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Abstract: The velocities of space plasma particles often follow kappa distribution functions, which have
characteristic high energy tails. The tails of these distributions are associated with low particle flux
and, therefore, it is challenging to precisely resolve them in plasma measurements. On the other hand,
the accurate determination of kappa distribution functions within a broad range of energies is
crucial for the understanding of physical mechanisms. Standard analyses of the plasma observations
determine the plasma bulk parameters from the statistical moments of the underlined distribution.
It is important, however, to also quantify the uncertainties of the derived plasma bulk parameters,
which determine the confidence level of scientific conclusions. We investigate the determination of
the plasma bulk parameters from observations by an ideal electrostatic analyzer. We derive simple
formulas to estimate the statistical uncertainties of the calculated bulk parameters. We then use the
forward modelling method to simulate plasma observations by a typical top-hat electrostatic analyzer.
We analyze the simulated observations in order to derive the plasma bulk parameters and their
uncertainties. Our simulations validate our simplified formulas. We further examine the statistical
errors of the plasma bulk parameters for several shapes of the plasma velocity distribution function.

Keywords: kappa distributions; plasmas; methods

1. Introduction

Scientists study numerous physical mechanisms in space plasmas through the velocity distribution
functions (VDFs) of the space plasma particles. State-of-the-art plasma instruments on board space
missions are designed to construct the VDFs of the plasma species. Electrostatic analyzers are widely
used to resolve the three dimensional (3D) VDFs of ions and electrons in numerous plasma regimes,
such as the solar wind (e.g., [1]), the magnetosphere of Venus (e.g., [2]), Earth (e.g., [3,4]), Mars (e.g., [5]),
Jupiter (e.g., [6]), Saturn (e.g., [7]), in the vicinity of comets (e.g., [8]), and more. Some of these
designs analyze all the plasma species within the sampled energy range together, while others have
advanced designs that allow mass composition measurements. The appropriate analysis of the observed
VDFs derives the plasma bulk properties that we need to study the plasma dynamics. For example,
the statistical moments of the observed VDFs determine the plasma density, bulk velocity, plasma
pressure, energy flux, and many other useful physical quantities. The accuracy of the plasma bulk
parameters depends on the quality of the plasma particle measurements and the method we use to
analyze them.

Space plasma particles usually undergo limited collisions and their velocities do not follow the
classic Maxwellian distribution functions. Instead, the VDFs of plasma particles are often kappa
distribution functions (e.g., [9–14] and references therein). For example, the studies by [15–22] use kappa
distribution functions to describe the solar wind plasma species within the heliosphere. Additionally,
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the studies by [23–31] determine kappa VDFs within planetary magnetospheres, and [32] use kappa
distributions to describe the plasma electrons within the coma of 67P Churyumov-Gerasimenko.
Moreover, the authors of [33–39] derive the VDFs of plasma particles within the outer heliosphere and
within the inner heliosheath and show that kappa distribution functions fit accurately the observations.
However, the study by [40] shows that a single kappa distribution cannot describe the entire energy
spectra of heliosheath particles within a few eVs to MeVs. Possibly, a combination of kappa distributions
is a better description of these observations.

Kappa distributions have characteristic high energy tails, which consist of plasma particles with
energies well beyond the bulk energy of the plasma population. The shape of such a tail is governed
by the kappa index of the distribution function, which is a crucial parameter in understanding
the kinetic and dynamic properties of the plasma. Kappa distributions arise naturally from Tsallis
statistical mechanics [41–43], and the value of the kappa index indicates the correlations between
the plasma particles and defines the thermodynamic distance of the plasma from the classic thermal
equilibrium [44,45]. The thermodynamic origin of kappa distributions is extensively discussed
by [46], while the study by [47] argues for the natural connection between the kappa index of
the plasma VDFs and the polytropic index, which describes the transition of the plasma from one
thermodynamic state to another, and is necessary for the fluid description on the plasma (e.g., [48–59]).
Data-analyses demonstrate and quantify the specific relationship between the two indices in the
terrestrial ionosphere [30] and in the solar wind at 1 au [60,61]. Note also, that the analyses by [62]
and [63] investigate the dynamics of plasma electrons and energetic ions in Saturn’s magnetosphere,
respectively, using both the kappa distributions and the polytropic description.

