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NUMERICAL ESTIMATION OF A DIFFUSION COEFFICIENT IN
SUBDIFFUSION*
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Abstract. In this work, we consider the numerical recovery of a spatially dependent diffusion
coefficient in a subdiffusion model from distributed observations. The subdiffusion model involves a
Caputo fractional derivative of order o € (0,1) in time. The numerical estimation is based on the
regularized output least-squares formulation, with an H!(Q) penalty. We prove the well-posedness
of the continuous formulation, e.g., existence and stability. Next, we develop a fully discrete scheme
based on the Galerkin finite element method in space and backward Euler convolution quadrature in
time. We prove the subsequential convergence of the sequence of discrete solutions to a solution of
the continuous problem as the discretization parameters (mesh size and time step size) tend to zero.
Further, under an additional regularity condition on the exact coefficient, we derive convergence rates
in a weighted L?(Q) norm for the discrete approximations to the exact coefficient in the one- and
two-dimensional cases. The analysis relies heavily on suitable nonstandard nonsmooth data error
estimates for the direct problem. We provide illustrative numerical results to support the theoretical
study.
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1. Introduction. Let © C R? (d = 1,2,3) be a convex polyhedral domain
with a boundary 0. Consider the following initial-boundary value problem of the
subdiffusion equation:

a?u(w7t) -V (q(x)Vu(m,t)) = f(:L'ﬂf), (xat) € Qx (OaT]a
(1.1) u(z,0) =up(z), x €,
u(z,t) =0, (z,t) € 9Q x (0,T],

where T' > 0 is the final time. The functions f and wug are the given source term
and initial condition, respectively, and their precise regularity will be specified below.
The notation dfu denotes the Caputo fractional derivative in time of order a € (0, 1),
defined by [33]

1 t
ofu(t) = ——— t—s) ds.
Pult) = ey | (=) ds
The fractional derivative Of‘u recovers the usual first-order derivative u/(s) as the
order @ — 1~ for smooth functions w. Thus the model is a fractional analogue of
the classical diffusion model. Throughout, we denote the solution to problem (1.1)
by u(q) to explicitly indicate its dependence on the diffusion coefficient q.
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The model (1.1) has received enormous attention in recent years, due to its extra-
ordinary capability for describing anomalously slow diffusion processes (also known as
subdiffusion), which displays local motion occasionally interrupted by long sojourns
and trapping effects. At a microscopic level, such anomalous diffusion processes are
accurately modeled by continuous time random walk, where the waiting time between
consecutive particle jumps follows a heavy tailed distribution with a divergent mean,
and the model (1.1) is the macroscopic counterpart, describing the evolution of the
probability density function (in R?) of the particle appearing at time ¢ and spati-
cal location ¢, in analogy to Brownian motion for normal diffusion. These processes
are characterized by sublinear growth of the particle mean squared displace with the
time. The model (1.1) has found many applications in physics, biology, finance, etc.,
including electron transport with copier [48], thermal diffusion on fractal domains [43],
dispersive transport of ions in column experiments [1, 18], protein transport within
membranes [35, 34, 46], and solute transport in heterogeneous media [11, 5]. We refer
interested readers to the comprehensive reviews [6, 42, 41] for physical modeling and
long lists of diverse applications.

This work is concerned with numerically identifying the diffusion coefficient ¢ €
L>(Q) the model (1.1) from the (noisy) distributed observation

(1.2) 2(x,t) = u(g) (2, t) + E(x,t),  (x,t) € Q x [0,7T],

where u(q") is the exact data (corresponding to the exact diffusion coefficient g'),
and ¢ denotes the noise, with an accuracy & = [Ju(q") — 2°||z2(0,7;22(2))- The inverse
problem is a fractional analogue of the inverse conductivity problem for standard
parabolic problems, which has been extensively studied both numerically and theo-
retically; see the monograph [19, Chapter 9] for relevant mathematical theory and
the references [17, 29, 31, 14, 12, 44, 50] for a rather incomplete list of works on nu-
merical identification of a diffusion coefficient in standard parabolic problems. Most
of these existing works formulate the inverse problem into an output least-squares
formulation, with a suitable penalty, e.g., Sobolev smoothness or total variation. For-
mally, the inverse problem is overdetermined for uniqueness/identifiability, and the
terminal data at time T or lateral Cauchy data may suffice for unique recovery (see
[19, Chapter 9] for relevant uniqueness results for a standard parabolic case). None-
theless, numerically, the full space-time datum (1.2) or a restricted version over the
region Q x [Ty, T] is frequently employed in existing studies for standard parabolic
problems [17, 49, 29, 31, 14, 12, 44, 50|, due to, e.g., the weak regularity assumption
on problem data. In particular, all existing works [31, 44, 50] on error estimates (for
parabolic problems) require the full space-time datum (1.2), and it appears to be open
to extend these results to partial data. Thus, we shall focus the analysis on the full
datum (1.2) below.

In this work, we shall develop a numerical procedure for recovering a spatially
dependent diffusion coefficient. We formulate an output least-squares formulation
with an H'(Q2) penalty, which is suitable for recovering a smooth coefficient ¢, and
provide a complete analysis of both continuous and discrete formulations, including
well-posedness and convergence of discrete approximations, for weak regularity as-
sumption on the problem data, in sections 2 and 3, respectively. Furthermore, in
section 4, we derive some a priori weighted L?(Q) error estimates on the discrete
approximation under a mild regularity assumption on the exact diffusion coefficient
¢" in one- and two-dimensional cases; see Theorem 4.8 and Corollary 4.10. The ob-
tained estimates depend on the spatial mesh size h, temporal step size 7, the noise
level §, and the regularization parameter . These results extend the corresponding
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results for the standard parabolic case [17, 31, 50] and represent the main theoretical
achievements of the work.

Generally, when compared with standard parabolic problems, the presence of the
time-fractional derivative 9w in the model (1.1) poses a number of distinct challenges
to the mathematical and numerical analysis (see [23] for a concise overview): (i) due to
the nonlocality of the Caputo derivative J;'u, many powerful tools from PDE theory
and classical numerical analysis, e.g., energy argument and integration by parts for-
mula, are not directly applicable; (ii) the solution u generally has only limited spatial
and temporal regularity, even for smooth problem data; (iii) high-order time stepping
schemes often lack robustness with respect to the regularity of the problem data; (iv)
the nonlocality incurs a storage issue for time stepping. Naturally, these challenges
persist for the analysis of the regularized output least-squares formulation (2.1)—(2.2)
below, and especially items (i) and (ii) represent the main technical challenges in the
convergence analysis, and hence it differs substantially from the standard parabolic
counterpart. Further, the error analysis is greatly complicated by the nonlinearity
of the forward map, and thus standard techniques from optimal control theory, via,
e.g., convexity and the first-order optimality condition, also do not apply directly.
To overcome these technical challenges, we shall employ the positivity of the frac-
tional derivative operators (in Lemmas 2.2 and 3.1), nonsmooth data estimates (in
Lemma 4.2), and novel test function ¢ (in Theorem 4.8), which represent the main
technical novelties of the work.

Now we briefly review relevant works from the inverse problem literature. Inverse
problems for fractional diffusion have started to attract much interest, and there has
already been a vast literature (see, e.g., the review [26]). There are a number of
interesting works on recovering the diffusion coefficient [8, 36, 37, 52, 32]. In an influ-
ential work, Cheng et al. [8] proved the unique recovery of both diffusion coefficient
and fractional order from the lateral Cauchy data for the model (1.1) with a Dirac
source in the one spatial dimensional case. The proof employs Laplace transform and
Sturm-Liouville theory. Recently, Kian et al. [32] proved uniqueness for the recovery
of two coefficients from the Dirichlet-to-Neumann map [32]. Li and co-authors [36, 37]
discussed the numerical recovery of the diffusion coefficient (simultaneously with the
fractional order) and showed various continuity results of the parameter to state map.
However, the numerical discretization was not analyzed in [37]. Zhang [52] proved the
unique recovery for the case of a time-dependent ¢ = ¢(¢) and devised a numerical
scheme for its recovery. See also the work [51] for further numerical results on recov-
ering the diffusion coefficient from boundary data in the one-dimensional case, using
a space-time variational formulation, which allows only a zero initial condition. How-
ever, there is neither analysis of the discretized problem nor error estimates in these
interesting existing works. In sum, there is no rigorous study of the discretization
schemes, and it is precisely this gap that this work aims to fill in. We refer interested
readers also to the works [53, 21, 28] and references therein for further numerical
methods on other nonlinear inverse problems for the subdiffusion model.

