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ABSTRACT  
 
Theoretical stopping power values were inter-compared for the Bichsel, Janni, ICRU and Schneider 

relative stopping power (RSP) estimation models, for a variety of tissues and tissue substitute 20 

materials taken from the literature. The RSPs of eleven plastic tissue substitutes were measured using 

Bragg peak shift measurements in water in order to establish a gold standard of RSP values specific to 

our centre’s proton beam characteristics. The theoretical tissue substitute RSP values were computed 

based on literature compositions to assess the four different computation approaches. The 

Bichsel/Janni/ICRU approaches led to mean errors in the RSP of -0.1/+0.7/-0.8%, respectively. Errors 25 

when using the Schneider approach, with I-values from the Bichsel, Janni and ICRU sources, 

followed the same pattern but were generally larger. Following this, the mean elemental ionisation 

energies were optimized until the differences between theoretical RSP values matched measurements. 



Failing to use optimized I-values when applying the Schneider technique to 72 human tissues could 

introduce errors in the RSP of up to -1.7/+1.1/-0.4% when using Bichsel/Janni/ICRU I-values, 30 

respectively. As such, it may be necessary to introduce an additional step in the current stoichiometric 

calibration procedure in which tissue insert RSPs are measured in a proton beam. Elemental I-values 

can then optimized to match these measurements, reducing the uncertainty when calculating human 

tissue RSPs.  

 35 

1. Introduction and background 

The characteristics of proton therapy beams, with a low entrance dose and sharp rise in dose at the end 

of the beam’s range, gives them a distinct advantage over conventional photon therapy. The position 

of maximum dose (known as the Bragg peak) is dependent on the initial proton energy and can be 

carefully tuned to spare critical organs beyond the end of the range, provided the materials within the 40 

patient are known. Proton treatment planning requires knowledge of how the protons will be 

attenuated within the patient; information that is provided by a three-dimensional map of the patient’s 

stopping powers relative to water (known as relative stopping powers, RSPs). Proton computed 

tomography (CT) scanners would provide such a dataset, however there are currently no clinical 

systems despite great research interest over many years (Cormack 1963, Hanson et al 1981, Schneider 45 

and Pedroni 1995, Zygmanski and Gall 2000, Sadrozinski 2003, Schulte et al 2004, 2005, Talamonti 

et al 2010, Hurley et al 2012, Testa et al 2013, Esposito et al 2015). Suggestions have been made to 

calibrate X-ray CT datasets using proton radiographic images (Schneider et al 2005, Doolan et al 

2015), however this work remains in a preliminary stage.  

 50 

The current clinical solution to generate this dataset is to convert the patient’s X-ray CT from 

Hounsfield units (HU) into RSPs using a calibration curve (known as a HU-RSP calibration curve). 

This HU-RSP calibration curve is subject to a number of uncertainties. The X-ray CT can be affected 

by patient size and beam hardening (Schaffner and Pedroni 1998), changes in the photon energy 

spectra (Qi et al 2006), drifts of the scanner with time (Yang et al 2012), noise (Chvetsov and Paige 55 



2010), detector sensitivity and the choice of reconstruction algorithm (Kanematsu et al 2003) and 

artefacts from metallic objects (Verburg and Seco 2012). The accuracy of the RSP calculation is 

dependent on the uncertainty of the real tissue composition (Woodard and White 1986, White et al 

1987, ICRU 1989), deviations of the patient from these literature compositions (Schneider et al 2005, 

Yang et al 2012, Doolan et al 2015) and uncertainties in the mean ionisation energies (henceforth 60 

referred to as ‘I-value’) of tissue and water (Andreo 2009, Yang et al 2012). Additionally, there does 

not exist a perfect one-to-one correspondence between CT numbers and RSP of human tissues (Yang 

et al 2012). The uncertainty in the HU-RSP calibration curve leads to an uncertainty of where the 

protons will stop in the patient, known as ‘range uncertainty’. In clinical practice a margin of 2.5-

3.5% of the beam range is added to account for the proton beam range uncertainty, with this 65 

conversion from HU to RSP contributing ±0.5% to the uncertainty and uncertainties in the tissue I-

values contributing a further ±1.5% (both based on 1.5 standard deviations) (Paganetti 2012).  

 

1.1. Stoichiometric calibration 

The stoichiometric approach, first proposed by Schneider et al (1996), is the most widely used method 70 

for producing the HU-RSP calibration curve (Taylor 2015b). The process consists of four main steps: 

1. Image tissue-substitute materials with a known chemical composition. 

2. Parameterise the response of the CT as a function of the material’s chemical composition. As 

described in Schneider et al (2000) the mean attenuation coefficient  for the range of 

diagnostic X-ray energies and the elements contained in human tissues is described in good 75 

approximation as, 

    (1) 

where is the mass density;  is Avagadro's constant (6.022 X 1023); Z is the effective 

atomic number (calculated using the fraction by weight of the individual elements for 
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the binding correction for incoherent scattering; and accounts for photoelectric 

absorption. The values 

      (2) 

are CT scanner dependent and are determined experimentally through the scanning of tissue 

equivalent plastics of known chemical composition. The values of k1 and k2 are determined by 85 

conducting a least square fit to the measured CT numbers, as described in detail in Schneider 

et al (2000).  

3. Calculate the CT numbers of human biological tissues. In an ideal scenario these would not 

require calculation, but rather would be measured directly in the CT scanner. However, this is 

rarely practical. Even if real tissues could be readily handled, it would still require the 90 

separate scanning of individual tissues (to avoid problems such as beam hardening). 

