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COMPLETE ASYMPTOTIC EXPANSIONS OF THE SPECTRAL FUNCTION
FOR SYMBOLIC PERTURBATIONS OF ALMOST PERIODIC
SCHRODINGER OPERATORS IN DIMENSION ONE

JEFFREY GALKOWSKI

ABSTRACT. In this article we consider asymptotics for the spectral function of Schrédinger oper-
ators on the real line. Let P : L?*(R) — L*(R) have the form

Pi=—2L 4w,

dxz?

where W is a self-adjoint first order differential operator with certain modified almost periodic
structure. We show that the kernel of the spectral projector, 1 _. y2j)(P) has a full asymptotic
expansion in powers of A. In particular, our class of potentials W is stable under perturbation
by formally self-adjoint first order differential operators with smooth, compactly supported co-
efficients. Moreover, it includes certain potentials with dense pure point spectrum. The proof
combines the gauge transform methods of Parnovski-Shterenberg and Sobolev with Melrose’s
scattering calculus.

1. INTRODUCTION

Let
P:= D+ WD, + D,Wi + Wy : L*(R) — L*(R),
where W; € C°(R;R). We study the spectral projection for P, 1(_, »2j(P), when W;, i = 1,2
satisfy certain almost periodic conditions. Denote by ex(x,y) the kernel of 1(_ y2(P).
We assume that there is © C R countable such that —© = 6, 0 € O, and
= ®wp(z),  |0Fwp(x)| < Crnla)FO)N. (1.1)
0O

Before stating the general conditions on wy (see §3)), we give two consequences of our main theorem
(Theorem B1). Let w := (wy,...wq) € R% We say w satisfies the diophantine condition if there
are ¢, it > 0 such that

In-w| > ¢n|™*, n e 24\ {0}. (1.2)

Theorem 1.1. Suppose w € R? satisfies the diophantine condition (LZ) and W; are as in (L)
with © = 74 - w and

|0F Wi ()] < C’k7N(:E>_k(n>_N, n e 74
then for |z —y| > ¢,
ex(z,y) ~ cos(A(x Z)\ aj(z,y) + sin(A(z — Z)\ Ib(,y), ex(z,x) ~ Zdj)\jH
r ,
(1.3)
where ag = 0 and by = ﬁ Moreover, we have an oscillatory integral expression for ex(zx,y)

valid uniformly for (z,y) in any compact subset of R2.

Remark 1.1. It is easy to see that the condition (I.2) is generic in the sense that it is satisfied
for Lebesgue almost every w € [—1,1]%.

Next, we state a theorem in the limit periodic case.
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Theorem 1.2. Let {m,}5° | C Zi, and © = O, U—-0,U{0} where O = {6,}°2 4, 0, := my/n.
Suppose that W; are as in (LT)) with

05w, (2)| < Crn(x) * ()™, n>1

then (L3)) holds.

In both Theorems [[LT] and [L2] one may add any formally self-adjoint first order differential
operator Wy, = ai(x)D, + bi(z) whose coefficients satisfy |0Fa;(z)] < Ci(x)~™* to W and
W + Wy will satisfy the assumptions of the Theorem. In addition, Theorems [T and
include examples with arbitrarily large embedded eigenvalues and Theorem includes examples
with dense pure point spectrum (See Appendix [B]).

While full asymptotic expansions are known in the the case that W is compactly supported [PS83),
Vai84] and in the case that Wy = >, ey, with vy € C and © satisfying the assumptions of
Theorem [IT] [PS16], to the author’s knowledge Theorems [Tl and are the first to allow for
both types of behavior. The work [PS16] followed the approach developed in [PS12l [PS09] for the
study of the integrated density of states a subject whicht, for periodic Schroédinger operators,
has been the focus of a long line of articles (see e.g. [Sob05, [Sob06, Kar00, [HM98]).

1.1. Discussion of the proof. We choose not to state our general results until all of the necessary
preliminaries have been introduced (see Theorem [3.]). Instead, we outline how our proof draws on
and differs from the work of Parnovski-Shterenberg [PS09, [PS12) [PS16] and Morozov—Parnovski-
Shterenberg [MPS14]. These papers handle the much more difficult higher dimensional case of the
above problem when W (z, D) is replaced by a potential V(z) = Y. ve™” where vg € C and ©
is assumed to be discrete and satisfying certain diophantine conditions. The crucial technique used
in those articles is the gauge transform (developed in [Sob05, [Sob06, [PS10]) i.e. conjugating the
operator P by €' for some pseudodifferential G constructed so that the conjugated operator takes
the form Hy+ R where H is a constant coefficient differential operator near frequencies |£| ~ A and
away from certain resonant zones in the Fourier variable and where R = O(A™")y_~_, y~. The
authors are then able to make a sophisticated analysis of the operator Hy acting on Besicovitch
spaces. This analysis uses in a crucial way that Hy acts nearly diagonally i.e. that the operator can
be thought of as a direct sum of operators acting on resonant frequencies and is diagonal away
from these frequencies. The authors write a more or less explicit, albeit complicated, integral
formula for the spectral function and then directly analyze this integral.

In this article, we take a somewhat different approach to the second step of the above analysis.
Namely, we start with our operator P and, after conjugation by €!“, are able to reduce to the
case of Hy + R where Hj is a scattering pseudodifferential operator [Mel94] near the frequencies
|€] ~ A. However, because we have simplified our problem by working in one dimension, resonant
zones do not occur. In particular, we will prove a limiting absorption principle for Hy at high
enough energies and show that the resulting resolvent operators (Hg — A2 Fi0)~! satisfy certain
‘semiclassical outgoing/incoming’ properties. These, roughly speaking, state that the resolvent
transports singularities in only one direction along the Hamiltonian flow for the symbol of Hy and
that these singularities do not return from infinity. With this in hand, we are able understand
the spectral projector for Hy using the wave method of Levitan [Lev52], Avakumovié¢ [Ava56] and
Hoérmander [Hor68] and hence, using an elementary spectral theory argument, to understand the
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spectral function for P. The crucial fact allowing the proof of a limiting absorption principle is
that Hy may be chosen such that the ‘non-scattering pseudodifferential’ part is identically zero
on frequencies near .

Acknowledgements. Thanks to Leonid Parnovski for many helpful discussions about the litera-
ture on almost periodic operators and especially for comments on the articles [PS09) [PS12| [PS16].

2. GENERAL ASSUMPTIONS

2.1. Pseudodifferential classes. We work with pseudodifferential operators in Melrose’s scat-
tering calculus [Mel94]. Since we are working in the simple setting of R, we will not review the
construction of an invariant calculus. Instead, we say that a € C*(R?) lies is S™" if for all
a, B €N,

1050 a(w, €)] < Capla)" (). (2.1)

We define the seminorms on S by

a B
lalze =>" " sup 8107 a(x, &) ()" (&)~

§=0 k=0
When it is convenient, we will say N = (m,n,a, 8) C N* is a choice of a seminorm on S"",
It will also be convenient to have the standard symbol classes on R. For this, we say a € C*(R?)
lies in S™ if
070 a(x,€)| < Cap(€)™ .
Note that S™™ C 5§™. We also define the corresponding classes of pesudodifferential operators:
™= {a(z,hD) | a € S™"}, U™ = {a(z,hD) | ac S™},
where for ¢ € S™,
1 i
aw D)= o [ He I ala, uly)dyds
We sometimes write Opp(a) for the operator a(z, hD).

Our pseudodifferential operators will have polyhomogeneous symbols. That is, they will be
given by a € ™", b € S™ such that there are a; € S™7/"77 b; € S™7/ satisfying

N-1 N-1
a(2,6) = Y Waj(x,6) € WNS™ NN b(a,6) = Y7 Wb(e,6) € BTN

We will abuse notation slightly from now and and write a € S™", b € S™ to mean that a and b
have such expansions and W™ W™ for the corresponding operators.

