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Abstract—Recent implementations of the Electric-Field Integral Equation (EFIE) for the electromagnetic scattering 
analysis of perfectly conducting targets rely on the electric current expansion with the monopolar-RWG basis functions, 
discontinuous across mesh edges, and the field testing over volumetric subdomains attached to the surface boundary 
triangulation. As compared to the standard RWG-based EFIE-approaches, normally continuous across edges, these 
schemes exhibit enhanced versatility, allowing the analysis of geometrically non-conformal meshes, and improved 
accuracy, especially for subwavelength sharp-edged conductors. In this paper, we present a monopolar-RWG 
discretization by the Method of Moments (MoM) of the Combined-Field Integral Equation (CFIE) resulting from the 
addition of a volumetrically tested discretization of the EFIE and the Galerkin tested MFIE-implementation. We show for 
sharp-edged conductors the degree of improved accuracy in the computed RCS and the convergence properties in the 
iterative search of the solution. More importantly, as we show in the paper, these implementations become in practice 
advantageous because of their robustness to flaws in the grid generation or their agility in handling complex meshes 
arising from the interconnection of independently meshed domains. The hybrid RWG/monopolar-RWG discretization of 
the CFIE defines the RWG discretization over geometrically conformal and smoothly varying mesh regions and inserts 
the monopolar-RWG expansion strictly at sharp edges, for improved accuracy purposes, or over boundary lines between 
partitioning mesh domains, for the sake of enhanced versatility. These hybrid schemes offer similar accuracy as their 
fully monopolar-RWG counterparts but with fewer unknowns and allow naturally non-conformal mesh transitions 
without inserting additional inter-domain continuity conditions or new artificial currents. 
 

Index Terms— Combined-Field Integral Equation, radar cross section, Method of Moments, Basis functions, 
computational electromagnetics, interior resonance problem.  

1.   Introduction 

The numerical analysis of the electromagnetic wave scattering from perfectly conducting (PEC) objects with the 
Electric-Field Integral Equation (EFIE) or the Magnetic-Field Integral Equation (MFIE) suffers from the so-called 
interior resonance problem at some particular frequencies [1]. These are eigenfrequencies of the homogeneous 
equations where the cavity problems yield source-free solutions (resonant cavity modes). The solution of the outer 
scattering problem then becomes non-unique because of the emergence of a nontrivial solution to the interior 
problem [2]. In consequence, the condition numbers of the resulting impedance matrices rise and the accuracy of the 
computed solutions deteriorate. The Combined-Field Integral Equation (CFIE), arising from the linear combination 
of the EFIE and the MFIE, excels as an integral equation free from internal resonances [3]. For this reason, the CFIE 
is normally preferred over the EFIE or the MFIE for the full-wave scattering analysis of conductors modelled 
through closed surfaces, especially for bodies with big enough electrical dimensions, which allow the definition of 
cavity resonant fields [2].  

The conventional discretization of the EFIE by the method of moments (MoM) gives rise to Galerkin schemes 
with divergence-conforming basis functions, such as the low-order RWG set, which ensure the normal continuity of 
the current across edges [4]. This is advantageous in computational terms because the hypersingular contributions of 
the kernel cancel out and the resulting kernel becomes weakly singular. In addition, these edge-based schemes are 
conforming (i.e., with converging solutions in the physical space of currents). However, the application of such basis 
functions is restricted to geometrically conformal meshes, with all pairs of adjacent facets sharing a single edge. As 
is well known, the edge-based schemes require primarily, prior to the numerical analysis, the search for all the 
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interior edges [5] arising from the discretization (shared between pairs of adjacent triangles). These routines 
therefore ignore the remaining boundary edges (linked exclusively to one triangle each) [6].  Nowadays the 
widespread use of full-wave Integral-Equation (IE) codes has set these edge-search procedures as indispensable. 
However, these routines become inappropriate for some types of meshes; namely, defective, with slits between 
facets or with unconnected vertices, or non-conformal, with pairs of adjacent facets not meeting in a single edge. 
The adoption of the conventional edge-search procedures [6] for defective meshes, originating from flaws in the 
mesh generation, results in an incomplete identification of the set of interior edges (some of them wrongly tagged as 
boundary edges), which translates into a wrong modeling of the currents. On the other hand, non-conformal meshes 
are increasingly required nowadays for the modular analysis and design of complex objects, such as aircrafts, ships, 
or multiple-component devices, conveniently decomposed into independently meshed regions [7]. The generation of 
a conformal mesh for high-definition structures, composed of parts with different electrical sizes or electromagnetic 
properties, may represent a complicated engineering task. Additionally, from the programmer’s point of view, the 
generation of the impedance matrix in the RWG-analysis of composite objects requires remarkable bookkeeping 
effort in order to provide for the proper continuity conditions around junction edges, where boundary interfaces of 
several regions intersect [8].  

The monopolar-RWG basis functions establish a discontinuous transition across edges in the expansion of the 
current [9]. These are facet-based schemes because they rely strictly on facets, thereby ignoring edges. As compared 
to the conventional edge-based schemes, they excel as versatile tools, amenable to a wide variety of meshes, grid-
robust [10] and agile in the management of junctions [11], [12]. The facet-based implementations, just like other 
point-based schemes [13],[14], give rise to nonconforming expansions because the expanded currents, with no inter-
facet continuity constraints, do not belong to the physical space of currents.  The monopolar-RWG schemes provide 
improved flexibility with respect to the RWG-schemes at the expense of increasing the number of unknowns. The 
successful adoption of RWG-schemes on geometrically conformal meshes for decades was justified in a context of 
restricted computational resources, such that the definition of additional unknowns was just too costly.  Over the 
past years, though, the monopolar-RWG schemes have gained attention from researchers thanks to the significant 
increase on available memory resources.  

A monopolar-RWG discretization of the EFIE with Galerkin testing would require the evaluation of the 
hypersingular contributions from the double gradient of the Green’s function through elaborate routines [15]. 
Alternatively, the integration by parts of the double gradient kernel contributions leads to contour-surface or double-
surface integrals, easy-to-manage, and to double-contour integrals, unbounded for self-or edge-adjacent interactions. 
Recently, several strategies have been put forward in order to get around such integrals [16]−[20]. In this paper, we 
opt to test the EFIE over volumetric subdomains attached to the boundary surface, inside the body under analysis, so 
that all the contour integrals can be evaluated numerically [17],[18]. In general, the MFIE, unlike the EFIE, is 
amenable to a wide range of discretization schemes. The RWG-discretization of the MFIE [21], though, exhibits 
poor accuracy [22]. Other MoM-implementations of the MFIE, with Galerkin testing − divergence-conforming 
[23],[24], curl-conforming  [25],[26]) discontinuous (across edges) [9],[27] − , or conforming with the dual space of 
the operator range [28], have shown to mitigate such discrepancies to some extent. Some of these MFIE-schemes 
allow for the straightforward management of non-conformal meshes [29] or for mixed triangular-quadrangular 
tessellations [30].   

The MFIE contributions in the discretization of the CFIE have been constrained to rely on divergence-
conforming sets [23],[24],[31],[32] for the sake of compatibility with the EFIE entries. In consequence, the 
conventional RWG-discretization of the CFIE suffers from some loss of accuracy with respect to the EFIE and, more 
importantly, hampers the management of complex meshes. Conversely, the resulting linear systems show better 
condition numbers than their EFIE counterparts because of the well-conditioned MFIE matrix contributions. Over 
the last decade, other divergence-conforming implementations of the CFIE have shown improved accuracy with 
respect to the RWG choice [23],[24],[32]. Similarly, the so-called Discontinuous-Galerkin CFIE-based schemes 
[16], which adopt monopolar-RWG basis functions, allow for the analysis of some types of non-conformal meshes. 
However, the former are restricted to geometrically conformal triangulations and the latter do not report improved 
accuracy (versus the number of unknowns).  

The monopolar-RWG implementations of the EFIE [17], [18], with volumetric testing, and the MFIE [9],[27], 
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with Galerkin testing, exhibit improved accuracy versus the number of unknowns with respect to their RWG-
counterparts in the analysis of subwavelength conductors with geometric singularities. As the electrical dimensions 
of the sharp-edged objects rise, though, the accuracy gain observed cannot counterbalance the significant increase of 
unknowns. In this context, the hybrid RWG/monopolar-RWG EFIE or MFIE schemes [9][17] bring out a sound 
compromise between accuracy (versus the number of unknowns) and versatility. Whereas the former is achieved 
through the balanced discretization of the current (RWG over smoothly meshed regions of the surface boundary and 
monopolar-RWG at facets touching sharp-edges), the latter is accomplished by the discontinuous modelling of the 
current across non-conformal mesh transitions.  

