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Abstract

We study the Ricci flow on R* starting at an SU(2)-cohomogeneity 1 metric gg whose
restriction to any hypersphere is a Berger metric. We prove that if go has no necks and is
bounded by a cylinder, then the solution develops a global Type-II singularity and converges
to the Bryant soliton when suitably dilated at the origin. This is the first example in dimension
n > 3 of a non-rotationally symmetric Type-II flow converging to a rotationally symmetric
singularity model. Next, we show that if instead go has no necks, its curvature decays and
the Hopf fibres are not collapsed, then the solution is immortal. Finally, we prove that if the
flow is Type-I, then there exist minimal 3-spheres for times close to the maximal time.

Mathematics Subject Classification 53E20
1 Introduction

Given a smooth Riemannian manifold (M, go), Hamilton’s Ricci flow starting at g¢ is defined
to be the geometric heat-type evolution equation [25]

g

ot
Shi proved thatif (M, go) is complete and has bounded curvature, then the Ricci flow problem
admits a solution [41]. Moreover, such solution is unique in the class of complete solutions
with bounded curvature by the work of Chen and Zhu [18]. A solution to the Ricci flow
encounters a finite-time singularity at some 7 < oo if and only if [29,41]

= —2Ricyy, g(0) = go.

lim sup sup|Rmyg )l g(r) = o0.
t)T M

Finite time singularities of the Ricci flow are classified as follows [29]:

Type-1: limsup (T —t) sup [Rmg)lg) < 00,
M

t /T
Bype-1I :  limsup (T — t) sup [Rmg(|gr) = 00.
t /T M
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According to results of Naber [36] and Enders-Miiller-Topping [20] any parabolic dilation
of a Type-I Ricci flow at a singular point converges to a non-flat gradient shrinking soliton.
On the other hand, far less is known about Type-II singularities.

The first examples of Type-II singularities in dimension n > 3 were found in [24] by
Gu and Zhu, who considered a family of rotationally invariant Ricci flows on S”. Angenent,
Isenberg and Knopf later discovered Type-II spherically symmetric Ricci flows on S” that
are modelled on degenerate neckpinches [1]. Type-II singularities were also derived for
rotationally invariant Ricci flows on R” by Wu in [44] and later, for a larger set of initial data,
by the author in [19].

Only very recently the first explicit examples of non rotationally symmetric Type-II Ricci
flows in dimension higher than three have been analysed by Appleton in [4] and by Stolarski
in [43], where they both obtained Ricci flat singularity models.

In our first result we show that a large family of 4-dimensional cohomogeneity 1 Ricci
flows develop Type-II singularities modelled on the Bryant soliton [10]. The Ricci flow on
4-dimensional cohomogeneity 1 manifolds has been recently studied on various topologies
[4,6,31,32]. In [31] Isenberg, Knopf and Sesum showed that the Ricci flow starting at a family
of generalized warped Berger metrics on S' x §3 is Type-I and becomes rotationally sym-
metric around any singularity. This behaviour is regarded as a Type-I example of symmetry
enhancement along the Ricci flow.

In this work we study the Ricci flow evolving from a generalized warped Berger metric on
R*. Namely, consider a metric gy invariant under the conomogeneity 1 left-action of SU(2)
on R* = C2. We can then write go in Bianchi IX form as [22]

g0 = (ds)? +a*(s) 01 ® 01 + b*(s) 02 @ 02 + ¢*(5) 03 ® 073,

where {O','}?Zl is a coframe dual to some Milnor frame {X i}i3:1 on SU(2), with X3 tangent
to the Hopf fibres. We further assume that g is invariant under rotations of the Hopf fibres.
The last condition means that the left-invariant vector field X3 is Killing thus extending the
Lie algebra of go-Killing vectors to u(2). In particular, we can write go as

g0 = (ds)? + b*(s) (01 ® 01 + 02 ® 32) + ¢*(5) 03 ® 03.

In analogy with [31] we finally assume that ¢ < b so that each non-degenerate fiber {s} x $°
is a Berger sphere. We call such metric a warped Berger metric on R*.
We first focus on initial data with linear volume growth.

Definition 1 We let G be the set of complete bounded curvature warped Berger metrics go
on R* satisfying the following conditions:

(1) by = 0, H > 0, where H(r) is the mean curvature of the centred Euclidean sphere of
Euclidean radius r with respect to go.
(ii) SUp R4 b(p) < oo.

The control on the sign of H amounts to ruling out the existence of necks [2]. We also
note that the condition in (i) is weaker than asking for both b and ¢ to be monotone. We prove
that any Ricci flow starting in G converges to the Bryant soliton once suitably rescaled. This
provides Type-II examples of symmetry enhancement and constitutes the first explicit case
in dimension higher than three of a non-conformally flat Type-II Ricci flow converging to a
rotationally symmetric singularity model.

Theorem 1 Let (R?, 8(t))o<i<1 be the maximal complete, bounded curvature solution to
the Ricci flow starting at some go € G. The solution develops a Type-II singularity at some
T < oo which is modelled on the Bryant soliton once suitably dilated.
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Theorem 1 resembles an analogous result recently derived in [4], where Appleton studied
the Ricci flow on the blow-up of C2/Z; starting from a subclass of U(2)-invariant metrics as
above. In particular, he showed that when k£ = 2 if the initial metric is bounded by a cylinder
at infinity and both b and c are increasing and satisfy a differential inequality, then the flow
is Type-II and converges to the Eguchi-Hanson metric once suitably dilated.

Theorem 1 characterizes the Type-1I singularity only partially. Indeed, while the Type-II
singularity is not isolated, being the Bryant soliton asymptotically cylindrical (see, e.g., [8]),
in general there is no control on the blow-up sequence giving rise to a family of shrinking
cylinders. Moreover, the symmetries and the lack of necks suggest that the curvature ought
to become large locally around the singular orbit (see also [4]). Equivalently, one should
detect the Bryant soliton when dilating the flow at the origin o by suitable factors. In our
next result we address these issues hence providing a much clearer picture of the Type-II
singularity developed by Ricci flows in G. In the following statement Rg () represents the
scalar curvature of the Ricci flow solution.

Theorem 2 Let (R?, 8(1))o<t<T be the maximal complete, bounded curvature solution to the
Ricci flow starting at some gy € G. Then the following conditions hold:

(i) (The Bryant soliton appears at the origin.) There exists t; /' T such that the rescaled
Ricci flows (R?, gj(t),0) defined by g;(t) = Rejy(0)g(tj + (Rg(,j)(o))_lt) converge
to the Bryant soliton in the Cheeger-Gromov sense.

(ii) (The singularity is global.) For any p € R* we have

lim sup (|ng(t)|g(t) (P)) = o0.
(ST

(iii) (Type-I blow-up at infinity.) For any t; /' T there exist a sequence {p;} and o > 0
such that dg,(0, pj) — oo, (T — 1R (pj) < and the rescaled Ricci flows
(R*, gj(1), pj) defined by g;(t) = Ry (pj)g(tj + (Req;)(pj))~"1) converge to the
self-similar shrinking cylinder in the Cheeger-Gromov sense.

(iv) (Classification of singularity models.) Any non-trivial singularity model is isometric to
either the self-similar shrinking cylinder or the Bryant soliton.

We note that as an immediate consequence of (i) the scalar curvature and the full cur-
vature are comparable in certain regions up to the singular time. We also point out that the
phenomenon of Type-II enhancement of symmetries along the Ricci flow is intrinsic to the
classification of 3-dimensional k-solutions obtained by Brendle in [9]. We also note that item
(iv) in Theorem 2 relies on the recent extension of Brendle’s work to higher dimensions by
Li and Zhang [35].

Next, we show that the long-time property is satisfied by a class of Berger metrics whose
curvature decays at infinity. General long-time existence results on non-compact manifolds
usually rely on controlling the sign of the curvature and the volume growth [16]. From a
different perspective, similar conclusions may be achieved when the analysis is restricted to
families of homogeneous Riemannian metrics [34]. In this case the behaviour of the flow
for long times is also understood [7]. Instead of assuming a transitive action of a Lie group,
one may study cohomogeneity 1 manifolds. In this direction, Oliynyk and Woolgar proved
that the Ricci flow on R” starting at an asymptotically flat spherically symmetric metric
without necks is immortal [38]. The author improved this result by allowing any decay of
the curvature [19].

In our setting we consider the following set, whose intersection with G is empty.

Definition 2 We let G, be the set of complete warped Berger metrics g on R* with positive
injectivity radius and satisfying the following conditions:
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i by >0,H >0.
(ii) |Rmg|g(s) — O ass — oo and there exist 4 > 0 and 5o > 0 such that c(s) > u for any
S > 50.

We prove the following:

Theorem 3 Let (R?, 8(1))o<i<T be the maximal complete, bounded curvature solution to the
Ricci flow evolving from some go € Goo. Then the solution is immortal.

The long-time property may in general fail if we omit the requirement on the monotonicity
of b and H. Indeed by the adaptation of [2] to R"*! obtained in [19] we deduce that if gg is
asymptotically flat with & = ¢ and (R*, go) contains a neck which is sufficiently pinched (in a
precise way), then the Ricci flow is Type-I. It therefore remains to address the relation between
Type-I singularities and existence of minimal hyperspheres for Berger Ricci flows. We recall
that Angenent and Knopf constructed the first examples of nondegenerate neckpinches by
evolving rotationally invariant metrics on S” containing minimal (stable) hyperspheres [2].
Later the link between Type-I singularities and minimal spheres has been explored for Ricci
flows on closed 3-manifolds by Song in [42]. In our setting we prove the following:

Theorem 4 Let (R, 8(t))o<i<1 be the maximal complete, bounded curvature solution to
the Ricci flow evolving from a complete warped Berger metric go with positive injectivity
radius and curvature decaying at infinity. If g(t) develops a Type-I singularity at T < oo,
then there exists § > 0 such that (R*, g(t)) contains minimal embedded 3-spheres for any
te[T —-6,T).

We may also apply Theorem 1 and Theorem 3 to derive two simple corollaries. First we
immediately deduce that neither G nor G, contain shrinking solitons.

Corollary 1 There are no Taub-NUT like shrinking Ricci solitons on R*,

In the second application we classify warped Berger Ricci flows with bounded nonnegative
curvature. In particular we show that for positively curved warped Berger Ricci flows bounded
by a cylinder at infinity, parabolic dilations at the origin along any sequence of times give
rise to the Bryant soliton.

Corollary 2 Let R4, 8(1))o<t<r be the maximal complete, bounded curvature Ricci flow
starting at some complete warped Berger metric go with bounded nonnegative curvature.
Then T is finite if and only if b(-, 0) is bounded. If T is finite, then for any t; /' T the rescaled
Ricci flows (R*, gj(t),0) defined by g;(t) = Re()(0)g(tj + (Rg(,j)(o))’lt) (sub)converge
to the Bryant soliton.

Outline

We briefly describe the organization of the paper.

