Global existence of the nonisentropic compressible Euler equations
with vacuum boundary surrounding a variable entropy state
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Abstract

Global existence for the nonisentropic compressible Euler equations with vacuum boundary for all
adiabatic constants v > 1 is shown through perturbations around a rich class of background nonisen-
tropic affine motions. The notable feature of the nonisentropic motion lies in the presence of non-
constant entropies, and it brings a new mathematical challenge to the stability analysis of nonisentropic
affine motions. In particular, the estimation of the curl terms requires a careful use of algebraic, non-
linear structure of the pressure. With suitable regularity of the underlying affine entropy, we are able to
adapt the weighted energy method developed for the isentropic Euler [12] to the nonisentropic problem.
For large ~ values, inspired by [31], we use time-dependent weights that allow some of the top-order
norms to potentially grow as the time variable tends to infinity. We also exploit coercivity estimates
here via the fundamental theorem of calculus in time variable for norms which are not top-order.

1 Introduction

We consider compressible Euler equations for ideal gases in three space dimensions

p(Opu+u-Vu)+Vp =0, (1.1)
Op + div(pu) = 0, (1.2)
Oe +u- Ve + (v — 1Dediv(u) =0, (1.3)

where u is the fluid velocity vector field, p is the density, € is the internal energy, p is the pressure and
~v > 11is the adiabatic constant. Coupled with the equation of state for an ideal gas

p(p,€) = (v —1)pe, (1.4)

equations (1.1)-(1.4) describe the compressible flow of an inviscid, non-conducting and adiabatic gas.
It is often convenient to use another unknown - the entropy S - instead of the internal energy.
Equation (1.3) is then equivalently replaced by

&S +u-VS =0, (1.5)
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and the equation of state reads
p(p,S) =pre’. (1.6)

Note that the entropy is just transported by the flow, and therefore the entropy formulation will be in
particular useful in Lagrangian coordinates. See Section 2.1.

A special case where the entropy .S remains constant represents the isentropic process and in that
case, the equation of state relates the pressure of the gas to the density only: p = p” and the unknown
variables for the system are the density and velocity. In this article, we are interested in the dynamics
of the nonisentropic gas whose entropy changes in both time and space but is finite.

We study the vacuum free boundary problem: that is, we consider the Euler equations (1.1)-(1.3)
and (1.5) in the following time dependent open bounded domain

Q(t) C R? with boundary 99(t) where ¢ € [0, T for some T > 0.

The boundary conditions are then the physical vacuum boundary condition coupled with kinematic
boundary condition

p=0 on 90(t), (1.7

Oe
00 <o < 0 on 09(t), (1.8)
V(0Q(t)) = u-n(t) on 09(t), (1.9)

with n the outward unit normal vector to 9§(t), % the outward normal derivative, and V(9(t)) the
normal velocity of 9Q(t). The condition (1.8) is most convenient for us to express in terms of the
internal energy e. When the entropy is bounded from below and from above, the physical vacuum
condition (1.8) can be written as

opr—1

On
Physically, this condition implies a nontrivial acceleration of the gas at the boundary in the normal
direction and mathematically, it implies an inherent lack of regularity of the enthalpy at the vacuum
boundary. Moreover it is clear from (1.10) that the solution is not even C'! at the boundary. This is not
just a mathematical curiosity, but it is in fact fundamental to give up the requirement of smoothness
in order to track the evolution of compactly supported gases; we are led to study the free boundary
problem and it turns out that (1.10) is a key condition to guarantee well-posedness of the free boundary.
The physical vacuum condition is not merely a technical condition but it is realized for a wide range
of physical systems for gaseous fluids. In particular a key impetus for the physical vacuum condi-
tion (1.10) comes from astrophysics. A famous class of equilibria of the gravitational Euler-Poisson
system, known as the Lane-Emden stars, satisfy (1.10) and any rigorous theory that attempts to study
the nonlinear dynamics in the vicinity of Lane-Emden stars must contend with (1.10) [3, 8, 13]. It
also arises naturally in the context of Euler equations with damping for the gas flow through a porous
medium [19, 20, 35]. For more detail on the physical vacuum, we refer to [6, 14, 15, 16, 17, 22].
Finally, we recall we are working on the time interval [0, 7' and we consider the initial conditions

(p(ov ')7 11(0, ')7 S(Ov ')v Q(O)) = (p07u07 S07 QO) (1.11)

Collectively, we will study the vacuum free boundary nonisentropic Euler system (1.1)-(1.11).

Before we move on, we briefly discuss some known results for the Euler equations. Due to vast
literature, we will only mention the works relevant to the present article. We refer to [6, 12, 17, 21]
and reference therein for more thorough review. We begin with the Cauchy problem in the whole
space. It is well-known that the Euler equations are hyperbolic and the existence of C*! local-in-time

—00 < <0. (1.10)



positive density solutions follows from the theory of symmetric hyperbolic systems [18, 23]. Serre
[30] and Grassin [9] proved global existence for a special class of initial data in the whole space by
the perturbation of expansive wave solutions to the vectorial Burgers equation with linearly growing
velocities at infinity - a related idea was used in the work of Rozanova [29]. On the other hand,
Sideris [32] showed that singularities must form if the density is a strictly positive constant outside of a
bounded set. A detailed description of shock formation starting with smooth initial data for irrotational
relativistic fluids around is given by Christodoulou [4] for special-relativistic fluids and Christodoulou-
Miao [5] in the nonrelativistic case. For a more general framework covering a wider class of equations
leading to shock formation see the works of Speck and Luk-Speck [21, 34]. Makino-Ukai- Kawashima
[26] proved that singularities form starting from compactly supported smooth solutions. We remark
that these singularity and shock formation results do not apply to the physical vacuum free boundary
problem.

In the vacuum free boundary framework, a lot of important progress has been made in the past
decade. Local well-posedness for compressible Euler equations with physical vacuum has been estab-
lished by Coutand-Shkoller [6] and Jang-Masmoudi [17].

First examples of global-in-time solutions surrounded by vacuum and satisfying the physical vac-
uum condition were given by Sideris [33]. These are the so-called affine motions found by a separation-
of-variables ansatz for the Lagrangian flow map (¢, y)

C(t,y) = A(t)y, (1.12)

where t — A(t) is an unknown 3 X 3 matrix. Such an ansatz severely reduces the dynamic degrees
of freedom resulting in an ordinary differential equation (ODE) for the matrix A(t). We will therefore
refer to such solutions as ODE-type solutions. It should be noted, that the idea of considering the
ansatz (1.12) was considered before in the context of nonisentropic flows and goes back to the works
of Ovsyannikov [27] and Dyson [7], wherein the ODE satisfied by A(t) was already discovered. The
affine motions constructed by Sideris importantly satisfy the physical vacuum condition (1.10), which
is a critical assumption in the general well-posedness framework developed in [6, 17].

We remark that the ansatz (1.12) has been widely exploited in various physical applications beyond
the solutions considered in this paper. For instance, it is explicitly seen to hold for special physical
solutions to the Navier-Stokes equations; specifically, as described in [24], a jet which compresses in
one coordinate direction and stretches in another, a fluid which drains purely along one direction from
planes parallel to the alternate coordinate plane, and the pure rotation of a rigid body, all obey (1.12).
Another physical application of the affine ansatz (1.12) can be found in the dynamics of gaseous stars
governed by the Euler-Poisson system; in particular, in [8, 25], the star collapse and expansion were
demonstrated by using (1.12) in the radially symmetric setting.

In the isentropic case, the nonlinear stability of the Sideris solutions was shown by HadZi¢-Jang
[12] for v € (1, 2] and then extended to the full range v > 1 by Shkoller-Sideris [31]. In a recent
work [28], Parmeshwar-HadZi¢-Jang showed the global existence of expanding solutions with small
densities without relying on the background affine solutions, again in the class of isentropic flows.
Also very recently in the isentropic setting with damping [35], Zeng has established the existence of
almost global solutions by perturbing background approximate solutions known as Barenblatt solutions
with sub-linear expansion which contrasts with the linear expansion considered otherwise.

By contrast to the isentropic case, it has remained an open question to construct open sets of initial
data in the physically important nonisentropic case that lead to global existence in the presence of free
vacuum boundaries. This is the main goal of this article. Indeed, the expansion of gas into vacuum is
an important physical phenomenon [10]. Our result demonstrates the linear expansion of nonisentropic
gas into vacuum is a stable mechanism that avoids shock formation.



1.1 Nonisentropic Affine Motion

As mentioned above, Sideris [33] constructed a family of affine motions satisfying the physical vacuum
boundary condition. Such solutions are blobs of gas initially occupying B;(0) - the unit ball in R3.
Their evolving support is given as the image of B;(0) under the matrix A(t) i.e. Q(t) = A(t)B1(0),
where ¢t — A(t) is an a priori unknown matrix. This generically gives us a gas supported on an
evolving ellipsoid. At the level of Lagrangian coordinates, this translates into separating variables and
writing the flow map in the form (1.12), see [7, 27, 33]. After plugging this back into the Lagrangian
formulation of the problem, an algebraic manipulation leads to the following fundamental system of
ODE:s satisfied by A(t)

A"(t) = 5(det A(t)) VA1), (1.13)
(A(0), A(0),0) € GLT(3) x M**3 x R, (1.14)
for fixed § > 0. In the above M3*3 denotes the set of 3 x 3 matrices over R and GL™(3) = {4 €

M3*3 : det A > 0}. With A € C(R,GL"(3)) N C°°(R,M?) solving this system of ODEs, the
associated solution of the Euler equations is given by

ua(t,z) = A'(H)A(t) 'z, (1.15)
pa(t,z) = p(|A) " x])/(det A(2)), (1.16)
ealt,x) = é(|A(t)tx])/(det A(t))" L. 1.17)

We should think of the density p4 and the internal energy €4 as the basic profiles p = p(r) and
€ = €(r), modulated by the matrix A(¢) through (1.16)—(1.17) respectively.

Following Sideris [33], to see why we have the fundamental system of ODEs (1.13) first write
x = A(t)y with y € B;1(0) which follows from Q(t) = A(t)B1(0). Then using the chain rule

d
auA(t,x(t,y)) =0ug + Or - Vuy = pug + A'(H)y - Vug = Osuy +us - Vuy.  (1.18)

On the other hand with (1.15),

Dwalt,alt,y) = (A1) = A" (1) (1.19)

Also using the chain rule, with r = |y| as above,
V,=A""V,=A4""y0,. (1.20)

Then substituting these formulas as well as (1.16)-(1.17) and the equation of state (1.4) into the mo-
mentum equation (1.1) we find

(det A(£) " (r) A" (£)y + (det A(t)) "V A()" Ty (r) = 0, (1.21)

where p = (7 — 1)pé. Separate time and space variables using the common constant § > 0 and
eliminate ¥ to obtain

A"(t) = 6(det A(t)) VA1) T, (1.22)
p(r) = —orp(r). (1.23)

Hence we have derived the fundamental system ODEs for A(t) (1.13) and also the fundamental ODE
in space, see (1.25) below.



Next we require the density profile 5 has the following properties (Lemma 1 [33])

p € C’0,1]nCo,1), (1.24a)

p(r) > 0forr € 0,1), (1.24b)

5(0) = p(1) =0, (1.24¢)

0< lim (1 —7)"7p(r) < oo for some o > 0. (1.24d)

r—1-

Now the corresponding internal energy profile € is found by solving the fundamental ODE in space

(p) (r) = —=orp(r), (1.25)

where we recall p = (v — 1)p€ and § > 0.
From (1.5) the entropy of the Sideris affine solution satisfies, using the same argument as (1.18),

%SA(L 2(t,y)) = 0pSa +ug - VS, = 0. (1.26)

Hence S (¢, x) depends on y only. Moreover using (1.16)-(1.17) and the equivalent equations of state
(1.4)-(1.6),

OO 0. N [ L

= . 1.27
(det A(1)) ~ (det A()) (127)
Therefore canceling (det A(t))” we see that S (y) must be a function of r = |y| = |A(t) x|, that is,
the entropy of the Sideris affine solutions is given by
Sa(t,x) = S(|A() ™ ). (1.28)

Here, § = § (r) is defined through the relationship = (5)”e”. Through (1.25) we can obtain an

explicit formula for S in terms of p which together with (1.24a)-(1.24d) defines the nonisentropic
entropy profile associated with the Sideris affine solutions

oy [0 [Lepe)ae
S(r) =1 ((5(7”))” ) (1.29)

This formula highlights an important feature of the nonisentropic affine setting: the solutions are de-
fined as a class of functions through the choice of 5 which becomes an additional parameter in the
solution scheme. In particular, the space which “parametrizes” the nonisentropic affine motions is
infinite dimensional, by contrast to the isentropic case:

Remark 1.1. In the isentropic case, p is fixed as follows [33]

S(y=1), 57T
T(1—r) ) (1.30)

plr) =
On the other hand, in the nonisentropic case, the choice of p is essentially arbitrary as long as the
constraints (1.24a)-(1.24d) are met.

Remark 1.2. One can in fact provide a different derivation of the affine motions using only the Eulerian
formulation of the problem. This approach exploits heavily the rich symmetries of the problem. The
details are given in Appendix D.



Motivated by physical considerations [1], it is important to isolate the affine motions with uniformly
bounded entropies up to the vacuum boundary. Using the formula (1.29), we obtain the following
simple, but important characterization of affine entropy behavior.

Lemma 1.3. Forr € [0,1), 0 < (e®)(r) < co. Furthermore

) i oo o(vy—1)>1
©$)1) = tim () = { GLI) /oy oly—1) =1,
0 oy—-1)<1

where o > 0 from (1.24d) is the particular value such that

0< lim (1—7r)"7p(r) := L < .

r—1-

Proof. First by (1.24a)-(1.24b), 0 < p(r) < oo for r € [0, 1) and hence

] 5 [Tepeyde
0< (e = I < ooforre|0,1).
(%)) = Ze 0 0.1)
Now
1 o 1 o
S Lp(0) dé — )oY [T Lp(0)dl
lim (es)(r) =4 lim 7fr Op( ) =4 lim (10 ) fr p(0)
r—1- r—1—  p(r)Y r—1— p(r)Y (1 —r)oY
5 [epnde s —rp(r) e
=1y Tl_lﬂl m =1y Tl_lglﬁ W (L’Hospital’s Rule)
9 lim p(r) r oL lim r
oLy 5= (1=1)7 (1—7)o0=-D=1 gy ;51- (1 —r)o(r=D=1"
wherefrom the claim follows. O

Lemma 1.3 shows that the only value of o allowing a uniformly bounded entropy is ¢ = ﬁ In
this paper, we restrict our attention to the class of nonisentropic affine solutions with finite entropies:

namely, we demand 0 = —— > 0 in (1.24d). Then with 0 = ﬁ and in view of the condition

~y—1
(1.24a)-(1.24c), we shall from now on consider the profiles p of the form
pr) = (1= )77 e(r), (1.31)

where ¢ € C*[0,1], ¢ > 0 satisfying ¢/(0) = 25¢(0) with k € N to be specified. Here we demand

the condition ¢’ (0) = ﬁd)((}) to ensure the regularity of  at the center as in (1.24c).
In the following, we show that the affine entropy enjoys the same regularity as ¢.

