be another important extension.
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Appendix A

Finite element inequalities

We collect here some fundamental inequalities regarding finite element functions
and their approximation properties. Consider a domain 2 C R™ and let {7} be a shape-
regular family of triangulations 7;, = {K} with elements K having maximal diameter h.

For a positive integer k we denote by Py the set of polynomials of degree at most k.

Inverse and trace inequalities

We recall some inverse and trace inequalities, see e.g. [28, Section 1.4.3], starting

with the following inverse inequality
IVonll 20 < CPHonllzgy,  Yon € Pr(K). (A1)
We also recall the continuous trace inequality
ol 2(omy< C(h™2 ol 2y +h2 [ Vol i), Vo € HY(K), (A.2)
and the discrete trace inequality

IV0n -l L20) < CR73 || Vonll 2y, Von € Py(K). (A.3)

Approximation inequalities

We consider the conforming piecewise affine finite element space

Vi={ue C(Q) sulke Py(K), K € T; }
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and recall some approximation inequalities, see e.g. [32, Chapter 1]. Let 7, : L2(Q2) — V},
be the L?-projection that satisfies the orthogonality

(u—mpu,v)2) =0, Vu € L*(Q), Yv € V.
The L?-projection is stable in the L?-norm
Imhull o) < llullp2), Vu € L*(9),
and, if the family {75} is quasi-uniform, it is also stable in the H L_norm
Imtelli gy < Cllullngay. Yo € H'(S).
see e.g. [32, Lemma 1.131]. The following approximation estimate holds
lu = mhull 2y + RV (u = Tau) | o) < CR™ |[ulpm(q), Yu € H™(Q), m =1,2.

We also recall the Scott-Zhang [56] interpolant s, : H(£2) — V}, which preserves vanishing
Dirichlet boundary conditions. It is stable in both the L?- and the H'-norm and enjoys the

same approximation error estimate
lu = mozull 2 () + BIV (v = Toz) || 2y < CR™ |ulpm(q), Yu € H™(Q), m =1,2.

Let ij, be the nodal Lagrange interpolant on Vj,. For any function v € W1>°(K) the following

approximation holds
o = invlloou+RIV (0 = i50) oo e < CRIV0 oo i (A4)

see e.g. [32, Theorem 1.103].
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Pseudodifferential operators

We briefly recall herein the definition of semiclassical pseudodifferential operators
and semiclassical Sobolev spaces. We then discuss the composition rule of two such opera-
tors, which is also called symbol calculus, and some estimates that are used in the proof of
Lemmas 2.7 and 2.15. This presentation is based on [62, Chapter 4] and [51, Section 2], to
which we refer the reader for more details.

We shall use the following standard notation. For £ € R™ we set (§) = (14| \2)%,

and for a multi-index a = (a,...,a,) € N" let |aj= a1 +...ap, al= ag!---ap!, £* =
e gom. Let also 0% = 091 -+ 99", D = 19 and D = i‘%,aa. The Schwartz space S(R"™)

is the set of rapidly decreasing C*° functions and its dual &’(R") is the set of tempered
distributions. The semiclassical parameter A > 0 can be taken arbitrarily small and we
assume that i € (0,1).

The semiclassical Fourier transform is a rescaled version of the standard Fourier
transform. It is given by

i

Frpl(€) = / e A (r) da

n
and its inverse is

Fr (@) = gy /R enmp(€) e,

The following properties hold: F((hDy)%p) = £*Frp and (AD¢)* Frp(&) = Fr((—x)%p).

Symbol classes

For m € R the symbol class S™ consists of functions a(z, &, h) € C>°(R"™ xR"™) such

that for all multi-indices o, & € N there exists a constant Cy, 5 > 0 uniform in 7 € (0,1)
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such that
|030¢ a(x,€, 1)< Caa(&)™ 1%, 2 eR", eR™

Symbols in S™ thus behave roughly as polynomials of degree m. We write that a € AN ™
if
0208 a(z, &, h)|< Cagh™M (©)m714, z e R™ ¢ e R™

Lemma B.1 (Asymptotic series). Let m € R and the symbols a; € S™7 for j = 0,1,...

o0 .
Then there exists a symbol a € S™ such that a ~ ) W aj, that is for every N € N,
j=0
N
a— Z Waj e pNFHLgm=N—-1
§=0

The symbol a is unique up to h°°S™°, in the sense that the difference of two such symbols

is in KNS~ for all N, M € R. The principal symbol of a is given by ao.

Operators

Using these symbol classes we can define semiclassical pseudodifferential operators
(1»DOs). For a symbol a € S™ we define the corresponding semiclassical ¥y DO of order m,
Op(a) : S(R™) — S(R™),

Op(aute) = g [, [, o4 atone ) i

This is also called quantization of the symbol. Op(a) can be extended to S'(R") and
Op(a) : S'(R") — S'(R™) continuously. Note that Op(a)u(z) = F; '(a(z, ) Fru(-)) and
that the operator corresponding to the symbol a(z, &) = ZIaISN aq(x)EY is

Op(a)u = Z ao(z)(hD)%u.

la|<N

Notice that each derivative of this operator scales with h.

For the present paper the most important example is the second order differential
operator —h?A + h? > j=1Bj(x)0;. Its symbol is given by a(z,, h) = &|2+in > =1 Bi(@)&;,
and its principal symbol is ag(x, &, h) = [£]?.
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Semiclassical Sobolev spaces

For s € R the semiclassical Sobolev spaces H$

standard Sobolev spaces H*(R™) but are endowed with different norms

(R™) are algebraically equal to the

HUHH:CI(R”) = HJSUHH(Rny
where the semiclassical Bessel potential is defined by J* = Op((£)®). Informally,
J*=(1-h2A)2 seR.

For example, Hqu;d(Rn) = HuH%g(Rn) + HhVuHQLQ(Rn). A semiclassical ¥DO of order m is
(R™) to HZ;™(R™).

continuous from H? ol

scl

Composition

Composition of semiclassical ¥ DOs can be analysed using the following calculus.

Theorem B.2 (Symbol calculus). Leta € S™ andb e S™ . Then Op(a)oOp(b) = Op(a#b)

for a certain a#b € S™T™ that admits the following asymptotic series

a#b(z, &,1) ~ > B Dea(e, €, R)DIb(x, &, ).

The commutator and disjoint support estimates (2.14) and (2.13) follow, respec-

tively, from the following.
Corollary B.3 (Commutator and disjoint support). Let a € S™ and b € S™ . Then
1. a#b — b#a € hS™Tm' 1,
2. If supp(a) Nsupp(b) = 0, then a#b € h°S~>®, i.e. a#be hNSM for all N,M € R.

Proof. (1) The principal symbol of a#b, that is the first term in its asymptotic series, is
ab. The second term is %Z?Zl O¢;a(w, &, h)0z;b(x, &, ). We thus have that the principal
symbol of the commutator [Op(a), Op(b)] = Op(a#b — b#a) is given by

h
i

J

(O¢;a02,b — Oy,ade,b) € hS™ ™ 1,
1

n

(2) If supp(a) Nsupp(b) = 0, then each term in the asymptotic series of a#b vanishes. [
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