In Sect. 2 we discuss Berger metrics on R* and we comment on the main assumptions.
In Sect. 3 we show that the condition on the lack of necks persists along the Ricci flow. The
main step consists in adapting the analogous argument adopted in [4], which relies on the
application of a general maximum principle for systems of parabolic equations. In Sect. 4 we
study warped Berger Ricci flows evolving from initial data either in G or in Go,. Similarly
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to [31] we show that the curvature is controlled by the size of the principal orbits and that
the solution becomes rotationally symmetric around any singularity at some rate that breaks
scale-invariance. An important ingredient, for the case of G, is also given by the application
of the Pseudolocality formula in [17] by Chau, Tam and Yu. In Sect. 5 we prove that any
singularity model is rotationally symmetric by showing that the left-invariant Milnor frame
diagonalizing the metric generates a copy of su(2) in the Lie algebra of Killing fields acting
on the singularity model. We then apply the rigidity result obtained by Zhang in [45] to
classify these singularity models. In Sect. 6 we prove the main results. Theorem 1 heavily
relies on the characterization of Type-I singularities in [36] and [20]. The appearance of the
Bryant soliton follows from a result by Hamilton [27] once we know that the singularity is
Type-II. The localization of the Bryant soliton in (i) of Theorem 2 is a direct consequence
of the convergence of left-invariant vector fields obtained in Sect. 5. The property that the
singularity is global depends on the monotonicity assumption (by > 0, H > 0), which allows
us to control the space-time region where the flow stays smooth. The Type-I blow-up at infinity
follows once we know that the solution becomes singular everywhere at some finite time 7'.
We then obtain the classification of singularity models by combining the characterization
of singularity models in Sect. 5 with the analysis in [35]. The proof of Theorem 3 follows
from a contradiction argument. We show that if a Ricci flow in G, develops a finite-time
singularity, then any singularity model is a non-compact «-solution with Euclidean volume
growth. However, in [39] Perelman showed that this is not possible. We finally address the
proof of Theorem 4, which again depends on the characterization of Type-I Ricci flows
obtained in [20]. The last section is devoted to deriving some easy applications of the main
results.

2 Setting
2.1 Warped Berger metrics on R*

A compact Lie group G acting on a Riemannian manifold (M, g) via isometries is said to
act with cohomogeneity 1 if the orbit space M /G is 1-dimensional. If M is a non-compact
manifold, then the orbit space is either homeomorphic to [0, 1) or to R, depending on whether
there exists a singular orbit of codimension greater than one (see, e.g., [23]). We analyse the
first case, with G and M being SU(2) and R* respectively.

Let us identify $3 with SU(2) via the map h : $3 c C? — SU(2) defined in Euler
coordinates by

@OV cos(), ¢!V sin(¢)) — |:ei(6+¢) cos() —e !0 sin(d))]

OV sin(p) e 1OV cos(¢p)

where ¢ € [0,7/2),¢ € [0,7),6 € [0,27). By using the Maurer-Cartan formalism we
find a basis of left-invariant 1-forms {o;} given by (see also [22])

o1 = sin(20)d¢ — sin(2¢) cos(20)dr,
oy = cos(20)d ¢ + sin(2¢) sin(20)d,
03 = cos(Rp)dyr + db,
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with dual left-invariant frame

X1 = sin(20)d — z’nsg(i; 3y + cot() cos(20)dp.
sin(26) .
X7 = cos(20)9dy + Sin(29) dy — cot(2¢) sin(20)dy,
X3 = 0g. (1)

The vector fields {X;} satisfy the relations [X;, X ;] = 2¢;;x Xk, with €;j; the anti-symmetric
symbol. Consider a left-invariant Riemannian metric g on §3 = SU(2). Such metric can be
diagonalized along some Milnor frame [14, Chapter 1]. Without loss of generality we may
identify the Milnor frame with the left-invariant frame {X;} and write g as

gik%a] ®01+A%C72®02+)\%03®03,

for some positive constants {A ;}. From the Koszul formula it follows that the left-invariant
vector field X3 is a g-Killing vector if and only if A; = X,. In this case the metric g is also
invariant under rotations of the Hopf-fibres and its Lie algebra of Killing vectors contains
a copy of u(2). We note that the choice A; = X, = A3 = 1 recovers the round metric of
constant curvature one while the choice A} = Ay = 1 and A3 = ¢ < 1 parametrizes the
classic family of Berger spheres collapsing along the Hopf fibres as ¢ — 0.

Let now g be a Riemannian metric on R* = C? invariant under the cohomogeneity 1
left-action of SU(2). The action admits one singular orbit consisting of the origin 0 of R*.
All the geometric information can then be obtained by restricting g along a radial geodesic
starting at 0 and meeting the 3-hyperspheres orthogonally. Namely, on R* \ {0} we have (see
also [22])

g =& (0)dx @ dx + g

_ 2 2 2 2 @)
=& X)dx®dx +a“(x)or @01+ b“(x) 02 ® 02 + c“(x) 03 ® 03,

where &, a, b, ¢ : (0, +00) — (0, +00) are smooth radial functions. Since we are interested
in SU(2)-invariant metrics on R* whose restrictions to any hypersphere are Berger metrics we
further require the metric g to be invariant under rotations of the Hopf fibres. Equivalently, we
assume that @ = b in (2). Moreover, we also restrict the analysis to those metrics satisfying
the ordering constraint ¢ < b. For any radial coordinate x > 0 the metric

g =b*(x) (01 ® 01 + 02 ® 2) + 2 (x) 03 ® 03

is then a left-invariant metric on the Euclidean hypersphere S(o, x) with the S'-fiber squashed
by a factor ¢(x)/b(x) € (0, 1].
If we denote the g-distance from the origin by s, then we can write g as

g=dsQ®ds + bz(s) (01 @01 +02Q02) + cz(s) 03 ® 03. 3)

We note that given a radial map f on R*, then we interpret f = f(s) = f(s(x)) as a function
of x unless otherwise stated. We also have the relation
0y = ! b )
TEm
It is a general fact that g in (3) extends smoothly at the origin 0 € R* if and only if » and ¢
extend to smooth odd functions at x = 0 and the following is satisfied:

i db( )= 1i dc( =1 )
m — = 1m —(s) = 1.
s—0ds s s—0ds
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We note that the underlying topology plays a role in the analysis of the Ricci flow dynamics
via the boundary conditions above.

We point out that, as previously observed, the Lie algebra of Killing vectors for g contains
a copy of u(2). Indeed, any U(2)-invariant metric on R* = C2 can be written as in (3), up to
choosing a suitable Milnor frame (see, e.g., the case k = 1 in Sect. 2.1 of [4]). In analogy
with [31] we refer to any (U(2)-invariant) metric on R* of the form (3) and satisfying ¢ < b
as a (generalized) warped Berger metric.

2.2 Curvature terms

Given a warped Berger metric go a simple application of the Koszul formula (see also [31,
Appendix A]) allows to compute the sectional curvatures of the vertical planes

4p* —3c* b2
k= = — = 3. ©)
2
C bycy
kiz =k =— — 7
3=k =7~ (N
and of the mixed ones
bSS
kot = kpp = ——, 8
01 02 b ()
kos = — =2 ©)
c
We also note that we can write the scalar curvature as
Ry = 2(koy + ko2 + ko3 + k12 + k13 + k23). (10)

2.3 Initial data for the Ricci flow

In this work we study the Ricci flow problem on R* with initial condition given by a warped
Berger metric gog. We first assume that gg is bounded by a cylinder at infinity so that the Ricci
flow evolving from go always encounters a finite-time singularity.

According to [2,19]if (R*, go) contains necks, then the Ricci flow solution may be Type-I
and converge to a shrinking cylinder once rescaled. In order to construct Type-II singularities
we thus need to exclude these initial geometries. A generalization of the notion of neck
discussed in [2] to the SU(2)-invariant setting consists in considering whether the mean
curvature of embedded hyperspheres changes sign. Namely, we introduce the quantity H :
x — (2bs/b + c5/c)(x) representing the mean curvature of the centred Euclidean sphere of
Euclidean radius x with respect to gg. We say that go does not have necks when the mean
curvature H is nonnegative on Rr* \ {o}.

While in the rotationally symmetric setting a Sturmian type of argument guarantees that
minimal hyperspheres cannot appear along the flow, one might expect that in the SU(2)-case
the mean curvature could generally change sign along the flow. In order to prevent the latter
phenomenon from happening, we require the spatial derivative b, to be nonnegative as well.

Definition 2.1 We let G be the set of complete bounded curvature warped Berger metrics on
R* satisfying the following conditions:

(i) by =0, H > 0.
(ii) SUp R4 b(p) < o0.
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Remark 2.2 From the formula for the mean curvature of the embedded hyperspheres we
immediately derive that the assumption (i) in Definition 2.1 is weaker than asking for the
monotonicity of both » and c.

In the second class of initial data for the Ricci flow we consider warped Berger metrics
without necks but whose behaviour at infinity is not controlled by that of a cylinder. Namely,
we require the curvature to decay to zero and the Hopf fibres to be not collapsed.

Definition 2.3 We let G, be the set of complete warped Berger metrics g on R* with positive
injectivity radius and satisfying the following conditions:

(i) by >0,H =0.
(if) |Rmg|g(s) — 0 ass — oo and there exist 4 > 0 and 5o > 0 such that c(s) > u for any
s > 50.

Remark 2.4 We point out that the sets G and G, are disjoint. For if g9 € GNGxo, thenb < m,
for some m > 0, and hence by (6) we find

2

[4 =355 = b1 < [kialb? < mkal.
Since the curvature is decaying to zero at infinity and ¢ < b we see that |bs| > 1/2 out-
side some Euclidean ball B(o, r), for r large enough. Therefore b(s) — oo and this is a

contradiction. We conclude that if gg € G0, then b(s) — oo being by > 0.

Remark 2.5 We observe that the well known Taub-NUT metric on R* [30] is a hyperkihler
metric belonging to G, since the curvature decays to zero at cubic rate while both b and ¢
are increasing.

2.4 The Ricci flow equations

If go is a complete bounded curvature warped Berger metric on R?, then by [41] there exists
a smooth complete solution to the Ricci flow problem. Such solution is unique among those
complete solutions with bounded curvature [18]. Therefore we have a well-defined notion
of maximal time of existence for the Ricci flow solution. In the following we always let
(R?, g(t))o<:<r be the maximal complete, bounded curvature solution to the Ricci flow
starting at some complete bounded curvature Berger metric go.

The Ricci flow diffeomorphism invariance and the uniqueness property ensure that the
symmetries persist. Moreover, since the Ricci tensor is diagonal along the global frame
{0y, X1, X2, X3}, the maximal Ricci flow solution starting at go must be of the form

g(t) = E2(x, ) dx @ dx + b*(x,1) (01 @ 01 + 02 @ 02) + 2 (x,1) 03 ® 73 an
=ds ®ds + b*(s(x), 1) (01 ® 01 + 02 ® 02) + > (s(x), 1) 03 ® 03,

where s = s(x, t) is the g(¢)-distance from the origin. In terms of the variables s and ¢ the
Ricci flow equations can be written as

cs by 2(c% — 2b?)
oy +22 2! (13)
Cr = Css b Cs e
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The choice of a meaningful geometric coordinate s provides us with a parabolic form of the
Ricci flow equations. However, we get a non vanishing commutator between 9; and 95 given

by
[3 3}——<l())3——(2bﬁ+cﬂ)3 (14)
ar’ ds | n@ "os b c ) as

We also report the formula for the (time-dependent) Laplacian along the Ricci flow. For any
smooth function f € C®(R*) we have

b c

Af = fos+ (2—3 + —S) s (15)
b c

We dedicate the end of this subsection to proving that the Ricci flow solution g(#) starting

at go remains a warped Berger metric until its maximal time of existence 7 < co. More

precisely, we show the following:

Lemma 2.6 Ler (R?, 8(1))o<t<T be the maximal solution to the Ricci flow starting at some
complete bounded curvature warped Berger metric gy and let ¢ = infy>oc/b(x,0). Then
forany (p,t) € R* x [0, T) we have

< E(p t)< l
& N .
= E =

Proof We first verify that the ordering ¢ < b is preserved along the flow for any ¢ € [0, T).
By [41] the curvature is bounded at any time slice R* x {t}, with ¢t € [0, T); thus from the
Ricci flow equations we find that there exists some time dependent positive constant o ()
such that ¢/b(-,t) < a(t) < oo on R*. As long as a (smooth) solution exists the boundary
conditions (5) are satisfied, which then imply that the function f = log(c/b) is smoothly
defined on R* and equal to zero at the origin for any time. From the evolution equations (12),
(13) and the formula for the Laplacian (15) we get

4 2
flef+b7<1—b7>- (16)

Therefore whenever ¢/b > 1 we find

fi<Af.

