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Abstract

Survival models are frequently encountered in applications. In these models,
the response of interest, the time until a particular event occurs, is often right
censored. Most estimation methods assume that the event time and the censoring
time are stochastically independent and non-informative conditional on covariates.
However, these assumptions may be questioned. The aim of this thesis is to relax
these assumptions in a class of flexible parametric survival models, called survival
link-based additive models.

The assumption of non-informative censoring is relaxed by assuming that the
marginal survival functions of the event and censoring times have parameters in
common. In particular, we provide evidence on the efficiency gains produced by
the newly introduced informative estimator when compared to its non-informative
counterpart. The independence assumption is relaxed by modelling both the event
time and the censoring time simultaneously using copula functions. We provide
some preliminary arguments towards model identification although this topic is
very challenging and requires more future work.

In these survival link-based additive models, the baseline functions are esti-
mated non-parametrically by monotonic P-splines, whereas covariate effects are
flexibly determined using additive predictors that allow for a vast variety of effects.
Parameter estimation is reliably carried out within a penalised maximum likelihood
framework with integrated automatic multiple smoothing parameter selection. We
derive the /n-consistency and asymptotic normality of the estimators proposed
in this thesis. Their finite sample performance are investigated via Monte Carlo
simulation studies, and the approaches illustrated using two cases study based on
infants hospitalised for pneumonia as well as prostate cancer data. The R package
GJRM has been extended to incorporate the developments discussed in this thesis

to facilitate transparent and reproducible research.
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Impact statement

Survival models can be applied to many problems in different fields. For example,
Biostatistics, Demography, Operation Research, Health Insurance and Social Sci-
ences are examples of applied areas in which survival models appear frequently.
However, most estimation methods assume that the event and censoring times are
stochastically independent and non-informative conditional on covariates. There-
fore, given that the assumptions of non-informative censoring and independence are
often made for convenience and considering that models and methods introduced
in this thesis have been implemented in the R package GJRM (Marra & Radice,
2020b), the proposed methodology is likely to appeal the wider audience, both
inside and outside academia, wishing to estimate possibly more realistic survival
models or at least assess whether allowing for informative and dependent censoring
can produce more plausible results.

On the other hand, people working on industry or academia can use the methods
developed here as a starting point to build new methodologies in survival analysis,
or to apply them in their own field of expertise to solve real problems. Finally, the

developments contained in this thesis have been collected in the following papers:

o Dettoni R, Marra G, Radice R (2020), Copula Link-Based Additive Models

for Dependent Right-Censored Event Time Data. ( Working paper).

« Dettoni R, Marra G, Radice R (2020), Generalized Additive Survival Mod-
els with Informative Censoring. Journal of Computational and Graphical

Statistics.
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T for "PL" is computed numerically as no analytical expression is
available. Counter-clockwise rotated versions of copulae such as
Clayton and Gumbel can be obtained using the following expressions:
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and Joe, the number after the capital letter indicates the degree of

rotation required: the possible values are 0, 90, 180 and 270. . . .
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Chapter 1

Introduction

1.1 Aims of the thesis

Survival models are frequently encountered in applications. In these models, the
response of interest, the time until a particular event occurs, is often right censored.
This means that only the lower bound between the event time, 77, and the censoring
time, T5, is recorded. Because of this, observations alone can not provide direct
information on the event of interest unless some assumptions are made. In the
latent survival time approach (e.g., Crowder, 1991), standard modelling techniques
assume that the observed and unobserved parts of the data are related via means
of the random variables y = min(7},T3) € R™ and 6 = I(Ty < T3)) € {0, 1}, where
I is the usual indicator function.

Within this framework, most estimation methods assume that 77 and 75 are
stochastically independent and non-informative conditional on covariates (e.g.,
Wu & Witten, 2019; Ma et al., 2014; Scheike & Zhang, 2003; Younes & Lachin,
1997; Cox, 1972). However, these assumptions may be questioned.(e.g., Dettoni
et al., 2020; Deresa & Van Keilegom, 2019; Xu et al., 2018; Lu & Zhang, 2012; Li
& Peng, 2015; Chen, 2010; Huang & Zhang, 2008; Zheng & Klein, 1995; Emoto
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& Matthews, 1990; Koziol & Green, 1976). If the event and censoring times are
assumed to be dependent, then survival models accounting for this feature of the
data face a problem of identification. In general, without additional assumptions,
it is not possible to identify the survival distribution from the censored data alone
or testing whether the censoring and survival mechanisms are independent (Tsiatis,
1975; Cox, 1959).

Censoring is informative when the censoring times contain information on the
parameters of the distribution of the event variable (Lagakos, 1979). In particular,
let us write the conditional probability density functions for the event and censored
times as fp,|5, (t|21;91) and fry )4, (225 2), where z; and z, are vectors of covariates
of dimensions p; and py respectively. If the vector of parameters v, and ~; have
components in common then censoring is informative. In this case, the observable
data (y,,21,22) € RT x{0,1} x RP* x RP2 provide sufficient information to identify
the marginal survival functions of 7} and 75 (Berman, 1963).

In this thesis, we will extend a family of Survival Link-Based Additive Models
(e.g., Liu et al., 2018; Royston & Parmar, 2002; Shen, 1998; Younes & Lachin,
1997) by relaxing the assumptions of independence and non-informative censoring.
Our approach is based on the flexible and tractable proposal of Marra & Radice
(2020a), which compared with other parametric and non-parametric models (e.g.,
Deresa & Van Keilegom, 2019; Lu & Zhang, 2012; Chen, 2010; Zheng & Klein,
1995; Emoto & Matthews, 1990; Koziol & Green, 1976) has several advantages. In
particular, it can flexibly determine in a data driven manner the functional shapes
of the baseline and covariate effects, avoiding the need for numerical integration,
and easily allows for time-dependent effects via smooth interaction terms.

To deal with informative right censoring we assume that 7} and 75 are stochasti-
cally independent, then we propose a model where the parameters v, and ~, in the

survival functions St |z, (t|21;71) and Sp,|4, (t]22;v2) have components in common.
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On the other hand, to account for dependent censoring, we propose to model the
strength of the association between the event and censoring times via the copula
structure C[Sty |z, (t|21; Y1), Sty (t|22; ¥2); 0], whose dependence parameter, 6, is
estimated from the data, and =, and 4 do not have parameters in common.

As in Marra & Radice (2020a), in both models, baseline functions are non-
parametrically estimated using monotonic P-splines and covariate effects are flexibly
determined using additive predictors. Model fitting is based on an optimization
scheme that allows for the reliable simultaneous penalized estimation of all model’s
parameters. The performance of the proposals are demonstrated through Monte
Carlo simulation studies and relevant empirical applications. All the models and
methods introduced in this thesis have been implemented in the R package GJRM

(Marra & Radice, 2020b) to allow for transparent and reproducible research.

1.2 Outline

This thesis is organized as follows. In Chapter 2, a review of the essential concepts
of survival analysis is presented. In particular, we will discuss the main quantities
used in survival modelling such as the survival, hazard and cumulative hazards
functions. Then, the crucial problem of censoring and their causes are analysed,
along with a summary of univariate survival models. The last part of this chapter
focuses on the independent and non-informative censoring assumptions.

In Chapter 3, we present a summary of models that permit not only for different
assumptions about the nature of the covariate effects on the survival time, but also
where the baseline hazard and survival functions can be modelled in a flexible way.
Then, in the last part of the chapter, the survival link-based additive models are
discussed in detail

In Chapter 4, we introduce the informative right censoring model, where the

penalized log-likelihood estimation approach, and the y/n-consistency and asymp-
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totic normality of the non-informative and informative estimators are provided.
Then the effectiveness of the proposed methodology is explored by means of a
simulation study, and illustrated on data about infants hospitalised for pneumonia.

In Chapter 5, we introduce a flexible copula regression survival model that
accounts for administrative and dependent right censoring, and provide some
preliminary identification arguments. Parameter estimation as well as the /n-
consistency and asymptotic normality of the dependent estimator are also discussed.
In the last sections, the finite sample properties of the estimator are investigated
via a Monte Carlo simulation study and the proposal illustrated using prostate
cancer data.

Finally, in Chapter 6, we give a summary of the main results, where some

related open topics for further work are also discussed.



Chapter 2

Preliminary Concepts

In this chapter, a review of the essential concepts in survival analysis is provided.
In general, the response variable, the time until a specific event occurs, can be rep-
resented by many functions. However, three of them are of considerable importance
in applications: the survival function, the hazard function and the cumulative
hazard function. In what follows, these functions and the interrelations among
them are presented when the response of interest, T, is distributed continuously
over RT. Since the methods proposed in this thesis were built assuming that 7" is
a continuous variable, the survival, hazard and cumulative hazard functions for the
discrete case are presented in Appendix A.1. The product integral representation,
which incorporates discrete and continuous data at the same time, is also discussed
briefly in Appendix A.2. Then, the crucial problem of censoring and their causes
will be discussed. Next, a general summary of univariate survival models will be
given, where we focus on relevant splines-based methods. The last part of this

chapter focuses on the independent and non-informative censoring assumptions.
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2.1 Time to event functions

Let T be a non-negative random variable defined to represent the time until an
specific event occurs for an individual. In particular, time can be measured in
years, months, weeks, or days from the beginning of follow-up of an individual until
an event occurs. This event can be, for example, death because of a disease, relapse
from remission, recovery or any designated experience of interest that may occur
to an individual. In this section, it is assumed that 7', the outcome of interest, is
distributed continuously over R*.

The survival function of T', denoted by Sr(t), represents the probability of

surviving past time ¢. This can be defined as
Sr(t) = P(T > t). (2.1)

In particular, S7(0) = 1, lim;_,o S7(t) = 0 and Sy (t) = 1—Fr(t), where Fip(t) is the
dSr(t
cumulative distribution function. If Fr(t) is differentiable, then fr(t) = _c:lpt()

and Sr(t) = /t - fr(u)du, where fr(t) is the usual probability density function for 7T’
with fr(t) > 0 and /OOOfT(t)dt = 1. Furthermore, if 7 < 79, then Sr(1) > S (72).
This implies that S7(¢) declines monotonically.
On the other hand, for all € > 0, the hazard function of 7', denoted by fr(t),
can be defined as
Pt<T<t+¢elT>1)

fir(t) = lim - . (2.2)

For each t, Ar(t) represents the instantaneous rate at which subjects experience the
event of interest, given that they have survived up to time ¢t. Moreover, fir(t) > 0

for all £ > 0 and / hr(t)dt = oo. The hazard function can also be written as
0

fir(t) = fr(t) (2.3)
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This can be proved by noting that the numerator of equation (2.2) can be expressed
P(t <T§t+€) . FT(t+€) —FT(t)

P(t<T <t+elT >t)= - - Then, b
as P(t <T < t+elT >1) P(T > 1) 1 — Fr(t) o
Fr(t — Fr(t
taking the limit as ¢ approaches to zero from above, and dividing r( 1+ 6;7 ( t)T( )
—I'r
’ o Prtte) - Fr(t) 1 fr@®) _ fr(®)
b btain fip(t) = lim. - - ’
y €, we obtain fir(t) = lim. - 1= Fp(t)  1—Fp(t)  Se(t)

as required.

dSt(t)

T another useful expression for the hazard

Furthermore, since fr(t) = —

function is

fr(t) = S Sp(t) dt dt (24)

On the other hand, the cumulative hazard function can be defined as

()= | (). (2.5)

This function measures the total amount of risk that has been accumulated up to
t

time t. Moreover, integrating (2.4) yields log Sp(t) = —/ hr(u)du. Then, solving
0

for Sr(t), we obtain

Sr(t) = exp [— /Ot hr(u)du| . (2.6)
Finally, using (2.5) and (2.6), we have
Sr(t) = exp [-#(t)] . (2.7)

Therefore, as shown in (2.7), Sr(t) can also be written as a function of #p(t).
The survival, hazard and cumulative hazard functions when T is distributed
continuously over Rt are summarized in Table 2.1.

For example, suppose that 7" follows an exponential distribution, then Ap(t) =
a >0, fr(t) = aexp™®, Sr(t) = exp~® and #r(t) = at. However, if T has a
Weibull distribution, then Az (t) = a~y(at)?~! for all t. This is monotone decreasing

if 0 < v < 1, increasing if v > 1, and reduces to the constant exponential hazard
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Function Definition Relationships
Sr(t) Sr(t) = P(T > t) St(t) = exp [—Hr(t)]
. Pt<T<t+e|T>t) _ fr(t)
ﬁT(t) ﬂT(t) = 11m5_)0 - ﬁT(t) = ST(t)
t
,‘7{T(t) / ﬁT(U)d’LL }[T(t) =—In ST(t)
0

Table 2.1: Summary of the survival, hazard and cumulative hazard functions when
T is distributed continuously over R*. The last column shows the relationships
between them.

<
o —]
S «© _|
— o
= = 7
= S N g -
ISl o |
IS} T T T T T < T T T T T
0 20 40 60 80 0 20 40 60 80
t t
o
[Q
o —
. © 4
= © = .
= s T o4
5 .
Q- o -
c 1 T T T T T T T T T
0 20 40 60 80 0 20 40 60 80

Figure 2.1: fr(t), St(t), Ar(t) and Hp(t) when T follows a Weibull distribution with parameters
a=0.01and y=1.5

if v = 1. Moreover, fr(t) = ~v(at)’'exp[—(at)?], Sr(t) = exp[—(at)’] and
Hyp(t) = (at)?. The graphs for fr(t), Sr(t), ir(t) and Hy(t) when a = 0.01 and

~v = 1.5 are shown in Figure 2.1.

2.2 Censoring

Censoring is an unavoidable problem in survival analysis. This occurs when the
response of interest, T', can not be totally observed. In general, the occurrence

of censoring can be explained by the following reasons. First, individuals can be
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censored because the study ends before they have experienced the event of interest.
This situation is typically called administrative censoring. Second, individuals may
be censored because they are lost to follow up or withdraw from the study. Finally,
censoring can also be generated by competing risks, that is, the occurrence of
another event which precludes the main event of interest from occurring (Kalbfleisch
& Prentice, 2002).

Survival data may be right-censored, left-censored, or interval-censored. Right
censoring arises when the true survival time becomes incomplete at the right side
of the follow-up period. For this data, the complete survival time, has been cut off
(censored) at the right side of the observed survival time. Left-censoring occurs
when the true survival time of an individual is less than or equal to its observed
survival time. For example, suppose that a group of individuals are followed until
they become HIV positive, and an event is recorded when a individual first tests
positive for the virus. However, the exact time of first exposure to the virus
may not be known, and thus it is not known exactly when the event took place.
Therefore, the survival time is censored on the left side since the true survival
time, which ends at exposure, is shorter than the follow-up time, which ends when
the individual’s test is positive. Finally, interval censoring occurs if the true (but
unobserved) survival time of an individual is within a certain known specified time
interval. For example, suppose that an individual may have had two HIV tests,
and he or she was HIV negative at the time t; of the first test and HIV positive at
the time ¢y of the second test. In this case the true survival time occurred after
time ¢; and before time t5. Therefore, the subject is interval-censored in the time
interval (t1,t2) (Kleinbaum & Klein, 2010). In this thesis we will only focus on

right censoring.
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2.3 Univariate survival models

One of the most widely used approaches to estimate the survival function when no
covariates are present is the nonparametric estimator proposed by Kaplan & Meier
(1958). This estimator is very useful for descriptive purposes and it is also the
basis to develop more advanced models. Although, it is often insightful to know
the shape of the hazard or survival functions, in most applications it is necessary
to incorporate covariates when modelling survival time.

In survival analysis, regression models are crucial and the existing literature
is vast (e.g., Kalbfleisch & Prentice, 2002; Andersen & Keiding, 2006). The
proportional hazards model of Cox (1972) is by far the most used regression
technique to model survival data. In this model, the hazard function is Ay (t|z) =
hip(t) exp(zT~), where hy(t) is an arbitrary unspecified baseline hazard function,
z is a covariate vector and - is a vector of parameters. The exponential link
function makes the covariate effects multiplicative and assures non-negative rates.
Due to no structure being imposed on fy(t), the proportional hazards model is
remarkably flexible. The proportional hazards assumption corresponds to assuming
that the hazard ratio of two subjects with different time-constant covariate vectors
is constant over time. Estimation of v can be undertaken using the partial log-
likelihood estimator. In particular, Cox (1972) showed that his proposed estimator
is consistent and asymptotically normally distributed. The proportional hazards
model can be extended to include time-dependent covariates (Kalbfleisch & Prentice,
2002).

Another approach is to consider failure time models (Cox, 1972), where log (T') =
z'~y+e. In this model, the effects of the covariates are defined to act multiplicatively
on T, or additively on log (T"). The hazard function can be written as fr(t|z) =
holt exp(—z"v)] exp(—z'~), where it is easily seen that the effects of the vector of

covariates (exp(—z'+)) is multiplicative on ¢ rather than on the baseline hazard
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function. More specifically, there is an acceleration of fy(t) if exp(—zTv) > 1 and
a deceleration if exp(—z'v) < 1. Different continuous distributions on (—oo, o)
for € lead to different accelerated failure time models.

The proportional odds model (McCullagh, 1980; Bennett, 1983) is structurally
similar to the proportional hazard model, and can be used in similar situations. In
the proportional hazards model the hazard rates for different individuals have a
constant ratio to each other, while in the proportional odds model they converge
with time. This can be more useful than the notion of constant hazard ratio when

initial effects disappear with time (Bennett, 1983). The model can be written as

[1 — ST(t|z)] B ll — Sr(t)
ST(t|Z) ST(t)

be obtained by maximising the full likelihood (e.g., Rossini & Tsiatis, 1996; Shen,

] exp(z'7), and estimation of model‘s parameters can

1998; Yang & Prentice, 1999).

The additive models are very easy to work with and the survival function can
be easily estimated (Aalen, 1989; McKeague & Sasieni, 1994; Cortese & Scheike,
2008; Cortese et al., 2010). In these models, the hazard function can be written as
hr(t|z1,22) = 2] v1(t) + zd 2, where 7, (¢) is a vector of functions that depend on
time. These models have the drawback that they could lead to negative hazards in
some time periods (Scheike & Zhang, 2003). The combined Cox—Aalen model (e.g.,
Scheike & Zhang, 2002; Zahl, 2003; Martinussen & Scheike, 2002; Shang & Wang,
2017), with hazard function Ar(t|z;,22) = [z 71 ()] exp(z472), provides a flexible
extension of the proportional hazards model. In this approach, the covariates are
partitioned into those that lead to relative risk, z,, and those where additional
flexibility is needed, z;. Estimation of model’s parameters can be carried out
using an approximate maximum likelihood method or the generalized method of
moments.

Frailty models provide a suitable way to introduce random effects to account for

unobserved heterogeneity. In its simplest form, a frailty is an unobserved random
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factor that modifies multiplicatively the hazard function (e.g., Hougaard, 1984,
1986). For example, the proportional hazard frailty model with a multiplicative
e > 0 (frailty) is given by fr(t|z, €) = fiy(t) exp (z"v)e. The frailty ¢ is a random
variable varying over the population which decreases (¢ < 1) or increases (¢ > 1)
the individual risk. Although, the multiplicative heterogeneity assumption is
particularly restrictive, it is mathematically convenient and more attractive than
an additive error, which can not assure non-negativity of 7. A standard approach
involves assuming a distribution for €, and then deriving the marginal distribution
of T' (Hougaard, 1995).

Splines-based models are general enough to include many data structures and
they are easy to interpret due to their parametric nature. In these models, the
hazard and survival functions are approximated using splines functions which
yield smooth estimates and are intermediate in structure between parametric and
non-parametric models. These can be defined as piecewise polynomial of degree
¢, the pieces join in the so called knots and fulfil continuity conditions for the
function itself and the first ¢ — 1 derivatives (De Boor et al., 1978). The use of
splines functions to approximate the baseline hazard function was first introduced
by Anderson & Senthilselvan (1980) and Whittemore & Keller (1986) in the
context of a proportional hazard model and fixed knots. For example, Anderson
& Senthilselvan (1980) proposed a quadratic splines function with discontinuities
in the knots which is estimated using the penalized likelihood approach, while
Whittemore & Keller (1986) use a non-parametric likelihood estimator to estimate
the survival function for right censored data.

Gray (1992) uses cubic B-splines functions and a proportional additive hazard
model to study the effects of covariates on the hazard for time to recurrence
of breast cancer patients. For estimation, he uses a penalised partial likelihood

method and tests statistics that are similar to those used in standard likelihood
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analysis (Therneau et al., 1990). Hess (1994), Rosenberg (1995) and Herndon &
Harrell (1995) also proposed a cubic spline-based approach to approximate the
hazard function, while Kooperberg et al. (1995) employ linear splines functions and
their tensor products to estimate the log-hazard function conditional to covariates.
In all of these works, estimation of model‘s parameters is carried out by using the

maximum likelihood method.

2.4 Censoring assumptions

In all works discussed in the previous section, it was assumed that the censoring
mechanism is independent and non-informative. In this thesis, for independent
censoring we mean that 77 and T are stochastically independent (e.g., Kalbfleisch
& Prentice, 2002). However, this definition differs from the one generally used in
the multiplicative intensity model discussed, for example, in Aalen et al. (2008)
and Andersen et al. (2012), where censoring is said to be independent if the hazard
rate of the event of interest for the censored observations is equal to the hazard
rate for the uncensored ones.

On the other hand, censoring is informative when the censoring times, 75,
contain information on the parameters of the distribution of the event variable, T}
(e.g., Lagakos, 1979; Koziol & Green, 1976). For example, let us write the survival
functions for the event and censored times as S, (t|z1;v1) and St (t|z2;v2). If the
vector of parameters v; and ~, have components in common then censoring is
informative.

In addition to these assumptions, and for estimation purposes, most of the
standard modelling techniques (e.g., Dettoni et al., 2020; Marra & Radice, 2020a;
Deresa & Van Keilegom, 2019) use the latent survival time approach (e.g., Crowder,
1991). Under this approach, it is assumed that the observed and unobserved parts

of the data are related via means of the random variables y = min(73,T3) € R
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and 6 = I(Ty <T5)) € {0,1}, where [ is the usual indicator function.

In the next chapter, we will focus on a class of flexible parametric survival

models, known as Survival Link-Based Additive Models.
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Chapter 3

Survival Link-Based Additive
Models

This chapter presents a summary of models that allow for different assumptions
about the nature of the covariate effects on the survival time, and where the
baseline hazard and survival functions can be modelled in a flexible form. The
general ideas of these models are employed to build survival link-based additive

models; which are analysed in the last part of the chapter.

3.1 Introduction

Generalized additive models have the form g[n(z)] = X7, f(z;), where g(-) is a
link function and f(21),..., f(z) are smooth functions (e.g., Hastie & Tibshirani,
1986, 1990; Wood, 2017). In these models, for example, g[n(z)] might represent
the logistic transformation of the probability P(y = 1|z) in a logistic regression or
the regression function in a multiple regression. In fact, the generalized additive
models extend the whole family of generalized linear models g[n(z)] = z"~ (Nelder
& Wedderburn, 1972), where g¢[n(z)] is some transformation of the regression

function. Analogously, the conditional survival function can be modelled using
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smooth functions for time, covariates and time—covariate interactions via the model
g[Sr(tlz)] = X7y f(x;), where f(z;) being f(t), f(z) or f(t, 2) (e.g., Liu et al.,
2018; Marra & Radice, 2020a). Models like g[Sp(t|z)] = 7_; f(x;) belong to the
class of survival link-based additive models, and are the subject of this chapter. In
particular, we will focus on families of models that allow for different assumptions
about the nature of the covariate effects on the survival time, and also give flexibility
in modelling the baseline hazard and survival functions. Then, we will present a
summary of a particular class of these models: the survival link-based additive

models.

3.2 Summary of Survival Link-Based Additive

Models

In practical statistical modelling, we need flexibility to model not only the baseline
hazard and survival functions, but also the effects of covariates on the survival
time. Some models make specific assumptions about the nature of this effect. For
example, the proportional hazards and the proportional odds models specifically
assume that the covariates act multiplicatively on the baseline hazard, or the
baseline odds of survival, respectively. Since any specific assumption will not
always hold, families of models, such as the proposed by Etezadi-Amoli & Ciampi
(1987), Doksum & Gasko (1990) and Cheng et al. (1995) are particularly appealing.

Specifically, Etezadi-Amoli & Ciampi (1987) proposed a flexible model where
the baseline hazard function is approximated with a quadratic splines function and
model’s parameters are estimated using the maximum likelihood method. Their
conditional hazard function is modelled as fr(t|z) = exp(z'~1)hlexp(z'v2)t],
where Ap(t|z) reduces to the proportional hazards model if 45 = 0 and to the

accelerate failure time model when ~; = ~5. In the general case, z affects the
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survival by changing both the time scale by the factor exp(zT'yz), and the scale in
exp(zT'yl)]

exp(zTy2)

On the other hand, the correspondence between models in binary data analysis

which the hazard is measured by the factor [

and continuous time survival analysis, and the correspondence between continuous
time survival models and linear transformation models have been spelled out
by Doksum & Gasko (1990). This can be seen by noting first that, in binary
regression analysis, the parameter of interest is p(z) = P[I(A) = 1|z], where ¢(z)
is the probability that an individual has a certain characteristic, A, conditional
to a covariate vector z, and I(-) is the indicator function. Thus, if ¢ > 0 is
fixed and A = A, = T < t, then Fr(t|z) = P(T < t|z) is the same as ¢(z),
since Fr(t|lz) = P[I(A:) = 1|z] = ¢(z). In addition, let us define the linear
transformation as

hT)=2z"v+e¢, (3.1)

where h(-) is an increasing continuous function on some domain D, and ¢ is a random

error with continuous distribution function T with support (—oo, 00) (Doksum &

Gasko, 1990). Using this notation, the logistic regression model (Berkson, 1944) in
p(z) T T

_\® o — . (=

T 90(2)1 z 7y or p(z) = Ti(—2'7),

where Y1 (w) = [1 + exp (-w)]™! is the logistic distribution. The corresponding

binary data analysis can be written as log [

proportional odds model in continuous time survival data (Bennett, 1983) is

o [ L2l

1—FT(t]z)] = —z'v+1log O(t), (3.2)

where O(t) is an increasing function on (0, cc] with O(0) = 0 and O(c0) = 0.
In binary analysis, where ¢ is fixed, O(t) is constant and log O(t) is absorbed
into the intercept term of z'~y. Let us define the odds function as O(t|z) =
Fr(t|z)[1 — Fr(t|z)]~!. Then, using (3.2), O(t|z) = O(t) exp (—z'~), where O(t)

is the baseline odds function. Therefore, model (3.2) can be written in logistic



18 3.2. Summary of Survival Link-Based Additive Models

form (Bennett, 1983) as
Fr(tlz) = Y. (log O(t) —z"~), t>0. (3.3)

It is easy to show that the proportional odds model for continuous survival data
given by (3.2) is a linear transformation model of the form (3.1). In particular,
note that
P[h(T) <t] = Pllog O(t) <]
(3.4)
= P[T < O (exp ()] = Fr[O™ (exp ())2],
with D = [0,00), h(t) =logO(t) and T = Y. Using (3.4) and (3.3) we arrive at
P[h(T) < t] = To(t — z"+) which is another way of writing (3.1) when T = T,
(Prentice, 1978; Dabrowska & Doksum, 1988a,b; Doksum & Gasko, 1990).
These ideas can be used for the proportional hazards model (Cox, 1972). More
precisely, since fir(t|z) = fr(t|z)[1 — Fr(t|z)] ™!, then #r(t|z) = —log [1 — Fr(t|z)].

Therefore, fr(t|z) = hy(t) exp(zT+) is equivalent to
96 (t]2) = 96 (1) exp (—2T), (3.5)

t
where Hp(t) = / hr(u)du. Model (3.5) is equivalent to log [—log [l — Fr(t|z)]] =
0

log #r(t) — z'~y, which can also be written as
Fr(t|z) = Tzlog 74:(t) — 2", (3.6)

where T is the extreme value distribution Tg(w) = 1 — exp[— exp (w)]. Moreover,
if ¢ is fixed, the constant log Hz () can be absorbed in the intercept of z"~, and the
binary model can be expressed as log [—log [1 — ¢(z)]] = z"v or p(z) = T (—2z"7).

