Commun. Math. Phys. 381, 673-705 (2021) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-020-03907-w M ath emat i c al

Physics
®

Check for
updates

Asymptotic Growth of the Local Ground-State Entropy of
the Ideal Fermi Gas in a Constant Magnetic Field

Hajo Leschke!, Alexander V. Sobolev’, Wolfgang Spitzer>

1 Institut fiir Theoretische Physik, Universitét Erlangen-Niirnberg, Staudtstrae 7, 91058 Erlangen, Germany.
E-mail: hajo.leschke @physik.uni-erlangen.de

2 Department of Mathematics, University College London, Gower Street, London WCIE 6BT, UK.
E-mail: a.sobolev@ucl.ac.uk

3 Fakultit fiir Mathematik und Informatik, FernUniversitit in Hagen, Universititsstrae 1, 58097 Hagen,
Germany. E-mail: wolfgang.spitzer @fernuni-hagen.de

Received: 25 July 2019 / Accepted: 14 July 2020
Published online: 21 December 2020 — © The Author(s) 2020

Abstract: We consider the ideal Fermi gas of indistinguishable particles without spin
but with electric charge, confined to a Euclidean plane R? perpendicular to an external
constant magnetic field of strength B > 0. We assume this (infinite) quantum gas to
be in thermal equilibrium at zero temperature, that is, in its ground state with chemical
potential £ > B (in suitable physical units). For this (pure) state we define its local
entropy S(A) associated with a bounded (sub)region A C R? as the von Neumann
entropy of the (mixed) local substate obtained by reducing the infinite-area ground state
to this region A of finite area |A|. In this setting we prove that the leading asymptotic
growth of S(LA), as the dimensionless scaling parameter L > 0 tends to infinity, has
the form L~/B|d A| up to a precisely given (positive multiplicative) coefficient which is
independent of A and dependent on B and u only through the integer partof (u/B—1)/2.
Here we have assumed the boundary curve 9 A of A to be sufficiently smooth which,
in particular, ensures that its arc length |0 A | is well-defined. This result is in agreement
with a so-called area-law scaling (for two spatial dimensions). It contrasts the zero-field
case B = 0, where an additional logarithmic factor In(L) is known to be present. We also
have a similar result, with a slightly more explicit coefficient, for the simpler situation
where the underlying single-particle Hamiltonian, known as the Landau Hamiltonian, is
restricted from its natural Hilbert space L2 (R?) to the eigenspace of a single but arbitrary
Landau level. Both results extend to the whole one-parameter family of quantum Rényi
entropies. As opposed to the case B = 0, the corresponding asymptotic coefficients
depend on the Rényi index in a non-trivial way.
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1. Introduction

Quantum correlations in many-particle ground states occur in a genuine and simple
form for fermions without interactions between them. In this case all correlations are
exclusively due to the Pauli—-Fermi—Dirac statistics and are not affected by classical cor-
relations. This certainly explains why the authors of many recent publications, devoted
to the “trendy topic” of entanglement entropy, have considered ground states of free
fermions in discrete or continuous position space. For these pure states its (bipartite
spatial) entanglement entropy boils down to its local entropy associated with a bounded
region A in the position space. An informal definition of the local entropy is given in
the above abstract. For a formal definition, in the present context, see (4.2) (witho = 1)
below. This local ground-state entropy may serve as a useful, but rough, single-number
quantification of the correlations of all the particles in the region A with all those outside.

The local ground-state entropy is a complicated function(al) of A and difficult to
study by analytic methods. Even without interactions, one can in general only hope for
estimates and/or asymptotic results when the volume of the bounded region becomes
large. As discovered by Gioev and Klich [8], one fascinating aspect of these type of
asymptotic results is the connection to the quasi-classical evaluation of traces of (trun-
cated) Wiener—Hopf operators (or Toeplitz matrices in the discrete, one-dimensional,
case), that is, to a conjecture of Harold Widom (respectively of Fisher and Hartwig).
The “Widom conjecture” was finally proved by one of us in [29] and opened the gate
to prove a conjecture by Gioev and Klich [8] about the precise asymptotic growth of
the local ground-state entropy of free fermions in multi-dimensional Euclidean space,
see [16].