Lemma 14. Let ¢ € C*[0,1], ¢ > 0 be given for some k € Z>o. With (1.31), we have that
e® € Ck0,1].

Proof. The case k = 0 follows from Lemma 1.3. For £ > 1, first notice that by (1.29) and (1.31)

(1.32)



To prove higher-order regularity for S we first consider general functions of the form

[la(o)(1— o)X de

=T T

(1.33)

where a,b € C*[0,1], b # 0 and X,Y € Ry with Y < X + 1. Now use the product rule, the
fundamental theorem of calculus to differentiate z, and then integrate-by-parts to obtain

)1 =) Y [o(r)]

/ YL =X de [y (L —r)~ o)t = [b(r)] 20 (1) (1 = 7)Y ]

( ) r)XYa(r)[b(r)]lJr( Y >frltz;(€_)il)y+€1);:)lde

X+1
( ) - ey — () O 00 o
=)

X+1 (1 =r)Y[b(r)]?
i) + (i) + (¢i7) + (). (1.34)

The key step in the above calculation was to use integration by parts to obtain a desirable form for (4)
by combining terms to avoid potentially unbounded negative powers of (1 — 7). On this note, the term
(1) is either 0 (when Y = X + 1) or C*¥ (when Y < X). Also term (744) is C*~1. For term (ii) notice
that

\(id)] = ( Y )frl o (0) (1 — )X+t ae (Supg<,<1 |a’(r)]) f X *tae
I \X+1 (1 —r)Y+1p(r) (1 —r)Y+ib(r )\
 (supp<pcy |0/ (n)]) g (1 — 1) ¥ 72
(L= 7)Y *1b(r)]

Hence (%) is bounded since Y +1 < X +1+1 = X +2. Similarly, term (év) is bounded. Furthermore,
we note that terms (i) and (iv) are of the same general form as z(r) except with C*~! functions
replacing the C* functions a, b inside the expression for z. Therefore we can repeat the same procedure

as for the first derivative above k& — 1 times to obtain that 2 € C*[0,1]. Since e can be realized as

a special instance of the function z with a(r) = dr¢(r), b(r) = ¢(r)7, X = ﬁ, andY = X + 1,
see (1.32), we conclude e® € C*[0, 1], as claimed. O

We collect these results into an important consequence that will be used throughout the paper.

Corollary 1.5. Let ¢ € C¥[0,1], ¢ > 0 be given for some k € Zxq. With (1.31), then there exist
constants 0 < ¢ < C such that for all r € [0, 1]

0<c< ()<, (1.35)
d J ]
<d) (e9)(r)|<C, 1<j<k (1.36)
r
Proof. The positive lower bound in (1.35) follows from Lemma 1.3 and the upper bounds in (1.35)-
(1.36) follow from Lemma 1.4 since C* functions are bounded. O



To conclude our characterization of nonisentropic affine motion, we finally provide precise
asymptotics-in-time for A(t).
Lemma 1.6. Consider the initial value problem (1.13)—(1.14) with § > 0. For vy € (1, g], the unique
solution A(t) to the fundamental system (1.13)—(1.14) has the property

det A(t) ~14+1t3, t>0 (1.37)
Furthermore in this case, there exist matrices Ao, A1, M (t) such that
A(t) = Ao +tAL + M(t), t>0. (1.38)
where Ay, Ay are time-independent and M (t) satisfies the bounds
IM(B)]| = 0rmoe(1+1), lOME)] S (1L +1)°7. (1.39)

For ~ > %, given matrices Ag, Ay with Ay positive definite, there exists a unique solution A(t) to the
fundamental system (1.13)—(1.14) such that (1.37), (1.38) and (1.39) hold.

Proof. For all v > 1, we use Theorem 3 and Lemma 6 from [33] to obtain the results. For v € (1, %],
we additionally use Lemma A.1 from [12]. For v > %, we additionally use Lemma 1 from [31]. O

In this paper we restrict our attention to the class of nonisentropic affine solutions expanding linearly
in each coordinate direction: namely we require

det A(t) ~14+1t3, t>0. (1.40)

By Lemma 1.6, for € (1, ] this is not a restriction at all in fact since A(t) will immediately satisfy
(1.40). For ~v > %, Lemma 1.6 shows there exists a rich class of A(¢) satisfying (1.40).
We denote the set of affine motions under consideration by .#. To recap, the set . is parametrized
by the quadruple
(A(0), A’(0),0,6) € GLT(3) x M**3 x R, x Zy, (1.41)

where
1

2z {¢ € CH[0,1]: ¢ > 0, ¢'(0) = H¢(0>} (1.42)

and we take £ € N sufficiently large (to be specified later in Theorems 2.3 and 2.4). We recall
(A(0), A’(0),d) are parameters for the fundamental system (1.13)-(1.14) and ¢ appears in the for-
mula for j (1.31). The choice of ¢ € C*[0,1] highlights a new freedom in the specification of affine
motions with respect to the isentropic setting.

With our set of nonisentropic affine motions . in hand, the goal of this paper is to establish the
global-in-time stability of the nonisentropic Euler system (1.1)-(1.11) for all v > 1 by perturbing
around the expanding affine motions.

2 Formulation and Main Global Existence Result

2.1 Lagrangian Coordinates

In order to analyze the stability problem for affine motions, we will use the Lagrangian formulation
that brings the problem onto the fixed domain. We first define the flow map ( as follows

atC(tv y) = u(t’ C(tv y))7 (2.43)



where (j is a sufficiently smooth diffeomorphism to be specified. We introduce the notation

o = [D(] ~1 (Inverse of the Jacobian matrix) (2.45)
J¢ :=det[D(] (Jacobian determinant) (2.46)
f:=po( (Lagrangian density) (2.47)

g :=So( (Langrangian entropy) (2.48)

ac = _JZcol; (Cofactor matrix). (2.49)

In this framework material derivatives reduce to pure time derivatives and in particular, the entropy
equation (1.5) is simply reformulated as

0:g(t,y) = 0 which implies g(,y) = So(Co(y))- (2.50)

In other words, the entropy remains constant along fluid particle worldline given by flow maps. Fur-
thermore, it is well-known [6, 17] that the conservation of mass equation (1.2) gives

fty) = (2t y) " polColy)) 2 (0,y). (2.51)

Finally using the nonisentropic equation of state p = p”e® the momentum equation (1.1) is reformu-
lated as

FOuG + [ (fe?) k= 0. (2.52)

Here we use coordinates ¢ = 1, 2,3 with the Einstein summation convention and the notation F; to
denote the k' partial derivative of F.
Next introduce the following notations

S(y) = So(¢o(v)), (2.53)
w(y) = [po(Co(y)) Lc(0,9)] . (2.54)
Then using [ |} = 7 '[ac]}, we obtain
wo‘att@ + [adf(lerajC(_%_l)eS)JC =0, (2.55)
where we set 1
o = m
Using the Piola identity
(lacf)x =0, (2.56)
we rewrite (2.55) as i
w*OuGi + (W' e A £ )k =0. (2.57)

Affine motions described in Section 1.1 can be realized as special solutions of (2.57) of the form
((t,y) = A(t)y. In this case o' = [D¢]™" = A(t)"" and #; = det A. Hence the ansatz
transforms (2.57) into -

w* Ay + (det A1 VAT TV (w!T¥e) = 0. (2.58)

We have that w!T®¢S is independent of ¢ and hence (2.58) will hold if we require

Ay = 0(det A)17ATT (2.59)



w*y = —V(wl"""eg), (2.60)
for § > 0. At this stage, we demand

[w(y)]* = (1 = y)*d(lyl), (2.61)
S(y) = S(|yl), (2.62)

where we require by recalling (1.42)
¢ € Zj, for k € N taken sufficiently large to be specified later by Theorems 2.3 and 2.4. (2.63)

Note with Corollary 1.5 and (2.62)-(2.63), €5 € C*¥[0, 1] with €5 > ¢ > 0.
We observe that (2.59)-(2.63) are nothing but the affine solutions described in Section 1.1, and
produce the set of affine motions . under consideration. Fix an element of .%.

Remark 2.1. Through (2.53)-(2.54), the initial data po, Sg for our problem are chosen such that
(2.61)-(2.63), which include the regularity demands on ¢, are satisfied.

With an affine motion from .# fixed, we define the modified flow map 1 := A~!(. Then MJ =
A’T,Qf/nT, Fc = (det A)_#, where %T, Yy, are the ) equivalents of (2.45), (2.46) respectively. Now
from (2.57) we have

w*(Omi + 2[A™ 3004 Ag;Opm; + [A™ w0 Avjn;)

+ (det A VA [A o (w S [ gy w) g = 0. (2.64)

Via (2.59) we rewrite the above equation as
5 1
w?((det A)7 ™5 Dy +2(det A)1™5[A7Y308, Ag; Oy )+ Ngene+(w S Ny [,)5 7y )k =0,
(2.65)

where the notation A := (det A)3 A~' A~ has been introduced.
Next make a change of time variable by setting
dr

2 (det A) 3.
5 = (det4)

Then we can formulate (2.65) as
w((det A)Vﬁlawm — %(det A)”fz(det A);0-m; + 2(det A)”i1 [Afl]waTAgjaTnj) + SwAyeme
+(w1+a€5Aij[£{n]§/7]_E)7k —0. (2.66)

Writing A = 11O where 1 := (det A)3 and O € SL(3), we have A™YA; = =11+ O~1O.,. The
equation is then

B q B B a _1
W (B0 1P pr 0rms + 20V T 00m) 4 Sw Nyeme + (w5 Nyl )F 2y )k = 0.
(2.67)
where we have defined I'* := O~'O,. Note n(y) = y corresponds to affine motion. Introducing the
perturbation
0(r,y) == n(7,y) — v, (2.68)

and using (2.60), equation (2.67) can be written in terms of 0

w3 (a”ei + %aei v 2r:jarej> oW N0+ (w1+aeSAij ([dn]f g 55)) F=0
(2.69)
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with the initial conditions

0(0,y) =060(y), 0-(0,5) =V(0,9) =Vo(y), (y€Q=Bi(0)). (2.70)
Above we have introduced the notation V := 0.6 which will be used interchangeably.

Remark 2.2 (Initial entropy S and initial density pg). The initial entropy S and the initial density pg
are connected to the background affine motion via

So(z) = Sa((no 0 €a(0))™* (),
po(x) = pal(no 0 €a(0)) ™" (x)) det[D(¢q ™ (2))] Y,
where the composed maps are defined by no(y) :== A=1(0)¢o(y) and {a(0)(y) := A(0)y.

2.2 Notation

For ease of notation first set
o =y, F o= Iy (2.71)
Using o7 [Dn] = Id, we have the differentiation formulae for &7 and ¢

ol = —afon' sy 04 = FAon', (2.72)

foro0=0,0rd=0;,i=1,2,3.
LetF: Q — R3and f : Q — R be an arbitrary vector field and function respectively. First define
the gradient and divergence along the flow map 7 respectively

[V, Fli = o°F;  div,F = &F',. (2.73)
For curl estimates, introduce the anti-symmetric curl and cross product matrices respectively

[Curlpo Fl := Ajm @y F' s ~Nim @5 F7 o [NV X F)) = Njpy fF' — N fF.
(2.74)
For any k € Z>( and any continuous, non-negative function ¢ :  — R, we consider the weighted
L? norm

IF1%,6 - / pwt|F(y)? dy. 2.75)
We generalize this definition to vector fields F and 2-tensors T :  — M3*3
IFI% = ZIIF 7o TR, = Z IT35511%, - (2.76)
3,j=1

The weight function ¢ will often include the smooth cut-off function ) : B1(0) — [0, 1] which satisfies
¢ =0o0nB1(0)and ¢ =1on B1(0)\ Bz(0). 2.77)

The following derivative operators will be used near the boundary
Jii = y;00 — 0, 0,5 = 1,2,3; X, := r0, where 9, := % Vandr = |y, (2.78)

which represent angular derivatives tangent to the boundary and the radial derivative normal to the
boundary.
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2.3 High-order Quantities

Our time weights will differ depending on whether v € (1, g] ory > g This is because we take a
slightly different approach for v > g by an adaptation of [31], applied to our nonisentropic setting.

On this note, introduce the following v dependent exponents

5

3y-3 ifl<y<?2 0 if 1<vy<
d(y) := 3. b(y)=d(y)+3—-3y= 3.9
() {2 ity > 2 (v) =d(v) v {5_37 £y >3 (2.79)

Let N € N. To measure the size of the deviation 6, we define the high-order weighted Sobolev norm
as follows

SN(O,V)(r) := sup { Z ( ||Xa&9/3V||a+a ves T ||Xaa59Ha+a wes>

0<r'<r

a+|BI<N
5 B
Y (VX002 s+ i X0, )
at|B|<N-1

a B a 5
+ Z ( b(v)Hv X7 8H2+a+1 peS +,ub(7)Hd1V7, K e”a+a+1 Ppes )}
a+|B|=N

+ sup {30 (WONPVIE (s 10701 o s)

!
0<r'<7 IV[<N

3 (V00012 s + Idivg@ 012, o y.e)
[v|<N-1

30 (O8I (1 yes + i O v, 7ON2 s ) o 280)
lv|=N

Modified curl terms arise during energy estimates which are not a priori controlled by the norm S (7).
These are measured via the following high-order quantity

BY[V](r)

= sup { Z ||CurlAana VH2+0+1 pos T Z b('y)”CurlAana V||a+a+1 s }
0ST'ST ® apiBl<N -1 a+1Bl=N

+ sup { Z ‘|Cur]Aﬂavaa+l 1 gyes T Z Mb(V)HCurlAﬁWVHQH e } 2.81)
0=T'ST P <N -1 V=N

with BN 0] defined in the same way: 0 replaces V in (2.81).

2.4 Main Theorem

Before giving our main theorem, first define the important p related quantities

i O =) (2.82)
00 ,u(T) 2

M1t

. 5
Iy—3 ifl<y<3

where we recall the quantity d =
q y d(v) {2 ity > 2

Local Well-Posedness. Next, we give the local well-posedness of our system.
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Theorem 2.3. Suppose vy > 1. Fix N > 2[a| + 12. Let k > N + 1 in (2.63). Then suppose we have
initial data for (2.69) (89, Vo) that satisfies S™ (09, Vo) + BN (V) < oc. In this case there exists a
unique solution (0(1), V(7)) : Q — R3 x R3 10 (2.69)-(2.70) for all T € [0, T), for some T > 0. The
solution has the property SN (0, V) (1) + BN [V](1) < 2(SN (09, Vo) + BN (Vy)) for each T € [0, T).
Furthermore, the map [0,T] > T — SN (1) € Ry is continuous.

Proof. The proof follows by adapting the argument in [17]. Notably, [17] proves local well-posedness
for the isentropic Euler equations using spatial weights to handle the physical vacuum condition and
we are considering the nonisentropic physical vacuum setting that also includes time weights. How-
ever using the regularity of S and w, which are independent of the solutions, as well as the solution
independent time weights, we can obtain bounds on SV and B” through the estimates in Section 3 and
Section 4. These crucial esimates let us use SV and BY in the techniques of [17]. ]

A priori assumptions. Finally before our main theorem, make the following a priori assumptions
on our local solutions from Theorem 2.3

1
S M) < 5 283)

W =

1
||£7 — Ideloo(Q) <

1
SN = =
(1) < 3

3 )
forall 7 € [0,T).
We are now ready to give our main theorem.