Therefore, the CT numbers for real biological tissues are theoretically predicted using 

equation 1, together with the fitted constants. Chemical compositions and effective densities 

are taken from literature such as Woodard and White (1986), White et al (1987) and ICRU 

(1989). 95 

4. Calculate the RSPs of human biological tissues. As with step 3, in an ideal scenario these 

would be measured directly with a proton beam, but again this is not practical. Therefore, 

these values have to be theoretically calculated using the same chemical compositions from 

literature (Woodard and White 1986, White et al 1987, ICRU 1989). The absolute stopping 

power depends on the energy of the particle, but the RSP is almost independent of β (particle 100 

velocity in units of the velocity of light) for the range of particle energies relevant to radiation 

therapy (Hanson et al 1981, Arbor et al 2015). As such, the RSP is a much more useful 

quantity for proton therapy treatment planning, where the beam energy varies with depth in 

the patient. 
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Other stoichiometric calibration procedures also exist, such as the de Kock (2003) and Kanematsu et 

al (2003) approaches, offering potential advantages. For instance, if there are high density materials 

causing beam hardening artefacts, and if these are not compensated by the reconstruction algorithm 

there will be a varying X-ray energy spectrum throughout the object. In such cases, a non-linear 

model should be used to compute the CT numbers, such as that used in the de Kock (2003) routine. 110 

An advantage of the polybinary tissue model suggested by Kanematsu et al (2003) is that it requires 

the scanning of far fewer materials (four), with little compromise on the accuracy. For the purposes of 

this work, only the Schneider stoichiometric calibration procedure is considered. 

 

1.2. Use of the stoichiometric calibration in clinical practice 115 

As stated at the start of Section 1.1, the stoichiometric calibration is the most common approach for 

producing the HU-RSP calibration curve. In 2015, the Imaging and Radiation Oncology Core (IROC) 

Houston conducted proton beam validation tests on 15 proton centres in the United States, for clinical 

trials purposes (Taylor 2015b). According to the authors (Taylor 2015a), ten of these centres produced 

their calibration curves with the stoichiometric method, four used measurements and one institution 120 

used an in-house Monte Carlo calculation. Of the ten using a stoichiometric calibration, four used the 

Schneider et al (1996) calibration, five used a modified version implemented in the program by de 

Kock et al (2003) and one used the modified version suggested by Kanematsu et al (2003).  

 

Across the 15 institutions, both the CIRS and Gammex phantoms were used, as well as pork and bone 125 

animal tissue. Ainsley and Yeager (2014) showed that the specific choice of phantom has no impact 

on the uncertainty in the calibration curve. According to IROC Houston (Taylor 2015a), the average 

number of human tissues computed is 40: the de Kock program computes 64 human tissues, while the 

average for the other institutions using the stoichiometric method was 12 tissues. Information about 

the source from which the I-values were obtained was not provided.  130 

  

1.3. Theoretical calculation of the RSP 



Most previous works, such as Yang et al (2012), have looked at the errors introduced by the complete 

stoichiometric calibration procedure. In this work we look specifically at step four of the 

stoichiometric calibration procedure; the calculation of the theoretical RSP. The Bethe-Bloch formula 135 

is used to compute the stopping power of tissue, however there exists in literature a number of 

different approaches with different correction terms and sets of I-values. We are aware of four 

different approaches: 

i. The first proposal was given by Bichsel (1972), with the stopping power SB given by: 

   (3) 140 

where ρ is the mass density; e is the electron charge; mec2 is the rest mass energy of the 

electron; u is the atomic mass unit; z is the charge of the projectile (+1 for protons); Z and A 

are the atomic number and relative atomic mass of the target atom; β = v/c, the particle 

velocity in units of the velocity of light; It is the I-value of the tissue; C/Z is the shell 

correction; and δ/2 is the density correction. The RSP can then be calculated by dividing by 145 

the stopping power of water over the same energy range. To allow for comparison with other 

equations, we can rewrite the formula of Bichsel (equation 2) as, 

      (4) 

where K is the term outside the brackets and B represents the terms inside the brackets (the 

letter B used to represent Bichsel). 150 

ii. Using the above definitions, it is possible to write the stopping power as defined by Janni 

(1982) SJ as, 

 (5) 

where M is the proton rest mass and the second term in the square brackets forms part of the 

factor that accounts for the maximum kinetic energy that can be transferred to an unbound 155 

electron at rest; α is the fine structure constant, equal to 1/137.036; the second last term is 

important only relativistically; the final term is the Barkas correction, where the function 
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F(β,Z) is important only at low energies and is usually set to zero; and all other parameters are 

as defined previously. To allow comparison with the ICRU formula (see below), the formula 

of Janni (equation 4) can be rewritten as, 160 

      (6) 

where J1,2,3 are the second, third and fourth terms inside the brackets of equation 4 (the letter J 

used to represent Janni). 

iii. Using the previous definitions, the stopping power as defined by ICRU (1993) Report 49 can 

be written as, 165 

    (7) 

where γ comes from the use of the free-electron model and is approximately equal to √2; the 

final term in brackets is known as the Bloch correction; and all other parameters are as 

defined previously. In the ICRU Report, there are I-values for elements and for atomic 

constituents of compounds in the liquid and solid phase. Only the latter are considered in this 170 

work.  