Note that both ¥™" and ¥™ come with well behaved symbol maps, o, , : ¥™" — S™" and
om : U™ — S™ respectively such that

)

0 — hgm—Ln=1 MDY G T g 0, 0 — hgm—1 “@ID) gm om gm

are short exact sequences. Moreover,
Omi+msz,n1+ns2 (AB) = Omq,nq (A)Umz N2 (B)’ Jm(AB) = Omy (A)sz (B)’
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and
Omi+mo—1,n1+n2—1 (ih_l [A, B]) = {Umhm (4), Oma,na (B)},

Omi+ma—1 (ih_l [A7 B]) = {Uml (A)7 Omy (B)}7

For future use, we define norms as follows,

{a,b} := 0ra0yb — O0¢b0;a.

lull gz o= ey 2ull g, Nl = (=202l 2
We recall the following estimates for pseudodifferential operators

Lemma 2.1. Let a € S™", b€ S™. Then

||a(iU,hD)uHHZlfm,slfn S CaHUHHZl,Sz, ||b(x7h‘D)u||HZI*mv52 S Cb||uHH]-:1,s27
hD e b(z,hD _ .
The maps S™™ “@hp) L(H;"? H'7"™%7™) and S™ (@hD) L(H', H;'™™) are continuous.

In preparation for the gauge transform method, we prove two preliminary lemmas on exponen-
tials of elements of W0.

Lemma 2.2. Let G € U0 self-adjoint. Then ¢ € WY,

Proof. Let g € S° such that G = Opy(g) and Ag(t) := Opy,(e'9). We compute
Dy(e " Ag(t)) = e "G (=G Ay + Opn(ge™)) = e "“hOpy (r1(t))
where 71 € S™!. Now, suppose that we have Bj(t), j =1,...,N — 1, B; € 7 such that with
An-a(t) == Ao(t) + 305" W By (1),
Dy(e™" An(t)) = e WY Opp(rn (1))
with ry € S™V. Then, putting By(t) = Opp(—i fot =99y (s5)ds) we have
Dy(e7 " (An(t) + BN By (t)) = e “nN (Opy(rn(t)) — GBn(t) + DBy (t))
= e RN Opp (rv g (1))

for some ryy1 € STV Putting A ~ Ag + > h/ B;(t), we have

Di(e P A(t)) = e TCOL(h™®) g—oo.

In particular, integrating, we have
t
et = A(t) —i—/ =GR (s)ds, R (s) = O(h™)g-oo
0

Therefore, since for all N, A(t) : H,:N — H}:N and R : H,:N — H}Y are bounded, the fact that
e . L2 — L2 is bounded implies that for N > 0, € : Hh_N — H}:N. But then for u,v € Cg°,
€, 0) 2] = [, e ") 6

2] < Jll gy el s < Clull gy ol .

In particular, by density, we have ¢ : H ,]LV — H ,]LV is bounded for all N and hence
e = A(t) + O(h%°) g—co.

From the construction, it is clear that since G is polyhomogeneous, so is €€ O
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Lemma 2.3. Let G € V0 self adjoint, and P € ¥™,

N—-1 . k

iG —'G_ZZ adg P N

67/ Pe = _ T—’—O(h )H}SL_>H}SL+N7m
k=0

where ady B = [A, B].

Proof. Note that
(Dt)k:eitGPe—itG — eitG ad]& Pe—itG

and in particular,

N-1 . 1.
eitGPe—itG _ tkzk adk‘ P+ ¢ (t_ S)N IZN 1sG dNP —’isGd
T L T e y  (N_nr ¢ ele @
k=0

Now, adg P € WU N and hence, the lemma follows by putting ¢ = 1 and recalling that
e ¢ oY, 0

2.2. Ellipticity. Next, we recall the notion of the elliptic set for elements of ¥™ and ¥™". To
this end, we compactify T*R in the fiber variables to T*R = R x [0, 1] for ¥ and in both the
fiber and position variables to S“T*R = [~1,1] x [~1,1] for ", In particular, the boundary
defining functions on *T*R are +2~! near +2 = oo and +£~! near +¢ = oo and those for T*R are
+271. We can now define the elliptic set of A € U™ /U™ ellf(A) ¢ T*R, and ell,(4) C T*R
respectively as follows. We say p € ell}°(A) if there is a neighborhood, U C*¢ T*R of p such that

L (@) 7O o (A)(w. )] > 0,

We say that p € ell,, (A) if there is a neighborhood, U C T*R of p such that

B 6o (A)w. )] > 0.

Next, we define the wavefront set for an element of U™, WF},(A) C T*R and the scattering
wavefront set of A € U™" WEF{°(A) C* T*R. For A € U™, we say p ¢ WFy(A) if there is
B € W0 such that p € ell,(B) and

IBAll gy, < Cyh".
For A € U™" we say p ¢ WF;¢(A) if there is B € U90 such that p € ell{°(B) and

HBAHH;N,—N_)H}ILV,N < CNhN.

We can now state the standard elliptic estimates.

Lemma 2.4. Suppose P € ™" A € W00 with WF{(A) C elli°(P). Then there is C > 0 such
that for all N there is C' > 0 such that

N
HAuHHZ’k é CHPUHH}SLfm,kfn + ONh HUHH;N,—N.
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If instead P € U™, A € W0, with WFy,(A) C ell,(P). Then there is C > 0 such that for all N > 0
there is Cy > 0 such that

N
[Aullmy < CllPull go—m + CNB ]| v

2.3. Propagation estimates. We next recall some propagation estimates for scattering pseu-
dodifferential operators. Since we will work with operators that are fiber classically elliptic, i.e.

O(*°T*R)¢ C ell}*(P), we do not need the full scattering calculus here, and will work with operators
that are fiber compactly microlocalized. In particular, we say that A € U"" is fiber compactly
microlocalized and write A € WP if there is C' > 0 such that

WES(4) N {|¢] > C} = 0.

For fiber compactly microlocalized operators, all propagation estimates from the standard calculus
(see e.g. [DZ19a, Appendix E.4]) follow using the same proofs but interchanging the roles of z
and &.

Throughout, we let P € U™" self-adoint with oy, »(P) = p, and write
O 1= exp(t(f)l_m(a:)l_"Hp) SCT*R —5¢ T*R
for the rescaled Hamiltonian flow. The following lemma follows as in [DZ19al Theorem E.47]

Lemma 2.5. Let P € U™" self-adjiont and suppose that A,B,B; € wmP0  Eyrthermore,
assume that for all p € WF}(A), there is T > 0 such that

p1(p) € el(B), U eilp) cellie(By).
te[—T,0]

Then for all N there is C > 0 such that for e > 0, u € 8" with Bu € H}sL’k, B (P —ie(z)™")u €

s,k—n+1
E&

-1 . N
|Aull o < ClIBull s + ChH|BL(P — i) )ul e + Onh™ ]y

We will also need the radial point estimates in the setting of fiber compactly microlocalized
operators. The following two lemmas are a combination of [DZ19al Theorem E.52, E.54] together
with the arguments in [DZ19b| Section 3.1]

Lemma 2.6. Let P € U"™" self adjoint with n > 0 and let
Le{(z)"p=0}NI(T*R),

be a radial source for p. Let k' > "51, fix By € WweomPO gych that L C el3(By). Then there

is A € womPO(M) such that L C elli’(A) and for all N, k > k', € > 0, and u € S’ such that
Biu € Hfsﬁkl and B1(P — ie(z)")u € Hi’k_nﬂ,

1 Au]| o < Ch™Y|By (P — i2(@)" Jul o k-ns1 + cNhNHuHH;N,,N.

Lemma 2.7. Let P € V™" as above with n > 0, let
Le {{z)"p=0}NICT*R),
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be a radial sink for p Let k < "2 , fix By € Wm0 sych that L C elli(By). Then there are
A, B € UemPO(M) such that L C eli¢(A), WF¢(B) C el;(By) \ L, and for all N, € > 0, and
ue S such that Bu € H* and By (P —ie(x)")u € HZF ",

-1 . N
|Aul o < ClIBul s + ChH|BL(P — i) )ul et + Onh™ [y

3. ALMOST PERIODIC POTENTIALS

3.1. Assumptions on the potential. We now introduce the objects necessary for our assump-
tions on the perturbation W. We say that © C R is a frequency set if © is countable, © = —O
andOG@.Wewrite@k::®><'--x@and@k—@+ +@and

For a frequency set ©, and a seminorm N, on Sm”, we will need a family of maps si A :
OF x (8™™)® — [0,00). We denote an element (wp)gee € (S™™)® by W. Fix a seminorm, N
and define

lwsl 9 £
son(W) =1, s1,k(0, W) = {0 1 0 i 0

Next, for a € N/ with |a| = k, define Bi(a) = SJo_t ap. Then, for § € ©F, we write 0, :=
(08,(a)+15 - - - 08111 () € ©%. We can now define

Sa./\/’e W 1_[3a27 am

k
Sk ,/\/’(9 W) _ |Zk 0] EpESym(k) E\a|=k,ai§k/2 SOC,N(p(H)) Zi:l 0; 7& 0
’ 0 >, 0i=0.
where Sym(k) denotes the symmetric group on k elements.