We can then apply the maximum principle [15, Corollary 7.45] and conclude that since
c/b(-,0) < 1, the same ordering persists along the flow. In fact, once we know that ¢ < b
is preserved in time, a standard application of the strong maximum principle shows that if
¢ = b atsome (po, fp) € R* x (0, T),thenc = bina space-time neighbourhood of the point
and thus ¢ = b everywhere for all earlier times by real analyticity of solutions to the Ricci
flow [5].

We now let ¢ € [0, 1) be defined as in the statement. If ¢ = 0 there is nothing to show;
we can then take ¢ > 0. Again from [41] it follows that ¢/b (-, t) > «a(t) > 0; if we define
f =log(e~'¢c/b), since we have just shown that ¢ < b along the solution, we obtain

4 c?
We can apply the maximum principle and conclude that c(-, t) > eb(-, t) forany ¢ € [0, T).
O
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3 Ricci flow without necks

In this section we show that the monotonicity assumptions by > 0 and H > 0 are preserved
along the Ricci flow solution. The main ingredient is given by a maximum principle for
systems of parabolic equations [40, Theorem 13, p. 190] that recently Appleton used to derive
similar conclusions for a family of U (2)-invariant Ricci flows with cylindrical asymptotics
[4]. In the following we mainly adapt the argument in [4] to the topology of R*, i.e. to the
boundary conditions given in (5).

3.1 Basic estimates

Let go be a complete bounded curvature Berger metric on R*. We collect a few preliminary
bounds that are necessary to apply the maximum principle for systems to the evolution
equations of cbg /b and cH.

Lemma 3.1 For any xo > O there exists 5 > O such that b(x) > § > 0 for all x > xo.

Proof By assumption there exists & > supp4|Rmy, |4, . Suppose for a contradiction that there
exists xo such that b(x) < § for any x > x¢, with 2a <1 /2. From (6) we derive

2 1
4—3 — P <ab® <=
pr 2

for all x > xg. Since ¢ < b, we see that bf(x) > 1/2 for any x > xo which contradicts
the fact that b is bounded. Therefore there exists a sequence of points p; — oo such that
b(pj) > &, with § given above. Assume that there exists a sequence g; — oo such that
b(gj) < 6. It follows that there exists a sequence of minima g; — oo such that b(g;) < 6.
From (6) we get

2 2

c 2 oL 2~ 1
4 =327 —b5l@)) =14 = 3.71@)) =ab™(@)) = 7.
which is not possible. The proof is then complete. O

A simple consequence of the previous Lemma is the following

Corollary 3.2 Given xo > 0 there exists « > 0 such that

sup
R*\B(0,x0)

b
2l<a.

Proof From (6) we derive

b2 4b* —3c?
ﬁ ST‘FO{.

Given xg > 0 we may apply Lemma 3.1 and conclude the proof. O
We also need to check that both b, and ¢, are exponentially bounded at spatial infinity.
Lemma 3.3 There exist M > 0 and o > 0 such that

les| + 1bs| < M exp(as).
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Proof According to (8) and the uniform bound on the curvature we see that b and hence bg;
are exponentially bounded; thus the same holds for b, by integrating by. Similar conclusions
are satisfied by c;. O

Finally a bound similar to Corollary 3.2 is satisfied by ¢, /c as well.
Lemma 3.4 Given xg > O there exists a > 0 such that
wp |2z
RY\B(o.x0) ' €
Proof [4, Lemma 3.4]. ]

3.2 Maximum principle for systems

We consider the maximal Ricci flow solution (R?, g(t))o<i<r evolving from a complete
bounded curvature warped Berger metric go. We note that given 7y < T then the estimates
above hold uniformly for any ¢ € [0, #o] being the curvature uniformly bounded in the space-
time region R* x [0, 79]. From the evolution equations (12), (13), the commutator formula
(14) and the expression for the mean curvature of embedded hyperspheres H : (x,t) —
(2bg /b + c5/c)(x, t), we compute

py) = (Sb, o+ by , ol +i2 b 8-10%—2195 +4iics,
b \b s T\ /s \Tb ) T b2 \b b b

a7

0. — (cH " 2bs Cs 2cH 2 b2 16 Cb : 2
(C )t—(c )ss+(c )s ;_?)‘f‘ bT(ﬁ_ Y)+ﬁ(z s) _ﬁ>
(18)

We may now prove the main result of this section.

Lemma 3.5 Ler (R*, 8(1))o<t<T be the maximal Ricci flow solution starting at a complete
bounded curvature warped Berger metric go. If (c/b)bs(-,0) > 0 and cH(-,0) > 0 then
(c/b)bs(-,t) > 0and cH(-,t) > 0 foranyt € (0, T).

Proof Suppose that there exist xo and #y > 0 such that (¢/b)bs(x¢, tp) = —z < 0, for some
z > 0. By the boundary conditions xo > 0 and there exists § = §(f9) > 0 such that

- 1 1
inf  Shox.t) > -, inf  (cH)(x.1) > -.
B(0,8)x[0,10] b 2 B(0,8)x[0,f0] 2

Using the commutator formula (14) we may rewrite the evolution equations (17) and (18) in
the space-time region (R4 \ B(o,d)) x [0, tp] as

C 1 C 1 bs Cs Sx c
b =—<fb (2 — s ) (S
(b S), £2\p S>xx+s< b ¢ &2 (b “")x
1 /¢ 2 2 2
+ (51;5) 8= 185 =267 ) +45(cH)

and

1 1 by Cs &y
(cH); = 2 (cH)yy + £ (2; T *) (cH)y
16 /¢ 2 2 2 5
+5 (5) (1 - z?) (e (ﬁ - ”s) '
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From Lemma 3.1 and Corollary 3.2 we derive that the zero order coefficients are uniformly
bounded in (R? \ B(o, §)) x [0, fo]. Moreover, by Lemma 2.6 we know that the ordering ¢ < b
is preserved along the flow, therefore the coupling coefficients 4c2/b* and 16/6%(1 — c2 /b?)
are both nonnegative. Similarly to [4] we can introduce a barrier function

s2(x, 1)
W:(x,t)—)exp(l_ﬂt +M>

for t < min{tp, (28)~'} and compute the evolution equations of cby /b + €W and cH + e W
for any € > 0. Using Corollary 3.2, Lemma 3.4 and standard distortion estimates of the
distance function it is straightforward to check that there exist 8 = B(#p) and A = A(#p) such
that

(5o+ew) = 5 (Goorew) vz (22 -2 5) (Covew)

b £ e\ " 2)\p
4! (Cb +ew) (8185 — 262 + 45 (cH + €W
37 (s +ew) pr 205 ) Tt A eW)

and similarly for the evolution equation of cH + € W. By assumption c¢bg /b + €W (-,0) > 0
and cbg/b 4+ eW(5,t) > 0 for any ¢ € [0, min{z, (2,3)_1}]. Since by Lemma 3.3 cb /b
is exponentially bounded in space uniformly in the time interval [0, o] we also get that
(cbs/b+€eW)(x,t) - ocoasx — ooforanyt € [0, min{zy, (28)~'}]. The same conclusions
are satisfied by cH + ¢ W. We can then apply [40, Theorem 13, p.190] and conclude that
cbs /b and cH stay nonnegative along the flow. The strict inequality in the statement then
follows from using the maximum principle [21, Theorem 3, p.38] and the real analyticity of
the Ricci flow solutions [5] once we know that by and H are nonnegative. ]

4 Analysis of the Ricci flow

In this section we derive the main curvature estimates for the Ricci flow solution (R*, g(¢))
evolving from a warped Berger metric metric go. In the first part we focus on the case go € G.
Similarly to the analyses in [31] and [32] (which are performed on S I 83 and $2xS2
respectively) we prove that away from the origin the Ricci flow is controlled by the size of
the principal orbits. In particular, we show that the formation of a singularity at some positive
x (i.e. along the Euclidean hypersphere of radius x) is equivalent to b(x, ¢) converging to zero
ast — T.We also describe the behaviour of the flow as the time approaches 7. Analogously
to [31], we prove that around any singularity the solution becomes rotationally symmetric at
some rate that breaks scale-invariance.

In the second part we extend the previous estimates to Ricci flows starting at some go € Goo.
Moreover, for this class of solutions we also prove that (a scale-invariant version of) the mean
curvature of minimal hyperspheres admits a uniform positive lower bound in the compact
region where singularities may form.

For notational reasons we always let « denote a positive constant only depending on go
that may change from line to line.

4.1 Curvature estimatesin G

Throughout this section we let (R4, 8(t))o<: <7 be the maximal complete, bounded curvature
Ricci flow solution evolving from some gy € G. Since b(-, 0) is bounded from above and
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cb?(-,0) is increasing, because we have (cb?)s = cb*H, we deduce that there exists &€ > 0
such that ¢/b (-, 0) > ¢. By Lemma 2.6 we obtain

g < %(-,r) <1, (19)

uniformly in the space-time R* x [0, T'). We observe that (19) is not available for the topolo-
gies analysed in [32] and [4].
Next, we show that the maximal time of existence 7 is finite.

Lemma 4.1 Let (R?, 8(t))o<t<t be the Ricci flow solution starting at go € G. Then

sup b(p,t) < sup b(p,0)
peR4 peR*

i h2 (.
foranyt € [0, T). Moreover, we have T < w.

Proof From the boundary conditions we deduce that b2(-, 1) is a smooth function on R* as
long as the solution exists. By (12) and (15) we get

2
B,bzzAb2—4bf+4%—8§ AD? — 4,

The conclusions then follow from the maximum principle [12, Theorem 12.14]. O

Remark 4.2 From Lemmas 3.5 and 4.1 we derive that the set G is preserved along the Ricci
flow.

Next, we prove that by and ¢, are uniformly bounded in the space-time. The evolution
equations of the first order spatial derivative are given by

b 4 b% c% 2 c
(bs): = A(bs) — Z;S(bs)s + <b7 - ﬁ - C—z — 6174) by +4bf365 (20)
and
C, ? b% A3
(cs)r = Ales) — 2%(6'5)5 - <6b7 + 2?) cs + 8b5 by. (21)

Lemma 4.3 There exists « > 0 such that |by| < « and |cs| < « in R* x [0, T).

Proof From Lemma 3.5 and Lemma 4.1 we derive that b,(-, t) is integrable for any ¢ €
[0, T'). Moreover, by [41] we see that for any ¢ € [0, T) there exists «(f) < oo such that
|bss/b] < a(t). Since by Lemma 4.1 b is uniformly bounded from above we deduce that
bg(x,t) — 0as x — oo for any ¢ € [0, T). Therefore, if by becomes unbounded (from
above) ast 7 T, then there exists a critical point pg for b, (-, o) where by = & for the first
time, for some & large to be chosen below and for some 79 > 0. Evaluating (20) at (po, 7o)
we get

1 - =3 _ =2 (¢ ¢
(bs)e(po, t0) < B da — @’ —acy — 6a o) +4ZCS .
By choosing @ > max{sup|bs|(-, 0), 2} one easily checks that the c;— quadratic polynomial
in the brackets does not admit roots, thus proving (by);(po, o) < 0. The exact same argument
works for the lower bound of b;. In fact, the lower bound for b, also follows from Lemma
3.5.
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We now adapt the argument for c;. Since b2cH = (b2¢), and b2c is bounded from above,
we see that b H (-, ) is integrable. By differentiating we find

(b*¢)gs = 2bchgs + 2b%c + dbbgcs + bPeyy.

From (7) we derive |bscs|(-, 1) < a(t)bc(-,t) + c3/b3(~, t) < «(t) being the curvature
bounded at any time slice R* x {t} for ¢ € [0, T). Similarly |cgs|(+, 1) < a(t). Therefore,
since by is uniformly bounded in the space-time we conclude that [(B%0)ss| (-, 1) < a(r),
which implies b*cH (x,1) — 0as x — oo for any ¢t € [0, T). In particular ¢ (x, 1) — 0 as
x — oo because b (and hence c) is uniformly bounded from above and b, (x, 1) — 0. One
can then argue as above that if ¢; becomes unbounded as ¢ T, then there exists a first
maximum py where ¢, attains a sufficiently large value & at some 9 > 0 for the first time.
It follows that

1 /_ c? 5 e
(Cs)t(pOJO)Sﬁ o _6b7—2bs +8b73bs .