The rest of the paper is organized as follows. In section 2, we formulate the
continuous problem and analyze its well-posedness, e.g., existence and stability. Then
in section 3, we describe a fully discrete scheme and show the convergence of the
discrete approximations to a solution of the continuous problem as the discretization
parameters tend to zero. In section 4, we provide detailed error estimates for the
discrete approximations. Finally, in section 5, we present illustrative one- and two-
dimensional numerical results to complement the analysis. We conclude the paper
with further remarks in section 6.
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We end this section with some useful notation. Throughout, the notation ¢ de-
notes a generic constant, which may change at each occurrence, but it is always
independent of g, mesh size h, and time step size 7. We shall employ standard
notation for Sobolev spaces [2]. The spaces LP(Q2) and W*P(Q) are endowed with
the norms || - ||r() and || - [[wer(q), respectively, and the notation (-,-) denotes
the L?(Q) inner product. We denote by H () the dual space of H}(Q). For a
Banach space B (endowed with the norm | - ||g), we define L?(0,T; B) = {u(t) €
B for a.e. t € (0,T) and |u|| z2¢0,7,5) < 00}, and the norm is given by ||ul|z20,r;5) =
fo |u(t)||%dt)z. The notation (',')LZ((),T;LZ(Q)) denotes the inner product in the
space L2(0,7T; L?(2)). Similarly, the space H'(0,T; B) denotes H'(0,T; B) = {u €
L*(0,T; B) : v/(t) € L*(0,T; B)}, with its norm given by [|lu|| g1(0,1;5) (||u||L2(0 7.5t
Hu’(t)||%2(0_’T‘B))% with the notation ’ denoting the (weak) temporal derivative. Fur-
ther, for any s > 0, we denote by H*(Q) = {v € L*(Q) : (~A)3v € L*(Q)}, where
A is the Laplacian with a zero Dirichlet boundary condition and the fractional power
(—A)2 is defined by the spectral decomposition [30]. The space H*((2) is equipped

. s 1 3
with the norm [l gy = (10]32g) + (~A)0l22(q)}. Then () = L2(9)
HY(Q) = HY(Q) and H2() = H2(Q) N HY(Q).

2. Well-posedness of the continuous problem. In this section, we formulate
and analyze the continuous formulation of the reconstruction approach. To recover
the diffusion coefficient ¢, we employ the following output least-squares formulation
with an H'(Q2)-penalty:

(2.1) f}g\l Jy(q:2°) = §lulq) — 25||2L2(0,T;L2(Q)) + 31IValiZ2(q),

where u(q) satisfies the variational problem
(2.2) _
(08 u(q),v) + (¢Vu(q), Vv) = (f,v) Yo e HY(Q),t € (0,T] with u(0) = ug.

The admissible set A for the diffusion coefficient g(x) is given by

A={qeH(Q): ¢xy<q<ec ae in Q}

with constants cp,c; € R and 0 < ¢g < ¢;. The H!(£2) seminorm penalty is suitable
for recovering a smooth diffusion coefficient. In the case of nonsmooth coefficients,
alternative penalties, e.g., total variation, should be employed; see Remark 3.8 for
further discussions. The scalar v > 0 is the regularization parameter, controlling
the strength of the penalty [20]. The dependence of the functional J, on z° will be
suppressed below whenever there is no confusion. For the analysis in sections 2 and
3, we make the following assumption on problem data. It is sufficient to ensure the
existence of a unique solution u(q) € L*(0,T; H'(2)) for any ¢ € A [23].

Assumption 2.1. ug € H' (), f € L?(0,T; L*(Q)), and 2° € L2(0,T; L*(Q)).

First we show the well-posedness of problem (2.1)—(2.2), which relies on a conti-
nuity result for the parameter-to-state map u(q). First, we recall a stability result on
the solution operator. Below, for any ¢ € A, the operator A(q) : H'(Q) — H~1() is
defined by

—(A(q)p.¥) = @V, V) Vo, v € H(Q),

where (-,-) denotes the duality pairing between H~'(Q) and H'(Q). For any ¢ €
H?(Q), there holds A(q)p = V - (¢V) € L3().
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LEMMA 2.2. For any q € A, let v solve
ofv—A(qQu=f ¥te(0,T] withv(0)=0.

Then there holds

10120711 ) < NI E2 (0 701 (02))-

Proof. Taking ¢ = v in the weak formulation and then integrating from 0 to T
gives

(97 v(t), v(t)) L2 (0,7;22(2)) + ¢V, VU) L2(0.1:12(0)) = (f: V) L2(0,7:L2(02))-

Since v(0) = 0, the Caputo fractional derivative coincides with the Riemann-Liouville
one [33], and upon extending v by 0 outside [0, T, it follows directly from [38, Lemma
2.3] that

(O v(t),v(t)) 20,122 () = 0,
and by Poincaré’s inequality and the Cauchy—Schwarz inequality, we obtain the desired
estimate. O
The next result gives the continuity of the parameter-to-state map.

LEMMA 2.3. If the sequence {¢"} C A converges to q € A almost everywhere,
then

Jim_flu(g) = w(@") |z .2i0m1)) = 0.

Proof. Let v"™ = u(q) — u(¢™). Then it satisfies v™(0) = 0 and
ofv™ =V - (¢"Vv") =V - ((¢g — ¢")Vulq)) Vte (0,T].
Then by Lemma 2.2 and the definition of the H~1(£2), we obtain

10| 220,151 (2)) < €llV - ((q — ") Vu(@) || 20,701 ()
<cll(g — ¢")Vu(@)llL2(0,7;22(22))-

Let ¢" = |g—q"|? fOT |Vu(q)|? dt. Then ¢™ — 0 almost everywhere (a.e.), since ¢" — ¢

a.e., and further, since ¢, ¢" € A, we have 0 < ¢" < 4¢? fOT |Vu(q)|? dt € LY(Q). Then,
Lebesgue’s dominated convergence theorem [16, Theorem 1.9] implies

i (0 ¢")Vul@) o rise@ = i [ 6" do= [ lim 6"()d =0,
n o0 Q

n—00 Q n—oo

which shows the desired estimate. 0

The next result gives the existence of a minimizer. With Lemma 2.3 at hand, the
result follows by a standard compactness argument in calculus of variation (see, e.g.,
[13, 20]), and the proof is included only for completeness.

THEOREM 2.4. Under Assumption 2.1, there exists at least one minimizer to
(2.1)—-(2.2).
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Proof. Since the functional J, is bounded from below by zero, there exists a
minimizing sequence {¢"},>1 C A such that lim, . J,(¢") = infsec 4 J,(g). Thus,
the sequence {¢"},>1 is uniformly bounded in the H'(Q) seminorm, which together
with the box constraint ¢" € A implies that it is also uniformly bounded in H'(f2).
Thus there exists a subsequence, still denoted by {¢"},,>1, that converges to some ¢* €
A weakly in H'(Q), and by compact Sobolev embedding theorem [16], converges also
in L'(Q). Further, by standard measure theory, convergence in L!(Q) implies almost
everywhere convergence up to a subsequence [16, Theorem 1.21, p. 29]. Thus, we may
assume that the subsequence {¢" },>1 converges to ¢* in L' (Q2) and almost everywhere.
Then by Lemma 2.3, for the sequence {u(q¢™)},>1 of solutions to problem (1.1), there
holds limy, o0 |u(¢"™) — w(q*)| L2(0,7;H1(2)) = 0. Then by Sobolev embedding [2],
limy, s 0 [Ju(q™) — 25||%2(0,T;L2(Q)) = ||lu(qg*) — z5||%2(0,T;L2(Q)). This and weak lower
semicontinuity of seminorms imply that ¢* is a minimizer to (2.1). |

The following continuous dependence results hold, where the minimum H!(Q)-
seminorm solution refers to the solution ¢' of the minimum H'(Q) seminorm among
all solutions within the admissible set A corresponding to the exact data 2z = u(q").
The proof follows by a standard argument (see, e.g., [13, 20]) and thus is omitted.

THEOREM 2.5. Under Assumption 2.1, the following statements hold.

(i) Let v > 0 be fized, the sequence {z;};>1 be convergent to some data z in
L2(0,T; L3(Q2)), and q; € A the corresponding minimizer to J(;2;). Then
{4} }j>1 contains a subsequence convergent to a minimizer of J(+;2) over A

in H(Q).
(11) Let {53'}]‘21 C R+ with 5]‘ — 0+, {Z(sj}jzl C LQ(O,T;L2(Q)) be a se-
quence satisfying ||z% — ZT||L2(07T;L2(Q)) = §; for some exact data 27 =

u(q’), and q; be a minimizer to Jy, (52%) over A.If {y;};>1 satisfies
2

limj o0 v = limj 00 % =0, then {q;‘ }j>1 contains a subsequence converging

to a minimum-H*(Q)) seminorm solution in H*(£2).

3. Numerical approximation and convergence analysis. Now we describe
the discretization of problem (2.1)—(2.2) and show the convergence of the approxima-
tions.

3.1. Numerical approximation. First, we describe a spatially semidiscrete
scheme for problem (1.1) based on the Galerkin FEM; see [23] for a recent overview
on the numerical approximation of the subdiffusion model. Let T be a shape regular
quasi-uniform triangulation of the domain 2 into d-simplexes, denoted by T', with a
mesh size h € (0,1). Over T, we define a continuous piecewise linear finite element
space X, by

Xp = {vh € H'(Q) : |7 is a linear function VT € 77L}
and similarly the space V}, by
Vi, = {vp € H'(Q) : w7 is a linear function VT € T} .

The spaces X, and V;, will be employed to approximate the state u and the diffusion
coefficient ¢, respectively. We define the L?(Q) projection P, : L?*(Q2) — X}, by

(Pro,x) = (0,x) Yx € Xp.
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Note that the operator P, satisfies the following error estimate: for any s € [1, 2],

1Pag = @llz2 () + IV (Pap = @)ll2() < ch®ll@ll ey Vo € H*(Q).