iv. The Bichsel, Janni and ICRU approaches above are all used to compute the absolute stopping 

power of tissue. In order to determine the relative stopping power of tissue, it is necessary to 

divide by the absolute stopping power of water over the same energy range. Alternatively, 

and more conveniently, the RSP can be approximated directly by ignoring many of the 175 

correction terms. To the best of the authors’ knowledge, this was first proposed by Schneider 

et al (1996), 

    (8) 

where is the volumetric electron density relative to water; It and Iw are the I-values of 

tissue and water respectively; and all other symbols are as defined previously. This approach 180 

is currently the most popular as it avoids use of the many small corrections that are difficult to 

compute and are assumed to be negligible for biological tissues (Ödén et al 2015).  
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1.4. Corrections and mean ionisation values 

The different formulae described in Bichsel, Janni and ICRU (equations 3, 5 and 7, respectively) 185 

account for different effects. All formulae account for the shell and density corrections. The density 

effect is caused by the passing proton polarizing the surrounding atoms of the medium, perturbing the 

electron field and reducing the energy lost by the proton by up to 10%. The Janni and ICRU formulae 

(equations 5 and 7) have additional corrections: (i) a factor is included that accounts for the maximum 

kinetic energy that can be transferred to an unbound electron at rest; and (ii) the Barkas correction that 190 

accounts for the charge of the particle, in which slightly smaller stopping powers are experienced by 

negative particles compared to positive particles of the same mass and velocity. The ICRU formula 

also implements the Bloch correction, which accounts for instances when the projectile velocity is 

comparable to the velocities of the atomic electrons.   

 195 

Ödén et al (2015) compared the use of the Schneider approximation of the RSP (equation 8), that does 

not include these correction terms, with the well-known SRIM software (www.srim.org), which 

accounts for the above corrections. They showed that these correction terms introduce discrepancies 

of less than 0.1% across 72 human tissues. However, the Bichsel, Janni and ICRU formulae all 

incorporate different corrections and as a result each source uses different I-values. This is also partly 200 

due to their date of publication and the data available to the authors at the time. In this work we show 

explicitly the impact of using the different literature approaches and their corresponding I-values.  

 

 These values, together with the computed values for our tissue substitutes and, importantly, water 

(Iw), are detailed in table 1. Tissue I-values It are computed using Bragg's additivity rule (Seltzer and 205 

Berger 1982, ICRU 1992), 
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where Ii are individual elemental I-values; Zi and Ai are the atomic number and atomic weight of the ith 

element and ωi is its proportion by weight. The ICRU values are the mean excitation energies for 

atomic constituents of compounds (from tables 2.11 and 2.8 of ICRU Report 49); and their 210 

uncertainties are from table 2.8 in ICRU Report 49. 

  

Element (Z)  

or material 

I value [eV] 

 (Bichsel 1972) and (Bichsel 

and Hiraoka 1992)* 

(Janni 1982) (ICRU 1993) 

H (1) 19.2 20.4 19.2 ± 0.4 

C (6) 86.9* 73.8 81 ± 7 
 

N (7) 80 97.8 82 ± 2 

O (8) 95 115.7 106 ± 2 

F (9) 119 124.8 112 ± 0 

Na (11) 148 143.0 168.4 ± 0  

Mg (12) 156 151.1 176.3 ± 0  

Si (14) 176* 174.5 195.5 ± 3  

P (15) 172 179.1 195.5 ± 0  

S (16) 180 183.6 203.4 ± 0  

Cl (17) 187 182.6 180 ± 0  

K (19) 193 186.8 214.7 ± 0  

Ca (20) 196 191.9 215.8 ± 8  

Fe (26) 293* 278.2 323.2 ± 9  

I (53) 510 515.2 535.6 ± 0  

LN-300 Lung 74.4 71.0 73.9 

LN-450 Lung 74.3 70.9 73.8 

AP6 Adipose 68.6 64.3 66.6 

Breast 70.0 65.9 68.2 

CT Solid Water 71.9 68.2 70.4 

Brain 65.5 61.4 63.5 

Liver 71.8 68.2 70.3 

IB3 Inner Bone 80.1 77.7 80.1 

CB2 30% CaCO3 80.6 78.5 80.7 

CB2 50% CaCO3 90.9 90.9 93.2 

SB3 Cortical Bone 100.2 102.4 104.5 



Water 79.7* 81.8 75.3 

  

Table 1: I-values of elements, tissue substitutes and water, calculated using the different sources.*Values from 

the more recent source. 

 215 

1.5. Aim of this work 

It is clear that the stoichiometric calibration procedure is in widespread use. Although its 

implementation is not consistent between centres (the Schneider, de Kock and Kanematsu methods 

are all used), step four, the theoretical calculation of the RSP, is a necessary step for all those using a 

stoichiometric calibration. In literature there currently exist a number of methods for this computation 220 

based on the Bethe-Bloch theory, with no clear consensus as to which approach introduces the lowest 

error in the calibration curve. The Bichsel, Janni and ICRU approaches involve calculating the 

absolute stopping power of tissue and dividing by the respective stopping power of water over the 

same energy range; while in the Schneider approach many of the corrections are neglected and the 

RSP is approximated directly. Much work has investigated the impact of proton energy loss below 1 225 

MeV (Liamsuwan et al 2011, 2015), but this work is specifically concerned with the assessment of 

the RSP models at energies that have a significant clinical impact on the proton range. Additionally, 

the impact of the I-value of water has been extensively investigated by Andreo (2009) and Yang et al 

(2012) and so is not revisited. In all theoretical calculations the I-value of water was set to the values 

listed in table 1. The work is split into three parts: 230 

1. Absolute stopping power computation: The first aim of this work is to investigate the error 

introduced if the RSP is calculated using the separate absolute stopping power formulae of 

Bichsel, Janni and ICRU and their respective I-values (i.e. Bichsel formula with Bichsel I-

values etc.). Theoretical predictions of tissue substitutes are compared to measurements in a 

proton beam.  235 

2. Schneider RSP computation: Most centres use the Schneider formula (or the de Kock or 

Kanematsu approaches) because of its greater simplicity: RSP is directly approximated and it 

avoids the many corrections that can be difficult to compute. However it should be stressed 



that this formula is not a derived theoretical method and in such a simplification there is not a 

corresponding set of I-values. As such, the second aim of this work is to compute the RSP 240 

errors in using each set of I-values (Bichsel, Janni and ICRU) with the Schneider 

approximation, compared to tissue substitute measurements in a proton beam.  