By Lemma 2.6 we know that the ordering ¢ < b is preserved. Therefore for & large enough
the right hand side is strictly negative. The same conclusion holds for the lower bound. 0O

From the previous Lemma and the condition ¢ < b we immediately derive the following
bounds for the vertical sectional curvatures. From now on any estimate is satisfied in the
space-time R* x [0, T) unless otherwise stated.

Corollary 4.4 There exists « > O such that
o
lkia] + |ki3] < =k

The following estimate is a necessary step to prove that the solution to the Ricci flow becomes
spherically symmetric at any singularity forming away from the origin.

Lemma 4.5 The following holds as long as the solution exists:

sup(l(b3—4)> (-J)fsup(1 (b3—4)> (. 0).
b n b +

R4 R4

Proof Let us denote the quantity (bf —4)/b by ¢. By the boundary conditions ¢ is uniformly
bounded from above as x — 0. Moreover, as we have already argued in the proof of Lemma
4.3, we find that ¢(x, r) becomes negative for x large enough. We may then let (po, fo)
be the maximum point among prior times where ¢ attains some positive value «. A direct
computation gives

b% @? b? c? c? 2 c csby

Evaluating the evolution equation at (pg, fy) we get

1 T4 5 2 b2c2b? bscsc 2
(pt(vatO)fﬁ —be+bs 20_14172 -2 > +38 5 —24+8172 .

We now regard the term in the brackets as a quadratic polynomial in ¢;. Chosen o > 0, we
can find € > 0 such that bf = 4 + €. The discriminant of the polynomial is given by
b2b2 7 2 2 4
g <—86 -5 - 145 — 485 + 8i> <0,

c? b? b? b*
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where we have again used that the ordering ¢ < b is preserved by Lemma 2.6. Therefore,
the quantity supgs @4 (-, ¢) is non-increasing along the solution. O

In the next Lemma we prove that if c(x, ) converges to zero as t — T (along some sequence
of times) for some x > 0, then the metric becomes rotationally symmetric at x.

Lemma 4.6 There exists a > 0 such that

1 /b 1) <
=—|-- o
% b\ & =

Proof We first prove a useful characterization of the behaviour of the second order spatial
derivatives at infinity. O

Claim4.7 Foranyt € [%, T) we have

by (. 1) 22250, ep(r 1) L2 0.
Proof of Claim 4.7 From the proof of Lemma 4.3 we see that by — 0 at infinity, which implies
that the integral of by (-, t) has a finite limit for any ¢+ > T /2. By Shi’s derivative estimates
and the Koszul formula we find that for any ¢ € [T /2, T') there exists a(¢) > 0 such that

by
(%)

which then proves that |bsg|(-, 1) < a(t) being both b and b uniformly bounded. Therefore
bgs(x,t) > Oasx — ooforanyt € [T/2,T).

Again from the proof of Lemma 4.3 we derive that the integral of (b*c) (-, 7) is convergent
forany ¢ € [T /2, T). By computing the derivative (h>¢);, and using again Shi’s derivative
estimates we obtain that (b%¢)ss — 0, which also implies cgs(x, ) — 0 as x — oo for any
telT/2,T). O

)

a(r) = [VRmy() (9s, 05, X1/b, 85, X1/b)| = |05kor1] =

By the boundary conditions the function ¢ = 1/c — 1/b is continuously defined at the origin
and identically zero. From (19) we see that ¢ is bounded along any time slice R* x {¢}, for
t € [0, T'). The evolution equation of ¢ is given by

e | c?
A —= - =+ = 4 2 2 22
¢ = Ap + b3 7+ b3 ( + b + b2> (22)
By Lemma 4.3 and Claim 4.7 we see that for any § > 0 and r € [T /2, T) there exists
X0 = x0(8, t) such that the time derivative of ¢ can be bounded for x larger than xq as

<p<8+i —442- —1—22 8—§ <8—2—8 <é§—
= b3 b b2 b3(p — bz(p — ne,
for some 1 > 0, where we have used Lemma 2.6 and Lemma 4.1. Therefore, if ¢ does not
stay bounded as ¢+ ' T, then there exists a sequence of maxima diverging as the solution
approaches its maximal time of existence.

We introduce the quantity & = Le~!(¢ ™' — 1), where L = supgs (b> — 4)/b(-,0) and ¢
is chosen to satisfy Lemma 2.6. Suppose that (pg, fp) is a space-time maximum point among
prior times where ¢ attains some value greater than . By evaluating (22) at (po, o) we see
that

2
@1 (po. 10) < —(bz( ) —4+2s +2b2>
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Using Lemma 4.5, we can estimate the time derivative from above as

2
¢z(P0,to)_b3<(Lb+4)(1—£) 4_|_2 +2— )

b b b?
1 2
=53 ( 2b +2b2 + L —c))
c c
- b—3<p (—25 n Lb) < 59 (-2 +Lb).
From the definition of ¢ we derive
1
b<—(e71=1),
@

which then yields

c 1, _ c
@ (po, 10) < Y (—28 + L; (7' = 1)) < E¢(_25 +¢) <0.

]
An analogous bound holds for the first order spatial derivatives. Namely, we have the
following
Lemma 4.8 There exists a > 0 such that
Cs by

c b

<a.

Proof Define v = c¢;/c — bs/b. The function v extends to zero at the origin due to the
boundary conditions. As argued before ¥ (x, ) — 0asx — oo forany ¢ € [0, T'). Consider
the upper bound. Suppose that there exists a large value @ which i attains for the first time
at some maximum space-time point (po, fo). The evolution equation of ¥ is

2 2 2 2
c c b; by c
w,=Aw—¢f<C—52+8b4+2b2) Sﬁ<1_172>'
We can then evaluate both sides at (po, #p) and use Lemma 4.6 to get
b2 2 2

1 2 clbg| c 1 1
Vi (po, o) < » <—Ol< B + 2b; ) +38 b (1 + B) (Z - E))
<§< +2a|b|) S(as +20%) <0
A b? '

for a sufficiently large, with ¢ satisfying Lemma 2.6. The same argument shows the existence
of a uniform lower bound. O

We may now improve Lemma 4.5.

Lemma 4.9 There exists a > 0 such that

L) se

Proof Let us denote (b2 — 1)/b by ¢. A direct computation gives

2b2 b4 bZ 2 b22 b 4 2
o= Ap— s 30 <13 C>—2”+8ﬂ—7+2i

b b3 b3 b2 bc? b* b3 b
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Since ¢ is uniformly bounded from above at the origin and at spatial infinity we take (po, to)
to be the maximum space-time point where ¢ = & for the first time, for some positive a to
be chosen below. We have

(50, 10) < 1 2bb§c§+8cbscs 7b;‘+14b§ | c? 9 +2c2
¢:(po, o) = »2 2 b2 2b b3

b? 2b b

According to Lemma 4.8 we can bound c; in terms of by. It follows that there exists some
positive constant & > 0 such that

1 1164 b2 2 9 c?
1 14— 6 2
¢1(po. o) = bQi % b ( b2> w b*}

1 1152 5 1262 2 4 2
<— S (B2 —1)+=(b? -1 Sf1—-=)—=(1-=)¢.
_2b2{ b (b5 )+b(f )+ b b2 b b2

We finally use Lemmas 4.3, 4.6 and the fact that ¢ > 0 implies b> > 1 to derive

|
@i (po, to) < 2 (a — 6a) <0,
for a large enough. O

Next, we extend the previous arguments to the second spatial derivatives. We show that away
from the origin the mixed sectional curvatures are controlled by ¢ and hence by b as in
Corollary 4.4. The flow is singular at some radius x if and only if both c(x, ¢) and b(x, t)
converge to zero as t approaches 7.

The evolution equations of the mixed sectional curvatures (8) and (9) are given by

) 8 82 2c¢2  4b? 4c® 2byey
(kon): = Alkor) +2kgy +kot | 5 — —F — —5 — + ko3 -
(23)

b2 b* 2 b2 g bc
de; N 24chsey  2bge] 24’} 8by  2b]

ot bd be3 bé b* b*

and

b2 c? 2¢2 by
(ko3)r = A(kos) + 2kE; — 4ko3 ( ) + 4k ( - = S)

2 4 4
b2 b b bc (24)
12¢2 40c?b?  48chses  4blcs
L+ < — - ——.
b4 b b’ b3c

Lemma 4.10 There exists o > 0 such that

o
[ko1| + lkoz| < o

Proof By [41] there exists @ > 0 such that |kg;| < « in R* x [0, T/2]. Since by Lemma
4.1 b is uniformly bounded from above, we deduce that b2|k01| < o and similarly for
b?|ko3| using Lemma 2.6. We may hence consider the case t € [T /2, T). Define the map
Y = bbgy — ;Lbf — vcf in R* x [T /2, T), for some w and v positive constants we will
determine below. According to Claim 4.7 ¥/ (x,#) — Oasx — oo foranyt € [T/2,T).
We then adapt the argument in [32, Lemma 7] to show that ¥ is uniformly bounded in the
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space-time region. Explicitly, at any stationary point of ¥ (-, r) we have

4¢2 2¢2 4ub? 16ve3bge cb c 2bbgc?
Vi = Ay — bbys (174 > Zzs) e e T E
8b§(,u +1) n decgys n 4vc§cm 8vbgcgcgs  2bbgcscyy N 12vc2cf 403
o b2 c b b4 b2
24¢%b?  12uc?b? 2ub2c? 4vb2c? 2b} ) e
T Ty T a b2 b2 " — Do

Suppose ¥ attains some negative value —a for the first time at #p € [7/2, T). By Lemma
4.3 we can choose « sufficiently large such that bbg; < —a /4. Therefore we get

4c 22 4ub? s 2 ub?
"”’“<74+?5+ bzs)f“(ﬂwiz b;)'

Evaluating the evolution equation of v at (po, fo), we have (provided we set u > 1)

2 2 2 3
2 [ c cs ubs 16ve’byey cbycY
Y (po, to) = 2vey; +a (2b4 + 222 b; ) - (24 + 811)
2bbscgj 8b52 (w+1) n 4ecgs N 4UC?C” 8vbgcscgg 2bbscscm
3 b? b? c b 2

One can then estimate the remaining terms exactly as in [32] by using the uniform bound-
edness of the first spatial derivatives and Lemma 2.6. Namely, we can use the weighted
Cauchy-Schwarz inequality to get

2bbgcgcgg - i 42 bzb2 2 _ i +2(x2bzc% - i +2a28’2c§
c? -2 T2 T2 2

and similarly for the others. Therefore there exists a uniform constant « such that the time
derivative at (py, fo) is bounded from below as

2 2 2
s (¢ c ub
1abt(p(), tO) > (V - l)css +o <2b4 2::2 b2s>

c? c2 /Lbz
—a(u+v+1) > 0,

204 2c2 b?

once we choose u© = 1, v = 2 and « sufficiently large. The existence of a uniform upper
bound follows from a similar argument by considering ¥ = bbgs + ub? + vb2. The very
same proof applies for ko3. O

We can finally show that both ¢ and b admit limits as the flow approaches its maximal time
of existence 7' < 00.

Corollary 4.11 For any x > 0 the limits lim; »7 c(x, t) and lim; 27 b(x, t) exist and are
finite.

Proof By applying Lemmas 4.3 and 4.10 we get

4

c C
0 = e +4[ S - 5| <

The same argument works for b as well. O
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The curvature is hence uniformly controlled along any Euclidean hypersphere where the
components b and ¢ do not converge to zero as ¢ /' T. Namely, from Corollary 4.4 and
Lemma 4.10 it follows that there exists a positive constant « such that

sup b Rmg( gy < o (25)
R4x[0,7)

Next, we show that around a singularity rotational symmetry type of bounds hold for the
second spatial derivatives as well.