The following two lemmas on the behavior of s; A will be useful below. Their proofs are
elementary and we postpone them to Appendix [Al

Lemma 3.1. There are Cj, N, > 0 such that for § € ©F,

ITi llws, HN
sk (8, W)] < Cklnf{‘w’Nk |w e {6,0} + -+ {6;,,0} \ 0} 3.1)

Lemma 3.2. Suppose that W € (8™m)On with, (W)91+...+9n = Wy, g, such that for all N there
is N satisfying
n
~ ) — wei N7
|9, .0, I < Loy llww,
10
Then for all N, there is N such that

seN (01 + 4 00, W) < s (01, .., 0,), W).

We say that W € U! is admissible if

W = Z 0% wg(z, hD) (3.2)
0cO
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where wg € S™0 and for all 0 < k, N/, and N > 0 we have

> skn(0W) < Cry,  llwelly < Cuar()™Y, (3.3)
0Ok

where W = (wy)geo-

Remark 3.3. When W is smooth and periodic i.e. © =rZ, and ||wg|; < Cyar(0)~Y, then W
is admissible.

Remark 3.4. If W is an approximately almost periodic function of the form

W = Z M™%y (z, hD)
nezd

with [[wn|x < Cna(n)™ and if w = (w1, ws,...wy) satisfies the diophantine condition (T2)),
then W is admissible. To see this, without loss of generality, we assume that w € B(0,1). Then
if § €O, # =n-w for some n € Z¢. In particular, if

k
Onyro 00 €O, D On = mj-w,
i=1 )

and hence, if ), 0y, # 0, then \Zle On,| > C| >, my| 7+
Using this, observe that by (8.1 there are Ck, N}, such that

k
601+, 06) < Co Iy [ O™ < G, T oty o2
¢ =1 i=1
We thus obtain the desired estimate by taking N > Npu + d and summing over n;, ¢t = 1,... k.

Remark 3.5. Next, we verify that certain approximately limit periodic functions are admissible.
Suppose that {mn}n 1 C Z contains 0 and satisfies {my}°2; = {—m,}>2 ;. Suppose

W= Ze@mnw/n (z, hD)

and ||w, ||k < Cn x(max(n, |m,|/n))~", then w, satisfies our conditions with pps = 0. Indeed,
in this case, © = {mn/n} > ;. Now, note that for 6; € ©, 0, = my, /n;

292‘ £0 =
i=1

Using this, observe that by (3.1 there are Cj, Nj such that

- n1n2 ng

sk (015 -, 0k) < Cr(nang - - ng) Ve [|we, [ - - - [Jwg, v
In particular, for N > N,

k
skN (01, 0k) < C HCk “(max(ng, mp, /1) "N < Oy [[(na)™ V.
=1 =1

We thus obtain the desired estimate by taking N > N + 1 and summing over n;, ¢ = 1,... k.
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Theorem 3.1. Suppose that W (z,hD) € W' is self-adjoint and admissible (i.e. (3.2) and (B3]
hold). Let 0 < § < 1,
P := —h?A + hW (z,hD).

Then there are a; € C(R3) such that for all R > 0 there is T > 0 satisfying for all E €
[1—0,1+6], pe CXP(R;[0,1]) with p=1 on [-T,T], and all z,y € B(0, R) the spectral projector
L(—oo,)(P) satisfies

1o my(P)(a,y) = b~ / [ Byt O g, deatdy + O ) o
where a ~ 3, ha;.

After putting h = A=Y, W(z, hD) = h(W1(z)hDy+hD,Wi(z))+h*Wy(x), an application of the
method of stationary phase, the analysis in Remarks [3.4] and 3.5 and an application Theorem 3.1
proves Theorems [[LT] and (See [Ivr18]| for a related problem.)

4. GAUGE TRANSFORMS

Before gauge transforming our operator, we need the following symbolic lemma which allows
us to solve away errors.

Lemma 4.1. Suppose that a € S¥0. Then, there is b € S0 such that (D, +6)b—a =r € SH=>
and

k0 kE,—N
16150 < Caprl0] M lall 52 o, Irll55Y < Cagn 0] all5o vof

Proof. Case 1: |6] > 1. Let x € C(R) with x =1 on [-1/3,1/3] and suppx C (—1,1). Then
define

1 . 1— (6
b(z,§) = o / 6’“‘”"#@(%8@@-

where the integral in y interpreted as the Fourier transform. Then, (D, + 0)b — a = r where

1

o= [ €TIX(O + maly, €)dydn———/ =00 + )|~V Dy aly, €)dydn

7’(1’,5) =

Then, since g := x(0)|n — 6]~ is smooth and compactly supported with seminorms bounded
uniformly in 6] > 1,
(0% 1 w lr— (0%
D2D{r(w. €)= | = 5 [ "oty — 2)D§ N Dfaly iy

< Cnns / 017 — )™M ()N (Pl 50, vy dy

< C1O M)~ NP all 50 s
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and

1 [ s 1 (@ —y)Do\N1 — x(0+ 1) /1 +nDy\2
DoaDﬁ N i(z—y)n n y DaDﬁ
Dz Debl, €)| ‘277/6 < 1+ |z — g2 ) n+0 <1+\n!2) yDealy, )dydn

<o [ =)0 -+ 671 )l oy

< C)0) B (x) ™ a||a‘|g at2

Case 2: |f| < 1. Define L : S** — C*(R2) by

La := ’L/ =05 (s,€)ds
0
Then, (D, + 0)La = a.
Moreover, if a vanishes at z = 0, then
x Ds
Ld:i/ Ds gio(s—)15(s, €)ds = —i6~ / ¢?5) D (s, €)ds + ~a(x, €)
o 0 0
=—6"'LD,a+06""'a

In particular,
D,La=a—60La=LD.a

Now, suppose that A € $%0 and @ vanishes to infinite order at & = 0. Then, for zr > 0 with
|| < |r|

- ik,
[La(z, )] < Irlllalso€)*
For |z| > |r|,
‘Ld(m £) ‘/ Osq(s, & ds‘ + 10|~ 1 ‘/ e Dgal(s ds‘ + |a(z, )| + |a(r, 5)\)
< (rl-+ 20 a5 +1612 (| [ e DRats,)ds| + a9 + |Diir,)])
vy~ (1K,0 _ k=2, k=1, \—
<O ((Ir] + 2161~ Dlallo + 16172 (Cll D2allo ~(r)~" + 2| Dl (r) )
Optimizing in r, we obtain |r| = |0|~! and in particular,
IZall5o < €161~ lallg
Therefore, since D¢ commutes with L, if b € Sk:0 vanishes to infinite order at z = 0, we have
ik, 1=k
ILall5 < Clo1~ il

Now, consider
D,La=0"Y(—LD?a+ D,a)
and define

+o0
as(§) := z'/o % D2%a(s)ds.
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Arguing as above, we can see that

0Fa(6)] < €16l 546)" .
Fix ¢y (z) € C such that [cydr =1, suppes C {£x > 0}. Then,
/ewngci(s)ds > cl6)?,

and putting am,eq(z,§) = a(z,§) — f:ijs%)git(é)) i f:igs%)gii(é)) -, we have

0o oo
/ ewngD?amod(xy g)dS = / ewngD?amod(sy g)dS = 0.
0 0

Moreover, since a,,,q vanishes to infinite order at 0, we can integrate by parts to see that
o —0o0
/ elestD?dmodds = / EZGSD];D?CNLmOddS =0, k> 2.
0 0
Finally, note that for o > 1,
D% Lamed = 0 (—=LDY armoq + DS amod)

and we have

T sgnwoo
| /0 ¢ DI D | = | / 650 DI+ DE ads| < Ol 40 (2)~()F.
X

To complete the proof we let y € C°(R) with xy = 1 near 0 and put a = (1 — x(z))a(z,§),
b= Lamoqd-

O

Next, we need a lemma which controls scattering symbols after conjugation by e*?.