Numerous studies demonstrate the challenges in accurately determining kappa distribution
functions from space plasma measurements (e.g., [64–67]). Different analysis methods have specific
advantages and disadvantages. For instance, the numerical calculation of the statistical moments of
the observed velocity distribution function is computationally cheap and does not require assumptions
regarding the analytical model of the distribution (e.g., [67,68]). On the other hand, if we choose the
right analytical model to describe the plasma particles, a chi-square minimization algorithm or/and
a maximum likelihood method (e.g., [68,69]) can provide reliable results even in cases where the
velocity distribution function is not fully observed, but their calculations are a bit more complicated
and possibly non-suitable for on-board estimations. Nevertheless, regardless of the analysis method,
the accurate determination of the plasma bulk parameters requires a good measurement resolution
of the distribution, including the high energy tails that are often associated with low plasma flux,
and thus high statistical uncertainty. The statistical uncertainties of the plasma measurements propagate
uncertainties in the derived plasma bulk parameters. The quantification of the propagated errors in
the derived plasma properties is important for the validation of scientific results.

The purpose of this study is to investigate the statistical uncertainties of the plasma statistical
moments derived from the numerical analysis of observed kappa distribution functions. We derive
simplified formulas for the expected statistical uncertainties as functions of the observed signal. We then
simulate the response of a typical electrostatic analyzer in typical plasma conditions. We analyze
the simulated measurements in order to derive the statistical moments and their uncertainties.
The comparison between our simulations and the expected values shows a good agreement. We extend
our simulations to estimate the statistical uncertainties of the bulk parameters for distribution
functions with different shapes. We finally highlight the importance of such novel estimations in
future applications. This paper is organized as follows. In the next section, we formulate simplified
expressions for the expected statistical error of the plasma moments and we demonstrate how we
simulate and analyze typical plasma observations. In Section 3, we present our simulation results,
which we compare with our predictions. Finally, we discuss our findings in Section 4.
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2. Methods

2.1. Numerical Calculation of the Statistical Moments

We investigate the properties of plasmas with their particle velocity
→

U following the 3D isotropic
kappa distribution function (e.g., [13,14,44]):

f (
→

U) = N
[

m
2π(κ− 3/2)kBT

]3/2 Γ(κ+ 1)
Γ(κ− 1/2)

1 +
m
(
→

U −
→

V
)2

2(κ− 3/2)kBT


−κ−1

, (1)

which is defined by the plasma density N, bulk velocity
→

V, temperature T, and kappa index κ.
In Equation (1), m is the mass of the plasma particles, kB is the Boltzmann constant, and Γ is the gamma
function. The SI unit of f is m−6 s3, while in many applications, it is reported in cm−6 s3. Typical
electrostatic plasma instruments register the number of plasma particles (counts, C) detected per
particle speed U, and solid angle, which is determined by the elevation angle Θ and azimuth angle Φ
of the particle flow direction. We set a coordinate system in which the particle velocity components are

Ux = U cos Θ cos Φ,
Uy = U cos Θ sin Φ,

Uz = U sin Θ.
(2)

As explicitly shown in [65–67], an electrostatic analyzer will approximately measure

Cexp(U, Θ, Φ) ≈ GU4 f (U, Θ, Φ)∆τ, (3)

where ∆τ is the acquisition time, defined as the time interval for which the instrument records particles
in each U, Θ, and Φ. A simplified determination of the instrument’s geometric factor (in terms of
speed resolution) G is

G = Aeff
∆U
U

∆Θ∆Φ, (4)

where Aeff is the effective aperture (usually expressed in cm2), determined by the physical aperture
size and the detection efficiency; ∆U