Let Zj, be the interpolation operator associated with the finite element space V},. Then
it satisfies the following error estimates for s = 1,2 (see, e.g., [15, Theorem 1.103]):

(3.1) ||’U—IhUHL2(Q) —‘th’U—IhUHHl(Q) < Ch2||v||H2(Q) Yov € HZ(Q),
(3.2) lv — Znv|| Loy + hllv — Thv|lwre ) < ch®||v]|wsse ) Yo € WH(Q).
Now we partition the time interval [0, 7] uniformly, with grid points ¢, = nr,

n=0,...,N, and a time step size 7 = T/N. The fully discrete scheme for problem
(1.1) reads as follows: Given U = Pyug € Xj, find U € X}, such that

(3.3) (02U = U, x) + (VU VY) = (f",x) Vx€Xn, n=12,...,N,

where f" = % ttn"ﬂ f(s)ds and 0%¢™ denotes the backward Euler convolution quad-

rature (CQ) approximation (with ¢ = p(¢;)):

(3.4) 02" =17 Z b§-a)30n_j with ( Z bl ¢
§j=0
: (o) ; ;i (@ _ (_qyi__Tleth
Note that the weights b, are given explicitly by b, = (1) INCETES N CESIE and

thus

ala—1)-(a=j+1)
;!

B = (~1)/ izl

)

from which it can be verified directly that b(()a) =1 and bg»a) < 0 for 7 > 1. Similarly,
(a—1)

one deduces b; > 0 for j = 0,1,.... Meanwhile, by definition, we have (with

¢? =0)

aa—1a n «@ —a a—1 n a— 1 «

O Rl CE B (o +z< e ).
j=1

Direct computation shows b;a_l) b(a D= b(a) This and the fact b(()a D= b(a)
show the following associativity of convolutlon quadrature (with ¢° = 0)

(3.5) O 10" = 2"

Upon letting the discrete operator Ay (q) : Xp — Xpn by —(An(q)vn, x) = (¢Vvr, V)
for all vy, x € X}, the fully discrete scheme (3.3) can be rewritten as

oMU —UP) — Ap()UP = Pof", n=1,2,...,N.

Now we can formulate the finite element discretization of problem (2.1)—(2.2):

(3:6)  min Jn(a) = / U an) = 25 o+ 29
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with 20 =771 ftt"il 29dt, and U} (qn) satisfying UP (qn) = Phuo and

(3.7) O (UR(qn) — Uy) — An(qn)Up(gn) = Puof™, n=1,2,...,N.
The discrete admissible set A;, is taken to be
An={qn € Vh:co < qu(x) <1 in O}

Clearly, A, = ANV},. Problem (3.6)—(3.7) is a finite-dimensional nonlinear optimiza-
tion problem with PDE and box constraint and can be solved efficiently. The analysis
of problem (3.6)—(3.7) is the main focus of sections 3.2 and 4.

3.2. Existence and convergence. This part is devoted to the convergence
analysis of the discrete approximations given by the scheme (3.6)—(3.7) to the contin-
uous formulation (2.1)—(2.2). We begin with some a priori estimate on the solutions
of the time stepping scheme (3.3). The proof relies on positivity of CQ.

LEMMA 3.1. Let V;' € X}, solve
02V x) + (@nVVi, VX)) = (ff,x) VX € Xp, n=12...,N,

with Vho = 0. Then there holds

N N
T Z(Vvhna VVy') <er Z(f}?v Vi)
n=1

n=1

Proof. Letting x = V;' € X}, and then summing over n leads to

TZ AV, V) +7’Z .V Vi, V) —TZ V.

n=1

Now we shall show that the first term on the left—hand side is nonnegative. To this
end, we extend {V,"}_ to {V"}"=>_ and {b o) =5 to {b o) }n=__ by zero. Then

— 00

2V can be written as 92V;* = 77322 b VJ Next we denote the discrete

j=—00 Un—j
Fourier transform [V"](() by [V”](C) = Y2 __Vire~'"¢. By Parseval’s theorem,
since V! = 0, we have

N
qay/n n 1 " {-\/n f\; *
SOV =5 [ (@0 07107 de.

i=1 o
By the property of discrete Fourier transform, we have
T T T 2

iaavh, )= | BRI e

77/ 1_6714)“”@(0’2(1420.

Then the Cauchy—Schwarz inequality and Poincaré’s inequality imply the desired
estimate. 0
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LEMMA 3.2. The following statements hold:
m
o3
n=0

Proof. Let Z;n:o bgf‘) = v,,. Then by changing the order of summation, we have

D> b =bet and

<ty

oo

PP SUDIL LD BLD IS
m=0 m=n
_ Zba)gn Z gm n _ (Zbgla)gn) < ng)
n=0 m=0

n=0
=(1=9° (1*5) P=(1-9h
Therefore, v, = bio " < c¢(m + 1)~ [25, Lemma 2.3], which shows the second
assertion. a

The next result gives a discrete analogue of the following well known inequality

[4]:
P07 (2(t) — (0)) = 307 (|p(t)]* = (0) ).

It is useful for deriving a priori estimates on the fully discrete solutions.

LEMMA 3.3. Let 0%¢" be the backward Euler CQ defined as (3.4). Then there
holds

(02(e™ — ")) ™ = 102 (1e™2 = 1¥°?).

Proof. By the definition of backward Euler CQ in (3.4), we deduce

@7 (" = &))" (Iw \2+Zb(“)]s0 = <Zb(“) )@ @)

7=0

a)

Now since the binomial coefficient bg- < 0 for j > 1, we deduce

n—1

(% n _1 1 [e% n «
Dot = oY b e+ Zb< il
Jj=0 j

and
(Zb ) 1<§n:b(04 )| n|2 1(27121)(04))' 0‘2
n—j -9 n—j 2 n—j ¥ .
§=0 j=0
Then the desired result follows immediately. ]

The next result gives a discrete continuity result.

LEMMA 3.4. Let the sequence {q.} C Ay be convergent to qi € Aj, in L'(Q).
Then

N N
lim 7 / U () — 22 Pde =7 / U _(q;) — 23 |*da.
j—00 7;1 o h,7\3pn n ngl o h,7\9h n
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Proof. Using Lemma 3.1, the proof is similar to that of Lemma 2.3, since in a
finite-dimensional space V;,, all norms are equivalent, and the convergence in L'(Q)
implies almost every convergence [16]. Thus the proof is omitted. ]

Then we can obtain the existence of a discrete minimizer g;; € Aj. The proof is
identical to that in Theorem 2.4, and hence omitted. Note that the discrete minimizer
gy, depends implicitly also on the time step size 7 through the weak formulation (3.7).

THEOREM 3.5. Under Assumption 2.1, there exists one minimizer q; € Ap to
(3.6)—(3.7).

Below we analyze the convergence of the sequence {g} }1r~0 as h,7 — 0. The next
result is an analogue of Lemma 2.3 and plays an important role in the convergence
analysis. For the sequence of discrete solutions Uy’ = Uy (qsn) € Xp to problem
(3.7), we define a piecewise constant in time interpolation uy, - (t) by

(38) uh77(t) = U;;T, te [t7L7t7L+1)7 n=0,...,N —1.

LEMMA 3.6. Let Uil = UJ! (qn) € Xy be the discrete solutions to problem (3.7)
with qn, € Ap, and the sequence {qn € Ap}tn>o convergent to some ¢* € A a.e. as

h,7 — 0%. Then under Assumption 2.1, for the piecewise constant interpolation up -
defined in (3.8), there holds

up - (qn) — u(q*) weakly in L*(0,T; H*(Q)), as h,T — 0.

Proof. Taking the test function x = U — U in (3.7) and summing over n yields

N N n
Ty (@2 (U~ U U = UD) + 7 > (an VU, V (U}~ Z (F1. U = UR).
n=0 =1

n=1

This identity, the nonnegativity of the discrete convolution 0% (see the proof of
Lemma 3.1), the Poincaré inequality and Young’s inequality, and the L2(£2) stability
of Py, lead to

N N
P IOy < er S (19080 + 17 I )

n=1 n=1

C(||VU0||2LZ(Q) + ||f||%2(0,T;H*1(Q)))'

Thus, the sequence {up, }n >0 is uniformly bounded in L?(0,T; H'(Q2)), and thus
there exists a subsequence, still denoted by {up + }r r>0, and some u* € L2(0,T; H'(Q))
such that
(3.9 up,» converges weakly to u* in L?(0,T; H'(2)).
Meanwhile, by taking the test function y = 0%(Up — UP) in (3.7),

N B N
(3.10) Ty (@2 (U = UR), 02 (U — Z VU, 02V (U — Uy))

n=0

=7y _(fp, 08Uy = U)).
n=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/14/21 to 193.60.238.99. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

1476 BANGTI JIN AND ZHI ZHOU

Then Lemma 3.3, the fact that b§a_1) > 0 for all 5 > 0, and Lemma 3.2 lead to

N N
2r 3 (VU 273 % 2 (V0313 20) — IVURI 20

j a—1
=3 (IVULI(@) = IVUR 20y ),

Jj=0

2

N
-1
> 7Y VO3 = VU3 20-
j=0

Hence, there holds 73
Young’s inequality imply

(@ VU, 02V (U = UY)) > —¢l|[VU[32(q- This and

n=1

N
Y N0 (UR = U720 < cllVuollfaiq) + 1£1220.7:02(0y)-

Thus the sequence of piecewise constant interpolation, denoted by {02 (up »—U?) }h.r>0,
is uniformly bounded in L?(0,T’; L?(2)), and there exists a subsequence, still denoted

by {0%(un» — U2)}n.r>0, and some v* € L2(0,T; L?()) such that it converges to v*

weakly in L2(0,T; L?(f2)). Next we claim that u* satisfies the weak formulation of

u(q*) (cf. (2.2)). To this end, we take a smooth test function ¢ € Cl([O T}, Hl(Q))

with ¢(T) = 0 and define an approximation ¢y . by ¢p,(t) = 77! ft  Puo(t)

t € (tn_1,tn]. Then the density of X;, in H'(Q) and piecewise constant functlons
in L2(0,7) imply that limy, ; o+ ||fn,r — éll2(0,7:m1(0)) = 0. Hence, by discrete
summation by parts and straightforward computation, there holds