Lemma 4.12 There exists o > 0 such that

lkor — ko3| <

o
b

Proof We adapt the proof in [31], whose argument works for a compact Type-I Ricci flow
setting. Once we define ¥ = ¢;/c — bs /b, we consider the map

2 2\ 2
@ b BV
¢ = (Ysh)? = (c 3 b+b2)b'

The boundary conditions (5) ensure that ¢(o, t) = 0 for any 7. From the proof of Lemma
4.3 and Claim 4.7 we derive that if ¢ is not bounded, then for any sufficiently large value &
there exist fo > T /2 and a maximum point pg such that ¢ (pg, t9) = « for the first time. The
evolution equation for ¢ is

= A —2(0%)s(Y2)s — 20y — 2F ¢ — 2Gb*Yrif,
2
C
+2HD> Y — 4b2Y2 — 82 + 4%2?,

where

b2 c2 2 b? 02 c? by ?
Fds+25 485 G=(25+5+8 H=—(82(1-2)) .
p T T (b2+ " b“) <b3< b2)>s

Evaluating ¢ at the maximum point (po, fo) we get
2

@i (po. to) < 2b77 — ¥} (8— b2)+ —2F @ — 2Gb*yrifrs + 2HD g

2
<—y; (8 - 122—2) — 2GB* Y + 2HD .

From (25) it easily follows that there exists some uniform constant & > 0 such that |G| <
a/b?. Being ¥ uniformly bounded (Lemma 4.8), we have

[¥s
o .
b

—2Gb* Yy <

According to Lemmas 4.6 and 4.8 an analogous estimate can be found for | Hb?1|. Then

2
soz(po,to)f—x/ff(8+1zb2) Vs Iis|<< s 1 >f+a>

b
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for a sufficiently large. Therefore ¢ is uniformly bounded and we get

2 2
by by
b cc

blkor — ko3| < a +

by Cs

b c
<(x<1—|—a+|cs|7> <a(l+&™h),
Cc

where we have used Lemmas 4.8 and 2.6. ]

Cs

+|Cs|*

We finally discuss the existence of lower bounds for the mixed sectional curvatures.
Lemma 4.13 There exists « > 0 such that
csscloge > —a,  bgsblogh > —a.

Proof We adapt the analogous argument in [31]. Consider the map f = cysc log c, which is
smooth in R*\ {0} x [0, T'). Moreover f extends continuously to the origin and f (0, 1) = 0
as long as a solution exists. By Claim 4.7 and the fact that ¢ is uniformly bounded from above,
we deduce that f(x, r) — 0 at spatial infinity for any ¢ € [T /2, T). Suppose that there exist
(po, to) € (R* \ {o}) x [T/2,T) and « large to be chosen below such that f(po, o) = —
for the first time. From (9) and (25) it follows

a = |f(po, 10)| < allogc(po, t0)]-
Since by Lemma 4.1 ¢ is uniformly bounded from above the last inequality implies

log c(po, tp) < 0 and

css(pos t0) = ————(po, o) > (26)
|10 c|

for & large enough. By direct computation we get

2 2 3 3
B s ccs ¢’ 5 b L Cs
f,_Af—2<2+10gc) ?fs—clogc<12 X 48b5b c;—|—40b6b b3 )

4 4
c Css bys Css [ C Csv 1
— 8% qoge (S T ) ple (& 25% (o
bt 0gc<c b ) c (b4+f>+ c < +logc)

2 2
Cysh bssbscy _ CssCy
b? b? c? '

In the following the signs of b and ¢, are not relevant. In particular we assume without loss
of generality that ¢; > 0. By Lemma 4.8 we have

2 2 3 3 2
ccy c 2 blc 4 5 C , C o
12— x 48b—5bscs +40bﬁbv —4 23 zZ 7 (— —b;— 2 <b 2 > 2

where we have used Lemmas 4.6 and 4.9 to derive the last inequality. According to Lemma

4.12 it holds
5 loge (C” - bﬂ) —L L
C

b* b c
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By choosing & large enough (and hence c(po, o) small) it follows that 2(cscss/c)(2 +
1/logc)(po, to) > 0. Finally, Lemmas 4.6, 4.8, and 4.12 yield the bounds

2 2 2
(0t b ) (B _nd)

b2 b2 T
_ (bsCs (bss _ess 48 cs(clby = &) F (e = b)) (po. 1)
b b c I bC

o Css
> (—7 - Ol*) (po. 10)-
C C

Evaluating the evolution equation of f at (po, fo) and using (26) we get the lower bound

\

1
Fi(post0) > —a (' el |logc|css> $2% @

(—a(lloge| 4+ a) + 2c55(@ — 1))

o

C
(—a|logc| +alos — o) oo+ §(& - 4))

o
—allogc| + cys 2

1
=——(=2allogcl’c + &%) > 0,
Sog eje? (~2llogele +a7) >

e

Q= o=

for « sufficiently large (i.e. ¢ small enough). The case of b, b log b does not require modifi-
cations. O

4.2 Curvature estimates in G,

We consider (R4, g(1))o<r<r a maximal complete, bounded curvature Ricci flow solution
evolving from some gyp € Goo. If the solution develops a finite-time singularity at some
T < 00, then we can apply [17, Theorem 1.1] and conclude that there exists p > 0 such that

sup |ang(,) |g(t) <1. 27
(R*\B(0,p)) x[0,T)

Remark 4.14 We note that the set G, is preserved along the Ricci flow. Consider the maximal
Ricci flow evolving from some gg € Goo. By Lemma 3.5 condition (i) in Definition 2.3 persists
in time. From [29] we also derive that [Rm|(s, ) — Oass — ooforallt € [0, T).If T < o0,
then given p as in (27) we can find & > O such thatc(-,#) > © > Oin R* \ B(o, p) x[0,T).
If instead 7 = oo, then c¢ is uniformly bounded from below away from the origin in any
compact interval of existence being the curvature bounded.

An immediate consequence of (27) is that for any radial coordinate x; > p the spatial deriva-
tives (up to second order) of b and ¢ are uniformly bounded in time along the hypersphere
of radius x. In particular, for any x; > p there exists ¢ = ¢(x1) > 0 satisfying

c
inf —(p,t)> 0, 28
pellil(lo,xl) b (p.1)z &> (28)

for any ¢ € [0, T). For the function ¢/b is uniformly bounded from below at the origin
and along the hypersphere of radius x; and the evolution equation (16) prevents ¢/b from
attaining interior minima approaching zero.
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By inspection one can check that given x; > p any bound derived in Subsection 4.1 extends
to the space-time region B(o0, x1) x [0, T). For any argument relies on a maximum principle
which still applies to this setting once we know that any relevant quantity is uniformly
bounded along the parabolic boundary of the region B(o, x1) x [0, T'). Explicitly, we have
the following

Lemma 4.15 Ler (R*, 8(t)o<t<t1, with T < o0, be the maximal Ricci flow solution evolving
from some gy € Goo and let p > 0 satisfy

sup |ng(t) |

<1
(R\B(0.p)) x[0.T) s

Then for any x| > p there exists « = a(x1) > 0 such that

sup b2|ng(t)|g(t) =a,
B(o,x1)x[0,T)

((-1)
sup —-=-1)+
Blo.x1)x[0,T) \b \ ¢

Remark 4.16 One can verify that Lemma 4.15 holds for a larger class of Ricci flows than Go.
Indeed, it suffices to control the flow uniformly along the parabolic boundary of some space-
time region and then apply maximum principle arguments without relying on the quantities
bs and H being nonnegative.

and

¢ by

b

+ blko1 — k03|> <a.

Next, we prove that by and H remain positive along a hypersphere of sufficiently large radius.
In the following p still denotes the radius defined by (27).

Lemma4.17 Let (]R“, 8(t))o<i<T, with T < oo, be the maximal Ricci flow solution evolving
from a warped Berger metric gy € Goo. There exist X3 > X| > p, 8 > 0and t € [0, T) such
that

by(X1,t) >8>0, H@Gy,t)>8>0 Vtelt,T).

Proof We have already shown that b(x, 0) — oo asx — oo. Since the curvature is uniformly
bounded in the complement of the Euclidean ball B(o, p), we can pick p < xo < x] such
that

b(xy,t) — b(xp,t) > ¢ >0,

for some ¢ > 0 and forany ¢ € [0, T'). We can use the Koszul formula to write the evolution
equation of by as

. X1 Xi .
0;(bs) = 05 <_R1Cg(t) (73 7) b) + Rlcg(t) (05, 05) by
. X1 Xy . X1 X .
= —Rng([) 7, 7 bs — Vg(t)RICg(t) 85, 7, 7 b + Rng(t)(as, Bs)bs.

(29)

Therefore given x > p, by (27) and Shi’s derivative estimates there exists «(x) > 0 such
that |(bs);(x, 1)] < o uniformly in time. Since T < oo the last property implies that b (x, -)
is Lipschitz and hence admits a finite limit as ¢+ , T, which we know to be nonnegative
according to Lemma 3.5. Let us assume for a contradiction that any such limit is zero.
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Since by is bounded in the annular region (xg, x1) X s3 uniformly in time, we deduce that
SUP[xy.x,] bs(-,t) — 0ast / T.On the other hand, being the curvature controlled in the
annular region (xg, x1) X S3, we get

S S b(X],t) _b(x(]’t) = Sup bs(',t)(S(X],t) _S()C(),t))

[x0.x1]
<o sup bs(, 1)(s(x1,0) —s(x0,0)) < sup bs(,1),
[x0,x1] [x0,x1]
for any ¢ € [0, T), which gives a contradiction. Therefore, there exists X; € [xp, x1] as in
the statement. The proof for H is similar. Indeed we can write H = (log(b>c)), and then
adapt the argument above noting that by Definition 2.3 log(b%c))(x, 0) — 00 as x — 0. In
particular we can always pick X, > xy. O

Next we show that cH stays away from zero in the compact region B (o, p) for times close
to the maximal time of existence 7. In the following we let X, and 7 be defined as in the
previous Lemma.

Corollary 4.18 There exists ju > O such that cH > v in B(o, X2) x [f, T).

Proof By the boundary conditions we have cH(o,t) = 3 as long as the solution exists.
According to Lemmas 3.5 and 4.17 there exists § > 0 such that cH (x,1) > § for any
t € [f,T) and cH(x,7) > 6§ forany 0 < x < X,. Suppose that cH gets smaller than
min{§, 3} in B(o, X3) x [f, T). Then there exists a minimum point (py, o) and from (18),
(28) and Lemma 3.5 we get

2

cH (c cH
(cH)i(po. 10) = 255 ( bf) (Po,10) = 255 (&7 = b5) (po, 10)-

i

From Lemma 4.8 it follows that

1/b b 1 /b
by=—-|-cH——c¢ | <—=|-cH—-bg+ab),
2 \c c 2 \c¢

for some o« = a(X2) > 0. Thus we can find a uniform constant « only depending on X2 such
that

2cH , , 5
(cH):(po, o) = n (¢ —acH(1 4+ cH) — ab”) (po, to).

Therefore, whenever cH < §, for some § only depending on %, and 7, the function ¢
ming 3,)(cH)(:, t) is Lipschitz and satisfies

d(cH)min

di > —a(cH)min-

We conclude that ¢ H cannot approach zero in the interior of B(o, X2) ast /' T. O

5 Singularity models of warped Berger Ricci flows

In this section we perform a blow-up analysis of warped Berger Ricci flows. We first recall
the following general notion.
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Definition 5.1 A complete bounded curvature ancient solution to the Ricci flow
(Moo, 800(t))—co<i<0 18 a singularity model for a warped Berger Ricci flow (R4, 8())o<i<T
if T < oo and there exists a sequence of space-time points (p;, ¢;) with #; 7 T such that
hj = IRmg()lgq;)(pj) — oo and the rescaled Ricci flows (R*, gj(t), pj) defined by

. t
git)=»xrjg (tj + ;)

J
converge to (Mo, 80(?), Poo) in the pointed Cheeger-Gromov sense for ¢ € (—oo, 0].