U is the speed resolution; while ∆Θ and ∆Φ are the elevation and
azimuth resolution respectively. We note that Equation (3) predicts the average counts per U, Θ, and Φ,
and thus Cexp is generally a non-integer number. For our mathematical expressions in this section,
we use the average Cexp values, which we then compare with simulations that account for the counting
statistics (for more, see Section 2.3). In typical plasma analyses, we construct the 3D VDF from the
observed counts using the inverse of Equation (3):

fexp(U, Θ, Φ) =
Cexp(U, Θ, Φ)

U4G∆τ
. (5)

Note that some spacecraft data-products are reported directly in physical quantities, such as differential
directional energy flux JE, typically in (cm2 sr s)−1, or particle differential intensity, typically in
(cm2 sr s keV)−1, among others. The constructed f exp is never a perfect representation of the actual
plasma f owing to the limited instrument’s efficiency, energy, and angular range and resolution.
However, a novel analysis of the plasma measurements can estimate the statistical moments of the
constructed distribution function f exp. Here, we focus on the first three orders of velocity moments
and the first order speed moment of the 3D VDF. The expected 0th order velocity moment gives the
plasma number density:



Entropy 2020, 22, 541 4 of 15

Nexp =
∑

U

∑
Θ

∑
Φ

fexp(U, Θ, Φ)U2δU cos ΘδΘδΦ, (6)

The first order velocity moment determines the integrated particle flux:

→

Fexp = Nexp
→

Vexp =
∑

U

∑
Θ

∑
Φ

→

U fexp(U, Θ, Φ)U2δU cos ΘδΘδΦ, (7)

where
→

Vexp is the expected bulk velocity of the plasma particles. The second order velocity moment
determines the thermal pressure:

Pexp = NexpkBTexp =
1
3

∑
U

∑
Θ

∑
Φ

m
(
→

U −
→

Vexp

)2
fexp(U, Θ, Φ)U2δU cos ΘδΘδΦ, (8)

where Texp is the expected plasma temperature. Finally, the first order speed moment (e.g., [14,67])
from which we can determine the kappa index is

M1
exp = Nexp(kBTexp)

1
2 2
√
π

(
κexp −

3
2

) 1
2 Γ(κexp−1)

Γ(κexp−
1
2 )

=
∑
U

∑
Θ

∑
Φ

√
m
2

(
→

U −
→

Vexp

)2
fexp(U, Θ, Φ)U2δU cos ΘδΘδΦ.

(9)

In Equations (6)–(9), δU, δΘ, and δΦ denote the distance between consecutive U, Θ, and Φ pixels,
respectively, in which the instrument samples the 3D VDF. For simplification, we consider the special
case where the distance between consecutive pixels is equal to their individual resolution, so that
δU = ∆U, δΘ = ∆Θ, and δΦ = ∆Φ. Then, according to Equations (4) and (5), Equations (6)–(9)
simplify to

Nexp =
∑

U

∑
Θ

∑
Φ

Cexp(U, Θ, Φ) cos Θ
Aeff∆τU

, (10)

→

Fexp =
∑

U

∑
Θ

∑
Φ

→

U
Cexp(U, Θ, Φ) cos Θ

Aeff∆τU
, (11)

Pexp =
1
3

∑
U

∑
Θ

∑
Φ

m(
→

U −
→

V)
2 Cexp(U, Θ, Φ) cos Θ

Aeff∆τU
, (12)

and

M1
exp =

∑
U

∑
Θ

∑
Φ

√
m
2
(
→

U −
→

Vexp)
2 Cexp(U, Θ, Φ) cos Θ

Aeff∆τU
, (13)

respectively.