N

7Y QXU = UR), bnr(tn)) = (02 (unr — UR), Pad(t)) L2(0,75L2())

n=1

= (un,r — Uy, B0CPrhod(t)) 120, 7522(00))

where the notation %92 P,¢(t) denotes RI% Py o(t) = Zz " bgla)zph(,b(t + (i —n)71) for
t € (tn—1,tn], » = 1,2,..., N. By the approximation property of B9 and Py, (see,
e.g., [45, section 2.2]), since ¢ € C1([0,T]; H(2)), B02Py¢(t) converges to o o(t)

in L2(0,T; L*(Q2)) as h,7 — 0", and

lim (upr — UR, B2 Paop(t)) r2(0,m:12(0)) = (W — o, FOFd(t)) r2(0,7:12(0)).

h,7—0

and meanwhile, by the weak convergence of 9 (up, » — UY) to v* in L2(0,T; L*(Q))
and the approximation property of Py,

Hm (92 (un» — UR), Pao(t)) 2 (0,1:02(2) = (0%, 0()) L2(0,7502(92))-

h,7—0

Comparing the preceding two identities shows that v* = 9 (u* — ug), i.e., v* is the
weak fractional order derivative of u* —ug. Now taking the test function x = ¢p +(tn)
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in (3.7) and summing over n, we obtain

N

7Y (02U = UR)sdnr(tn)) +7 Y (an VUL, Vo (tn))

n=0 n=1
N
Z fha¢h‘r n

and by the definition of piecewise constant interpolations 9, (U o — UP) and up, - (t)
and the construction of the test function ¢y, ,(t,), it is equivalent to

(02 (uf + — UR), Puod) 12(0,7522(02)) + (@ VUun,r, VPro (1)) 12007522 (02))
(fr,rs Pad(t))20,7:22(),

where f, -(t) = 77! ft:q Pnf(t)dt for t € (tp—1,tn], n = 1,..., N, for which there
holds limy, - o+ || fa,r — fllz2(0,7:22(2)) = 0. Upon passing the limit on both sides, we
deduce

lim (0%(U} . — UR), Pad) r2(0,1;02(0)) = (05 (u* — uo), ) r2(0.7522(02))

h,7—0t

L hm Fnrs Pad(t)) L2(0.1502(2)) = (fs @) 20,1502 ()

Further, to analyze the term (g, Vun 7, VPrd(t)) 2(0,7:02(02)), We employ the following
splitting:

(g Vun,, VPro(t)) 120,522 (02)) — (€"VUu*, V(1)) 20,1322 ()]
< (gnVunr, VPLo(t)) 120, 1:02(9)) — (anVunr, VO(t)) 2 (0,7:02 ()|
+ 1(qnVun -, Vo)) r20,m;22()) — (" Vunr, VO()) 20,1502 ()|
+ (" Vunr, Vo(t)) 20,1220 — (VU™ , V(1)) L2(0,1;02(0) | = T+ T+ 1L

We bound the three terms separately. By the approximation property of Pj, and
uniform boundedness of uy, » in L(0,T; H'(2)) due to (3.9), we deduce

Jm T< lim cllunzllLzo,mm @) 1PRd = dll 20,711 (2)) = 0.

Next, since ¢, converges to ¢* a.e. and (3.9), by the dominated convergence theorem
[16, Theorem 1.9] (with the argument in Lemma 2.3), we have

h’liinm II< h;lm un, 7 || 20,1581 @) 1(an — @)@ 20,1517 (2)) = 0.

The third term III tends to zero as h,7 — 0T, in view of the weak convergence in
(3.9). Consequently, combining the three assertions together yields

" llgl (@nVun7, VPLo(t)) L2 0,1L2(0)) = (¢°VU*, V(1)) L2(0,1;L2 ()

In sum, the limit u* satisfies that for any ¢ € C1([0,T7; Hl(Q)), there holds

(08 (u™ — o), ®)2(0,1:02() + (@"VU™, V)20, 1522(02)) = (f5 D) r2(0,1322(02))-
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By the density of the space C*([0,T]; H'(Q)) in L?(0,T; H'(1)), the identity holds
also for any ¢ € L?(0, T; H! (Q)) This immediately shows that u* is a weak solution to

problem (1.1) with ¢*, i.e., u* = u(¢*). Since every subsequence contains a convergent
sub-subsequence, the Whole sequence converges to u(g*). This completes the proof of
the lemma. O

Now we can state the main result of this part, i.e., the convergence of the discrete
solutions {gj }n>0 to the continuous optimization problem (2.1)-(2.2). With Lemma
3.6 at hand, the proof is standard and it is included only for completeness.

THEOREM 3.7. Let {q; }n>0 be a sequence of minimizers to problem (3.6)—(3.7).
Then under Assumption 2.1, it contains a subsequence convergent to a minimizer of
problem (2.1)—(2.2) in H*(Q).

Proof. Since the constant function ¢, = ¢y belongs to the admissible set Ay, for
any h, there holds J, 1 (q;) < Jy,n,r(co) < 00, from which it directly follows that the
sequence {g} }n>o is uniformly bounded in the H'(Q)-seminorm. This and the box
constraint in A;, imply that the sequence {¢; € Ap}n>0 is uniformly bounded in the
H'(2) norm. Thus there exists a subsequence, still denoted by {gj }r>0, such that it
converges weakly in the H'(£2) to some ¢* € A. We claim that ¢* is a minimizer to
problem (2.1)—(2.2). For any ¢ € A, by the density of W1>°(Q) in H}(Q) [16] (e.g.,
by means of mollifier), there exists a sequence {¢}c~0 C AN WH%(Q) such that
lim. o+ [lg° — ql|#1(0) = 0 and almost everywhere. Now let ¢f, = Zq° € Vj,. By the
minimizing property of gj;, there holds

(3.11) Iy (@n) < Jynr (@)
By the weak lower semicontinuity of norms, we have

V@ |20 < lihmjgf IVanllrz2(a)

Similarly, by the weak convergence of up -(gf) to wu(¢*) in L%*(0,T; H'(Q)) in
Lemma 3.6 and the embedding HY(Q) < L%(Q), and the construction of the function

=71 ft" t)dt, fort € (tp_1,tn],n=1,..., N, lim _o+ ||z5—z£HL2(O,T;L2(Q))
= 0, we have ||u( ) -z ||L2(0,T;L2(Q)) < liminfy, o+ [lun,-(a;) — Z£HL2(O,T;L2(Q)) =

o N
liminfy, ; o+ 7>, U q;;) — szH%Q(Q), and thus

(3.12) Jy(g*) < lim  J, 5 -(qr).

h,7—0%+

Meanwhile, by Lemma 3.6 and the approximation property of the operator Z, in (3.2),

(3.13) phimn Ty (6h) = Ty (4°).
Thus, taking the limit as h,7 — 07 in the inequality (3.11) yields J,(¢*) < J4(¢%)
Further, since ¢¢ — ¢ in H'(Q) and almost everywhere as ¢ — 07, by Lemma 2.3,

there holds
(3.14) lim J,(¢%) = J,(q).

e—0t

Combining the relations (3.12)—(3.14) yields J,(¢*) < J,(¢) for any ¢ € A. This
shows the weak convergence to a minimizer ¢* in H'(Q2). Meanwhile, by the weak
lower semicontinuity of the norms and a standard argument by contradiction [20], we
have limy, ,_,o+ HthHL2 @ =IVa” ||L2 ()- Hence, the subsequence {qj; }n>0 converges

to ¢* in H*(2). This completes the proof of the theorem. d
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Remark 3.8. Note that the continuity results in Lemmas 2.3 and 3.6 are stated
with respect to almost everywhere convergence (deduced from the L (£2) convergence
of the sequence of the diffusion coefficient), which can be induced by other penal-
ties with the underlying space compactly embedding into the space L!(Q), including
the space of bounded variation [16]. Thus, upon minor modifications, the results in
sections 2 and 3 hold also for related regularized formulations, e.g., total variation
penalty, which is suitable for recovering discontinuous coefficients; see, e.g., [17, 7]
for relevant studies in the parabolic and elliptic cases. Also note that the terminal
observation u(7') may require a stronger regularity condition on the source f than
Assumption 2.1 to ensure u(q) € C([0,T]; L?(Q2)), depending on the value of the
fractional order «.

Remark 3.9. Due to the nonlinearity of the parameter-to-state map ¢ — u(q), the
regularized output least-squares problem (2.1)—(2.2) is expected to be highly noncon-
vex. Hence, numerically one can generally only guarantee to reach a stationary point
Gn, of the optimality system (OS) when solving the discrete optimization problem
(3.6)—(3.7). One important theoretical question is the convergence of the sequence
{Gn}n>o0 of discrete stationary points for OS. Note that the convergence analysis in
section 3 relies essentially on extracting a convergent subsequence of discrete mini-
mizers {q} }n>o in L'(Q2), which in turn follows from the uniform a priori bound on
{g; }h>0 in HY(Q), induced by the H'(Q)-seminorm penalty. Thus, one crucial step
in extending the analysis to stationary points is to derive a suitable uniform a pri-
ori bound on {}r>0. This might be derived from the OS as follows. Indeed, the
box constraints in the admissible set A, allow bounding the discrete state U (dn)
(and thus also the discrete adjoint) uniformly in the discrete L?(0,7; H(£2)) norm,
and then the discrete variational inequality for ¢, in OS allows uniformly bounding
dp in suitable Sobolev norm using “elliptic” regularity theory. We shall refrain from
a detailed derivation of OS and the associated convergence analysis for stationary
points, since the analysis in section 4 crucially exploits the minimizing property of
the discrete minimizer and does not extend to stationary points directly.