DO yy1.00 () <

Theorem 2.4. Suppose v > 1. Fix N > 2[a] 4+ 12. Let k > N + 1. Consider a fixed quadruple
(A(0), A'(0),8,¢) € GLT(3) x M**3 x R, x Zj, (2.84)

parametrizing a nonisentropic affine motion from the set . so that det A(t) ~ 1 +1t3, ¢ > 0. Then
there is an ey > 0 such that for every € € [0,2¢] and pair of initial data for (2.69) (89, Vo) satisfying
SN (00, Vo) + BN (Vy) < ¢, there exists a global-in-time solution, (0, V), to the initial value problem
(2.69)-(2.70).

Proof. With our a priori assumptions, our high-order quantities for our local solution from Theorem
2.3 will be shown to satisfy the curl and energy inequalities (2.86)-(2.88) stated below in our curl
estimates and energy estimate Propositions. Then via a similar continuity argument to that presented
in [12] we can firstly show that our a priori assumptions are in fact improved thus justifying making
them originally. For instance, by the fundamental theorem of calculus and our modified weighted
Sobolev-Hardy inequality Lemma C.1

T T , 1
1D0]|yp1.00 = ||/ DV ||y g/ e TSN dr' e < 2, TE0,T) (2.85)
0 0

for ¢ > 0 small enough and 7 > T is from the continuity argument. Note the continuity argument
will give that 7 = oco. Similar arguments apply to the remaining a priori assumptions. Secondly from
this continuity argument we can deduce we have a global-in-time solution to the initial value problem
(2.69)-(2.70). O

Therefore the rest of the treatment will be devoted to proving the following curl and energy estimate
Propositions respectively which will establish the curl and energy inequalities needed for the proof of
Theorem 2.4.
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Proposition (Curl Estimates). Suppose v > 1. Let (8, V) : Q — R3 x R3 be a unique local solution
10 (2.69)-(2.70) on [0, T) with T > 0 fixed and assume (0, V) satisfies the a priori assumptions (2.83).
Fix N > 2[a] +12. Let k > N + 1 in (2.63). Then for all T € [0,T), the following inequalities hold
forsome 0 < k K 1

N e=2107 (SN(0) + BN[V](0)) 4 e~ 207 SN (7) fl1<y<3
B [V](T) 5 {ewor (SN(O) + BN [V](O)) + (1 + 72)672MT$N(T) if 7> % 8 ) (2.86)
BN0](r) £ SN(0) + BN[V](0) + kSN (1) + / " emror gN (') dr’. (2.87)
0

Proposition (Energy Estimate). Suppose v > 1. Let (0, V) : Q — R3 x R? be a unique local solution
t0 (2.69)-(2.70) on [0, T) with T > 0 fixed and assume (0, V') satisfies the a priori assumptions (2.83).
Fix N > 2[a] +12. Let k > N +1in (2.63). Then for all T € [0, T), we have the following inequality
forsome 0 < k < 1

~

SV (r) £ 8N(0) + BN[6](r) + / (SN DBV ar
+ &SN (1) + / ' e T SN () dr'. (2.88)
0

We henceforth assume we are working with a unique local solution (8, V) : © — R3 x R3 to
(2.69)-(2.70) such that SN (0, V) + BY[V] < oc on [0,7] with T > 0 fixed: Theorem 2.3 ensures
the existence of such a solution, and furthermore we assume this local solution satisfies the a priori
assumptions (2.83).

To prove the above key results, we apply weighted energy estimates developed in [12] which enable
us to handle exponentially growing-in-time coefficients and the vacuum boundary. The exponentially
growing time weights capture the stabilizing effect of the expanding background affine motion and were
used crucially in [12] to close the estimates. As seen in our high order quantities, only spatial derivative
operators are used so as to keep intact the exponential structure of time weights which function as
stabilizers allowing us to close estimates. Further, the increase in spatial weight w in accordance with
an increase in radial derivatives seen in SV and BY will be essential in closing energy estimates by
avoiding potentially dangerous negative powers of w near the boundary. )

Among others, in the nonisentropic setting, we have to contend with the presence of ¢” when
proceeding with our estimates. The regularity of e given by Corollary 1.5 will be important for us,
used throughout our analysis. However this will only be useful at the stage of isolated derivatives of
e, and it will be seen both in the curl estimates and energy estimates that we will need to be careful
when taking derivatives of expressions involving e”. B

In the curl estimates we almost immediately have to deal with the presence of e° as the usual
derivation of the curl does not reveal a desired structure. We will derive the curl equation carefully by
exploiting the algebraic nonlinear structure of the pressure in (1.6) such that it is decoupled from the
main equation and that it still exhibits a good structure without loss of derivatives. The fact that e® is a
radial function from our affine development will be crucial in obtaining favorable terms with respect to
our high order quantities and weight structure. In the energy estimates, new commutator formulae are
obtained for differentiating the pressure term which are carefully acquired to match the weight structure
of our high order norm.

Furthermore to establish the results for all v > 1, the proofs of the curl and energy inequalities
will differ for v € (1, g] and v > % This is because we need to eliminate the anti-damping effect
encountered in [12] for v > % Hence we will need to consider different high-order quantities for
v > % which we first saw in Section 2.3. Moreover, in this setting directly from the new equation
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structure we consider, many of our terms will contain time weights with negative powers. Thus to
control such terms without this decay, we apply a coercivity estimate technique which is not used in
the v € (1, g] case. This technique employs the fundamental theorem of calculus to express 0 in terms
of V and initial data with the coercivity estimates given in Lemma 5.1.

Due to this difference in methodologies for different -, in Sections 3-4 we give the analysis for
v € (1, %} In Section 5 we give the analysis for v > % Thus henceforth we fix v € (1, %] in Sections
3-4 and v > g in Section 5, with the corresponding implications for S% and BY given in Section 2.3.

3 Curl Estimates

To control the modified curl in the nonisentropic setting, we crucially have to contend with the presence
of ¢ in our formulation. There is no natural decoupling to exploit because of this term: instead we
need to artificially decouple the system through multiplication by an appropriate power of e°. To then
analyze the modified curl we are led to introduce novel cross product terms: first recall the cross product
matrix introduced in (2.74)

AV f x F]} := Njp b

m

fsF' = Nim 3, f FY. (3.89)
The related cross product commutator will also be needed
(07, AtV [ X]F = 0 (Mg ) fs ' — Op (i) f.s FY. (3.90)

These two cross product quantities defined above are unique to the nonisentropic setting. Finally before
we derive desirable forms for our curl matrices we introduce a term that will let us commute the time
derivative outside of the curl operator

(07, Curlp o/ |F% = 0 (Ajru ) Bl =07 (Ait ) F L (3.91)

We first derive the equations for Curly .,V and Curly 6.

Lemma 3.1. Supposey € (1,3]. Let (6, V) : Q@ — R® x R® be a unique local solution to (2.69)-(2.70)
on [0,T] with T > 0 fixed. Then for all T € [0,T] the curl matrices Curly sV and Curlp /0 can be
written in the following desirable forms
Curlay V = ZAV(S) x V
L HO)Curla (V(0)) _ p(OA(S) x V(0)
n Y

1 /7 1 T -

+—/ uldy, Curly [ Vdr' — —/ w0, A/ (8) x| Vdr'

K Jo TH Jo

- g/ pCurly o (T*V)dr' + Z uAdV(S) x (T*V)dr'
1 i Jo

)

0
+ — / pt3TAV(S) x A8dT! — LA / p 3N DOV (S) x Andr’,  (3.92)
TH Jo YH Jo

and

Curlp 0 = %A%V(S) x 0
+ Curla ([0(0)]) — A/ V(S) x 6(0)
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O (VIO /OT u(lT/)dT, B ﬂ(O)Asz%V§S) x V(0) /OT ,u(l dr’

T 1 T _
+ / 0, Curlyr 0" = / 0, Aa/V(5)x]0dr’
0 0

[ [t o Varar = = [ [ o A v () x v i
vJo (™) Jo

w(7") Curlp o (T*V)dr"dr" + — pw(") A/ V (S) x (T*V)dr" dr’

/

/ 2 / M(T'/)4_37AV(5’) x A8dr" dr’'
0 0

’

- — TL ’ AN [DO)V(S) x Andr"dr’ 3.93
o | ey A D (S) x A (393

Proof. First divide (2.67) by w® and use V = 0. = 7, to obtain

\
S R S—
3

=
SN
N
b‘
2|~
o\\‘
=
I
N
o\\‘

p3r 3 <VT + %V + 2I‘*V> +6An+w Aoy T (V(wHaeg/*é) + OszaegV(/*%)) =0,
(3.94)
where we have split the gradient term and moved away from coordinates at this stage. Next, multiply

(3.94) by e~ to obtain a AV, f term

pBr 8¢5 (VT + %V + 2r*v) +0Ae" 50+ (a+1)AV, (we(#lﬁjﬁ) —=0. (3.95)
Since Curlp 7 (AV,, f) = 0 apply Curly . to (3.95)
172 (Curly (7 5V2) o Curta (5 V) 4 2ty (7))
"
+ 8Curlp Ly (Ae’gn) —0. (3.96)
Then

=
=

Curlyy (efgvT) +%Cuﬂw (efgv) +2Curl .y (e*%*v) 4157378 Curly (Ae* 77) —0.

(3.97)

Reformulate this as

o, (u Curly.y (e_%_V)) — 40>, Curly /] (e‘év) — 924 Curlyy (f%*V)

— 738 Curly (Ae*%) , (3.98)

where we have used
Curly., (efgvT) — 0, (CurlAw« (efgv)) 8, Curlp] (efgv) , (3.99)

Integrate (3.98) from 0 to 7
_5
s (57 - (0)Curly s 5 “[v(0) . % / o i) (=)



(3.100)

— 7/ 1 Curly o (e_gf*V) dr’ — 7/ pr=3Curly (Ae_%n) dr'.
0 K Jo

Via (3.91) we obtain
1(0)Curlp o (67 =
+[0r, Curla] (e—?e)
1
2 T —
V) dr' — 7/ 11 Curly oy (e*%r*v) dr'
0
(3.101)

8, Curlp (6_59[ }) -
/T w[0-, Curlp o (67
0

2oy

2o

77) dr'.
1

; dr’
u(7’)

,Uz[a,-,curl/\d] (e_gv[,rl/]> dT//dT/

+ l

i
Curly.y (e—ge[r]) — Curlp.y (6—59[0}) + u(0)Curl oy (e—%[V(O) ) /O ’

(3.102)

]

/ u4_37CurlAg¢ (Ae_
0

"

Again integrating from 0 to 7
(3.103)

+/0 [0r, Curlp o] (e_?G[T’]) dT'+/O M(T/)/o
(3.104)

_/ M(T’)/ w(7") Curly o (efgr*V[T//]) dr dr'
0 0

11\4—3vy _ 35 I ” ,

WY Curly (e Sals) drr

Curlyp o (eigF) = efgcurlA‘Q{F + AﬂV(e*%) x F,
(3.105)

)X]F)

2

0
(3.106)

Now note
where we recall the definitions introduced in (2.74). Also via (3.91) we have
[0, Curlp o] (6_§F) —en [0-, Curlp o |F + [0;, A&/ V (e™

Curlp s (An) =0,

Then using
w(0)A?'V(e™

I
s
Y

/ w0y, AtV (e”
0

1
Vdr' + =
1

we can rewrite (3.100) as
67§CurlA<dV = —AJZZV(e*%) x 'V
2 p(0)Curly (V(0))
T 3
/ e~ 7 [0r, Curlp o]
0

+
1
+ —
I
2
(3.107)

I

_5
=

/ ,ue_§CurlAd(I‘*V)dT’ - 7/

0 0
) x (An)dT'.

(3.108)

9

HJo
3
& 77

/ pr 3TNV (e

Now multiply (3.107) by eg and note



to obtain

CurlAggV = %AMV(S‘) x V
L #O0)Curlay (V(0) _ p(0)Ae V(S) x V(0)

1 Rlz
17 1" .
+ 7/ w0y, Curlp o] Vdr' — —/ plo-, A/ V(S)x|Vdr'
1 Jo 1 Jo
2 [T 2 (7 .
_2 / 1 Curly oy (D" V)dr + = / HAZV(S) x (D*V)dr
K Jo TR Jo
+ L pt3TAAV(S) x (An)dr'. (3.109)
YH Jo

Now since 7 = O(1) for our estimates, it is not a priori clear if the last term of (3.109) can be controlled.
To this end, first note ./ = [Dn]~! and = y + 0. We then have

Al =0} = 6; — M [Dn]j = A" (85 — [Dyl; — [DO]}) = —4"[DO]}, (3.110)

Second notice that, since S is a radial function from (2.62) and hence S,s = (ys/|y|)S"(|y|),

_ _ S’
Ajs(S)s Airy® — Nis(S),s Ajry® = |(y|7/|) (AjsysAikyk - AisySAjkyk) =0. (3.111)

Then

[ASV(S) x (An)]; = Ajm (83, — ¢ [DB;,)(S),s Airtt™ — Nirm (85, — /7 [DO]1,)(S) s Ajin*
= Ajs(§)7s A 08 — Nis(S),s Ajlcek + Ajs(g)vs Aikyk — Ais(S),s Ajkyk
— (M [DO]5,(5),s Ak — Nimn [ DO]7,(S),5 Ajin™)
= (Ajs(8)s Nirn®" = Ni(8)ss Aji0%) — (Ajim P [DO], (8),s Aikn)® — Ay (D], (8),s Ajurt™)
= [AV(S) x AO]; — [AF[DO]V(S) x Anl;. (3.112)
Hence using (3.112), we rewrite (3.109) and obtain our desirable form for Curly sV, (3.92). Following

the same approach as for obtaining (3.92), notably using (3.104), (3.105), multiplying by e% and finally
using (3.112), from (3.103) we obtain our desirable form for Curly /0, (3.93). ]

Next we prove some preliminary bounds for several of the terms unique to our nonisentropic setting.
These bounds on terms arising from the derivation above will be used in our main curl estimate.