3. Potential solution: No centres currently use the Bichsel, Janni or ICRU techniques for 

computing the absolute stopping power (Taylor 2015a), because the Schneider approach (and 

its variations) for computing the RSP are considerably simpler. However, as stated above, 245 

there are no suitable I-values for such an approximation. The final aim of this work is 

therefore to propose a method whereby the I-values are fitted to the measurements of the 

Gammex insert RSPs. These I-values are then used for theoretical human tissue RSP 

computations using the Schneider formulation, and comparisons are made with the values 

obtained when using the Bichsel, Janni and ICRU I-values. 250 

 

2. Methods and Materials 

2.1.Measurements 

A selection of the tissue substitute materials of the Gammex RMI 467 phantom (Gammex Inc., 

Middleton, WI) were imaged using the standard arrangement suggested by the manual, with an X-ray 255 

CT at 140 kVp. Bone mineral B200 was excluded because it has a significant proportion of fluorine 

(16.7%) and none of the human body tissues contain fluorine. The physical characteristics of the 11 

inserts can be found in table 2. Mass and electron densities relative to water, specific to this particular 

batch, were provided from the manufacturer (Gammex) and used in the computation. The mass 

densities were independently verified using mass (using an Acculab scale) and volume measurements 260 

(using Starett Co. micrometers), with a mean difference of +0.4% compared to the vendor’s 

information. Individual insert compositions can be found in table 2, derived from vendor data.  

 

Substitute Mass 
density 
[g cm-3] 

Relative 
electron 
density 

H 
1 

C 
6 

N 
7 

O 
8 

Mg 
12 

Si 
14 

P 
15 

Cl 
17 

Ca 
20 

LN-300 Lung 0.28 0.28 8.46 59.37 1.96 18.14 11.19 0.78 0.00 0.10 0.00 



LN-450 Lung 0.47 0.46 8.47 59.56 1.97 18.11 11.21 0.58 0.00 0.10 0.00 

AP6 Adipose 0.94 0.93 9.06 72.29 2.25 16.27 0.00 0.00 0.00 0.13 0.00 

Breast 0.98 0.96 8.59 70.10 2.33 17.90 0.00 0.00 0.00 0.13 0.95 

CT Solid Water 1.02 0.99 8.00 67.29 2.39 19.89 0.00 0.00 0.00 0.14 2.31 

Brain 1.05 1.05 10.83 72.54 1.69 14.86 0.00 0.00 0.00 0.08 0.00 

Liver 1.09 1.06 8.06 67.01 2.47 20.01 0.00 0.00 0.00 0.14 2.31 

IB3 Inner Bone 1.14 1.09 6.67 55.65 1.96 23.52 0.00 0.00 3.23 0.11 8.86 

CB2 30% CaCO3 1.33 1.28 6.68 53.47 2.12 25.61 0.00 0.00 0.00 0.11 12.01 

CB2 50% CaCO3 1.56 1.47 4.77 41.62 1.52 31.99 0.00 0.00 0.00 0.08 20.02 

SB3 Cortical 
Bone 

1.82 1.70 3.41 31.41 1.84 36.50 0.00 0.00 0.00 0.04 26.81 

Water 1.00 1.00 11.20 0.00 0.00 88.80 0.00 0.00 0.00 0.00 0.00 

Table 2: Physics characteristics and elemental compositions for the Gammex 467 phantom. 
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The insert RSPs were measured directly using a Bragg peak shift measurement. Similar measurements 

have been used in previous works (Zhang et al 2010, Sánchez-Parcerisa et al 2012). This involved 

setting a consistent proton beam range (159 MeV, distal R80 = 17.3 cm in water) and measuring the 

shift in the Bragg peak position, with and without an insert in the beam path. A pencil proton beam 

was generated using a brass aperture equal to the diameter of the inserts (28.6 mm), as shown in 270 

figure 1. The inserts were inserted into the aperture and the Bragg peak position was measured using 

two instruments: (i) a Markus ionisation chamber, positioned within a tank of water (together with a 

reference chamber at the entrance of the tank). The Markus chamber was stepped through positions 1 

mm apart and interpolation between these measurements provides a sub-millimetre range resolution 

of the Bragg peak. (ii) The Bragg peak shift was also measured with the Zebra (IBA Dosimetry, 275 

Belgium), a commercial stack of parallel plate ionisation chambers. Successive plates are 2 mm apart, 

however the range resolution of the Bragg peak is ±0.5 mm with interpolation (Ion Beam 

Applications, Louvain-la-Neuve). The ionisation chamber and water tank combination is considered a 

more accurate absolute measurement, however it can be susceptible to setup errors of up to 1 mm. The 

relative range measurement offered by the Zebra can be acquired faster and is robust against the type 280 



of setup errors that can occur with the water tank; however the range resolution is intrinsically limited. 