The connection between log [—log [1 — ¢(w)]] and the proportional hazards model
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can be found in McCullagh (1980). Due to (3.6), the proportional hazards model is
a linear transformation model of the form (3.1) with D = [0, 00), h(t) = log Hp(t)
and T = Yg. The connection between Ty and the proportional hazards model was
observed by Kalbfleisch (1978) and Prentice (1978).

The binary probit model (Bliss, 1935) is ®![p(z)] =z or ¢(z) = ®(-z"~),
then for (¢t > 0), the corresponding survival analysis model is ®~![Fr(t|z)] =
OFr(t)] —z"y or Fr(t|z) = ®[® [Fr(t)] —2z'~]. The corresponding linear
transformation model has D = [0, 00), h(t) = ®'[Fr(t)] and T = & (Peto & Peto,
1972; Prentice, 1976; Pettitt, 1982, 1983).

In general, a binary regression model can be written as T 1[p(z)] = —z"
or p(z) = YT(—z"v) for a given continuous distribution function with support
(—00,00). Given (t > 0), the corresponding survival model is T7[Fr(t|z)] =
h(t) —z'~ or Fr(t|z) = Yg[h(t) — z"+], where h(t) is an increasing continuous
function on [0, 00) with h(0) = —oo and h(co) = oco. Since P[h(T) < t] = P[T <
h=1(t)] = Frlh=1(t)|z] = T(t — z"~), a natural choice for h(t) is Y~![Fr(t)]. The
equivalent linear transformation model is h(T) = z" + ¢, with € ~ Y. Finally, if
z'~ is replaced by some other function f(z,~), the correspondence between the
binary, survival, and transformation models would still be valid. These one-to-one
correspondences were also discussed for other models, such as the gamma-logit
model, the power family model and the log-linear model (Dabrowska & Doksum,
1988a,b; Doksum & Gasko, 1990).

In this line of analysis, Cheng et al. (1995) also considered a class of semi-
parametric transformation models, which include the proportional hazards and
proportional odds models as especial cases. Their model can be written as
g|Sr(t|z)] = h(t) + z"v, where g(-) is a known decreasing function, and h(-)
is a unspecified strictly increasing function, which maps [0, 00) onto (—oc, 00). If

g(S) = log[—log(S)], then g[Sr(t|z)] = h(t) + 2"~ reduces to the proportional
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hazards model and to the proportional odds model when g(S) = — log [1;95} . In
their approach, g[Sr(t|z)] = h(t) + z'~ is equivalent to the linear transformation
model h(T) = —z"~ + ¢, with distribution function Fs(s) = 1 — g(s)~!. As in
Doksum & Gasko (1990), if Fg(s) = 1 — exp[— exp(s)] the linear transformation
model is the proportional hazards model, while if Fg(s) is the standard logistic
distribution, then h(T) = —z"~ + ¢ becomes in the proportional odds model. The
parametric version of h(T') = —z"~v+e¢, with h(-) specified up to a finite-dimensional
parameter vector, has been discussed by Box & Cox (1964).

Within the parametric approach, Younes & Lachin (1997) proposed a flexible
link-based model for survival analysis that makes use of an arbitrarily defined link
function, ¢(-), to express the way by which the covariates act on the survival times.

The link function can be controlled by an additional parameter, yielding families

of models, such as the proportional hazards and the proportional odds models

when ¢(-) is the parametrized link function gy(.S) = log {S 7;;_1] of Aranda-Ordaz
(1981). In particular, 9 — 0 corresponds to the proportional hazard model and
¥ = 1 to the proportional odds model. Their model is g[Sr(t|z)] = g[So(t)] + 2",
where Sy(t) is the baseline survival function, which is approximated by B-splines
functions and determined by integration. Under the assumptions of independent
and non-informative censoring, the parameters of the model are estimated by
full maximizing likelihood. Other links, such as the probit link g(S) = —®~1(.9)
(where ®~1(-) is the inverse of the standard normal distribution), or other link
families, such as the asymmetric family ¢g(S) = 5291_—5) can also be used in
this approach. A similar and computationally complex proposal was proposed by
Shen (1998), where sieve maximum likelihood and monotone splines functions are
used to estimate a general version of the proportional odds model. Within the

model proposed by Younes & Lachin (1997), Royston & Parmar (2002) developed

flexible parametric models based on the assumption of proportional hazards and
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proportional odds scaling of covariate effects via the parametric link of Aranda-
Ordaz (1981). In their proposal, g[So(t)] is approximated using natural cubic
splines functions and full likelihood is performed for estimation.

These models have several practical advantages. In particular, they are esti-
mated by parametric maximum likelihood estimation, which allows for straight-
forward estimation and model comparisons; model formulation includes simple
and computationally efficient expressions for the survival and hazard functions
and several quantities of interest can be easily calculated from these models (for
example, odds ratios, time-dependent differences and standardized survival) that
are often difficult to estimate with non-parametric models. However, they also
have some drawbacks, including the need for model selection for smoothing across
time and covariates and restricted functional forms for the time effects (Liu et al.,
2018; Marra & Radice, 2020a).

Liu et al. (2018) propose a family of survival link-based additive models that
extend the parametric models proposed by Younes & Lachin (1997) and Royston
& Parmar (2002). In particular, their model associates the conditional survival
function St (t|z;~y) with a linear predictor £(¢, z;y) through a specific link function,
g(+). In this approach, the design matrix B(¢,z) is used to model the linear
predictor, that is: g[St (t|z;~)] = B(t,z)7. In general, B(t,z) includes a baseline
function for time or a stratified set of baseline functions for time, and covariates
and interactions between time and covariates. Estimation is carried out using
penalized log-likelihood, which prevents over-fitting and allow for straightforward
estimation and model comparisons.

Finally, Marra & Radice (2020a) proposed a methodology to estimate joint
survival models where two survival link-based additive models are modelled by a
copula function, where all the model’s parameters can be specified as functions

of various types of covariate effects, and monotonic P-splines of transformations
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of the baseline survival functions are utilized to provide coherent marginal sur-
vival fits. Under the assumptions of independent and non-informative censoring,
their estimation approach consists of a carefully constructed optimization scheme
that allows for the simultaneous penalized maximum likelihood estimation of the
model’s parameters as well as for stable and efficient automatic multiple smoothing
parameter selection.

In the next chapter, we will use the approach of Marra & Radice (2020a) to
extend the class of univariate survival link-based additive models by relaxing the
assumption of non-informative censoring, but assuming that the censoring and the

event times are stochastically independent.
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Chapter 4

Survival Link-Based Additive
Models with Informative

Censoring

In this chapter we introduce a class of flexible survival models which account for
the information provided by the censoring times. Survival functions are modelled
using generalised survival or link-based functions models and baseline functions
are estimated non-parametrically by monotonic P-splines. Covariate effects (such
as linear, nonlinear, random and spatial) are flexibly determined using additive
predictors. The performance of the proposed methodology is evaluated through a
Monte Carlo simulation study and an empirical application on data about infants
hospitalised for pneumonia. The relevant numerical computation can be easily
undertaken using the function gamlss () in the R package GJRM (Marra & Radice,
2020b) (see Appendix B.5 for some software details). Both, the simulation study

and the empirical application highlight the merits of the proposal.
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4.1 Introduction

Most of the related estimation techniques assume that the censoring scheme is
independent and non-informative conditional on covariates (e.g., Xue et al., 2018;
Ma et al., 2014; Scheike & Zhang, 2003; Younes & Lachin, 1997; Cox, 1972). In
many applications, however, these assumptions can at least be questioned (e.g.,
Xu et al., 2018, 2017; Li & Peng, 2015; Wang et al., 2015; Lu & Zhang, 2012;
Huang & Zhang, 2008; Zeng et al., 2004; Zheng & Klein, 1995; Slud & Rubinstein,
1983). If the event and censoring times are assumed to be dependent, then survival
models accounting for this feature of the data face a problem of identification. In
general, without additional assumptions, it is not possible to identify the survival
distribution from the censored data alone or testing whether the censoring and
survival mechanisms are independent (Tsiatis, 1975; Cox, 1959). However, if
censoring is informative, the observable data (y,0) = {min(71,75), (T} < T3)},
where [ is the usual indicator function, provide sufficient information to identify
the marginal survival functions of 7} and 75 (Kalbfleisch & Prentice, 2002).
Although dependent censoring is a well studied problem in the survival analysis
and competing risk literature (e.g., Emura & Chen, 2018; Crowder, 2012), the
specific literature analysing the problem of informative censoring is scarce, even
though ignoring it may have detrimental consequences on inferential conclusions
(e.g., Siannis et al., 2005; Lu & Zhang, 2012). In a seminal work, Koziol & Green
(1976) proposed an informative survival model where the hazard functions of T}
and Ty satisfy fir, (t) = phr,(t), for some constant 0 < p < 1. Since this model
did not incorporate covariates, it was further extended. For instance, Yuan (2005)
introduced a semiparametric Cox model estimated via profile likelihood in which,
for a given vector of covariates z, Ay, (t|z) = o(t, z;v) bz, (t|z), where g is a function
known up to a finite-dimensional parameter, v. The purpose of o was to capture

the possible information contained in the censoring times. Lu & Zhang (2012)
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proposed a semi-parametric informative survival model where the baseline hazards
are estimated non-parametrically and the covariate effects parametrically. In their
approach, the hazard functions of T} and 75 conditional on z are modelled using
hr, (t|z) = ko, (t) exp(z'@,), where z' ¢, = 7] vy + zg7y, for v =1,2.

The remainder of this chapter is organized as follow. In Section 4.2, we will
develop a flexible, general and tractable survival modelling framework where the
baseline functions are modelled non-parametrically via means of monotonic P-
splines, covariate effects are flexibly determined using additive predictors, and
informative censoring is accounted for. In Section 4.3, we propose a model fitting
based on an optimization scheme that allows for the reliable simultaneous penalized
estimation of all model’s parameters as well as for stable and fast automatic multiple
smoothing parameter selection. In this section, the \/n-consistency and asymptotic
normality of the non-informative and informative estimators are also provided,
where we also show that the newly introduced informative estimator is more
efficient than its non-informative counterpart. Confidence intervals and p-values
are also provided in this section. Finally, in Sections 4.4 and 4.5, a Monte Carlo
simulation study highlights the merits of the proposal, and the modelling framework
is illustrated on data about infants hospitalised for pneumonia. The models and
methods introduced in the article have been implemented in the R package GJRM

(Marra & Radice, 2020b) to allow for transparent and reproducible research.

4.2 Methodology

In this thesis, only the case of right censored data is considered; the true event
time is not always observed, in which case censoring (lower) times are observed.
For individual ¢, where i = 1,...,n and n represents the sample size, let T7; and
Ty; denote the true event and censoring times. Let also z,); = (2,14, . .., zuK,:) be a

vector of baseline covariates of dimension K,,, where z " stands for the transpose of a
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vector z, v = 1,2 and z; = (z1;,22;). It is assumed that the (T3, z;), fori =1,...,n,
are independently and identically distributed (i.7.d.). The censoring times, Ty;,
are also assumed to be i.7.d. The distribution of 75 depends on z. In addition,
we assume that T}; and Tj, are conditionally independent given z;, and that T} is
informatively right censored by Tj, through some covariates (Andersen & Keiding,
2006). We observe (y;, z;, 61;), where y; = min{Ty;, To; } and 0y, = I(Ty; < Ty;). We
also define d9; = [1 — dy;]. Finally, ¢ is a generic vector of parameters, that can be

either a or « as appropriate.

4.2.1 Survival functions

The survival function of T,,; taking values in (0, 1), conditional on z,; and ¢,, can

be expressed as

P<Tm > tll’i|zlji; 901/> = STV (tl/i’ZI/’i; QOV) = gu[fui@w’; Zy;, (PU)]’ (41)

where, for v = 1,2, ¢, and z,,; represent generic vectors of coefficients and covariates,
respectively. The survival functions are specified using link-based models (see
Marra & Radice, 2020a, and references therein). That is, St,(t,:|2.:; ¢,) is defined
as Gy[€i(tyi, Zui; u)], where G, is an inverse link function. The set up of the two
¢ predictors is discussed in the detail in the next section. As conveyed by the
notation, &;; and &; must include baseline functions of time. Different choices for
function G, [&,i(tu:, z.,i; . )] can be specified; some common examples are shown in
Table 4.1.

The cumulative hazard function, #Hz,, and the hazard function, f,, are given
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Model ‘ Link g(95) ‘ Inverse link g71(£) = G(¢) ‘ G'(€) ‘
Prop.hazards ("PH") | log{—log(S)} exp {—exp(§)} —G(&) exp(§)
Prop.odds ("PO") —log (%) ﬁ%}ﬁ)@ —G?(€) exp(—€)
Probit ("probit") —d1(S) O(-¢) —p(=¢)

Table 4.1: Link functions implemented in GJRM. ® and ¢ are the cumulative distribution and density
functions of a univariate standard normal distribution. Alternative links can be implemented. The
first two functions can be called log-log and -logit links, respectively.

by

}[TV (tl/ilzui; 901/) - - log gl/ [fw’(tl/ia Zy;, LPI/)L

_ gl// [gm (tl/i7 Zy;, <PI/):| agm (tl/iy Zy;, (pu)
gu [ém (tl/i7 Zy;; SOV)] atuz ’

ﬁTV (tm'lzl/i; (PZ/) -
Where g’// [Sm (tm'a Zyi; (PV)] = 091/ [61/1 (tuia Zyi; (1011)] / 051/i(tuia Zyi; LPI/)

4.2.2 Additive predictors

This section provides details on the set up of the additive predictors used to model
the event and censoring times. To make the presentation simpler but without loss
of generality, the same design matrix is set up for the predictors. Note also that ¢,;
can be treated like a covariate. The main advantages of using additive predictors
are several types of covariate effects can be dealt with and that such effects can
be flexibly determined from the data without making strong parametric a priori
assumptions on their forms (Ruppert et al., 2003; Wood, 2017). Let us consider a
generic predictor £,; € R (where the dependence on the covariates and parameters
is momentarily dropped), and the overall covariate vector x,;, which contains z,;
and t,;. The additive predictors for the censoring and event times can be defined
generically as

Ky

51/1' = %o + Z Svk, (Xukyi)v 1=1,...,mn, (43)
k,=0
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where 7,0 € R is an overall intercept, x,,; denotes the kih sub-vector of the
complete vector x,; and the K, functions s, (x,k,;) represent generic effects which
are chosen according to the type of covariate(s) considered. Note that, in (4.3),
k, starts from O since the summation also includes a smooth function of time.
Each s,k, (X,k,:) can be represented as a linear combination of .J,;, basis functions

Qukyjoi, (Xuk,i) and regression coefficients v,4,5,,, € R, that is (e.g., Wood, 2017)

Juky

Svk, (Xukyi> = Z f)/uk,,jl,ky Qukujyky (Xukui>~ (44)

jukuzl

Therefore, equation (4.3) can be written as

K,
’Sui = M0 + Z Quku (Xukz,i)T’YVkV?
k,=0

where Quky (Xl/k’yi) - {Qukyl(xukl,i)a sy QVk:VJ,,kV (Xlzkzl,i)}T and
Yor, = Yokt ,%kVJVkV)T. Furthermore, if @ .~, = ZkKy”zo Qo (Xuki) Yok,
Y = (71/07 Y05 - - - 7’71/KV)T and Ql/i = {17 QVO(XZ/Oi)T7 SR QI/KV (XVKV)T}Ta we

obtain

Finally, if we define @, = {Q,1,. .., QW}T, the complete system can be written

as

EV = QV’YV'

If censoring is informative, some covariates in x;; must also appear in x5;. In

particular, let us define the vectors of informative and non-informative covariates

of dimensions Q and Q, as x°' = (29,,... , ;) and xLT = (zl,,... S Th0,i)s
where K, = @ + @),. Informative censoring implies that some components of
Zfll:l S1k; (X1x,7) Must appear in Zf;:l Sok, (Xoky:). Without loss of generality, we

assume that the first () components in 2511:1 S1k, (X1k,4) appear in Zi{;:l Soky (Xokyi)-
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That is,

Q Q1
Z Slk:l Xlk‘ll Z Sq qi) + Z slql (Xiqli)
q=1

k1=1 q1:1

. o 05 o (4.6)
Z S2ky (Xokyi) qu qi) + Z S2gy (X2q2i)
k:2 1 q:1 q2=1
Therefore, using (4.6), equation (4.3) becomes
=, + qu Xy )+ Z Suq, (X VW (4.7)
q=0

where xgi and x,,, ; denote the informative and non-informative sub-vectors of the

complete vectors x| and x,, respectively, and .4, (X, ;) = sv0(tv:) when g, = 0.

As before, in (4.7), each s,4,(x}, ;) can be approximated as a linear com-

. . . . . . 1
bination of J,,, non-informative basis functions Q,q,;,.,. (X5,

) and regression
. . . 0 .
coefficients v, j,,, € R. In a similar manner, each s4(x,;) can be approximated

0

as a linear combination of J, informative basis functions Q,;, (x,;) and regres-

sion coefficients oy, € R. More specifically, s,(x);) and s,,, (x,,

o Lai) Are given

J, J,
by Sq (X(q)z) = j;il aOQJq Q‘Uq (qu> a'nd SVQV (Xlllq,/i) = Z]::Vfl quVquV QV‘IVquV (Xlqul,i)7

and therefore (4.7) can be written as

§vi = Quo + EQ: Qq(xgz’)Taoq + % Qg (lejq,,i)Tavqw (4.8)
q=1 q,=0
where Qq(x(q)z‘)TO‘Oq = Z;']::l Q0gj, quq< )5 quy( uq,,z)Tquu = Zj:quzl vy g,
Qvtiva, Kug,1)s Qa(xXqi) = { Qa1 (x4:), -+ Quu, (%)}, Qug, (X, 1) = { Quau1(X5g,.0),
oy Qugudug, (Xllqui)}T7 g = (Qogl, - - - vO‘Oqu)T and auq, = (g1, - aavunuq,,)T-
To write equation (4.8) in a more compact way, we define Q%" avg = Zqul Qq(xgi)Taoq
and Qll,iTal, qu—o Q.. (% v D, where ag = (o, ..., a00)", o, =

(aV07 (7 TR aVQu)Tv Q? = {Ql(x(l]z’)T7 R (XQz) }T and Ql - {1 QI/O( VOZ)



30 4.2. Methodology

., Q0. (x),) "} . Therefore,

&i=Q) g+ Q) . (4.9)

0

qi) can be estimated using

If @ > 0 then censoring is informative and Zqul Sq(x
the information from both the censoring and event times. If ) = 0 (i.e., the
components in S pL; sig, (Xig,s) and Yp2; Sok, (Xor,:) are assumed all distinct)
then (4.8) reduces to the model with non-informative censoring defined in equation
(4.5).

Note that, for the case in which () = 0, we have introduced the new parameter
vector 7, to stress the difference between the parameters of the informative and
non-informative models. Some methods for determining the value of ) are discussed
in Appendix B.1.

Each ., has an associated quadratic penalty A\,x, @, Quk, @k, that allows
one to enforce specific properties on the k* function, such as smoothness. Note that
each matrix @, only depends on the choice of the basis functions. Smoothing
parameter A, € [0,00) controls the trade-off between fit and smoothness, and as
such it determines the shape of the related estimated smooth function. The overall
penalty can be defined as ¢! D, p,, where D, = diag(0, \,1Do1, ..., A\, Durc).
Smooth functions are typically subject to centering (identifiability) constraints
(see Wood (2017) for more details). Depending on the types of covariate effects
one wishes to model, several definitions of basis functions and penalty terms are
possible. Examples include thin plate, cubic and P- regression splines, Markov

random fields, random effects and Gaussian process smooths (Wood, 2017).
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To give a concrete example, consider the informative additive model

gV{S (tVZ’Zw w)} = gl/{SVO Vi }+ Z Qq qz an + Z QWIV I/quZ)TquV,

=1

(4.10)

where ¢, : (0,1) — (—00,00) is a differentiable and invertible link function (see
Table 4.1), S,o(t,;) is a baseline survival function, and ¢,{S,0(t,;)} is represented
using a smooth function of time, s,0(¢,;). When the log-log link is chosen, equation

(4.10) yields the proportional hazards model

Q Qv
log{ 7, (t w’Zw w)} = log{#H,0(t,i)} + Z Qq(zgi)TO‘Oq + Z Qg (Zzlzquz‘)Tavqw

q=1 q =1

where 74, (1,2}, 2,;) = —10g{S, (ti | 2], 2,;)} and log{,0(t.:)} = —log{Suo(tv:)}
is the cumulative baseline hazard function. Analogously, equation (4.10) yields the
proportional odds model when the -logit link is chosen.

The hazard function defined in (4.2) requires the term 0, (t,i, Zui, V) /Oty

(v = 1,2) which, using (4.5), can be calculated as follows

8 v tui; viy Yv .
& (i Zvis W) _ 1o
atui e—0

v — Ql/(tl/iv Zui>T’YI/7
(4.11)

Qu(tzxi + g, Zui) -
2e

utui_7ui '
Q. ( €Z)}7

where Q,(t,;, Z,,)T can be obtained either by a finite-difference method or analyti-
cally (if feasible). Note also that (4.11) must be positive to ensure that the hazard
functions are positive. This is achieved by modelling the time effects using B-splines
with coefficients constrained such that the resulting smooth functions of time are
monotonically increasing. In particular, let s,(t,;) = ]V 1 Buj, Qujy, (tui), where
the Q,;, are B-spline basis functions of at least second order built over the interval
la, b], based on equally spaced knots, and f,;, are spline coefficients. A sufficient

condition for s, (t,;) > 0 over [a,b] is that 3,5, > B,;,—1,V] (e.g., Leitenstorfer
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& Tutz, 2006). Such a condition can be imposed by re-parametrizing the spline
coefficient vector so that 8, = T'y,, where @ = {1, exp(©,2), ..., exp(e,s,)}
and ', [k,1, ko] = 0 if k1 < Ko and T'y[ky1, ko] = 1if K1 > Kyo, with k,; and
Kuo denoting the row and column entries of the respective matrix. Note that the
parameter vector to estimate is ] = (0,1, Va2, - - -, ¢z, ). The penalty term is set
up to penalise the squared differences between adjacent ¢, ;, , starting from ¢,,
using D, = DYDY where DY is a (J, — 2) x J, matrix made up of zeros except
that DY[k,, k, + 1] = =Dk, k, + 2] = 1 for k, = 1,...,J, — 2 (Pya & Wood,
2015). Matrix Q,,, in equation (4.2.2), can absorb I',. So, the non-informative

and informative additive predictors can be written as

K,
fl/i = "0 + QVO(yi)T I‘VO;}/VO + Z Quky (Xlzkl,i)T'Yz/kya
k=1

Q Qv
&vi = o + Quo(yi) ' Tuobuo + Y Qq(xg) "oy + D Qug, (Xpg,0) g, -
g=1 =1

(4.12)

The model set up described above has several advantages. For instance, it can
flexibly determine and in a data driven manner the functional shapes of the
baseline and covariate effects, avoids the need for numerical integration, easily
allows for time-dependent effects via smooth interaction terms, and can deal with
time-varying covariates in the usual manner. It is worth noting that the more
extensive use of parametric survival models in applications has been encouraged
by Cox; see the discussion in Reid (1994). Moreover, as pointed out for instance
by Hjort (1992), parametric approaches simplify somewhat model estimation and
comparison, easily allow for the visualization of the estimated baseline hazard
and survival functions, and allow us to calculate several quantities of interest and
their variances which would otherwise be difficult to obtain with a non-parametric
approach.

In this section, we have introduced Generalized Additive survival models with
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informative censoring. In the next section, we will propose a penalized likelihood

method to estimate the developed methodology.

4.3 Estimation approach

This section proposes a penalized likelihood method to estimate the parameters
of the developed model. Specifically, model fitting is based on an optimization
scheme that allows for the reliable simultaneous penalized estimation of all model’s
parameters as well as for stable and fast automatic multiple smoothing parameter
selection. The y/n consistency and asymptotic normality of the non-informative
and informative estimators are derived, where the efficiency gains produced by
the newly introduced informative estimator when compared to its non-informative
counterpart is highlighted. The construction of confidence intervals and p-values

are discussed in the last part of this section.

4.3.1 Penalized maximum log-likelihood estimation

The data consist of {yl, 511', Zi}, where Yi = miH{Tu, T2z} and (511' = [(le S T2i)7 for

i=1,...,n. Let f(t1,t2]2z) be the conditional joint distribution of (77,75) given
0o

z. We can write P(Tl = yi,TQ > yz|Zz) = / f(y“tz‘zl)dtg and P(TI > yi,Tg =

Yi

yilz;) = / - f(t1,yi|z;)dt;. Therefore, the conditional likelihood function of (y;, d1;)
Y

i

given z;, for all i =1, ..., n, is

L- 1:I [ / °o stz B [ / * ftplm)dn]

7

Below we provide the relevant details for the cases of informative and non-
informative censoring, which highlight the differences between the two estimators
and that are also required for the theoretical derivations in Section 4.3.3.

If it is assumed that T; and T are conditionally independent given z;, then
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/éof(yi, ta|zi)dty = f1(yilZ1i;71)S2(yil2z2i; v2) and /%of(tl, yilzi)dty = f2(yilZ2i; 72)
S;(yi|z1i; ~1) when censoring is non-informative. H(;vvever, if censoring is informa-
tive 7y, and 72 would have some components in common. Since it was assumed that
the first () components of «; are the same as the first () components of «,, we have
Q) v, = Q" ay+ Q! av,. Using (4.1), (4.2), and &,i(7,) and &,s(a, o) as the

shorthand notation for &,;(yi, Zui; v,) and &,i(ys, 2.:; @, o) respectively, the non-

informative and informative log-likelihood functions can be written, respectively,

as

- G1 [€1i(71)] O&1i(m)
; {log gl glz 71 + 511 1Og [ gl [617, (71)] a:%, ‘| }
- LG [ai(re)] OGai(e)

+ ; {1og G2 [£2i(¥2)] + d2ilog [ Go [60(72)] 0w ] } ;
& ' G1 [&1i(ew, a1)] 015 (g, 1)
; {log G1 [&1i(ao, )] + 015 log [ ACD oy 1 }
- , G5 [§2i(on, )] 0&ai(cw, ata)

+ Z:ZI {log Go [E2i( g, @tz)] + da; log [ G, [ (000 003) 9 ] } .

(4.13)

Our model specification allows for a high degree of flexibility in modelling survival
data. If an unpenalised estimation approach is employed to estimate v = (v{ , vy )"
and a = (o , ] , ;) ", then the resulting smooth function estimates are likely

to be unduly wiggly (e.g., Wood, 2017). Therefore, to prevent over-fitting, the

following functions are maximized

lo(y) = U(v) — ;’YTA% (4.14)
ly(e) = la) — ;aTAa, (4.15)

where /,(7v) and /,(a) are the non-informative and informative penalized log-

likelihoods. Moreover, A = diag(D;,Ds), and D; and D, are overall penalties
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which contain A, Ay. The smoothing parameter vectors can be collected in the
overall vector A = (A{, AJ)T. Estimation of the models’ parameters and smoothing
coefficients is achieved by using a stable and efficient trust region algorithm with
integrated automatic multiple smoothing parameter selection (this will be discussed
in Section 4.3.2). This required working with first and second order analytical
derivatives which have been tediously derived as well as verified using numerical
derivatives. Their structures are shown below. Note that these results were also
required for the theoretical proofs presented in Section 4.3.3.

When censoring is non-informative, the gradient of (4.14) can be obtained as

vap('Y) = V%(’Y) — YA,

where V. ((y) = (V71€(7)T, VA,QE('V)T)T. The components of V., ¢(v) can

generically be calculated using the following expression

?:1 |:AVZ QVAO (yl) + QV’i Qfol(yl)] if Yok, = Yv0,
Vo, Ly) = (4.16)
1 {Am’ Ok, (Xulm)} otherwise.