In this paper, we present a new scheme of discretization of the CFIE based on the expansion of the current with 
the monopolar-RWG set. Our CFIE-implementation combines the monopolar-RWG discretization of the MFIE [9], 
Galerkin tested, and of the EFIE [17],[18], volumetrically tested. This is a facet-based scheme that, as we show in 
the paper, exhibits improved accuracy in the analysis of sharp-edged moderately small conductors with respect to the 
RWG-discretization. In this work, we provide guidelines on the best performing implementations in terms of the 
heights of the volumetric subdomains (wedges or tetrahedral elements), as regards the observed accuracy and the 
speed of convergence. Furthermore, we show the adequacy of our hybrid RWG/monopolar-RWG implementations 
of the CFIE for both accuracy and versatility purposes, through the successful analysis, respectively, of polyhedral 
targets or complex objects partitioned into independently meshed domains. In addition, we disclose the robustness of 
our monopolar-RWG CFIE schemes in the analysis of defective meshes for targets with geometric singularities.  

2. Surface integral equations 

The scattering analysis of a conductor immersed in the free space when illuminated by an incident plane wave 
(Einc,Hinc) can be formulated equivalently, in light of the Love’s equivalence principle [33], through the distribution 
of electric equivalent current J over the surface enclosing the body S and the fulfillment of the electric-field or 
magnetic-field boundary conditions. This gives rise to the EFIE and the MFIE, which can be written, respectively, as  

 ( )0 ˆ incnη Τ = ×J E  (1) 

                        ( ) ˆ
2

incn− Κ = ×
J J H  (2) 

where n̂  stands for the unit normal vector pointing outwards and 0η  denotes the free-space impedance. The integral 
operators Τ and Κ  are defined as  

 ( ) ( )2ˆ , '
S

jkn I G ds'
k

Τ ∇∇ ⋅ = × + ⋅ 
 ∫∫J r r J       (3) 

 
                                               ( )

,

ˆ '
S CPV

n G dsΚ = × ∇ ×∫∫J J  
(4) 

where I stands for the identity operator and  k denotes the wavenumber. In (4), the integral is evaluated in the 
Cauchy principal value sense if the field point is on the surface of the target and ( ), 'G r r  stands for the free-space 

Green’s function, which is defined in phasor notation and with the j te+ ω convention as  

( )
'

, '
4 '

jkeG
− −

=
−π

r r

r r
r r

 (5) 

The CFIE results from the weighted linear combination of the EFIE and the MFIE. In general, the combination 
factor α  is set in order to make the resulting formulation either prone to the well-conditioned MFIE (α close to 0) or 
to the accurate EFIE (α close to 1) [23],[32]. Our CFIE implementations provide the same relevance to both EFIE 
and MFIE contributions (α =0.5), so that 
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( )0 0ˆ ˆ ˆ ˆ
2

inc incIn n n nΤ Κ η η × + − = × × + ×  
J E H  (6) 

where, as is customary, the MFIE contribution is η-normalized so that the addition of the electric and magnetic 
contributions becomes numerically compatible.   

3. Facet-based discretization:  

The monopolar-RWG basis functions define three basis functions at each facet of the triangulation. Each basis 
function grows linearly from each vertex towards the opposed edge, which corresponds with the same local 
definition of the RWG basis functions but with no inter-facet continuity constraints across edges. Hence, for closed 
meshes, the number of unknowns amounts to three times the number of triangular facets (Nt). Equivalently, in 
conformal triangulations, the monopolar-RWG expansion gives rise to two independent unknowns at both sides of 
each edge, which doubles the number of unknowns with respect to the RWG expansion.   
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Fig. 1 – Monopolar-RWG basis function associated with the ith local vertex of the nth triangle nS . The index arithmetic is performed modulo 
three. 

 
 

The monopolar-RWG basis function associated with the pth vertex of the nth triangular facet is defined as 

( ) ( )1         ,   1,2,3
2

p p
n n n

n

- S p
A

= ∈ =g r' r' r r'  (7) 

where p
nr  denotes the position vector of the p-th vertex of the source triangle nS (see Fig. 1), with area nA  . In 

general, the discretization of the electric current in terms of the set of monopolar-RWG basis functions yields 

( ) ( )
3

1 1

tN
p p
n n

n p
c

= =
∑∑J r' g r'  (8) 

where { } { }1 1 2 2 3 3
1 1 1, ,

t t t

p
n N N Nc c c c c c c=     denotes the set of unknown coefficients in the resulting matrix 

system.  
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3.1 MFIE 

The MoM-discretization of the MFIE with the monopolar-RWG basis functions and Galerkin testing involves the 
expansion of the current and the testing of the magnetic field at the boundary surface with the same monopolar-
RWG set, which leads to the following matrix system  

3
[ , ] ,[ , ]

[ , ]
1 =

i c
1

n = Z         1 ,  1 3
tN

q i H q i p
n p n t

n p
H c q N i

=

≤ ≤ ≤ ≤∑∑  (9) 

with the excitation vector entry [
inc

, ]q iH  and the impedance elements ,[ , ]
[ , ]ZH q i
n p  defined as [21] 

 
  ,

inc
[ ] ˆ

q

q i i inc
q q

S

H n ds= ⋅ ×∫∫ g H  
(10) 

,[ , ]
[ , ]

,

1 ˆZ = '
2

q q n

H q i i p i p
n p q n q q n

S S S CPV

ds n G ds ds⋅ − × ⋅ ∇ ×∫∫ ∫∫ ∫∫g g g g  
(11) 

where Sn denotes the source triangle and ˆqn stands for the unit vector perpendicular to the testing facet Sq pointing 
outwards.  

3.2 EFIE 

The discretization of the EFIE with the monopolar-RWG basis functions, discontinuous at edges, and Galerkin 
testing gives rise  to hypersingular kernel contributions. The integration by parts of these double gradient kernel 
contributions leads to contour-surface or double-surface integrals, easy-to-manage through well-known integration 
routines, and to double-contour integrals, which become unbounded for self or edge-adjacent interactions. Recently, 
several non-Galerkin approaches [17]‒[19] have successfully managed such contributions by shifting the testing 
subdomains off the boundary-surface, inside the body under analysis, where the electric field must be zero too. The 
fields are then tested over small volumetric entities (tetrahedral elements [17] or wedges [18]) attached to the 
boundary triangulation.  

The monopolar-RWG discretization of the EFIE with volumetric testing gives rise to the following matrix system  
3

[ , ] ,[ , ]
0 [ , ]

1 =1
inc = Z         1 ,  1 3

tN
q i E q i p

n p n t
n p

E c q N i
=

≤ ≤ ≤ ≤∑∑η  (12) 

and the excitation vector [
inc

, ]q iE  is defined as follows 

( )]
inc
[ ,

i
q

q i i inc
q

V

E dv= ⋅∫∫∫T r E  
(13) 

where 1
qT , 2

qT , 3
qT   stand for the three testing functions associated with the q-th facet of the boundary triangulation, 

qS . Whereas for the tetrahedral testing three different subdomains, respectively, 1
qV , 2

qV , 3
qV , are defined (see Fig. 

2), for the wedge testing the three testing functions share the same subdomain, whereby 1 2 3
q q q qV V V V= = =  (see 

Fig. 3).  
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Fig. 2 – Testing function defined over the tetrahedral subdomain i
qV  , attached to the surface triangle qS  and associated with  the ith local 

vertex. The volumetric subdomain  i
qV is located inside the body under analysis. 

 
The impedance elements in (13) ,[ , ]

[ , ]ZE q i
n p  are defined as [17],[18]  
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( ) ( ) ( )

( )( ) ( ) ( )( )

,[ , ]
,

1 ,

1

1 , ,

Z ' '

ˆ        '

        '
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−
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= ⋅

+ ⋅ ∇ ⋅
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∫∫∫ ∫∫

∫∫ ∫
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( ) ( ) ( )( )1 ˆ     '
i p

q n

i p l,p
q n n

V L

jk G , ' n dl dv−+ ∇ ⋅ ⋅∫∫∫ ∫T r r r g r'

 

 
 
 
 

(14) 

where p
nL  denotes the segment opposed to the p-th vertex of nS  (see Fig. 1). In light of Figs. 2 and 3, i

qS  represents 

the only side face of the volumetric subdomain where the normal component of the testing function i
qT  is nonzero. 