Remark 5.2 We note that by the Cheeger-Gromov convergence any singularity model
(Moo, 80(t)) of a warped Berger Ricci flow is non-compact and non-flat.

The main goal of this section consists in classifying the singularity models of warped Berger
Ricci flows. Namely, we show the following result

Proposition 5.3 Ler (R?, 8(1))o<i<T, with T < 00, be the maximal Ricci flow solution evolv-
ing from a warped Berger metric go belonging to either G or Goo. Then any singularity model
is either the self-similar shrinking soliton on the cylinder or a positively curved rotationally
symmetric k-solution.

We prove the characterization of singularity models by showing that the symmetries of warped
Berger Ricci flows are enhanced when dilating the flow around a singularity. More precisely,
we show that the left-invariant vector fields in (1) become Killing vectors when passing to
the limit hence forcing the singularity model to be rotationally symmetric.

Given go € G there exists ¢ > 0 such that ¢/b(-,0) > ¢. Therefore go is bounded
between two round cylinders outside some compact region and there exists @ > 0 such
that Volg, (Bg,(p, 1)) > a forany p € R*. The latter condition is satisfied by any go € Gso
being the injectivity radius positive and the curvature bounded. Thus if (R*, 8(1))o<i<T, With
T < oo, is the maximal Ricci flow solution evolving from some go which belongs to either
G or Goo, then by [11, Theorem 8.26] there exists ¥ > 0 such that g(¢) is (weakly) x —non-
collapsed in R* x (T/2, T) at any scale r € (0, /T /2). Accordingly, there exist blow-up
sequences satisfying Definition 5.1 and hence any warped Berger Ricci flow evolving from
either G or G, admits singularity models ([29, Sect. 16]). In particular, any singularity model
of a warped Berger Ricci flow is (weakly) x-non-collapsed at all scales.

We first consider a maximal Ricci flow solution (R?, 8()o<i<r, with T' < o0, starting
at some warped Berger metric gg € G. Later we check that the same conclusions are satisfied
by Ricci flows in G. We let (p;, t;) be a blow-up sequence of space-time points giving rise
to a singularity model (Mo, 800(?), Poo) as in Definition 5.1 and we denote the rescaling
factors [Rmg () lg(:;) () by Aj. Due to the SU(2)-symmetry we may fix 0 € 83 and we may
set p; = (xj, ). We also let (®;) be the diffeomorphisms given by the Cheeger-Gromov-
Hamilton convergence (see [11, Chapter 4]).

We first provide a topological characterization of the limit manifold.

Lemma5.4 Let (Moo, 800 (1), Poo)—co<i<0 be a singularity model for a Ricci flow solution
(]R4, 8(t))o<t<r Starting at some gy € G. Then w1 (Ms) = 0.

Proof The proof follows from adapting the argument in [19, Lemma 4.1] which extends to
the SU(2)-invariant case due to (25). ]

Next, we prove that the symmetries of the flow are enhanced when dilating. To this aim, we
first show that the Milnor frame passes to the singularity model. Since the proof of that relies
on an Ascoli-Arzela argument, we need C3-bounds with respect to the rescaled solutions.
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Lemma 5.5 There exists a continuous function f : (—oo, 0] x (0, +00) — Rx( such that

3
k
sup D IV Xilgy < f(2,0),
Bei(PjV) =0

foranyt € (—o00,0] and v > 0 and for i = 1,2, 3. Furthermore, there exists o > 0 such
that fori =1,2,3

Vg0 Xilg;0)(Pj) = e, (30)

up to passing to a subsequence.

Proof We fixt = 0 and v > 0 and we let ¢ € Bg,0)(pj, v). In the following we only
analyse the case of X since the others are proved similarly. We deal with the bounds for
|v§j 0 X1lg;© with k =0, 1,2, 3 separately.

Case k = 0. We consider a g(t;)-unit speed geodesic from p; to g. From Lemma 4.3 we
get

VAjb(g,t;) —b(pj.tj)) </Aj sup 1bs| | dgujy(Pj,q) < cxv.
Be (P, ﬁ)

The desired estimate then follows from (25) which gives A jbz (pj,tj) <a.
Case k = 1. By direct computation we get

) ) b2 6'2
IVery X117C, 1) =2 (bs + 267 T 2) G, 1),
forany t € [0, T). Lemmas 2.6 and 4.3 imply that [Vg(;) X1](-, #) is uniformly bounded and
that the estimate (30) is satisfied.
Case k = 2. We analyse in detail only one exemplificative instance. One of the terms

. . 1 .
appearing in the computation of the norm (4 ;)2 |V§(”)X1 | is

1 1
(A))72IV2, X105, 85, 0DIb(q, 1)) = ) 2bssl (g, 1)) < ay/jb(g, 1)),

where we have used (8). The last term is then bounded because it coincides with the case
k = 0 we have already discussed.

Case k = 3. One of the terms appearing in the computation of (A j)_l |V§(t,-)X 1l is
bSSS

()7 b1V X1 @5, 5, 85, 00 I(q, 1)) = G ™o | =

(q.1)). €2V

According to Shi’s first derivative estimate the covariant derivatives of the curvature are
bounded on the singularity models, therefore there exists a uniform constant o such that

3
[VeupRmg() gy < a(rj)2.

Thus we have

bSSS
b

bSS bS

b2

AA
(g.tj) < ( + |(k01)s|> (g.tj) < (01;] +a()\j)%> (q,1)).
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We can then bound the right hand side of (31) as

by
A )Tl | s
(A) b

(q.1)) <a(l+/A;b)(q.1)) < f(v),

where the last inequality follows again from the case k = 0. The other terms are dealt with
similarly.
Let now t € (—o0, 0]. By Corollary 4.11 we get

)\.j < alt].

t
B2 (pjo 1)) = B (pj 1 + 5| < @
J

J
We may then extend the proof of the bound for the case k = 0 for any t € (—o0, 0]. The
cases k = 1, 2, 3 generalize easily. O

Since the rescaled Ricci flows converge to the limit ancient flow in the pointed Cheeger-
Gromov sense, from Lemma 5.5 it follows that the sequence (<I>,71)*X 1 is uniformly C3-
bounded in By (0)(poo, 1) With respect to g(0). We can then apply the Ascoli-Arzela
theorem and obtain the following

Corollary 5.6 There exists a subsequence (@;l)*X | that converges in C? to a vector field
Xl,oc on Bgoo(o)(poo, 1).

From now on we re-index the subsequence given by the previous Corollary. In order to prove
that X o is actually a Killing vector field for go(0) we need a preliminary result. The
following shows that the singularity model cannot be Ricci flat.

Lemma 5.7 Forany g € My and for any t € (—o0, 0] the following is satisfied:
. t
lim b(P;(q).t; + —) =0.
j—00 )\j

Proof Suppose for a contradiction that there exist ¢ € Moo, t € (—00, 0], a subsequence
(which we still denote by j) and u > 0 such that b(®;(¢), t; + (Aj)‘lt) — 1. By (25) we
immediately derive that Rg_(1)(¢) = 0. Since any complete ancient solution to the Ricci flow
has nonnegative scalar curvature [13], a standard application of the maximum principle and
the uniqueness of the flow among complete and bounded curvature solutions yield Rico, = 0
everywhere in the space-time. We then fix the time to be 0 and assume that g, (0) is not
flat. By the uniform C !_Jower bound in (30) there exists an open subset U C By 0)(Poos 1)
where | X1 colglu > 0, with X o given by Corollary 5.6. From the real analyticity of
the ancient limit flow [5] it follows that there exists g € U such that [Rmg__0)|¢..0)(¢) > O,
otherwise the limit would be flat. Moreover, b(®;(g),t;) — 0 as j — oo. For if such
condition did not hold, then by (25) the Riemann tensor would vanish at g. Since goo(0) is
Ricci flat we get

0= |Ricgw(0)|§x(0) (@)

1 _
jli)ngo vl ((kot + koo + ko3)* + 2(kot + k12 + k13)* + (ko + ki3 + k23)?) (®,(§), 1)
J

1 _
= lim ——— (b* (ko1 + ko3)* + 2(ko1 + k12 + k13)> + (kos + 2k13)%)) (D(G), 1))
j—00 Ajb

By the Cheeger-Gromov convergence we get ®;(q) € Bg;0)(pj.2) for j large enough.
Therefore, from Lemma 5.5 (the case of £ = 0) it follows that Ajbz(QDj (@), tj) < aforj
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large and for some positive «. From the estimate in Lemma 4.12 we finally derive that the
limit above is zero if and only if

(b?Isecy(r))]) (@5(@). 1) =0,

lim
j—00
with secg(;;) the maximal sectional curvature of g(¢;). Therefore by Corollary 5.6 and the
choice of g, up to passing to a diagonal subsequence, we conclude that

0 < X100 |;2;oo<0) IRmg 0) g0 0y (§) = jlln;JXl |§j(0) IRmg; 0)lg;0) (Pj(g))
= Jim (b*IRmyqpleap) (95@).
which is a contradiction because we have just proved that the right hand side must vanish. O

We can now show that X o is a Killing vector field on the limit manifold for any time.

Lemma 5.8 There exists a unique smooth extension of X1« to the limit manifold M, such
that (CI>;1)*X1 converges in C%1o X 1,00 on compact sets. Moreover X |, is a oo (t)-Killing
vector field for any t € (—o0, 0].

Proof We first prove that X o is a Killing vector field in B, (0)(poo. 1) With respect to
8c0(0). Suppose for a contradiction that there exist ¢ € By (0)(Po, 1), > 0and Z, W €
C®(T M) such that

8500 (V" X100, W) + 800(0) (2, Vi P X1 00) 28> 0

in some compact neighbourhood Q of ¢. By Corollary 5.6 and the Cheeger-Gromov conver-
gence we get

) . 1)
(810 (Va0 2 X1 @)aW) +8(0) (@uZ. V50 X1) ) (@5(@) = 5.

for some j large enough. If at @ ; (q) we write ($ )+ Z = z(} Bs(j) + 22:1 zlj‘. X} and similarly
for (@), W, then by the Koszul formula we get

Since |Z|g.(0)(g, 0) > lim; o | /)\j|z]]‘.|b(d>j(q), tj), for k = 1, 2 and similarly for W, we
can use Lemma 2.6 (with ¢ > 0) for the case k = 3 and conclude that there exists a positive
constant 8 depending on ¢ such that

2
S <28 <1 - 2—2) (®,(q). /) < ab (®;(9). 17).
where we have used Lemma 4.6. According to Lemma 5.7 we can choose j sufficiently large
such that the right hand side is as small as we need, thus obtaining the contradiction.

Since the limit ancient flow is real analytic [5] and by Lemma 5.4 M, is simply connected,
itis aclassicresult that X » extends uniquely to a global Killing vector field on (M«o, 800 (0))
[37]. Being go0(0) complete, we also get that X, is smooth.

Given v > 1, Lemma 5.5 implies that for any subsequence of (@;1)*X 1 there exists a
subsubsequence that converges in C2 to some vector field on By 0)(Pco, V). The argument
above shows that the limit vector field must be a Killing field for g+ (0). By the uniqueness
result in [37] we conclude that such limit vector field is indeed X1 . The statement is then
proved when ¢ = (. The very same proof for the case t = 0 works whent € (—o0,0]. O
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The lower bound (30) and the previous Lemma extend to the sequences (dDJTI)*Xz and

(<I>]71)*X 3 which then define analogous Killing vector fields X2 o and X3 o for the singu-
larity model. Moreover, from the Cheeger-Gromov-Hamilton convergence we derive that the
system {X,'m}f:1 is an orthogonal frame with respect to g (¢) for any r € (—oo, 0]. We can
now prove that this frame of Killing fields implies that the singularity model is spherically
symmetric.