! 0 vi -
In (4.16), Q% (y:) and Q% (y;) are design vectors. Furthermore, Q,; = d,; ( 3 )

Y
g/ g// g/
and A,; = [g” + 0yi (QZ/’ — gl’ﬂ, for all v = 1,2. The non-informative penalized

Hessian can be calculated as

V'wgp(’)’) = V77‘€(7) — A,
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where

Further, the elements of V., . ¢() are calculated using

Vo) =3[ @ ()0 i)

Vo ) =3[ Q1)@ ()]

Ve H0) = 32 [ @t 05181, ()T

Vol () = D[ Q)P )T + Au@EP () — @5 (1) 1@ ()T

@
Il
—

+ Qu Qfoﬂ(yi)] .

(4.17)

" "2 " 2 N\ 2
In these sub-matrices ®,; = 9,; (ggi - Z’Zz - gl”/ + ng) and ¥, = lém (%2:) ] .

In addition, Q%" (y;) and Q5" (y;) are design diagonal matrices.

If the censoring is informative, the gradient of (4.15) can be calculated as
Voly(a) = Vol(a) — aA,

where V /(o) = (Vaoﬁ(a)T,Valé(a)T,VQZE(a)T>T. To obtain V4 /() and

Va, l(a), we use

7_1 [Q? (A + A2z’)] )

1

~

L N . 418
?:1 Aui Qu%(yl) + Qm’ Ql/% (yl):| if &y, = O, ( )

Vaykl, K(a) = |:
i1 {Am‘ Quk, (kayi)} otherwise,
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where Q'5(y;) and Q%% (y;) are design vectors. The informative penalized Hessian

can be obtained as follow

Vaaly(@) = Vaal(a) — A,

where

Vol (@) Vaga l(@)  Vaga,l(a)

Vaozg(a) - Valaof(oz) Va1a1€<a> 0

V azaol () 0 V azar ()

Furthermore, V 4yq,f(a) and the components of Vg, o, l(a) and V44, () are

obtained using

n

Vagaollar) = Z {Q?(@u + Q)Qi)Q?T} ;

i=1

i1 _Q?@uiQZ%(yi)T] if v, = 0,
Vagan,, l(a) = i
i=1 _Q?q)m'quV (Xiqyi)T] otherwise, (4.19)
n [t T .
90 (1), Q) ] if vy, = a0,
Vg al(a) = -
i=1 [Quq,, (Xiqyi)(]?m-Q?T] otherwise.
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Finally, the elements of V,_a, /() are calculated using

Vonoal(0) =3[@u oty )i )],

Vessann, (@) IZZ::QZ%(%) Qe (63,0,

Voo 100 = 3| Qo (k)0 Qur 5,1

Voanl(@) =3[ 00,010 (1) + A, Q5" () — Q5 ()9, Q15 ()T

@
Il

—_
"

0,02y )} .

(4.20)

As before, 95 (y;) and Q'S (y;) represent design diagonal matrices.
The derivations of the results reported here are given in Appendixes B.2 and

B.3.

Remark 1. The scores and Hessian components described in this section have
been implemented in a modular way, hence no substantial programming work will
be required to incorporate link functions not considered in this article. Furthermore,
quantities such as those defined in (4.16), (4.17), (4.18), (4.19) and (4.20), are

needed for the theoretical proofs provided in Section 4.3.3.

4.3.2 Algorithmic details

The optimization method used for the informative and non-informative estimator is
the trust region algorithm. In this method, model fitting is based on an optimization
scheme that allows for the reliable simultaneous penalized estimation of all model’s
parameters as well as for stable and fast automatic multiple smoothing parameter
selection. As already mentioned, ¢ is a generic vector of parameters, that can be
either a or « as appropriate.

At iteration a, for a given vector ¢ and maintaining A fixed at a vector of values,
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equations (4.14) or (4.15) (or generally, any of the models’ likelihoods considered

in the thesis) are maximized using

@1 = arg min £,(p!),
e:flel|<El]
where £,(¢l?) = —{£,(01) + eTg,(¢!) + 1eTH, (¢!)e}, g,(¢!) = gl -
Al H, (o)) = H(plD)—A. Vector g(¢l) consists of g, (%) = V%E(cp)]‘pO:LPgQ]
and g,(¢) = Vo, (@), o, and H@D; = Vo, ()|, _ o, where
l,j =0,1,2 and v = 1,2. The euclidean norm is denoted by [|-||, and the ra-
dius of the trust region is represented by Z which is adjusted through the
iterations. Close to the solution, the trust region algorithm behaves as a classic
Newton-Raphson unconstrained method (Nocedal & Wright, 2006).

Estimation of X is achieved by adapting the general and automatic multiple
smoothing parameter estimation method of Marra et al. (2017) to the context of
the proposed survival models. The smoothing criterion is based on the knowledge
of g(¢) and H(e). The main ideas and some useful results are given here.

To simplify the notation, g,(!™), g(v!), H,(¢) and H () are de-
noted as gz[f], gl ’Hgl] and H. First, it is necessary to express the param-
eter estimator in terms of ggl] and ’H,I[f‘}. To achieve this, a first order Tay-
lor expansion of gz[,““] about ¢! is used, which yields the following expres-
sion: 0 = glottl &~ glel(plott] — go[“])’i-tz[,“]. After some manipulations, l*t1 =
(—H™ +A)’1\/—’H[a] [\/—”H[a}go[“} +\/m_lg[“]} is obtained, which then becomes
ot = (=l 1 A)y 1/ —H@ 2l where 2l = UE%L] + S[Za], U[za] = mcp[“}

and 5[21 =/ —H!Y gld Eigenvalue decomposition is used to obtain the square
root of —H!“ and its inverse. Furthermore, from likelihood theory, & ~ A(0,T)
and Z ~ N (vp, 1), where vz = /—Hp, ¢ is the true parameter vector and I

is the identity matrix. vz = /—Hp = BZ is the predicted value vector for Z,
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where B = /—H(—H + A)'/—H. Since our objective is to estimate A so that
the smooth terms’ complexity which is not supported by the data is removed, the

following criterion is used
E(|vz - 0z|*) =E(| 2 - BZ|?) — 0 + 2tx(B), (4.21)

where n = 2n and tr(B) represent the number of effective degrees of freedom of
the penalized model. In applications, A is estimated by minimizing an estimate of

equation (4.21), in other words
vz — 0z|? = |2 — BZ|? — 1 + 2tx(B). (4.22)

The RHS of equation (4.22) depends on A through B while Z is associated with
the un-penalized part of the model. Equation (4.21) is approximately equivalent
to the AIC (Akaike, 1973). This implies that A is estimated by minimizing what
is effectively the AIC with number of parameters given by tr(8). Holding the

model’s parameter vector value fixed at ¢t the following problem
Al — arg min || 20t — gletl zletl) 2 _ g 4 ot (Blet) (4.23)
A

is solved using the automatic efficient and stable computational method proposed
by Wood (2004). This approach uses the performance iteration idea of Gu (1992),
which is based on Newton’s method and can evaluate in an efficient and stable way
the components in (4.23) along with their first and second derivatives with respect
to log(A), because the smoothing parameters can only take positive values.

The methods for estimating ¢ and X are iterated until the algorithm satisfies

the criterion ‘E(go[““]) — Ul

/ (O.l + ‘E(go[““])’) < 107". Starting values are

obtained by fitting two non-informative models for the survival and censoring
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times.

In this section, we have presented a penalized likelihood approach to estimate
the parameters of the informative model, which is based on an optimization scheme
that allows for the reliable simultaneous estimation of all model parameters. In
the next section, we will analyse the theoretical properties of the non-informative

and informative estimators.

4.3.3 Asymptotic properties of 4 and &«

In this section, we derive the y/n consistency and asymptotic normality of the
non-informative and informative estimators, and shed light on the efficiency gains
produced by the newly introduced informative estimator when compared to its
non-informative counterpart. If the estimators are y/n consistent, \/n(¢ — ¢°)
is bounded in probability (¢ — " = Op(n_%)). Intuitively, this means that the
probability that \/n(@ — ¢°) takes on extreme values is small, implying that both
estimators will converge in probability to their true values at a rate of \/15

To study the asymptotic properties of 4 and & two approaches can be used.
In the first approach, to obtain consistency, it must be assumed that the number
of knots increases with sample size n. In the other approach, we have to fix the
number and location of knots. In this case, as in parametric modelling, the number
of parameters is fixed, and the parameters can be estimated at the usual /n rates.
However, as in non-parametric modelling, the model is flexible enough to adapt to
regression functions of unknown form (Xingwei et al., 2010). In this work, we use the
fixed-knot asymptotic framework since it is closer to practical statistical modelling
(e.g., Vatter & Chavez-Demoulin, 2015, and references therein). In what follows, we
define S’,,g(cﬁ,,o) = G,0[$(¢.0)] as the short notation for Suo(yi, Pu0) = Guo[s(Yi, @ro)]
and ¢° as the true vector of parameters.

The informative penalized maximum log-likelihood estimator (IPMLE) can be
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defined as

& = argmax {y(a),
aE€Sqy

and the non-informative counterpart (NPMLE) as

4 = argmax £,(7y).
YESy

Theorem 1 (Asymptotic properties of the IPMLE estimator). Under assumptions
(A1)-(A8) in Appendix B.4.1,

(i) the informative penalized maximum log-likelihood estimator & exists, is

\/n-consistent and

where Z(a') = E[—V 4o f(w; @°)] with w containing the response and covari-

ate vectors.

A

(ii) Sip(Ao) is asymptotically independent of S20<d20) and
\/ﬁ[gVO(dVO) - SVO(aB(])] i N{Ov Eago} y V= ]-7 27

where Eago = Gyo[5(a00)] Ve s(a00) [Z(a)] ™' Vo 5(ay) T Glols(ady)] and

Z(etyg) = E[=Va,ga,l(W; o).

Theorem 2 (Asymptotic properties of the NPMLE estimator). Under assumptions
(A1)-(A8) in Appendix B.4.1,

(i) the non-informative penalized maximum log-likelihood estimator 4 exists, is
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\/n-consistent and

where Z(4") = E[-V,,¢(w;~°)] with w containing the response and covari-

ate vectors.

(ii) 310('710) is asymptotically independent of S (%20) and
\/E[S’VD(’S/VO) - SVO(7SO)] _d> N{Ov 2780}7 v=1,2,

where 2730 =Gy [5(730)]V7u05(780)[I('YSO)]_IVwoS('YSo)T vols(7o)] and

Theorem 3 (Efficiency of the IPMLE estimator). For v = 1,2, let 7, = (75, y™) "
be the informative and non-informative parameters of the non-informative model,
respectively. Under assumptions (A1)-(A8) in Appendix B.4.1, and if we further

assume that v,; = o9, then

ACov(d,) < ACov(¥!),

ACov(a,) < ACov(y™),

where ACov(a) = E,0, ACov(at,) = Xpg, ACov(¥,) = X0, and ACov(Y,") =

. . . AoA o, Ane
Y. 0n Tepresent the asymptotic covariance matrices of &, &, 4. and 4" respec-

~

tively.
The proofs of Theorems 1, 2 and 3 are given in Appendix B.4.2.

Remark 2. The fact that the informative and non-informative survival functions
are orthogonal (part (ii) of Theorems 1 and 2) suggests that the estimation algorithm

will yield more accurate parameter vector updates throughout the iterations (e.g.,
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Nocedal & Wright, 2006). Moreover, Theorem 3 shows that under informative
censoring it is possible to estimate the model’s coefficients more efficiently since

more information is exploited by the informative model.

The construction of confidence intervals and p-values are discussed in the next

section of this chapter.

4.3.4 Confidence intervals and p-values

As far as the construction of confidence intervals and p-values are concerned, for
practical purposes it is convenient to adapt to the current context the results
discussed in Marra et al. (2017).

In particular, at convergence, point-wise intervals for linear and non-linear
functions for both the non-informative and informative models parameters can be

obtained using the following Bayesian large sample approximation

o~ N(@.Z,). (4.24)

where X5 = [H,(¢)] ! For generalised additive models, intervals derived using
equation (4.24) have good frequentist properties, since they account for both
smoothing bias and sampling variability (Marra & Wood, 2012). For the non-
informative and informative models, equation (4.24) can be verified using the
distribution of Z (described in Section 4.3.2), making the large sample assumption
that H () can be treated as fixed, and making the usual prior Bayesian assumption
for smooth models ¢ ~ N (0, A™!), where A™! is the Moore-Penrose pseudoinverse
of A (Silverman, 1985; Wood, 2017). In equation (4.24), smoothing parameter
uncertainty is neglected. Nevertheless, according to Marra & Wood (2012) this is
not problematic if heavy over-smoothing is avoided so that the smoothing bias is

not a large proportion of the sampling variability. See also Marra et al. (2017) for
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an application of this approach to a more general smoothing spline context.
Following Pya & Wood (2015), confidence interval estimates for the monotonic

smooth terms in the models can be obtained using the distribution of ¢, (defined

in Section 4.2.2) since all smooth components would then depend linearly on ¢,.

Such a distribution is
4)51/0 ~ N(S%yoa 2951/0)7

where 35, = diag(Ty0) [H,(Pr0)] ! diag(T',o). The derivation of this result can
be found in Pya & Wood (2015).

P-values for the smooth components in the non-informative and informative
models are obtained by adapting the results discussed in Wood (2013) to the
present context, where 3 , is used for the calculations. The reader is referred to
the above citation for the definition of reference degrees of freedom.

In this section, the asymptotic properties of the non-informative and informative
estimators were derived. We also shed light on the efficiency gains produced by
the informative estimator when compared to its non-informative counterpart. The
construction of confidence intervals and p-values were discussed in the last section.
In the next sections, we will evaluate the performance of the proposed methodology

through a Monte Carlo simulation study and an empirical application.

4.4 Simulation study

This section provides evidence on the empirical effectiveness of the proposed
methodology in recovering true linear effects, non linear effects and baseline
functions under informative censoring for three Data Generating Processes (DGPs).
The performance of the informative penalized maximum log-likelihood estimator

against that of its non-informative counterpart was also examined.
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(i) DGP1 (z1; non-informative, zo; informative and censoring rate of about 78%).

Event times, T};, were generated from a proportional hazard model, while
censored times, Ty;, were generated from a proportional odd model. These,

defined on the survival function scale, are given by

log [—log {S10(t1:) }] + o1 + a1121; + S11(22),

{1 — Sao(tai) }
log [ Sao(tai)

(4.25)
] + o2 + 12215 + s12(29:),

where Syo(t1;) = 0.72 exp (—0.4t%:1) + 0.28 exp (—0.1¢1;°) and Sag(t2;) = 0.99
exp (—0.1#3%) + 0.01 exp (—0.4t3:1) (Crowther & Lambert, 2013). Covariate
z1; was generated using a binomial distribution and zy; using a uniform
distribution. As for the smooth functions, we used s11(22;) = S12(22;) =

—0.2exp(3.2z;), whereas the parametric coefficients were: ag; = 0.25, agy =

0.85, ay; = —2.0 and a5 = 1.8.

Sample sizes were set to 500, 1000 and 4000, and the number of replicates to
1000. Replicates in which the models did not converge were discarded and
replaced with additional ones. The models were fitted using gamlss () in
GJRM by employing the proportional hazard link ("PH") for the event times
and the proportional odd link ("PO") for the censoring times (see Appendix
B.5). The smooth components of z; were represented using penalized low
rank thin plate splines with second order penalty and 10 bases (the default in
GJRM), and the smooths of times using monotonic penalized B-splines with
penalty defined in Section 4.2.2 and 10 bases. Note that smooth terms of
explanatory variables can also be represented using different spline definitions
(see Appendix B.5). In the case of one-dimensional smooth functions, all
definitions lead to virtually the same result as long as the amount of smoothing

is selected in a data-driven manner (e.g., Wood, 2017). For each replicate,
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curve estimates were constructed using 200 equally spaced fixed values in

the (0, 8) range for the baseline functions and (0, 1) otherwise.

Results: Regarding the estimates for o1 (the parameter of the non-informative
covariate), Figure 4.1 and Table 4.2 show that overall the mean estimates
for the IPMLE and NPMLE are very close to the respective true values and
improve as the sample size increases, and that the variability of the estimates

decreases as the sample size grows large.

As for the smooth effect of the informative covariate, Figures 4.2 and 4.3,
and Table 4.2 show that overall the true functions are recovered well by the
proposed estimation methods and that the results improve in terms of bias
and efficiency as the sample size increases. However, the IPMLE is more
efficient than the NPMLE for all sample sizes examined in the simulation
study; for example, for n = 500, 1000 the RMSE for the NPMLE is more
than twice as large as the IPMLE. Some gains in efficiency are also observed

for the baseline functions.

DGP2 (z;; informative, zo; informative and censoring rate of about 74%).
As for DGP1, T}; and Ty; were generated using the model defined in (4.25).
However, in this case, the baseline survival functions were defined as S1o(t1;) =
0.75exp (—0.4t%1) + 0.25 exp (—0.1#1;%) and Soo(t2;) = 0.99 exp (—0.1¢22) +
0.01 exp (—0.4t3;'). The informative covariates, z;; and zy;, were generated
using binomial and uniform distributions, respectively. Finally, s11(z9;) =
s12(22:) = —0.2exp(3.22;), apr = 0.25, g = 0.85 and ay; = a2 = —1.5.

Results: Similarly to DGP1, Figures B.1, B.8 and B.9, and Table B.1 (in
Appendix B.6) show that overall the mean estimates for the two estimators

are very close to the respective true values and improve as the sample size

increases. The variability of the estimates also decreases as the sample size
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(a) Informative Penalized Maximum Log-likelihood Estimator (IPMLE)
Bias RMSE
n=500 n=1000 n=4000 | n=500 n = 1000 n = 4000
o -0.047 -0.013 -0.001 0.369 0.239 0.118
511 0.036 0.028 0.013 0.161 0.114 0.061
hio  0.095 0.069 0.034 0.336 0.245 0.104
S10 0.027 0.024 0.018 0.071 0.054 0.033
(b) Non-informative Penalized Maximum Log-likelihood Estimator (NPMLE)
Bias RMSE
n=>500 n=1000 n=4000 | n =500 n = 1000 n = 4000
a;;r -0.079 -0.015 -0.005 0.360 0.245 0.116
S11 0.085 0.069 0.046 0.383 0.206 0.118
hio 0.120 0.070 0.034 0.427 0.292 0.121
S 0.034 0.025 0.017 0.086 0.068 0.039

Table 4.2: Bias and root mean squared error (RMSE) for the IPMLE and NPMLE
obtained by applying the gamlss () to informative survival data simulated ac-
cording to DGP1 characterised by a censoring rate of about 78%. Bias and
RMSE for the smooth terms are calculated, respectively, as nj' Y ", |3; — s;| and

1 ng -1 Nrep A ) N2 = -1 Nrep A ) .
Ng D it A Mrep D opepet (Brepii — i), where 8; = ny ., 37 057 ) 8ep i, N is the number

of equally spaced fixed values in the (0,8) or (0,1) range, and n,.p is the number of
simulation replicates. In this case, ns = 200 and 7., = 1000. The bias for the smooth
terms is based on absolute differences in order to avoid compensating effects when taking
the sum.



49 4.4. Simulation study
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Figure 4.1: Linear coefficient estimates obtained by applying gamlss () to informative survival
data simulated according to DGP1 which is characterised by a censoring rate of about 78%.
Circles indicate mean estimates while bars represent the estimates’ ranges resulting from 5%
and 95% quantiles. True values are indicated by black solid horizontal lines. Black circles and
vertical bars refer to the results obtained for n = 500, whereas those for n = 1000 and n = 4000
are given in dark gray and blue, respectively.
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Figure 4.2: Smooth function estimates for the IPMLE obtained by applying gamlss () to
informative survival data simulated according to DGP1 characterised by a censoring rate of about
78%. True functions are represented by black solid lines, mean estimates by dashed lines and
pointwise ranges resulting from 5% and 95% quantiles by shaded areas. The results in the first
row refer to n = 500, whereas those in the second and third rows to n = 1000 and n = 4000.
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Figure 4.3: Smooth function estimates for the NPMLE obtained by applying gamlss () to
informative survival data simulated according to DGP1 characterised by a censoring rate of about
78%. Further details are given in the caption of Figure 4.2.
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grows large. However, the IPMLE is significantly more efficient than the
NPMLE for all cases considered.

Computing times for the proposed approach were on average 8 seconds for
n = 4000 and around 5 seconds for n = 1000, 500. In addition, two DGPs (DGP3
and DGP4) with a different smooth function for z5; and with censoring rates of
about 47% and 29% respectively were explored (in Appendix B.6). These DGPs
suggested that the gain in efficiency of the IPMLE tends not to be too significant
when lower censoring rates are considered. Finally, for the above DGPs, we
explored the ability of information criteria such as the Akaike information criterion
(AIC) and the Bayesian information criterion (BIC), defined in Supplementary
Material B.1, to select the correct model. When doing this, we also considered the
informative estimator with incorrectly chosen set of informative covariates (e.g.,
for DGP1, in estimation, z; was assumed to be informative instead of z3). For all
sample sizes and cases considered, based on AIC/BIC, the correct model is always

chosen.
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4.5 Empirical illustration

The modelling framework is illustrated using the data employed by Lu & Zhang
(2012), where the aim was to assess how several factors affect the contraction of
pneumonia in infants in the presence of informative censoring. According to the
World Health Organization (WHO), pneumonia accounted for 16% of all deaths of
children under five years old in 2015. The data set consists of 3470 annual personal
interviews conducted for the National Longitudinal Survey of Youth from 1979
through 1986 (NLSY, 1995). The response variable, y;, is the age, in months, at
which the infant was hospitalised for pneumonia, and 97.9% of this variable is right
censored.

The covariates considered in the modeling were age of the mother in years
(mthage), urban environment (urban = 1, rural = 0), region (1 = north-east,
2 = north central, 3 = south, 4 = west), poverty (1 = yes, 0 = no), whether
the infant had a normal birth weight as defined by weighting at least 5.5 pounds
(wmonth = 1 if yes and 0 otherwise), race (1 = white, 2 = black, 3 = other),
education (years of school of mother), month the child started to be on solid
food (sfmonth), average number of cigarettes smoked per week during pregnancy
(smoke = 0, 1 or 2) and alcohol used by mother during pregnancy (0, 1, 2),
where the higher the number the higher the frequency of alcohol consumption.
To capture the effect of housing crowding (since pneumonia is a communicable
disease), number of siblings of the child (nsibs) was considered and grouped in
three categories (0 for infants without siblings, 1 for infants with one to three
siblings, and 2 for more than three siblings.

To assess whether the censoring mechanism was informative, we employed
the AIC, BIC, and K-Fold Cross validation (YXV) with K = 20 (decreasing or
increasing this value did not alter the conclusions); see Appendix B.1 for their

definitions. Since several combinations of covariates and link functions had to
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be considered, a number of models were tried out and the final models selected
using the above mentioned criteria. Table 4.3 shows the results for the chosen
models and supports the presence of informative censoring through the alcohol
and region variables (Model 3). Table 4.4 and Figure 4.4 present the results for

Model 3 and Model 1 (the latter neglects informative censoring).

Main findings: From a quick overall look at Table 4.4, the results exhibit a
smaller estimation uncertainty for the informative model. Analysing the table
in more detail, the coefficients of wmonth, nsibsl, nsibs2 are statistically
significant for both models. For instance, the expected hazard for infants with one
to three siblings is 2 times that for infants without siblings. Similarly, the expected
hazard is 7.3 times higher in infants with more than 3 siblings as compared to
infants with no siblings. The parameter of category alcoholl of the alcohol
variable is statistically significant at the 10% level for the informative model and
is not significant for the non-informative model. The implication of this result is
that using the non-informative model the variable alcohol would most likely
be removed from the model, hence missing out on some potentially important
behavioral patterns. The survival and hazard curves are very similar across the two
models with the main difference that the informative approach yields considerably
less variable estimates (Figure 4.4). Our results are consistent with those of Lu
& Zhang (2012) who found that the censoring mechanism is informative in this
dataset, and that the informative model provides a better fit as compared to its

non informative counterpart.
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4.5. Empirical illustration

(a) Model 1 (NPMLE)

Linear Covariates | Estimate | Standard Error Z-value P-value
intercept -77.15 36.13 -2.135 0.033 %
alcoholl 0.324 0.309 1.048 0.294
alcohol2 -0.185 0.336 -0.551 0.582

nsibsl 0.697 0.261 2.670 0.008 **
nsibs2 1.959 0.760 2.578 0.009 **
region2 0.138 0.343 0.401 0.689
region3 -0.384 0.342 -1.121 0.262
regiond -0.490 0.437 -1.120 0.263
wmonth -0.809 0.294 -2.757 0.006 **

Smooth Variables EDF Ref. DF Chi-square P-value

s (u) 7.747 8.619 101.71 <2e-16 ***
s (mthage) 2.141 2.720 4.045 0.276
(b) Model 3 (IPMLE)

Linear Covariates | Estimate | Standard Error Z-value P-value
intercept =77.37 36.14 -2.141 0.032 %
alcoholl 0.077 0.046 1.665 0.096 "
alcohol2 -0.048 0.046 -0.046 0.295

nsibsl 0.685 0.259 2.641 0.008 **
nsibs2 1.986 0.754 2.635 0.008 *
region2 0.035 0.056 0.626 0.531
region3 0.070 0.052 1.335 0.182
regiond 0.041 0.059 0.688 0.492
wmonth -0.791 0.289 -2.739 0.006 **

Smooth Variables EDF Ref. DF Chi-square P-value

s (u) 7.747 8.620 101.65 <2e-16 ***
s (mthage) 2.119 2.692 3.741 0.31

Table 4.4: Estimation results of the non-informative and informative models
(Models 1 and 3, respectively, in Table 4.3) applied to pneumonia data. The
models were fitted using gamlss () in GJRM by employing the "PH-PH" link
functions combination. Furthermore, EDF and Ref. DF refer to the effective
degrees of freedom and reference degrees of freedom of the smooths. More
details can be found in Sections 4.3.2 and 4.3.4.
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Figure 4.4: Smooth function estimates and their corresponding 95% intervals for Model 1 (non-
informative model) and Model 3 (informative model) obtained by applying gamlss () in GJRM

to pneumonia data. The intervals have been obtained using the approach described in Section
4.3.4.

4.6 Concluding remarks

In this chapter, we have introduced generalized link-based additive survival models
with informative censoring and their potential was illustrated using simulated
and real data. The proofs of the y/n-consistency and asymptotic normality of
the non-informative and informative estimators have been provided. Further, we
showed that the newly introduced informative estimator is more efficient than its
non-informative counterpart.

Important features of the modelling framework are that: the survival models
can account for informative censoring; the baseline functions are estimated non-
parametrically via means of monotonic P-splines, which allows one to obtain
coherent estimated survival functions; covariate effects are flexibly determined using
additive predictors; the optimization scheme allows for the reliable simultaneous
penalized estimation of all model’s parameters as well as for stable and fast

automatic multiple smoothing parameter selection; the models can be easily utilized
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using the freely available GTRM R package which allows for several modelling choice
as well as for transparent and reproducible research. Given that the assumption of
absence of informative censoring is often made for mathematical convenience as
well as lack of software, the proposed methodology is likely to appeal to researchers
in various fields wishing to estimate possibly more realistic survival models.

The next chapter will look into the feasibility of modelling jointly the event
and the censoring times, through a flexible bivariate copula model, where the aim

is to correct for dependent censoring.
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Chapter 5

Survival Link-Based Additive
Models with Dependent

Censoring

In this chapter, we propose a flexible regression survival model that accounts for
administrative and dependent right censoring, and provide preliminary arguments
towards model identification although this topic is very challenging and requires
more future work. The strength of the association between the event and censoring
times is modelled via a copula structure whose dependence parameter is estimated
from the data, and the margins are determined using link-based functions models.
Baseline functions are non-parametrically estimated using monotonic P-splines
and covariate effects are flexibly determined using additive predictors. Parameter
estimation is efficiently achieved within a penalised maximum likelihood framework,
and the consistency and asymptotic normality of the proposed estimator are also
derived under the assumption that the model is identified. The finite sample proper-
ties of the dependent estimator are investigated via a Monte Carlo simulation study;,

and the proposal illustrated using prostate cancer data. The results highlight the
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effectiveness of the methodology proposed, and the relevant numerical computation
can be easily carried out using the function gjrm () in the R package GJRM (Marra
& Radice, 2020b). Although establishing formal identification will require more
future work, the practical performance of the proposed estimator suggests that the

approach can effectively and flexibly deal with dependent censoring.