4. Error estimates. Now we derive error estimates of approximations ¢; under
the following regularity on the problem data.

Assumption 4.1. The following conditions hold.

(i) uo € H3(Q), f € C2([0,T]; L*(Q))NL>(0,T; H?(2)) with 8 > max(Z —1,0),
and exact diffusion coefficient ¢f € W2°°(().

(ii) 20 € C([0,T]; L3(2)) N C%((0,T); L*(Q)) with

=2 ()2 ) + N2 Ol 20y < e

Under Assumption 4.1(i), there exists a unique solution v € C([0,T]; H2(Q)) N
C?((0,T); L*(Q)) and for any s € [0, 3) and r € [0,2], there holds

(4.1) N[l g2y +2 W)l frave ) T~ DH [ (Ol oy + 1" (D 2200 <

See [47, 23] for a proof of the regularity estimate.
The better temporal regularity on the observation z° and u(q) enables slightly
modifying the discrete optimization problem Jj, - ., instead of using

tn
28 = 771/ 20(t)dt.
tn—1

In particular, we can employ the trapezoid rule: with ag = ay = 1/2 and a; = 1,
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N
: _T , e 2 ¥ 2
(42)  min Jy-(an) = 5;% /Q |UR (an) = 2° () P dz + 11 Vanl| 720

subject to gn € Ap, and U} (gp) satisfying U = Pyuo and
(4.3) IX(UR (qn) — UR) — An(an)UF (qn) = P f(tn), n=12,...,N.

This change allows deriving a better rate in 7 in Theorem 4.8 below. Under Assump-
tion 4.1, Theorems 3.5 and 3.7 in section 3 remain valid for problem (4.2)-(4.3). The
goal of this part is to derive error estimates for the approximation constructed by
(4.2)—(4.3).

We begin with some preliminary estimates under Assumption 4.1(i).

LEMMA 4.2. Let ¢t be the exact diffusion coefficient and u = u(q") be the solution
to problem (2.2), and {UP(¢")} and {U(Znq")} be the solutions to the scheme (3.3)
corresponding to q' and Tpq", respectively. Then under Assumption 4.1(i) with ), =
|log hl,

u(tn) — U (") 2y < c(rte™" + h2Ly),
[u(tn) — U (Tng)ll2 (o) < c(rtn ™" + h?4).

Proof. The first estimate is immediate from [22]
[u(tn) = U (a")llz2() < Ch2€h<||A(qT)u0”L2(Q) + ||f||L°°(O,T;H5(Q))>

+ecr (tg—l 1A(g ) uo + £(0)|| 22 (e
b a—1 /
n — 2 d .
+/O (tn = )" ()2 5)

To show the second estimate, we bound p} := U(q") — UP(Znq'), which satisfies
0 _
pp =0 and
02 piy = An(a)piy = [An(d") — An(Tug)IUL (Tng"), n=1,2,...,N,

where Ay, (q"), An(Zng') : X, — X are the discrete analogues of the elliptic operators
A(q") and A(Znq") associated with ¢! and Z;,¢', respectively. Thus, it can be written
as

(4.4) ph=1> Ep A" — An(Zug"UL(Zng"),
1=1

where Ep s the fully discrete solution operator, which satisfies that for all v, € X},
[25],

1 1
IER ;onllL2) = 1A ()2 B - (An(q") "2 on) 120
-1+ 2 1 -1+ 2
< ety 2 1A(a) 2 onll L2 () < ety ® llonlla—1 @)
It follows from this estimate and the solution representation (4.4) that

n - -1+ 5 n
Iopllzz) < e >t 2 [An(Znug") — An(g)UH(Tng") |l -1 (-
=1
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Further, the definitions of P, and Aj, and the H'(Q)-stability of P}, yield

B — Ay (U (T gt
I[An(Zngh) _Ah(qT)]U}?(Ith)HHfl(Q) — sup ([An(Zhg") — An(q")]U(Thq'), v)
veH! HU”Hl(Q)

. ((¢" — Zng") VUL (Zng"), VPuv)

: < ch®|lgt w2 @) IVUR (Zng")l 20,
veH! HU”Hl(Q)

since ¢ € W2°°() by Assumption 4.1(i) and (3.2). Thus,

n T
lonlle o) < chQTZtEHE < ch2/ 715 4t < ch?.
i=1 0
This and the triangle inequality complete the proof of the lemma. ]

Next we give an error estimate on the C(Q approximation of the fractional de-
rivative. The proof is similar to [27, Lemma 4.2] and is given in Appendix A for
completeness.

LEMMA 4.3. Let q' be the exact diffusion coefficient and u = u(q") be the solution
to problem (2.2). Then under Assumption 4.1, there holds

102 (u(tn) — o) — O (u(tn) — uo) L2y < vty

The next lemma gives a quadrature error estimate.

LEMMA 4.4. Let q' be the exact diffusion coefficient and u = u(q) the corre-
sponding solution to problem (2.2). Then under Assumption 4.1,

N
S aullultn) = 2 (0)[2agy < (62 + 7).

n=0

Proof. Let g(t) = 2°(t) — u(t). By the regularity estimate (4.1) and Assumption
41,

4.5)  Mglleqo.rizz) <6 19 Oll2@ < et and  [lg"(#)]|L2) < ct® 2

By the triangle inequality, we have

N N tn
T Z aillg(tn)l2) — Z/t ||9(t)||2L2(Q)dt‘
n=0 n=1vtn-1

N
<X
n=1

Next we analyze the two cases n = 1 and n > 1 separately. First, for the case n =1,

N

= ZI”'

n=1

b T
| It = 3 lottale) + ) o)

n—1

t < | [ o010t o)+ [ (a0l )] o= T

Using (4.5), the term I; ¢ can be bounded by

o < clgOllcqorzay [ 190) = glz@dt < er [ [g6)lzaads < er*e,
0 0
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Similarly, we can deduce I; 1 < er'T®. Further, for the case n > 1, g(¢ ) is smooth, and
thus by standard interpolation error estimates, for some &, € [tn 1, n), there holds

I, < er? tn 1 |dt2||g L2(Q )= ¢,|dt. By the bounds in (4.5), |dt2|\g fn)Hm(Q | <

2(/lg’ (fn)”Lz Q)+||9(fn)||L2(Q)||g”(§n)||L2(Q)) <cty_ 2 . The last two estimates together
imply

ZI <c7'32t0‘ 2<c7’

Then the assertion follows from the triangle inequality and the definition of the noise
level. 0

Remark 4.5. One can only obtain an O(r + §2) rate for the discrete objective
function J, 5 - in (3.6). Then the o exponent in Lemma 4.4 reflects the limited
temporal smoothing property of the solution u(t): the larger the fractional order « is,
the smoother in time the solution u(t) becomes and the faster the quadrature error
decays.

The next result gives a priori bounds on ¢; and the approximation U*(¢y). This
result will play a crucial role in the analysis below.

LEMMA 4.6. Let q' be the exact coefficient and u = u(q") the solution to problem
(2.2). Let g; € Ay, be the solution to problem (4.2)—(4.3) and {U}(q;)}Y_, the fully
discrete solution to problem (3.7). Then under Assumption 4.1, with £, = |logh|,
there holds

TZ U3 (i) = ulta)lli29) + WV G2 ) < (77 + B2 + 62 + 7).

Proof. By the minimizing property of g € A, and Zq' € Aj, we deduce
Ty nr (@) < Jyhr(Zng'). By the triangle inequality, we derive

N
TZ 1UR (g5;) = u(tn)[|72 () < CTZ Uy (ar,) (tn)”%?(m
n=1
N
ter > anll2(tn) — ultn)l 720
n=0

These two inequalities and Lemma 4.4 imply

TZ”Uh ta)llZ2 () + VIVEG 1720
N
<er Y NURZng") = 22 ()20 + NVIng 72y + c(6® + 7).
n=1

Since ¢f € W*°(Q) by Assumption 4.1, [|[VZuq'||12(q) < ¢ (cf. (3.2)). Further, by
Lemma 4.2, we have

U5 @na') — 2 (ta) By < 2007 (Tnah) — wltn) 2y + 2ulta) = 20l 2aqe
< e(rty ™+ B20)° + clultn) — 2 (t) B
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Consequently,

N
7Y VU (Zngh) = 2 ()7 20

n=1
N N
Ser Y (T T A 120)P e anlu(tn) = 2 ()72
n=1 n=0

< er? Z 1972 4 ch2 4 (71T + 6%)
n=1

< (T 4 RE 4 67).
Combining the preceding estimates completes the proof of the lemma. 0

We shall also need the following lemma on backward Euler CQ.