This face may become an isosceles triangle or a trapezoid depending on whether the testing is carried out with 
tetrahedral or wedge elements, respectively. The unit vectors ,ˆ l p

nn and ,ˆ s i
qn  are normally pointing outwards through 

p
nL  and i

qS . The source contour integrals in (14) appear because the adopted monopolar-RWG expansion is 
discontinuous across edges.  

The definition of the three testing functions straddling the three tetrahedral subdomains matching qS  is [17] 

( ) ( )1 ,     ,  1 3   
2

i i i
q q qi

q q

V i
A H

= − ∈ ≤ ≤T r r r r  (15) 

where qA and i
qH represent, respectively, the area of qS and the height of the testing tetrahedral element i

qV  (see 
Fig. 2). We call the testing functions in (15) monopolar-SWG because, in an analogous manner as the monopolar-
RWG set, they arise from the divergence-conforming SWG set [34] but breaking the inter-element continuity 
requirement [17].  Similarly, the three testing functions straddling the testing wedge element  qV  are defined as [18] 

( ) ( )1 ˆ, tan
2

                   ,  1 3 ,  0      

i i i i
q q q q

q q

q q

z z u
A H

V i z H

ρ α= −

∈ ≤ ≤ ≤ ≤

T

r

ρ   
(16) 
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where qH represents the height of the testing wedge element qV and the vector i
qρ represents the radial position 

vector of the observation point associated with the i-th vertex (see Fig. 3). The variable z denotes the distance from 

qS to the observation point. Note that the so-called wedge-monopolar function in (16) is linearly growing and 

becomes zero along the edge of the wedge qV  meeting the i-th vertex [18]. The angle i
qα  and the unit vector ˆ i

qu , 

parallel to qS , are defined in [18] (see Fig. 3).   

In all these numerical implementations, the heights of the testing elements (H) are set in terms of the mesh 
parameter (h), which stands for the length of the edges arising from the discretization. As a matter of fact, these 
EFIE-implementations show improved accuracy with a proper choice of H [17]‒[19]. Whereas in the tetrahedral 
testing i

qH  is defined as a fraction of i
qh , the length of the edge opposed to the i-th surface vertex [17], in the wedge 

testing,  qH  is set as a fraction of the average of the lengths of the edges of  qS ,  
3

1
/ 3i

q
i

h
=
∑  [18]. The testing 

subdomains at the q-th facet are defined conformal to the boundary when the side faces of the volumetric testing 
elements lie over planes bisecting the angles formed by qS  and the adjacent triangles. Obviously, this scheme is 

only valid for conformal meshes because of the assumed existence of a single edge between qS and each of the 
adjacent facets. Although the definition conformal-to-the-boundary enables the testing elements to follow the shape 
of the surface triangulation, a previous task of search and identification of adjacent facets around each facet of the 
meshing is required. Clearly, such search task is doomed to fail in non-conformal or defective meshes because of the 
presence of pairs of adjacent facets without a single edge in common or with slits in between.  

Another definition of the volumetric testing subdomains, non-conformal-to-the-boundary, simplifies the 
construction of the testing functions: (a) the opposed face of the tetrahedral elements is oriented normally with 
respect to the surface facets; (b) the wedges become right triangular prisms. This scheme depends exclusively on the 
corresponding surface facet involved, with no need to check the facets around, which facilitates the manipulation of 
any kind of mesh, conformal, non-conformal or defective. Furthermore, the numerical implementations become 
somewhat easier; for example, in the computation of the impedance elements , ,ˆ ˆs i l i

q qn n=  or the wedge testing 
through right triangular prisms enforces 0i

q =α  in (16) [18]. For facets near abrupt convex geometrical singularities, 
though, these subdomains are prone to cross the boundary surface. This may give rise to some error that can be 
minimized through the sufficient reduction of the height of the testing entities [18].  

qH ˆ i
qu

z i
qρi

qα

,ˆ s i
qn

i
qT

qV
qS

i
qS

 

Fig. 3 - Testing function defined over the wedge subdomain qV  , attached to the surface triangle qS  and associated with  the ith local vertex. 

The volumetric subdomain  qV is located inside the body under analysis. 
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3.3 CFIE 
Our monopolar-RWG discretization of the CFIE results from the combination of the Galerkin monopolar-RWG 

implementation of the MFIE [9] and the discontinuous implementations of the EFIE with volumetric testing 
[17],[18]. The discretization of the MFIE with surface testing and monopolar-RWG basis functions is valid in 
numerical terms and, additionally, shows improved accuracy in the scattering analysis of sharp-edged conductors 
with respect to the conventional RWG-discretization [9], [27]. In this paper, we disregard monopolar-RWG 
implementations of the CFIE relying on MFIE-schemes that make use of the off-boundary testing because our tests 
show no benefit in accuracy terms when compared with the standard Galerkin monopolar-RWG discretization [35]. 
Our monopolar-RWG discretization of the CFIE is thus based on a surface-volumetric testing scheme, which gives 
rise to the following matrix system 

3
[ , ] ,[ , ]

[ , ]
1 =1

inc = Z         1 ,  1 3
tN

q i C q i p
n p n t

n p
EH c q N i

=

≤ ≤ ≤ ≤∑∑  (17) 

In light of (6), the excitation vector and the impedance elements above are defined as 

 
[ , ] [ , ] [ , ]
inc inc i0 nc=  q i q i q iEH E H+η  (18) 

[ ]( ),[ , ] ,[ , ] ,[ , ]
[ , ] 0 [ , ],Z = Z ZC q i E q i H q i
n p n pn p +η  (19) 

4 Hybrid discretization: 

The adoption of facet-based schemes for accuracy purposes becomes justified as long as they manifest improved 
accuracy with respect to the RWG schemes and same number of unknowns. Since the schemes discontinuous (across 
edges) involve more computational burden for a given mesh than the RWG approaches, which handle half the 
number of unknowns, the monopolar-RWG schemes are constrained to the adoption of coarser meshes in the 
accuracy tests. In general, the improved accuracy observed for the monopolar-RWG schemes with respect to the 
RWG choice depends on the relevance of the sharp-edge contributions in the scattering pattern. Indeed, monopolar-
RWG implementations of the EFIE [17]‒[19] or the MFIE [9],[27], for conductors, and of the PMCHWT 
formulation, for dielectric objects with moderate or high contrast [11],[12] or for ferromagnetic targets [36], exhibit 
improved accuracy in the scattering analysis of subwavelength sharp-edged targets. For growing electrical 
dimensions, though, the scattering contribution associated with the sharp edges of the object becomes decreasingly 
relevant and the accuracy gain observed for the facet-based schemes diminishes. Clearly, for big enough electrical 
dimensions, in much the same way as for smooth targets, the improved observed accuracy does not compensate for 
the relevant increase of unknowns required. In this context, so-called hybrid RWG/monopolar-RWG schemes have 
shown similar accuracy for the EFIE and the MFIE as the fully monopolar-RWG implementations using many less 
unknowns [9],[17],[18].  

Sharp edge

  
(a) 
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Boundary lines between
adjacent domains

 
 

          (b) 

Fig. 4 – Hybrid Discretization over the boundary of a polyhedron: monopolar-RWG basis functions on facets touching (a) sharp edges or (b) 
lines between adjacent domains and RWG basis functions elsewhere.  