Lemma 4.2. Suppose that B € ™™ and 0 € R, || < Ch~'. Then, there is By € ¥™™ such
that ‘ '
ez@mBe—ZGx — BG-
and WF¢(By) = WE}(B). Moreover, if B = b(x,hD), then By = bg(x, hD) where
© Bl (—1)7 .
j=0
In particular,
n—1,m n,m n—|B|—
[ e [ A I o
Proof. Write B = b(z,hD) + O(h*>)g-co,—. Then,
e¥%h(x, hD)e % = by(x,hD),  bg(z,&) = b(x,& — h).
Now,
020 b (2, &) = |0507b(y: M)y—s—eho| < Capla)™1UE — nEY" 17!

< Cop(h)" Pl (@ym=lolg)y =1 < Cop ()1l ()17
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and the first part of the lemma follows from Taylor’s theorem.
Note also that

1
0200 (b(,€) — by(x,€)) = h / (020 b, € — tho), O)dt

< bl R|g] () IBI= (ym—lel (pgyn—1BI-1

a,0+1
Lemma 4.3. Suppose that 01,02 € B(0, Dh™') and that a € S™"™ and b € S™>"2. Then,

h e Opy(a), €27 Opy (b)] = €102 (=1 Opy, (a), Opy (b)] + |0]ca(z, hD))
where the map L : S™™M x §m2n2 —y gmitme—Lnitnz (g b)) s ¢y is bounded uniformly in h with

bound depending only on the constant D.

Proof. Note that
€ Opi(a), €27 Opy (b)] = %)% (Opy (a_,) Opn(b) — Opi(b-0,)Opn(a))
= 17927 ([Opy,(a), Opn(b)] + (Opn(a—g, — a))Opn(b)
— (Opn(b—g, — b))Opr(a))).
We now apply Lemma to finish the proof. O

Using Lemma [£3] we can see that if ©1,05 C B(0, Dh~1)

G= > e%gy(x,hD), goeS™™  B= > P by(x,hD), bye 5™ (4.1)
0cO, 0€02
then,
WG, Bl = > &OFRgy o (x,hD)

0;€01,0,€02
where, for all m;,n;, i = 1,2 and «, 8 € N, there are K, C > 0 such that

+ma—1,m1+ ; :
1901050 27" < C(1+ max(61], [02]) 190, 151 Kot 11005 157 Koy i
Thus, applying Lemma 23] we have the following lemma:

Lemma 4.4. Let G € ¥~ self-adjoint and B are as in (@Il with m; = mg = —oo and
n1 =ng =0. Then,

k—1
G —iG _ i (> ®i+0)x ~ k
" Be _B+; Z_hjel(zu " ge.0+ O(h Vi N
I=l ®co)
6cO2

where for any Zgzo N; =N, «a, 3 there are K and Cnqap; such that
J
N,0 No,0 Ni,0
192.6ll50" < Cias(L+10D11boll 53 K 0y | 11+ [®iDIg2: 153 K 04 k-
i=1
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4.1. The gauge transform. We are now in a position to prove the inductive lemma used for
gauge transformation.

Lemma 4.5. Suppose that 0 < a < b and
WE (P — (Po + hQy + b Wi + bV Ry ) 0 {[¢] € [a,0]} = 0
where Qi € V=0 R € U=,
Wi = Z ewxwg,k(aj, hD)
0cO\0

with {wg 1.}eco satisfying B3) and Wy, Qy. self adjoint. Then there is G € h=0tF(1=0)g=00.0 sejf
adjoint such that
WFy (Pg — (Po + hQpar + K P Wiy + WV Ripr)) N {[¢] € [a,b]} =0
where Ry, € U—°°,
Qr+1 = Qr + W T1Qy € U0
with Qy, self adjoint and Wit s self adjoint with

Wipi= Y. P wygpi(z,hD)

satisfies (B.3) with ©, replaced by

Proof. Let x € C2°(0,00) such that y = 1 near [1/2,2] and
PX(IhDI) = (Po+ hQx + MWy, = WY Ri)x(|hD]) + O(h™)g-o

We aim to use the fact that Py dominates P to conjugate away Wj. Therefore, we look for G
such that, modulo lower order terms,

ih 1Py, G] = W,
To do this, we solve
2809 = U—oo(WkX(|hD|))
Now,
Wix(IhD)) = > e (wox(€]))(x, hD)
9O\ {0}
where wyg € S7°°0 satisfy ([3.3). Let x; € C°(0,00), i = 1,2, such that x1,x2 = 1 near [a,b] and
supp x2 C supp x1 C supp x. By, Lemma 1] there is gy € S~>0 such that
(D + 0)go(x,€) — iwg rx1(1)/26 € ST, lgallzn" < Capn |07 woxall5 n s

Modifying lower order terms in gy to make e®*gg 4+ e~ g_, self adjoint, we put

G = h* Z €% go(x, hD).
0co\{0}
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Then, G € h*S~°, and, letting k = (k + 1), by Lemma E4] for any N,

N1—1
xe(|hD))Pe = xa(hD)(Po +h@Qi) + 3 S ¢l ®epikgh (o hD)
J=2 ®cei
Nl_l -7 . J ~
+ > WA B gE (2, hD) + O x|y + O oy
j=1 ®coOJ

where for ® € O™,

n
—N,0
13511557 < Crapn (1 + 1Qk0 i i) [ [+ 1)) ®il ™ lwae, X1l 535 s ko
=1

In particular, putting Ny = [kil and

Ni—1 Ni—1

Wit = > > i B2 pikgl (2 B D) +Y Y hikH1ei(Ci 20752 (2 B D)
Jj=2 ®coj j=1 ®co’
2 ®i#0 2 ®i#0
and
Ni—1 Ni—1 ~
Qrir=Qu+ > Y Wrgh(a,nD)+ > > WGk (2, hD)
J=2 &ce’ J=1 &cei
> ®;=0 S ®;=0
we have by Lemma [3.2] that W), satisfies (8.3]) with © replaced by © = On/(x+1)-17- O

The following is now an immediate corollary of the previous lemma

Corollary 4.6. Let P = —h?>A + hW where W is admissible and 0 < a < b. Then for all N
there is G € U0 self-adjoint such that

e Pe = _R2A + hQ + (1 — x(h2A — 1)AW (1 — x(h2A — 1)) + O(hN ) ¢-
where Q € =0 W € W', are self adjoint, and x € C° with x =1 on [a,b].

5. LIMITING ABSORPTION FOR THE GAUGE TRANSFORMED OPERATOR

Throughout this section, we work with an operator
P = Py + h(1 = x(=h*A — 1))W (2, hD)(1 — x(~h2A —1))),
Py € 8, oa0(Po) = 6*,  o1,-1(h ' Im By) = 0.

where x € C°(R) with x = 1 in a neighborhood of [—6,6]. and W € W', We will show that for
Ee€[l1-04,1+46], Re(E) := (P — EFi0)"! exist as limiting absorption type limits. Moreover,
we will show that Ry (FE) satisfy certain outgoing/incoming properties.
Throughout this section, we let x; € C°(R) ¢ =1, 2,3 with
Xi = 1 near [-6,6],  suppx; C{xi-1=1},i1=2,3,  suppxi C {x =1},
Y= (1= xi((=h*A=1)),  Xi:=x((-h*A—1))

(5.1)

(5.2)
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5.1. Elliptic Estimates. We first obtain estimates in the elliptic region where the perturbation
of Py is supported.