2.2. Expected Uncertainties

Here, we minimize the systematic errors of the derived moments by consider an instrument with
high energy and angular resolution, able to capture the entire 3D VDF. The remaining source
of errors is mainly the statistical uncertainty of the registered counts. Generally, in counting
experiments, the number of registered counts follow the Poisson distribution function, and the
statistical uncertainty of a measurement Cexp is σC,exp =

√
Cexp. We calculate the expected statistical

uncertainties of the statistical moments using the error propagation formula. Equations (10)–(13) are
summations in all U, Θ, and Φ, for example, the expected density in Equation (10) can be written as
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Nexp =
∑

∆N, where ∆N is the contribution from each U, Θ, and Φ. Therefore, σ2
N,exp =

∑
(σ∆N)

2,

where σ∆N =
(
∂∆N/∂Cexp

)
σC,exp, and according to the above,

σN,exp =

√√∑
U

∑
Θ

∑
Φ

(
cos Θ

Aeff∆τU

)2

Cexp(U, Θ, Φ). (14)

Similarly,

σFi,out =

√√∑
U

∑
Θ

∑
Φ

(
Ui cos Θ
Aeff∆τU

)2

Cexp(U, Θ, Φ), (15)

σP,exp =
1
3

√√√√√√∑
U

∑
Θ

∑
Φ

m(
→

U −
→

Vexp) cos Θ
Aeff∆τU


2

Cexp(U, Θ, Φ) (16)

and

σM1,exp =

√√∑
U

∑
Θ

∑
Φ

m
2
(
→

U −
→

Vexp)
2
(

cos Θ
Aeff∆τU

)2

Cexp(U, Θ, Φ) (17)

The subscript i in Equation (15) denotes the component (x, y, or z) of the velocity vector. In Equations (16)

and (17), we consider that the statistical uncertainty in the derived bulk velocity
→

Vexp is small compared
with the statistical uncertainty of the registered counts in most of the instrument’s pixels, and thus is
neglected for simplicity. In our analysis, we test the accuracy of the above simplified expressions with
simulations of plasma measurements.

2.3. Simulations

We use simulations of plasma measurements to validate our formulas in Sections 2.1 and 2.2.
We use the forward modelling method (e.g., [29,64–67,70–77]) to simulate plasma observations by
a typical top-hat electrostatic analyzer with aperture deflectors. The top-hat plane of the instrument
model lies in the x–y plane. The electrostatic analyzer scans the plasma particle energies between 0.2
and 20 keV, in 96 exponentially distributed steps, each with energy acceptance ∆ of ~5%. This energy
range corresponds to proton speeds between 200 kms−1 and 2000 kms−1, with speed resolution ∆U

U
of ~2.5%. The elevation angle of the flow Θ is measured from the top-hat plane with the use of the
aperture deflectors, while the azimuth angle Φ of the flow is resolved on the top-hat plane (measured
from x-axis) in discrete azimuth sectors. The modeled instrument resolves both Θ and Φ within −45◦

to + 45◦, in 31 steps with acceptance width ∆Θ = ∆Φ = 3◦, respectively. Such a high instrument energy
and angular resolution minimizes the systematic errors associated with the poor sampling of the
distribution function (e.g., [67]) and allows the investigation of the statistical uncertainties associated
with the finite number of registered counts. We also allow the scaling of the instrument’s effective
area Aeff = KeffA0 by setting a reference value A0 = 1 × 10−6 m2 and varying the Keff factor. In order
to account for the statistical uncertainty of the registered counts, we simulate plasma measurements
following the Poisson counting statistics. More specifically, for a specific plasma f (U, Θ, Φ), we assign
a measurement Cout(U, Θ, Φ), randomly selected from the Poisson distribution with an expected
(average) value Cexp(U, Θ, Φ) given by Equation (3). In Figure 1, we show the modeled observations by

the instrument design with Keff = 1, in a test plasma proton population with N = 20 cm−3,
→

V = 500 kms−1

towards the + x direction, T = 2 × 105 K, and κ = 3. These plasma parameters will be used through this
study as our input test plasma proton population.
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Figure 1. Modeled proton measurements by the electrostatic analyzer design we consider in this
study. (Left) Number of counts as a function of log10 and elevation angle Θ summed over azimuth Φ;
and (right) as a function of log10 and Φ, summed over Θ. For the specific example, we consider solar

wind protons with N = 20 cm−3,
→

V = 500 kms−1 along the x-axis, T = 2 × 105 K, and κ = 3.