Of course, it is physically relevant and mathematically interesting to determine such a
precise asymptotics also for ground states of fermions subject to an external field or even
with interactions between them. From a rigorous point of view, the latter seems currently
to be out of reach. Concerning external scalar fields there are publications devoted to free
fermions in a (random) potential [6,19-22] or in a one-dimensional periodic potential
[24]. As an aside, we mention that in the case of free fermions the large-scale behavior
of the local entropy is not only known for the ground state, but also for the thermal
equilibrium state at any temperature [15,17].

In the present paper, we (return to zero temperature and) consider the ground state of
non-relativistic, spinless, and electrically charged fermions in the Euclidean plane R?
without interactions between them, but subject to an external magnetic field which is
perpendicular to the plane and of constant strength B > 0. This ground state became of
interest in condensed-matter physics at first in the early 1930s for simplified explanations
of the Landau diamagnetism and the De Haas—Van Alphen effect observed in metals,
see [10,23]. The interest got revived and enhanced after the discovery of the (integrally)
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quantized Hall effect in certain quasi-two-dimensional semiconductor materials by Klaus
von Klitzing in the year 1980, see [10,30]. To our knowledge, analytical contributions to
the asymptotic growth of the local entropy of this ground state were made by Klich [13],
by Rodriguez and Sierra [26,27], and recently by Charles and Estienne [4]. All these
authors consider the case of the lowest Landau level only. In addition, [13,26,27] treat
regions of simple geometric shape only. The important work of Rodriguez and Sierra
[26] contains non-rigorous arguments, but their formula for the asymptotic coefficient
Mo (1) (see (4.1) and (4.4) for the definition), confirmed in [4], has been a guide for
us to arrive at the more general asymptotic coefficients presented here. After all, the
simplicity of the coefficient My (f) of the sub-leading boundary-curve term in (2.13),
see (2.9) and (2.10), is striking, given that it results from the 2m-fold integration in (3.20)
for arbitrary exponent m > 1.

By adapting Roccaforte’s approach for translation invariant integral kernels [25] to
those of the Landau-projection operators we extend results in [4,26] to rather general
regions, to an arbitrary single Landau-level eigenspace, and even to the orthogonal sum
of the first n + 1 eigenspaces for arbitrary n > 0. By the last extension we can allow
for an arbitrary value of the chemical potential & > B (in suitable physical units)
and, hence, for an arbitrary areal density of the particle number. Our proof consists
of two basic steps. In the first step, we present the precise asymptotics of the trace of
smooth functions of localized (or spatially truncated) Landau projections. By a suitable
application of the Stone—Weierstra} approximation theorem this asymptotics is shown
to follow from a corresponding one for polynomials, based on Lemma 5. Our proof of
Lemma 5 is elementary in the sense that it does not make use of the quasi-classical
functional calculus for pseudo-differential operators, not even of standard stationary-
phase evaluation techniques. However, it involves one change of variables which is
cumbersome to utilize, see (3.26). In the second step, we show how to get from smooth
functions to the Rényi entropy functions /. This is not obvious, in particular for Rényi
index o < 1, and does not follow from standard approximation schemes. Therefore we
prove and employ certain Schatten—von Neumann quasi-norm estimates, similarly to
what has been done in [16].

Our main result is Theorem 8. It turns out that all local Rényi ground-state entropies
grow to leading order proportional to L when the dimensionless parameter L > 0 of the
scaled region L A is sent to infinity (due to the off-diagonal Gaussian decay of the Landau-
projection integral kernels). This is in agreement with the so-called area-law scaling [5].
Given that, the corresponding proportionality factor has the form VB [0AM<y (hy).
Here, the first two factors are expected from considering physical dimensions, because
|0 A| denotes the arc length of the (smooth) boundary curve d A. The third factor M<,, (h4)
is a dimensionless asymptotic coefficient precisely given by (2.12) and (4.1). It depends
in a non-trivial way on the Rényi index « > 0, but on B and u only through the integer
part v of (u/B — 1)/2. It is finite and positive, but in general a rather complicated
expression. However, if © < 3B, then it simplifies considerably, because only the
lowest Landau-level eigenspace remains to be relevant. The result agrees (for « = 1)
with the one proved recently by Charles and Estienne [4].

2. Setting the Stage and Basic Asymptotic Results for Smooth Functions

We denote the scalar products in the Euclidean plane R? and in the Hilbert space L?(D)
of complex-valued, square-integrable functions on a Borel set D C R? by the same
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bracket (-|-) and use the same notation || - || for the induced norms. Our convention is
that the scalar product is anti-linear in the first and linear in the second argument.