As such, the mean of the two measurements was used to compute the insert RSP.  

 

Figure 1. Photograph showing the set up for measurements. Inserts were inserted into the aperture and Bragg 

peak shifts were measured in the water tank. 285 

 

Insert thicknesses were measured using a calibrated set of callipers to a precision of ±0.05 mm. The 

ratio of the water equivalent shift (the shift with and without the insert) and the thickness of the insert 

allowed for computation of the insert RSP. The water equivalent shifts of both the distal 80% (known 

as R80 (Gottschalk 2003)) and distal 90% (known as R90 (Zhang et al 2010)) were determined to 290 

investigate the sensitivity of the RSP to the range determination method. 

 

2.2. Absolute stopping power calculation  

Using estimates of the chemical composition from the vendor, the absolute stopping powers for these 

tissue inserts were calculated using the different formulae and their listed I-values: (i) Bichsel (1972), 295 

equation 3; (ii) Janni (1982), equation 5; and (iii) ICRU (1993), equation 7, with compound I-values 

(a total of three computations). The RSP for each tissue was then determined by dividing by the 

respective stopping power of water (i.e. calculated using the same source) and taking the average over 

the energy range relevant to proton therapy and proton imaging (10-330 MeV). These calibration 



curves will be referred to as the ‘Bichsel’, ‘Janni’, ‘ICRU’ calibration curves, or collectively as the 300 

‘absolute stopping power curves’, for the remainder of this work.  

 

2.3. Schneider RSP computation 

The RSP of each Gammex tissue substitute was approximated using the Schneider approximation 

(equation 8), with I-values from each of the three sources (Bichsel (1972), Janni (1982) and ICRU 305 

(1993) ). These three calibration curves will be referred to collectively as the ‘Schneider calibration 

curves’ for the remainder of this work.  

 

2.4. Fitting I-values to measurement 

Most centres use the Schneider approximation for the RSP that does not account for corrections 310 

(Section 1.4), together with a set of I-values that is intended to be used with corrections. In an attempt 

to offer a solution to this discrepancy, an approach was developed in which elemental I-values were 

modified using an iterative optimization process, until the theoretical RSP computations matched the 

experimental RSP results for the tissue substitutes. The optimizer utilises Matlab’s built-in Nelder–

Mead optimization function, ‘fminsearch’. Such optimizers are robust to local minima and do not 315 

require an equation to be provided for the derivative of the cost function (Lagarias et al 1998), making 

their implementation simple.  

 

The ICRU elemental I-values were utilised as the starting point, as the ICRU publication is the most 

recent and likely the most often used by centres. These elemental I-values were varied during the 320 

optimization process, until the difference between the theoretical tissue substitute RSP computation 

and the measured tissue substitute RSP was minimal. The cost function  to describe this difference 

was defined as the root mean square error, also accounting for the uncertainty in the measurement, 

 ,    (10) 

D

Δ =
1
n

RSPc
i − RSPi

m( )
2

i
∑

RSPm
i( )

2

i
∑

 1
Errm

i( )
2



where n is the number of tissue substitutes; and  are the computed and measured RSP 325 

values for the tissue substitute i; and Errmi is the uncertainty in the measurement for tissue substitute i. 

To avoid nonphysical results, appropriate conditioning was required. The upper and lower bounds for 

each elemental I-value were taken from the uncertainties in ICRU Report 49 (it should be noted that 

under this restriction only 7 of the 15 elements were allowed to vary). Full details of the optimization 

process are detailed in table 3. 330 

 

Variable Details Value(s) used 

MaxFunEvals Maximum number of evaluations of the cost function (where n is 
the number of variables = 7) 

1000 x n 

 
TolFun 

 
Absolute tolerance on function value 

 
1 x 10-4 

 
Starting condition 

 
ICRU elemental I-values  

 
Nominal I-values below 

 
Constraints 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
RSP computation 

 
Uncertainties in elemental I-values given by ICRU (1993) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Approach used to compute the RSP 

 
H(1) = 19.2 ± 0.4 eV 
C(6) = 81 ± 7 eV 
N(7) = 82 ± 2 eV 
O(8) = 106 ± 2 eV 
F(9) = 112 ± 0 eV 
Na(11) = 168.4 ± 0 eV 
Mg(12) = 176.3 ± 0 eV 
Si(14) = 195.5 ± 3 eV 
P(15) = 195.5 ± 0 eV 
S(16) = 203.4 ± 0 eV 
Cl(17) = 180 ± 0 eV 
K(19) = 214.7 ± 0 eV 
Ca(20) = 215.8 ± 8 eV 
Fe(26) = 323.2 ± 9 eV 
I(53) = 535.6 ± 0 eV 
 
Schneider (equation 8) 
 

Table 3: Input variables for the optimization. 

 

3. Results 

3.1. Measurements 335 

Measured CT values and Bragg peak shift measurement data for the Gammex inserts is detailed in 

table 4. The R80 and R90 shift values are each an average of the two measurements, with a Markus 

chamber in a water tank and with the Zebra. The mean difference between the R80 and R90 shifts was 

only 0.2%, suggesting our measurements were largely unaffected by the potential broadening of the 

beam through the insert. Errors in the RSP are computed based on the propagation of the standard 340 

i
cRSP i

mRSP



deviation of the two measurements (Markus and Zebra) and the precision of the thickness 

measurement. 