Through this paper, we use our simulations to produce plasma measurements for different
instrument efficiencies and for different plasma VDFs. For a specific instrument setting and plasma
VDF, we model 1000 Cout(U, Θ, Φ) measurement samples. For each sample, we construct 1000 f out

using Equation (5). We then calculate the statistical moments Nout,
→

Fout, Pout, and M1
out, for each fout,

as shown in Equations (10–13). Finally, we compare the mean values and standard deviations of the
1000 derived moments with the corresponding expected values.

3. Results

3.1. Statistical Moments versus Efficiency

We firstly simulate observations of our test plasma population (see Section 2) for different efficiency

factors Keff. For each Keff, we analyze 1000 simulated observation samples and calculate Nout,
→

Fout,
Pout, and M1

out. In Figure 2, we show the 2D histograms of the derived moments, normalized to
their input values, for each Keff. We show only the x-component of the integrated particle flux vector
Fx,out, which captures the bulk direction of the plasma flow. The relative uncertainty of the derived
moments (standard deviation over the corresponding input moment) is significantly small (<3%) and
decreases as the instrument’s efficiency and the number of registered counts increase. More specifically,
for Keff = 0.5, the relative uncertainties of the 0th and the first velocity moments are ~1.5% and drop
below 1% for Keff > 1.5. The relative uncertainty of the second velocity moment is 2.6% for Keff = 0.5,
and drops progressively to ~1% for Keff = 4. Finally, the relative standard deviation of the first order
speed moment is ~1.6% for Keff = 0.5 and becomes smaller than 1% for Keff > 1.5.

In Figure 3, we plot the mean values of the derived moments and their standard deviations as
functions of Keff. The values are normalized to the input moments. In the same plot, we show the
corresponding expected values and their uncertainties as determined from the simplified Equations in
Section 2. The simulation results are virtually the same as the expected values.
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Figure 2. Ratios of the derived plasma distribution moments over the corresponding input moments,
as functions of the instrument’s efficiency factor Keff. For each Keff value, we simulate and analyze
1000 measurements samples. (From top to bottom) The derived density (0th order velocity moment)
over the input density, the derived x-component of the integrated particle flux (first order velocity
moment) over the input particle flux, the derived plasma pressure (second order velocity moment) over
the input plasma pressure, and the derived first order speed moment over the corresponding input
value. The magenta data points show the mean values and standard deviations of the moments in each
Keff value. The top horizontal axis shows the maximum number of recorded counts max. Cexp.

3.2. Bulk Parameters versus Kappa Index

The statistical moments are products of the plasma bulk parameters (N,
→

V, T, and κ) that define
the plasma VDF. Previous studies have shown that the accuracy of the derived plasma parameters
depends on the shape of the plasma VDF, which is modified by the plasma bulk parameters in a rather
complicated way (e.g., [29,66,67,73,74,76]). Here, we use our simulations to investigate the accuracy
of the derived bulk parameters as a function of the kappa index, which governs the shape of the
plasma VDF. As we show in Figure 4, VDFs with smaller κ have narrower cores and their tails extend to
higher energies.