Lemma 3.2. Suppose v € (1,2]. Let (6,V) : Q — R3 x R3 be a unique local solution to (2.69)-
(2.70) on [0,T] with T > 0 fixed and assume (0, V) satisfies the a priori assumptions (2.83). Fix
N > 2[a] +12. Let k > N + 1 in (2.63). Then for all T € [0,T), the following bounds hold for
a+|B] <N, v <N

J T A3y yaqB o 2
||%/0 1 ”Xr(? (AV(S5) ><A9)d7’||a+a+1’weg

5T :
+ ||%/0 PO (AV(S) x A2, (s S € 207N (1), (3.113)

| X A DOV(S) ¥ Andr' |20
0

a
oL

18



s [T ~
+ ||%/ P20 (A [DOIV(S) x An)dr'|[],, 1 _yes S €207 SN (1), (3.114)

0
||é "2 : 4_3”*X’1(‘3’8(AV(S)><A6)cl7’”d7"||2 .
v o wly ata+lypes

T 2 7" _ T ’
+||i/O ;/O pt 207 (AV(S) x AB)dT"dT (I, (1 _y)es §/ e MmN (7)dr!,

(3.115)
5 T ]. T 4—3 a B o " 112
||;/0 ;/0 pt XY (At DOV (S) x Ap)dr"dr' |2, 11 s

5T T e § .
IS [ [ A DO ) x s By _gps S [ e S (ar

(3.116)
Proof. Proof of (3.113)-(3.114). By the definition of AV(S) x A0 introduced in (3.112), we have

Xgaﬁ[(AV(S) X Ae)]_’; = X;laﬁ(AjsSas Aikek - Aisgys Ajkek)-

(3.117)
We restrict our focus to the left term only

X037 (Aj5S,s Air0) = A Ni (X237 S,,)0% + S, (X3 0%))

+ Y Cap((XE 9750 A(Xe 9 68)). (3.118)

1<a’+|B/|<N-1

Schematically consider the first two terms on the right hand side of (3.118)

AN(X23°(DS))0 + AA(DS) (X3 0)
=

(3.119)
=:C>

Notice that for C', since Xﬁ&B(DS') is bounded by Corollary 1.5 and Lemma B.2,

J /T 43y e / ltata 5 0 T3 8, 1a /|2
— 1 Crdr s = | Yw T % ‘/ prIYAN(X AP (DS))0dT! | dy
||’>/,LL 0 1 Ha-&-a-‘rl,’d}es o ')/2,112 o ( ( ))

1) (7 2
< 7’/ el
™~ p? 0
U(r)SN(r), (3.120)

where we also have used (2.61) and (A.255), and we define U(7) = Hl—g| Jo 1w*=37d7’|2. Now for U,
using (A.253) and (A.252), we have

/T (=37’ 1 2
0

6—2”1762(4—37)”17

sup |0]f2

O<r<r v

—2u1T
U=<e

if 1<vy<3
S e—2,u1'r7_2 if v = % . (3121)
672;“7(62(4737)#17 + 1) if % <~ < %
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By the definition of 17 (2.82), we have —2u1 +2(4 — 37y)u1 = —4uo and also, p1 > po. Furthermore,
for v = %, Mo = %m, and so in this case

T2eT2T = 2T o= 200 < e 2HoT (3.122)

Therefore by (3.121)
U < e 2roT, (3.123)

Hence finally for C'; by (3.120), we have

)
”ﬁ/ P2, pes < e 2T gN (7). (3.124)

For (5, by employing Fubini’s theorem to interchange the spatial and time integrals,

) g 02
||7/ 4— 3'\/0 dT H / ¢w1+a+aes
Vi atatlyes = [ V22

SU) swp ||X“@"eu
o<r

_ 2
u‘**?ﬂAA(DS)(X;?aBe)dT’ dy

a+a,pes
< e*QMOTSN (1), (3.125)

where we have again used Corollary 1.5 and Lemma B.2 to bound the entropy term. We have also used
our bound for U (3.123) as well as (2.61) and (A.255). The low order commutator terms on the right
hand side of (3.118) can be estimated in the same way as C; and Co

5 [T g~ D
I|%/O 3 Cor (M (X7 8,0 ) A (X2 97700 dr |2, s S € 20078V (1),
(3.126)
for a’ + |B'| < N — 1. Hence by (3.124), (3.125) and (3.126), and an analogous argument for the
| ll14+a,(1—y)es nOrms, we obtain (3.113). By an analogous argument additionally using the a priori
assumptions (2.83) in the case and also Lemma C.1 for the low order commutator terms, we get (3.114).

Proof of (3.115)-(3.116). With 0 < A < 1 fixed to be specified later and using the Cauchy-Schwarz

inequality in conjunction with Fubini’s theorem to take advantage of the fact that time integrals of
negative powers u are bounded by (A.253)

J T 2 v 11\4—3y a 4B " 2
E / e / UV (X2 AV (S) x AT AT |2,

' 2
T 1 T . B _
/ / 2(1 )\)dT// s / ;L(T//)473’Y(XgaBAV(S) % Ae)dT” dT,w1+a+a1/)€de
o K(T) 0

S /0 2A|| / 731 (xe g AV (S) x ABYAT" |11 s 0 pesdT’

S/ e~ SN (')dr, (3.127)
0

where we conclude the final bound by a similar argument to that giving (3.113) if we can show

2
// 4—3 " —oT
%’/ Tdr'|” < ehoT (3.128)
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Now if v # 3

1

7/ 2
— —2)\ /
M(T,)Q)\ ’-/0 M(TH)4 3’yd7_// S e 2 pu1T

T/ " 2
/ 6(4_3V)M1T dr"
0

_ fertamr s 1<y <
~ e—2>\p17/ (62(4—3'}/)”17—’ + 1) if % <~ < %
B e(8=6v=2X)p17’ if1<vy< % 3199
- e(S—G’y—QA);uT' +e—2Au17/ if % <~ < % ' 3. )
Here, specify A as follows
1 11 4 4 5
A=12 ifg<y<gorg<yr=i (I (3.130)
7 wherer € [1— 222 1) if 1<y < ()
In case ()
8 — 67— 2\ = — 4y < — 3.131
( Y )it 3y —gHo 4o = ~fo, ( )
since 37%3 < 3 for % < ~. Alsoin case (i), —2Ap1 = —p1 < —po. In case (i7)
2(2 — 2))
(8 =67 = 2N ) = —4po + ——=Ho < —Ho (3.132)
v —3
since % <3forA>1-— #. Finally for v = 4, set A = 3, and then
1 ’/T/ 1a—3y 1 1n]? 3T’ " (4=3y)pa7" 7.1 2
w(T)* " Sem2i e T dr
u(r)22 o 0
< e~ 3mT (7")? = e~ hoT’ (T’)Qe"‘”/ < e~ HoT’ (3.133)
In all cases, we have the same result and hence
#’ /T w(r")A=3vdr"” ? < e HoT (3.134)
n(t)2 1 o ~
So with an analogous argument for the || - ||, (14y).s norms, we have (3.115). By an analogous
argument, with (3.114) replacing (3.113), we can get (3.116). ]

Before proving our main curl estimate result, we also prove bounds on commutator terms that will

immediately arise when applying our derivative operators.

Lemma 3.3. Suppose v € (1, %] Let (0, V) : Q — R3 x R3 be a unique local solution to (2.69)-
(2.70) on [0,T] with T > 0 fixed and assume (0, V) satisfies the a priori assumptions (2.83). Fix
N >2[a] +12. Letk > N + 1in (2.63). Then for all T € [0,T), the following bounds hold for some

<kl
S H [x24, Curly | V(T)Hj Y H [8”,CurlAd]V(7)Hj o
1<a+|8l<N tatave” TN +a(1-9)e
Se 2T SN(r) (1+ P(SN (1)), (3.135)
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a 4B 2 v 2
1<a+z|;|<N H [Xra ’CurlAd} 6(7—)H1+a+a,¢e~§ + |l/z<:N H [6 ,CurlA@g] e(T)HHa,(l—w)eé
<SSN0) + kSN (1) + (1 + P(SN (1)) /T e o' SN () dr, (3.136)
0

with P a polynomial of degree at least 1.
Proof. Proof of (3.135). Note
[Xﬂ@B,CurlAd] Vf = Xﬁ(ﬂﬁ (CurlAde) - CurlAQ{(Xf((ﬂBV)iC
= X0 (Mmoo =M T Vs ) = (Mim i (X2 V) = N (X2 V) )
= N (2 (X2IVY s =X20 (V) ) = K (3 (X2 V) = X120 (VL))
(3.137)

Since the two terms in the last line above are estimated similarly noting derivative count, we restrict
our focus to the second term only. Via the Leibniz rule

m

A5 (XEP VYV =X (V) = — (X0 a3 VE
—_— —m——

=:A
- X xR x0d 0,V (3.138)
1<a’+|B/|<N-1 —
a'ga,[i’g/‘.\' =:B

Now for A first note if || = 0 then
Xpd st = Xty = = (XPO%) o o — (X7, 0] X, 007!
ST e X (A )X (X,0%) s+ XO (0 (0h, X, 10 )

1<a’<a

(3.139)
and if | 3| > 0 then for some e, given by (e,)* =1, (e,)" = 0 fori # £ and ¢4, (5 € {1,2,3}, 41 # {5
Xe by =~ (X0 s Ay — X O 0,0'
- Y XTI )X T (0,,0%)

0<a’+|8'[<a+|B]
B/ <B—ey

— X2 (AP Ok, ey )0 AL (3.140)
where we have used the formulae
X, iy, = = X, 00" g = — AP X, (010" + 6},)
= 5 (X,00), I + A0, X, |0 ). (3.141)
Dis0, 3, = = D0,0,0') ok Sy + (O, B0,0,10" . (3.142)

Without loss of generality, suppose |3| > 0 because using (3.139), the |3] = 0 case follows analo-
gously. Using (3.140)

A== (X3P 0) 0 AVE — XD 0, 1,0° "

=:A;
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~VE( Y X (X T (0,0,87) A X (5 O D0, )00 ) ).
0<a’6-*l—l<ﬁ/;\§a+\ﬁ\
<B—ey

(3.143)

By Lemma C.1

a8
||A1||1+a+a eS ~ HDVHLOO(Q ||V X a e||1+a+a PeS
S e (SN(1))? (14 P(SN (7)) . (3.144)

Similar arguments using Lemma C.1 and additionally (3.145) below let us estimate the remaining
terms on the right hand side of (3.143). Next considering B, we apply our derivative commutator
formulae (B.262) and at each step using (B.261) to rewrite J, in terms of X, and @js in conjunction with

our simple forms for differentiating 22 given by Lemma B.2, we reduce [X,‘?(?ﬁ, 0] to the following

desirable form
a+|B|

x4, o, Z Z s g X (3.145)

a’+|8'|=
a’<a+1,|p’ \<\m+1

where C7, 5, ; are smooth coefficients on B (0) away from the origin. For B we note a + 3| < N in
(3.145). Then this desriable formula (3.145) and Lemma C.1 gives us

IBI} 4o sqpes S € 207SN (7). (3.146)
Hence by the above estimates and an analogous argument for the || - ||, (1_y)es nOrms, we obtain
(3.135).

Proof of (3.136). Via (3.137) with 0, we estimate

A5 (X0 — X2 (50", ) = — (X209  73)0k
N—————

=:Ap
- Y xCP g xe ok~ x0d, 0,)0". (3.147)
1<a’ 48/ |[<N-1
a/<a,6/<p
By estimating Ag, using the fact that ||X“$B,;z%|| < SN(7) which was proven above in the

1+a+a,pesS ~
estimation of the term A: most importantly note (3.143)-(3.144), we give the sketch for the proof

a /8
”Ae”§+a+a,we HX a %||1+a+a weSHDeH%w(Q)
T 2
a /8
SIXEH e (1000l + [ 1DV )
T , 2
< SN(7) (SN(O) + </ e HT /SN (77) dT’) )
0
< SN(7) (SN(O) +/ e"OT'SN(T’)dT’) , (3.148)
0

where we have applied Lemma C.1. The remaining terms in (3.147) are estimated in a similar way. [
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We are now ready to prove our key curl estimate result which will be used crucially in the proof of
our main result Theorem 2.4.

Proposition 3.4. Suppose v € (1, g] Let (8,V) : © — R3 x R? be a unique local solution to
(2.69)-(2.70) on [0, T] with T > 0 fixed and assume (0, V) satisfies the a priori assumptions (2.83).
Fix N > 2[a] +12. Let k > N + 1 in (2.63). Then for all T € [0,T), the following inequalities hold
for some 0 < K < 1

—21m0T (SN(0) + BN[V](0)) 4 e~ 207 SN (1) if1<y<3
N < € ( Y 3
BYVI(r) 5 {62#07 (SM(0) + BY[VI(0) + (1 + 72)e- 207 sN(r) jy—3 (3.149)
BN0)(r) £ SN(0) + BN[V](0) + kSN (1) + / ' e T SN () dr'. (3.150)
0
Proof. Proof of (3.149). Apply X3 to (3.92)
Curlp o X20"V = ~[X20", Curlp o]V + 2 X208 (A/V(S) x V)
L pO)X7d Curly oy (V(0)  p(0)X7” (Ar V(5) x V(0))
0 Y
Jrl/ qu&)ﬁ[aT,CurlA,Q{]VdT'f i/ qu@ﬁ[aT,A%V(S)X]VdT'
U Jo T Jo
- g/ qu&fBCurlAd(F*V)dT’ + i/ ,qu(?ﬁ(AbeV(S’) x (T*V))dr'
w o i Jo
+ 0 / pA=37 x93 (AV(S) x A@)dr — 2 / 137 x93 (Ae/ [DOIV(S) x An)dr'.
i Jo i Jo
(3.151)

The bound on the first term on the right hand side of (3.151) follows from Lemma 3.3. The second
term is similar to the first term but lower order and hence is also bounded. For the third term we have

2
1(0)X 23 Curlp ., V(0)
I

< e (SN (0) + BY[V](0)), (3.152)

1+a+a,we§

where we apply (A.253). The fourth term is similar to the third term but lower order and hence is also
bounded. We now consider the fifth term on the right hand side of (3.151)

X238 (0,, Curly s |VE = X237 (0, (M) V.E =8, (M) V). (3.153)
As the other tern can be estimated in the same way, we restrict our focus to the first term only
X29” (0 (Ajm) V1)
= X3 (0N jon T, + My 0r25) V,F ]
= 0 Njon (X2 TGV EA X2V E) 4 Mg (X020 0,3V 40,5 X207V E)

Y Cap (00 X M X 0y ) X TVE L s
1<a/+|B/|<N—1
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Schematically consider the first two terms on the right hand side of (3.154)

0,A X°3° DODV + 8,ADy X23° DV + ADV X23° DV (3.155)

::Dl :2D2 :2D3

For D1, using the exponential bounds on p and A given by (A.253) and (A.255) respectively

2

=1 o
ww1+a+aesﬁ‘/ MaTAX,‘}aﬁDGDVdT' dy
Q 0

_ T
56—2u17/ww1+a+a63‘/
Q 0

e 2T sup /¢w1+“+“eg\Xﬁ$5D6|2‘/ le1 ™ |9, ADV| dr’
Q 0

0<r'<r

2
dy

e 9, A x29° DGDV‘ dr’

A

2
dy

T , , 2
e s (X DO )| [ 7 10N (Y G
0

0<r'<71
S e (8N () (3.156)
where we applied Lemma C.1. For D5, one must first integrate by parts in 7
1 i a 4B / 1 a g8 T
= | ud-ADy X939’ DVdr ==~ (,uf)TADn xai De) K (3.157)
K Jo K
1

o / u(%@TADn + 0,+ADn+ 0.ADV) XﬁaﬁDB dr'.
0

By the same argument as for D,

I [ WOAD X DV e S SN0+ (4 72020 4 Q1) V),
(3.158)
with
e—4HoT if 1<y<3
Q1) = ¢ e Mo if y =3 . (3.159)
e7T if <y <2
For D3, we also first integrate by parts in 7