Since in the ideal Fermi gas the indistinguishable (point) particles do not interact with
each other, it is sufficient to consider the common Schrodinger operator for the kinetic
energy of a single particle in the plane subject to a perpendicular constant magnetic
field of strength B > 0. This operator is known as the Landau Hamiltonian. It acts self-
adjointly on a dense domain of definition in the single-particle Hilbert space L?(R?) and
is given by

H:= (-iV —a)>. (2.1

Here, we choose the symmetric gauge a(x) = (aj(x), ax(x)) = (x2, —x1)B/2 for
the vector potential @ : R?> — R? generating the constant magnetic field (vector)
perpendicular to the plane with Cartesian coordinates x = (x1, x3). Other gauges yield
operators being unitarily equivalent to H. Moreover, here and in the following we are
using physical units such that the particle mass and the particle charge equals 1/2 and
1, respectively. Similarly, we put the speed of light, Planck’s constant (divided by 27),
and Boltzmann’s constant all equal to 1.

Throughout the paper we use the symplectic 2 x 2 matrix J = [_01 éi| the
generalized Laguerre polynomials

14

0/ [e+k\
£§k>(z);=2( .) ( * ,)ﬂ, ke{—t —C+1,...}, t>0
pr ST ANEAN Sl

of degree £ € Ny, and the abbreviation £, := E,(ZO). For each degree ¢ we define
an infinite-dimensional projection (operator) P, on L2 (]Rz) by the Hermitian integral
kernel

B
pe(x, y) i= o exp(=Bllx = yI2/4) Le(Bllx = yI?/2) expf (xNy)), x,y € R?.
(2.2)
It is obviously C*°-smooth and a Carleman kernel in the sense that it is square integrable
with respect to y € R? for all x € R?, and vice versa. Now the spectral decomposition
of the Landau Hamiltonian H may be written as

H=BY 20+ 1)P;. (2.3)
=0

As usual, this formula is meant in the sense of strong operator convergence on L?(R?). It
goes back to Fock [7] and Landau [14]. The projections P, now recognizable as spectral
projections, depend on the chosen gauge through the last (complex-valued phase) factor
in (2.2), but the set {B, 3B, 5B, ...} of harmonic-oscillator like eigenvalues, in other
words Landau levels, does not. The degree ¢ is now called Landau-level index. We
will also need the projection P<, := Y _,., P¢ on the orthogonal sum of the first

n + 1 Landau-level eigenspaces p,L2 (RZ) and mention the functional relation L, :=

D 0<p<n Lo = Eﬁl). For later purposes we single out the (translation invariant) Gaussian
part of the kernel by defining



Local Ground-State Entropy of Free Fermions in a Constant Magnetic Field 677

B\ 12 B2
g(z) = <E) exp(— T) z€R,

©(x) =gxNgx”), x=x")eR?,

so that
Py(x,y) = pe(x, y) = Le(Bllx — y[7/2)g2(x — ) exp(iZ (x|Jy)),

P, ) i= 3 peCx, ) = Ln(Blix — yI2/2)g2(x — y) explZ (xlJy) .
=0

Now we are prepared to turn to the ground state of the ideal Fermi gas with the
Landau Hamiltonian, see (2.1) and (2.3), as its single-particle Hamiltonian and with
the chemical potential © > B as a real parameter. According to the grand-canonical
formalism of quantum statistical mechanics [3,10] this (infinite-area) ground state is
quasi-Gaussian (in other words, quasi-free) and, as such, characterized by its reduced
single-particle density operator on L?(R?) given by the Fermi projection

Oul—H) =Y O(u—QL+1)B)P, =P, u>B. (2.4)
=0

Here, ® is Heaviside’s unit-step function (defined by ®(¢) := 1 if + > 0 and zero
otherwise), 1 denotes the identity operator on L2(R?), and v := [(u/B — 1)/2] is
the integer part of (/B — 1)/2 > 0. Now we consider a Borel set A € R? and the
multiplication operator 1 4 on L?(R?) corresponding to its indicator function 1, on RZ.
Moreover, we introduce the local(ized) Landau projections

Pe(A) :=1APeIA, P<,(A) :=1AP<, 14 .

The quasi-Gaussian substate associated with A € R? is now simply characterized
by the local(ized) Fermi projection

TA0ul —H)IA =P, (A), (2.5)

see [9].