 

Insert material CT number 

[HU] 

R80 shift* 

[mm] 

R90 shift* 

[mm] 

Thickness  

[mm] 

RSP  

(R80) 

RSP  

(R90) 

LN-300 Lung -727.9 -20.2±0.1 -20.3±0.2 72.2±0.1 0.280±0.002 0.281±0.003 

LN-450 Lung -522.6 -33.9±0.0 -33.9±0.2 71.6±0.1 0.473±0.001 0.474±0.003 

Adipose -83.8 -66.5±0.0 -66.4±0.3 70.3±0.1 0.946±0.001 0.945±0.005 

Breast -41.9 -68.7±0.0 -68.6±0.3 70.5±0.1 0.974±0.001 0.973±0.005 

CT Solid Water 1.0 -70.7±0.1 -70.5±0.5 70.3±0.1 1.005±0.002 1.003±0.007 

Brain 25.0 -75.1±0.1 -75.0±0.4 70.4±0.1 1.067±0.003 1.065±0.006 

Liver 83.7 -75.9±0.2 -74.7±0.2 70.2±0.1 1.080±0.003 1.064±0.024 

Inner Bone 204.0 -76.8±0.4 -76.8±0.9 70.3±0.1 1.094±0.006 1.093±0.014 

CB2 30% CaCO3 455.8 -88.4±0.7 -88.3±0.1 70.1±0.1 1.260±0.010 1.259±0.017 

CB2 50% CaCO3 798.0 -100.5±0.4 -100.3±0.1 70.2±0.1 1.433±0.006 1.430±0.010 

SB3 Cortical Bone 1203.1 -113.7±0.4 -113.7±0.1 70.2±0.1 1.620±0.006 1.620±0.014 

Table 4. Measurement data for the Gammex RMI 467 tissue substitute inserts. *Shift in R80 and R90 positions 

with respect to measurement without insert (average values across the two measurements, with Markus and 345 

Zebra). 

 

Using the measured CT values of the tissue substitutes, table 4, the response of the CT was 

parameterised as a function of chemical composition. Using equations 1 and 2 and estimates of the 

chemical composition from the vendor, the constants were found to be  and 350 

, with an . These constants, together with composition data from 

literature (Woodard and White 1986, White et al 1987, ICRU 1993), were then used to determine the 

theoretical CT values for human tissues.   

 

3.2. Absolute stopping power calculation  355 

The theoretical values of RSP for the tissue substitutes, calculated using the Bichsel, Janni and ICRU 

stopping power formulae (equations 3, 5, 7) and averaged over the energy range 10-330 MeV, are 

detailed in table 5. The Bichsel and ICRU approaches generally underestimate, while Janni 

k1 = 3.30330×10
−5

k2 =1.86869×10
−4 r2 = 0.998



overestimates. Averaging over all inserts, all three approaches demonstrate a good match to 

measurements. 360 

Material Measured Bichsel Janni ICRU 

RSP Err (%) RSP Err (%) RSP Err (%) 

LN-300 Lung 0.280 0.275 -1.74 0.278 -0.82 0.273 -2.37 

LN-450 Lung 0.473 0.462 -2.33 0.466 -1.42 0.459 -2.96 

Adipose 0.946 0.943 -0.34 0.954 +0.81 0.939 -0.69 

Breast 0.974 0.975 +0.10 0.985 +1.19 0.971 -0.30 

CT Solid Water 1.005 1.001 -0.42 1.011 +0.58 0.996 -0.88 

Brain 1.067 1.077 +0.92 1.089 +2.10 1.073 +0.58 

Liver 1.080 1.072 -0.70 1.083 +0.28 1.067 -1.16 

Inner Bone 1.094 1.092 -0.16 1.100 +0.57 1.084 -0.89 

CB2 30% CaCO3 1.260 1.275 +1.21 1.284 +1.88 1.266 +0.45 

CB2 50% CaCO3 1.433 1.444 +0.74 1.448 +1.08 1.429 -0.31 

Cortical Bone 1.620 1.619 +1.47 1.644 +1.50 1.623 +0.15 

   RMSE* +1.14  +1.24  +1.30 

   Mean -0.12 +0.71 -0.76 

   Max^ -2.33 +2.10 -2.96 

Table 5. Relative stopping powers (RSP) for the Gammex tissue substitutes, calculated using the individual 

source formulae. The percentage error (‘Err’) with respect to the measurement is listed.  *Root-mean-square-

error. ^Maximum error (in either positive or negative direction). 

 

3.3. Schneider RSP computation 365 

Using the I-values from the three sources (Bichsel, Janni and ICRU), but with the Schneider 

approximation for the RSP, equation 8, gives the theoretical values for RSP as detailed in table 6. It 

can be seen that this theoretical calculation of RSP, step four of the stoichiometric procedure, follows 

the same pattern as the results in table 5: a systematic underestimation in the Bichsel and ICRU 

approaches and an overestimation in the Janni scheme. In this instance, using the ICRU I-values 370 

results in the lowest error. The errors are generally larger than the absolute stopping power 

computations, which is not surprising as the individual sets of I-values account for correction terms 

that are not present in the Schneider approach. 