Lemma 5.1. With ¢; as in (5.2),
C||¢2U||§Iz+z,k < lls(P — B £ ie)ull o + Ch||ulf NN (5-3)

Proof. Observe that
(P — E) = (P — B) + h(1 = x(—h2A — 1))W (2, hD)(1 — x(~h?A — 1))

since ;(1 — x(—h?A —1))) = (1 — x(—h2A — 1)). Note that WF;°(¢p2) C elli(¢3(Py — E)), and
hence by Lemma 2.4, for € > 0,

[93(P = B xie)ull yor 2 [[93(Po — E £ ie)ulyun — ChII(L = x)ull yorrn

2
ok
> clgaulyva — AL = )l oese = CH s
> cH,l/}2uH?;I;L+2,k — ChNH“”;;NﬁN'

Here, in the last line we have used that (1 — x) = (1 — x)vs. O

5.2. Propagation estimates. Consider Pp = (z)'/2(Py — E)(z)'/? so that Pp € ¥—°! is
self-adioint and

0'271(PE) = (x>(§2 — E) =: ]3
Note that
Hj = 26(2)8, — (€% — E)a(z) ™",

and therefore, letting,
Ly =|JLys  Liz:={{=+VE x =00},

+
Lo=|JL_s, L i:={{=%VE =100},
+

we have that L + are radial sinks for p and L_ 4 are radial sources (see [DZ19al Definition E.50]).
Lemma 5.2. Let B, B_ € wcomp.0
Li Celf(By),  WFE(Ba) Ly =0, {p=E}C (e(B) Ueli(B,))  (5.4)

and Bl € UmPO with the same property, and WFi(BL) C elli°(By). Then, for all ki < —3

and k_ > k' > —%, and N there is C > 0 and § > 0 such that fore >0, E € [1 — 6,1+ 6], and
u € 8'(R) with By(Py— E — ie) € H*™* | and B_u € H,""

! !
1Bl o + Bl s

< Ch_1(|’B+(P0 —F — iE)|’H2,k++1 +||B-(Py— E — Z’E)UHH}?,LH) + ChNHU”H;N,—N.
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Similarly, for all l;:+ > /;; > —% and k_ < —%, and N there are C' > 0 and § > 0 such that for
>0, Ee€[l—0,144], and u € 8'(R) with By(Py — E +i¢) € H}?’ki, and Biu € H}?’k/*,

B/ P B’ i
[ +UHH2,1¢++H —UHHS,L

<Ch By (Po = E+ig)| oiyia + |B-(Ro— E+ig)ull oii2) + ChY Jull v
h h

Proof. Let B_ € U®™P0 such that L_ C ell{*(B_), WF{*(B_) C ell{*(B_). Then, by Lemma Z.6]
there is A_ € W°mP0 guch that L_ C ellf°(A_) and for all k- > k' > 0, > 0 and v € S'(R)
with B_v € H,"", B_(Pg — iela))v € H**

JA-vll ox < ChTB-(Pe — ie(@))oll oz + Cnh™ o]l ,n.-n. (5.5)

h h

Next, let By € Wm0 such that L, C ell¥*(B,), WF;¢(B,) C elli*(By). Then, by Lemma[27]
there are A, B € WP guch that L, C eli°(Ay), WFS(B) C el;(B;) \ Ly, and for all

ki <0,e>0and v e S (R) with Bv € H}?’k+, B, (Pg —ie(x))v € H}?’k+,

1450l or, < CIBUI o5, +Ch By (Py — ie(@)ol oz, +CnEN ol ymon.  (56)
h h

h
Finally, let By € Um0 with WE(By) C ell¥°(B,),
{5 = 0} C ell*(By) U ell(B).
Then, there is Ag € WPV such that WF;(Ag) N (Ly U L_) = 0 and there is 7' > 0 with

WFiC(Ao) € | lellif(A2)) nellif(By), (5.7)
0<t<T
{(z)71p = 0} C elli°(Ag) Uel5(A_) Uelli(Ay). (5.8)

Now, by (5.7) and Lemma 2.5 for all € > 0, and v € S'(R) such that A_v € H,?’k*, By(Pg —
. 0,k_
ie(x))v € H" ™,

[A0v]| oi < CllA—ull o5+ Ch Y| Bo(Pg —icl@))v| or + CnhN|v]| -~ (5.9)
H, H, H, h

Next, observe that if B; € W™P0 with WELS(B1) C ell}°(Bg), then there is Cj s > 0 such that
for all w € §'(R) with Byw € HYF

1B1(z)*w] yox < Cl| Bawl| o,

Combining (B.5), (E.6), (E9), and using (5.8) and Lemma 2.4 finishes the proof of the first in-
equality after putting v = (x)~%/?u and letting k, = ky + % = k_=k_+ %

The second inequality follows by replacing P by —P. O
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Now, for each I' % T*R, let Br € ¥%° such that WF;°(Br) C T, ell;°(Br) = I'°. Then, for
kr > k, s € R define the norm,

lull g = I Brul ese + llull o

Lemma 5.3. Fork_ > —%, ki < —%, I'_, " C° T*R open with L CT €I" € {x3(|{|* —1) =
1} \ Ly, there is hg > 0 such that for all u € le’]i”k+, €>0, and 0 < h < hg

—1 .
||u||leic,,k+ < Ch ||(P —F— Z€)u||le/72,k,+1,k++1.

Fork_ < —%, ki >—1 and I ,T', C*°T*R open with Ly C Ty €Ty € {x3(|¢[*—1) =1} \L_,
there is hg > 0 such that for all u € le’lf’k+, e>0, and 0 < h < hy

lull Lsksn < Ch_IH(P — E—ie)ul| Ls—2ky t1,k_+1.
Ay Xr;

Proof. Put f. = (P — E —ig)u. Let T_ €'y € Ty € I'"_ and Ar,, Ar, € Um0 guch that
I'_ €ellf*(Ar,) € WF(Ar,) € Iy Cellif(Ar,) € WEF(Ar,) C Ty,
WECS(Id —Ap) N L_ =0,  WECS(Id—Ap,) C ell°(Id —Ar,).
Next, define
By = (Id—Ar,) X, B_ := Ar, X1, Bfi_ = (Id —Ar,) X2, B := Ar,X,. (5.10)
Then, (5.4)) is satisfied and by Lemma [5.2] together with the fact that Xo P = X2 P,
IBLul s + 1Byl s < OH (IBfell ks + 1B Foll yoacen) & ORV v

B N (5.11)
< Ch™ (I fell gos 1 + 1B Fell yo—s1) + ChT Jull v
Now, since WF{°(Ar;) C elli°(Br ), we have by Lemma 2.4]
1B—fell you—sr + IArs Fell o < ClBrr fe oea + ONIN | fell - 612

< CHBFLfeEHH:k—H + CNhNHU”H;N,—N.

Next, since WFj¢(Ap,) N WF¢(Id —X3) = 0, and WF;°(Id —X5) C WFj°(Id —X3), we have
by (5.10), (5.I1)) and (5.12]) that
Iyl < Colldr, Xoul yoa -+ | An, (- = Xa)ulr

-1 N

<Ch HBF’,faHHg)k7+1 + ”fEHHs)k++1 + Ch [ull .- (5.13)
—1 N

< Ch Hfaqufzz,k,H,kJrH +Ch ”UHH;N,fN.

Now, since WF}(X2) C elli°(X1), and {p = E} C ell}°(Id —Ar,) Uel}°(Ar, ),
W (X2) \ (el (Id —Ar, ) Uelli’ (Ar, ) C ellif (X1 (P — E — ig)),
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with uniform bounds in € > 0. Therefore, using (5.I1]), (5.12) together with the the elliptic
estimate from Lemma [2.4] we have

||AXQUHHOJCJr < Ch_1||f5HXsf2,k7+l,k++1 + C’HAlee||Ho,k+ + OhNH’LLHHfN,—N
h FL h h

< Ch_l”fEHXs—Q,k,+l,k++l + ChNHU”

—N,—N.
H, ™
F/

So, using (&.3)),

lull o < Ch™H fell yo2ormpss + ohN\|u||H;N,,N. (5.14)
r’

For h small enough, the first part of the lemma follows from (5I3]) and (5.I4]), the fact that
WEC(Br_) C ellf°(Ar, ), and the elliptic estimate (Lemma 2.4]). The second claim follows from
an identical argument. O

5.3. The limiting absorption principle and the outgoing property. We are now in a
position to prove the limiting absorption principle. For this, we define R(\) := (P — \)7! :
H,sl’k — H;+2’k for Im A\ # 0.