The Domain Decomposition Methods (DDM) undertake the scattering analysis through the partition of the object 
into several domains. Each domain is amenable to a locally appropriate scheme of meshing, which is a proof of 
flexibility. However, the enforcement of continuity conditions across the boundaries of adjacent domains is normally 
required too. The DDM in [37] makes use of RWG basis functions but defines artificial currents over the 
intersecting boundaries in order to impose the continuity conditions across adjacent domains. This scheme allows 
the analysis of non-conformal meshes at the cost of increasing the number of unknowns. Facet-based (discontinuous 
across edges) schemes are better suited than edge-based RWG-methods for the agile and flexible analysis of 
complex meshes through the DDM.  The discontinuous Galerkin schemes [16], which define monopolar-RWG basis 
functions strictly over facets touching the boundaries between contiguous domains [7], [38], give rise to an evident 
reduction on the number of unknowns. However, some so-called penalty conditions are still required to weakly 
enforce the continuity of the current at both sides of the separating boundaries. In general, the implementation of 
such penalty conditions is not trivial because of the required search for the intersecting edges between nonmatching 
meshes. Additionally, for intersecting contours with non-coplanar facets at both sides, with spurious slits arising 
between facets over the intersecting contour, the imposition of the continuity conditions becomes very troublesome 
(if not impossible) since there are no clear intersections [39].  

In this paper, we develop a hybrid RWG/monopolar-RWG discretization of the CFIE for both accuracy and 
versatility purposes. This hybrid scheme, formerly presented in [9] for the MFIE, carries out the monopolar-RWG 
expansion (and volumetric electric-field testing) strictly through facet edges matching, respectively, sharp edges (see 
Fig. 4-(a)) or domain boundary lines (see Fig. 4-(b)) and defines the RWG expansion elsewhere. Another hybrid 
scheme, presented in [17] for the EFIE, relies on the decomposition of the monopolar-RWG contributions into two 
terms, normally continuous (even) or discontinuous (odd) across edges. This approach relies on the RWG-
discretization of the EFIE and is thereby restricted to conformal meshes. Although our tests show that the accuracy 
of both hybrid implementations for the CFIE is very similar, the former hybrid implementation, [hyb][monoR], 
provides in practice greater flexibility than the latter, [hyb][e-o-monoR],  since it allows the management of non-
conformal mesh transitions (see Fig. 4-(b)). In this paper, the accuracy tests in subsection 5.1 are carried out for 
sharp-edged conductors such that the mesh transitions at sharp-edges are geometrically conformal. On the other 
hand, the tests on versatility in subsection 5.4 assume nonconformal mesh transitions across the boundary lines of 
the partitioning domains. In both cases, CFIE[hyb][monoR] is implemented such that the monopolar-RWG basis 
functions (and electric-field volumetric testing) are defined accordingly over facets touching either sharp edges or 
domain boundary lines.  

The hybrid expansion of the electric current yields:  

  ( ) ( ) ( )
1 1

f gN N

n n n n
n n

c d
= =

+∑ ∑J r' f r' g r'  (20) 
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where { }nf  and { }ng  stand for the sets of RWG and monopolar-RWG basis functions, respectively. The sets 

{ }nc , { }nd  denote the unknown coefficients associated, respectively, with each of these sets of basis functions. The 
normal component of the monopolar-RWG basis functions in (20) leaks out through a sharp edge (or a boundary 
domain line) in the corresponding facet (see Fig. 4). Whereas fN  stands for the number of edges inside the faces of 
the polyhedral object (or inside the partitioning domains), gN  denotes the overall number of facet sides that match 
sharp edges (or boundary domain lines) of the object. In general, the computational load with the hybrid 
discretization involves f gN N+  unknowns, much closer to the 0.5f gN N+  unknowns involved in the RWG 
choice than the 2 f gN N+  unknowns required in the fully monopolar-RWG discretization. This becomes especially 
evident for targets with moderate or big electrical dimensions, where f gN N>> .  

  In light of (24), the hybrid RWG/monopolar-RWG discretization of the CFIE results in the following matrix 
system 

, , ,

n=1 n=1

, , ,

n=1 n=1

inc

inc

= Z + Z ,    1..

= Z + Z ,    1..   

f g

f g

N N
f r C ff C fg

rn n rn n f

N N
g q C gf C gg

qn n qn n g

EH c d r N

EH c d q N

=

=

∑ ∑

∑ ∑

 
 
 

(21) 

where the excitation vector entries and the impedance elements result from the combinations in (18) and (19) of the 
electric-field and magnetic-field contributions, such that  

inc inc 0 inc=x x xEH E H+η  (22) 

( ), , ,
0Z = Z ZC xy E xy H xy+η  (23) 

with the superscript x denoting the adopted scheme of testing, either RWG (f) or surface-volumetric (g), as in (18) or 
(19). Likewise, y refers to the adopted scheme of expansion of the current, RWG (f) or monopolar-RWG (g).  

As regards the implementation of the magnetic-field impedance elements in (23), ,ZH xy , the procedure is 
formally the same as in (11) for the impedance submatrices in (21), except that the fy (or xf) elements require the 
testing (or expansion) with RWG basis functions instead of monopolar-RWG. Computationally speaking, this is 
straightforward because the RWG scheme of MFIE testing (or expansion) result from the combination of the 
monopolar-RWG contributions defined over the pair of triangles sharing each edge.  

The electric-field ff or gg impedance elements in (21) and (23) arise, respectively, from the RWG-Galerkin 
discretization or the volumetrically tested monopolar-RWG discretization, in (14), of the EFIE. The mathematical 
expression for the other electric-field impedance entries, fg or gf, becomes 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )( )
( )

1 2

1 2

1 2

,

1

1

Z ' '

        '

ˆ        '

nr r

nr r

sh n
r r n

E fg
rn p n

SS S

p n
SS S

sh n
p n n

S S L

jk G , ' ds ds

jk G , ' ds'ds

jk G , ' n dl ds

∪

−

∪

−

∪

= ⋅

− ∇ ⋅ ∇ ⋅

+ ∇ ⋅ ⋅

∫∫ ∫∫

∫∫ ∫∫

∫∫ ∫

f r r r g r

f r r r g r'

f r r r g r'

 
 
 

(24) 

where sh denotes the set of local triangle indices associated with the set of zero-current vertices or their opposed 
edges in the definition of the monopolar-RWG set { }ng  (see Fig. 1), and 

( ) ( ) ( ) ( )
( )

( ) ( ) ( )( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )

1 2

1 2

1 2
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1
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ˆ        '

        '
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n nq

sh q
n nq

sh q
n nq

sh qE gf
qn q n

S SV

sh q s sh q
q q n

S SS

sh q
q n

S SV

jk G , ' ds dv

jk n G , ' ds'ds

jk G , ' ds'dv

∪

−

∪

−

∪

= ⋅

+ ⋅ ∇ ⋅
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∫∫∫ ∫∫
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T r r r f r

T r r r f r'
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(25) 
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where the superscript sh here includes the local indices that identify the volumetric subdomains or their opposed 
surfaces that define the volumetric testing functions (see Figs. 2, 3). The expressions in (24) and (25) derive from the 
fully facet-based expression in (14) after applying the normal continuity constraint across edges of the RWG basis 
functions in the testing scheme, in (24), or in the current expansion procedure, in (25). 

5 Results 

In subsection 5.1, we demonstrate that our facet-based CFIE implementation solves, as expected, the interior-
resonance problem. Furthermore, we show results that illustrate the performance of our monopolar-RWG 
implementations of the CFIE as regards accuracy, speed of convergence, grid-robustness and versatility. In 
subsection 5.2, we show the accuracy of our monopolar-RWG implementations of the CFIE with respect to their 
RWG-counterparts. Moreover, we provide guidelines for the best performing range of heights (H) of the testing 
volumetric elements. In subsection 5.3, we bring to light the speed of convergence of our CFIE-schemes. We show 
the range of H-values for which the reduction in the number of iterations to reach convergence with respect to the 
EFIE is most evident. In subsection 5.4, we address the suitability of our schemes for preserving the accuracy in 
some types of slightly defective meshes. We focus especially on meshes with misaligned vertices at sharp edges, for 
which, in our experience, our schemes are best suited. Finally, in subsection 5.5, we show results that exhibit the 
adequacy of our monopolar-RWG schemes for the successful analysis of structures partitioned into several domains 
and independently meshed with geometrically non-conformal meshes, where the traditional edge-based schemes fail.  

In order to obtain a fair assessment of the observed performance, we minimize the sources of error in the 
numerical implementations. In the accuracy tests, for example, we obtain the direct solution of the resulting matrix 
system through the Gaussian Elimination procedure (subsections 5.2, 5.4 and 5.5). In addition, we carry out the 
surface or volumetric testing schemes of the incident fields with, respectively, three-point or five-point Gaussian 
rules. Moreover, we compute the RCS with a three-point quadrature rule. Similarly, the accurate computation of the 
impedance elements embraces the following measures:  

• Singularity subtraction of the high-order kernel contributions in the inner surface or volumetric integrals [40] for 
all the interactions involved. 