We ignore the uninteresting case © < B, because then the Fermi projection is the
zero operator corresponding to a vanishing number of particles. In contrast, as a function
of u > B the (mean) local areal density of the particle number, p(x), in the ground state
characterized by the density operator (2.5) is non-zero and equal to the diagonal of its
integral kernel, that is,

p(x) =Py (A)(x, x) = (v+l)%lA(x), x e R2. (2.6)

Integration over the plane R2 gives the (mean) total number of particles, (v+1)B|A|/2r,
in its subset A with (Lebesgue) area |A|. So v + 1 corresponds to an integer value of
the filling factor in the physics literature. In view of (2.5) it suffices in the following to
consider the projection P<,, (A) for arbitrary n € Ny. Moreover, from now on we typically
assume that A C R? is the union of finitely many bounded domains (open connected
sets), such that their closures are pairwise disjoint. We call such a A a bounded region.
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If the boundary curve dA of A is C¥, y € N U {oo}, then we say that A is a bounded
CY -region.

Before we state our basic asymptotic results we recall the definition of the Hermite
polynomials, Hy, of degree £ € Ny. They satisfy the orthogonality relation

fdz exp(—12)Hy(t)Hp (1) = /72501800, £,€ € Np. (2.7)
R

An explicit formula is

L/2]

( 1)/ =y
H(t) = £ Z — )‘(ZI) I, teR,teN. (2.8)
The Hermite functions v, defined by
Ve(t) == (Va2 V2 Hy (1) exp(—12/2), t € R, € € Ny, (2.9)

constitute an orthonormal basis of the Hilbert space L?>(R) and are the (energy) eigen-
functions of the one-dimensional harmonic oscillator, that is,

=y, (1) +1200(1) = QL+ De(1), t€R.

For £ € R and a complex-valued function f on the closed unit interval [0, 1] as in
Lemma 3 below we define

o0 d
re(®) :=/ dtve?, M) :=/ ;[f(ke(é))—f(l)ke@)], ¢ e Ny
3 R 2T
(2.10)

Obviously, each function A takes values in [0, 1] and is (strictly) decreasing. We also
need to introduce for each n € Ny the one-parameter family of operators

Kng =Y Wee)Weel = Ligoo) D W) (el Lz . £ €R. 2.11)

=0 £=0

The operator KC;, ¢ maps L%(R) self-adjointly on its (n+1)-dimensional subspace spanned

by the first (n + 1) truncated Hermite functions vy ¢ := ¥¢1[¢ o0). This operator is not

a projection, but it satisfies 0 < K, ¢ < 1 o) < 1. Its integral kernel is given by the

sum Y <, Ye.e (1) g(t'), which can be evaluated explicitly, see (3.36) below.
Along with My (f) we also define for n € Ny

Mz, (f) —/ —[trf(/Cn g) = f(Dukyel, Mco(f) =Mo(f). (2.12)

Here the trace refers to operators on L?(R). Now we are in a position to present our two
basic asymptotic results.
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Theorem 1 (For the £¢h Landau level, £ € Ny). Let A C R? be a bounded C3-regi0n
in the sense defined below (2.6). Moreover; let f : [0, 1] — C be a complex-valued
continuous function on the closed unit interval with f(0) = 0, differentiable from the
right at t = 0 and differentiable from the left at t = 1. Finally, let L > 0 be a
(dimensionless) scaling parameter. Then we have

tr f(Pe(LA)) = L*B % F()+ LVBaAIMe(f) +o(L), (2.13)

as L — oo. The asymptotic coefficient is finite, that is, |[M¢(f)| < o0.

Here the trace refers to operators on L2(R2) and, as usual, o(L) stands for some
function of L with limsup; _, ., |o(L)|/L = 0.

Theorem 2 (For the first (n + 1) Landau levels, n € Ny). Under the same assumptions
as in Theorem 1 we have

tr f(P<,(LA)) = L’B % m+1)f(1)+ Lx/§|3A| M=, (f) +o(L), (2.14)

as L — oo. The asymptotic coefficient is finite, that is, IM<, (f)| < oc.

The finiteness of the coefficients M, (f) and M<,(f) are consequences of the fol-
lowing Lemmas 3 and 4, because the smooth function f assumed in Theorems 1 and 2
satisfies the bound (2.15). The proofs of (2.13) and (2.14) are postponed until the proof
of Lemma 4. In the next lemma and in the following, by C, ¢ with or without indices, we
denote various finite and positive constants, whose precise values are of no importance.