Lemma 5.9 The metric g~ (t) is rotationally symmetric for any t € (—o0,0]. Moreover
Mo =R*or Moo =R x S°.

Proof According to (30) and the orthogonality of the vector fields X; ~ there exists at least a
point g € Mo, where this frame spans a 3-dimensional subspace of T, M. Therefore, since
the Lie brackets are preserved in the limit, Lemma 5.8 implies that there exists a (non-trivial)
copy of su(2) in the Lie algebra of Killing fields iso(Moo, goo(t)). By integrating the Killing
fields we derive that SU(2) acts isometrically with cohomogeneity 1 on (M, goo(?)) for any
t € (=00, 0]. In particular, by the Lie algebra constants we see that {X i,oo}?: | is a Milnor
frame for goo(1).

By the classification of connected non-compact manifolds supporting the cohomogeneity
1 action of a compact Lie group there exists at the most one singular orbit Oy;,,¢ for the SU(2)
action on My, [23]. Moreover, we can write Moo = Oging U Mpin, Where My is an open
dense submanifold foliated by maximal orbits of the form

Myprin = R x SU(Q2)/H, (32)

with H the isotropy group of the action along principal orbits [23]. We note that when
Osing = ¥ Lemma 5.4 implies that Moo = R x §°.

All the information about g, (#) can be obtained by restricting it to a geodesic starting at
the singular orbit and meeting the principal orbits orthogonally. Namely, once we denote the
dual coframe associated with {X,',c,o}?=1 by {(7,-,00}?21 , we have

800 Mpin = (V)2 + BT 0o (7. 1) 0L g + 83 00 (. 1) 07 o + 3 5 (3, 1) 03 .

with ¢ oo (¥, 1) = | X colgoo(r(y) forany y > 0, <Oandi = 1,2, 3.
Letg € Mprin. By the convergence of (<I>;l)*X,~ to X; oo on compact sets, we get

1 1 X
<¢l,oo _ 1) (6[, t) = <| l,oo|goo(t) _ 1) (C])
Dl00 \P3,00 [X1,00lg00t) \1X3.00lg00(t)

. 1 b t

b () oo £) o
where we have used the estimate in Lemma 4.6. Since the ratio b/c > 1 is scale invariant
we obtain @1 oo = @3 oc. The final identity ¢1 oo = @2, is a consequence of the extra U(1)-
symmetry. Thus g () is rotationally symmetric. Furthermore, if there exists a singular orbit,
then ¢; oo = Po is an odd function with 9y, ¢oo(Oying, t) = 1 (see, e.g., [23]). From the
boundary conditions (5) we deduce that My, = R*. We may finally conclude that My, = R*
or Mo = R x §3 with

goo(1) = (dy)? + 92 (v, DEs3, (33)

where g3 is the standard constant curvature 1 metric on $* and

Poolq, 1) = lim, VAib (‘Pj(q), 1+ %) :

J
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for any (¢, 1) € My, X (—00, 0]. O

We now show that Lemma 5.9 actually extends to any singularity model of a warped Berger
Ricci flow in Go. Indeed, given a blow-up sequence (p;, t;) as above and a radial coordinate
x1 > p, with p satisfying (27), then by Lemma 4.15 it suffices to prove that any rescaled
geodesic ball ng @ (pj,v) liesin B(o, x1) for j sufficiently large.

Lemma5.10 Let (Moo, 800 (1), Poo)—co<i<0 be a singularity model for a warped Berger Ricci
flow (R*, 8(1)o<i<r, with T < 00, starting at some gy € Goo. Forany t <0, forany v > 0
and for any x1 > p, with p satisfying (27), there exists jo = jo(t, v, x1) such that for all
Jj = jo we have

Bg;1)(pj,v) C B(o, x1).

Proof Given a blow-up sequence (p;, ;) with p; = (x;, 0) for some 6 € 53, we observe
that up to a finite number of indices we have x; < p otherwise |ng(tj) | 8t y(pj) would be
bounded. Suppose for a contradiction that there exist a time #, a radius v, a coordinate x; > p
and a subsequence g, = (yj, 0j,) C Bg;()(pj, v) such that y; > xi. Then by (27) and
standard distortion estimates of the Riemannian distance we get

yeS(o,p)
z€8(0,x1)

v .
\/TI > dg(tjk+ﬁ)(l7jk»4jk) > inf dg(’.fk"'ﬁ)(y’ 2)

>a inf  dg(y, 2),
yeS(o,p) sl
z€8(0,x1)

which then gives us a contradiction for k large enough. O

We may then adapt all the arguments above and conclude that any singularity model of a
warped Berger Ricci flow in G is rotationally symmetric. We finally address the proof of
the classification result in Proposition 5.3.

Proof of Proposition 5.3 Lemma 5.9 implies that any singularity model is in particular con-
formally flat. Thus by [45] we derive that any singularity model has nonnegative curvature
operator. Since we have shown that singularity models are weakly x-non-collapsed at all
scales, we find that any singularity model is a «-solution to the Ricci flow. If the curvature
operator is not strictly positive at some point in the space-time, then the same argument in
[19, Lemma 4.3] shows that (M, goo(?)) splits off a line and must hence be isometric to
the self-similar shrinking soliton on the cylinder R x 3.

Conversely, if the curvature operator is strictly positive at a point, then by the strong
maximum principle we conclude that the singularity model is positively curved. O

Remark 5.11 We point out that Proposition 5.3 extends to warped Berger Ricci flows for
which both the estimate (25) and the rotational symmetry type of bounds in Lemmas 4.6, 4.8
and 4.12 are satisfied.

6 Proofs of the main results
6.1 Bryant soliton singularities

In this subsection we show that any Ricci flow in G encounters a Type-II singularity and that
Theorem 2 is satisfied.
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Proof of Theorem 1 According to Lemma 4.1 the Ricci flow develops a finite-time singularity
at some 7' < oo. Suppose that the Ricci flow is Type-I and let X be the singular set defined
as in [20, Definiton 1.5].

If the origin o does not belong to X, then the flow stays smooth on B(o, 2r) for some
r > 0. Thus there exists § > 0 such that b(r,t) > § > 0 for any t € [0, T). Lemma 3.5
then implies b(x,¢) > § for any x > r and for all + € [0, 7). From the estimate (25) we
finally deduce that the curvature stays uniformly bounded outside B (o, r) and hence on R*.
The latter condition contradicts that the flow develops a singularity at 7" [41].

Ifo € X, then we can apply [20, Theorem 1.1] and derive that any parabolic dilation of the
flow at o (sub)converges to a non-flat shrinking soliton. By the classification in Proposition
5.3 we get that any such singularity model is a shrinking cylinder [33]. However by the
SU(2) symmetry and the Cheeger-Gromov convergence we have just shown that the cylinder
R x S? is exhausted by open sets diffeomorphic to R*, which is not possible. Therefore, the
singularity is Type-II.

Since the flow is Type-II and non-collapsed we can choose a blow-up sequence giving rise
to a singularity model which consists of an eternal solution [29, Sect. 16]). By the classifi-
cation in Proposition 5.3 we deduce that such eternal solution is rotationally symmetric and
positively curved! . Therefore the scalar curvature and the Riemann curvature are comparable
up to the singular time and we can hence adapt the argument in [29] to extract a space-time
sequence (pj, t;), witht; 7 T, such that if we set A; = Ret(pj), then the rescaled Ricci
flows (R*, gj(t), pj) defined by g;(t) = A;g(t; + ()Lj)’lt) (sub)converge in the pointed
Cheeger-Gromov sense to a «-solution whose scalar curvature attains its supremum in the
space-time. According to [27] the singularity model is then a gradient steady soliton and
must hence be isometric to the Bryant soliton by the classification in Proposition 5.3. O

Proof of Theorem 2 'We prove the four points in Theorem 2 separately.

(i) The Bryant soliton appears at the origin. Let (pj,t;) and A; be defined as in the
proof of Theorem 1, let @ ; be the family of diffeomorphisms given by the Cheeger-Gromov
convergence and let (R*, goo (1), poo) be the Bryant soliton arising as limit singularity model.
By the SU(2) symmetry we may choose p; of the form (x, #) for some 6 € $3. Suppose fora
contradiction that there exists § > 0 such that for j sufficiently large we have dg]. o (o, pj) >
28 > 0. We may then find points ¢; = (X}, 0), with X; < x;, such that, up to passing to a
subsequence, ‘£I>;1 (qj) = qoo for some goo satistying dg. (0)(Pocs goo) = 8. Since the scalar
curvature of the Bryant soliton g, (?) attains its maximum at the centre of symmetry, i.e. at
the origin of R*, we deduce that po, = 0 € R* and therefore that the Killing vectors {X ioo)
constructed above need to vanish at po,. Equivalently, from the argument in Lemma 5.9 we
derive that

0= |X1,oo|gw(0)(poo) = ]li)nolo vV )\jb(xj, tj)-
Since the warping coefficient b is monotone in space and X; < x; we have
[X1,00lg0e (0)(@oo) = lim /A ;b(Xj, ;) <0,
J—>00

which is not possible because the Killing fields generating the rotational symmetry cannot
vanish along a principal orbit, i.e. away from the origin. Therefore, up to choosing a sub-
sequence, we have dg;(0)(0, pj) — 0. In particular, we may pick a subsequence such that

L At this point, one can also rely on the recent classification of rotationally symmetric «-solutions in [35] to
conclude that such eternal solution must be isometric to the Bryant soliton. However, we chose to present a
more self-contained argument which is sufficient to complete the proof of Theorem 1.
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Rey(0) = (1=68;)A; for some §; — 0. If we then dilate the Ricci flow by factors Rgi;)(0)
we still obtain the Bryant soliton as pointed Cheeger-Gromov limit.

(ii) The singularity is global. Consider the set of points where the flow becomes singular
ast /S T:

Q= R*: lim b(p, t) = li ,H=0.}.
{pe t}n} (p, 1) tl/n;c(p ) }

We note that the previous definition makes sense due to Corollary 4.11 and the estimate (25).
Part (ii) in the statement of Theorem 2 is equivalent to showing = R*. Indeed we have
proved above that the curvature cannot stay uniformly bounded at the origin, while away
from the origin the estimate (25) implies that both b and ¢ need to converge to zeroast /' T
for the curvature to blow-up. We assume for a contradiction that Q # R*. By Lemma 3.5
there exists x > 0 satisfying Q = B(o, X). We may always take the Euclidean ball B (o, X)
to be closed because by Corollary 4.11 there exists a uniform constant & > 0 such that
b (x,1) <o(T —1) forall x < . o

Claim 6.1 Let (R4,g(t))0§,<T be the Ricci flow starting at some gy € G. Then
lim; 7 cH (x,t) = 0 for any x > Xx.

Proof of Claim 6.1 We prove the Claim by a blow-up argument. Namely, we show that if the
statement was false, then any singularity model would have Euclidean volume growth, thus
leading to a contradiction.

Since by (25) the curvature is uniformly controlled in time for any radius x > X by some
positive constant only depending on x, the same argument in the proof of Lemma 4.17 shows
that the limit lim; ~7 cH (x, t) is well defined and finite (and nonnegative by Lemma 3.5)
for any x > x. Suppose that there exists xo > X such that lim; ~7 ¢H (xo, t) > 0. Then the
same argument in Corollary 4.18 implies that ¢ H is uniformly bounded from below by some
@ > 0 on the ball B(o, xo) for times close to T'. In particular, by Lemma 4.15 there exists

o > 0 satisfying
1 b
bs E U S ab
3 c

on B (o, xo) for times close enough to T'. Let us rescale the solution along a blow-up sequence
and let (Mo, 800 (), Po) be the associated singularity model. We note that by Lemma 5.7
if g € M, then ®(q) € B(o, xo) for j large enough. Moreover, we have

1 b 1
bs(®j(g). 1)) = 5 (l/«; —Olb> (@jg). 1)) = cp.