• Numerical evaluation of the low-order kernel contributions with Gaussian numerical rules (9 quadrature points for 
the surface inner integrals [41] and 11 cubature points for the tetrahedral inner integrals [42]).  

• Computation of the volumetric integrals over wedges, conformal-to-the-boundary, through the decomposition of 
each wedge into three tetrahedral elements. As for the right triangular prisms arising from the wedge testing, non-
conformal-to-the-boundary, we apply 6-point quadrature schemes (resulting from the allocation of two legendrian 
points over the normal direction to the boundary and three quadrature points over the parallel direction). 

• Computation of the outer line or surface integrals with a 9-point quadrature rule and of the outer volumetric 
integrals with a cubature rule of 11 points  

• Swap between the inner line-integrals and the outer surface or volumetric integrals in the monopolar-RWG 
implementations with tetrahedral testing or with wedge testing non-conformal-to-the-boundary.  

In the graphs below, we name the conventional Galerkin RWG-discretization of the EFIE, the MFIE and the 
CFIE, respectively as EFIE[R] [5], MFIE[R] [21] and CFIE[R]. Similarly, MFIE[monoR] denotes the Galerkin 
monopolar-RWG discretization of the MFIE [9]. We call the volumetrically tested monopolar-RWG 
implementations of the EFIE as EFIE[tet][monoR] or EFIE[wed][monoR], respectively, with tetrahedral or wedge 
elements [17],[18]. The implementations CFIE[tet][monoR] or CFIE[wed][monoR] result from the linear 
combination of EFIE[tet][monoR] or EFIE[wed][monoR], respectively, and MFIE[monoR]. Furthermore, we show 
results for the magnetic-field or electric-field  hybrid  formulations, which we call MFIE[hyb][R-monoR] [9] and 
EFIE[hyb][tet][R-monoR] [17] or EFIE[hyb][wed][R-monoR] [18], respectively. Similarly,  CFIE[hyb][tet][R-
monoR] or CFIE[hyb][wed][R-monoR], arise from the combination of MFIE[hyb][R-monoR] and, respectively, 
EFIE[hyb][tet][R-monoR] or EFIE[hyb][wed][R-monoR]. The adopted wavelength for all tested cases is λ=1m. 
Whereas the volumetric  elements in the fully monopolar-RWG or hybrid RWG/monopolar-RWG implementations 
in subsections 5.2 and 5.3 are defined conformal to the boundary, in subsections 5.4 and 5.5 they are set non-
conformal to the boundary. 
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5.1 Interior-resonance  

Figs. 5 and 6 exhibit the continuous evolution over frequency of the computed backscattered RCS and the 
conditioning of the impedance matrices, respectively, of our monopolar-RWG discretization of the CFIE with 
tetrahedral testing. This confirms the success of our CFIE-implementations in circumventing the numerical 
anomalies observed at certain frequencies with the fundamental formulations EFIE[tet][monoR] or MFIE[monoR]. 
In particular, around these frequencies the condition number of the impedance matrix resulting from 
EFIE[tet][monoR] grows considerably (see Fig. 5) and the accuracy of the RCS computed with MFIE[monoR] 
deteriorates (see Fig. 6).  
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Fig. 5 – Condition number of the impedance matrix resulting from the facet-based schemes EFIE[tet][monoR], MFIE[monoR] and 
CFIE[tet][monoR] for a cube with growing electrical dimensions. For side dimensions above 0.5λ, the triangulations are defined with h around 
0.1λ. The adopted number of triangles evolves from Nt=300 (if side=0.5λ) to Nt=2028 (if side =1.3λ). For side dimensions below 0.5λ, Nt is 
set to 300. 
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Fig. 6 - Backscattered RCS computed with the fully facet-based schemes MFIE[monoR] and CFIE[tet][monoR] for a cube with growing 
electrical dimensions and an impinging x-polarized z-propagating wave. For side dimensions above 0.5λ, the triangulations are defined with h 
around 0.1λ, whereby the number of triangles evolves from Nt=300 (if side=0.5λ) to Nt=2028 (if side =1.3λ). For side dimensions below 0.5λ, 
Nt is set to 300. 
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The use of the CFIE appears justified in frequency regions with interior resonances, which involves big enough 
electrical dimensions. The full-wave CFIE-analysis may be extended to smaller electrical dimensions, thereby 
benefitting from the good balance between accuracy and conditioning (see Fig. 5). However, the extension as full-
wave approach of the conventional MoM-CFIE schemes to the very low or extremely low frequency regimes is not 
easily workable since the corresponding EFIE or MFIE schemes from which the CFIE derives give rise to incorrect 
solutions because of current cancellations [43], [44], [45], [46].  

5.2 Accuracy 

In Figs. 7-14, we show RCS results under an impinging x-polarized z-propagating wave for our monopolar-RWG 
implementations of the CFIE, which we compare against the standard EFIE[R], MFIE[R], CFIE[R]. Moreover, we 
assess the accuracy of our CFIE-implementations discontinuous (across edges) with respect to their electric-field or 
magnetic-field counterparts [9],[17],[18]. We show results also for the recently developed CFIE-scheme in [24], 
which stems from adjusting the identity operator contribution in CFIE[R]. This scheme, which we name 
CFIE[R][id], shows improved accuracy with respect to the standard CFIE[R] [24]. 

We test the RCS-accuracy of our monopolar-RWG CFIE-implementations through the following root-mean-
square relative error over a set of M observation angles in the E and H planes [11],[12] as  

( ) ( ) ( ) ( )

( ) ( )
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(26) 

where 1 0θ =  and /M Mθ π π= −  [11],[12]. We assess the errors with respect to benchmark results (REF) obtained 
with the conventional RWG-implementation of the EFIE and very fine unstructured mesh (around 45000 triangular 
facets per target) with h-refinement near sharp edges and corners. In our numerical tests, we adopt M=60. 

We display the accuracy of the RCS computed with our volumetrically tested CFIE-implementations with respect 
to the height H of the testing elements (Figs. 7-10) and the number of unknowns N (Figs. 11-14). In Figs. 7-10, the 
monopolar-RWG implementations and their hybrid forms are constrained to coarser meshes in order to manage 
similar number of unknowns as the RWG schemes (CFIE[R] and CFIE[R][id]). In Figs. 11-14, we set the H values 
for our monopolar-RWG implementations with the optimal values observed in Figs. 7-10 for the CFIE or in [17],[18] 
for the EFIE.  We test the following electrically small objects with geometric singularities: a cube with side 0.1λ 
(Figs. 7 and 11), a (regular) square pyramid with side 0.1λ (Figs. 8 and 12) and a (regular) tetrahedron with side 
0.25λ (Figs. 9 and 13). Figs. 10 and 14 display RCS results for a tetrahedron with side 1λ. Despite the moderate 
electrical dimensions, this object is sharp-edged enough for the monopolar-RWG EFIE-implementations, especially 
hybrid, to exhibit improved accuracy with respect to EFIE[R] [17],[18]. 
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Fig. 7 - Relative RCS-error of our monopolar-RWG CFIE implementations, full or hybrid, with respect to CFIE[R] and EFIE[R] and similar 
number of unknowns, versus the height H of the testing elements for a cube with side 0.1m (λ=1m). Reference results computed with EFIE[R] 
and 71754 unknowns. 
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Fig. 8 - Relative RCS-error of our monopolar-RWG CFIE implementations, full or hybrid, with respect to CFIE[R] and EFIE[R] and similar 
number of unknowns, versus the height H of the testing elements for a regular square pyramid with side 0.1m (λ=1m). Reference results 
computed with EFIE[R] and 66918 unknowns. 