Lemma 3. Let f : [0, 1] — C be a measurable function satisfying the bound
lf@) — fMel <Cri1 =), te€l0,1], (2.15)
with some g > 0. Then My (f)| < oo forall £ € Ny.

Proof. Firstly, we observe that

2

o) < CA+]thfe™ 7, reR,£eNy,

with a constant C depending on £. Therefore, for & > 0 the function A, satisfies the
bound

* 20 —12 —882
Ag(é)fC/ dt (1+0)*e™ < Cse7%",
£

with an arbitrary § < 1. Similarly, for £ < 0 we have

he(€) =1 Ap(=8) 2 1 = Cye ™.
Combining this with (2.15) yields the claimed result. O
Concerning the other coefficient M, (f) we have the following

Lemma 4. Under the same assumption as in Lemma 3 we have

1f (Kne) — F(DKnelly < Ce8

for every n € No with an arbitrary 0 < § < 1, and hence [M<,(f)| < oc.
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Before proving this lemma we compile, for the reader’s convenience, some basic
properties of the Schatten—von Neumann classes, §,,0 < p < oo, of compact oper-
ators, see [2,28]. By s,(T) with n € N, we denote the singular values of a compact
operator T on an abstract (separable) Hilbert space, enumerated in decreasing order.
Then, the operator T is said to belong to &, if it has the finite Schatten—von Neumann
(quasi-)norm

) 1
Tl = [anmp} <00,

n=1
If p>1,then || -||pisanorm. If 0 < p < I, then it is a quasi-norm which satisfies the
p-triangle inequality
IT1 +Tally < Tl + I T2ll} - (2.16)

The class & is the standard trace class. For T € & its trace, tr T, is well-defined and
satisfies [tr T| < ||T||;.If T > 0O, then tr T = || T||;. We also note that the usual (uniform)

operator norm || - || may be viewed as || - ||, in the limit p — oo. Finally, we mention
that || - ||, satisfies a Holder-type inequality in the sense that
IT1T2llp < IT1llpy IT21l py 2.17)

for any p1, p2 € (0,00] with 1/p1+1/p2 = 1/p.

Proof. (Proof of Lemma 4) Let us now consider the operator K,, ¢ = Y ;_ Q¢ ¢ defined
in (2.11), where we have put Qy ¢ 1= [y ¢) (Ye,e| With g(¢) := (1 — ) we then have

g(Kng) =) (Que— 07— > QueQues.

=0 00=0,0£0'
Since each operator Qy ¢ is one-dimensional, we easily find that
Y
1Qee — QF el = e®)(1 — 1e(§)) < Cse7%, £ €R,
according to the proof of Lemma 3. Furthermore,

100 Qe el = (Ve elVe ) Vel Ve el < [(Yeele el

Consequently, for £ > 0, we have

_s£2
10eeQuell < 1Weelllveell < vVAeE)re(E) < Cse .
For the case & < 0 we observe that (Y¢|) = 0, £ # £/, so that (Y ¢|p ) =
— (Ve — Yo el — Yo g), and hence

0g2
100 Quell < VAe(=E)hp (=€) < Cse™™".
Collecting the above bounds we conclude that
- _ 52
I18(Kn o)l < Cse™ . (2.18)
Using now (2.15) we have
If(Kne) = fF(DKneli < CIEEING -

Since the operator K, ¢ has finite dimension n + 1, the right-hand side of the last
inequality is bounded from above by C||g (K, £) . Therefore (2.18) leads to the claimed
result. O
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Proofs of Theorem 1 and Theorem 2. By linearity, Lemmas 5 and 6 in the next section
imply Theorems 1 and 2, respectively, for an arbitrary polynomial f (with f(0) = 0).
So here we only need to show how to extend the claimed results (2.13) and (2.14) from
polynomials to the smooth function f assumed in Theorems 1 and 2. This is by now
standard and several versions of this extension are available, e.g. [24,25,29,31]. Here
we follow the recent one in [24]. As a by-product we get the a-priori finiteness of the
left-hand side of (2.13), see (2.19) and (2.20). The a-priori finiteness of the left-hand
side of (2.14) follows similarly.