Lemma 5.4. Let I'_ be a neighborhood of L_ satisfying the assumptions of Lemmali3, k_ > %,

ky <—1, s€R, and E € [1 — 4,1+ 0], the strong limit R(E + i0) : H;’k* — leirlk’_l’k* exists

and satisfies the bound

IR(E +i0)fl| yrrw 1y < CH o

Similarly, for T'y a neighborhood of L, satisfying the assumptions of Lemma [5.3, k_ < —%,

ky >3, s€R, and E € [L — 6,1+ 0], the strong limit R(E — i0) : Hi’k+ — lejz’k+_1’k’ exists
and satisfies the bound

IR(E = i0)fI| ys+2 -1 < ChTH ]

EN
H"F
Iy h

Proof. We start by showing that for k_ > %, ke < —%, R(E +i¢) := (P —E —ie)™ ! : HZ’k’ —

HZ+2’k+ converges as ¢ — 01, First, note that for each fixed € > 0, R(E + i¢) : HZk — H}SLH’k is
well defined. Let I”_ be a neighborhood of L_ with T'_ € IT"_.

Suppose there is [ € Hz’k* such that R(F + ie)f is not bounded in H,SLH’]”. Then, there

are £, — 07 such that, defining u,, := R(E + ig,)f € HZ+2’k’, we have ”UnHHs+2,k+ — 00.
h

Putting v, = Un/Hun”Hs+2,k+, we have that |]UnHHs+2,k+ = 1 is bounded and (P — E — icy,)v, =
h h

: s,k_
f/HUIcHHZk+ — 0in H;"".
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Since f € Hz’k’, for all € > 0, R(E + ie) : Hflk — HZ+2’k, and k- — 1 > ki, we have
Uy € X;fzk’_l’k* and f € xS kke L Therefore, by Lemma [5.3] all n,

HUHHH;”vh < C”Un”xlff%—*lvh

< Ch S st Nl yesans, < OB o el ey =0
F7

which contradicts the fact that ||'Un||Hs+2,k . = 1. In particular, v = R(E + ic)f is uniformly
h
bounded in H }SLH’M, and, arguing as above

U b1k, <Ch7! Sk
Jul grsas s < ORI o

Now, we show that R(E + ie)f converges as ¢ — 0. To see this, first take any sequence
en — 07. Then, R(E + ig,)f is bounded in leirlk’_l’k* and hence, for any s’ < s, 1 <k < k_,
and K/ < ki, we may extract a subsequence and assume that u, = R(E + is,)f — u in
X;Ijzk/*_l’k;, (P—FE)u=f,and u, — u in X;—f2,k7—l,k+‘

) ) 42k —1K
Suppose that there is another sequence which converges to u' € X; +

(P — E)d = f. But then we have
l|u— UIHHS’H,k; < Cllu— ul”xs%z,k’,fl,k’ < Ch_l”(P — E)(u—u)| s2w 41w, +1 = 0,

A
h r_ v

and satisfies

so u = u’. Now, suppose that there is a sequence &, — 07 such that u/}, := R(E + igp,)f does
not converge to u in Xf{rzk’_l’k*. Then, extracting a subsequence we may assume that u/ —

42,k —1,K/ S - . . .
u” e X;, * and hence u = ", which is a contradiction. In particular, R(E + ie)f — u in
X;fzk*_l’k* as e — 07. Boundedness of the operator follows from the above estimates. Moreover,

we see that if f € Hz’k’, for some k_ > %, then R(E +10)f € leirz’k’_l’k*, for any ky < —%.

The case of R(E — ic) follows by an identical argument. O

Finally, we are in a position to prove that the limiting absorption resolvent satisfies the outgo-
ing/incoming property.

Lemma 5.5. For f € £'(R),

WFL(R(E +140))f C WFR(f)U ] exp(tHgp) (WFL(f) N {|¢]* = E}).
+t>0

Proof. First, note that for A € W0°mP with WFy,(A) C ell,(B) Nelly(P), and
s < 2 Nlw|l y-w-n.
HAuHH: < CHBPuHH: 2s +Ch ”UHHhN N
Therefore, letting vy = R(E £140) f, we have
WFL(ve) N {[€* # E} € WFL(f).
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N—+2,00,k
9

Next, note that since f € H, N’Oo, for some N, by Lemma 5.4l we have vy € A and

v_ € XIT+N+2’°°’k, for any k < —% and any I'y open neighborhoods of Ly such that I'y N Ly = ().
In particular, by Lemmas 25, 2.6, and B.7] together with the fact that X3P € W20,
WE(R(E +i0)f) N {j¢F = B} < | exp(tH,)( WES() N {¢? = B}) U L.
+t>0
Next, since f € &, WF°(f) C {|z| < C} and in particular, WF°(f) = WFy(f). Therefore, the

claim follows. O

Using the outgoing property, we can write an effective expression for the incoming/outgoing
resolvent (see also [DZ19a, Lemma 3.60])
Lemma 5.6. Let R > 0. Then there is T > 0 such that for all f € & supported in B(0, R) and
B € weomp =0 qyith WF(B) C T*B(0,R) N {1/2 < [¢| <2}, and x € CX(B(0, R)),
i +T )
XR(E £i0)B = + / xe MPTERB 4 O(h®)pr oo
0
Proof. Let ¢ € C°(R) such that ¢» =1 on B(0, R + 10T). Let
T
v=R(E+i0)Bf —ih™* / e MP=E)hp
0
Then,

T
(P—E)v=Bf —ih™! / (hDyp + [P, y])e" M P=EVh Bt
0

T
= e TP=B/hpy _ ip~1 / [P, ) "P=EVR B fdt + O(h™) g0 —o f.
0

Now,
WE (e =B/ B)  {(2 +2t¢,8) | 2] < R, [¢] € [1/2,2]}.
In particular, for ¢ € [0, 77,
[P, 1/J]e_it(P_E)/th — O(hoo)cgo
and we have
(P — By = e  TE=EVIBf £ O(h*)coe.
Since v — R(E +i0)Bf € C°, for any I'_ a neighborhood of L_ satisfying the assumptions of
Lemma 53l v € lefc”k* for all s,k_ and k. < —% and hence

v = R(E +i0)(pe " TE=E/BF + O(h®) o).
But then,
WEF(v) C {(z +2t£,€) |t >0, (z,€) € WFy(ve'TP=E/hB)}

C{lz+20+ 1)) | 2] < R,§ € [1/2,2]}
C {(z,€) | B(0,R+4T)\ B(0,T — 2R), € € [1/2,2]}.
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In particular, for T > 3R, xv = O(h*)ce and hence

. T
XR(E +i0)Bf = % / xe MBI B fat + O(h*) e
0

as claimed. The proof for R(E — i0) is identical.

6. COMPLETION OF THE PROOF OF THEOREM [B.1]

We now complete the proof of the main theorem. Let P = —h?A + hW where W is admissible
(i.e. satisfies (3.:2) and (B3). Let 0 < § < ¢ < 1. Then by Corollary 6] for any N > 0, there is
G € U0 self adjoint such that

Pg = e “Pe™ = —p2A + hQ + (1 — x(h®A — 1)AW (1 — x(h*A — 1)) + Ry

where Q € U0 W € Ul are self adjoint, Ry = O(h3")g -, and xy € C® with y = 1 on
[—d',d']. In particular, Pg := P — Ry takes the form (5.1]).

Next, note that
Lcoom(P)(@,9) = (L(— oo, 1 (P)02 1~ 5 (P)0y) 12 = (L(— oo, 5] (Pe)e“ 80, 1(— oo, 1) (Pe)e'“8y) 2.

Now, by [PS16, Lemma 4.2],

(1 (—o0,2)(Pe) (00,1 (Pc) f || 2

<21 p— o mrpw (Pe) fllpe + CE*N 7 (10 (—oo 5 (Pe) fll 2 + | (Pe + 1) 75 £l 12)

Let f € H ¢ and p = hY. Then for N,s > ¢, the last two terms above are bounded by hN.
Therefore, we need only understand 1(_ g (Pg)e'“s, and IL15_nN BN (P5)e’ 6| 2.

Before, we examine 1(,y) (Pg), we consider the distribution €’“§,. By Lemma 22 ¢ € SO,
and hence for any y € R fixed,

7 1 (p—
(€98,)(0) = 5 [ eHE Db, e (6.1)
where b € SO with b ~ zj h/bj, bj € S7J. In particular, for |z —y| > 1, and N > k + 1,

. N

_ 1 [ i@y (EhDgY
2rh |z — y|N
and hence for x € C° with y(z) =1 on |z| < Rand all |y| < R—1

(1= x)(e'98,) = O(h™)s.