In view of Figs. 7-9, the H-ranges of improved accuracy for our monopolar-RWG implementations of the CFIE 
with respect to the standard CFIE[R] and the optimized CFIE[R][id] are similar, though slightly narrower, than the 
analogous H-ranges for our monopolar-RWG EFIE-implementations [17],[18]. In particular, for the electrically 
small objects under analysis, the tetrahedral or wedge testing schemes show improved performance for H ranges, 
respectively, roughly between h/10 and h, or between h/500 and h/10. Interestingly, these nonconforming CFIE-
implementations even show improved performance with respect to the standard EFIE[R]. This occurs for particularly 
narrow H-ranges and for the tetrahedron or the square-pyramid, with more pronounced sharp edges than the cube. In 
view of Figs. 7-9, the hybrid RWG/monopolar-RWG implementations of the CFIE, which define a discontinuous 
expansion only at edges touching the sharp edges, excel as very useful tools for the scattering analysis of electrically 
small sharp-edged objects because they provide similar accuracy as the fully discontinuous implementations but with 
many less unknowns. This demonstrates the adequacy of our monopolar-RWG implementations for the sound 
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capture of the electromagnetic behavior associated with sharp edges. For a fixed number of unknowns, the observed 
relative error for the hybrid implementations then becomes much smaller than their RWG-counterparts and for very 
wide H-ranges, between h/104 and h roughly.  
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Fig. 9 - Relative RCS-error of our monopolar-RWG CFIE implementations, full or hybrid, with respect to CFIE[R] and EFIE[R] and similar 
number of unknowns, versus the height H of the testing elements for a regular tetrahedron with side 0.25m (λ=1m). Reference results computed 
with EFIE[R] and 68475 unknowns. 
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Fig. 10 - Relative RCS-error of our hybrid monopolar-RWG CFIE implementations, with respect to CFIE[R] and EFIE[R] and similar number 
of unknowns, versus the height H of the testing elements for a regular tetrahedron with side 1m (λ=1m). Reference results computed with 
EFIE[R] and 71121 unknowns. 

 

In view of Figs. 11-13, as regards the electrically small targets, it is clear that the accuracy improvement versus N 
as compared to the RWG-discretization is more evident in relative terms for the monopolar-RWG implementations 
of the EFIE or the MFIE, than for the CFIE. In any case, the improvement is still evident for the monopolar-RWG 
implementations of the CFIE, as compared to CFIE[R] and CFIE[R][id], especially for objects with pronounced 
sharp edges (tetrahedron or square pyramid). The hybrid RWG/monopolar-RWG CFIE-schemes, which maintain the 
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observed accuracy of the monopolar-RWG CFIE-schemes with less unknowns, show clear enhanced performance 
with respect to CFIE[R] and CFIE[R][id] for the three electrically small polyhedra. 
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Fig. 11 - Relative RCS-error of several CFIE, EFIE or MFIE implementations, RWG, monopolar-RWG or hybrid RWG/monopolar-RWG, 
versus the number of unknowns for a cube with side 0.1m (λ=1m). Reference results computed with EFIE[R] and 71754 unknowns.  

For the 1λ-tetrahedron, with a smaller relative relevance of sharp edges in the scattering radiation, we opt only for 
the hybrid implementation of the CFIE. As shown in Fig. 10, whereas the hybrid RWG/monopolar-RWG 
implementation provides similar accuracy as CFIE[R], the analogous hybrid implementation for the EFIE does 
improve the accuracy for the same 1λ-tetrahedron [18]. Consistently, as regards the error trend versus N observed in 
Fig. 14, the hybrid implementation of the CFIE offers similar accuracy as CFIE[R]. In contrast, the analogous hybrid 
implementations of the EFIE or the MFIE provide clearly better accuracy than their RWG-counterparts. 
Interestingly, in view of Figs. 10 and 14, the optimized CFIE[R][id] implementation shows slightly better 
performance than the hybrid RWG/monopolar-RWG CFIE-implementations. This may be due to the less relevant 
sharp-edge influence in the scattering pattern of the 1λ-tetrahedron. It is clear, thus, that the advantages for the 
monopolar-RWG implementations in terms of accuracy become more evident for the EFIE [17][18] and for the 
MFIE [9],[27] than for the CFIE. In any case, a clear improvement is still manifest for the monopolar-RWG 
implementations of the CFIE, especially in its hybrid form, in the scattering analysis of conductors with corners and 
sharp edges with subwavelength dimensions. We attribute such performance to the enhancement of the null-field 
condition at the boundary through the volumetric testing inside the object near sharp edges, where the low-order 
approximations of the current provide less accuracy [17]. The competitive accuracy exhibited in Figs. 7-14 by the 
hybrid RWG/monopolar-RWG CFIE-implementations in the analysis of conformal triangulations paves the way for 
the accurate analysis of non-conformal triangulations arising from the partitioning of complex objects into 
independently meshed domains (see section 5.5). Note that the standard CFIE[R] and the optimized CFIE[R][id] 
implementations cannot handle such meshes.  
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Fig. 12 - Relative RCS-error of several CFIE, EFIE or MFIE implementations, RWG, monopolar-RWG or hybrid RWG/monopolar-RWG, 
versus the number of unknowns for a square pyramid with side 0.1m (λ=1m). Reference results computed with EFIE[R] and 66918 unknowns. 
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Fig. 13 - Relative RCS-error of several CFIE, EFIE or MFIE implementations, RWG, monopolar-RWG or hybrid RWG/ monopolar-RWG, 
versus the number of unknowns for a tetrahedron with side 0.25m (λ=1m). Reference results computed with EFIE[R] and 68475 unknowns.  
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Fig. 14 - Relative RCS-error of several CFIE, EFIE or MFIE implementations, RWG or hybrid RWG/monopolar-RWG, versus the number of 
unknowns for a tetrahedron with side 1m (λ=1m). Reference results computed with EFIE[R] and 71121 unknowns.  

5.3 Convergence 

We show the number of steps to reach convergence in the iterative search for the solution, under an impinging x-
polarized z-propagating wave, for our nonconforming implementations of the CFIE as compared with the 
conventional RWG-discretization of the EFIE and the CFIE. We perform the iterative search through the generalized 
minimal residual method [47] and no-restart. The iterative search is not preconditioned and terminates for a residual 
error below 10-4. In Figs. 15,16 and 18,19, we display for subwavelength sharp-edged conductors the convergence 
trends, respectively, versus H, and similar number of unknowns, and versus N, with the  most accurate H-values. In 
light of Figs. 15, 16, the H-choice is more critical for the fully monopolar-RWG implementations than for the hybrid 
RWG-monopolar-RWG implementations. For the 1λ-tetrahedron, we show in Fig. 17 the number of iterative steps 
versus H and number of unknowns for the hybrid RWG-monopolar-RWG implementations of the CFIE and the 
standard RWG-discretization. 
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Fig. 15 -  Number of steps to reach a residual error below 1e-4 in the GMRES iterative search of the solution for several implementations of the 
CFIE, monopolar-RWG or hybrid RWG/ monopolar-RWG, with respect to CFIE[R] and EFIE[R] and similar number of unknowns, versus the 
height H of the testing elements for  a cube with side 0.1m (λ=1m) 
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Fig. 16 -  Number of steps to reach a residual error below 1e-4 in the GMRES iterative search of the solution for several implementations of the 
CFIE, monopolar-RWG or hybrid RWG/ monopolar-RWG, with respect to CFIE[R] and EFIE[R] and similar number of unknowns and versus 
the height H of the testing elements for a tetrahedron with side 0.25m (λ=1m) 

 
As is well known, the numerical implementations of the CFIE lead to better-conditioned systems than analogous 

implementations of the EFIE. Accordingly, the RWG-discretization of the EFIE appears in Figs. 15-19 as the scheme 
that requires most iterations to converge. In the scattering analysis of subwavelength targets such as the 0.25λ-
tetrahedron and the 0.1λ-cube, in an analogous manner as with the assessment of the accuracy, the fully monopolar-
RWG implementations of the CFIE show a varying speed of convergence in terms of the H-choice. In light of Figs. 
15 and 16, the monopolar-RWG discretization of the CFIE with tetrahedral testing offers better convergence than the 
conventional RWG-discretization of the CFIE for some specific H-ranges that moreover match the H-ranges of 
improved accuracy (see Figs. 7 and 9). In contrast, the monopolar-RWG CFIE-implementation with wedge testing 
do not show faster convergence than the RWG-discretization of the CFIE or the monopolar-RWG CFIE-
implementation with tetrahedral testing. For these electrically small targets, the hybrid RWG-monopolar-RWG 
CFIE-implementations show, as compared to the monopolar-RWG schemes, a more stable convergence trend in 
terms of H, especially for the hybrid implementation with tetrahedral testing.   
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Fig. 17 -  Number of steps to reach a residual error below 1e-4 in the GMRES iterative search of the solution for hybrid RWG/monopolar-
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RWG implementations of the CFIE, with respect to CFIE[R] and EFIE[R] and similar number of unknowns N, versus the height H of the 
testing elements for a regular tetrahedron with side 1m (λ=1m) 
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Fig. 18 – Number of iterative steps to reach a residual error below 1e-4 in the iterative search of the solution for several CFIE 
implementations, monopolar-RWG or hybrid RWG/ monopolar-RWG, versus the number of unknowns for a cube with side 0.1m 
(λ=1m). 