17 1 v
- / UADV X3 DVdr' == {MADVXwﬁDe
wJo p 0

. / W(BZADV + 8,ADV + ADV,) X°3° D0 dr’. (3.160)
K Jo M

The first term on the right-hand side of (3.160) is bounded by
pTISN(0) + DV oo () (SN (7))7 S e SN(0) + e 7SN (), (3.161)

where we applied Lemma C.1. For the second term using the expontential boundedness of 1 (A.253)

1 /7 o,
‘f/ 1 ADVXed Do dr'| < sup |Xf(?ﬂD6\e_“”/ 7 | DV || e 0 d7”
K Jo 0

o<’ <1
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~

o<r'<r

< sup |X93°DO|(SN () T / em—ro)™ gz - (3.162)
0

=:L
Notice that after integration and using pg < g
T i l<y< 3
Ls{¢ ) 75 3. (3.163)
Te HoT if 4 = 3

Hence

1/ aab e~ 2T (SN (7))2 ifl<y<?2
Hﬁ/o p-ADOXEP DOAT' [T, L0 yes 5{ 3 (3.164)

T2e 72T (SN(1))2  if 4 = %

The remaining terms on the right-hand side of (3.160) are estimated in a similar way except when
considering the last term which includes DV : there we use (2.69) to rewrite DV ., and then an
analogous proof completes the argument. Therefore

L (7 ) Da(r) dr |2 e 2HorSN(r) if 1<y<3
H;/O p()Ds(T) A7 (17 s apes S (1412w sN () iy (3.165)
Finally using a similar approach
/ ! ’ 4 ’ _ 2
H S Ca (0 M XE S i+ M XD 0ty ) XTIV H ]
1<a’+|B'|<N-1 1+a+a,pe
5 e—ZMorsN(T) (1 4 P(SN(T)))
< e 2SN (7). (3.166)
where we have used Lemma C.1 and (2.83). Thus we have
1 (7 8 e~ 2T SN (1) if 1<y<?2
— X2@"10,,Curl Vdr'||? L < 3
H,“/O a Ta [ 4 Ag{] T ||1+oc+a,wes ~ {(1 JrTQ)e*QMOTSN(T) if v= %
(3.167)

The sixth term on the right hand side of (3.151) is similar to the fifth term but lower order and hence is
also bounded. Proceeding in an analogous way to the fifth term estimate, we have for the seventh term
on the right hand side of (3.151)

e 2roT SN (1) if l<y< %

2 (7 B ma
= X3 Curlpy (T*V) d s <
”M/o pX 0 Curlaey (V) AT} g ges S {(1 +72)e TSN (7)) if y=3

(3.168)

The eighth term is similar to the seventh term but lower order and hence is also bounded. Bounds on
the last two terms on the right hand side of (3.151) follow from Lemma 3.2. Combining the above
analysis, and an analogous argument for the || - ||, (1_y).s norms, we obtain (3.149).

Proof of (3.150). Apply X;}(?ﬁ to (3.93)

Curly o X2970 = —[X29”, Curly /)0 + LX29 A/ V (S) x 0
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+ X" Curla ([0(0)]) — 2X720" (A7 V(S) x 8)(0)
Lo 1(0)X23° AV (S) x V(0) /T 1
(') v o H(T')

+ / X29°(6,, Curly ]0d7" — - / x23°10,, AtV (S) x]0dr’
0 Y Jo

+ u(0) X9’ Curly . (V(0)) /0 ' dr'

+/ E / u(r") X290y, Curly o] Vr"dr' / / X2 (0, AtV (S) x| Vdr" dr!
0 0

- / M(Q,) / p(r") X9 Curly oy (D V) dr"dr' + — / / ) X2 NtV (8) x (T*V)dr"dr’
0 ) Jo
0 772 i 11\4-37 ya 4P g "t
+ ; ne) w(r") X2@"AV(S) x A0dr"dr
0 0
- g / f(lw) / w7 X297 Nt [DO]V (S) x Andrdr'. (3.169)
0 0

The bound on the first term on the right hand side of (3.169) follows from Lemma 3.3. The second
term is similar to the first term but lower order and hence is also bounded

The third term is bounded by SV (0). Noting the fact that ||X“£73 42{||1+a+a ves < SV established
in the proof of Lemma 3.3, the fourth term is similar to the third term but lower order and hence is also
bounded in the same way as the third term.

The fifth term is bounded by S (0)+ B [V](0) using (A.253). Using again the bound on X" 7
the sixth term is similar to the fifth term but lower order and hence is also bounded in the same way as
the third term.

For the seventh term estimate, a similar argument to that used to prove the bound (3.167) gives us

1
1x23° [0, Curla 10| < e 07 (SN (7))2. (3.170)
Then via the Cauchy-Schwarz inequality and Fubini’s Theorem, we have for the seventh term
H / x99%(0,, Curly ./ |0dr’ H < / e 107 SN (1) dr’. 3.171)
1+a+a,pes 0

The eighth term is similar to the seventh term but lower order and hence is also bounded.
For the ninth term

H/

S

w(r" X230, Curlp | Vdr" dr'

1+a+a, wes

’ 2
1+T / T 1 T " (&) " | ittt S’
_ X2@ 0., Curl Vd d aTa d
T/o (14 7)2u(r) (/0 HrX urla |V ! v

)
N/O (].-|-7'
5/ e_“"TSN(T’)dT’,
0

where the final bound follows from similar arguments to those giving the bound (3.167). The tenth
term is similar to the ninth term but lower order and hence is also bounded. Similarly to the ninth term

dr’

X2 [0, Curly Vs
14+a+a,peS
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proof but via (3.168), for the eleventh term we have

H/ < /T ef“oT,SN(T’) dr'.
0

The twelfth term is similar to the eleventh term but lower order and hence is also bounded. Bounds
on the last two terms on the right hand side of (3.169) follow from Lemma 3.2. Combining the above
analysis, and an analogous argument for the || - ||, +a,(1—y)es NOrms, we obtain (3.150). 0

/ ”)X“(‘ﬂﬂCurlAd (T*V) dr" dr’
1+a+ta,pe’

4 Energy Estimates

Before proving our main energy inequality, we first introduce the two energy based high order quantities

which arise directly from the problem. Begin by diagonalizing then positive symmetric matrix A =
2

(det A)5 A~LA~T € SL(3) as follows

=P'QP, PecS0Q3), Q=diag(d,dy ds), d;> 0 eigenvaluesof A, (4.172)

and then define
Mop =PV, X0 PT and A, := PV,0"0 P . (4.173)

Denoting the usual dot product on R? by (-, -), introduce the high-order energy functional
eN(0,V)(r) = EN(r)
3'73 —1vyagP a 48 —1vyaqgb a 48 ato
3 /w i Xed" V. X'V ) + 6 (A X000, X200 |u

a+|BI<N

e fj did;* (()]) + 2 (g X7070) JwstorteS ay

4,j=1

l\')\»—t

+ % 3 /9(1 =) [T (ATIV, 97V ) 4 6 (A 100, 9°6) |we

3
P Y dd ((0)) 4 L (v, 20 JwttecSdy, @74

i,j=1
and the dissipation functional

5—3 G 3HT a a ata
DN(V):DN(T): 5 PYHJS'yf‘S%/Q{ < lX aﬁ Xraﬁv>,w -+

Z L9V, 0"V) wa} dy.  (4.175)

v|<N

We are requiring v < % in this formulation, which gives DV (V) > 0. Next, we give key identities

which will be used in our estimates. First from Lemma 4.3 [12] we have the following modified energy
identity:

Lemma 4.1. Recalling the matrix quantities introduced in (4.172) and (4.173), the following identities
hold

d
A (VX2 0)iAL L (V, X9 0)), = . de Map)!) | + Taps (4.176)

1,5=1

DO =
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3
% > did; N (A + T (4.177)

ij=1

Agi (V,0V0)iA; 1 (V,070) ] =

7 im

N —

where the error terms T, g and T, are given as follows

1 d ., ; _
Top=—5 D o (didy") (Map)])* = Te (QuiapQ " (0, PPT M. + .4, ;PO PT)),
i,j=1
(4.178)
3
T, = 7% Z dii (did; ") (A)])? = T (QAQ™T (0-PPT A, + 4,7 PO.PT)). (4.179)
i,j=1

Next we have two important commutation results which will be used crucially when differentiating
the nonlinear pressure term in our equation.

Lemmad.2. Forq e Ry, T : Q — M3*3 and any i, j,{ € {1,2,3} the following identities hold

1 - 1 ] 1
Xr |:u}q(w1+quT?),k:| = m(wQ-‘!-quXrTf)’k +C;1+ [T], (4180)
1 5 1 _
D0 {wq(wl-i-quT?),k} = (WIS TE) o +C, T, (4.181)

where CI [T is

CIHHT] = (X, (we®) — we®) L5, T + w(X,(¢%) - %) 5 X, T

+ (14 @)X (w e¥) + Xo((€5),5w)]| T, (4.182)
and C};,[T] is
_ 5 R R
€2, [T = we’ (ym { red g '”a””] - [5’“2% m_ yﬂ Xr> T
+ (14 Q) (@00, )eSTE 4wy (e5) 6 TF for j, 6 =1,2,3. (4.183)

Proof. Compute

1 _ — _ _
Xr l:q(w1+quT§)ak:| = X7‘ |:weST§7k +(1 + q)wak eSTf + (es)vk wTik]
w

= weS'XTTf,;C —i—XT(weS)Tf,k +(1 4+ @),y eSXTTé€ + (14 ) TEX, (w,, eg)
(%) h WX T+ TEX ()1 w)
= weS(XrTf),k +we§[Xr, OTE + (24 @w, eSXTTi-c — W, eSYXTTifC

+ (€S)7k wXTTi-C + Xr(weS)Ti?,;C +(1+ q)Ter(w,k eg) + TfXT((eg),;C w)

1 _ _ _ _
— 174_(1(11)2+’1(3SXTT£€),;C +weS[Xr, 8k.]T£C — W, eSXTTiC + Xr(weS)Tf,k.
w

+ (14 QTEX, (wy, €5) + TEX, (€)1 w).
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‘We have now obtained favorable terms except for the following three terms which we rewrite using our
commutator identity (B.262), [ X, Ox] = —0 and (B.261) to express Jj, in terms of X, and (?jk,

weS [ Xy, ) TF — w,p S X, TF + X, (wed)TF = (X, (we®) — we®)TF j —w,;, €5 X, TF
(X (we”) —we
(X, (weS) — weg)%@jm (X, (%) - eg)%’;erf,

%) = we®) (B9 TE + X TH) —w e X, T}
T T

where to obtain the last line we have used the fact that w is a radial function, say f(|y
hence w,;, = %= f'(|y|) which implies

), by (2.61) and

Yk Yo pr Yk Yk 4
Xw)X= —w,, =y =— = - =
(Xew) 75 —wye = yeo S (1y) 75 = 257 ()

:0.

Combining the above calculations we obtain (4.180). Now since w and S are radial functions by (2.62)
and (2.61), @;,w = @;,(e®) = 0 and so we have

1 ~ ~ — ~
Be wq(w”%STi—“),k] = B0 [weSTH (1 + @wy T + (%), T |

= weg(ﬂj@Tf,k +(1+ qQuw,p eg(ﬂﬂTf + (1 + ) (@00, )eSTk
+ w(es)vk aj@Ti'cak +wajf(es):k T»]LC
_ S k S k S k Smk
=we (P;T) .k +we’[@je, Ok Ty + (1+ q)w,e €@ T7 + (14 q)(Djow,i e’ T,
+w(e®), jeTf,k +waje(€s),k T!

1 _ _ _ —
= (queSangf),k +wes((5k48j — (5kj84)Tf +(1+ q)(aﬂw,k )eSTf + wajg(es),k Tf

_ i(queg@ngf),k wed (ym {&@é&m]‘ - 5kj3mz] n |:5k2yj - 5kjyl} Xr) Tk

w4 r2 r2

+ (14 @) (@jewaa )€ TF +wil;o(e®), T,
where [(,7)] ¢, Ok) TX has been rewritten using (B.262) and (B.261). O

In the next Lemma, we give some useful results concerning our quantities .2/, _# and A and also
our derivative operators,

Lemma 4.3. For o/, 7 and A, the following identities hold

A IO = (A =) ST (ST =), (4.184)
df —oF = —a" D8]}, (4.185)
Aij = Nip(] + 70'). (4.186)

For any derivative operator L € {éfij, X,,«}Lj:l,g’g

Lt} g=5) = — 7w aff el (L8"), —L 7~ arf el (16",
— JTaagl P (L,0,00 — L v koL, 08" (4.187)
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Proof. First (4.184) is straightforward to verify by expanding the right-hand side. Second, (4.185)
was proven in Section 3, (3.110). Next, (4.186) is proven in the following calculation where we recall
A=[Dn] ! andusen =y +0,
Aij = Mipd? = Nip iy = Nip (7 + 7781, (4.188)
Lastly, using our differentiation formulae for o7 and _# (2.72) which hold when generalized to X, and
@, and also again the formulan = y + 0,
L(ef f75) = = g o df i L0 o) = 5 J A AL )
_1 . s -1 S
= _j D‘%k% L(ygys +ez7s)_ i/ a%k% L(yeas +eeas)
_1 1k s
=~ J R dE A L)~ L R L)
=~ J oA A (LO) s — 5 I A A (LB,
— IRl S [L,0,)0 — L gl (L, 0,)0 (4.189)
0

Finally, before we prove our main energy inequality, it is worth formally stating the equivalence of
our high order norm S and high order energy functional £V,

Lemma 4.4. Let (0, V) : Q — R3 x R? be a unique local solution to (2.69)-(2.70) on [0, T with
T > 0 fixed and assume (0,V) satisfies the a priori assumptions (2.83). Fix N > 2[a] + 12. Let
k> N + 1in (2.63). Then there are constants C1,Cs > 0 so that

C1SN (1) < sup EN(7) < CLSN (7). (4.190)

o<’ <t

Proof. Recall the quantities introduced in Section 2.3: notably the definitions SV (2.80) and &V
(4.174), and for EV the associated decomposition of A (4.172) and definition of the conjugates .7, s,
A, (4.173). Then the equivalence of SV and £V is a straightforward application of Lemma A.1 to
give bounds on A and associated matrix quantities, and importantly for the nonisentropic setting, we
also use the positive lower and upper bounds of e given by Corollary 1.5 to conclude the result. [

We are now ready to prove our central energy inequality which will be essential in the proof of our
main result Theorem 2.4.