5.1 Introduction

When time to event data are analysed, it is often assumed that the censoring
mechanism is independent, a strong assumption in many empirical situations.
Standard modelling techniques assume that the observed and unobserved parts
of the data are related via means of the random variables {y = min(73,75),0 =
I(Ty < T5)}, where I is the usual indicator function.

Most estimation methods assume that T} and T5 are stochastically independent
(e.g., Cox, 1972; Ma et al., 2014; Scheike & Zhang, 2003; Wu & Witten, 2019; Younes
& Lachin, 1997). However, this assumption may be questioned. If individuals are
right censored because the study ends before they have experienced the event of
interest (a situation typically called administrative censoring) then it is reasonable
to make the assumption of independence. However, if individuals are lost to follow
up or withdraw from the study then the cause of this may be related to the event
time. For example, individuals may withdraw from a study because they are
showing side effects that need alternative treatments or because their condition
is worsening or may withdraw from a study because they are feeling healthy and
hence do not wish to continue with the treatment (e.g., Deresa & Van Keilegom,
2019; Moradian et al., 2019; Xu et al., 2018; Willems et al., 2018; Staplin et al.,
2015). Note that right censoring can also be generated by competing risks, that is,
the occurrence of another event which precludes the main event of interest from

occurring. Often, these mutually exclusive events are dependent. For instance,
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diabetes and hypertension are closely related as they share similar risk factors
such as vascular inflammation, arterial remodelling and obesity, among others
(Petrie et al., 2018). Ignoring the possible latent causes of censoring may lead to
misleading inference (e.g., Crowder, 1991; Siannis et al., 2005).

Let Sty 1, (t1,t2) be the joint survival function of (71,7%) and f, (v, -) the sub-
density function of (y,d). According to Tsiatis (1975), if 77 and T3 are dependent
then Sty 1, (t1,t2) is not identifiable from the sub-density function f, s(y,-). That is,
given any joint survival function S, 7, (t1, t2) with arbitrary dependence between
Ty and Ty, there exists a different joint survival function S7, 1, (t1,t2), in which T}
and 75 are independent, that reproduces f, 5(y, -) precisely. Therefore, in order to
identify the joint distribution of 77 and 75, we need additional information about
their dependence. Several approaches have been proposed in the survival analysis
and competing risk literature to deal with dependent censoring (e.g., Crowder, 2012;
Emura & Chen, 2018). In a seminal work, Zheng & Klein (1995) proposed a copula
model to account for the dependence between T} and 75, where the marginal
distribution of 7T} is estimated non-parametrically. Their proposed estimator
is consistent and reduces to the Kaplan-Meier estimator when 77 and 75 are
independent. This approach was further investigated by Rivest & Wells (2001) in the
context of an Archimedean copula. Since this model did not incorporate covariates,
it was further extended (e.g., Braekers & Veraverbeke, 2005; Huang & Zhang,
2008; Chen, 2010; Sujica & Van Keilegom, 2018). Dependent censoring can also be
adjusted for via multiple imputation (Jackson et al., 2014), auxiliary information
(Scharfstein & Robins, 2002; Hsu et al., 2015) and the inverse probability censoring
weighted model (Robins & Finkelstein, 2000). Some scholars have exploited
parametric restrictions on the joint bivariate distribution of 77 and 75 (Basu &
Ghosh, 1978; Basu, 1988; Emoto & Matthews, 1990; Deresa & Van Keilegom,

2019). For example, Basu & Ghosh (1978), using a bivariate normal distribution
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for T1,T5, showed that the distribution of {y = min(7},73),d = (T} < T»)}
identifies the bivariate joint distribution of the pair. This result was extended by
Deresa & Van Keilegom (2019) to include covariates. In particular, they do so by
employing a class of monotonic parametric transformations of the logarithm of the
survival and censoring times which are assumed to follow a multivariate normal
distribution. However, even when the functional form of the joint distribution of
T1 and T is known, the model’s parameters may or may not be identified by the
joint distribution of (Y, d) (e.g., Basu, 1988; Rao, 1992).

Generally, there are not known global conditions for unique solutions of system
of non-linear equations, hence it is difficult to verify whether a nonlinear model is
globally identifiable (e.g., Koop et al., 2013; McCullagh, 2002; Koopmans & Reiersol,
1950). However, sufficient conditions for parametric and nonparametric local
identification are point-wise differentiability at 9° (the true vector of parameters),
and a rank condition (e.g., Chen et al., 2014; Stanghellini et al., 2013). Stanghellini
et al. (2013) used rank conditions to show the local identifiability of discrete
graphical models with one latent variable. Chen et al. (2014) extended the rank
conditions to nonparametric and nonlinear structural models, and then used them
to identify, for example, non-separable quantile instrumental variable models
and semiparametric consumption-based asset pricing models. Furthermore, local
identification allows for the consistent estimation of the model’s parameters, and
is therefore sufficient for the parameter estimator to have the usual asymptotic
properties (Rao, 1992).

The remainder of this chapter is organized as follows. In Section 5.2, we will
propose a flexible regression survival model that accounts for administrative and
dependent right censoring, where the strength of the association between the event
and censoring times is modelled via a copula structure whose dependence parameter

is estimated from the data. Baseline functions are non-parametric and covariate
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effects are flexibly estimated using the approach already discussed in Section 4.2.
Then, in Section 5.3, we provide some ideas to prove identification for the proposed
family of models. Parameter estimation as well as the consistency and asymptotic
normality of the proposed estimator are discussed in Sections 5.4 and 5.5. Finally,
in Sections 5.6 and 5.7, the finite sample properties of the dependent estimator
are investigated via a Monte Carlo simulation study, and the proposal illustrated

using prostate cancer data.

5.2 Model formulation

We consider the case of right censored data where the true event times are not always
recorded, in which case the censoring times are observed. For individual z, with
i=1,2,...,n where n is the sample size, let (T1;, T»;, T3;) denote a vector of event,
dependent censoring and administrative censoring times, respectively, and z; a
generic vector of individual characteristics. We observe y; = min {Ty;, Ty, T3;} € R
and the corresponding censoring indicator functions d; = [ {y; = 11}, 6o =
I {y; = Ty} and 03, = (1 — 01, — o).

Let T'; and T5; have conditional marginal survival functions generically expressed
as Sy (tyilzvi;v,) = P(Ty; > tuilzuwi;v) € (0,1), for v = 1,2, and conditional joint
survival function defined as S(ty;, to;|z:; ) = P(Th; > t1s, To; > to;|zi;9). To link

T1; and T5; the following copula model is assumed

S(tii,toi|zi;9) = C (S1(t1ilz1i; 1) s S2(tai|22i; ¥2); 6) (5.1)

where 9 = (71,72,0) € RP* X RP? x O, zy; and zy; are vectors of covariates (which
can be equal to z; but have not to) with associated coefficient vectors v, € R
and v, € RP2 of dimensions p; and p, and C' : [0, 1]> — [0, 1] is a uniquely defined

2-dimensional one-parameter copula function with coefficient # € © C R, capturing
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the conditional dependence of (71;, Ty;) (e.g., Nelsen, 2006; Marra & Radice, 2020a;
Sklar, 1973). Note that © depends on the choice of the copula structure; for
example, for the Gaussian copula we have that © = [—1, 1]. Table 5.1 displays the

copulae functions available in GJRM for practical modelling.

Copula C(p1,p2;0) Range of @ Kendall’s T
-2 10+ (1-0)°
AMH ("AMH") B — 0e[-1,1] sz {
log(1—-0)} +1
Clayton ("CO") (pfg +py ¢ — 1)_1/0 0 € (0,00) 0%
FGM ("FGM") pip2 {1+ 6(1 —p1)(1 —p2)} 0€[-1,1] 50
—0 Tlog {1+ (exp {—0p1} — 1)
Frank ("F") 6 € R\ {0} 1—3[1—D1(6)]
(exp{=Op2} —1)/(exp{=0} — 1)}
Plackett ("PL") (Q — \/E) /{26 —1)} 6 € (0,00) -
Gaussian ("N") Dy (<I>_1(p1),<1>_1(p2);0) 0e[-1,1] 2 arcsin()
exp [ {(—logp1)” )
Gumbel ("GO" 0ell,o0 1— 5
( ) +(710gp2)9}1/ﬂ [ ) 9
1= {1 =p)"+ (1 —p2)’
Joe ("Jo") { 0 011/0 6 € (1,00) 1+ 55D (6)
—(1=p)°(1—p2)’}
Student-t ("T") tac (tgl(pl),tgl(pg);c,ﬁ) 0 e[-1,1] 2 arcsin(6)

Table 5.1: Definition of the copulae implemented in GJRM, with corresponding parameter range
of association parameter 6 and relation between Kendall’s 7 (which takes values in the customary
range [—1,1]) and 6. ®a(-,+;0) denotes the cumulative distribution function (cdf) of a standard
bivariate normal distribution with correlation coefficient 8, and ®(-) the cdf of a univariate
standard normal distribution. to (-, -;¢,6) indicates the cdf of a standard bivariate Student-t
distribution with correlation § and fixed ¢ € (2, 00) degrees of freedom, and ¢ (-) denotes the

cdf of a univariate Student-t distribution with ¢ degrees of freedom. Dy () = § f(f exp(tt)—1dt
2(1-6)

is the Debye function and Ds(0) = fol tlog(t)(1 —t)~ @ dt. Quantities @ and R are given
by 1+ (0 — 1)(p1 + p2) and Q2 — 46(6 — 1)p1p2, respectively. The Kendall’s 7 for "PL"
is computed numerically as no analytical expression is available. Counter-clockwise rotated
versions of copulae such as Clayton and Gumbel can be obtained using the following expressions:
Coo = p2 — C(1 —p1,p2), Cigo =p1 +p2 — 1+ C(1 —p1,1 —p2), Corg = p1 — C(p1,1 — p2),
where the subscript indicates the degree of rotation and 6 has been suppressed for simplicity
(e.g., Brechmann & Schepsmeier, 2013). Argument BivD of gjrm () in GJRM allows the user
to employ the desired copula function and can be set to any of the values within brackets next
to the copula names in the first column; for example, BivD = "JO". For Clayton, Gumbel
and Joe, the number after the capital letter indicates the degree of rotation required: the
possible values are 0, 90, 180 and 270.

The margins are specified using the link-based functions approach introduced
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in Section 4.1. That is,

Su(tm”Zm'; '71/) = gl/ <£Vi(tui7 Zy;, ’71/)) 3 (52)

where &,;(t,i, Z,i;7v,) in R, represents the non-informative additive predictors for
Ty; and Ty;, whose set up was discussed in Section 4.2.2. To complete the model,

we recall the final expression for the additive predictor

Ky

guz’ = Yo + Ql/O(yi)T I‘VO'?I/O + Z QVku (Xl/kui)—rvllku' <53)
ky,=1

In the next section, we will provide some identification arguments for the family

of models proposed in this section.
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5.3 Some identification arguments

The proposed model is defined by equations (5.1), (5.2) and (5.3), which are

collected below

S(t1,ta]z1, 22;9) = C[S1(t1|z1571), Sa(ta|z2;72): 0]
SI/(tZ/|ZV; 7V) = gl/ [gu(tln Zv; 71/)] ) (54)

K,
gu(tu, 2y ’YV) = "0 + Qy(tu)T ]-_‘V;?u + Z leky (ZVkV)T’YVkV-
k=1

Assume that the pair (77, 75) is generated by model (5.4) with parameter vector
9% = (79,42,6°) € RP* x R”2 x © and that we only observe (y, 01, 02,21, 22). On
the basis of the joint distribution of the latter vector, because in the current setting
it is not possible to observe simultaneously T} and T5, identification of 19° has to
be proved: two different sets of parameters imply different joint distributions of
(y, 01, 09,21, 22) in an open neighbourhood of 9°.

Let us denote a particular realization of (y, d1, 92, 21, 22) as (t, 1y, l2, 21, 22), and
also assume that the joint density function of vector (y, di, 2,21, 29) exists and

that, for [1,l = 0,1, this is defined as

fy,51,52,Z1,Z2 (t7 ll: l27 21, 225 19) = fy,51,52,\21,22 (t, lla l2|21> 295 19)le$2 (Zla 22>’

where fy 5, 62.21,2, (£, 11, l2]21, 22;9) is the sub-density function of (y,6;,d;) con-
ditional on z; and zs for a given v, which contains all the available sample
information about 9. In addition, let us define fio(), fo.1(¥) and fo () as the
shorthand notations for fy 5, 5,121,z (t; 1, 0|21, 22:9), fy.5,,60021,20 (£, 0, 1|21, 22;9) and

fy.61,62121,25 (£, 0,0]21, 20;9). If y = T then we have that

fl,g(’ﬁ) = 11_I>I(1) Q_lp(t < T1 S t+ o, T2 > Tl,Tg > T1|Z1 = 21,29 = 22,19)
4
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If y =T, then

f071('l9) = ll_I)I[l) Q_lp(t < TQ S t+ o, T1 > TQ,Tg > T2|Z1 = 21,29 = 22,’19)
o

Finally, if y = T3 then

fo,g(’ﬂ) = llil(l) Q_lp(t <T3 <t+ o, T > Tg,TQ > T3|Z1 = 21,29 = 22,’19)
4

In addition, we assume that
(B1) (T3,T,) and T3 are independent given z; and z,.

(B2) The censoring by T3 is not informative for (77,73) given z; and z,. This
implies that the distribution of T3 does not depend on ¥ = (71,72, 6) (e.g.,
Dettoni et al., 2020).

Tsiatis (1975) showed that the sub-densities can be obtained directly from the
joint survival function of the latent survival times. In the following, we provide
details on the calculation of fy s, 5,121,275 (t, 1, 0|21, 22;9), fy.61.60021,22 (£, 0, 1|21, 225 99)

and fy,51,62|z1,ZQ (t7 07 0|Zla 2925 19)

Theorem 4. Assume that (y, 01, 09, Z1, Z2) is observed, where y = min {77, T, T3},
0 =1{y="Ti} and 63 = I {y = To}. If (B1) holds then the sub-densities can be

expressed as

Fro(®) = [—00 GGt 2] Goléalt 20 i 1o

0G1[&1(t, z1;m1)]

ot

X ST3 (t),

| 9C{Gi[&(t zism)]s Gal€a(t, 22;72)]; 6}
for(9) = [ 0Gs[&a(t, 223 2)]

Gal&a(t, 2o; 72)]552(15722%’72)]

ot
X ST3 (t),

Joo(9) =C{Gi[&i(t, z157)], G2l€a(t, 225 72)]; 0} % fry(2)
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Identification of the proposed model can be proved using different approaches
and assumptions. In particular, if the dependence parameter @ is fixed, then the
margins G, [£,(t,, 2,;7v,)], and therefore 4, in model (5.3) could in principle be
shown to be identified in the complete parameter space following, for instance,
Zheng & Klein (1995), Chen (2010) and Xu et al. (2018), although we have not
pursued this idea and hence it would have to be verified. However, identification
for the case where 6 is estimated from the data is considerably more involved. For
example, Deresa & Van Keilegom (2019), following the results of Nadas (1971) and
Basu & Ghosh (1978), proposed a model in which the association parameter is
identified. In their approach, a class of monotonic parametric transformations of
the logarithm of the survival and censoring times are employed and the margins
assumed to follow a multivariate normal distribution. Since it is in general difficult
or not feasible to verify whether a nonlinear model is globally identifiable, one
can focus on a neighbourhood of ¥ and hence focus on local identification whose

definition is given below.

Definition. Let the complete parameter space be Sy = {(7v1,72,0) : M1 €
RP1, v € RP2 0 € ©} and 9 = (71,72,0) € Sy be a p x 1 vector of parame-
ters, with p = p; +po+ 1. Suppose that inference about 1 is made on the basis of n
observations of (y, 91, 02, 21, 22) with sub-density function fy s, 5,121, (- -, *|21, 22; ).
Let Ogo denotes an open neighbourhood of 9y. A point 9° € Sy is said to be
locally identified if for l4,l; = 0,1 and for almost every (t, 21, 22), the equality
Fyb1.6a1z0,2 (55 Ly 2|21, 22;0°) = fo 50 60lom 20 (- 11, 2] 21, 205 9) implies 9° = 99, for any
¥ in Ogo.

Theorem 5. Assume that, for l1,l; = 0,1, and for almost every (t,z1,22),

fy,51,52|Z1,22(
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afy,51,52|21,22('7 llu l2’21’ 22, '19)

11, lo| 21, 295 9) is differentiable at 9° and the rank of 59

at 9% is equal to p, then 19° is locally identified.

The proof of Theorems 4 and 5 are given in Appendix C.1.

Turning now to our model, since for 1, = 0,1 and for almost every (t, 21, 22),
fy.b1.62020,25 (8, 1, 12| 21, 205 9) s differentiable at 9, its derivative with respect to ¥

evaluated at 9°, can be written as

[0 fy.61.0311,2 (8, 11, La| 21, 225 0) ]
o
Ofyoriol s (b 11, 12121, 22:9) | | OFy 51 ol (E Ly To| 21, 22 9)

v do 0o

afy751,52\21,22 (t’ 1, l2’217 225 19)
L 06 190

Let C, G, and &, be the shorthand notations of C' (G (&1 (¢, z1;71)), G2(&2(t, 22;72)); 0),

G, [€.(t, z,;v,)] and &,(t, z,;7,) respectively. Then, as shown in Appendix C.2,

Of10(9)|  0fo1(0) 0 fo0(9) .
99 190, o9 |, and o |, can be written as
0 ) p
fg;( ) = - [Al, A1Qﬁ)(t)T + Qﬁ) (t)T, Ay Qll(zll)—ra e 7A1 QlKl(ZlKI)T>
’ o2c 17
T, 1,051, T T T, —
1, 11Q5(t) ", T1Q01(221) ..., Y192k, (22k,) 189189]190’
0 )
f(glll; ) = - [T27 TQQIAO<t)T7 TQQlI(le)Tu v 7T2Q1K1 (21K1)T7 A27 AQQQAO(t)T—i_
190
0% (1), 8y ()T .+ Dy oy ()T W L '
220 ) m2 21\ ~21 gty 22K\ *2K5 ) 28g280 1907
0 9
f(g;; ) [91, 0 Qﬁ)(t)T7 0 Q11(Z11)T7 o Q1K1(21K1)T, 9,82y Q%(t)T,
90
ac1"
Qy Q21(2’21)T, . 7QQQ2K2(22K2)Ta an >
00 90
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here T — 9G, 9¢, B 02C oG, N oC 9G? 9¢, _ | 0C 0gG, d

WREE T = e, ot T T | Tvagz oe, T oG, 0e2 ot |1 T |ag, oe, | ¢
820 agw A A/

T, = ,and Q(t), Qoo (t) and Qi (zk,) can be defined as

70G,0G., 0¢.,

S0 Qoo (t) Quin1 (Zum,)
[Z}]V”SZQ Qu0jv0 (t)} exp (Yvo2) Quk,2(2uk,)
QVAO(t) - [2375323 Q040 (t)} exp (Y03) | - Quk, (zuk,) = Qui,3(zum,) |

Q04,0 (t) €xp (1004,0) | Qb (k)

Sy Qg0 (8)
JI/O / t
Zjuozz VOjuo( ) €xXp (%02)
AI
.0(t) = [23‘158:3 Y0jvo (t)] exp (7,03)

Q07,0 (1) exp (Y004,0)

forv=1,2, w=1,2and v # w.

According to Theorem (5), in order to locally identify model (5.3), we should

df10(09) fo1(9) foo(9)
rove that : 0, — 0 and — 0 for almost ever
P 0 |, 7; 00 » 7&[ 19319 o’ Y
z1,Z t? ) Y ; .
(t, 21, 22), and that rank[ Jysidala, 2(8191 2|21, 2;9) ] =p, for 1,1, = 0,1. This
90

can be achieved by proving that the following statements are true.
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Case 1: (I1,1l) = (1,0) or (I1,l) = (0,1). For all ¢; € Rand j =0,1,2,...,x,

JV() '-]1/0

[REVRER IV SR IRURESD o ST

Jvo=1 Jvo=1

J,,o JLID
+ AV Z Q’/Ojuo (y) +QV Z Q’VO_],,o(y)‘|
Jro=2 Jvo=2
X exp (71/02)802 + -+ AUQVOJUO (y) + QUQ:’/OJUO (y)] exp (’YDOJ,,O)S&H + Augull(zvl)] Pri+1
on -]w()
4+ -4 AL/QVKVJUKU (ZVKV) Py + TV@L2+1 + TV Z Qwojwo (y)] Pro+2 + TV Z Qwojwo (y)‘|
Jwo=1 Jwo=2

X exp (7w02)¢L2+3 +-- TquOon (y)] €xXp (’YwOon)SDLg + TVlel(Zwl) Prg+1 +--

02C
TVQWKwaKw (ZwKw)] Pr—1+ ‘I’um Pr = O}v then ¢g =0, p1 =0, p2=0,...,9,=0.
Case 2: (I1,13) = (0,0).
JlO JlO
if {91<P0+ D Y Quoje ()1 + |2 D Qlew(t)} x exp (y102)p2 + - + Q1Q10J10(t)1
Jio=1 J1o=2

X exp (110.10)P0; + N ik, g, (21K, | Pun + D2Prp 41+

0 Q111(211)] Q41+ F

.]2() J20
Do D Da0jae ()| X prapa+ Q2 D QQszo(t)] exp (1202)Piat3 + - + Q2Q2OJ20(t)]
J20=1 J20=2

X €Xp (’720J20)<pb3 +

oC
80] Pr = 0}7

This is a preliminary result and future research will focus on establishing conditions

Q2Q25¢, 75, (22K, )1 r—1+

Qo Q211(Z21)1 Pra+1 + -+

then o =0, o1 =0, 2 =0,...,0, =0.

that are not too restrictive for the links and copula functions implemented in this
work in order to prove these statements. If this does not prove successful then a
possible approach would be to work with a simpler version of the proposed class of

models that would allow to define realistic conditions more easily.

Remark 3. Local identification at one point in the parameter space does not ensure
that the model is locally identified everywhere in Sy. Also, local identifiability
everywhere in Sy is a necessary but not a sufficient condition for global identification.

It is worth noting that local identification still allows for consistent estimation of
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¥ and it is sufficient to derive the asymptotic properties of the estimator 9 if the
sample size is sufficiently large then it is possible to limit the parameter space to a

neighbourhood of 9° and rely on local identification (e.g., Hsiao, 1989).

5.4 Penalized estimation approach for the de-
pendent censoring model

Assuming that the model is identified, model fitting is undertaken via maximum
likelihood estimation. As pointed out in Section 5.3, since fy, 4, (21, 22) does not
involve the model’s parameters, the likelihood function can be formulated using the
sub-density function fy s, s,.jz1,2 (¢ 1, l2|21, 22;19). Let us assume that the observed
data consist of n ii.d. replications {(v;, 01,02, 21;, Z9;) };—, of (y,01, 09,21, 22).

This allows us to write the likelihood function for ¥ = (71,72, 0) as

‘C(,ﬁ) = H fy,(51,52|z1,22 (yla 51i7 62i|zlia Z9;, 19) (55)

i=1

Using the results in Theorem 4 and since (B2) implies that fr,(t) and Sz, (t) can

be discarded from the likelihood, we can write

0C{G1 (& (Yis 21371)], G2 (62 (Ui, Z2i572)]; 0}
0G1 &1 (Vi 2145 71)

061 (yi, Zy;; ’71)
Oy

~0CH{G1[61 (i 2133 )], G2l€2 (43, 2215 72)]; 0} (5.6)
0Ga[82(vi, Z2i; o)

352(3/1', Zy;; ’72)
Oy

((9) = Z 01; log
i=1

X G11& (Y, 2153 m1)]

+ Z d9; log
i=1

X Gol&a Vi, 22 ¥2)]

+ z": d3;10g [C'{G1[&1 (i, 2135 71)]s G2 (62 (yi Z2is ¥2); 0} -

i=1
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The proposed model allows for a high degree of flexibility in modelling data.

Therefore, in order to prevent over-fitting, we maximize
1
0,(9) = £(9) — 519TA19, (5.7)

where £, is the penalized log-likelihood, A = diag(D;, Ds, 1), and D; and D, are
overall penalties which contain A; and A, defined as A, = (A,1,..., \xg,)" for
v = 1,2. The smoothing parameter vectors can be collected in the overall vector
A=A AN

Given the flexibility and complexities of the proposed model, estimation of all
model’s parameters is carried out using the algorithm introduced in section 4.3.2,
by simply replacing ¢ by 9. Since this optimization scheme is based on first and
second order analytical derivatives, these have been tediously derived and reported

in Appendix C.2.

5.5 Theoretical properties of 9

In this section, we derive the /n consistency and asymptotic normality of the
dependent censoring estimator, assuming that the model is identified. As in Section
4.3.3, we use the fixed-knot asymptotic framework since it is closer to practical
statistical modelling. The construction of confidence intervals and p-values is

undertaken using the approach introduced in section 4.3.4.
Theorem 6. Under assumptions (C1)-(C8) in Appendix C.3, the parameter

estimator ¥ = argmax £,(1) exists, is \/n-consistent and
JESy

Vi —9°) 5 N {0, [Z(8")] '},

where Z(9°) = E[—Vygyl(w;9")] with w containing the response and covariate
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vectors.

The proof of this result is given in Appendix C.3.
To construct the confidence intervals and p-values, we have used the approach
already introduced in Section 4.3.4, whose results straightforwardly extend to the

current context, by substituting ¢ by 9.

In the next chapter, we will investigate the finite sample properties of the
dependent estimator through a Monte Carlo simulation study. The proposed

estimator is also illustrated using prostate cancer data.

5.6 Simulation study

This section provides evidence on the empirical effectiveness of the proposed
methodology in recovering true linear effects, non linear effects, association param-
eters and baseline functions under dependent censoring for the Data Generating
Processes (DGPs) detailed in Table 5.2. The performance of the dependent cen-
soring penalized maximum log-likelihood estimator (DCPMLE) is compared to
that of its independent counterpart (ICPMLE; see Appendix C.4 for details on the
independent estimator).

For all the DGPs considered in the study, event times, T7;, were generated from
a proportional hazard model, while censored times, T5;, were generated from a
proportional odds model. These, defined on the survival function scale, are given

by

log [—log {S10(t1:) }] + Y01 + 11215 + 511(22:),

log [{1 — Sao(t2i)}

Soo(f2:) ] + Yo2 + V12215 + S12(22:),

where S1o(t1;) = 0.80 exp (—0.4¢3%) 4+ 0.20 exp (—0.1¢7;°) and Sao(tae;) =
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0.99 exp (—0.05¢23) + 0.01 exp (—0.4t%1) (e.g., Crowther & Lambert, 2013). Co-
variate z;; was generated using a binomial distribution and z; using a uniform
distribution. The administrative censoring variable, T3, was generated from a
uniform distribution on [3, 8], independent of (77,75). The models were fitted
considering two levels of association. Details on the DGPs (in terms of copula
structure, parametric coefficients, smooth functions and association parameters)
and the proportion of observations for T, Ty and T3 are provided in Table 5.2.
Sample sizes were set to 500 and 2000, and the number of replicates to 1000.
The models were fitted using gjrm () in GJRM by employing the proportional
hazard link ("PH") for the event times and the proportional odd link ("PO") for
the censoring times (see Appendix C.5 for some software details). The smooth
components of z; and zy were represented using penalized low rank thin plate
splines with second order penalty and 10 bases. Here, it is possible to employ
different spline definitions and related penalties (e.g., cubic regression splines and
P-splines). As explained, e.g., in Wood (2017), for uni-dimensional smooths of
continuous covariates, the specific choice of spline definition will not have an
impact on the estimated curves as long as smoothing parameter estimation is
reliably achieved. As for the number of basis functions, the chosen value of 10 is
arbitrary and based on the fact that it generally offers enough modelling flexibility
in applications. However, a sensitivity analysis using more bases was attempted
and there was no tangible change in the results apart from the computing time
which increased. The smooths of times were represented using monotonic penalized
B-splines with penalty defined in Section 4.2.2 and 10 bases. For each replicate,
curve estimates were constructed using 200 equally spaced fixed values in the (0,7)

range for the baseline functions and (0, 1) otherwise.