Thus, from Corollary 5.6 and Lemma 5.9 we derive that

2
(1 = By (g, 0) = ($2:k73)(g, 0) = lli)ngo <4 - b7 - 3%) (®;(q). 1))

1
= lim (1 —b2)(®; D<1——u?
jgr;o( ) (Pj(q). 1)) < T

which then implies dy¢oo(g,0) > /6 for any g € Myo. Since the limit is rotationally
symmetric we obtain
Volg., 0) (Bgug(0) (Poos 7)) = ar?, (34
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for any r > 1 and for some o > 0. By Proposition 5.3 and the bound (34) we conclude that
(Mo, g0()) is a non-compact k -solution with positive asymptotic volume ratio. According
to a rigidity property proved by Perelman [39, Proposition 11.4] g (¢) must then be flat,
which is a contradiction. O

Since by Claim 6.1 (b%c)(x, 1) = b*>cH(x,t) — Oast A T forall x > X we can argue
as in the proof of Lemma 4.17 and deduce that there exists y > 0 such that

lim b? = Vx > X.
tlfn} cx, )=y, X > X (35)

We now show that if b is small at x for times close to 7', then b cannot jump to some positive
quantity y'/3 forall x > ¥ whent / T.Lete < 1and T, < T to be chosen below such
that b%(x, 1) < g/2 for all t € [T,, T). We let x, > ¥ be such that b%(x,, T;) < ¢ and T be
the first time larger than 7, such that b(x., 7~") = 1, if such time exists. By Lemma 4.9 and
Lemma 4.13 we have

bbgc; 5 2
+ by + ij —4) (xg, 1) < 2(bbss + ab)(xe, 1)

b (xp, 1) =2 (bbss +

1 o
b 1) < —— , 1),
—°‘<|1ogb|+ )“‘6 )= o ")

for some o > 0 independent of ¢ and ¢ and for all t € [T, T]. Thus, we can integrate the
previous inequality and obtain

b2 (xs, 1) (2llog(b(xs, )| + 1) < a(t — Tp) + b*(xe, To) 2llog(b(xe, To))| + 1)
Therefore, since b2(x,, T,) < & < 1 we get
b (xe, 1) < a(T — T,) + 3e.

Once we choose ¢ and 7, accordingly, we derive that T does not exist and hence that
b2(xe, 1) < y3 j4forallt € [T, T). We then find

b c(xe, 1) < b*(xe, 1) < p/8,

which contradicts (35). Therefore = R*.

(iii) Type-I blow-up at infinity. Once we know that the singularity is global it is natural to
expect shrinking cylinders to appear when dilating the solution at infinity.

Lett; ~ T,6 > 0 arbitrary and £ > 0 a positive quantity to be chosen below. Since the
spatial derivatives of b and c are decaying to zero at infinity for any ¢t > T /2, we may always
pick points p; such that dg, (0, p;j) — oo and
Cs

c

by
sup <|k01| + ko3| + ’i’ +
Bg(1y(pj.é)

) e, (36)

forallt € [T/2,T; = (T + t;)/2]. Let us denote the factors Rej(pj) by A ;. From (36)
we derive A jb2 (pj,tj) = B > 0 uniformly with respect to j. Since by Corollary 4.11 and
part (ii) of Theorem 2 b2(-,1) < (T — 1) for some uniform constant & > 0, we also see
that A; — oo. Similarly, by (36) we find that 9,b%(-,1) < —a < 01in Bg(ry(pj, 6) for all
t € [T/2, T;]. Therefore we have

o a(T; —t;)
tihj < 55— (T —1j) < 3 <
b=(pj.1j) b>(pj, Tj) + (T —tj)

(T—tj))xj =2(Tj— o,
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where we have used (25). Analogously, given v > 0,7 < 0 and p € By;)(pj. v(1j) /%)
we see that

Wb (pot; + )70 = 267 (p 1)) + altl,
for j large enough. From (36) we also derive the following spatial control:
b(p,t;
‘log <7(p ) )‘ < s—v .
b(pj,tj) VA

We may finally estimate the curvature of the rescaled Ricci flows as

1 o o
—IRmM, ;. 4 -1nl(p) < <
)Lj g(tj+(j)0) )\jbz(p,tj +()\«j)_]t)) )\jbz(p,tj)+()l|t|
= Py Tl
- Bexp(— + ot
P NLS

Since the flow is weakly «-non-collapsed for some x > 0 we may apply Hamilton’s com-
pactness theorem and conclude that the sequence of rescaled Ricci flows converge in the
pointed Cheeger-Gromov sense to a singularity model (Moo, 00, Poo) —co<t<0 t0 Which the
classification in Proposition 5.3 applies. In particular, g, (¢) is of the form (33). Arguing as
in the proof of Claim 6.1 and using (36) we see that

2
(1= By (g, 0) = ($2:k73)(g, 0) = jll)fgo (4 — b7 - 3%) (®j(q). 1))

= lim (1—57)(®(q).1;) = 1 — (supb*(-, 0))e* > 1,
j—oo R4 2

for ¢ small enough, where we have used the fact that b is uniformly bounded from above.

We finally conclude that |[dy¢os| < 1/2 which by the boundary conditions (5) and the

classification in Proposition 5.3 implies that (M, 800 (t)) is the self-similar shrinking soliton

onR x §3.

(iv) Classification of singularity models. According to Proposition 5.3 if the singularity
model is not a family of shrinking cylinders, then it must be a positively curved rotationally
symmetric k-solution. By the recent classification in [35] we conclude that in this case the
singularity model is isometric to the Bryant soliton (up to scaling). O

6.2 Immortal warped Berger Ricci flows

Let (R4, g(1))o<: < be the maximal Ricci flow starting at some gg € G, and suppose that
T < 0.

Proof of Theorem 3 Let X,  and p be given by Corollary 4.18 and consider a blow-up
sequence giving rise to a singularity model (Moo, €00 (f), Poo)- Since by Lemma 5.10 the
rescaled geodesic balls are included in B(o, X») for j large enough, we can argue exactly as
in the proof of Claim 6.1 and deduce that any singularity model for the flow is in fact flat.
This shows that the maximal time of existence cannot be finite. O

6.3 Type-l Berger Ricci flows contain minimal 3-spheres

The existence of sufficiently pinched minimal embedded hyperspheres gives rise to Type-I
singularities for (asymptotically flat) rotationally symmetric Ricci flows on R” [19]. Thus,
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in general we cannot extend the conclusions of Theorem 1 and Theorem 3 to include initial
data containing minimal 3-spheres.

While in the SO(n)-invariant case no minimal spheres can appear along the flow, in the
SU(2)-cohomogeneity 1 setting an analogous property might fail. On the other hand, minimal
spheres can disappear in finite time [19, Proposition 1.7].

In the following we consider a Type-I warped Berger Ricci flow whose curvature is
controlled at spatial infinity uniformly in time. A priori one might expect that there exist
examples of Type-I singularities where both b and ¢ have local minima while the mean
curvature of the embedded hyperspheres remains positive. The next result rules out this
possibility. We prove that for times close to the maximal time of existence a Type-I warped
Berger Ricci flow solution (R4, g(#)) must contain minimal 3-spheres.

Proof of Theorem 4 The decay of the curvature and the lower bound for the injectivity radius
ensure that (27) holds for some sufficiently large radius p. Therefore Lemma 4.15 and hence
the classification of singularity models in Proposition 5.3 are satisfied in this setting (see
also Remark 5.11). A first consequence of this fact is that the same argument in the proof
of Theorem 1 shows that if the origin is in the singular set (as defined in [20]), then the
singularity cannot be Type-I.

Therefore we only need to consider the case where the curvature stays uniformly bounded
in a Euclidean ball B(o, 2r) for some r > 0. Accordingly, there exists ¢ > 0 such that
b(r,t) > c(r,t) > eforanyt € [0, T).

Assume for a contradiction that there exists a sequence t; ' T such that the mean
curvature of hyperspheres H (-, t;) is strictly positive on the time slices R*\ {0} x {r 7}. From
the identity H = (log(bzc)) s we deduce that

be(x,tj) > b*c(r, 1)) > &, (37)

for any j and for any x > r. Since Corollary 4.11 holds in this setting, the singular set
contains a point p € R*\ B(o, 2r) such that b(p,t) — Oas ¢ T and similarly for ¢ by
Lemma 4.6. For if such p did not exist, then by the first estimate in Lemma 4.15 applied to
the region B(o, p) \ B(o,r) x [0, T), the curvature would be bounded as t /' T which is
not possible by [41]. This contradicts the inequalities in (37). O

Remark 6.2 The proof actually shows that A has to change sign for times close to the maximal
time of existence. Equivalently, the Ricci flow solution contains neck-like regions that pinch
off in finite time at a Type-I rate.

7 Some applications
In this section we provide two simple applications of the main results. On the one hand we

rule out the existence of Taub-NUT like shrinking solitons on R*. On the other hand, we
completely classify Ricci flows of nonnegatively curved warped Berger metrics.

7.1 Non existence of Taub-NUT like shrinking solitons

Theorem 1 immediately implies that there are no warped Berger shrinking solitons with no
necks and bounded by a round cylinder at infinity. Namely, we have the following

Corollary 7.1 The set G does not contain shrinking Ricci solitons.
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Recently, Appleton found non-collapsed Taub-NUT like gradient steady solitons on R* [3].
It is straightforward to check that these solitons belong to G,. Indeed the curvature decays
linearly at spatial infinity and both the warping functions b and ¢ are increasing in space.
According to Theorem 3 there are no shrinking solitons on R* analogous to the steady ones
constructed in [3]. More precisely, we have shown the following:

Corollary 7.2 The set Goo does not contain shrinking Ricci solitons.

We note that by [33] it is known that there do not exist complete non-trivial rotationally
invariant shrinking soliton structures on R*.

7.2 Ricci flow of Berger metrics with nonnegative curvature

By combining Theorem 1 and Theorem 3 we are able to classify Ricci flows evolving from
complete warped Berger metrics with bounded nonnegative curvature operator. We recall
that by [26] the curvature operator stays nonnegative along the Ricci flow in any dimension.

Proof of Corollary 2 1f g is a complete warped Berger metric with bounded nonnegative cur-
vature, then the injectivity radius of g is positive and bs; < 0 and ¢z < 0. By completeness
the latter condition implies that both b, and ¢, are nonnegative. Thus there exists a positive
(possibly infinite) quantity p = limy_, o, b(x, 0).

If u < o0, ie. b(-,0) is bounded on R*, then go belongs to G and the conclusions of
Theorem 1 and Theorem 2 apply. In particular, there exists a sequence ¢; /' T such that
the rescaled Ricci flows (R*, g; (1), 0) defined by g; (1) = Ry(;)(0)g(tj + (Rg(:;)(0)~'1)
converge to the Bryant soliton in the Cheeger-Gromov sense. Given any other sequence
f i /" T, from the trace of the Harnack estimate [28] we derive that

- ti
R(o,i}) > ;iR(o, 1),
J

up to reordering the indices. Therefore we conclude that dilations of the Ricci flow by factors
R(o, 7}) still give rise to the Bryant soliton.

If i = oo, then consider the Ricci flow solution starting at go and pick 0 < #p < T'. The
vertical sectional curvatures decay to zero at infinity being the spatial derivatives by (-, ty)
and ¢, (-, f9) decreasing and nonnegative. In particular by /b(-, t9) (and cg5/c(-, tp) as well)
is integrable. By the same argument we used to prove Claim 4.7 we get by /b(x, o) — 0 at
infinity and similarly for ¢y /c(x, t9). Therefore g(f9) € Goo and we can apply Theorem 3.

O
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