LEMMA 4.7. Let ' be the evact coefficient and u = u(q') the corresponding so-

lution to problem (1.1). Then for o™ = qT;qZ u(ty), and any € € (0,min(3,1 — a)),
there holds

—azba) Ph _ m)

Proof. By the associativity of CQ from (3.5), i.e., 0%¢™ = 02710, ¢", if ©° =0,

< cT,etjiE .
L2(Q)

n+1

— (a) m o (a— 1)Ph<)0 7Ph§0
= Zb - ri- Zb P

Thus, the L?(Q)-stability of Py, the bound on |b§a71)| <e(j+1)"% and (4.1) imply

m

< er =Y (= i+ D)7 Gl o)

e < 7 QZW 1’|H
L2(Q) n=j

tm
< erle Z(n —jHnTeTl < c/t (s —tj+7) 7" st = g(t)t; ",
n=j I

where &, € [t,,tn41]. We claim that the integral g(¢;) is decreasing in t; € [7,t,,].
Indeed, for any 0 < t; < t3 < t,,, by changing of Vamables there holds

tm
g(ty) :== / (s =t +7) %1 ds
2

t 7(152 tl) B tm B
= / (s =1 +7) s 1ds + / (s — 1 +7) st 1 ds

t1 tm—(t2—1t1)

t’YL
> g(f) + / (s — i+ 7)1 ds > g(B).
t

m—(t2—%1)

Thus, ||T||z2(0) <t} f:"‘(5+7')’a50‘+5’1d3 < ¢t . This completes the proof of the
lemma. O
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The next theorem represents the main result of this section, i.e., error estimate
of the numerical approximation ¢j € A, in a weighted L?(Q2) norm, with the weight
q"|\Vutn)|? + (f(tn) — 0fu(ty))u(t,). The proof relies crucially on the choice of the

r

novel test function ¢ = L =tiy,

pii
THEOREM 4.8. Let ¢t be the exact diffusion coefficient, u = u(q) the solution
to problem (2.2), and qj € Ap the solution to problem (4.2)—(4.3). Then under

Assumption 4.1, for d = 1,2, with £, = |logh| and n = T3S 4+ h20, + 6+ 7%, there
holds

N m
> / () (a1 u(en) P+ () = O ulta)ult)) o

m=1n=1
< by by BTy i),
Proof. For any test function ¢ to be specified below, we have the splitting

((¢" = g;)Vu(tn), Vi)
= ((¢" = ¢;)Vu(tn), V(e = Pug)) + (¢'Vu(tn) — ¢;;Vu(ts), VPi).

Thus, applying integration by parts to the first term leads to

((¢" = a5)Vu(tn), Vo) = =(V - ((¢" = ;) Vu(ty)), o — Paip)
+ (an V(U (q3) — ultn)), VPrp)

(4.6) +(q'Vu(tn) — g VUR(qh), VPrp) = ZI”

Next we bound the three terms. Direct computation with the triangle inequality gives

IV - ((q" = ¢;) Vu(tn))l £2(0)
< IV || oo (o IVulta)l r2) + g = @l e @) | Aultn) | 22
+IVay L2l Vultn) | Lo ) -

In view of the regularity estimate (4.1), we derive

IV - (¢ = g5) Vulta)llr2) < ¢+ ||Vl Q)HVU( )l L (@)

min(0,1—%—e
< e(1 4 (rn©1=% )QHVL]hHLZQ))

where the second line is due to Sobolev embedding ||Vul[z~(q) < cllullgsq) with
s> g + 1 (by the convexity of the domain and elliptic regularity [10, Corollary 19.7,
p. 166]). This and the Cauchy—Schwarz inequality imply that the first term I} is

bounded by

T < et + [ Vanllz@)lle = PrpllL2 o

T *
Now we choose the test function ¢ to be ¢ = ¢" = _hu(t,) € Hj(Q2), and then
straightforward computation gives Vo™ = (¢' 'V (¢ —q¢;) —¢"2(¢" —q},) Vg u(t,) +
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q"~(¢" — ¢})Vu(ty,). By the box constraint of A and the regularity estimate (4.1), we
have

IV 2oy < | A1V 2@ uta) | @) I Vulta) 2o < c1+Va: l2(),
and the approximation property of the projection operator P, implies ||¢" —Pr¢"|| 12(q)

< ch|[Ve" || r2(0) < ch(1+ ||Vl L2(q)). Thus, by Lemma 4.6, the term I} is bounded
by

_d_\o
|In‘ < htnmln 2 —€) 2( + ||VQ}*L||L2(Q )2
< tmln(O 1— 2 —e) g % h(]_ + 7,1772) < ctmln(O 1— 2 —e) g % h’}/71 2
which together with the trivial inequality 7 Z 1 t?m(o 1-§-9% < ¢ implies

N
(4.7 T Z It < chy 'n?

n=1

For the term I%, by the triangle inequality, inverse inequality, and H'(Q) stability of
P, we have

IV (u(tn) = U (api))llz20) < IV (u(tn) = Pou(ta)llzz@) + 0 Poultsa) — Up(ap) | 20
< e(h+h™Hultn) = U g 2@

and consequently, the Cauchy—Schwarz inequality and Lemma 4.6 imply

TZI" < TZ IV (u Up(@))llL2@ IVe" [ L2 0
c(h+h_1( Z fultn) = U i) e )<1+ 1631 z2(0)
(4.8) <c(hy™ +h7y i),

Next we bound the third term If. It follows directly from (2.2) and (3.7) that

13 = (¢'Vu(t,) — VUL (qh), VPhg")
= (02 (U (ar) — UR) = 05 (u(tn) — uo), Pap™)
[(UR(a5) = UR) = (ultn) — uo)], Pug™)
> (u(tn) — uo) — 0F (u(tn) — uo), Prp") =: 151 + 135,

It remains to bound the two terms I ; and I3 , separately. By Lemma 4.3, there holds
T3 5] < ||5ﬁ‘(u(tn)—uo)—af(u(tn)—uo)HLz(Q)HPh<p"||Lz(Q) <ert;t, n=1,2,...,N.

Consequently,

N m
§CTSZZ <ecrlog(l+tn/T).

m=1n=1

N m
7 Z Z I3,

m=1n=1
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It remains to bound the term If ;. Since Uy (gj;) = Uy and u(0) = uo, straightforward
computation with summation by parts yields

Ms

T ZI =7 (07U (ar) = UR) — (ults) — uo)], Pug™)
n=0
=7y ((Ul(ah) = UR) = (ulty) —uo)l, 7~ D by Pug™).
j=0 n=j
Next we appeal to the splitting
TN B Pt =7 B Pt ™)+ Y b Py = 1VE +IVE
=jJ n=j n=j

By Lemma 3.2, the sum IVim satisfies

m—j
IV 2 ) < clle™ (2o (Ta > bg:l)) <t il ) < et s
n=0

since [|¢"™||z2(q) < ¢. Then Lemma 4.6 and the Cauchy-Schwarz inequality imply

N m
2 S UL gn) = ) 2@ IVl

m=1 j=1

N
< CT2Z Z HU] (qn) —ul)llLz@tns 11

N
Jj=1m=j
N

(anqh (tE)3ay) " < e,

=

[N

where the second inequality is due to TZm tmeir1 < ct}\,—_"‘j 41~ Similarly, by
Lemma 4.7,

N m
. Z Z U3 (g5 ) L2 @Vl L2@) < 7 Z Z U (q5;) — ult lrz@t;

m=1 j=1 m=1 j=1
N >

< CTZ ||UiL((1h) —ult;;@)llLe@t; © < < Z ||UJ (ar,) )HL2(Q ) <.
j=1

These two estimates and the triangle inequality lead to
N
m=1

The three estimates (4.7), (4.8), and (4.9) together imply

S

(4.9)

mqm—w>uma—mmmwﬂsW

n=1

m

N
3N (" = a5)Vu(ta), V) < c(hy Ty + 720 + h Ty B,

m=1n=1
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Finally, this and the identity

T %
(' =) Vult). V") = 5 [ (T2 (ol19u(en) P+ () = Ot ule)) o

lead immediately to the desired assertion. This completes the proof of the theorem. 0O

Remark 4.9. The restriction on d = 1,2 is due to limited regularity pickup on
general convex polyhedral domains, in order to ensure ||Vullz~) < cllullgs@) <
c. The result holds also for a polyhedral domain in R® with suitable conditions
[9, Theorem 4, p. 18]. One possible strategy to remove the restriction is to use
maximal LP(Q) regularity [24], instead of the Hilbert space H*(Q2). Further, it is worth
noting that the proof relies heavily on the discrete “integration by parts” formula for
convolution quadrature when bounding the term I3 ;, which is valid only for the whole
interval [0, 7] and represents the main obstacle in extending the analysis to the case
of partial data, e.g., terminal observation.

The next result is an immediate corollary of Theorem 4.8.

COROLLARY 4.10. Let gt be the exact diffusion coefficient, u = u(q') the solution
to problem (2.2), and gi € Aj the solution to problem (4.2)-(4.3). Then under

Assumption 4.1, for d = 1,2, there holds (with n = 73H8 L h20, + 6+ 'y%)

/ / / T|VU( )+ (f(s) — 3?“(5))11(5)) dadsdt

< c(hy~ 77—|—h’y 3 4 pt ~y 277)77

Proof. In view of Theorem 4.8, it suffices to bound the quadrature error:

N m
|Vu )Pdsdt — 72> Z |Vau(t,)|?

It remains to bound the two terms I and II. For the first term,

iv: </tm /t |Vu(s)[2dsdt — #i |Vu(tn)|2>|

|VU(S)|2det

max

tm
/ |Vu(s |ds—7’Z|Vu
n=1

Im

N

Z

m=

+7’Z/ |Vu(s)|*ds.