(i) Parametric effects: Regarding the estimates for the parametric effects,

Figure 5.1, Figure C.14 (Appendix C.6), and Table 5.3 show that overall the
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(iii)

mean estimates for the DCPMLE are very close to the respective true values
and improve as the sample size increases, and that the variability of the
estimates decreases as the sample size grows large. On the contrary, when
the ICPMLE is considered, there is a not negligible bias and this does not
disappear as the sample size grows large. This bias is even higher when 7 is
equal to 0.7 (DGPs 1, 2 and 3). Furthermore, the RMSE of the ICPMLE
is considerably higher than the RMSE of the ICPMLE for all DGPs and

sample sizes examined in the simulation study as shown in Table 5.3.

Smooth effects: As for the smooth effect of the non-linear covariates, Figure
5.2 (third column), Figures C.15 to C.19 (third column) in Appendix C.6,
and Table 5.3 show that overall the true functions are recovered well by the
proposed estimation methods and that the results improve in terms of bias
and efficiency as the sample size increases. Furthermore, the RMSE of the
ICPMLE is higher than the RMSE of the ICPMLE for all DGPs and sample

sizes examined in the simulation study as shown in Table 5.3.

Survival and hazard functions: Figure 5.2 (first and third rows), Figures
C.15 to C.19 (first and third rows) and Table C.1 in Appendix C.6 show
that overall the true survival (first column) and hazard functions (second
column) for the DCPMLE are recovered well, and the results improve in
terms of bias and efficiency as the sample size increases. However, when the
ICPMLE is considered, Figure 5.2 (second and fourth rows), Figures C.15 to
C.19 (second and fourth rows) and Table C.1 in Appendix C.6, there is a not
negligible bias for the survival and hazard functions and the situation does
not improve as the sample size grows large. In addition, the DCPMLE is
more efficient than the ICPMLE for almost all the DGPs and samples sizes

examined in the simulation study.
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(iv) Kendall’s 7: Regarding the estimates for the Kendall’s 7, Figure 5.3, and
Figure C.20 and Table C.2 in Appendix C.6 show that overall the mean
estimates for 7 in the DCPMLE are very close to the respective true values
and improve as the sample size increases, and that the variability of the
estimates decreases as the sample size grows large. The results are even
better in terms of bias and efficiency when 7 is equal to 0.7 since it is easier

to detect the dependence between the margins.

-1.0

-3.0
|
e
e
e
——

Figure 5.1: Parametric effects (v11) when DCPMLE (7 = 0.7) and ICPMLE are fitted by applying
the gjrm () function in GJRM to dependent censoring survival data simulated according to DGP1
(Clayton copula), DGP2 (Frank copula) and DGP3 (Gaussian copula) defined in Table 5.2. Circles
indicate mean estimates while bars represent the estimates’ ranges resulting from 5% and 95%
quantiles. True values are indicated by black solid horizontal lines. Black circles and vertical
bars refer to the results obtained for n = 500, whereas those for n = 2000 are given in blue

Computing times for the proposed approach were on average 10 seconds for
n = 2000 and around 5 seconds for n = 500. Finally, we would like to point
out that in this thesis we have reported the simulation results for a sub-group of
copulae; in our preliminary experiments we considered all the copulae listed in
Table 5.1 and the results were in line with those discussed in this section. These
results can be found in Appendix C.6 (DGPs 7 to 14). In particular, DGP13 and

DGP14 consider lower censoring rates of approximately 30% and 29% respectively.
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DCPMLE and Sample Size = 500
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Figure 5.2: Estimates of the survival functions (first column, Sjg), hazard functions (second
column, hjp) and smooth effects (third column, s11) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP1 (Table 5.2). The results in the first and
second rows refer to n = 500, whereas that in the third and fourth rows to n = 2000. True
functions are represented by black solid lines, mean estimates by dashed lines and pointwise
ranges resulting from 5% and 95% quantiles by shaded areas.
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1.0

0.9

0.8

0.7

0.6
|

0.5
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A A A
TpGP1 Tpgr2 TpGP3

Figure 5.3: Kendall Tau coefficient (7 = 0.7) estimates obtained when DCPMLE is fitted by
applying the gjrm () function in GJRM to dependent censoring survival data simulated according
to DGP1 (Clayton copula), DGP2 (Frank copula) and DGP3 (Gaussian copula) defined in Table
5.2. Circles indicate mean estimates while bars represent the estimates’ ranges resulting from 5%
and 95% quantiles. True values are indicated by black solid horizontal lines. Black circles and

vertical bars refer to the results obtained for n = 500, whereas those for n = 2000 are given in
blue.
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DCPML: Parametric Effects (y11) ICPMLE: Parametric Effects (y11)

Bias RMSE Bias RMSE
DGP | n=500 n=2000 | n=500 n=2000 n=500 n=2000 | n=500 n=2000
1 0.118 0.056 0.195 0.174 -0.774 -0.732 | 0.815 0.751
2 0.103 0.054 0.280 0.131 -0.949 -0.932 | 0.982 0.940
3 0.031 0.029 0.147 0.075 -0.319 -0.297 | 0.350 0.306
4 0.066 0.033 | 0.252 0.124 | -0.310 -0.294 | 0.367 0.312
5 0.078 0.047 0.269 0.133 -0.418 -0.403 | 0.463 0.415
6 0.047 0.045 | 0.168 0.093 | -0.189 -0.173 | 0.236 0.187

DCPML: Smooth Effects (s11) ICPMLE: Smooth Effects (s11)

Bias RMSE Bias RMSE
DGP | n=500 n=2000 | n=500 n=2000 | n=500 n=2000 | n=500 n=2000
1 0.029 0.017 0.149 0.076 0.052 0.043 | 0.158 0.090
2 0.032 0.017 0.147 0.075 0.053 0.051 0.159 0.094
3 0.031 0.018 0.132 0.069 0.026 0.032 0.139 0.080
4 0.034 0.017 0.147 0.075 0.048 0.035 0.154 0.084
5 0.033 0.020 0.147 0.077 0.043 0.036 0.151 0.085
6 0.034 0.020 0.137 0.071 0.026 0.021 0.140 0.074

Table 5.3: Bias and root mean squared error (RMSE) for parametric and smooth effects when
DCPMLE and ICPMLE are fitted by applying the gjrm () function in GJRM to dependent
censoring survival data simulated according to the DGPs 1 to 6 defined in Table 5.2. Bias
and RMSE for the smooth terms are calculated, respectively, as ny'> ", |3; — 54| and

1 Nrep A

rep Drepee1 Srep,is Ts is the number of

_ s - re A 2 ~
Ng ! Z?:l \/nT'elp :epil (Srep,i - SZ) ) where Si =1
equally spaced fixed values in the (0,8) or (0,1) range, and n,.p is the number of simulation
replicates. In this case, n, = 200 and n,e, = 1000. The bias for the smooth terms is based

on absolute differences in order to avoid compensating effects when taking the sum.
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5.7 Empirical illustration

The modelling framework is illustrated using data obtained from a randomized
clinical trial conducted to compare different levels of an active treatment for
prostate cancer (Byar & Green, 1980). These data have been analysed extensively
(e.g., Escarela & Carriere, 2003; Kleinbaum & Klein, 2010; Deresa & Van Keilegom,
2019). In total, 506 individuals with prostate cancer were randomized to receive
either a placebo or one of three dose levels of diethylstilbestrol (DES). The primary
event of interest, y;, is the time at which the patient died of prostate cancer.
Because of potentially fatal side effects of DES (e.g., cardiovascular-related or other
types of diseases), the analysis of the treatment must consider not only the death
time from prostate cancer but also that from other diseases.

Following Kleinbaum & Klein (2010), the clinically meaningful covariates were:
binary treatment (rx = 0 if the subject received a placebo or 0.2 mg of DES, and
1 if received 1.0 or 5.0 mg of DES); performance status (pf = 0 if normal, 1 if
there was limitation of activity); history of cardiovascular disease (hx = 0 for no
and 1 for yes); standardized weight (wt); hemoglobin in pg/100 ml (hg); age of
the patient at diagnosis (age); size of primary lesion estimated in cm? from rectal
examination (sz); combined index of tumour stage and histological grade (sg).
After dropping all the patients with missing information, the dataset consists of
483 observations. In this sample, 125 patients died of prostate cancer during the
study period, 219 died of non-prostate cancer diseases (cardiovascular-related or
other diseases), while 139 were alive at the end of the study. Therefore, some
subjects were censored due to a competing risk (non-cancer death) and others
because they would be alive at the end of the study (administrative censoring).
Prostate cancer death and non-cancer death are assumed to be dependent, and
administrative censoring as being independent of everything else. Recall that the

aim is to assess the effect of DES on prostate cancer death while accounting for
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individual characteristics and dependence censoring.

Deresa & Van Keilegom (2019) analysed the same data using a fully parametric
regression approach based on the bivariate Gaussian distribution and parametric
monotone increasing transformations of the logarithm of the times variables. To
compare the magnitudes of the correlation parameters obtained employing the
technique of these authors and the method proposed in this paper, we fitted a
Gaussian copula model where the covariate effects were modelled parametrically
and the baselines using the monotonic spline approach detailed in this paper
with the same settings employed for the simulation study. Smoothing for the
baselines was implemented on the log-time scale which usually yields very smooth
fitted functions and hence it helps, for example, to reduce the chance of potential
artifacts in the estimated hazard functions (e.g., Royston & Parmar, 2002). Since
several combinations of link functions had to be considered, a number of models
were tried out and the final model selected using the AIC and BIC. Table C.6 in
Appendix C.7 shows the results for the fitted models and supports the presence of
dependent censoring. The chosen model (N°1) exhibits an estimated correlation of
0.47 which is virtually identical to the correlation of 0. 46 obtained by Deresa &
Van Keilegom (2019), and they are both statistically significant. Moreover, the
parameters for rx, hg, sz and sg are statistically significant in the two models.

Next, we model the covariate effects flexibly. We followed a similar process as
before (see Table C.7 in Appendix C.7). Table 5.4 and Figure 5.4 show the results
for the selected dependent censoring model (Model 7). For comparison purposes
we also fitted the model under the assumption of independence. Table 5.5 and
Figure 5.5 show these results (Model 9).

Main findings: From Tables 5.4 and 5.5, the results show a considerably
smaller estimation uncertainty for the dependent model (for example, the standard

error of rx for the independent censoring model is approximately 2.3 times higher
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Model 7 (DCPMLE)

Parametric Effects | Estimate Standard Error Z-value P-value
intercept -8.352 0.614 -13.60 0.000 ***
rx -0.224 0.085 -2.653 0.008 **
hx 0.394 0.118 3.329 0.001 ***
pf 0.399 0.161 2.484 0.013 %
sz 0.278 0.065 4.248 0.000 ***
s9 0.217 0.066 3.298 0.001 ***
Smooth Effects EDF Ref.DF Chi-square P-value
s (log(u)) 1.000 1.000 217.1 0.000 ***
s (hg) 7.790 8.447 36.24 0.000 **%
s (age) 5.173 6.231 19.27 0.005 **
Kendall tau Estimate Confidence Interval
T 0.841 (0.7,0.923)

Table 5.4: Estimation results of the dependent censoring model (Model 7 in
Table C.7, Appendix C.7) applied to prostate cancer data. The models were
fitted using the functions gamlss () and gjrm()in GJRM by employing the
"PH-PO" link functions combination. Furthermore, EDF and Ref.DF refer to the
effective degrees of freedom and reference degrees of freedom of the smooths.
More details can be found in Sections 4.3.2 and 4.3.4.

Model 9 (ICPMLE)
Parametric Effects | Estimate Standard Error Z-value P-value
intercept -9.133 0.618 -14.79 0.000 ***
rx -0.686 0.193 -3.557 0.000 ***
hx 0.063 0.204 0.311 0.756
pf 0.422 0.267 1.581 0.114
sz 0.509 0.082 6.188 0.000 ***
sg 0.617 0.099 6.227 0.000 ***
Smooth Effects EDF Ref.DF Chi-square P-value
s (log (u)) 1.000 1.000 177.3 0.000 ***
s (hg) 3.506 4.411 17.95 0.002 **
s (age) 4.579 5.628 13.09 0.030 *

Table 5.5: Estimation results of the independent censoring model (Model 9 in
Table C.7, Appendix C.7) applied to prostate cancer data. The models were
fitted using the functions gamlss () and gjrm()in GJRM by employing the
"PH-PO" link functions combination. Furthermore, EDF and Ref.DF refer
to the effective degrees of freedom and reference degrees of freedom of the
smooths. More details can be found in Sections 4.3.2 and 4.3.4.
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than that of its dependent counterpart). Analysing the tables in more detail,
the coefficient of rx is statistically significant for both models. For instance, the
expected hazard for the treatment group is approximately 0.8 times the hazard
for the placebo group. Furthermore, the parameters rx, hx, pf, sz and sg
are statistically significant for the dependent censoring model. However, only
the parameters rx, sz and sg are statistically significant for the independent
censoring model. Tables 5.4 and 5.5 also show that s (u), s (hg) and s (age) are
statistically significant for both models, whereas Figures 5.4 and 5.5 display their
estimated functional forms along with the survival and hazard curves. The plots
show, for instance, that, after a certain point, the hazard of dying from prostate
cancer for the dependent censoring model decreases when the levels of hemoglobin
are higher.

The estimate for the association parameter is 7 = 0.841 and is statistically
significant. This is a strong association that will induce bias in the parameter
estimates if ignored. In fact, Figures 5.4 and 5.5 show that the survival and hazard
curves of the dependent censoring model have a substantially better fit than those

of its independent censoring counterpart.
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Figure 5.4: Smooth function estimates and their corresponding 95% intervals for the dependent
censoring model (Model 7 in in Table C.7, Appendix C.7) obtained by applying gjrm() in
GJRM to prostate cancer data. The intervals have been obtained using the approach described in
Section 4.3.4
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5.8 Concluding remarks

In this chapter, we have introduced copula link-based additive models for dependent
censoring and their potential, illustrated using simulated and real data. Our ex-
tended simulation study suggests that the model is identified. The performance of
the dependent censoring penalized maximum log-likelihood estimator (DCPMLE)
was also compared to that of its independent counterpart which leads to substantial
bias in the estimates since it neglects the dependent censoring mechanism. Fur-
ther, we have also discussed the y/n-consistency and asymptotic normality of the
dependent censoring estimator, under the assumption that the model is identified.

Important features of the modelling framework are that: the strength of the
association between the event and censoring times is modelled using a copula
structure and estimated in a way that is flexible and tractable at the same time;
the baseline functions are estimated non-parametrically via means of monotonic P-
splines, which allows one to obtain coherent estimated survival functions; covariate
effects are flexibly determined using additive predictors; the optimization scheme
allows for the reliable simultaneous penalized estimation of all model’s parameters
as well as for stable and fast automatic multiple smoothing parameter selection;
the models can be easily utilised using the freely available GJRM R package which

allows for several modelling choices.
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Chapter 6

Final Remarks

This thesis has been mainly motivated by the idea of relaxing assumptions on the
censoring mechanism in survival analysis. In particular, we aimed to broaden the
current applications by introducing two modelling frameworks that extend the class
of Survival Generalized Additive Models by allowing for informative and dependent
censoring. This work had two objectives: (i) to develop the theory needed for
estimating flexible and tractable informative and dependent censoring models; and
(ii) to implement the developed modelling frameworks in the R package GJRM,
hence allowing for transparent and reproducible research.

In Chapter 2, we made a review of the essential concepts in survival analysis,
where the most important representations of the response variable: the survival
function, the hazard function and the cumulative hazard function, were analysed.
Then, the crucial problem of censoring and their causes was discussed, along
with a general summary of univariate survival models, where the focus was on
splines-based methods. In the last part of this chapter, the independent and
non-informative censoring assumptions were discussed.

In Chapter 3, we presented a summary of models that allow for different
assumptions about the nature of the covariate effects on the survival time, and

where the baseline hazard and survival functions can be modelled in a flexible
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form. The general ideas of these models are employed to build survival link-based
additive models, which were discussed in the last part of the chapter.

Chapter 4, introduced a flexible survival modelling approach to account for
the information provided by the censoring times where the survival functions for
the censoring and event times were determined using link-based functions models.
Baseline functions were modelled non-parametrically by monotonic P-splines, and
covariate effects were flexibly determined using additive predictors. In this chapter,
a penalized likelihood method to estimate the informative model was proposed,
where model fitting was based on an optimization scheme that allows for the reliable
simultaneous penalized estimation of all model’s parameters as well as for stable and
fast automatic multiple smoothing parameter selection. Then, the y/n consistency
and asymptotic normality of the non-informative and informative estimators were
derived, and shed light on the efficiency gains produced by the newly introduced
informative estimator when compared to its non-informative counterpart. The
construction of confidence intervals and p-values were also discussed, and the
performance of the proposed methodology was evaluated using a Monte Carlo
simulation study and an empirical application on data about infants hospitalised for
pneumonia. Both, the simulation study and the empirical application highlighted
the merits of the proposal. In addition, we explained how to fit the model proposed
by using the function gamlss () in the R package GIJRM.

In Chapter 5, we proposed a flexible regression survival model that accounts
for administrative and dependent right censoring, and provided some identification
arguments. The strength of the association between the event and censoring times
is modelled via a copula structure whose dependence parameter is estimated from
the data. As before (Section 4.2.2), baseline functions are non-parametrically
estimated using monotonic P-splines and covariate effects are flexibly determined

using additive predictors. Parameter estimation as well as the consistency and
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asymptotic normality of the estimator were also presented. Finally, the finite
sample properties of the dependent estimator were investigated via a Monte Carlo
simulation study, and the proposal illustrated using prostate cancer data. These
results highlighted the effectiveness of the methodology proposed, and the relevant
numerical computation were easily carried out using the function gjrm () in the
R package GJRM (Marra & Radice, 2020b).

Although in this thesis we have only modelled right censored responses, it
is plausible to consider outcome types other than right censored. Therefore, an
interesting extension will be the incorporation of left and interval censored responses
in the models introduced in this thesis. These extensions will considerably increase
the scope and applicability of the modelling approach proposed. Future research
will also focus on extending the proposed informative model to include time varying
covariates, and on the construction of efficient schemes for selecting automatically
the set of informative covariates. All of these extensions will require the calculation
of the log-likelihood functions of the informative and dependent censoring models
and their respective score and Hessian components.

Finally, in order to locally identify the dependent censoring model introduced
in Chapter 5, we will work on establishing not too restrictive identifying conditions

for the links and copula functions implemented in this thesis.
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Appendix A

Supplements to Chapter 2

A.1 Discrete T

Survival data can also be measured as an interval. This could indicate, for example,
that a transition occurred in a particular period of time, but the exact time within
the period is not given (Kalbfleisch & Prentice, 2002). In particular, let T be a
discrete random variable taking values ¢, < t5 < .... Then, the probability mass
function can be defined, for all i = 1,2, ..., as fr(t;) = P(T =t;). This allows to
express the survival function as Sy(t) = Y fr(t;). In addition, for all j = 1,2, ...,

j‘t]‘ >t
the hazard function can be written as

fp(t;) = P(T = 4;|T > t;) = (A1)
where Sr(a™) = lim;,,~ S7(t;), since formally Sr(t) equals P(T" > t) rather than
P(T >t). Equation (A.1) can be interpreted as the probability of T at t;, given

survival to time ¢;. Furthermore, the cumulative hazard function can be defined as

Hr(t) = D hr(ty).
Jltj<t
On the other hand, the survival function can also be obtained from the hazard
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function through Sy(t) = P(T >t) = [] [1 — Ar(¢;)]. This allows to represent

Jlti<t -
fT(tj) as fT(tj) = ﬁT(tj)ST<tj_), where ST(t]_) = ll:[[l — ﬁT(tj>]

A.2 Discrete and continuous 7T’

So far, we have introduced the crucial functions to represent the response variable,
T, assuming that this can be either continuous or discrete. When the distribution
of T have both discrete and continuous components, the survival function can
be represented using the product-integral function (Gill & Johansen, 1990). This
function, which is useful, for example, to deal with mixed distributions, is discussed
briefly in this section.

In particular, the general idea is that the hazard function can be built to include
the continuous and discrete hazard functions fr(t) and Ap(t;), respectively. This

allows to write the cumulative hazard function as

pe) = | S(wdu+ Y (). (A.2)

Jlti<t

#HPC(t) is a right-continuous non-decreasing function, but it is not necessarily
differentiable, since by definition, the response variable is either continuous or

discrete. This also implies that the cumulative distribution function, Fr(t), is not

dFr(t
necessarily a differentiable function, and therefore fr(t) = c?t( ) can not be valid.

Finally, the survival function that considers continuous and discrete outcomes

can be written as

SPC(4) = exp [— / t ﬁT(u)du} TI [ - ety (A3)

jlti<t

SPC(t) is reduced to exp {— I ﬁT(u)du} in the continuous case and ] [1— fr(¢;)]
jltg<t
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in the discrete case. For a proof, and a more theoretical explanation, see Gill &

Johansen (1990).
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Appendix B

Supplements to Chapter 4

B.1 Model selection

In practical situations, it is important to detect if Zka:l S1k, (X1k,4) and ZkKj:l Soky (X2kyi)
have components in common. This is basically a model selection problem and, to
this end, we propose using the AIC, BIC and K-Fold Cross validation criterion
(TKCV). The AIC and BIC can be defined as

AIC = —2((6) + 2 EDF,

BIC = —2/(8) + log(n) EDF,

where the log-likelihood is evaluated at the penalized parameter estimates and
EDF = tr(B) with B defined in Section 4.3.2.

As for TXV (Stone, 1974), we first randomly divide the set of observations in
K groups (folds) of approximately equal size. Each fold is then in turn treated as
a validation set, and the IPMLE for a given model is used to estimate the vector

of parameters a using the remaining K —1 folds. The so obtained estimates are
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denoted as dék and &), and the log-likelihood function is calculated as

Ou(@\) = {logQ1 [Gi(6", &)™) + by log [_

{log Go [521(‘10 7(342 )} + d9; log [

and TXCV given by

We choose the model which maximizes (B.1). The same procedure is used when

YTKCV i calculated for the non-informative model. In such a case we have

. P A e
0 (AN {log g1 {512(’)’1 )} + 05 log [ Gy [&Z(Al\’“)} Yi
. G [€1(4:")] 06w (41")
+ {log G [522'(72]9)} - 0zilog [_ Gs k%(Az\k)} 26%2 |

and therefore TKCV = oK 7, (4\F).

B.2 Informative and non-informative Scores

If censoring is informative then «; and 7, would have some components in common.
Because the first () components of 7; are the same as the first () components of

~2, we have

Quz’YV - Q?Tao + Qi;ralf
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Therefore, defining & = (e}, @ , a9 )7, the informative penalized log-likelihood

function can be written as

l(a) =l(a) — ~a' Aa, (B.2)

where /() is defined as

g{ [511'(040, 041)] afli(ao, 041)1 }
G [&1i(ao, o) Ay

gé [521(010, 042)] 3521'(040, 042)] }
Gs [521(0407 042)] Dy .

Z {lOg gl glz O, al)] + 5” 10g [—
i=1
+ Z {log Go [&a2i(og, a2)] + 695 log [

i=1

The gradient of equation (B.2) can be calculated as
Valy(a) = Vo l(a) — aA,

where V /() = (Vaoé(a)T, Vo lla)T, VQQE(a)T)T. The expressions Vo ¢(x),

Vo l(a) and V ,,¢(a) can be obtained as ol(e) = [06((1) 0l(a) ]T () —

8050 805011 aOé()QJQ ’ (‘3041
T T
l@f(a) ) ] and 9(a) = [{M(a) 9(a) ] . In particular, the
804111 8a1Q1J1Q1 8a2 8a21 8042Q2J2Q2

scalar derivatives of V. l(a), Vo, () and V,,¢(ax) can be calculated as
M) _ - {g{ St } = 51 [_gi 3511‘]1 {_{/ STRISY g712 STRISY gl D¢y ]
dagj Zz:: G1 Oy +ZZ:: H Gi Oy; G1 Oy Oy; N G? 0oy Oy, Gr Oyidaw;
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where §,; = &i(ag, ), A, = | =X+ 0, [ =5 — =2 || and Q, =0, | =— . The
b = Ll o) [g,, G, G, v

last terms of equations (B.3), (B.4) and (B.5) allow to express V. l(at), Vo, ()

and V,,0(a) as follow

a aglz 6521
«a = A A )
\v4 Of(a) Z:zl _ 160(@ + 260(0]
N} 8glz 82511'
= A Q
Valg(a) ; L 18041 + 18yi8a1 ’
u} 8521 82521'
= A Q
Van(a) ; L 280(2 + 28yi8a2 ’

where, for all ¢ = 1,...n and v = 1,2,

agl/i _ [aéuz . agm ‘|T aguz

8a0 804011 . aOCOQJQ ’ aav
T T
0Cui . O8vi and Oy = 0%y o 0% These ex-
8061/11 8aVQuquV aylaau 8%00@11 ayiaaVQVJl/Qu ‘
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pressions can be calculated using the design vectors defined in Section 2.2 as

aém’ _ 0 T 0 T T 0
Jo. (Qi0)7,.... Qa(x%)T) =27,
a vi 4 i - 17 i i
g — hm{ Q 0<y + 5) Q O(y 6)} I‘yodyo — Q/yo(yi)—rryoduo,
y; e—0 %
851/1’ _ QLV%(%) if &g, = O
Oav,,, B
' Qg (X,quui) otherwise,
9 QLA’ ) if .
& _ v0 (yz) I Qg = O
0 i@a,, n
y qu 0 otherwise,

where Q',0(y;) can be conveniently obtained using a finite-difference method.