Proposition 4.5. Suppose v € (1, g] Let (0, V) : © — R3 x R? be a unique local solution to

(2.69)-(2.70) on [0,T) with T > 0 fixed and assume (0, V) satisfies the a priori assumptions (2.83).
Fix N > 2[a|+12. Let k > N + 1in (2.63). Then for all T € [0, T], we have the following inequality
for some 0 < Kk < 1

N+ [ DV)ar S SO+ BRI + [ (ST B IVIE)E ar
0 0
+ kSN (1) + / e T SN (7Ydr'. (4.191)
0
Proof. Zeroth order estimate. Multiplying (2.69) by Ai_ni 0-0™ and integrating over {2

/ W (P 20,0, 4 1P 0,0, + 20PT00-0; + Sw*AigB)A ;L 0,0 dy
Q
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+ / (w“%SAij (gzjk/—é _ 5;?)) B A10.0™ dy = 0. (4.192)
Q
Recognizing the perfect time derivative structure of the first integral

1 —
,i M3’Y—3/ w“(A‘16T9,876> dy + 5/ wa'eley + wu3’y—4u7_/ wa<A—1aTe7aTe> dy
2dr Q O 2 Q

3v—3
K . /wa@A—laTe,aTe) dy+2u37_3/ w*(A~10,0,T%0.0) dy. (4.193)
Q Q

After integrating from 0 to 7, we see the first three terms in (4.193) will contribute to the left hand side
of (4.191), and also to SN (0) on the right hand side of (4.191) by the fundamental theorem of calculus
and the equivalence of our norm and energy functional, given by Lemma 4.4. For the last two terms in
(4.193), before time integration, we rewrite them as

3v—3

2

I

/ w*([0, A" — 4A71T*]0,0,0,0) dy. (4.194)
Q

Now with A = 4O, i1 = (det A)3,0 € SL(3), we have

0N —4ATIT* = 0,(0T0) —40T 00710, = -0, A" +2(0]O - 0" 0,;).  (4.195)
Since OTT O — OT O, is anti-symmetric, we can reduce (4.194) to
3v—3

2

I

/ w*(0,A"10,0,0.0) dy, (4.196)
Q

which is then bounded by e #07S™N (1) via 9, A" = —A"1(9,A)A~! and (A.255). So the last two
terms in (4.193) contribute to [ e~ o7 SN (7/)dr’ in (4.191) after time integration. Returning to the
second integral in (4.192), we integrate by parts and apply the identities (4.184)-(4.186) proven in
Lemma 4.3 to obtain

- /Q'U}l+a6§Aij (%kjié — 5;6) A;i(l@m,k dy
witeS gow N oF 0l N10,0™ dy — /wmeg(f*% —1)8,0% 1, dy
Q

witeS _ga N0 A e f0,0m , dy

+

Il

wlt®e S/"AM% 0!, 0% A0, 0™ dy — /wH“eg(/*é —1)0,6" ;. dy
Q
wte® v A, [V, 015A; 1 [V, 0,0] dy + / TtaeS 7= [Curly,0A; L[V, 0.0 dy
Q

+/ 1+a S/—fdjelml% ot ’ja 0™ ). dy — /wl-l-aes‘(f_é —1)876167,9 dy
Q Q

=: (i) + (49) + (4i1) + (). (4.197)
By Lemma 4.1
. 1d 1+a,S z-1 & -1 1+a,S z-1
(1) = Sqr | W P Z did; " ((Ao0)] Vdy+ [ wite F " Toody
Q g1 Q
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3
]. qQ 7l7 _ .
+ ﬁ/gzw1+a68/ « 1/7— Z dld] 1((%070)g)2dy

,j=1

—|—/ w1+a65f—%/\zj[Vne]g/\;rlb[VUO];”[V,ﬂTG]gdy, (4.198)
Q

with the last term above arising from commuting 0, and V,, which is needed for Lemma 4.1. Now
after time integration, the first term in (4.198) contributes to £V (7) in (4.191), and also to SV (0) by
the fundamental theorem of calculus and Lemma 4.4.

Before time integration, the second term in (4.198) is bounded by e~#°" SN (7) due to the desir-
able form of 7g o (4.178). In particular 7y o contains 7 derivatives of P and d; which are exponen-
tially bounded using (A.257). Also before time integration, the third term in (4.198) is bounded by
e 7SN (1) due to Lemma C.1 which we use to bound the D, term arising from _Z.. Hence the
second and third terms contribute to fOT e~HoT' SN (7")d7r’ in (4.191) after time integration.

For the last term in (4.198), note schematically we can write,

I T N[V ,01 AL V01 [V ,0,0]7 as 7 % A/ DOA™ o/ DO/ DO,
Then using the a priori assumptions (2.83) to bound _# ~= and 7, the boundedness of A and A~!
(A.255), and the exponential bound on DO, from Lemma C.1, we obtain

T _ i 4 ! 3
/ / wlﬂleS/*EA%DeAflﬂfDeJZfDerydT/ < / e HoT (SN(T/))QdT/
0 Q 0
g / e—/LoT/SN (T/)dT/, (4.199)
0

where we have also used the a priori assumption SV () < %
Now (444) is similar to the last term in (4.198) and so an analogous argument used to bound that term
above will give us that (iii) also contributes to [ e=#07 SN (7/)dr’. We consider (ii). Schematically

[Curlp 0]/ DO, = %di([(:urlweﬁ) — (0,M) o/ DOAoZ DO — A(0,2/)DOANe/ DB.  (4.200)
T

Then using the boundedness of _# ~ & and A~ we have that after time integration, the first term on the
right hand side of (4.200) will lead to (i7) contributing to B [0] in (4.191). Now using the exponential
boundedness of d; A and applying Lemma C.1 to 0,47, an analogous argument to that used to bound
the last term in (4.198) will give us that the last two terms on the right hand side of (4.200) will lead to
contributions to [,/ e~ +oT SN (7/)dr' after time integration.
For (iv), write
1— ¢ o= lTr[De} +O(|DO|?) using _# = det[Dn] = det[ld + DO] = 1+ Tr[DO] + O(|D6|?),
“ (4.201)
to bound (iv) by e #07S™ (1) where we again apply Lemma C.1.
To complete the zeroth order estimate, we obtain the full expression for £V in (4.191) by adding
the following formula
1il/ witeeS 7% |div,02dy = i/ witoed (a (7~ )|div,02 + 7 =0, (|div e|2)) d
2dr a Jo =9, Q T " T " &
(4.202)

33



with the right-hand side in turn bounded by e=#°"S¥ (7) by Lemma C.1. Hence after time integration,
the left-hand side of (4.202) completes £V in (4.191), contributes to SV (0) by the fundamental
theorem of calculus and the right-hand side of (4.202) contributes to fOT e T SN (Y dr'.

High order estimates. Fix (a, ) with a + |3| > 1. First, rearrange (2.69) as

B 1 _
,LL3774([L87—7—9,; + pr0:0; + Qﬂrjja‘rej) + 0A;00, + we (w1+a€SAij (%kjié - 5;6)) %= 0.
(4.203)
Apply X23” to (4.203) and multiply by 1
P XEF 0 + 110. X290, + 20130, X29°0;) + 50N X000,
1 a+ta S a (&) -1 a,
tY— (w1+ TaeS N, X0 (%’“/ y_ 5}“)) o= —URSP, (4.204)

where we have used Lemma 4.2 to compute Xﬁ(ﬁﬁ {w—la <w1+°‘e§Aij (szf}-kj‘% - 6;“)) ,k} with

R?’B defined as the lower order terms arising from multiple applications of (4.182) and (4.181) in
Lemma 4.2, and applying our derivative operators to the resultant expressions from (4.182) and (4.181).

More specifically, using the favorable expressions C;! *and ij ¢» (4.182) and (4.183) respectively,
derived in Lemma 4.2, the regularity of our entropy term given by Corollary 1.5, the differentiation
formulae for o and _# (2.72), and also the decomposition of the spatial derivative into X, and ¢

(B.261), we have the following favorable schematic form for R’f’ﬁ

a+|8| v o
a, 1 2
R =D D X0+ w XY DO
£=0 a’+|B'|=¢
a/<a,|B'|<18]+1
a’ fj” o IB/”
x H Ca”,B”,EXT 3 0+w H Ca///ﬁm?ng a Do

a’+|B"|<N—max(¢,N—{£) a'"’ 4|8 | <N —max(£,N —£)

(4.205)

for all i € {1,2,3}, where ¢}, 4 4, €2 g/ 4> Car g0 and o g ¢ are bounded coefficients on By (0)
away from the origin. Note here for simplicity we are including the terms ./ and _# without derivatives
in our bounded coefficients since they are bounded by our a priori assumptions (2.83). Since A is also
bounded by (A.255), we in addition include A in our smooth coefficients.

The important feature of the above expression is that any time we have a potentially top order
DO term, we have a weight w multiplying such terms: this is seen in the second summation in the
expression. This is a direct result of the commutator forms (4.182)-(4.183) we carefully obtained in
Lemma 4.2 to have this property. Then with the expression (4.205), Lemma C.1 and the desirable form

of [X 7‘?(‘36, 0s] (3.145) derived in the curl estimates,

IRENZ 4 qpes S L+ P(SY))SY, (4.206)

with P a polynomial of degree at least 1.
Multiply (4.204) by w‘”“A;ﬁ 0: X ﬁéﬁﬁGm and integrate over {2
1d

5 (MSW—B/wwa+a<A—1X;La/BV7 X;zaﬂv> dy+5/ wwa-&-a |Xgaﬂe|2dy)
T Q Q
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5—3 T —
4 2 ok [t X0V, X290V )y
Q

1
_ §M3’Y—3/ wwa—i-a <[8TA—1 _ 4A_1F*] XgaBV’Xﬁa5V> dy
Q
+ / o (wrereeSay Xed” (af g% = 6F) ) b0, X2 0™ dy
Q
- / bwt R ASIX G 0T dy. (4.207)
0 :
By the same reasoning as the zeroth order case, the first four integrals on the left hand side of (4.207)
contribute to the energy inequality (4.191) in the same way. Also, after time integration, the right hand
side of (4.207) in addition contributes to [ e7#07 SN (7/)dr’ using (4.206) and (2.83).

Now compute the last integral on the left hand side of (4.207) using the derivative formula for
Af 7 ~ (4.187) and integration by parts

/ o (wirereeSay Xed (e g s = o)) s Ap o X o dy
Q
:/¢(w1+a+a6§Aij ( /77¢Q{kdsX‘l$B96,g—l 7é£{jk£{;Xgaﬂef’s
Q
+CyOH0)) ) Aho- X e 0 dy
—— [ v (e (Lt (e Xed 0" —Ay e X106 )
; .
+ I RS NG S XD O L TN X090 ) ) Ao X e dy
+/ '(/)AZJ wlteta Scaﬁ k) e Amia Xaaﬁem
/ pwttereeS g on (o [Curlyy X297 0)f + Ay [V, X7 076); + L7 div, (X090))
10, (Xe9"0™) . dy
+/ U,k wltatae S/_i (% [CurlAg{Xa@B ] +%kAgj[angaﬁe]§-
Q
LA divy (X29°0) ) A 10, X290 dy + /Q iy (whEereeSe it L ATo, X0 e dy
= Il +IQ+13, (4208)

where we define C;’B ’k(e) to be the lower order terms arising from successive iterations of (4.187)
in Lemma 4.3, and differentiating the result of (4.187). In particular, using the desirable form of
X ﬁéﬁﬁ, 0s] (3.145) obtained in the curl estimates, the Leibniz rule, and also the decomposition of the
spatial derivative into X,. and ¢ (B.261), we have the following desirable schematic form for C;”B ow (6)

a+|B|
, k; _ ’ ﬁ/ _ 1" ﬁ”
ot o) = 3 > Carpr X290 Il ceorpexsd 0], 4209
N al+|8!|=t a’'+|B"|<N—L
-2 a’<a+1,|8'|<|8]+1

for every j, k € {1,2,3}, where ¢, g ¢ and ¢q g ¢ are bounded coefficients on B;(0) away from
the origin. Note here for simplicity we are including the terms ./ and _# without derivatives in our
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bounded coefficients since they are bounded by our a priori assumptions (2.83). With this formula

(4.209), we can see using Lemma C.1 to handle the lower order terms in the product | arpr|< N that

(SR < 8N(r). (4.210)

||a+a PpeS ~

Furthermore, again using the desirable form of [X j}(}?ﬁ, 0s) (3.145) and the decomposition of the spatial
derivative into X, and @ (B.261), we can obtain

”DC;’B’k( )||1+a+a e S SN(T)- 4.211)

Estimation of I3:
’ / Iydr'| = ’ / / ¢(w1+“+aesc;vﬂ”f) s A0, X090 dydr’
0 0 Q

r
8 B,k s Bk
5 /O HXga Vm||a+a,we§”c'? ? (e)HaJra,z/;es' + ||“XV7(“1a Vm||1+o¢+a,we§||DC; g ||1+a+a,¢e§ dT/

< / e M7 SN () dr!, (4.212)
0
where we have used (A.255), (2.61), Lemma 1.4 and (4.210)-(4.211).

Estimation of I5:

] / IQdT":] / / b witotas g—% (%’“[CurlAg{Xﬁ@BG]f
0 0 B%(O)\B%(O)

+df N [V X2 0L + LA 7 div, (X200 e)) Alo.xed’om dydr!

’ azffym aff
S | 1P0 1m0 (XN s 190 K00

Y 1O Vlaames D Va0 Ol 0o ges ) 4

lv|<a+|B] lv|<a+[B]

< / e T SN (71)dr, (4.213)
0

where we have used that ¢, has support in B3 (0) \ B1(0) and the fact that we can write Xﬁ&ﬂ in
terms of 9" in Bz (0) \ B1(0).