In Figure 5, we show the histograms of the derived bulk parameters Nout,
∣∣∣∣∣→Vout

∣∣∣∣∣, Tout, and κout,

as functions of the kappa index of the plasma VDF, while in Table 1, we show their mean values
and standard deviations. For each kappa index value, we simulate 1000 observation samples by the
same plasma sensor (Keff = 1). In the top horizontal axis, we show the maximum number of expected
counts for each kappa index. For κ = 2, the narrow core is associated with ~504 counts. The number
of counts drops rapidly to ~197 for a distribution with κ = 3. However, the maximum number of
expected counts drops only by a factor of 2 as κ increases from 3 to 9. The relative uncertainty of
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the derived plasma parameters is significantly small (<3%) for the input plasma parameters and the
instrument characteristics we examine here. The relative standard deviation of the plasma density
is ~1% and does not change significantly with increasing κ. The relative uncertainty of the plasma
speed is extremely small (<1%) and is constant with κ. On the other hand, the standard deviation of
the derived temperature decreases from ~2.5% to ~1% as κ increases from 2 to 9. Finally, the standard
deviation of the derived kappa index increases with increasing input κ. We note, however, that the
accuracy of κout is much more critical for VDFs with low κ as their elongated tails contribute largely
to the particle moments (e.g., [12,13,64,78]). In general, a change in the kappa index changes the
shape of the VDF and simultaneously affects the number of registered counts, which both affect the
accuracy of the plasma parameters, possibly in a different manner. In the next section, we discuss our
results in detail.Entropy 2020, 22, x FOR PEER REVIEW  8 of 16 

 

 

Figure  3.  Comparison  between  the  derived  (magenta)  and  the  expected  range  (shadow)  of  the 

plasma velocity and speed moments as functions of Keff. (From top to bottom) The comparisons for 

the plasma density (0th order velocity moment), the derived x‐component of the integrated particle 

flux (first order velocity moment), the plasma pressure (second order velocity moment), and the first 

order speed moment, while the top horizontal axis shows the maximum number of recorded counts 

max.  expC . The moments are normalized to the corresponding input moments. The expected range 

is calculated by Equations (14)–(17) using the expected (average) number of registered counts, while 

the derived parameters  are  calculated by  the analysis of 1000 measurement  samples  for  each Keff 

value. 

3.2. Bulk Parameters versus Kappa Index 

The statistical moments are products of the plasma bulk parameters ( N ,  V

,  T , and   ) that 

define  the  plasma VDF.  Previous  studies  have  shown  that  the  accuracy  of  the  derived  plasma 

parameters  depends  on  the  shape  of  the  plasma  VDF, which  is modified  by  the  plasma  bulk 

parameters  in a rather complicated way (e.g., [29,66,67,73,74,76]). Here, we use our simulations to 

investigate  the accuracy of  the derived bulk parameters as a  function of  the kappa  index, which 

governs  the  shape  of  the  plasma  VDF.  As  we  show  in  Figure  4,  VDFs  with  smaller     have 
narrower cores and their tails extend to higher energies. 

In Figure 5, we  show  the histograms of  the derived bulk parameters  outN ,  outV


,  outT ,  and 

out , as  functions of  the kappa  index of  the plasma VDF, while  in Table 1, we  show  their mean 

values and standard deviations. For each kappa index value, we simulate 1000 observation samples 

by the same plasma sensor (Keff = 1). In the top horizontal axis, we show the maximum number of 

Figure 3. Comparison between the derived (magenta) and the expected range (shadow) of the plasma
velocity and speed moments as functions of Keff. (From top to bottom) The comparisons for the plasma
density (0th order velocity moment), the derived x-component of the integrated particle flux (first order
velocity moment), the plasma pressure (second order velocity moment), and the first order speed
moment, while the top horizontal axis shows the maximum number of recorded counts max. Cexp.
The moments are normalized to the corresponding input moments. The expected range is calculated
by Equations (14)–(17) using the expected (average) number of registered counts, while the derived
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Table 1. Mean values and standard deviations of the plasma bulk parameters, derived from the
simulations of 1000 measurement samples per input kappa index value.