Moreover, we define the design vectors Q%0 (y;) and Q'5 (y;) as

Z}];’(?:l Q00j,0 (i) Z}'Jf(?:l Q0o (Yi)
|70 Quosu ()] P (Q002) |7 Qb (43)] D (o)
Qi () = | [0y Quo (4)] exp (a0s))| 2007 (00) = | [0y Qg (43)] 3D (0003)

Q07,0 (Yi) exp (04,0) Q07,0 Wi) exp (04,0)

On the other hand, when censoring is non-informative the penalized log-

likelihood function is
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where £(7) can be written as

n

Z {lOg gl 611 ’71)] + 511' log {

=1

+> {log G [£2i(72)] + 02:log {—

=1
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(o [511(’7’1
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Go [fzz (’72

)
i

~— [ — |~

The gradient of (B.6) can be calculated as
Volp(7) = Vo L(y) —vA,

where V. (0(v) = (V%E('y)T, Vwé('y)T)T. In addition, V., ¢(v) and V., () can

o) _ l%) o) ] o) [aaw RG) ]
oM Oy V1K1, 2} o1t 872K2J2K2
Furthermore, the scalar derivatives of V., ¢(v) and V.,{(v) can be obtained as

9L(7) :z”: {91 851:’} +§": 5 {_gg ash}l [_ Y 061 0%y 97 06 06 G1 0% }
3’713‘ - G1 (971]‘ P v g1 32/1‘ Gi 3’71]‘ 8yi 912 3’71]' 3yi Gi 31/1‘371]‘
g1 9 s g1 0 B g1 0w 0%, <3§11>_1

G1 Oy |Gl O GOy, Oyidviy \ Oy

91 [G1 (g glﬂ 3T (8511-)‘1
e NP S (e T 51
015 |:gl + g G * 0y; 071 "\ oy

0&1; 0%&4;
€14 At &1 91},

be calculated as

- 'ZM:

i=1

— 0 yiOn;
(B.7)
55(’7) - gz 92 } " 252' {_gé 8521':| - [_é’ 0&2i 02 n ﬁ 0821 02 gg D&y }
0725 P G2 0725 =1 ' G2 Oy; G2 0725 Oy; G5 0725 Oyi  Ga Qy;02

062 [ Gh <g gzﬂ 9%s; (a@i)‘l
Y2 g (222 Goi
0725 {gz + G, Gy * 0Y;072; oy

N~ ) G 0 s Gy 08 Gy 0%y n & (3521',)_1
— | 920725 2 Gy Ov25 G2 O0v2;  0yiOy2; \ Ovi

(B.8)
where £,; = &,i(7,). The last terms of equations (B.7) and (B.8) allow V. ¢(v)
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and V.,¢() to be expressed as

- 8512 82512‘ ]
V.o ly) =3 |A2E 10
7 t) Z[ Yom T oo
- ag?z 82€2i ]
V. (v =3 |A 10 :
=) Z[ 20y, 2Oy

where agm _ [ aguz L agm 1T and 8251/1' o [ a2€m . 8251/2' ’
a’Y’U a’YVU 87VKVJVKV ayza")/V ayiﬁ'yyll ayla,yl/Ku JuK,
9€,i(v)

foralli =1,...,nand v = 1, 2. Furthermore, , can be generically calculated

using

agw(’)’u) _ hm{ QVO(yi + 5) - QVO

+
Yi — € 2 2
e ( )} I'oyvo = Q;/o(yi)TFVO'Yvoa

where Q' (y;) can also be calculated using a finite-difference method. The design

afvi('ﬁ/) and azgvi('ﬁ)

ectors fo
O T o D0,

can be obtained using

06si(w) _ Q7o (v:) if Yok, = Y0
a’YVk?u

.k, (Xuk,i) otherwise,

¢,i(v.,) Qo (y) i Yok, = Yoo

0Y;07,
Yok, 0 otherwise.
Finally, we have that
[ JVO | [ JVO /
ijo:1 Q0,0 (Ys) Zj,,ozl 1070 (vi)
[Zj5§=2 QVOqu(%)} exp (Vvo2) [23‘]53=2 ;/ij()(yi)} exp (Vv02)

QVAO(%) = [Zj:é):g QVOjVo(yz’)] exp (’Yuos)] Qﬁ; (?Jz) = [Z}]fgzg LOj,,O(yi)} exp (%03)]

QVOJVO (yl) eXp (/VVOJVO) QIIJOJVO (yl) eXp (/VVOJV())
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B.3 Informative and non-informative Hessians

The informative penalized Hessian can be obtained as

Vaalp(a) = Voo l(a) — A,

where Vaol(av) is

Vagal(@)  Vaga l(a)  Vaga,l(a)
Vaal(@) = | Vaal(@)  Vaa,l(@)  Vaal(a) (B.9)
Vasal(@) Ve ll@) Vaae,l(a)
20
In addition, V4, af(a) = L(OL), for all v = 0,1,2 and x = 0,1,2. This
Ja, 0]
expression is calculated using
T 0 (o) 0*(ax) T
Oay11000.11 aOévnaOénQanQK
Vaya llar) =
0*(a) 0*(a)
ﬁ%QUJvQU daer 5%QUJUQ“ 30@-;4%1,4%~ i

Since a; appears only in &j;(a, o) and ap only in &g (@, as), then Vg, 0, l(a) =

V asar {(x) = 0. Hence, (B.9) can be written as

Vol (@)  Vaga l(@)  Vaga,l(ar)
Vaal(@) = | Vo, 0l(@) Voo l(a) 0 (B.10)
V asant () 0 V asarl(c)
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In equation (B.10), the scalar derivatives of Vayaol(@), Vaanl(@), Vaga.l(),

Vaia l(a@) and V ,,q,0(a), can be calculated as

= - - =5 ——014 - lig—
Oag;O0aoy, G Oag; O, GF Dagj Do, G1 Doy Doy, 27" 0an; Do,

826(0) _ i{ il 8517, 8511 giQ aglz aglz {//5 8517, aglz 1,25 8517, 8512

%% .5511‘ 91, n o 08 96 G190 %% 1 9154 CE3Y
TG Mag; Bagr | G2 M dag; Dagr | Gi Dag0ane | G dag0aoe Gi - Do, Daok

i Z{g2 0i Oy GR Oy O&a; n %”5 08 06 g”25 0&2; 082

G Dag; Dagy G dag; dagr,  Go 2 dagj Do G 2 o Do,

Gy 06 0&i | Gy o O O | Gy 0%6a Gy 9&ai g25_ & Eai
G 3010J Oaoy, 2 2230!03‘ Oagr,  Ga a0y 5 213010j3040k Go 23060]'304%

06 Oy K y > ( N G Y ﬂ
= = = =5 | +0u — =g A Ty
;{ dag; Do [\G1 GF AN 91 G}
8§2i 8621. |:< é/ 52 ) ( é// é/Q g// /2 ):l
=+ -5 |t —Zr -5+
dap;j Dapy, G2 g% ? G2 géz Go gg

zn: 0615 3511 o 082 O&a; o
aOZoJ 8a0k Gaoj aaok 2

(B.11)

1z

g 5003‘ oy, - g12 3040;’ oy, g1 aa()j oy, 9'2 v 50&0g Oayy

0*(ar) _zn:{gi/ 06 9&i  GF 9 9 . ///6 STRAST g”25 01 0

8aoj8a1k B
L GY . 96 96 | G O%u O6u | GI P& {/5 9%&1; 915 CESY
G "dag; daay, | G M ag, any, | Gi DD 00001, Gi ' Dag;Oany

n aflz 8511 " 12 > < 1// 112 // /2 >}
E{aaoﬂ Doy Kgl gt o G1 % gl " g

8£11 851&
im1 8aoj 6a1k ’

(B.12)
() zn: Gy 0o 0o Gy 0o 0o L éﬁé 08 06 Q"Q(S 0&i 02
8aoj8a2k GQ 8aoj 8a2k G 3aoj (904% gz Zaaoj 3a2k 2 2 8a0j aagk
_ ia 8527, 8521 52 8622 8521 gg a 622 é/ 8 521 g26 ) 82521’
Go ' Bag; Doz, | G2 Bag; Daar, | Ga 30&0]304% Y Bag 0ask  Ga - Bag;Oang

8521 8521 // /2 > < /// 512 g/2 >:|
P ) i = - = - = e
{ aOéo_] 8O[Qk |:< g2 gg + 0 g2 é2 g2 + gg

_ zn: 8&21 8521
8aoj 8a2k 2 ’

(B.13)
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() _zn:{f STRAST ﬁafu 061 i(g 081 061 {/25 STIREST

80413‘8041k g1 60413’ 8041k B g12 80&13‘ aalk Gi 1 80413’ 8041k B '2 1 80413 8041k
-~ %5 0&; 06 | G O0&u 06u G 96 gy &€ 916 GRSt
g1 t 3041;‘ Oaqy, 2 haoélg Odayy, G1 50&1j5041k gl t 30&133011k g1 Zaaljaalk

P o (0i\T P P st
3%50413504% Y\ ay 0y;0ay, 0y; 00y 5 y;
aflz 6§1L < iZ) i// g//2 g// g/2
=5 | + 01 e e
Z{aau 36111@[ G g6) \a @ G g
" 0% %+5 g G1\| 9 9%, 51 (0fu>
Oaq 00y | G1 g G 0y;0an, Oy;0au 5 0y,
P& i\
n &1 51, 96
3yi301j301k Oy

8181 EE3T CESR3T 3T
Z SUR4S! . &1 A & & Ut & o\
8041] 8a1k 6041j8041k 8yi6a1k 6yi80¢1j 8yi8a1j8a1k

(B.14)

3012]'30!% Go 30!2]' Oagy, - QS 3042;‘ Oagy, giz 2 30l2j 304% g 2 aan Oagy,

/I 6521 8521 £2 8521 8521 gé 82521' i . 8 5272 g26 ) a2£2i

Z2 59 i i 2%y
Gy dagj dagy, | GI 'Dasj dagy, | Go Danidasy, | Gh 28042]004% Go = OaOazy

n Do 5o 9E\ ! D%y 0%y 5o 02
8y¢8a2j8a2k 8y1 ﬁyiaagk 8yiaa2] 6yz
a i 8 i // 12 " 112 1 12
_Z €2i 0Cai (_%2>+621 Gy _%_g+g
aa2j aan g2 gQ gQ 2 g gQ
n P |G s gy Gy\| 9% P& (3§2z>
OanjOaiay | Go Gy, Gy 0y;0aay, Oy; Oz yi
9% 062\ "
* 0y;0az00i, lém < yi )

| 06 0y 9%y D%y 0%y D%
= E P Ay — v Q
{8a2j 804216 2+ 80[2j80[2k 2 8yi8a2k 8yi8a2j 2+ 8yi8a2j8a2k 2

() :zn:{él 02 0&i  GF 0% 08 n é"(s 08 06 525 0&2i 0&ai

(B.15)
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G g//2 G/ g/2 agw -2

where &, =0,;,| = — 2% — X+ | and ¥, = |6,; | =— . Collecting the
G, ¢ G, @& dy: &

last terms of (B.11), (B.12), (B.13), (B.14) and (B.15), we obtain

9*l(ax) - 061 [0¢n] " Oy 062"
dapdayg ;{ ' day | day | T day [8&0} ’
2 n T qT
0 g(a) _ Z (I)V agl/z 851/2 ’
dagloy, day | O, |
826(‘)) _ = agul _agm'_ T 32§ui 8261/7? 8251/1' i 6351/12
oo, 0] ; {(I)V da, | Oa, | A da,0a) - Oy;0ax, {5)3/2»80@} i Ay 0, 0a) |7
where
[ 82£Vi(al/) 826111'(@1/) |
80[,,1180&,/11 aaullaaquJ,,Qy
625%
O, 0] ’
62§Vi(au> a2§l/i(al/)
_aOéyQVJVQV da1 3OéquJ,,QV 3OéuQUJ,,QV J
[ 83&”'(0{1,) agfl/i(au) i
0Y;00,11 00,11 3%80@1180@@@@”
835111' _
Jy;0a, 0}
aggui(au) 83§Vi(au)
L0yi0,q, 1,0, 011 0Yi00,Q, 1,0, 000Q, 7,4,
In particular, the design sub-matrices of 0%y and O are calculated
P ’ & da,0a] U Byda, Do
using
AN .
82§Vi(a07 au) QlL}O (yz) if Qvg, = Cvs, = Owo

—
da,q, 0o, 0

P, o) QIL/%A,(%)

= =
Oyila,q,a)

0

otherwise,

it oy, = s, = o

otherwise,
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where ©@'5% (y;) and Q'5% (y;) are defined as

82&/1’ J, e
QL% (y;) = § w030 0ok = [S523 Quoino )] exp (on0s0) i G =k #1
V0 v 8261/1' .
=0 otherwise,
8aV0ju08aV0ku0
aggui .
AN/ im0 Omon i 0juo (yz)] exp (woj,,) fj=Fk#1
QZ i) = 1=vU7v0 vUKv0
o (%) PE, |
=0 otherwise.
ayiOéVijoa()éu(Jkuo

On the other hand, the non-informative penalized Hessian is

Vo lp(7) = Vayl(y) — A

Since &1;(71) and &»(2)) do not have parameters in common, V.. ¢(7y) can be

written as

V7171£(7) 0
Vo l(y) )
0 Voo U(Y)

hete V. #(~) — 020(~) Thi . . .
where V., ., l(v) = IOy is expression can be obtained using
[ 0%() 0%(v) ]

07110711 o a%na%KVJVKV

V7u7u£(’7) = .
0%((v) 0%((v)

LOVvK,J, Ky O Ok, Tk, vk, 1, K,
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Furthermore, the scalar derivatives of V.4, () and V.,.,(7) are

Uy) _ z”: 91 06 06 _ G 96u O | Gi' s 06 Ofu i O6u Ok
371]‘57% P G 371]‘ 3’71k g1 3’71] 8'}/1k G 6’71] 3’YU¢ giz 1 3’Y1j 371k
_7151 9 96 G 1'3511‘ 9 G196 iél» Pei G 9
G 0vj Ok GF UOv Ovik Gi 010k 0y 0mE G 18’71ja'71k
P s <5fu)1 L P P (%—)2
0Y;071; 071k "\ oy 0yi0v1k OYi0v1; M\ dy;
" 12 " "2 " 12
72 U STRYUSY <>+517 N S i
a’YIJ 871k gl gl gl g gl gl
9% |61 g G| 9% 9% 51, (6511‘)_2
071071k | G1 g G YOy OyiOy; |\ Oy
D&y 5 <3§1z>
3y1371j371k yi
Zn: 961i O1i o 0*&1i IR ST SY i a,
— | Oy 371k 071071k 0y 01k OyiOy1 0Y;0v1,;0V1k ’
(B.16)
%(v) _ Zn: Gy 0boi 02 GF 0&ai 0% | Gy . 0 0o Gy* . 0&a 0
072j0v2r = | G2 0725 02 G5 0125 Ovar G B o e S
LGy 06 0 GFY . 0& 0& | Gy 06w gy Py 926 P&
G2 21372]' Oy G3 21872;‘ Oor Go 000y Gh 372g372k Go ' 07202k
Péai 06\~ Db D6 (0
+ 0 - 02i
0Y;072; 072k 0y; 0y;0v21 OYi02; y;

8621 8§2z
0725 Oyak

-3

1" 52 é” 52 // 12
Za T4 5 Zs & T2 s
[(gz g2>+ (gz oZ G *%ﬂ

i | Gh g G| 06 0% 5o (8521‘)_2
072072k | G2 Gy, Gy 0Y; 021, Oy 0725 2\ dy;
i 5o (3§2i>1
0072502k, *\ oy
Z 0621 02 o 0?Eai 0% 0% 3ai O
— | Oy 37% 07202k 0Y;0va1 Oyi072; 0Y;0v2; 072k, 2

(B.17)

The last terms of equations (B.16) and (B.17) allow to express V.., ¢(v) and
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Vo () as

n T T
V'rwuf(V) :Z{Cb i [agyi] + A O Y 0% [ i 1

=0, |0 o0, Oy, | Oyidv,
835%
Vi (>
" Y0, 07, }
where
8251/@' ('71/) aggvi ('71/) 1
071107011 87u1187uKVJuKV
8251/@' o .
B, 8'ny = o . o ,
6251/1' (71/) 8251/1' (71/)
| OVuk, Juk, 011 8’71/KVJ,,KD a’YVKVJl,KU J
8351/1' (71/) aggui (71/) 1
0907110711 ayia%/lla%KVJl,KV
8351/@' o .
78yi8'7,,8'yj = .
8351/1' (71/) ag’fui (71/)
L0Y:0VuK,J, , OVt 0YiOVvK, 1, %, MK, 7, 7,

24 3¢
In addition, the design sub-matrices of M and M can be obtained

07,07, 0yi0v,0v,
using the following equations
VAN .
82&,1- (’71,) 921/0A (%) if Yok, = Yvs, = N0
OV, O
Yok, CVvs, 0 otherwise,
AN .
635,,1-(%) QVO (yl) if Yok, = Yvs, = V00
OOV Y.
YiT vk Tos, 0 otherwise,
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where Q57 (y;) and Q%" (y;) can be calculated as

82514' J
T = 2251 Q0,0 (Ui) | XD (Twoj, ifj=k#1
QAOA(Q) = a’YVOjuoa’YVOkuo [ o o 0( )] ( o O) 7&
Y ' 62 vi
A T =0 otherwise,
a’Yij,,O a%/ﬂkuo
agfl/i J
= Z,VO :/ yz exp 71/ 3 lfj:k.#l
Qi (y:) = Y1050 OVv0kvo 120 Qoo )} )
14 3 83 l/i
: =0 otherwise.
ayz"yu()juoa%om

B.4 Proofs of Theorems 1, 2 and 3

B.4.1 Assumptions

This section provides the proofs of Theorems 1, 2 and 3 stated in Section 2.4.
First, we establish the main set of assumptions (regularity conditions and vanishing
penalties), then the main results are presented.

Since the same set of assumptions are used to proof Theorems 1 and 2, we use
 to represents the generic vector of parameters, where ¢¢p = o in Theorem 1 and

¢ =~ in Theorem 2. The generic log-likelihood function can be written as

6(90) = Zlog “le (.%‘|Z1i; Sol)STQ (yz‘|Z2z‘; 902)]6i [ng(yi|Z2i; 902)5T1(9i|z1i; 901)]

i=1

(1*51')] .
(B.18)
Let us define ¢(p) = > | log w(w;; o), where

‘*’(Wi§ ‘P) = [[le (yz‘|Z1z‘; 901)ST2 (yz‘|z2z‘; 602)]6i [fTQ(yz‘|Z2z'§ <P2)ST1(yi|Z1z‘§ ‘Pl)](lﬂsi)}’ W; =

(i, 215, 29;) T € Ry xRPLxRP2 and R, = (0,00). Moreover, z; = (z;,24;) " € RP' x

ol (wy;
R, (w;i 0) = logw(w,i @), Lalep) = 0™  SIy £(wii p), Vipl(wisop) = %f)
0, () PU(wi; @) Olu(e)
_ . _ U AW, P) = . Th
V‘pﬁn(go) &p ) prg(wz, 90) 8<p8goT and V¢¢€n(80) 8(,0890T ¢

penalised log-likelihood is £,(¢) = €,(p) — 3¢ " Aep.

Set of Assumptions 1 [Regularity conditions and vanishing penalty]
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0

(A1) The true parameters vector ¢" is in the interior of S, C RP, which is a

compact set, and Oyo is an open neighbourhood around .

(A2) For all w;, w(w;;¢) is continuous in . Also, w(w;; ) is measurable in w;

for all ¢ € S,.

(A3) The model is identified. That is, for any ¢ in S, and for almost every w,
w(w; ) = w(w; @) implies ¢” = . In addition, E{supgcg, [¢(Wi; )|} <

Q.

(A4) For all w;, w(w;; ) is three times continuously differentiable in ¢ in an open

neighbourhood around ¢°. That is w(w;; @) € C*(Oyo)

(Ab) fsupgoe%0 |V l(wi; )| dw; < oo and fsupweqpo |V ool (Wis ) || dw; <

Q.

(A6) For ¢ € Ogo, Z(¢p") = Cov{V,l(w;; )} = E{{V l(wi; 9°)—E[V,l(w;; ¢°)]}
{Vl(wi; %) — E[V l(wi; %)} T} exists and is positive-definite.

(A7) For all 1 <e, f,h < p+ 1, there exist a function ¢ : R, x RP* x R? — R
835 W
Wi D) | pwy),

such that, for ¢ € O, and w; € Ry x RP* x RP?| | ——————
e i Oep.0p 10y,

with E[¢p(w;)] < oo.

(A8) The penalties vanish as the sample size n goes to infinite. That is A =

o(n=1/?)1.
In addition, the following lemmas are required to prove Theorems 1, 2 and 3.

Lemma 1. Let s(w, ) be a continuously differentiable function, a.s. dw, on ¢ €

Oy
Is(w, )

If f Sup(pEOLPO 6(10

|| dw < oo, then for ¢ € O,
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(i) [s(w,p)dw is continuously differentiable.

(ii) [[0s(w,@)/0pldw = O[] s(w,p)dw]/Dep.
Proof. Newey & McFadden (1994, Lemma 3.6). O
Lemma 2. If Assumptions (A1)-(A7) hold, then

(i) B[V, £(w; )] = 0

(ii) E[_chqog(wi Q00>] = I(SOO)
Proof.

(i) Since w(w; ) is a hypothetical density, its integral is unity:

/w(w; p)dy = 1.

This is an identity, valid for any ¢ € S,. Differentiating both sides of this

identity with respect to ¢, we obtain

0
9 /w(w, p)dy = 0.

Then, by (A4), (A5) and Lemma 1, the following expression is obtained

a(?P/w(W; @)dy Z/aiw(W; P)dy. (B.19)

By the definition of the score, we have

The last equation can be substituted into (B.19) to obtain

[ Vet p)w(wi p)dy = 0. (B.20)
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This holds for any ¢ € Oy, in particular, for ¢°. Setting ¢ = ¢°, we have
/VJ(W; @ w(w; @°)dy = E[V  l(w; ¢")|z] = 0.
Then, by applying the law of total expectations, we obtain
B[V, ((w; ¢°)] = E{E[V ,£(w; ¢°)[2]} = 0.

as required.

(ii) Differentiating both sides of (B.20) and by (A4), (A5) and Lemma 1, we

have

0
/ GVl )eo(w; @)y = 0. (B.21)
The integrand of (B.21) can be written as

e [V otl55 )i )] = Vs @leo (i )+ Vw3 0) Vg3 ) (o).

We can substitute the last expression into (B.21) to obtain

- / Vool (W; p)w(w; p)dy = / V(W )V l(w; ) w(w; p)dy (B.22)
By setting ¢ = ¢, (B.22) can be written as

E[~ Vo l(w: °)|2] = E[Vol(w; ")Vl (w: ") 2],
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Then, by applying the law of total expectations, we obtain

BBVl (; ") 1]} = B[V ol(; ") T b ) [}
E[~ Vol (w;¢")] = E[V ((w; ") Vo l(w; %) '].

B[~V ppl(w; ¢")] = Z(¢”)
as required.
O]

Lemma 3. Let r € R, and O, be the surface of a sphere with radius rn~"? and

1/2

center ¢°, that is O, = {p € S, : ¢ = " +n~Y2r 7| = r}. For any € > 0,

there exist r such that P (supf (p) < Ep(goo)> > 1 — €, when n is large enough.

<p€r

Proof. We define nl,(¢) — nly(¢°) = nl,(p) — nl,(¢") — 2[e " Ap — @"TAp).

A Third Order Taylor expansion around ¢° yields

2= ") Vepla(#®) (@ — ¢)

nly(p) = nly(#") = nVoln(") (¢ = %) + 3

—ne’TA(p — ¢")

3 D n
+ - ZZZ (= #")ele — ") ("0_"’0)ha<ia£;(faicp 14
— ") TA(p — ¢").
(B.23)

Let ¢ = " +n~Y2r € O,. Then (B.23) becomes in

1
nly(p) — nly(¢°) = n'*V ol (¢ O)TT"‘*TTV%@@ (%)r
03 (p)
Dp0p rOnp

TfTh
1/2, 0T L+
n'“p° Ar — 57’ Ar,

where @ lies between ° and ¢ + n~!/2r. By (A5), Lemma 2(i) and the CLT,
n'2V ,0,(0%) % N[0,Z(¢°)]. Therefore, |n'/2V 0,(0°)Tr| = O,(1)|r||. B
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Lemma 2(ii) and the LLN, n'/2V 0, (¢°) & —Z(¢"), which, by the continu-

ous mapping theorem, yields 1r"V .0, (@")r 5 —1rTZ(¢%)r. Thus, by (A6),

11TV 0ol (@°)r < —3Cin |71, Where Guin > 0 is the smallest eigenvalue of Z(¢?).
54(@)
Ip0p ;0pn
and the Cauchy-Schwarz inequality imply that
~1/2 30 (5

n Ola()
6 D Zf 2Tl Ty 0.0¢ 10np

‘nl/QQOOTA’I“ 2 0 and ’%’I‘TA’I“ 2 0. Therefore, combining all of these results, we

By (A7) and the LLN, < 15t p(w;) B Elgp(w;)] < co. This fact

% 0. Finally, by (A8) we have that

obtain
1
nly () — nly(¢°) < Op(1) |7l — 5 Gonin [l (B.24)

for large enough n. Since the choice of ¢ was arbitrary, (B.24) becomes in

sup nlp(ep) — ngp((»oo) <C,
PO,

where C = O,(1) ||7]| — 5Cumin |7||*>. This implies that P (sup ly(p) < fp(goo)) >
peO,
P(C < 0). Finally, for all € > 0, there exists a ||r|| € Ry such that P[C < 0] > 1—e¢,

then P <sup ly(p) < ﬂp(cpo)> > 1 — ¢, as required. O
w€eOr

Lemma 4. (Delta Method). Suppose that ¢, is a sequence of k-dimensional
random vectors and ¢° be a constant k-vector such that v/ni(¢, — ¢°) -5 N(0, Q)
for some k x k matrix Q. Let ¢ : R¥ — R! be continuously differentiable at ¢°.

Then

Vi(g(en) — g(¢°) % N(0,GQGT)

dg(p)
9T | _po

where G =

is the [ x k Jacobian matrix.

Proof. Hayashi (2000, Lemma 2.5). O
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B.4.2 Theorems 1, 2 and 3

Theorem 1 (Asymptotic properties of the IPMLE estimator).

Proof.

(i) By (A1), (A2) and Gourieroux & Monfort (1995, Property 24.1), there exists

a well defined measurable function & that solves the optimization problem
in equation (31). Due to Lemma 3, the informative censoring penalized log-
likelihood function has a local maximum & in the interior of a sphere centered
on @’. Then, ||& — a’|| = O,(n~Y?), implying that & is a y/n-consistent

estimator.

To prove the asymptotic normality of the informative censoring penalized
likelihood estimator, we take the derivative of the log-likelihood function in

equation (31) to obtain

0= Volu(&) — Aér. (B.25)

Applying a second order Taylor expansion to equation (B.25) yields

0=Vl (a’) — A’ + Vauln(@®) (& —a’) — Al&—a’) + A, (B.26)

where the last term is defined as

(& —a®)T[V2V i, (&) (& — a?)
A = : , (B.27)

(& — O‘O)T[VZVaEn(d)]p(d - ao)

and @ lies between o’ and &, therefore ||a@ — a’|| < ||& — a®||. We can
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(i)

rewrite equation (B.26) to obtain

0=Vl (a’) — Aa’ + Voo ln(@®) (& — a’) — A(& — a°) + A (& — a?),

(B.28)

where A, is defined as

(& — ao)T[VVaaEn(a)]l

(& - O‘O)T[Vvaagn(o_‘)]p

By multiplying the right hand side of (B.28) by \/n, we obtain
[Vaaln(@”) — A+ A Vn(& — o) = V/n[Aa® — V0, (a”)].  (B.29)

Assumption (A8) yields A % 0 and Aa® % 0. By assumption (A7), we obtain
A, 5 0. By Lemma 2(i), (A5) and the CLT, n'/?V £, (a®) 4 N[0, Z(a)].
Furthermore, by Lemma 2(ii) and the LLN, n'/2V of,(a’) & —Z(a’).

Finally, by Slutsky’s theorem, we obtain

as required.

Under Theorem 1, \/n(é& — o) % N {0, [Z(a®)]™'}. In particular, for oy
€ & we have \/n(c6,0 — a%y) 5 N {0, [Z(a%)]~'}. In addition, S : R¥ — R

is continuously differentiable at @, with gradient defined as V,,,S(a,) =
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/

VilSu0(Guo) = Suo(ey)] N{0,Gqls(

X Val/() S<a20)

L o[8(@%)]V a,05(a%,). Then, we can apply Lemma 4 to obtain

v0)] Va5(ag) [Z(ao)] ™

Tt

vols(a)] }

Furthermore, we know that V4, a,¢(c) = 0, therefore E[—V 4, 4,0(cxg)] = 0.
This also implies that E[—V 4, a.0¢(0)] = 0, which means that a;p and ag

are independent. Then, S(ag) and S(ay) are also independent, as required.

O

Theorem 2 (Asymptotic properties of the NPMLE estimator).

Proof. This proof follows similar arguments of Theorem 1.

Theorem 3 (Efficiency of the IPMLE estimator).

Proof. For v = 1,2, we define v, = (v, 7™)" so that Q. ~,

QY + Q.
Where v, = (Yo1, -, Yog) T and ) = (V{di1y, - Vio,) | are the informative and
non-informative parameters of the non-informative model respectively. Thus, by

Assumption (A6) and Lemma 2(ii), Z(v") can be written as

where Z,, = Z(y%), Iy = I(

T, Tyw 0O 0
I ML AL I ne 0 0
I(y) = | """ , (B.30)
0 0 I, T
[0 0 Ty Ty
One

v, and Ly = I(

Yo

,v)9). Taking the inverse
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of (B.30), we obtain

E,yg)b E,Y?L,},g)nb 0 0
E Onea0c Z One 0 0
0\1—1 1N 7
Z(yI)] = : (B.31)
O 0 27(2% Z,‘/SL,Y(Q)TLL
i 0 O Z,ygL,anb E,ygnb |
— _ —1 —1 _ —1 —
Where Z,YBL = [I'Y;L/ 1.’715’717/“:[")’5“17;“75] s E,YBL,%(’)M = Z,YBLI%L/YL’LLI,}/;“, E,YEnL,ySL =

_I’;ﬁlLIFYLM'Yf/ E‘ygL and 2787’” = I,;;L]"L + I‘;,CL].LI'YL“'YIL/ Zn}/BLIﬂy’Lj»yLLLI,;;}L .
On the other hand, by Assumption (A6) and Lemma 2(ii), Z(a) can be written

as

Iao IaoOq IOfOOlQ
(") = |Tuay Zay O | (B.32)
T

(e BYe %y) 0 Iag

where Zp, = Z(@)), Za, = Z(@0), Taga, = Z(ad,a®) and Z,,+, = Z(al,ad).