Estimation of I;:
/OTfl dT’:/T/¢w1+a+“ S 7% o [Curlay X3 01'A 0, (Xaaﬁem) & dydr’

/ / YuitoteesS g-3 (%’“Azj[VnXﬁ@ﬁB]; + éAijﬂfjkdiVn(Xﬁ(ﬂﬂe)) Alo, (Xgaﬁem) & dydr’
_ /0 /Q pwlteteeS g% 7N [Curly,, X900 (Xgaﬁem) & dydr’

+ / pw'tetees goa (Agj[vnxgaﬁe];‘./\;i[vnaTxgaBe];”+gdiv,](Xgaﬂe)div,](axgaﬁe)) dydr.
0 Q
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Integrating by parts in 7 the curl term
/ / PuwteteeS g% o7k A [Curly ., X297 0)00 <Xﬁ&66m) & dydr’
0o Jo
:/ww1+a+a Sf % [CurlAﬂX‘l&B ] (Xgaﬂem) " dy‘o
Q
- / / puwtteteeS g uogF AN Curly oy X0 VI (X2070M) o dydr’
o Jo
- / / puwttereeSo, (7 gAY [Curlay Xed 0l (Xzd"0™) . dydr
o Jo
T 1+o¢+a S k: a B a 48 am /
7/ /z/;w ¢S 7% aF Az Curly, o X030 (Xré} 0 )k dy dr
o Jo
T 1+a+a S a B X Bam /
—//1/)10 ¢S 7% A} Curlpy, X049 ](Tae),kdydT
o Jo
= Bl + B2 + Rl —|—R2 + Rg. (4214)
Now rewriting the gradient and divergence terms
1+o¢+a S L A Xaaﬁ V a Xaaﬁ ld Xaaﬁe di ) Xaaﬁa dud /
’ll)w « EJ[ ]] zm[ ] +a IVU( T ) 1V77( T r ) yat
_ 1+a+a S a ﬁ 1 a ﬁ l : a 4B : a 48 /
= ww / a (A [V, X0 ]j im0 [V, Xed" o) adlvn(Xr&) 0)0,div, (X*P"0) ) dydr
/ / I8 (M [V X2 OLA L0, (X070 ) o+ Ldivy (X207 0)0,f (X29707) 1 ) dydr
= F1 + Ry. (4.215)

For B,

B, = / puttereeS ghakail 3 [Culyo Xed o)l (xatom) o ay|
Q 0

a+IBI<N
< SN0) + IV X0, st ||Cur1wxaa 82, 1\ s
< SN(0) + kSN (1) + BN [B](7), (4.216)

where we have introduced « through the Young inequality. For B;
By| = ’ / / YwitaraeS g & gk A=1Curly , X2V (X;}aﬁem) & do dT"
0o Ja
S / ||angaﬂeH 1+a+a,1/)e§ ||CurlA£27XTC’L@BV” 1+o¢+a,7,l;eg dT/
0

s/ (SN () BV V() dr. 4217,

0
For F4
3

— 1L ["d 1+ata, S z—1 -1 o, 1 : ad8a)’ /
El_i/o - /wa S 77| N didy (Map)))? +  (div, X7070) | dy b dr

i,7=1
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+/ /‘,l/}leraJraeg/féz];ﬁdydT/
0 Q

! 5 ! . ; 1 2
_ %/(; /quwl—&-a+aesa,r (/—z) Z didj_l(eﬁa,ﬁ)g)Q + E (diVnX,‘?(?’BB) dy g

ij=1

= Ey + Ry + R, (4.218)

where we have used Lemma 4.1. Then E contributes to £V (7) in (4.191), and also to SV (0) by the
fundamental theorem of calculus. Finally, by the Young inequality, Lemma A.1, a priori bounds (2.83)
and Lemma C.1

IRil 5/ e o7 SN(7')dr' fori = 1,2,3,4,5,6. (4.219)
0

We have thus obtained (4.191) except for 8 terms in EV (1), DV (1), SN (7) and BN (7). To estimate
such 0" terms, we note that by (2.61), w > 0 in B% (0) where the 1 — 1) estimates will be obtained.
Therefore a similar calculation leads to the 0¥ contribution to (4.191). Hence we have obtained the full
energy inequality (4.191). O

S5 Large Adiabatic Constant

We now prove the case for v > % by modifying the above analysis. We use the strategy from [31],
applied to our nonisentropic setting. The first step is to eliminate the anti-damping effect encountered
in [12]. We divide (2.69) by 137~ to obtain

wa/f (a.,.rei + %8791 + 2F:7879j>—|—5M5—3’ywozAwee_~_M5—3’y (’w1+a€§Aij (%k/n*é _ 55)) 6= 0.

(5.220)
Then with v > 2, SV and BY are defining according to the expressions given in Section 2.3. Also as
defined in Section 2.4, in this case we do not distinguish between pg and pq

Ho = H1- (5.221)

Next, the energy based high order quantities which arise directly from the problem are modified as
follows since we are considering (5.220).

G | S s ((s)) "+ & (divy x2970) Jurreie® ay

7,7=1
+3 > /(1 —¥) {/ﬁ (AT10"V, 0V V) +6p° 727 (A1 0", a"e>]wa
2 1en
3 N 2 .
+ T —y) [ > did;t ((JVV);) +3 (div,]a”e)Q]wHaeS dy,
i,j=1

(5.222)
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~ 3y =95 s 3. Ur
DY) = gt [ (o 3 pxedepute

a a+|BI<N

rose {Z dd; ((Aap)]) + & (divy x20"0) " Junteries
+ Z (1—v |3V9‘2wa+(17 )/i[i didj_l ((JVV)?>2+é(divnﬁye)2]wl+a€§) dy.
- o (5.223)

We are requiring v > % in this formulation, which gives DN (6) > 0. Unique to the v > % case,

we introduce a similar term to £V which does not include top order quantities but will be controlled
through our coercivity Lemma 5.1 below

CHO,V)(1) =V H(r)

:% Z /1/15 lXa(?ﬁ Xa$6> ata

a+|B|<N-1

+¢/°[de— ((ap)]) "+ & (divgX09%8) JureeteS ay

i,j=1
Z / (1—v)5(A7'0"0, 8"0)w
| v|<N-1
3
L (1—y) gk [ S did; ! ((%){)2 +1 (divn8”9)2]w1+ae§ dy. (5.224)
ij—1

Before outlining the proofs of our main curl and energy inequalities for the large v > % case,
we give the most important and useful result in this setting which will allow us to overcome the time

weights with negative powers which arise from the new equation structure (5.220).

Lemma 5.1 (Coercivity Estimates). Suppose v > 5. Let (6, V) : Q@ — R? x R® be a unique local
solution to (2.69)-(2.70) on [0, T with T > 0 fixed and assume (0, V) satisfies the a priori assumptions
(2.83). Fix N > 2[a] +12. Let k > N + 1 in (2.63). Fix (a, B) with 0 < a + |8| < N — 1 and v with
0 <|v| < N — 1. Then for all T € [0, T), we have the following inequalities

a & a 8 a ﬂ
X 02 o S sp (PIXTDVIZ o) + IXROO) s (52250)

||a”e||i,(1,¢>sosup 10" VI2 (4 yyos} + 107002 e (5.225b)

s s’
VoGO O oree S 200 0 D0 TS VI )
T=T 't | =at|Bl+1

+ 19, X8 OO, o s (5.226a)
V09002 s 50 L D0 10 VIE s} + IV 0012, s, (52260
TS = (vl
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. B . 8
HleTIX'ga e”i+a+1,we§ Sz sSup { Z 'U’2||V||3+a+1,weg}+ I|d1VTIX7(‘l& 6(0)”i+a+1,'¢165’

0STET 4y |8/ |=at|Bl+1
(5.227a)
Hdivnaueuiﬂwegg sup { Z RIEZ V||i+weg}+||divnave(0)||i+1’weg.
OSTET =l
(5.227b)

Proof. Proof of (5.225a)-(5.225b). By the fundamental theorem of calculus, and the exponential
boundedness of p (A.253) and therefore time integrability of negative powers of (i,

xeg’o = / xed’var + x24°0(0) = / ptuxed’var + x29°0(0)
0 0

< sup {uXed’ V) + x29°0(0). (5.228)

0<r<7/

Therefore applying Cauchy’s inequality (ab < a® + b2, a,b € R)
a 48 a 48 a 48
||X7” a e||<21+oc,'¢veg g 0<S71'1£7-’{p? HXT a VHc2L+a,1ZJeS} + HXT’ a 6(0) Hera’weS‘. (5229)
This proves (5.225a), and (5.225b) is similar.

Proof of (5.225b)-(5.226a). By a similar coercivity estimate to (5.228)-(5.229)

ata+l,pesS ~ ata+1,pes”
(5.230)
Now using the decomposition of spatial derivatives into angular derivatives and radial derivative
(B.261), and also our a priori bounds (2.83), we have

5 5 5
IV X236l S ANV XT TV i pes T+ VR X8 0(0)1F

a 4P a' gf
sup @2V XEIVIP, s S s {0 S 2IXE VIR, s (5:23D)

<r<7’ <r<7’
0<r<r 0<r<r a/+|8’ |[—at|B|+1

Then (5.230)-(5.231) imply (5.226a). The proof of (5.226b) is similar but simpler since we do not
need the decomposition formula.

Proof of (5.227a)-(5.227b). Finally the proofs of (5.227a)-(5.227b) are similar to the proofs of
(5.226a)-(5.226b). O

Remark 5.2. Lemma 5.1 allows us to control terms without time weights with negative powers using
our norm SN () and initial data SN (0). In the v > 5 case, such terms do not appear immediately
from our equation because of the new structure (5.220). Notably, Lemma 5.1 will let us include the new
quantity CN =1 in our energy inequality.

However we cannot use Lemma 5.1 to control top order quantities since that would require control
of N + 1 derivatives of V which we do not have. This is why firstly we have the particular structure of
SN in this case where we separate top order terms from lower order terms, and secondly why we only
include N — 1 derivatives in CN 1.
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5.1 Curl Estimates v > 2

For the curl estimates for v > 2 we note that we will start from the same equation (2.67) as for the
v e (1, ] case. So when controlhng the curl quantities, we will artificially include the time weight
with negatlve power ;.°~37. Therefore this will not pose an issue in most of the curl estimates since we
either simply use the boundedness of 1°~37 if we do wish to include it in our high order quantities, or
at the top order, include it in our high order quantities. The only time we will have to consider it more
carefully is when controlling the Curl, .,0 terms when we integrate this time weight. We will give the
method for this situation in Lemma 5.3 below.

Otherwise, we note in the v > % case that from the structure of SV allowable by the coercivity
Lemma 5.1, the fact that g = 7 here, and our asymptotic behavior of A which still holds by Lemma
1.6 because of our requlrement that det A ~ 1+ 3, the methods of the curl estimates for y € (1, 3] in

Section 3 will hold for vy > 3 2 and we will obtain similar bounds on our curl quantities.

Lemma 5.3. Suppose v > g Let (8, V) : Q — R3 x R3 be a unique local solution to (2.69)-(2.70) on
[0, T with T > 0 fixed and assume (0, V) satisfies the a priori assumptions (2.83). Fix N > 2[ o] +12.
Letk > N + 1in (2.63). Let a + | 3| = N. Assume the following bound is known

< SN (). (5.232)

H / ) Xx93%10,, Curly ] Vdr" <
1+o¢+a,wes

Then

-
5—3v
iy
o u(7)

/ w(r")Xx23°18,, Curlp | Vdr” dr’
0

) §/ ef’”’TSN(T')dT'.
0

1+a+ta,pes
(5.233)
Proof. Applying the boundedness of z°~37
’u5—3v / ( //)Xaaﬁ [37—, CurlAd}VdT dr
( 14-a+a,peS
! 2
1 1 T i
" 3Py/ +T G / A+ 2u(r) ( / ()X [&,Curlm]vcw) dr' | witeteeSy dy
T 0
5 5— 3"// ! Xaa [8T,CurlAﬂ]VdT” dr'
1 + T 1+a+ta, ’L/Je
< g 5—3y //XaﬂaTCl Vd” &
~ ogbql-l’I;T['u(T) ]/0 (1 -I—T a [ , Lur Agg] T Ltatape T
= sup [u(7')"%] /T M(T S " Xa(?ﬁ[a CuI‘lAgf]VdT” dr’
O<7'<7 0 :UJ( )5 3ﬂy(1 + T m 14+a+a,pes
: R ; T i 7 X23"(0,, Curly | Vdr" g
~ OSBET[M(T) ]O<S71—1’2-r |::u( ,)5_3’& /O (1 + 7) [07, Curlp 7| VdT 1+a+ta,peS T
:/T 5 3y " Xaaﬂ[ﬁT,CurlAQ{]VdT” dr!
0 (1+T 1+a+ta,pe’
S/ ) MOTSN( o (5.234)
0

O
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Using the technique of Lemma 5.3 for similar terms and then otherwise an analogous argument to
the v € (1, %] case as described above, we obtain our curl estimates in this case.

Proposition 5.4. Suppose v > % Let (0, V) : Q — R3 x R? be a unique local solution to (2.69)-
(2.70) on [0,T] with T > 0 fixed and assume (0, V) satisfies the a priori assumptions (2.83). Fix
N >2[a] +12. Letk > N + 1 in (2.63). Then for all T € [0, T, the following inequalities hold for
some () < kK 1

BYIV](r) S e %07 (SN(0) + BY(0)) + (1 + 72)e 27N (1), (5.235)

BN10](1) < SN(0) + BN (0) + kSN (1) + / ' e T SN () dr'. (5.236)
0

5.2 Energy Estimates v > 2

Energy estimates for v > g depend on the new equation structure (5.220). This gives rise to the forms

of N and DV. However with the coercivity Lemma 5.1 and the norm-energy equivalence result in this
case, term by term estimates will use the same techniques as in the v € (1, g] case since as in the curl
estimates, we have the desirable asymptotic behavior of A which still holds by Lemma 1.6 because of
our requirement that det A ~ 1 + 3. Also we have o = 1.

Furthermore, as in the curl estimates, when estimating terms which include the time weight
we either simply use the boundedness of ;137 if we do wish to include it in our high order quantities,
or at the top order, include it in our high order quantities. The only time we will have to consider it more
carefully is when we integrate this time weight after integration by parts in 7. We will give the details
for the unique term that arises from this in the outline of our proof of the energy inequality below.

Therefore we give the norm-energy equivalence, and then outline the proof for the energy inequality
in this case, placing emphasis on the new energy identity structure while omitting the details which are
similar to the y € (1, 2] case.

Lemma 5.5. Let (0, V) : Q — R3 x R? be a unique local solution to (2.69)-(2.70) on [0, T with
T > 0 fixed and assume (0,V) satisfies the a priori assumptions (2.83). Fix N > 2[a] + 12. Let
k> N + 1in(2.63). Then there are constants C1,Cs > 0 so that

5—3v

C1SN (1) < sup {EN(T) +CVTH)} < Co(SN (1) + SN(0)). (5.237)

o<’ <r

Proof. The proof follows from an analogous argument to the proof of Lemma 4.4 from the v € (1, g]

case, in conjunction with Lemma 5.1 to control terms without time weights with negative powers which

are included in CV =1 (7/) by SN (1) + SN (0). O
We are now ready to give the energy inequality in this case.

Proposition 5.6. Suppose v > 1. Let (0, V) : Q — R3 x R? be a unique local solution to (2.69)-
(2.70) on [0,T] with T > 0 fixed and assume (0, V) satisfies the a priori assumptions (2.83). Fix
N > 2[a] 4+ 12. Let k > N +1in (2.63). Then for all T € [0, T], we have the following inequality for
some 0 < k < 1,

E¥r)+ eV + [ DY@ ar S SYO 4 BRI + [ SV ENHBN VI ar

+ &SN (1) + / e T SN () dr'. (5.238)
0
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Outline of Proof. Zeroth order estimate. Multiplying (5.220) by A, 18 0" and integrating over
Q

/ wa(/ﬁ@TTGi + prp0:0; + 2,u21"* 0-0; + Spu°~ 37w“AMGg) ;,1879’" dy
Q
- « S -1 — m
—|—/Qu5 3y (w1+ e“Aij (,djk/ o — (5;“)) w3 0.0™ dy = 0. (5.239)

Recognizing the perfect time derivative structure of the first integral

1d 3y—5
S (Af [ ia0.0.0.00dy + 00> | waielzdy) # T2t e [ oy
T Q Q Q

2
—%/ w(9,A-10.0, 0,0) dy+2u2/wa<A’16T9,I‘*879>dy.
Q Q
(5.240)

Returning to the second integral in (5.239), we integrate by parts to obtain

M573’Y/ 14+« gA (%kffé 76;6) Al—riaTem,k dy

/ wte S/"A”dkel,j 18 0" dy — ;LS*SV/QUJIJF“@S(/*% —1)0,0% ;. dy

2

37/ wlteS _ga N0, A e f 0,0, dy

)

5 37/ ,lera Sf Azpﬂjelap'g{[ ef,j 18 g™ ,kdy—;ﬁ*?”/ w1+a€§(/7é —1)379k7kdy
Q

)

B [t A (T A0, dy i [ wheeS gk Curly BNV, 0,007 dy
Q

)

pt=3 [ wltee S/“Mehm% e‘,ja 0™, dy — 1i° 3"’/1()1+a65(/¢_é —1)0,0" 1. dy
Q

Q
i) + (3) + (i) + (iv), (5.241)
By Lemma 4.1
L, 1d o _1
(Z) N53v/ 1+ S/ de -%()O)y
2dr Pyl
37V =95 5_ 3. lr o _1 o
+7Tu53712/ 1+ S/ de //foo)derusgv/Q wlt s/ = T0.0dy
,j=1
+ :u5737 1+a Sj***l/ Z dd % )j)Zd
90 o T 0,0);) a4y
7,7=1
+ s /Q wlteS 773 N [V,01 A [V, 07 [V, 0, 0]7dy. (5.242)

Now after time integration, the second term in (5.242) contributes to fOT DN (7') d7’ in (5.238).
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High order estimate Fix (a, 8) with a + | 3| > 1. First, rearrange (5.220) as

T * - — 1 « S -1
12 (aﬁei n %aTei n 2rijaTej)+5u5 " NagO i — (w1+ = (szfjn w 5}“)) 5=0.