By the regularity estimate (4.1), [Vu/(s)||L2() < ¢s2 1 and [|Vu(t)l|lc(o,r);2 () <
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c. Clearly 722:1 fi::l |[Vu(s)|?ds < er. Further,
/ Iz < Z / 19 Cus) + uta) | 2@ IV () — b)) 2y

/ "W ()¢

tm
< C||VU||C([0,tm];L2(Q))T/ s271ds <ecr.
0

tm

< c||Vulle(o.tm):L29)) Z

tm—1

ds
L2(Q)

The preceding two estimates imply fQ Idz < ¢7. The term II can be bounded similarly
as [ IIdz < ¢r|In7|. Indeed, under Assumption 4.1(i), the estimate (4.1), and (1.1),
we have [|0ful|2(q) < ¢ and [[(95w)’ (¢) || L2y < ct™!, and thus g(t) = 9 u(t) — f(¢)
satisfies [|g(t)||2(0) < ¢ and [|g'(t)||z2(0) < ct™'. Then repeating the argument
completes the proof. 0

Remark 4.11. There has been much interest in deriving error bounds on the
Galerkin approximation ¢ in the usual L?(2) or Sobolev norm for nonlinear pa-
rameter identification problems. However, for the inverse conductivity problem in
either the elliptic or parabolic case, such an estimate remains elusive, largely due to
a lack of convexity of the regularized problem. The error estimate given in Corollary
4.10 provides one possible route to derive an L?(Q) estimate. Indeed, if the exact
coefficient ¢ and the corresponding state u = u(q") satisfy

(4.10) /OT /Ot (qT|Vu(s)|2 + (f(s) — qu(s))u(s))dsdt >c a.e. x €Q,

then the usual L? estimate follows directly. In the classical parabolic case, similar
structural conditions have been assumed in the literature, e.g., the following charac-
teristic condition [49, 29]: ¢~! fot Vu(z,s)ds-v > 6y > 0 for all (x,t) € Q = Qx(0,T],
where v is a constant vector, or [50, Theorem 6.4] oy fo Vu(z, s)ds|? —l—tfo (x,s)—

f(z,s))ds > 0 a.e. (z,t) € Q. Note that this latter condition is not positively homo-
geneous (with respect to problem data). Next we comment on the condition (4.10).
If f=0in @, up > 0 in €, then the maximum principle for the subdiffusion model
[39] implies « > 0 in Q. Further, w = 0fu satisfies Ifw — V - (¢'Vw) = 98 f in Q,
with initial condition w(0) = V - (¢"Vug) + f£(0) in Q and boundary condition w = 0
on 9N x (0, T). If 02 f(t) < 0 and V- (¢"Vug) + £(0) < 0, then the maximum principle
implies 0f'u = w < 0 in Q. Further, if f > 0 in @, then f — 9f*u > 0 in @, which
implies (f — Ofu)u > 0 in Q. Thus at least a weak version of condition (4.10) holds.
We leave further discussions on the condition (4.10) and its analogues to future work.

Remark 4.12. Theorem 4.8 and Corollary 4.10 show that the convergence rate is
of order O(67) in the weighted norm, provided that v = O(h*) = O(62) = O(r'+2).
The error estimate in Theorem 4.8 and Corollary 4.10 is expected to be suboptimal,
due to the presence of the factor h~!, which arises from the use of inverse inequality
n (4.8). It remains unclear how to achieve optimality, even in the standard parabolic
case [50].

5. Numerical results and discussions. Now we present numerical results to
illustrate the fully discrete scheme (3.6)—(3.7) with one- and two-dimensional exam-
ples, with the measurement 2° over the time interval [Ty, 7] (by a straightforward
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TABLE 1
The reconstruction error gy — qT||L2(Q) for Example 5.1.

€ 0 1.00e-3 5.00e-3 1.00e-2 3.00e-2 5.00e-2
o 1.00e-14  1.00e-13  3.00e-13  5.00e-13  1.00e-12  3.00e-12
a=0.25 7.75e-3 9.95e-3 1.33e-2 1.53e-2 2.50e-2 3.64e-2
a=0.50 | 8.73e-3 1.00e-2 1.33e-2 1.50e-2 2.65e-2 4.11e-2
a=0.75 9.92e-3 1.16e-2 1.80e-2 2.24e-2 3.30e-2 5.16e-2

adaptation of the formulation; see Remark 3.8), with T" fixed at 1. Throughout, the
corresponding discrete problem is solved by the conjugate gradient (CG) method [3],
with the gradient computed using the standard adjoint technique. Unless otherwise
stated, the lower and upper bounds in the admissible set A are taken to be cg = 0.5
and c¢; = 5, respectively, and are enforced by a projection step after each CG iter-
ation. The minimization method converges generally within tens of iterations. The
noisy data 2’ is generated by

P, t)=ulg) (@, t)+e  sup  |u(z,t)|é(x,t), (z,t) € Qx [Ty, T,
(z,t)eQX[To,T]

where £(z,t) follows the standard Gaussian distribution, and € > 0 denotes the (rela-
tive) noise level. The noisy data 20 is first generated on a fine spatial-temporal mesh
and then interpolated to a coarse spatial/temporal mesh for the inversion step. The
scalar v in the functional J, plays an important role in determining the accuracy of
the reconstructions, but it is notoriously challenging to choose (see, e.g., [20]). In
our experiments, its value is determined by a trial and error manner, first for the
fractional order a = 0.50 and then for the cases o = 0.25 and o = 0.75, which might
be suboptimal but works reasonably well in practice.

5.1. Numerical results in one spatial dimension. First we present numer-
ical results for two examples on unit interval Q = (0,1). The reference data u(q') is
computed with a mesh size h = 1/400 and time step size 7 = 1/2048, and the inver-
sion step is carried out with a mesh size h = 1/200 and time step size 7 = 1/1024,
unless otherwise specified.

The first example has a smooth exact coefficient ¢f, and the problem is homoge-
neous.

Ezample 5.1. ug = z(1 — ), f =0, ¢ =2 +sin(27z).

First, we let Ty = 0.75 and study how the reconstruction error changes with
respect to different parameters. The numerical results for the example with different
noise levels €, and fixed h and 7, are summarized in Table 1. The chosen 7 is relatively
small, since the magnitude of the exact data u(q'") is actually very small: for example,
upon convergence, the functional value J,  -(g;) is about O(1071?) for exact data
and about O(1079) for € = 1.00e-2. Clearly, the L?(2) error e, of the reconstruction
q, ie., eq = |lgf — @il 22(), decreases steadily as the noise level e tends to zero.
(Note that even at € = 0, the reconstruction error e, is nonzero due to the presence of
discretization errors.) The convergence is consistently observed for all three fractional
orders. Interestingly, for a fixed noise level €, as the fractional order « increases
from 0.25 to 0.75, the reconstruction error tends to deteriorate slightly. It might be
related to the fact that for homogeneous subdiffusion, the smaller « is, the quicker
the state u(t) approaches a “quasi”’-steady state; then the inverse problem reduces
to the elliptic counterpart, i.e., =V - (¢Vu) = f, which is known to be beneficial
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X X X

e=0 € = 1.00e-2 € = 5.00e-2

Fic. 1. Numerical reconstructions for Example 5.1 with o = 0.5.

TABLE 2
Reconstruction errors ||q; —q*||L2(q) for Bzample 5.1 with e = 1.00e—2 (and 8 = 5.00e—13)R,
vs. the mesh size h = 1/M with T fized at T = 2710,

M 10 20 40 80 160 320
a=0.25 | 5.39%-2 2.74e-2 2.33e-2 1.46e-2 2.04e-2 1.15e-2
a=0.50 | 5.38e-2 2.56e-2 2.5le-2 1.56e-2 1.16e-2 6.51e-3
a=0.75 | 4.6le-2 2.57e-2 2.26e-2 2.4le-2 1.14e-2  8.00e-3

TABLE 3
Reconstruction errors |\g;; — q*|| 2 (q) for Ezample 5.1 with e = 1.00e — 2 (and 8 = 5.00e —13),
vs. the time step size T, with h fized at h = 5e — 3.

=

T 2—5 2—6 2—7 2—8 2—9 2—10
a=0.25 | 3.78-2 3.88e-2 2.03e-2 8.30e-3 2.38e-2 6.27e-3
a=0.50 | 3.90e-2 3.80e-2 1.98e-2 1.92e-2 2.07e-2  8.46e-3
a=0.75 | 9.3le-2 4.47e-2 2.64e-2 1.06e-2 1.45e-2 6.64e-3

for numerical reconstruction [26]. However, the precise mechanism remains to be
ascertained. We refer to Figure 1 for exemplary reconstructions: the recoveries are
qualitatively comparable with each other and all reasonably accurate for e up to
€ = 5.00e-2. These observations concur well with the numbers in Table 1.

Next we examine the convergence with respect to the mesh size h and time step
size T; see Tables 2 and 3 for the empirical convergence with respect to h and 7,
respectively. The reference regularized solution ¢* is computed with A = 1/800 and
7 = 1/2048, and it differs slightly from the exact diffusion coefficient ¢, due to the
presence of data noise (e = le-2). Clearly, the L*(Q) error [|¢* — ¢};| r2(q) of the
reconstruction ¢; (which depends also implicitly on 7 via the optimization problem
(3.6)—(3.7)) decreases as either the mesh size h or time step size 7 tends to zero,
and the convergence is generally steady. These observations partially confirm the
convergence result in Theorem 3.7.