12 v

Taking the inverse of (B.32), yields

Q0

Z@)] "' = |Saoar Zar O | (B.33)

Q&g

where Eag = [Zoy — IaomI;llIalao - Iaoazzaiglzazao]ilv Zagag = _Eagzaoauzo;la
Yatat = L Tn anXao and Yoo = L1+ T, 0o Yoo Zaga, Lot

v 0 v 0 v v v 0 v

Thus, by (4.16), (4.17), (4.18), (4.19), (4.20) and using that )} = a0, we

Obtain Iao — I"/i +I»7 :Z"Ot()a,, — I,-YILJA/I’/}L, IOéuOto — Ip},l’r/ufylb/ and IO(,/ — I,ng. ThlS and

59
the fact that E;é and 2;9{ are positive definite matrices, imply that [¥,0. — Zag]
is positive definite. Therefore, Yag < 240, Using this reasoning, we conclude that

Ea(o]a(u) < E,-YBL.YBnL, Eaga(o) < EpygnL‘YBL and Eag < 2787“’ as I‘equll‘ed. D
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The proof of Lemma 3 in the context of informative and non-informative
censoring models was adapted from Xingwei et al. (2010) and Vatter & Chavez-
Demoulin (2015). The proofs of the asymptotic normality (part (i) of Theorems 1

and 2) are based on Vatter & Chavez-Demoulin (2015).

B.5 Software details: gamlss () function

The models proposed in this article can be employed via the gamlss () function
in the R package GJRM (Marra & Radice, 2020b). As an example, consider the

following call

eql <- u ~ s(u, bs = "mpi") + zl1 + s(z22),

eqgq2 <- u ~ s(u, bs "mpi") + zl + s(z2),

out <- gamlss(list(eql, eg2), data = data, surv = TRUE,

margin = "PH", margin2 = "PH",cens = delta, informative = "yes",

inform.cov = c("z1")),

where eql and eqg2 are the two additive predictors of the dependent censoring
model. In these equations, s (u, bs = "mpi") represents the monotonic P-
spline function which models a transformation of the baseline survival function. As
for s (z2), the default is bs = "tp" (penalized low rank thin plate spline) with
k = 10 (number of basis functions) and m = 2 (order of derivatives). However,
argument bs can also be set to, for example, cr (penalized cubic regression spline),
ps (P-spline) and mrf (Markov random field), to name but a few. In the gamlss
function, surv = TRUE indicates that a survival model is fitted. The arguments
margin ="PH" and margin2 ="PH" specify the link functions for the survival
and censoring times, respectively. Table 4.1 shows the possible choices for the

links that have been implemented for this article. In this example, we specify
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the proportional hazard link ("PH") for the two equations. Argument cens =
delta is a binary censoring indicator; this variable has to be equal to 1 if the
event occurred and 0 otherwise. Finally, informative = "yes" indicates that
we are fitting a survival model with informative censoring, and inform.cov =

c("z1") specifies the set of informative covariates.

B.6 Additional simulation results for DGP2, DGP3

and DGP4

In DGP3, zj; is informative, z5; is informative and a mild censoring rate (about
47%) is considered. T}; and Ty; were generated using the model defined in equation
(4.25). The baseline survival functions were defined as Syo(t1;) = 0.8 exp (—0.4¢2:%) +
0.2exp (—0.1#1;%) and Syg(te;) = 0.99 exp (—0.05¢3°) + 0.01 exp (—0.4¢3:'). The
informative covariates, z1; and zo;, were generated using a binomial and a uniform
distribution respectively. Also, s11(z2;) = $12(22;) = sin(27z;), a1 = —0.10,
gz = —0.25 and ay; = a9 = —1.5.

The main findings are:

o Figure B.1 and Table B.2 show that overall the mean estimates for the two
estimators are very close to the respective true values and improve as the
sample size increases. However, even though the variability of the estimates
(IPMLE and NPMLE) decreases as the sample size grows large, the IPMLE
is slightly more efficient than the NPMLE in recovering the true linear effects
for all sample sizes examined here. In particular, the RMSE of the IPMLE is
slightly smaller than the RMSE of the NPMLE for all sample sizes considered.

o Figures B.2 and B.3, and Table B.2 show that overall the true functions are

recovered well by the IPMLE and NPMLE and that the results improve in
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Figure B.1: Linear coefficient estimates obtained by applying gamlss () to informative survival
data simulated according to DGP3 characterised by a censoring rate of about 47%. Circles
indicate mean estimates while bars represent the estimates’ ranges resulting from 5% and 95%
quantiles. True values are indicated by black solid horizontal lines. Black circles and vertical bars
refer to the results obtained for n = 500, whereas those for n = 1000 and n = 4000 are given in
dark gray and blue, respectively.

terms of bias and efficiency as the sample size increases. Furthermore, the
[PMLE is slightly more efficient than the NPMLE in recovering the non-linear
covariate effects for all sample sizes examined in this section (Table B.2).
However, this gain in efficiency by the IPMLE is not too significant when a

mild censoring rate (47%) is examined.

In DGP4, z; is informative, zo; is informative and it is considered a low
censoring rate (about 29%). Ti; and T5; were generated using also the model
defined in equation (4.25). The baseline survival functions were defined as Syo(t1;) =

0.8 exp (—0.4t%1) + 0.2 exp (—0.1¢12) and Sag(ta;) = 0.99 exp (—0.065¢%3) +
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Figure B.2: Smooth function estimates for the IPMLE obtained by applying gamlss () to
informative survival data simulated according to DGP3 characterised by a censoring rate of about
47%. True functions are represented by black solid lines, mean estimates by dashed lines and
pointwise ranges resulting from 5% and 95% quantiles by shaded areas. The results in the first
row refer to n = 500, whereas those in the second and third rows to n = 1000 and n = 4000.
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Figure B.3: Smooth function estimates for the NPMLE obtained by applying gamlss () to
informative survival data simulated according to DGP3 characterised by a censoring rate of about
47%. Further details are given in the caption of Figure B.2.
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0.01 exp (—0.4t3:1). The informative covariates, zi; and zy;, were generated using
a binomial and a uniform distribution respectively. Also, s11(29;) = s12(22;) =
sin(27rzi), o1 = —010, Qo2 = —0.25 and 11 = 19 = —0.15.

The main findings are:

o Figure B.4 and Table B.3 show that overall the mean estimates for the two
estimators are very close to the respective true values and improve as the
sample size increases. However, as for DGP3, the IPMLE is slightly more
efficient than the NPMLE in recovering the true linear effects for all sample

sizes examined here.

o Figures B.5 and B.6, and Table B.3 show that in general the true functions
are recovered well by the IPMLE and NPMLE and that the results improve
in terms of bias and efficiency as the sample size increases. Furthermore, the
I[PMLE is slightly more efficient than the NPMLE in recovering the non-linear
covariate effects for all sample sizes examined in this section (Table B.3).
However, this gain in efficiency by the IPMLE is not too significant when a

low censoring rate (29%) is examined.
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Figure B.4: Linear coefficient estimates obtained by applying gamlss () to informative survival
data simulated according to DGP4 characterised by a censoring rate of about 29%. Further
details are given in the caption of Figure B.1.
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Figure B.5: Smooth function estimates for the IPMLE obtained by applying gamlss () to
informative survival data simulated according to DGP4 characterised by a censoring rate of about

29%. Further details are given in the caption of Figure B.2.

(a) Informative Penalized Maximum Log-likelihood Estimator (IPMLE)

Bias RMSE
n=>500 n=1000 n=4000 | n=>500 n = 1000 n = 4000
a;; -0.024 -0.014 -0.006 0.138 0.100 0.049
$1 0.039 0.025 0.012 0.154 0.114 0.059
hio 0.084 0.048 0.035 0.262 0.144 0.083
S1o 0.028 0.020 0.017 0.063 0.050 0.031
(b) Non-informative Penalized Maximum Log-likelihood Estimator (NPMLE)
Bias RMSE
n=500 n=1000 n=4000 | n=500 n = 1000 n = 4000
app -0.045 -0.017 -0.007 0.208 0.144 0.071
51 0.085 0.068 0.044 0.191 0.206 0.111
hio 0.085 0.057 0.033 0.195 0.292 0.083
S10 0.027 0.021 0.015 0.058 0.068 0.033

Table B.1: Bias and root mean squared error (RMSE) for the IPMLE and NPMLE
obtained by applying the gamlss () to informative survival data simulated according to
DGP2 characterised by a censoring rate of about 74%. Further details are given in the

caption of Table 4.2.
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Figure B.6: Smooth function estimates for the NPMLE obtained by applying gamlss () to
informative survival data simulated according to DGP4 characterised by a censoring rate of about

29%. Further details are given in the caption of Figure B.2.

(a) Informative Penalized Maximum Log-likelihood Estimator (IPMLE)

Bias RMSE
n=>500 n=1000 n=4000 | n=>500 n = 1000 n = 4000
o -0.012 -0.006 0.003 0.121 0.058 0.045
$1 0.031 0.021 0.015 0.124 0.091 0.051
hio 0.040 0.027 0.026 0.135 0.088 0.058
S1o 0.003 0.008 0.015 0.057 0.047 0.030
(b) Non-informative Penalized Maximum Log-likelihood Estimator (NPMLE)
Bias RMSE
n=500 n=1000 n=4000 | n=500 n = 1000 n = 4000
app -0.022 0.001 0.007 0.140 0.100 0.050
51 0.036 0.027 0.014 0.142 0.104 0.055
hio 0.037 0.027 0.027 0.131 0.089 0.056
S10 0.004 0.008 0.017 0.065 0.047 0.032

Table B.2: Bias and root mean squared error (RMSE) for the IPMLE and NPMLE
obtained by applying gamlss () to informative survival data simulated according to
DGP3 characterised by a censoring rate of about 47%. Further details are given in the

caption of Table 4.2.
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Figure B.7: Linear coefficient estimates obtained by applying gamlss () to informative survival
data simulated according to DGP2 which is characterised by a censoring rate of about 74%.
Further details are given in the caption of Figure B.1.
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Figure B.8: Smooth function estimates for the IPMLE obtained by applying gamlss () to
informative survival data simulated according to DGP2 characterised by a censoring rate of about

74%. Further details are given in the caption of Figure B.2.

(a) Informative Penalized Maximum Log-likelihood Estimator (IPMLE)

Bias RMSE
n=>500 n=1000 n=4000 | n=>500 n = 1000 n = 4000
a;; - -0.003 -0.004 0.000 0.100 0.071 0.035
S1 0.023 0.019 0.011 0.117 0.086 0.045
hio 0.055 0.041 0.046 0.134 0.150 0.129
S1o 0.033 0.010 0.013 0.049 0.051 0.038
(b) Non-informative Penalized Maximum Log-likelihood Estimator (NPMLE)
Bias RMSE
n=500 n=1000 n=4000 | n=500 n = 1000 n = 4000
o -0.001 -0.003 0.000 0.108 0.078 0.038
51 0.029 0.023 0.013 0.127 0.093 0.049
hio 0.059 0.040 0.046 0.186 0.152 0.129
S10 0.014 0.010 0.013 0.066 0.053 0.039

Table B.3: Bias and root mean squared error (RMSE) for the IPMLE and NPMLE
obtained by applying gamlss () to informative survival data simulated according to
DGP4 characterised by a censoring rate of about 29%. Further details are given in the

caption of Table 4.2.
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Figure B.9: Smooth function estimates for the NPMLE obtained by applying gamlss () to
informative survival data simulated according to DGP2 characterised by a censoring rate of about
74%. Further details are given in the caption of Figure B.2.
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Appendix C

Supplements to Chapter 5

C.1 Proofs of Theorems 4 and 5

Theorem 4 (Sub-densities)

Proof. Let us write the generic sub-survival function as Sy s, 5,/z, 2, (¢, 1, l2| 21, 22) =

P(T; > t’kQ'Tk > Tj|lz1 = 21,29 = 23), where j, k = 1,2,3. Similarly, for o > 0,
]

Sy,51,62|z1,zg(t + o, ll, l2|21, ZQ) = P(]} >t+ 0, ijTk > ,,lezl = 21,242 = ZQ). There-

fore, [Sy.5,8s1z1,25 (t, 11, l2|21, 22) — Sy 5,,62121,25 (t + 0,11, 2|21, 22)] can be defined as

P(t<Tj§t+9,ijTk>TjIZ1=zl,zQ:ZQ)= o

[Sy751752|21722 (t’ ll? l2|Zl7 ZQ) - Sy,51,52|zl,zz (t + o, lla l2|217 ZQ)]
Let 1 be an arbitrary positive number such that 0 < p < ¢. The definition of
Sy.61.00/21,22 (L, 11, l2] 21, 22) implies that (C.1) has a lower and an upper bound. The

lower bound can be written as

P<t<Tj§t+QakQ.Tk>t+¢|Z1:2‘1722:22):
J

[ST17T2,T3|Z1,Z2 (tv t+ % i+ 1P|217 22) - ST1,T27T3\Z1,Z2 (t + 0, i+ wu t+ "lev 22)]'
(C.2)
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Similarly, the upper bound can be defined as

P(t<j}§t+Q,ijTk>t|Z1:Zl,ZQIZQ): <C3)

[STl,TQ,T3|z1,zz (tv ta t|217 22) - STl,Tg,Tg\zl,zg (t + 0, t> t’Zb 22)]'

Dividing (C.1), (C.2) and (C.3) by ¢ and also taking the limit as ¢ — 0, we obtain,
for all ¢» > 0,
t, 1,1 > 0 P(T t:, N1, t = =
fy,617(52|z1,Z2< y U1, 2|Z1722) = aTj ( j > j,k# k> +¢|Z1 = Z1,43 = ZQ)‘t]:t’

0
fy,§1,62|z1,zz<t7l17l2’Z1722) S %P(T’j > t]akQJTk > t‘zl =Z21,22 = ZQ)‘
J

t]':t’

(C4)
where fy 5, s,1m.8, (6 11, 2] 21, 22) = limg g 07 'P(t < T; < t+ o, ijTk > Tjlzy =
21,29 = 23). In addition, by taking the limit as ¢» — 0, we obtain

9
Fut o o (b1, ol 21, 22) = === P(T; > 1, O T >tz = 21,2 = )|, . (C.5)

ot;
On the other hand, because of A1, fy 5, s,121.2,(t, 1, 0|21, 22;9), fy.6,.60021,20 (¢, 0, 1|21, 225 99)

and fy.s5, 6,021,200, 0|21, 22;19) can be written as

fio(¥) = lim QilP(t <Ty <t+0,Ty >tz = 21,29 = 29;9)P(T5 > 1),

0—0

fO,l('ﬁ) = 111’1(1) Q_lp(t <Ty <t+ o, T > t|Z1 = Z1,Z9 = ZQ,ﬁ)P(Tg > t), (CG)

o0—

f070(’l9) = 11IT(1) Q_lp(t < T3 <t+ Q)P(Tl > t,TQ > t|Z1 =21,2Z9 = 22,’09)

o—
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Furthermore, if we use (C.5), equation (C.6) can be expressed as

0
f170<’l9) = _7825 P(Tl > tl,Tg > t‘Zl = 21,29 = Zg)‘t —tST3(t)7
1 1=
0
f071(’l9) = —78 P(Tl > t TQ > tl‘Zl = 21,29 = Zg)‘t _tSTB(t),
2 2=

foo(9) = P(T1 > t,T5 > t|zg = 21,29 = 22;9) fr(t),

where Sp,(t) = P(T > t) and fr(t) = o 'P(t < T3 < t + g). Finally, since
S(ti,ta|z;9) = C [S1(t|Z1;71), Sa(talz2;v2); 0] and S, (]2 v.) = Gu [ (t, 2us Vo))

we obtain

0C{G1[&1(t, z1;m)], Ga[6al(t, 22;%2)]; 0}
0G1[&1(t, 21571)]

& (t, 21571) |

gi [§1<t7 Zla’)/l)] ot

fro(@) = |-

X ST3 (t),

. oC {Q1 [51 (t, 215 '71)]7 g2 [52 (tv 22; ’72)]; 9}
Joa(9) = 0G>[&a(t, 22;72)]

& (t, 22;y2) |
ot

Gyl&a(t, 225 72)]

X ST?, (t)a

Jo0(9) =C{Gi[&i(t, z1571)], Gol&a(t, 22;72); 0} % fry(2),

as required. O

Remark 4. The proof that fys, s,z (t, 11, 12]21, 22) can be calculated directly
from the joint survival function of the latent survival times (equation (C.5)) is due
to Tsiatis (1975). His result was formulated in the context of competing risks when

no covariates are included.
Theorem 5 (Local Identification Condition)

Proof. Let us define f, 5 5,(9) and f; 5 5,(9) as the shorthand notations of
O fy.618a121,25 (> 11, la| 21, 223 )

oY 90
by hypothesis, we know that the rank of f; 5 5 () is equal to p, the matrix

fy.61,02121,22 (5 11, l2] 21, 223 9) and , respectively. Since,
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F) 5.5, (0) fh5,5,(0)T is symmetric and the nonnegative square root ¢ of its smallest

! s1 (9] > [loh]

eigenvalue ¢? is positive. Therefore, for h € RP, we have that ’ 015

where ||| is the euclidean norm. On the other hand, because f, s, s, (1) is differen-

tiable at ¥°, we have

s, (80 1) 59— fys (O

=0.
h—0 i

This implies that there exists a € > 0 such that, for all |9 — 9°|| < e, with 9 # 9°,

we have

| £1062(8) = Fus1.5,(9%) = £ 5,5, () (B — )|
19 — 9]

< ¢.
Let us write

ny,51,62 (9) = 61,6, (9°) — 0515, (0) (0 — ,00)”
‘ 0515, (0)(9 —9°) '

| £0500:0) = Fu000(9%) = £ 5,5, @ = 9)| 9 — 9

19 — 9 |15 5., (9)(® = 9|
Sinee 18 =9° SlmewMﬁmﬂ—@m@w%—;m@wxﬂ—ww<
| £15 5.0 —00)| ¢ 1£5.5,.6.(0 — 0|

1. This implies that f, s, 5, (3) # fy.5..6,(9°). Therefore ¥° is locally identified on

the neighbourhood {9 € S : ||[¥ — 9°|| < €}, as required. O

Remark 5. This result follows from the implicit function theorem, and can be
found in (e.g., Chen et al., 2014; Stanghellini et al., 2013; Bekker, 1989). In

particular, we have adapted the proof proposed by Chen et al. (2014) to our case.

Remark 6. As pointed out by Bekker & Wansbeek (2001), local identification
is related to the existence of a consistent estimator. That is, if 9° is locally

not identified, there exist vectors 1 arbitrarily close to 9¥° with 9° # 9 and
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Iy sl (5 1215 20:9%) = fysiar (- 121, 20;9) for [ = 0,1 and for almost every
(y, 1, 22). Therefore, in general, exact knowledge of fysja, 25 (+, |21, 22;9°) is not
sufficient to distinguish between 9° and 9. Suppose that 9 is an estimator of 9. Its
limit distribution is a function of fy 55 4, (-, 1|21, 22;9°), therefore exact knowledge
of this distribution function is not enough to distinguish between 19° and 9. This
means that 19° can not be expressed as a function of the large sample distribution
of 9. In particular, 9° can not be expressed as the probability limit of 9. On
the contrary, if 9° is locally identified, and if the parameter space is restricted to
a sufficiently small open neighbourhood of 9°, fy sjs, 4, (-, {|21, 22; 9°) corresponds

uniquely to a single value 9° = 9.

C.2 Dependent censoring Score and Hessian

In this section, the detailed derivations of the Score and the Hessian for the

dependent censoring model are presented.

C.2.1 Dependent censoring Score

First, let us define f10(9), fo1(¥) and fyo(1) as the shorthand notations for

fy,51,52|Z1,Z2 (tu 17 O|Zla 2923 19)7 fy,él,dg\zl,ZQ (t7 07 1’217 2923 19) and fy,61,62‘Z1722 (t7 07 0’217 292 19)

As discussed in section 4, the penalised log-likelihood function of ¥ = (71,79, 0) is

0,(9) = ((®) — ;19TA19, (.7)

z”: d1i10g f1,0(F) + dailog fo,1(9) + i fo,0(I)] (C.8)
=1
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06, (tu 215 ’Yl)

_ )] t / ,
fl,O(ﬁ) - agl [€1<t,21,’71)] gl [£l<t7 Zla’Yl)] ot 3
_ 0CH{Gi[&(t, 21570, Gal€al(t, 22;72)); 03 ) g 08(t, 22;72)
fU,l(ﬁ) - 692[52@722;’72)] g2[£2<t7 22/72)] ot ;
Joo(9) = C{G1[&1(t, z1;m)], Ga[6a(t, 22;72)]; 0} -
(C.9)
Then, the penalised score, Vy£,(89), of (C.7) can be calculated as
Vly(¥) = Vyl(9) — A, (C.10)
e 61 Of10(09) 2 Ofo1(9) d3i  Ofoo(V)
VI =2 500 90 fu@ 99 @ 09 | M
For l1,ls = 0,1, we can write
_afh,b (19)—
o
Ofu:(0) _ | 0f1, 1,(9)
59 = e . (C.12)
afll,b (19)
00
Then, (C.20) becomes in
[0f0.1(9)] [0f0.1(9)] [0f00(9)]
8’71 871 8’71

ng(’ﬂ) _ zn: 511’ af(xl(’ﬂ) zn: 52@ 0]‘?0,1(19) n En: 532' afo,o(ﬁ) .

= f10(9) 072 7 fo( 072 = foo(9) 072
dfo1(9) 0 fo1(9) A fo.0(9)
L 00 L 00 L 00

(C.13)
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In particular, for f (1), we have

Of0(0)]  [0°C 000G, 05 06 9C 0GE 05 06 IC 9G: 9E ]
o7 0G? 0& 0& Ot Ovi  0Gy 06 Ot Oy1 0Gy 0& Otdm
Ofio(®) | _ 0*C Gy 0Gy 06, 08,
0o 0G10Gy 081 0§ Ot Oz
Of10(9) 0°C0G, 0&
o0 | I G100 9§, Ot 1
(C.14)

Similarly, fy1(1#), we obtain

[0 fo1(9)] [ 0*C 0G1 0Gy 0&, 0&,
o 0G20G, 98, 08 Ot O
Afon (V)| _ _ 0?C 0G, 0G2 08 06 OC 8Q22% 0&  0C 0Gy 0&3
872 8922 852 852 ot 8’)’2 692 8522 ot 8’72 892 852 875872
0fo1(9) 0°C G, 96,
a0 L 0G200 08y Ot ]
(C.15)
Finally, if f (1) is observed, then
[0fo0(F)]  [0C 0G: 0& ]
o 0G1 08 O
02 0Gy 082 02
0 fral(0) e
00 L 00
0G, 0¢, 0°C 0G, 0C 0G20¢, oC 0g,
If fine ¥, = A, = |V v Q, =
we define W, = 5" 5 B l v 9G2 0¢, G, 0¢2 ot |~ |96, o5,
0?C  0G,
and TV = |‘\:[jyagyagwa€w‘|7

with v = 1,2, w = 1,2 and v # w, equations (C.14), (C.15) and (C.16) can be
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written as
0fi0(0)]  [p %6 o 9G] [0fou(D)] st
omn o otom oM O
df1.0(9) 1% dfo1(9) AQ% , 53 ’
972 072 02 07 Ot0ys
Of10(9) v 0*C 0fo1(9) v 0*C
0 196,06 0 28G,00
0 foo(9)] 911
oM ' o
0 foo(9) %6
V2 0ve
9 fo0(9) oc
00 00
(C.17)
2
In addition, 9 () and IS l) can be calculated using the following expressions
vy ato~y,
yaN .
06,(v,) | Lwol®) if Yok, = Yoo
ok,
Ty Quky (Zuku> OtherWisea
N :
8251/(71/) _ Qo (t) i Yok, = Yoo
8258’)/,,].3”

0 otherwise,
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where, Q% (t), Q2% (t) and Qu, (z,1,) can be defined as

S0 Quojio (1) Quk,1 (20, )
(275 Quojio (1) €xD (002) Qui,2(2um,)
Q1) = | [0y Quojuo(®)] exp (10s) |+ Qo (k) = | Quialzun,) | -
QVOJVO (t) eXp (’YVOJVO) ] _Qljkyjl,ky (Zl/ky>_
S Qg (1)
[S5740_ Qs ()] XD (002)
AI
Qo (1) = | [y Qo (8)] exp (u03)
QIIJOJ,,O (t) €xXp (’-)/VOJVO) |
2
Therefore, for v = 1,2, w = 1,2 and v # w, Aygiz + anfgfyy, Tygj; and
Q, %, can be written as
v,
A, T,
2 A, Qun(t) + 2, Q05 (1) T, Q%)
9y 9¢, 9w
AV 871/ + QV ata,yy - - Ay Qul(zyl) TVT% - = TI/le (Zwl)
Al/ QVKV (ZVKV> TV QwKw (ZwKw)
Q,
2, Q0(1)
%3
QV a,yy = QVQZ/I(ZVI)
QI/ QVKV (ZZIKU)

(C.18)
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C.2.2 Dependent censoring Hessian

The Hessian for the dependent censoring model can be written as

Vaalp(9) = Vgl (9) — A, (C.19)
[ b PPhe@®) by 9fie(®) dfie(d)]
V’”é(ﬁ)_; fro(®) 89997 fio(9) 99 99 |
Lo [ Pha@) | dw 0/ k)] )
| for(9) 09097 fo,(9)2 09 09 | '
RS [ O3 Pfoo(®) Gz 0foo(®) 0fos(®) ]
| foo(9) 99097 foo(9)2 09 00 '
For [1,lo, = 0,1, we can write
_82]0[1712(’19) anh,lz(’ﬂ) a2f11712(19)_
Oy10vf 071075 97100
82f117l2(19) o agfh,b(/ﬁ) 82f117l2(’l9) a2f11712(19)
= (C.21)
99097 0v20v] 0v2079 Dv,00
Pf,(9)  Pfr1,(0) 0 fi,1,(9)
896’71 80872 002
For fyo(9), we have
8 foo(9) a?c<ag,,)2 L oC G2 a¢, [ag,,]T aC 8G, 9%,
v, 0y} | 0G2 \ ¢, 9G, 0L | O, Lo, 9G, 0&, 0,07}
Pfoo(®)  0*C 0G, 9G., 0&, {agwr
a’)’ua’)’;— 0G,0G,, 851/ 8&0 a"71/ 87w (0‘22)

% fop(®)

02C 9G, 9¢,

07,00 — 9G,00 3, D,

?fop(®)  0*C
002 902
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90 3G, 9¢,
0G, 0¢, ot

For fi0(9¥) and fo1(9), let us write fi, 1, (9),4, = . Then, for

v=1,2, w=1,2 and v # w, we have

iy, { la30(agy)3ag,, 0*C 0G2 0G, 9§, | 9*C 0GE oG,  OC agg}

oY 9G3\d¢,) ot " “0Gz 0¢2 dg, ot " 9GZ 02 95, 9G, OE}
L 9% {%]T
v, L0V
N 'a?c<agy)zaf,,+ oc 9*6,| ¢ [ao agy] 0%,
10G2\0¢,) ot ' 9G, 92 | oy, 0] ' L0G, O, | 9t o, 0]
+'262C<agy)2+ac 026, o¢, [ 92, 1"
“ag2 \ o, 8G, 02 | Oy, | oo,
O fra, N, [ 0PC <agw>2agyagy 9*C 9G2 0G, 0, | 9 [agwr
oVl 9G,0G2 \ 9¢, ) 0¢, dt ' 0G,0G, 0€2 D¢, Ot | Oy, Lo
[ 9’0 06,06, 06 &%
0G,0G., 0¢, 08, Ot | 07,0v]
O fra, N, [ 0PC (agyfagwag,, L _O°C 05306, 08 0 [86{
o 9G,0G2\ 9¢,) 9, 9t ' 9G,0G, 02 D, Ot | O, Lo

_l’_

2C 3G, 06, | 0, [0e,1T
8G,0G,, 8¢, D¢, | Ot b, [Zm]

Pfun,Ouz, [ ] &C <69y>26‘§u L PC 06308, | 08, [ °C 96, 9%,
07,00 N 0G200\ 0¢,) ot = 0G,00 0¢2 Ot | I, 0G,00 9§, | 0 tov,
*fr(Dp, | 03C 090G, 0G,0¢,| 0
.00 06,0600 05, O, Ot | O,
O fir sty _ [ 9°C 06, 0¢,
062 | 0G,00 0§, Ot

(C.23)
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e, 0%
o, 07,] ot 0v,0v,)

In addition, can be obtained using the following equations

AN

826,, QVO (t) if Yok, = Yvs, = Y00
Vor, 07,
Vo Ohrs, 0 otherwise,
2%, QVAOA ) if Yok, = Yos, = Yoo
OV,
Vo Yoy 0 otherwise,

where @52 (t) and Q47 (t) can be calculated as

¢, .
e — i QV i t eXp P)/Z/ i lf] — k % 1
QAOA(t) = 8%0J’V08%0ky0 { Jvo 0J 0( )} ( 05 O)
14 82 :
—5 =0 otherwise,
0Y05,0 070k,
>y e
= v 07 t exp (Yv0j, 1f]:k37é1
QAOA/ (t) = M007,0 000k, { oo Qoo ﬂ (V050)
) &%, |
=0 otherwise.
0t710j,0 070k,

C.3 Proof of the asymptotic properties of 9

This section provides the proof of the asymptotic properties of 9. This follows the
same arguments to prove the asymptotic properties of & and 4 (Theorems 1 and 2

in Appendix C). Let us write the log-likelihood function as

5(79) = Zlog [fy,61,62|z1,z1(yi7 014, 51¢’Z11‘, Z3;; 19)} . (C-24)

i=1

Let gn(ﬁ) =nt i log f(Wi, 19)7 where f(Wi, 19) = fy,51,52|z1,21(yi7 014, 511"Z1i7 Z9;; 79)

with w; = (y;,2/;,24;) " € R, x R?* x RP2, and R, = (0, 00). Moreover, {(w;;9) =

O(wy: O I, (9 Pl(wi; 0
log f(w;, ), Vygl(w;;9) = (2;9)7 Vyln(9) = 81<9 )7 Vaol(wi;d) = (‘31<9‘g'L9T)
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0%y (0)
- 09097
Finally, 9° denotes the true vector of parameters.

and Vgl (9) The penalised log-likelihood is £,(9) = £, (9) — 39" AY.