Input κ max. Cexp
Nout ± σN,out

(cm−3)
Vout ± σV,out

(kms−1)
Tout ± σT,out

(×105 K) κout ± σκ,out

2 504 20.00 ± 0.20 500.3 ± 0.4 1.78 ± 0.05 2.12 ± 0.03
3 197 20.00 ± 0.20 500.0 ± 0.4 1.98 ± 0.03 3.02 ± 0.07
4 147 20.00 ± 0.20 500.0 ± 0.4 2.00 ± 0.03 3.96 ± 0.12
5 127 20.00 ± 0.20 500.0 ± 0.4 2.00 ± 0.02 4.92 ± 0.19
6 116 20.00 ± 0.20 500.0 ± 0.4 2.00 ± 0.02 5.86 ± 0.25
7 109 20.00 ± 0.20 500.0 ± 0.4 2.00 ± 0.02 6.82 ± 0.37
8 105 20.00 ± 0.20 500.0 ± 0.4 2.00 ± 0.02 7.76 ± 0.48
9 101 20.00 ± 0.20 500.0 ± 0.4 2.00 ± 0.02 8.74 ± 0.61

4. Discussion

We formulate simplistic expressions for the statistical moments of the plasma VDFs, as constructed
from measurements by typical plasma instruments. We express the statistical moments and their
uncertainties as functions of the recorded counts per speed and flow direction, scanned by the
instrument C(U, Θ, Φ). Our simplistic expressions show that the statistical moments are proportional to
C(U, Θ, Φ), while their statistical uncertainties expected by Poisson counting statistics are proportional
to

√
C(U, Θ, Φ). As a result, the relative uncertainties of the derived moments and the plasma bulk

parameters decrease with the increasing number of recorded counts. The analysis of simulated data
verifies the simplified equations (Figures 2 and 3). We simulate observations of our test plasma
population, and we vary the instrument’s efficiency such as the maximum number of recorded counts
increases progressively from ~100 to 800. With the specific settings, the relative uncertainties of all
the statistical moments are significantly small and drop below 1% as the maximum recorded counts
exceed 300.

Additionally, we quantify the statistical accuracy of the derived plasma density, speed, temperature,
and kappa index considering a wide range of input kappa indices, and a specific plasma instrument
with a certain efficiency (Figure 5). The kappa index governs the shape of the VDF and the distribution
of the recorded counts C(U, Θ, Φ). The narrow core of a VDF with a small κ is associated with large
number of counts limited within a few pixels of the instrument, and the VDF extends to high energies,
which contribute mostly to the higher order moments (e.g., Figure 4). With a careful examination of our
simplistic expressions in Section 2, we realize that the relative uncertainty of the plasma parameters
decreases with increasing counts in individual pixels, and with the increasing number of pixels with
detected counts. Therefore, a conclusive examination should quantify the uncertainties as functions of
the kappa index and the number of registered counts simultaneously.

For this purpose, in Figure 6, we show σN,out/N, σV,out/V, σT,out/T, and σκ,out/κ as functions
of the maximum recorded counts for four different kappa indices. For the specific quantification,

we simulated observations of three different VDFs, all with the same N,
→

V, and T as in our test plasma
protons in previous sections, but different kappa indices. In our simulations, we vary the instrument’s
efficiency in order to vary the maximum number of recorded counts. According to Figure 6, for the
same number of maximum counts, the relative uncertainty drops with the kappa index for all the
plasma bulk parameters. In other words, for measurements with a similar number of counts at their
respective peak, the statistical significance of the plasma parameters is greater when derived for more
Maxwellian-like VDFs.

Potential use of our simplified formulas can quantify the errors of the statistical moments
from a simple numerical analysis of the recorded signal. Our formulas can be very useful for fast
and computationally cheap on-board estimations of the errors associated with the derived plasma
moments. Moreover, here, we demonstrate the dependence of the statistical error on the shape of
kappa distribution functions, which describe numerous physical systems beyond the velocities of
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plasma particles (e.g., [79–82]). Future users can apply our methods to quantify the statistical accuracy
of kappa distribution moments within a specific parameter range.
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Finally, we note that our study examines only the statistical uncertainty of the derived plasma
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measurements. As we indicate through the paper, this uncertainty is significantly small, although
important, for the wide range of parameters we examine here. In typical analyses, the total uncertainty
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