(5.243)
Apply Xﬁ(’ﬁﬁ to (5.243) and multiply by v

e (aTTXfaBei + %aTXfaﬂ 0, + 2150, X3’ ej) + 0P BN X270,
1 5 1
5-3 1+a+a, S yva4B k g—L1 <k — ), 537 paB
o — (w SNy X3 (;z%j 7 aj)) p= S REP. (5.244)
Multiply (5.244) by w“*aAi_ni &Xﬂ&)ﬁem and integrate over {2
li 2 ata —1va 3 a &) 5—3v ata a 3 2
w2 [ puett(ATIX0GV, Xed V) dy + op Yt | X270 dy
2dr Q Q
3y —5 .
4 L‘u5—3'yﬂ’7 / wwa“\Xf@’ﬁe\Qdy
2 BmoJa
2
- %/ bt <[8TA‘1 —4ATT Xﬁ¢5V7X,‘?(?BV> dy
Q
Ll K (e & A T ) ) R
Q
= P / wwa”Rg’ﬁA;%Xf(ﬁﬂeT dy. (5.245)
Q
Now compute the last integral on the left hand side of (5.245) using integration by parts
5—35 14+a+a S a 48 k g—+ k -1 a 4B am
i 1/)(11} SN X0 (% e —5j)),kAimaTXTa 0™ dy
Q
_ M573'y/ i <w1+a+ae.§'Aij (_j*i%k%sxﬁaﬁef’s _é 7i£{jk%saﬁee’s
Q
- a ﬂ m
+CPN0)) ) sk Ak X 0™ dy
_ _M5—3"//Q,(/) (w1+a+ae§ (/_%‘Q{Zk (Aiij{jngaﬁeeas —AZj%staﬂei,s)
+ IR NG X O L NG X0 ) ) ke A0 X 0 dy
+e [ (whtereeSer ot o to, X e dy
Q
= i / pwttereeS gt (o (Curla X7 076)! + AV, X196,
Q
1 k 3: a 4B —1 ag4Bam
+ LAy divy (X20°0)) At (X9 0™ ) o dy
+po / b wteraeS i (o Curly Xed 0] + o Ay [V, X200,
Q
+ L0y divy (X2070)) AL0, X0 0 dy

+ u‘r”‘”/ iy (whtereeSer o) o aTto, X e dy
Q
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=1+ I+ Is. (5.246)

Estimation of I;:

/0 Il dT/:/ MS*SW/ wleroHra S/ % [CurlAanaﬁ ]Z ”ia (X“éfﬁem) & dydT/
/ 53y / puwttereeS g i (o NV, X070 + LAy divy(Xed'0)) ALk (Xedem) i dydr’
- / Mt / puwttereeS g s gl ag Curlyy X297 60(0, (Xed 0™ ) i dydr’
5—3v 1+a+aS -1 a 4P a 4P 1 3; a g8 : a 48 !
/ /ww a (AEJ[ vV, X4"0 ]J Zm[V 0, Xd7 0] + Edlvn(Xrtﬂ G)dlvn(aTXra 9)) dydr
:M5—3'y/ﬂ,¢)wl+a+a S/ %kA [CurlApQ{Xaaﬁ ] (Xgaﬁem) e dm‘o
_/ ’u5—37/¢w1+a+a Sf % [CurlAanﬂﬁ ] (X;Laﬂenl) e dr d+'
0 Q
+(3y—5) / P aiTe /Q pw'TotaeS g5 gF A Curly .y X3 0)! (Xgaﬁem) & dzdr’
0
- /0 (5 / Yw'teteeSy, ( fidem;;) [Curlp, X239 0)¢ (Xgaﬁem) & dzdr’
/ 53y / puwttereeS g gt Curly, o X097 0)f (X2070™) ko dudr’
5—3v Itata, S a ﬁ aghPgm
—/u /ww ¢S 7% oF A [Curly .y, X0 ](Xae),kdxdT

/ 537 / v ereeS g ([, X0 0 0,9, X207 017 + Ldiv, (X09°0)0,div, (X70) ) dydr’
/ / Ve AEJ v, Xed 0 A 0, o (Xaaﬁem) & +Ldiv, (X0370)0, (X“(?BGJ) ) dr’
=B1+Bs+Bs+R1+Re+Rs+ E1+ Ru, (5.247)
where we have used integration by parts. For B3, which is a term unique to the y > % case,
(3y—5) / i / putteteed 75 gl a Curly Xed 0)! (Xed 0m) o dadr

=37~ 5)/0 p

whteteeS g o f AL Curly X9 0)f (X2070m) o dudr’

1 T 3-3y
< 5—3vy a8 - 5—3vy a 4P /
< (v mp X @ O st + o 200 1 I XEH O ) [0 e
< kSN () + BN [9](7), (5.248)

where we have used the Young inequality with € and (A.253). For F

T 1 )
_ il 5 3 1+o¢+a S — = 2 - . a 408 /
b= 2/0 dr /W s g Z did (Mo 5)])* + — (dlan,.& e) dy v dr

i,j=1
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+ [t [y k] S didy? (o)) + 3 (dv 27) oS dyar

4,j=1

T —
+/ Iul573'y/ wleraJraeS/f%:];ﬁdydT/
0 Q

3
1 (7 5 : 1 2
- 5/ ,ﬁ—“/ Ywitetaedy, (/—%) > did; N (Map)!)? + - (dianfaﬁe) dy dr'
0 @ i.j=1
i= By + D1 + Rs + R, (5.249)

where we have used Lemma 4.1. Then D; contributes to [, DN (7') dr' in (5.238). This concludes our
energy inequality proof outline in the v > § case.
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A 7 based inequalities

We have the following useful 7 based inequalities, summarized by the Lemma below.

Lemma A.1. Suppose v > 1. Fix an affine motion A(t) from the set . under consideration, namely
require

det A(t) ~14+13, t>0. (A.250)
e (r) a()
. ~\T
o= lim B B (A251)
T—00 ,u(T) 2

where (i(1) = det A(7) and d(~y) = {

Then we have the following properties

0 < po = po(7y) < p, (A.252)
et Spu(r) ST, T >0, (A.253)
Z ”Xgaﬂv||1+a+a,¢eé + Z 10"Vt 1-pyes S e TSN (7)% (A.254)
a+|BI<N lv|<N
ALl S e 7, A+ A < C, (A.255)
3 1
> <di + d) <C (A.256)
i=1 4
3
> |0-di| + [|0-P|| S e T (A.257)
1=1
w> < (A 'w,w) S [w?, weR?, (A.258)
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for C' > 0.

Proof. The result (A.252) is clear from the definition of pg. For inequalities (A.253) and (A.255)
through (A.258) we first note that by Lemma 1.6, there exist matrices Ag, A1, M (¢) such that

A(t) = Ao +tA; + M(t), t>0. (A.259)
where Ay, A; are time-independent and M (¢) satisfies the bounds
M) = 0ts00(1+1), [[0:ME)]| S (1+1)>7. (A.260)

We also note det A(t) ~ 1+ ¢3. Then inequalities (A.253) and (A.255) through (A.258) follow from
Lemma A.1 [12]. Finally, (A.254) follows from the definition of SV (2.80) and properties (A.252)-
(A.253) above. O

B Derivative Operators

Our derivative operators aji and X, satisfy the following identities:
Lemma B.1. Fori € {1,2,3} we have the decomposition
0 =4g,+%x,. (B.261)
T T
Fori,j, k,m € {1,2,3}, we have the commutator identities
(@i, X1 =0, [0, D] = Djrey [Om, Xo] = Oy [Oms @3] = 6mjOs — 6mi0;. (B.262)

Proof. These properties are straightforward consequences of the definitions introduced in (2.78) [11].
O

The following Lemma will help when differentiating radial functions.

Lemma B.2. Given a radial function f : Q — R, say f(|y|) with derivatives with respect to |y|
denoted by the standard prime notation, and o + || < N, k € {1, 2,3}, we have

X, (”‘) —0, (B.263)
|yl
Yk Yk
x, (V) - (B.264)
<y|2> ly[?
X2 £yl =iy £ (1w, (B.265)
j=1
where p; is some polynomial with max degree j,
@5 f(yl) =0, (B.266)
i’ (“) _ v/l (B.267)
|yl 0,
Sor some ¢ € {1,2,3},
@’ <y’“> _ Jue/lP (B.268)
lyl? 0 ’

Sfor some ¢ € {1,2,3}.
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Proof. Both (B.263) and (B.266) are straightforward applications of the definitions introduced in
(2.78). Now (B.265) follows from induction using the following results

Xef(yl) = Iyl (yD),  Xo(lyl™) = nly|" forn € Zx,.

Next (B.267) follows easily from the following facts, the first of which is a straightforward calculation,

Sntsi — Sinys o
g (L) = GV T ORYS G Oford,je1,2,3.
"\l [yl "

Similar arguments give (B.264) and (B.268) to conclude the proof. O

C Weighted Sobolev-Hardy Inequality

By (2.61), w behaves like a distance function. Then from Proposition C.2 [12], and also using Corollary
1.5, we have the following modified weighted Sobolev-Hardy inequality:

Lemma C.1. For any u € C*°(B1(0)), we have

sup ‘w%legXﬂl@Blu
B1(0)\B%(0)
a /B 174
S > X2 ulgpaspes + D 107Ul qpyes (C.269)
a+|B|<ar+|B1 |+ [a]+6 [v[<a1+|B1]+2

sup ‘w%egDXflaﬁlu‘
31(0)\3%(0)

a 48 v
5 Z ||V’VIX7'a u||a+a+1,we§ + Z ||V’1a u”a-i—l,(l—w)eg' (C270)

a+|B|<ar+|B1|+[a]+6 [v|<a1+|B1]+2

D Scaling Analysis and Affine Motion

An alternative derivation of the nonisentropic affine motion discussed in Section 1.1 is available directly
from the structure of the original Eulerian equations.
First for any given (p, u, S, p) and A € GL™(3), consider the following mass critical transformation

p(t,x) = (det A)~ (s, y), (D.271)

u(t,z) = (det A) 5 Au(s,y), (D.272)

S(t,x) = 5(s,y), (D.273)

p(t,xz) = (det A)"7p(s,y), (D.274)
ds 1—3y

2 = (det 4) 77, (D.275)

y=A"lz. (D.276)

If (p,u, S, p) solve (1.1)-(1.2) and (1.4)-(1.5) in Q(t), then (p, G, 5’,;6) solve

Osp + div (pa) =0 (D.277)
pO0sa+10-Va)+AV(H) =0 (D.278)
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9,84+10-VS=0 (D.279)
p=pres, (D.280)

in Q(s) = A71Q(s) with A = (det A)FA—1A-T,
Motivated by the nearly invariant transformation (D.271)-(D.276), we are looking for a path

Ry >t A(t) € GLT(3),

and consider the transformation

p(t, ) = (det A(s)) ™" p(s,v), (D.281)
u(t,z) = (det A(s)) 5" A(s) (s, y), (D.282)
S(t,x) = S(s,y), (D.283)
p(t,z) = (det A(s))""p(s,y), (D.284)
%~ (det A1) (D.285)

y = A(t) . (D.286)

We seek A(t) such that this transformation solves the vacuum free boundary nonisentropic Euler system
(1.1)-(1.11). Introduce )
w(s) == det A(s)3, B(s):= —A"'A,.

Then (1.1)-(1.2) and (1.4)-(1.5) can be written as

1—3ypus. . . _
F (851”1 +— 2 %u — B+ B(y- V)i + (@1- V)u) +AV(p) =0, (D.287)
9sp — 312 5+ By - Vj + div(pa) = 0, (D.288)
W
98 +0-VS+ By VS =0, (D.289)
5= preS. (D.290)

Next make the important change of variables
U(s,y) = ua(s,y) + B(s)y. (D.291)
Notice that
U-VU =a-Va+ By-Va+ Ba+ B2y,
0;U = 9su + By,
~ Osdet A(s) s

= -3t

div(By) = —Tr(A™'A,) = “det A(s) p

Then (D.287)-(D.289) can be expressed as

1— 3y s 1— 3y s 1_ .
8,U+ (U-V)U + ( 3V Hs g 23) U-— (Bs _ B2 +B3W> y+ A-V(p) =0,
2 p 2 p p
(D.292)
,p + div (5U) = 0, (D.293)
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9,8 +U-VS =0. (D.294)

We now seek a special solution of (D.292)-(D.294) and (D.290) in Q2 = B;(0) by setting U = 0. Then
(D.293)-(D.294) reduce to 0;p = dsS = 0 which implies p and S are only y-dependent. Furthermore
by (D.290), p is also only y-dependent.

Now for (D.292) to hold, we need to solve

1
y=A=Vp. (D.295)

Let
Vp=—-6y in Q. (D.296)

By a simple argument, this equation implies /» and / are radial functions. Thus S is also radial. Now
(D.295) will be satisfied if B solves the ODE system

1‘7 El
B, — B? + T?”“LB — _JA. (D.297)
I

1—-3y
Now using the definition of B and 2 = (det A(t))” 6 , we have

3yv—1

By=—det A5 9(A A, det A5

(9t det A
det A

3y—1 3y—1 3y—1

-1
—det AT ATTAATA, — det A5 14—1,4“—376 det A5 A1 4,

=B%4

3y — 1 -
T lip det AT AT Ay,
2
Thus recalling the definition of A, (D.295) is equivalent to the following ODE system for A

3v—1

—det A5 ATYA, = —5det AFATIATT,

which can be written exactly as the affine fundamental system
Ay = 5det AVVATT. (D.298)
Finally since p and p are radial, (D.296) gives the fundamental affine ODE
p'(r) = —dorp(r). (D.299)

Then using (D.290) and our vacuum condition, from (D.299) we can obtain the explicit affine entropy
formula for e® in terms of
; 5 [1ep(e)de
S (r) = 8, tptt)dt (D.300)
(A(r))
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