 



Material Measured Bichsel Janni ICRU 

RSP Err (%) RSP Err (%) RSP Err (%) 

LN-300 Lung 0.280 0.274 -2.30 0.281 +0.23 0.277 -1.21 

LN-450 Lung 0.473 0.458 -3.17 0.470 -0.66 0.463 -2.09 

Adipose 0.946 0.927 -2.05 0.953 +0.70 0.940 -0.69 

Breast 0.974 0.957 -1.71 0.984 +0.98 0.970 -0.39 

CT Solid Water 1.005 0.983 -2.17 1.010 +0.43 0.999 -0.91 

Brain 1.067 1.056 -1.00 1.086 +1.78 1.071 +0.39 

Liver 1.080 1.053 -2.50 1.081 +0.09 1.067 -1.25 

Inner Bone 1.094 1.075 -1.75 1.101 +0.61 1.086 -0.73 

CB2 30% CaCO3 1.260 1.254 -0.49 1.283 +1.83 1.267 +0.51 

CB2 50% CaCO3 1.433 1.423 -0.73 1.451 +1.28 1.433 0.00 

Cortical Bone 1.620 1.621 +0.06 1.649 +1.82 1.629 +0.57 

   RMSE* +1.86  +1.13  +0.96 

   Mean -1.62 +0.83 -0.53 

   Max^ -3.17 +1.83 -2.09 

Table 6. Relative stopping powers (RSP) for the Gammex tissue substitutes, calculated using the Schneider 375 

approximation for the RSP, equation 8, but with the I-values of the different sources. The percentage error 

(‘Err’) with respect to the measurement is listed. *Root-mean-square-error. ^Maximum error (in either positive 

or negative direction).  

 

2.4. Fitting I-values to measurement 380 

As shown in the previous sections, all the current approaches have discrepancies from the measured 

values. Optimizing the elemental I-values (see values in table 7), significantly improved the estimates 

of tissue substitute RSP, as detailed in table 8. The cost function RMSE decreased from 0.96% to 

0.76%, while the mean error across the tissue substitutes decreased from -0.53% to +0.11%. The RSP 

approximation improved in 7 out of 11 inserts. 385 

 

 I value (eV) 

Material ICRU Optimized 

H (1) 19.2 ± 0.4 18.8 

C (6) 81 ± 7 74 



N (7) 82 ± 2 80 

O (8) 106 ± 2 104 

F (9) 112 ± 0 112 

Na (11) 168.4 ± 0  168.4 

Mg (12) 176.3 ± 0  176.3 

Si (14) 195.5 ± 3  192.5 

P (15) 195.5 ± 0  195.5 

S (16) 203.4 ± 0  203.4 

Cl (17) 180 ± 0  180 

K (19) 214.7 ± 0  214.7 

Ca (20) 215.8 ± 8  223.8 

Fe (26) 323.2 ± 9  331.7 

I (53) 535.6 ± 0  535.6 

Table 7. Original and optimized elemental I-values. 

 

Material Measured ICRU Optimized 

  RSP Err (%) RSP Err (%) 

LN-300 Lung 0.280 0.277 -1.21 0.279 -0.55 

LN-450 Lung 0.473 0.463 -2.09 0.466 -1.43 

Adipose 0.946 0.940 -0.69 0.947 +0.09 

Breast 0.974 0.970 -0.39 0.978 +0.37 

CT Solid Water 1.005 0.999 -0.91 1.003 -0.18 

Brain 1.067 1.071 +0.39 1.079 +1.15 

Liver 1.080 1.067 -1.25 1.074 -0.52 

Inner Bone 1.094 1.086 -0.73 1.093 -0.12 

CB2 30% CaCO3 1.260 1.267 +0.51 1.274 +1.10 

CB2 50% CaCO3 1.433 1.433 0.00 1.439 +0.45 

Cortical Bone 1.620 1.629 +0.57 1.635 +0.90 

  RMSE*  +0.96  +0.76 

  Mean  -0.53  +0.11 

  Max^  -2.09  -1.43 

Table 8. The impact of optimizing the elemental I-values on the tissue substitute RSPs. 

 390 

Figure 2 shows the optimized elemental I-values in comparison with the Bichsel, Janni and previous 

(unoptimized) ICRU results. Altering the elemental I-values leads to a variation in the tissue I-values. 



Using compositions from literature (Woodard and White 1982, White et al 1987, ICRU 1989), the 

variation in I-value across 72 human tissues is shown in figure 3. 

 395 

 

Figure 2. Optimized elemental I-values in comparison with literature values. 

 



 

Figure 3. Human tissue I-values using optimized and literature elemental I-values. 400 

 



The aim of this work is to assess the errors in using the current schemes available for computing the 

RSP. As such, the RSP differences when using the Bichsel, Janni and ICRU approaches were 

compared to those values obtained when using optimized elemental I-values with the Schneider 

approximation (equation 8). The impact of not using optimized elemental I-values to match 405 

measurement data can be seen in figure 4, by computing the errors for each approach across 72 human 

tissues.  

 

Figure 4. Errors in the RSP for 72 human tissues, calculated using literature elemental I-values compared to 

using the optimized I-values. Plotted against CT number (left); plotted as a list (right). 410 

 

4. Discussion 



Bethe-Bloch theory is widely used in proton therapy to compute the stopping power of tissue. The 

framework is known to have errors below 1 MeV (Emfietzoglou et al 2009), however the impact on 

the clinical range, which is of particular concern for this work, is negligible. Currently in literature 415 

there exist a number of different methods for computing the stopping power of tissue, with no clear 

consensus as to which approach is the most accurate. The absolute stopping power can be computed 

using the Bichsel, Janni and ICRU formulae (equations 3, 5 and 7), while the RSP can be computed 

directly using the Schneider approximation (equation 8). Due to its ease of use, the Schneider 

approximation and its variants such as de Kock are most commonly used. However, the user is 420 

required to select a set of I-values and the impact of using different datasets is not clear.  