((hDz)*e'“5,)(x) Eb(x,€)de = O(|z —y[~V 1),

Therefore,
ﬂ[a,b} (Pg)GZGém = ]l[mb](Pg)XeZGém + O(hoo)coo

Next, we consider x 14 (Pg)x. Let dEj, be the spectral measure for Pg.
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Lemma 6.1. Let x1 € C° and ¢ € C° with ¢ =1 on [—1,1]. Then, there is T > 0 such that
for E€[1—40,14+0], and h small enough,
1 T —it(Pr— 0o
adBioa = g5 | e HPe=E)hap(hD)x1dt + O(h™)prycoe.

In particular,

1 T i —BE)—(z— o]
X1dER(E)x1 = W/ /eh( t(|E1>-B)—( y@)aE(t,x,y,g)dgdt—i—O(h )Dr—sCe
-7
where ag ~ Zj W a; g with aj g € C.

Proof. We will use Lemma In particular, by Stone’s formula
~ 1
Loy (Pe) =

T 2mi

so we need to understand dE}, := (2mi) "' (R(E +1i0) — R(E —10)). For this, let xo2 € C2°(B(0, R))
with x2 = 1 on supp x1. Then consider

XA = 5= XaR(E +10) = R(E — i0))(0(hD) + 1~ p(hD)x:

/ b(R(E +i0) — R(E — i0))dE,

1 T : 1
=5 /_T xoe M PEMp(hD)x + —xa(R(E +i0) = R(E — i0))(1 = (hD))x2

Let vy = R(E £1i0)(1 — ¢ (hD))x2f. Then, since (1 — ¢)(hD))x2f is rapidly decaying, vy is

semiclassically outgoing/incoming and
(Pg — E)vge = (1 —¢(hD))x2f.

In particular, since WE°((1 — ¢(hD))x2f) N{p = E} = 0, we have WF;*(v+) N {p = E} = 0.

Now, B

(Po-E)vy —v)=0 =  WFy(vs —v)\{p=E} =0,
In particular, since, a priori both terms have WFy(vy) N {p = E} = ), we obtain
WFy(vy —v_) =10

and hence !
o a(R(E +0) — R(E — 0))(1 — b(hD))xaf = Oz
Therefore,
1 [T ,
X2idEpx2 = = | x2e =By (AD)xodt + O(h™)pr_y e
27Th -T ¢

The lemma follows from the oscillatory integral formula for e*(P =)/ ([Zwo12, Theorem 1.4]). O

As a corollary of Lemma [6.T], we obtain for ¢t,s € [1 — 4,1 + 4],
|(hD2)*(hDy) X1l (s (Pa)xa (2, y)| < Cagh™2[t — s|.
In particular, this implies

”]]-[E—hN7E+hN](pG)eiG(SZ‘”L2 S ChN_Z
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for some £ > 0 and hence it only remains to have an asymptotic formula for x11(_, g (Pa)Xx1-

Let p € C°((—2T,2T)) with p =1 on [T, T] and put pj x(t) = h=*p(th=F). Define

Ri(E,2,y) = X1(pns * L(—o0,](Pa) = L—oo,m(Pa))x1 (2, y) (6.2)
Ry(E,2,y) = X1(pn — pr) * L—oo,](Pe)x1(E, 2,y). (6.3)

Then, we will show for E € [1 —§/2,1+§/2]

(hD3)*(hDy)? R1(E, 2,y)| = Oap(h* %), |(hDz)*(hDy)” Ra(E,x,y)| = Oap(h* %) (6.4)

In order to show the first inequality in (6.4]) we recall that standard estimates also show that
there is M > 0 such that for t € R

|(hD2)* (hDy) x11 (~oo,q(Pa)x1 (2, )| < Cagh™™ (t)™.
Then, for £ € [1 —0/2,1+§/2]
|(hD2)*(hDy) Ri(B, 2, y)]

= ‘/h_kp(Sh_k)(hDgc)a(hDy)BXI(]l(E—s,E](pG))deS‘

< ‘ / h_k<sh_k>_NCa6h_2\s\ds‘ + ‘ / Rk (sh ™y "N C, Bh—M |s|M ds
<5/2 5126/2

Choosing N large enough, the first inequality in (6.4]) follows.

To obtain the second inequality, we observe that, since P is bounded below,

FE
.mum:x{/ (W™ (p((s — Pe)/B*) — B~ 1(p((s — Pe) /1))

—0o0

b- pG)Xl

L p(th 1) (1 — ﬁ(t))xwit(E_PG)/thdt = leh( -

" 2mi

where

(M»~i/fwmﬂm—mea

27
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In particular, note that |f,(A\)| < Cn(\)~V. Now, let ¥ € C°(—6,0) with ¢ = 1 near 0. Then,

x1 /fh 1dEh( )x1
= /TZ)(E — S)fh E — S)deEh(S)Xl + /(1 —¥(E - s))fh<E 2
— /fh<E —5 — S)deEh(S)Xl + O(hOO)D’ACgO

T -
_i/ /fh(w)xle_it(PG_E+hw)/h¢(hD)X1dwdt—|—O(h°°)fD/_>Cgo

leh<

S)X1dEhX1(5)

/ / it pERF ) (1 = p(t))xae” P B hp(h D)y dt + O(h™)pr o
’D’—>C°°

Therefore, the second inequality in (6.4]) holds.
Together, the inequalities in (6.4]) imply that

X1 (L (—o0,51(P6) = ph1 * 1 (—oo,1(Pa)(E))x1 = O(h™)pr o0

and we finish the proof of the main theorem by observing that

X1Ph,1 * Lo, ](PG) 27rh/ / )x1eth= Fe)/h x1dtdp

= b i(t(u—1€2)+(z—y)€)/h
(27Th)2 /_oo/ pleha(@)e a(z,y,&)x1(y)dédtdu

(6.5)
where a ~ ;aj h/ and a; € C2°. Conjugating by '@ using the formula from (B.I) completes the
proof.

APPENDIX A. PROPERTIES OF sj \r

In this appendix, we collect the proofs of the required properties of s ar.

Proof of lemma[3l. The case k = 1,0 are clear with Ny = 0, N; = 1. Suppose (BI) holds for
k =n —1. Then,

k .
sun (0, W) = IZ’“ o 7T 2apeSym(k) 2alal=k,ai<k/2 SaN (P(0))  D2iq 0 # 0
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The statement is trivial when ), 6; = 0. Therefore, we assume the opposite. In that case

sn,N(e W)

T4 wp(6), v
—|z,1z| 2 2 H Uit {Juw T | w € {p(6)s,

peSym(n) |a|=n,a;<n/2i=1

—!Z 1 0i Z Z HH W”NH inf{|w|Meil | w e {61,0} +--- + {6,,0}\ 0}

peSym(k) |a|=n,a;<n/2 =1

Then, defining Ny =0, N; =1 and

we have

Iyl i
s e et S SR |

25
+1’O}+ —l-{p( )5z+1 0}\0}
Cla
n
Ny =sup {1+ Nig,| | la| =n, |os| < 5},
peSym(k) |a|=n,a;<n/21=1
O

and hence the lemma follows by induction.
Proof of Lemma[32. For k = 0 the claim is clear. For k = 1, observe that

5 ll@a, .0, I 0. 0
(04t O ) = § Toar i A0
0 Zz ;=0
Note that

I@o,..00lv _ 1 1y lwella

DI E L

Suppose that the claim holds for k£ —1 > 1. Then, when ), 2?21(91-)]- #£0

< spar((01,...,600), W),

sk,/\f(el + - +9naw)

- L v TTsan (601 + -+ 62)) V)
2y

peSym(k) |a|=k,a;<k/2i=1

=~ ‘Z ( ) ‘ Z Z Hsnal, aia'u(p(en))a,i)aw)
(2]

peSym(k) |a|=k,a;<k/2i=1

< IZ 1( o, > > Hsa“ p(01,..0))ai), W)

peSym(nk) |a|=nk,a;<nk/2i=1
= snk,./\/"(eb s 70n7 W)
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APPENDIX B. EXAMPLES WITH INFINITELY MANY EMBEDDED EIGENVALUES

We now construct some examples to which our main theorem applies that, nevertheless, have
arbitrarily large eigenvalues.