 
In Figs. 18 and 19, we display for the 0.1λ-cube and for the 0.25λ-tetrahedron the convergence trends for the 

monopolar-RWG CFIE-implementations with respect to the number of unknowns. The monopolar-RWG 
implementations in Figs. 18 and 19 adopt H-values that produce best accuracy. Interestingly, only the tetrahedral 
choice can provide at the same time improved convergence and accuracy for a particular H-value.  

For the 1λ-tetrahedron, as shown in Fig. 17, our hybrid CFIE-implementations offer similar rate of convergence, 
although slightly slower, than the RWG-discretization of the CFIE. In addition, the convergence trend appears 
particularly stable in terms of H, especially for the tetrahedral scheme of testing, as it happens in an analogous 
manner with the accuracy (see Fig. 8).  
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Fig. 19 – Number of iterative steps to reach a residual error below 1e-4 in the iterative search of the solution for several CFIE 
implementations, monopolar-RWG or hybrid RWG/monopolar-RWG, versus the number of unknowns for a tetrahedron with side 
0.25m  (λ=1m). 
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5.4 Grid-robustness 

Radio-frequency engineers may encounter defective meshes in the numerical analysis of microwave devices or 
antennas. A common unambiguous manner to describe a triangular mesh is the connectivity file [48], which 
comprises two lists: (a) the set of vertices arising in the triangulation and (b) the list of three vertices building each 
facet. Whereas the connectivity file alone is enough for the facet-based schemes to compute the electromagnetic 
response, the edge-based schemes require, prior to the scattering analysis, the execution of edge finding algorithms. 
Conventional IE-solvers require the adopted meshes to be conformal but flaws in the mesh generation (e.g. 
unconnected vertices or misaligned edges) lead to defective meshes (strictly speaking; non-conformal). The edge 
finding procedures then provide an incomplete list of interior edges, thereby discarding degrees of freedom in the 
modelling of the current. In our experience, the evidence in the computed bistatic RCS of this inaccurate modelling 
of the current depends on several aspects, such as the number of affected mesh elements, the location of the 
deficiency (over co-planar or sharp-edged facets) or the polarization of the impinging plane wave. On the other hand, 
flaws in the mesh generation may even become unnoticed by the engineer, especially in the analysis of complex non-
canonical structures, with no analytical solutions available. An obvious solution to prevent this is of course to repair 
the mesh. However, the process of finding and removing ill-shaped triangles, welding disconnected vertices or 
stitching misaligned edges is normally strenuous and time-consuming, especially, as it often happens, if the mesh has 
been generated by a third party.  
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Fig. 20 – (a) - Bistatic RCS over the E plane and (b) Normalized absolute value of the electric current for hybrid RWG/monopolar-RWG CFIE 
implementations and H=h/10 for a cube with side 0.5m (λ=1m) meshed with a non-conformal defective mesh with two pairs of unconnected 
vertices The vertices of each pair are shifted 0.0125 m over opposite directions along the sharp edge. The results are compared with the 
standard RWG discretization of the CFIE on the original conformal mesh  

 

In Figs. 20 and 21, we display (a) the computed RCS  and (b) the electric current distribution for a cube meshed 
with 192 triangles after distorting the original mesh on two vertices located on sharp edges or corners. In Fig. 20 a 
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couple of vertices located in the middle of two sharp edges are split into pairs of unconnected vertices slightly 
shifted along the sharp edge, giving rise to so-called T-junctions [6] . In Fig. 21 tiny slits are inserted at two corners 
of the original mesh. The latter represents a more harmful modification because of the outbreak of spurious slits that 
convert the original closed geometry into an unwanted open surface. For this reason, the adopted dimensions for the 
slits in Fig. 21 are much smaller than the shift of the unconnected vertices in Fig. 20.  In view of Figs. 20-(a) and 21-
(a), the RCS computed with the edge-based CFIE[R] for both defective meshes results in remarkable inaccuracies 
when compared with the original conformal mesh. We activate these inaccuracies with an appropriate plane wave 
choice ( ( )ˆ ˆ ˆ / 2e x y= − + ; ˆ ˆh z= − ; ( )ˆ ˆ ˆ / 2k x y= − + ). The erroneous analysis with CFIE[R] of the defective meshes in Figs. 20-
(a) and 21-(a) results from the misclassification as boundary edges of a few interior edges. Furthermore, the CFIE[R] 
analysis of the mesh in Fig. 21 is specifically sensitive to the spurious electromagnetic scattering effect of the slits. 
In view of Figs. 20 and 21, our hybrid monopolar-RWG schemes appear immune to the existence of such 
deficiencies in the mesh. This represents progress with respect to previous patch-based IE-schemes reporting grid-
robustness only for smooth conductors [10]. 
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Fig. 21 – (a) Bistatic RCS over the E plane and (b) Normalized absolute value of the electric current for hybrid RWG/monopolar-RWG CFIE 
implementations and H=h/10 for a cube with side 0.5m (λ=1m) meshed with a non-conformal defective mesh where 0.00125-meter long slits 
are inserted at two corner vertices. The results are compared with the standard RWG discretization of the CFIE on the original conformal mesh  

5.5 Versatility 

Our facet-based monopolar-RWG CFIE-implementations allow the analysis of meshed structures with non-non-
conformal transitions that the conventional edged-based schemes cannot consider. Moreover, unlike other facet-
based schemes [37], our schemes do not need to impose additional conditions across domain boundaries.  In Figs. 
22-26, we show (a) RCS and (b) electric current results, under an impinging x-polarized z-propagating wave, for our 
hybrid CFIE-implementations (and H=h/10) for meshes that originate from the juxtaposition of triangulations 
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associated with the domains that take part in the decomposition of the objects. These meshes are by construction 
non-conformal across the boundaries between touching domains. We then define monopolar-RWG basis functions 
(and the volumetric testing) on triangle edges matching the domain boundaries and RWG basis functions (and 
Galerkin testing) elsewhere. We validate the RCS-results computed with our hybrid CFIE-implementations against 
RWG-results, which require conformal meshes.  

In Figs. 22 and 23, the objects under analysis, a square pyramid (with no basis) on top of a prism (with no top 
face) and a tetrahedron, give rise to meshes where the facets touching the boundaries have edges fully matching the 
boundary. In Figs 24-25, though, the tested objects are curved and the facets at both sides of the boundaries do not 
fully match, whereby the outbreak of spurious slits is inevitable. The analysis of the non-conformal meshes for the 
objects with no slits in Figs. 22-23 show very similar performance as the conventional analysis on conformal 
meshes. In our experience, the performance for our hybrid CFIE-implementations for non-conformal meshes with 
spurious slits, appears acceptable but somewhat less accurate. Interestingly, the results appear a bit more reliable for 
the cone-cylinder in Fig. 24 − i.e. a cone (with no basis) on top of a cylinder (with no top face and same radius) − 
than for the sphere in Fig. 25. In general, as is well known, the use of non-conformal triangulations for modelling 
curved shapes, especially with small radius of curvature, although quite often implemented in practice, is not the 
best choice because of the advent of spurious sharp mesh edges.  

In Fig. 26, we show results for a PEC torus, an example of non-simply connected structure, with major radius 
λ/3 and minor radius λ/6 (λ=1m) [49]. The hybrid-CFIE analysis of the non-conformal mesh arising from assigning 
different triangulations to each half of the torus provides similar accuracy as the conventional analysis with a 
conformal mesh. Even though this torus has moderately small dimensions, the computed results are free from the 
inaccuracies reported for the MFIE in the static limit analysis [50]. In any case, this frequency region is out of the 
performance band of conventional CFIE-implementations as full-wave solvers. 