 

With no clarity on which approach is the most accurate, comparison was made with measurements of 

Gammex tissue substitutes. Separate Bragg peak shift measurements of a pencil proton beam were 

made with a Markus parallel plate ionisation chamber and with the Zebra (Ion Beam Applications, 425 

Louvain-la-Neuve) and the RSP of each tissue substitute was measured. These were compared to 

theoretical RSP values computed with the absolute stopping power methods (Bichsel, Janni and 

ICRU) and the Schneider RSP method with the three different I-value datasets.  

 

4.1. Relative stopping power calculations  430 

If calculated using the approach of first calculating the stopping power, this theoretical calculation of 

the RSP, one of the fundamental steps of the stoichiometric calibration procedure, has a RMSE/mean 

error of: +1.1/-0.1% for Bichsel (equation 3); +1.2/+0.7% for Janni (equation 5); and +1.3/-0.8% for 

ICRU (equation 7). If calculated using the Schneider approximation (equation 8), the RMSE/mean 

errors follow a similar trend: +1.9/-1.6% for Bichsel I-values; +1.1/+0.8% for Janni I-values; +0.9/-435 

0.5% for ICRU I-values. Using the Bichsel absolute stopping power approach or using the Schneider 

approximation with the ICRU elemental I-values leads to the lowest errors. 

 

It can be seen from inspection of tables 5 and 6 that these differences vary across the CT number 

range. The largest differences are typically found in the lower density lung inserts (underestimations 440 



of more than 3%). Such RSP errors will translate into proton range errors and it has been shown that 

correct proton beam range prediction is particularly critical in regions such as the lung (Seco et al 

2012).  

 

4.2. How to correct the stoichiometric calibration  445 

In an attempt to provide a solution to these discrepancies, an approach was developed in which the 

elemental I-values were optimized to fit to measurement data. As the Schneider RSP formula is the 

most common approach (for convenience) and the ICRU dataset is the most recently published set of 

I-values, with the best fit to measurements, these were used as the starting point for the optimization. 

The I-values of only 7 of the 15 elements were allowed to vary in the optimization procedure, and 450 

only by modest amounts according to the uncertainties in ICRU Report 49. Despite these restrictions, 

it was still possible to reduce the RMSE in the tissue insert RSP from 0.96% to 0.76% and the mean 

error significantly. The authors are confident that allowing a more relaxed I-value variation during the 

optimization would lead to further reductions in RSP errors; however it is important the I-values 

remain within typical physical limits. More relaxed constraints in the optimisation could be justified if 455 

one compares with the Bichsel and Janni I-values in table 1. Compared to the ICRU I-values, the 

Bichsel and Janni I-values have mean/max differences of -5.7/-12.1% and -4.1/+19.3%, respectively, 

which are considerably larger than the mean/max (1.5/8.4%) uncertainties that were allowed in the 

optimisation. Additionally, the optimizer is flexible and any measurements with larger uncertainties 

can be removed from the optimization process (e.g. lung inserts), if not considered reliable. 460 

 

To assess the potential impact of using the Bichsel, Janni and ICRU I-values on proton therapy 

patients, comparisons were made with the optimized ICRU I-values across a range of human tissues. 

Figure 4 shows that mean/max differences across 72 human tissues were: -0.5%/-1.7% for Bichsel; 

+0.4%/+1.1% for Janni; and -0.1%/-0.4% for ICRU I-values. Although the mean differences are small 465 

(to be expected from only allowing minor variations in I-values), larger differences could be found in 

the bony and fatty regions (+1.1 for Janni in the Skeleton Cranium, -1.7% for Bichsel in Adipose 

Tissue 3, for example), which could be a concern for particular treatment sites. As such, we suggest 



that an additional step should be added to the stoichiometric calibration procedure, in which RSP 

values are fitted to measurement through the optimization of elemental I-values. These I-values 470 

should be used in subsequent estimates of human tissue RSPs, which are used to form the 

stoichiometric calibration curve. 

 

 

 475 

5. Conclusion 

There are four clear methods for calculating the RSP of a given tissue. Three involve the computation 

of the stopping power of the tissue, which must then be divided by the respective stopping power of 

water over the same energy range (Bichsel 1972, Janni 1982, ICRU 1993). To account for the 

different formulae and corrections, each source has its own set of I-values. Comparing the RSPs of 480 

Gammex inserts determined using a simple Bragg peak shift measurement in a proton beam, it was 

found that the Bichsel approach leads to a small mean underestimation in the RSP (-0.1%); the Janni 

approach leads to a mean overestimation (+0.7%); while the ICRU also underestimates (-0.8%). The 

fourth method is an approximation in which the RSP is computed directly (Schneider et al 1996), 

using any set of I-values. The mean errors for this approach were generally higher in magnitude and 485 

the ICRU I-values showed the best match. 

 

Using the Schneider approximation, the ICRU elemental I-values were optimized until the theoretical 

tissue substitute RSP values matched measurements (mean error reduced from -0.53% to +0.11%). 

The impact of not using these optimized elemental I-values was assessed by calculating the RSP of 72 490 

human tissues with the Bichsel, Janni and ICRU elemental I-values. It was shown that failing to use 

optimized I-values could introduce errors of up to -1.7%/+1.1%/-0.4% for Bichsel/Janni/ICRU 

respectively. As such, we propose that an additional step should be added to the current stoichiometric 

calibration procedure that involves actual measurement of the tissue insert RSPs in a proton beam. 

Elemental I-values should then be optimized to match these measurements and these values should be 495 



used in step four of the current stoichiometric procedure, the theoretical calculation of the RSP of 

human tissues.  
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