Theorem B.1. Let w € R? satisfy the diophantine condition (L2) and © = Z* - w. Then there
is W € C®(R;R) satisfying the assumptions of Theorem [I1l and such that {% |0 € ©\{0}} is
contained in the point spectrum of —A + W.

Theorem B.2. Let {m,}:°, C Z4+ and O as in Theorem [L.A. Then there is W € C(R;R)

2
satisfying the assumptions of Theorem and such that for all n, TT% s contained in the point
spectrum of —A + W. In particular, if Q "Ry = {Z=}>° |, then this operator has dense pure
point spectrum.

Theorems [B.T] and [B.2] follow easily from the following theorem.

Theorem B.3. Let {k,}72, be an arbitrary sequence of positive real numbers. Then there is
W € C®(R;R) such that 2 is an eigenvalue of —A + W . Moreover, we can find W such that

W = Z 2Ty, (1) + Z e 2Ty o () 4 wo(x)
n n

where wy € C° and for any N,
| was, ()] < Cn ()™ () ™V ()", (B.1)

We follow the construction in [Sim97] with a few modifications to guarantee smoothness. First,
we need to replace [Sim97, Theorem 5] to allow for smoothness in V.

Recall that the Priifer angles , ¢(x), are defined by
W(2) = bA@) cos(@(z)),  u(z) = A(z)sin((x))
where —u” 4+ V(z)u = k?u. Then, ¢(x) satisfies
¢ (z) =k — 71V (x) sin®(¢(z)). (B.2)

For any N >0, a < b€ R. let F:C¥([a,b]) x R" x T" — T™ to be the generalized Priifer angles
with potential V', ¢;(x; V, k,0)|.—p, where ¢;(0;V, k,0) = 0; and we put k = k; in (B.2]).

Lemma B.1. Fiz [a,b] C (0,00), U € (a,b) open, N >0, ki,...k, > 0 distinct, 6©) € T", and
e > 0. Then there is § > 0 such that for all angles 0V € T™ satisfying

00 — kb — 00| < 4,
there is V€ C(U) with ||V|o~y < € and F(V,k,00) = o),
Proof. Note that F(0,k,0°) = (9§0) + kb, . .. 9&0) + kpb) and ¢;(x; V =0) = HZ-(O) + k;x. Therefore,

we need only show that the differential (in V') is surjective when restricted to functions in C2°(U).
For this, let x € C°(U) with x = 1 on a nonempty open interval I. Note that if V. = exV (x),

0-¢, (23 Vo) om0 = —k; x(2)V () sin (ki + 67)),  0.64(0;V2)|omo = O.
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Hence,

O (Vo) =~k [ x(a)V (o) sin (e + 6% o

We claim that u;(z) := x()sin?(k;x + 01(0)) are linearly independent in L2. Indeed, suppose
0 <k <...k,and Zfil a;ui(z) = 0 a.e. with ag # 0 (and hence, by continuity for all z).
Differentiating enough times, we see that ax = 0, a contradiction.

Thus, there are Vi,...V,, € C* such that (0-F(exV;))i~, is a basis for R™ and the implicit
function theorem finishes the proof. O

Proof of Theorem [B.3. We work on the half line and find W (x) vanishing to infinite order at 0
such that there are L? solutions, u,, of

—ul(z) + W (2)un(x) = w2un(z), = €[0,00) up(0) = 0.
The case of the line then follows by extending W to an even function and w, to an odd function.

Let x € C°(R) with x = 1 on [2,00), suppx C (1,00) and define x,(z) := x(R,'x) where
R, — 00, R, > 1 are to be chosen later. We put

(ALy)(x) := 4Ky X";E) sin(2kpx + @n)

where ¢, is also to be chosen. We will also find AS,, to be smooth function supported on
(27", 27"H1) with [|AS,|cn < 5+ and put

W (x) = i(ALn + AS,)(x), W(x):= lim W,,(x), W = Wy, — AS,,.
n=1

m—0o0

Note that by construction ) AS, € C*([0,1)), >, AS,, vanishes to infinite order at 0, and
ALy (x) = =¥ %2k, "y, ()27 + e 20Tk, e v, (z) 2L
In particular,
ALy (x) = 25wy, () + e 2 %w o, ()
with wioe, = F2ik,eT ™y, ()21, In particular,
% wroy, | < CrrnRy )7k, (B.3)

In order to obtain the estimate (B.Il), we fix a positive Schwartz function f and choose R, R, >
m. The estimate (B.3) then guarantees that ) AL, is bounded with all derivatives. The
fact that AS,, € C°(27",27"*!) and ||ASy|lcn < 5= guarantees that wo = >, AS, € C*([0,1))
and wq vanishes to infinite order at 0.

Now, note that ¥, (&) := F((-)"txn(-))(€) is smooth away from ¢ = 0. Therefore, for each
m # n, we can find 1, ,, € C°(0,1) such that

FWnm)(0) = =2k, (—X (260 )€ — X (26, )eHm)
F($nn) (E26m) = —2itin (X(2(Ehm — rn)) "™ — X(2(kin £ fim))e™"").
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Then, letting v, ,, = 0 and defining En,m := ALy, — Yp m, there are A, 1, Aim such that
‘Zn,m‘ < C’x‘_ly Zn,m = A ‘An,m‘ < C‘x’_ly

n.m?

o B.4
eI Ly = (Anm)s A (2)] < Claf ™ ()

By the conditions (B.4)) and [Sim97, Theorem 3], there is a unique function ulm (x) satisfying

—(uglm))” + Wm(az)u,(lm) = ﬂiuﬁlm), H u,(lm) — sin((kn + %tpn))(l +]- ])_1‘ < 0. (B.5)
where ||u|| = ||(1+2?)ul|oo + || (1+2%)t|| 0. Similarly, there is a unique function alm (z) satisfying
@)+ W)™ = w2al, [l = sin((e + 3o )1+ 1) 7| <00 (B6)
Now, we construct AL,, AS,, such that
Hu,(lm) —ugm_l)m <27 n=12...,m—1, u™(0)=0, n=1,...,m. (B.7)
Once we have done this, we can let u, = limy, u\" (in the [|-||| norm) to obtain L? eigenfunctions

with eigenvalue k.

Let m > 1 and suppose we have chosen {(Ry,¥n) 212—117 and ASy,...AS,—1 € CX with
suppAS, C (277,271 and ||AS,||cn < 2% such that (B.7)) holds and R,, > 1/f((n){kn)).

By [Sim97, Theorem 3], there are €, R, such that for all R,,, > R,,, and ¢, € [0,27/(2km)],
if [|ASm|lco < ém, then

i — @i < 27

Observe that by Lemma [B.1] there is §,, > 0 small enough such that if \61(1) — k27 < 6
and 91(1) are the Priifer angles of the solutions @;", ¢ = 1,...,m at 27m+1 then there is AS,, €
C°(27™, 2™+ with ||ASy,|lom < min(27™,¢,,) and such that ul(.m)(O) = 0. Therefore, if we
can find R,,, > R,, and ¢, such that \61(1) — K27 < 5, and

™" = @ < 27,

the proof will be complete.

H

0 — kibi| < S fori=1,...m—1).

Finally, we choose ¢, so that &S,T ) (0) = 0. The existence of such a ¢, again follows from [Sim97,

Theorem 3]. In particular, note that by part (b) there, we have (B.6) uniformly over R,, large

Once again by [Sim97, Theorem 3], for R,, large enough, we have (uniformly in ¢,, € [0,27/(2k.,)]),

ugm—l) — ﬂgm)m <27l fori=1,...,m —1 and the Priifer angles for ﬁgm) at 27 F! satisfy

enough, x large enough, and ¢, € [0,27/(2k,,)]. In particular, the Priifer angles for alm ), b ()
run through a full circle. Therefore, we can choose Ry, large enough and ¢,, such that the ngm(Rn)
agrees with the Priifer angle of the solution to u to —u” 4+ Wy, _1(x)u = k2,u, u(0) = 0 and hence,
since Wy,_1 = W,, on = < R,,, we have that Um(0) = 0.

0
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