Last, we take Tp = 0 and examine the convergence of the errors e, = ||q’r —q HL2(Q)
and e, = (1 20 JJu(ty,) — U,’Z(q}i)”%z(m)%, with respect to e. Motivated by the er-
ror estimates in Theorem 4.8 and Remark 4.12, we fix a small 7 = 1/2048 and let
h = /e and v = 10~* x €2. The errors eq and e, are plotted in Figure 2: a first-order
convergence O(e) is clearly observed. This shows the suboptimality of the theoreti-
cal convergence rate in Theorem 4.8. This remains an outstanding question for the
analysis of the discrete problem and seems open even for the standard parabolic case.

The second example has a nonsmooth exact coefficient ¢f, and the problem is
inhomogeneous. The notation min denotes the pointwise minimum.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/14/21 to 193.60.238.99. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

COEFFICIENT ESTIMATION IN SUBDIFFUSION 1491

——a=0.25 ——a=0.25
—<=-a=0.50

103 102

FIG. 2. Plot of ey and eq versus € with h = /e, vy = 107% x €2, and 7 = 1/2048.

TABLE 4
Reconstruction error ||q}; — qT||L2(Q) for Ezample 5.2.

€ 0 1.00e-3 5.00e-3 1.00e-2 3.00e-2 5.00e-2
¥ 1.00e-15  2.00e-13  4.00e-13  1.00e-12  4.00e-12  9.00e-12
a=0.25 4.36e-3 7.91e-3 1.28e-2 1.56e-2 2.21e-2 3.02e-2
a = 0.50 6.13e-3 6.95e-3 1.30e-2 1.58e-2 2.34e-2 2.89e-2
a=0.75 1.04e-2 1.14e-2 1.44e-2 1.54e-2 2.18e-2 3.23e-2

26
24
T 22
2 -
——exact
= = recon
1.8
0 0.5 1 .
X X X
e=0 € = 1.00e-2 € = 5.00e-2

F1a. 3. Numerical reconstructions for Example 5.2 with oo = 0.5.

Ezample 5.2. up(z) = 22(1— )2, f(z,t) = "Dzl —2)t, ¢' = 2+ min(L,sin*
(27x)), and Ty = 0.75.

The numerical results for the example with different noise levels are given in Table
4 and Figure 3, where the lower and upper bounds in the admissible set A are taken
to be ¢cg = 1.9 and ¢; = 2.7. With this choice, the box constraint becomes active
at some CG iterations. The observations from Example 5.1 remain largely valid:
the error e = |lg" — g};||12(q) decreases as the noise level e decreases to zero. The
results are mostly comparable for all three fractional orders. For high noise levels,
e.g., € = 5.00e-2, the reconstruction error is clearly dominated by the oscillations
within the flat regions, which is reminiscent of the Gibbs phenomenon arising from
the approximation of the kinks, and also the deviations in the valley. Nonetheless, all
the results are fair and represent acceptable approximations.

5.2. Numerical results in two spatial dimensions. Now we present numer-
ical results for the following example on the unit square 2 = (0,1)2. The domain
) is first uniformly divided into M? small squares, each with side length 1/M, and
then a uniform triangulation is obtained by connecting the lower-left and upper-right
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TABLE 5
Reconstruction error ||q}; — qT||L2(Q) for Example 5.3.

€ 0 1.00e-3 5e-3 1.00e-2 3.00e-2 5.00e-2
o 1.00e-14  3.00e-12  1.00e-11  3.00e-11  2.00e-10  5.00e-10
a=0.25 1.51e-3 1.75e-3 2.87e-3 3.64e-3 5.82e-3 7.81e-3
a = 0.50 1.61e-3 1.86e-3 2.80e-3 3.62e-3 6.58e-3 9.57e-3
a=0.75 1.59e-3 2.21e-3 3.38e-3 4.66e-3 1.13e-2 1.64e-2

13 13 13 13

05 s 05 g 05 s 05 —0s
00 00 00 00
X, X, X, %, X, X, %, X,
10°
0 001, 002,
2 o 0
o7 o7 o7
-4 0.02
-0.01
6 0.04.
1 1 1
1 1 § 1
05 05 05 ] 05 05 05
%, 00 %, %, 00 . % 00 %,
e=0 € = 1.00e-2 € = 5.00e-2

F1G. 4. Numerical reconstructions for Example 5.3 with oo = 0.50.

vertices of each small square. The reference data is first computed on a finer mesh
with M = 100 and a time step size 7 = 1/2000. The inversion is carried out with a
mesh M = 40 and 7 = 1/500.

Example 5.3. ug(x1,29) = x1(1—21) sin(ras), f =0, qf (1, 22) = 1+sin(rz;)xs
(1 —23), and Ty = 0.8.

The numerical results for the example with different noise levels are presented
in Table 5 and Figure 4. The empirical observations are in excellent agreement with
Example 5.1, e.g., convergence as the noise level e decreases to zero and slightly
improved reconstructions for increasing fractional orders «. Figure 4 indicates that
the pointwise error e, = ¢;; — ¢' lies mainly in recovering the peak, but the overall
shape is well recovered.

6. Conclusions. In this work, we have studied the numerical recovery of a spa-
tially dependent diffusion coefficient from the full space-time datum using a regular-
ized least-squares formulation. First, we proved the well-posedness of the continuous
formulation, e.g., stability and convergence. Second, we described a fully discrete
scheme based on the Galerkin finite element method in space and convolution quad-
rature in time and showed the convergence of the numerical approximation. Third,
we derived error estimates for the numerical approximation under certain regularity
conditions on the exact diffusion coefficient and problem data.

This work presents only a first step toward rigorous numerical analysis of the
inverse conductivity problem. There are several avenues deserving further research.
First, it is important to analyze the formally determined case, e.g., terminal data or
lateral Cauchy data. This is apparently very challenging, since even for the classi-
cal parabolic counterparts, a rigorous error estimate (in either a weighted norm or
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the usual L?(€2)) remains elusive. The techniques in this work also do not extend
directly, due to their heavy use of the discrete “integration by parts” formula over
the interval [0,T]. Second, even for full data, the obtained error estimates remain
suboptimal in terms of their dependence with the mesh size h, when compared with
the empirical convergence rate. Partly, this arises from the inverse inequality, and it
remains unclear how to achieve optimality. Third, it is of great interest to recover
the fractional order o and the diffusion coefficient ¢ simultaneously, or a space-time
dependent diffusion coefficient. Fourth and last, it is of much interest to derive the
necessary and sufficient optimality conditions for the regularized formulation, to carry
out convergence and error analysis with respect to stationary points, and to develop
more efficient numerical algorithms. The optimality system may be derived using the
spike variation technique in a fairly general setting (see, e.g., [40] for the standard
parabolic case).

Appendix A. Proof of Lemma 4.3.
The proof relies on the discrete Laplace transform and the following two estimates:

(A1) clz] < 16-(e777)| < eol2| Vz e IG5

(A.2) 16, (e~ < |z|§: o7 l2lel” Vzexm
' T = Ko ’
with ¥g = {2z € C: 2 #0,|arg(z)| < 0} and 'y 5 = {z=refll s <pr <Oyl =
6e' : || < 0}, where § € (5, ) is fixed, and the resolvent estimate
(A.3) I(z = A(@) Ml < cle| ™ ¥z € S
Now let y(t) = u(t) — ug. Then y(t) satisfies
Ofy(t) — Ay(t) + Aug = f(t), 0<t<T.

Taking the Laplace transform gives
=G(=) — AG(z) + 27 Aug = [(2),

i, §(2) = (=" — A) 7 (F(z) =1 Aup). Since y(t) = 25(2) and By = 0,()°5 (),
then w™ = 02y(t,) — 0%y(t,) is represented by

7_

w' =t [ et () (e A - F(2) e + o ot K (2)(= Aug - J(2)) dz

27Tl F’G—,J 27T1 FQ,J\FE)(g

with K(2) = (0, (e7*7)% — 2%)(2® — A)~!. Recall the following estimate:

(A4) |6, (e72T)™ — 2% < ezt Yz e Iys-
By choosing § = ¢/t,, and (A.3), [ = fF, e*'n K(2)27 1 (Aug — f(0))dz is bounded
by

m sin 6

0
||I||L2(Q) < CTHAUO — f(O)HLZ(Q) (/ e—cptn dp —+ / Ct;l d(9>
o —0

tn

<ert M| Aug — £(0)|22(a)
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Further, by (A.2), for any z = pe*? € Ty 5 \ I' 5 and choosing 6 € (m/2,) close to
Tr’

|€ztn(§T(e—27)a _ za)z—l‘ S etanOSQ(C‘zrleapT 4 |Z‘a)|z‘—1 S C|Z|a_1€_0pt".
Then the term II = ;L fre,é\FZ,s e*tn K(2)271(Aug — f(0))dz is bounded by

oo

T[] 22y < el Augp — f(0)||L2(Q)/ e~ p~tdp < ettt | Aug — f(0) 2 (o)

7 sin 6

-

In view of the splitting f(¢) = f(0) +¢f'(0) + oIZ f"(t), it remains to bound the other
two terms. Upon extending f”(t) by zero to R_, straightforward computation gives

1
w" = K (2)2 7% dzf'(0)ds

27 Tos

I
- —/ / #3272 K (2) dzf"(s) ds.
27'('1 0 FG,S\F;,S

Then repeating the preceding argument leads to

tn
sy < er (17O s+ [ 157 l1eayds).

Combining the preceding estimates shows the desired assertion.
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