In Fig. 27, we present RCS results for a large PEC cone-sphere, with diameter 3λ and angle 75o (λ=1m). The 
cone-sphere is a shape formed by joining a cone and a sphere so that the radius and its first derivative are matched at 
the cone-sphere transition [51]. This is a quite a demanding case, as far as accuracy is concerned, because the 
backscattered RCS is low, roughly 40 dB below the forward-scattered RCS. Our hybrid RWG/monopolar-RWG 
implementations makes use of a non-conformal mesh (with a non-conformal transition between the sphere and cone 
regions) and the RWG-discretization of the CFIE manages a conformal mesh (see Fig. 28). Whereas the non-
conformal mesh employs 27774 triangular facets, leading to a matrix system of 38799 unknowns, the conformal 
mesh employs 35904 unknowns, with a resulting matrix system of 53856 unknowns, at the limit of our available 
memory resources to compute the direct solution. Our conformal-mesh generating scheme gives rise to a very fine 
mesh over the cone-region that we relax in the non-conformal mesh generation by assigning somewhat looser mesh 
criteria to the sphere- and cone-regions (see Fig. 28). The mesh relaxation criterion is in any case very subtle; the 
maximum mesh edge lengths amount to 0.1100λ for the conformal mesh and to 0.1157λ for the non-conformal mesh. 
In view of Fig. 27, there is a significant similarity between the results computed with the hybrid RWG/monopolar-
RWG CFIE-discretization and the standard RWG-discretization. Note that the match in Fig. 27 is much tighter in 
relative terms than in Fig. 25, for the electrically small sphere. We attribute this to the fact that the sphere in Fig. 25 
has a diameter of 3λ and therefore an electrically bigger radius of curvature than the sphere in Fig. 25, with a 
diameter of 0.4λ, which suffers from a somewhat rougher flat-facetted modelling of the boundary surface. 
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Fig. 22 - (a) Bistatic RCS over the E plane and and (b) Normalized absolute value of the electric current for hybrid RWG/monopolar-RWG 
CFIE implementations and H=h/10 for a composite object arising from the juxtaposition of a square pyramid on top of a prism (λ=1m)  and a 
non-conformal mesh. The results are compared with the standard RWG discretization of the CFIE for two conformal meshes. The impinging 
plane wave is z-propagating and x-polarized. 
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(b) 

Fig. 23 - (a) Bistatic RCS over the E plane and (b) Normalized absolute value of the electric current for hybrid RWG/monopolar-RWG CFIE 
implementations and H=h/10 for a tetrahedron with side 0.3 m (λ=1m) meshed through a non-conformal transition over the sharp edges. The 
results are compared with the standard RWG discretization of the CFIE for two conformal meshes. The impinging plane wave is z-propagating 
and x-polarized. 
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Fig. 24 – (a) Bistatic RCS over the E plane and (b) Normalized absolute value of the electric current for hybrid RWG/monopolar-RWG CFIE 
implementations and H=h/10 for a cone-cylinder meshed through a non-conformal transition over the sharp intersecting boundary line. The 
results are compared with the standard RWG discretization of the CFIE for two conformal meshes. The impinging plane wave is z-propagating 
and x-polarized. 
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Fig. 25 – (a) RCS over the E plane, (b) RCS over the H plane and (c) Normalized absolute value of the electric current for hybrid 
RWG/monopolar-RWG CFIE implementations and H=h/10 for a sphere with radius 0.2 m and two non-conformal transitions between the two 
hemispheres. The results are compared with the RWG discretization of the CFIE on a conformal mesh and the Mie series solution. The 
impinging plane wave is z-propagating and x-polarized. 
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Fig. 26 – (a) RCS over the H plane and (b) Normalized absolute value of the electric current for hybrid RWG/monopolar-RWG CFIE 
implementations and H=h/10 for a torus with major radius λ/3 and minor radius λ/6  meshed with non-conformal transition between two 
halves. The results are compared with the RWG discretization of the CFIE on a conformal mesh. The impinging plane wave is z-propagating 
and x-polarized. 
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Fig. 27 – (a) RCS over the E plane and (b) Normalized absolute value of the electric current for hybrid RWG/monopolar-RWG CFIE 
implementations and H=h/10 for a cone-sphere with diameter 3λ and angle 75o meshed with non-conformal transition between the sphere and 
the cone parts (Nt=27774). The results are compared with the RWG discretization of the CFIE on a conformal mesh (Nt=35904). The 
impinging plane wave is z-propagating and x-polarized (λ=1m). 
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Fig. 28 – Mesh transitions for the triangulations adopted for the scattering analysis of a cone-sphere with diameter 3λ and angle 75o: (a) 
Conformal (Nt= 35904); (b) Non-conformal (Nt=27774). 
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6 Conclusion 

We present a new discretization of the CFIE based on the facet-based monopolar-RWG basis functions, 
discontinuous across edges. Our implementation arises from the combination of volumetrically tested electric-field 
contributions and Galerkin tested magnetic-field terms. The volumetric subdomains of electric-field testing, 
tetrahedral elements or wedges, are attached to the surface triangulation, inside the conductor. For subwavelength 
sharp-edged conductors, our monopolar-RWG CFIE-implementations exhibit better accuracy than the standard edge-
based RWG-discretization of the CFIE for particular ranges of heights H of the testing subdomains (set in terms of 
the mesh parameter h). The tetrahedral and wedge testing schemes offer best improved performance for H ranges, 
respectively, around h/10 and h/100. These trends become more evident for objects with pronounced sharp edges. 
Our tests also show that in these cases the observed accuracy becomes even competitive with respect to the RWG 
discretization of the EFIE. Interestingly, the CFIE-implementation with tetrahedral testing, for the electrically small 
sharp-edged conductors tested, shows improved speed of convergence in the iterative search of the solution, with 
respect to the RWG-discretization of the CFIE, for similar H-ranges as for the observed improved accuracy.  

In a similar manner as observed for the monopolar-RWG implementations of the EFIE or the MFIE, the improved 
accuracy for our monopolar-RWG implementations of the CFIE becomes decreasingly relevant as the electrical 
dimensions of the sharp-edged target rise. We attribute this to the reduced relative contribution of the sharp edges in 
the EM scattering of such objects. Hence, the observed improved accuracy cannot make up for the increase in  
number of unknowns as the electrical dimensions of the object rise. In such cases, the adoption of hybrid 
RWG/monopolar-RWG CFIE-implementations appears justified. The current is expanded with the RWG set over 
edges between co-planar (or almost co-planar) facets and with the monopolar-RWG choice at triangles matching a 
sharp edge of the target. The number of unknowns of the standard RWG and the hybrid monopolar-RWG 
discretizations becomes then similar and the observed accuracy remains similar as the fully discontinuous (across 
edges) approach but with less unknowns. In consequence, the observed H ranges of improved accuracy for 
subwavelength sharp-edged targets become much broader and the H-choice appears less critical. Typically, we adopt 
H values around h/10 or h/100 for the hybrid RWG/monopolar-RWG discretization of the CFIE with, respectively, 
tetrahedral or wedge testing. Moreover, for electrically moderate or big sharp-edged objects, the hybrid schemes 
show similar accuracy and speed of convergence as the RWG discretization of the CFIE. In general, we remark that 
the relative accuracy improvement with respect to the RWG counterpart, if observed, is smaller for the full or hybrid 
monopolar-RWG implementations of the CFIE than for the analogous implementations of the EFIE or the MFIE 
alone. 

Our CFIE schemes are facet-based and ignore by definition edges in the establishment of the set of unknowns. 
They appear then inherently favorable for the analysis of slightly defective meshes that otherwise lead to an 
incorrect edge identification and perhaps inaccuracies in the analysis with the traditional edge-based tools. 
Furthermore, our schemes offer enhanced versatility, as compared with the traditional edge-based schemes, in the 
management of complex geometrically conformal or non-conformal meshes. Our schemes can undertake with good 
accuracy the modular analysis of complex objects through the partitioning into independently meshed domains 
without introducing additional unknowns or continuity conditions along the intersecting boundary lines. The hybrid 
RWG/monopolar-RWG schemes appear especially well suited by defining the RWG discretization over pairs of 
triangles inside the partitioning domains and by associating the monopolar-RWG discretization strictly with the facet 
edges matching the non-conformal mesh transitions between adjacent domains.  
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