Set of Assumptions 2 [Regularity conditions and vanishing penalty]

(C1) The true parameters vector 9° is in the interior of Sy C RP, which is a

compact set, and Oyo is an open neighbourhood around .

(C2) For all w;, f(w;; ) is continuous in . Also, f(w;;8) is measurable in w;

for all ¥ € Sy.

(C3) The model is identified. That is, for l1,l; = 0,1 and for almost every

(ta 21, 22)7 fy,51,62|Z1,zz (t, lla ZQ‘Zla 295 190) = fy,61,62\zl,zz (t> lla l2|21, 22, '19) implies

90 = 9, for any ¥ in Sy. In addition, E{supycg, [¢(W;; F)|} < oo.

(C4) For all w;, f(w;;9) is three times continuously differentiable in 9 in an open

neighbourhood around 9°. That is f(w;;9) € C3(Ogo).
(C5) [supyeo,, [[Vol(wi;9)||dw; < oo and [supyep , [Vool(wi; d)[| dw; < oo.

(C6) Ford € Ogo, Z(9°) = Cov{Vyl(w;;9)} = E{{Vol(w;; 9")—E[Vyl(w;;9°)]}
{Vol(wi;9°) — E[Vl(wi;9°)]} T} exists and is positive-definite.

(C7) Forall 1 <e, f,h < p, there exists a function ¢ : Ry x RP* x R”2 — R such
D3 (wy;9)

that, for 9 € Ogo and w; € Ry x R”" x RP2, 99,0009,

E[p(w;)] < oc.

(C8) The penalties vanish as the sample size n goes to infinite. That is A =

o(n=/?)1.
Theorem 6 (Asymptotic properties of the DCPMLE estimator).

Proof. See the proof of Theorem 1 in Appendix C. O]



143 C.4. Independent censoring log-likelihood function

C.4 Independent censoring log-likelihood func-
tion

In this section we show how the sub-densities functions are built when it is assumed
that the censoring mechanism is stochastically independent. Then we will use
these sub-densities to construct the log-likelihood function.

Suppose that Y = min {T},T, T3} € R*, and the censoring indicators §; =
I{Y =T} and 0, = [ {Y = T3} are observed. If we assume that the censoring is
independent, the sub-density function fys, s(z,.2, (" -, *|21, 22; ) of (Y, 01, 62) given

(z1,22) = (21, 22) and 7, when Y = T}, can be written as

fY,51,52|z1,ZQ(t7 170|Zl722;7) = P(Y = ta 61 == 1752 == 0|Z1 = 21,29 = 22;’7)7

=P(Ty =t,Ty > t,T5 > t|z) = 21,22 = 22;7),

(C.25)
= [1ilz (t21:71) P(To > t]z0;v2) P(T5 > 1),
= fT1|Z1 (t’zl; 71)ST2|Z2 (t’223'72)ST3 (t)
Similarly, when Y = T5, we obtain
fY,51,52|z1,ZQ(t7 07 1|Zl7 2277) = P(Y = ta 61 == 07 52 == 1|Z1 = 21,29 = 22;’7)7
=P(Ty > t, Ty =t,T5 > t|zg = 21,29 = 22;7),
(C.26)

= frujas (205 71) P(Th > tl21;772) P(T5 > 1),

= fT2|Zz (t’z2; 71)ST1|21 (t"zl; '72)ST3 (t)
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Finally, if Y = T}, then

fy751’52|zl,z2(t70,0’21,22;’7) = P(Y = t, 51 = 0,(52 = 0|Z1 = 21,29 = 22;’)’),

=P(Ty >y, To > t,T5 =t|z1 = 21,22 = 22;7),
(C.27)

= P(T} > tlz1;71) P(Ty > t|z2;%2) fr, (1),

= STz, (t 215 71) Sty (] 225 ¥2) f5 (1)

On the other hand, the joint density of (Y, 01, 02, Z1, 22) can be written as fy.s, 5,2,.20 =
1v.61,60|21,22 J21 25~ Since fy, 5, does not involve the model parameters, the likelihood
function can be formulated using the conditional density fys, s,/z;,2,- Let us assume
that the data consist of n random 4.7.d. replications {(y;,01i, 02, 21, Z2i) };y Of
(Y, 61, 02,21,22). This allows us to write the likelihood function for v = (’le, 'yZT)T

as

n 511' 621‘
L(’Y) = H{ [fY,51752\Z1,Z2 (yi7 17 0|Zli7 Z;; 7)} [fY,51,52|Z1722 (yia 07 1|Z1i7 Z;; 7)}

i=1

1—-614—62;
X [fY,él,fsQ\zl,m (i, 0, 0(z1, 2253 ’Y)} }

Using (C.25), (C.26) and (C.27), we obtain

n

£9) = TI{ #1101 155 90) S 251 72) S 31)

i=1

024
X [fT2|ZQ (yi‘z2i; ’72)ST1\z1 (?/z ’Zhﬁ; ’)’1)ST3 (%)] (0'28)

1—81i—02;
X [ST1|Z1 (yi|zli; 71)ST2\Z2 (yl ’Z2i§ 72)fT3 (ylﬂ }

_ ny|zu(yi|Zui; ’Yu)
STylZV (yz‘zuu ’71/)

Since fir, |, (Yi|Zvi; o) and St,(y;) does not involve «; and s,
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the logarithm of equation (C.28) can be written as

n

l(y) = Z{@u + 02;) log G [&1(Yi, 2153 71)] + 014 log [—

=1

G11& (Wi, 21 71)] O& (ys, 205 71)]
g1 [51(%‘,%1';’)’1)] Dy

+ (1 — 61 — 92;) log Gy [&1(yi, 215 71)]

Gol&2(ys, Z2i5 72)] 062 (i, 22 ’)’2)]

+ (815 + 62;) log Ga [£2(ys, Z2i; ¥2)] + 02 log l_ GolEa(yi, Zoi; )] Oy

+ (1 — 61; — 02;) log G [Ea (v, Zz;’)’z)]}-

(C.29)

Finally, if (C.29) is rearranged, then

n

l(y) = Z{log G1 [&1(yis 21 71)] + 614 log [—

g [51 (Z/u Z14; ’)’1)] 73} (yi, Z14; 71)]

i=1 g1[§1<yiazui§71)] 0y;
. 4 _%[52(% Z2i;Ya)] 0&2(Yis Z2i; Y2)
log Ga [£2(Yi, Z2i;7¥2)] + d2ilog [ Gala (v, 75 72| 00 ] }

C.5 Software details: gjrm() function

The models proposed in Section 5.6 can be employed via the gjrm () function
in the R package GJRM (Marra & Radice, 2020b). As an example, consider the

following call

eql <—u ~ s(u, bs = "mpi") + zl1 + s(z22),

eqgq2 <— u ~ s(u, bs = "mpi") + zl1 + s(z2),

TRUE,

out <- gjrm(list (egl, eqg2), data data, surv

margins = c("PH", "PH"),censl = deltal, cens2 = deltaZz,
cens3 = l-deltal-delta2, Model = "B",

BivD = "N", dep.cens = TRUE, gamlssfit = TRUE),
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where eql and eqg2 are the two additive predictors of the dependent censoring
model. In these equations, s (u, bs = "mpi") represents the monotonic P-
spline function which models a transformation of the baseline survival function. As
for s (z2), the default is bs = "tp" (penalized low rank thin plate spline) with
k = 10 (number of basis functions) and m = 2 (order of derivatives). However,
argument bs can also be set to, for example, cr (penalized cubic regression
spline), ps (P-spline) and mrf (Markov random field), to name but a few. In
the gjrm function, surv = TRUE indicates that a survival model is fitted. The
arguments margin ="PH" and margin2 ="PH" specify the link functions for
the survival and censoring times, respectively. Table 4.1 shows the possible choices
for the links that have been implemented for this article. In this example, we
specify the proportional hazard link ("PH") for the two equations. The arguments
censl = deltal, cens2 = delta2 and cens3 =1-deltal-delta2 are
binary censoring indicators. In particular, censl = deltal has to be equal
to 1 if the event occurred and 0 otherwise. Similarly, cens2 = delta has
to be equal to 1 if the dependent censoring occurred and 0 otherwise. When
both censl = deltal and censl = delta2 are equal to zero, the argument
cens3 =1-deltal-delta?2 captures the administrative censoring observations.
The option Model = "B" indicates that the model is bivariate. Argument BivD
= "N" represents the type of bivariate survival copula employed. The choices
considered in this work are Normal ("N"), Frank ("F"), Clayton ("C0"), Joe
("Jom"), Student ("T"), Farlie-Gumbel-Morgenstern, ("FGM"), Ali-Mikhail-Haq
("AaMH"), Plackett ("PL"), Gumbel ("GO") and Student-t ("T"). Moreover, if
dep.cens = "TRUE" then the dependence censored model is employed. Finally,
if gamlssfit = TRUE then gamlss univariate models are also fitted. This is

useful for obtaining starting values, for instance.
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C.6 Additional simulation results for DGP1 to

DGP14
DCPML: Survival Functions (S1o) ICPMLE: Survival Functions (S1o)
Bias RMSE Bias RMSE
DGP | n=500 n=2000 | n=500 n=2000 | n=500 n=2000 | n=500 n=2000
1 0.006 0.003 0.024 0.013 0.020 0.010 0.037 0.016
2 0.005 0.002 0.025 0.012 0.018 0.020 0.037 0.027
3 0.005 0.003 0.024 0.012 0.021 0.021 0.037 0.027
4 0.005 0.002 0.025 0.013 0.020 0.022 0.037 0.028
5 0.005 0.002 0.024 0.013 | 0.017 0.019 | 0.035 0.026
6 0.004 0.002 0.024 0.013 0.018 0.019 0.035 0.026
DCPML: Hazard Functions (hio) ICPMLE: Hazard Functions (hio)
Bias RMSE Bias RMSE
DGP | n=500 n=2000 | n=500 n=2000 | n=500 n=2000 | n=500 n=2000
1 0.039 0.022 0.100 0.052 0.071 0.085 0.115 0.098
2 0.038 0.022 0.119 0.053 | 0.063 0.078 0.115 0.098
3 0.036 0.022 0.097 0.051 0.069 0.082 0.107 0.093
4 0.037 0.021 | 0.101 0.054 0.067 0.082 0.112 0.095
5 0.033 0.021 0.096 0.052 0.059 0.071 0.118 0.098
6 0.038 0.023 0.126 0.053 0.062 0.075 0.107 0.091

Table C.1: Bias and root mean squared error (RMSE) for the hazard and survival functions
when DCPMLE and ICPMLE are fitted by applying the gjrm () function in GJRM to
dependent censoring survival data simulated according to DGPs 1 to 6 defined in Table 5.2.
Bias and RMSE for the smooth terms are calculated, respectively, as ny 1> 7" |3; —s;| and

ngtyr, \/ T Soresl ) (8repi — 81)7, where 3; = ni L S0 | 5,04, n is the number of
equally spaced fixed values in the (0,8) or (0, 1) range, and 1., is the number of simulation
replicates. In this case, ny; = 200 and 7., = 1000. The bias for the smooth terms is based
on absolute differences in order to avoid compensating effects when taking the sum.
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DCPMLE: Kendall Tau (7)
Bias RMSE
DGP | n=500 n=2000 | n=500 n=2000
1 0.051 0.015 0.095 0.040
2 0.052 0.019 0.108 0.043
3 0.063 0.031 0.102 0.048
4 0.053 0.023 0.137 0.059
5 0.066 0.035 0.169 0.075
6 0.086 0.065 0.199 0.105
Table C.2: Bias and root mean squared error
(RMSE) for the Kendall Tau obtained by apply-
ing the gjrm () function in GJRM to dependent
censoring survival data simulated according to
DGPs 1 to 6 defined in Table 5.2.
DCPML: Parametric Effects (y11) ICPMLE: Parametric Effects (y11)
Bias RMSE Bias RMSE
DGP | n=500 n=2000 | n=500 n=2000 | n=500 n=2000 | n=500 n=2000
7 -0.019 0.004 0.144 0.073 | -0.082 -0.069 | 0.161 0.098
8 -0.060 0.005 0.150 0.065 -0.127 -0.087 | 0.200 0.108
9 0.122 0.067 0.325 0.153 | -1.588 -1.546 | 1.634 1.556
10 0.029 0.024 0.149 0.069 -0.293 -0.278 | 0.330 0.287
11 0.095 0.051 0.347 0.160 -1.210 -1.163 | 1.248 1.173
12 0.013 0.027 0.137 0.074 -0.296 -0.282 | 0.328 0.291
13 0.001 0.006 0.111 0.054 -0.035 -0.032 | 0.116 0.063
14 0.010 0.015 0.116 0.058 -0.050 -0.044 | 0.124 0.072
DCPML: Smooth Effects (s11) ICPMLE: Smooth Effects (s11)
Bias RMSE Bias RMSE
DGP n=500 n=2000 | n=500 n=2000 n=500 n=2000 | n=500 n=2000
7 0.030 0.017 0.139 0.071 0.033 0.023 0.140 0.073
8 0.028 0.017 0.119 0.071 0.032 0.026 0.120 0.075
9 0.028 0.018 0.151 0.077 0.042 0.039 0.164 0.091
10 0.029 0.019 0.129 0.067 0.041 0.051 0.147 0.090
11 0.032 0.019 0.153 0.077 0.048 0.045 0.1le61 0.092
12 0.028 0.019 0.130 0.036 0.028 0.036 0.140 0.081
13 0.024 0.016 0.126 0.064 0.018 0.010 0.125 0.065
14 0.031 0.019 0.126 0.068 0.020 0.014 0.125 0.067

Table C.3: Bias and root mean squared error (RMSE) for parametric and smooth effects when
DCPMLE and ICPMLE are fitted by applying the gjrm () function in GJRM to dependent
censoring survival data simulated according to DGPs 7 to 14 defined in Table 5.2. Further
details are given in the caption of Table C.1.
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DCPML: Survival Functions (S1o) ICPMLE: Survival Functions (Sio)
Bias RMSE Bias RMSE
DGP | n=500 n=2000 | n=500 n=2000 | n=500 n=2000 | n=500 n=2000
7 0.003 0.003 | 0.024 0.012 0.016 0.017 | 0.035 0.025
8 0.004 0.004 0.022 0.012 0.022 0.020 0.037 0.027
9 0.005 0.002 0.025 0.013 0.023 0.021 0.037 0.028
10 0.005 0.002 0.024 0.012 0.021 0.020 0.037 0.027
11 0.005 0.002 0.025 0.013 0.020 0.019 0.037 0.027
12 0.004 0.002 0.023 0.012 0.021 0.021 0.037 0.028
13 0.003 0.003 0.023 0.012 0.021 0.021 0.036 0.027
14 0.004 0.003 0.024 0.012 0.018 0.019 0.035 0.026
DCPML: Hazard Functions (hio) ICPMLE: Hazard Functions (hio)
Bias RMSE Bias RMSE
DGP | n=500 n=2000 | n=500 n=2000 | n=500 n=2000 | n=500 n=2000
7 0.030 0.019 | 0.138 0.049 | 0.056 0.065 0.128 0.092
8 0.031 0.022 0.069 0.052 0.080 0.072 0.103 0.097
9 0.039 0.022 0.148 0.053 | 0.054 0.069 | 0.124 0.089
10 0.032 0.021 0.093 0.050 0.065 0.074 0.111 0.095
11 0.039 0.021 0.108 0.052 0.060 0.053 0.114 0.091
12 0.033 0.020 0.920 0.050 0.073 0.082 0.105 0.096
13 0.030 0.022 0.890 0.050 0.072 0.080 0.100 0.091
14 0.036 0.024 0.102 0.050 0.062 0.073 0.101 0.089

Table C.4: Bias and root mean squared error (RMSE) for the hazard and survival functions
when DCPMLE and ICPMLE are fitted by applying the gjrm () function in GJRM to
dependent censoring survival data simulated according to DGPs 7 to 14 defined in Table
5.2. Further details are given in the caption of Table C.1.
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DCPMLE: Kendall Tau (7)
Bias RMSE
DGP n=500 n=2000 | n=500 n=2000
7 -0.026 -0.004 | 0.110 0.057
8 -0.031 0.008 | 0.142 0.048
9 0.068 0.027 | 0.115 0.049
10 0.064 0.033 | 0.109 0.050
11 0.052 0.018 | 0.123 0.049
12 0.032 0.028 | 0.100 0.046
13 0.012 0.025 | 0.169 0.061
14 0.074 0.076 | 0.226 0.117

Table C.5: Bias and root mean squared error
(RMSE) for the Kendall Tau obtained by applying
the gjrm () function in GJRM to dependent censor-
ing survival data simulated according to DGPs 7 to
14 defined in Table 5.2.
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Figure C.1: Parametric effects (y11) when DCPMLE (7 = 0.7) and ICPMLE are fitted by
applying the gjrm () function in GJRM to dependent censoring survival data simulated according
to DGP7 (FGM copula), DGP8 (AMH copula) and DGP9 (Gumbel copula) defined in Table 5.2.
Circles indicate mean estimates while bars represent the estimates’ ranges resulting from 5% and
95% quantiles. True values are indicated by black solid horizontal lines. Black circles and vertical
bars refer to the results obtained for n = 500, whereas those for n = 2000 are given in blue.
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Figure C.2: Parametric effects (711) when DCPMLE (7 = 0.7) and ICPMLE are fitted by
applying the gjrm () function in GJRM to dependent censoring survival data simulated according
to DGP10 (Joe copula), DGP11 (Plakett copula) and DGP12 (Student copula) defined in Table
5.2. Further details are given in the caption of Figure C.1.
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Figure C.3: Parametric effects (v11) when DCPMLE and ICPMLE are fitted by applying the
gjrm () function in GJRM to dependent censoring survival data simulated according to DGP13
(Gaussian copula and 7 = 0.7) and DGP14 (Gaussian copula and 7 = 0.4) defined in Table 5.2.
Further details are given in the caption of Figure C.1.



152 C.6. Additional simulation results for DGP1 to DGP14

DCPMLE and Sample Size = 500

- - 0 _
] o -
o © | o - - o
%) °_¥ < 1/ \ 562/\/
o ] o 2 ]
o T 1T 1T 17T 1T 171 o I T T 11 i I I I I I I
0123 45¢67 0123458¢67 0.0 0.4 0.8
t 4 Zo

- - 0
o “7: \ o S— \ - o:
& °4 A\ < 4/ & S ]
o ] o @
o I T T T 11 o T 1T 17T 17T 1T T°1 i I I I I I I
012345¢67 01234567 0.0 0.4 0.8
4 t V4)

DCPMLE and Sample Size = 2000

1.5

o
<

Sio
0.0 0.6
Ll
0.0 1.0
| | |
S11
-15 0.0
O O

o
-
N
w
~
[(6)]
(o]
~
o -
-
o
w -
-
o
o -
N -
o
o
o
~
o
(o]

ICPMLE and Sample Size = 2000

1.5

0.0

Sio
0.6
Ll
hio
1.0
| | |
/”
S11
-1.5 0.0
I O O I I |

t Y Zo

Figure C.4: Estimates of the survival functions (first column, Sig), hazard functions (second
column, hjp) and smooth effects (third column, s11) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP7 (Table 5.2). The results in the first and
second rows refer to n = 500, whereas that in the third and fourth rows to n = 2000. True
functions are represented by black solid lines, mean estimates by dashed lines and pointwise
ranges resulting from 5% and 95% quantiles by shaded areas.
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Figure C.5: Estimates of the survival functions (first column, Syg), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP8 (Table 5.2). Further details are given in the
caption of Figure C.4.
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Figure C.6: Estimates of the survival functions (first column, Sip), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP9 (Table 5.2). Further details are given in the
caption of Figure C.4.
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Figure C.7: Estimates of the survival functions (first column, Sig), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP10 (Table 5.2). Further details are given in
the caption of Figure C.4.
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Figure C.8: Estimates of the survival functions (first column, Sip), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP11 (Table 5.2). Further details are given in
the caption of Figure C.4.



157 C.6. Additional simulation results for DGP1 to DGP14

DCPMLE and Sample Size = 500

— — o _
o @ -
» 4 a O:/\/
o | © 7
IS T T T T T T
0.0 0.4 0.8
Z
— o _
o @ -
H ° 4 o ‘5:/\/
o | v 7
c ” T T T T T
0123 456 7 0123 456 7 0.0 0.4 0.8
t t 2

DCPMLE and Sample Size = 2000

— — v
2 g: 2 = k =~ O:/\/
%) . < _ & o]
o ] o | @
S T T T T T T T 1 S T T T T T T T 1 7T T T T T 1
012 3 456 7 012 3 456 7 0.0 0.4 0.8
t t Zy
— v _
o ‘Q: - o
» 4 a ‘5:/_\_/
o | v 7
c 7 T T T T T

0.0 0.4 0.8

t ty Zy

Figure C.9: Estimates of the survival functions (first column, Syp), hazard functions (second
column, hig) and smooth effects (third column, s11) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm () function in GJRM to dependent
censoring survival data simulated according to DGP12 (Table 5.2). Further details are given in
the caption of Figure C.4.
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Figure C.10: Estimates of the survival functions (first column, Sy¢), hazard functions (second
column, hjg) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP13 (Table 5.2). Further details are given in
the caption of Figure C.4.
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Figure C.11: Estimates of the survival functions (first column, Sy¢), hazard functions (second
column, hjg) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP14 (Table 5.2). Further details are given in
the caption of Figure C.4.
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Figure C.12: Kendall Tau coefficient (7 = 0.7) estimates obtained when DCPMLE is fitted by
applying the gjrm () function in GJRM to dependent censoring survival data simulated according
to DGP7 (FGM copula), DGP8 (AMH copula), DGP9 (Gumbel copula), DGP10 (Joe copula),
DGP11 (Plakett copula) and DGP12 (Student copula) defined in Table 5.2. Circles indicate mean
estimates while bars represent the estimates’ ranges resulting from 5% and 95% quantiles. True
values are indicated by black solid horizontal lines. Black circles and vertical bars refer to the
results obtained for n = 500, whereas those for n = 2000 are given in blue.
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Figure C.13: Kendall Tau coefficient estimates obtained when DCPMLE is fitted by applying the
gjrm () function in GJRM to dependent censoring survival data simulated according to DGP13
(Gaussian copula and 7 = 0.7) and DGP14 (Gaussian copula and 7 = 0.4) defined in Table 5.2.
Further details are given in the caption of Figure C.12.



161 C.6. Additional simulation results for DGP1 to DGP14

-1.5

-25
|
e
e
e
[
——

’ » » » A A
YDGP1ocoe YDGP 1 6pue YGP2ocome YDGP2,geue YoGP3come YDGP3 couie

Figure C.14: Parametric effects (y11) when DCPMLE (7 = 0.4) and ICPMLE are fitted by
applying the gjrm () function in GJRM to dependent censoring survival data simulated according
to DGP4 (Clayton copula), DGP5 (Frank copula) and DGP6 (Gaussian copula) defined in Table
5.2. Further details are given in the caption of Figure C.1.
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DCPMLE and Sample Size = 500
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Figure C.15: Estimates of the survival functions (first column, Syp), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP2 (Table 5.2). Further details are given in the
caption of Figure C.4.
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Figure C.16: Estimates of the survival functions (first column, Syp), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP3 (Table 5.2). Further details are given in the
caption of Figure C.4.
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Figure C.17: Estimates of the survival functions (first column, Syp), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP4 (Table 5.2). Further details are given in the
caption of Figure C.4.
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Figure C.18: Estimates of the survival functions (first column, Syp), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP5 (Table 5.2). Further details are given in the
caption of Figure C.4.
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Figure C.19: Estimates of the survival functions (first column, Syp), hazard functions (second
column, hjp) and smooth effects (third column, sq;) for the DCPMLE (rows 1 and 3) and
ICPMLE (rows 2 and 4) obtained by applying the gjrm() function in GJRM to dependent
censoring survival data simulated according to DGP6 (Table 5.2). Further details are given in the
caption of Figure C.4.
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Figure C.20: Kendall Tau coefficient (7 = 0.4) estimates obtained when DCPMLE is fitted by
applying the gjrm () function in GJRM to dependent censoring survival data simulated according
to DGP4 (Clayton copula), DGP5 (Frank copula) and DGP6 (Gaussian copula) defined in Table
5.2. Further details are given in the caption of Figure C.12.
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Figure C.21: Smooth function estimates and their corresponding 95% intervals for Model 8 in
Table C.7 obtained by applying gjrm () in GJRM to prostate cancer data. The intervals have
been obtained using the approach described in Section 4.3.4.

C.7 DModel Selection and Additional Results for

Section 5.7

Model | Link 717 | Link T3 T AIC BIC
1 PH PH 0.472 | 3615.50 | 3727.02
2 PH probit | 0.422 | 3616.59 | 3728.05
3 PH PO 0.455 | 3617.85 | 3729.39
4 PH PH - 3618.96 | 3730.15
5 PH probit - 3620.28 | 3731.60
6 PH PO - 3621.28 | 3732.57

Table C.6: Values of the model selection criteria (AIC and BIC)
for the best dependent (Models 1, 2 and 3) and indepen-
dent (Models 4, 5 and 6) censoring models fitted to the real
data application in Section 5.7. The dependent censoring mod-
els were fitted using a Gaussian copula and all the covariates
were included parametrically. The models were fitted using the
functions gamlss () and gjrm() in GJRM.
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