Without loss of generality we may assume that f is real-valued. Besides the necessary
condition f(0) = 0 we may assume that (1) = 0. This can be achieved by replacing
f (@) with f(¢t) — f(1)t. The function f has the form f = bg with g(¢) = (1 — 1),
from above, and with some real-valued continuous function b on [0, 1]. According to the
Stone—Weierstrall approximation theorem, there exists for any given ¢ > 0 a real-valued
polynomial p on [0, 1] such that sup,¢(o 11 |p(#) — b(t)| < e. Thus with p := gp we
have

p) —egt) < f(t) < p(t) +eg(r), t€][0,1],
and hence
tr p(Pe(LA)) —etr g(Pe(LA)) = tr f(Pe(LA)) <tr p(Pe(LA)) +etr g(Pe(LA)).
Using (2.13) for j and g, we arrive at the bound

. tr f(Pe(LA))
im sup

L—oo L+/B|3A|
Since My (p) = Me(f) + Me(g(p — b)) < My(f) + eMg(g), the right-hand side of the
above inequality does not exceed My (f) + 2eM(g). Similarly,
lim in tr f(Pe(LA))
L—co  L/B|A|

= M¢(p) +eMe(g) . (2.19)

= Me(f) —2eMe() . (2.20)

Since ¢ is arbitrary, formula (2.13) follows.
In order to prove Theorem 2 we use the same argument as above for the operator
P-,(LA) and the asymptotic coefficient M<,,(f). O

3. Underlying Asymptotic Results for Polynomials

We have seen that the asymptotic results of Theorems 1 and 2 rely on corresponding
results for polynomials f. By linearity, it suffices to consider natural powers of the
corresponding projections. We begin with

Lemma 5. Let A C R? be a bounded C3-region and m € N. Then we have for any
le No

trPo(LA)™ = Lsz + LvVB|3A| / a8 [Ae@®)™ = 1e(®)] +O), 3.1
2 R 27

as L — oo. Here, as usual, O(1) = O(L) stands for some function of L with lim
supL—oo| O(1)] < 00.
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Proof. Atfirst we note that 1 5 P, is a Hilbert—Schmidt operator on L?(R?), equivalently
[[TAP¢ll2 < 00, becauseitsintegral kernel 1 (x) p¢(x, y) is square-integrable. Therefore
Pe(A) = (TAPy)(Pe1p) is a trace-class operator and so are its natural powers, due to
IP¢(A)|| < 1. The trace of the power P;(A)™ can be calculated by integrating the
diagonal of its integral kernel, that is,

trPe(A)" = /2 dx Po(A)" (x, x) . (3.2)
R

This follows from the continuity of Py (A)™ (x, y) as a function of (x, y) € A x A which,
in turn, follows from the m-fold iteration of Py(A)(x, y) = pe(x, ¥)1ao(x)1a(y) and
the dominated-convergence theorem. If x € A or y & A, then P;(A)"(x,y) = 0. We
proceed with (3.2). Since (3.1) is now seen to be true for m = 1, we assume from now
on m > 2. Then the diagonal P;(A)™ (x, x) is given by

La(x) - dxy -+ dxpm—1 pe(x, x1) pe(xr, x2) - - pe(xm—2,
Retm=
Xm—1)PeXm—1, %) 1a(x1) -+ - 1A Gxpm—1) - (3.3)
It is convenient to change to new integration variables y := (y1, ..., ym—1) defined
by y1 := x — X1, Y2 := X] — X2, ..., Ym—1 ‘= Xm—2 — X;m—1. Furthermore, we set
Ym = Y1+ +Ym—1.-Then, x; =x =y, X2 =X —Y1 — Y2, ..., Xm—1 =X — Yy and

(x|dx1) = — (x[Jy1)
(x1]dx2) = = (x — y1[dy2)
(x2ldx3) = — (x — y1 — y2|Jy3)

(Xm—2dxp—1) = — (x — yr—- = ym—2|JYm—l>
(Xm—1dx) = = (ymlJx) .

With xg := x,, := x we therefore have

m—1 m—2
D xilNxia) =) Zyleym (3.4)
i=0 i=1 j=1

If m = 2 then the left-hand side of (3.4) is zero and its right-hand side is meant to be 0.
By combining (3.2), (3.3), (2.2), and (3.4) the trace of P;(A)" can now be written as

trPe(A)" = f dyfm(y)/ dx I 1A —y) -~ Talx —ym) . (3.5)
RZ(m—l) Rz

with the function §,, defined by

m—2

fn(y) = [HEZ(BIIyJII /28201 | expi4 y,|Jy,+1] (3.6)
j=1 i=1 j=1



Local Ground-State Entropy of Free Fermions in a Constant Magnetic Field 683

Now we insert the scaling parameter L > 0 and apply Roccaforte’s asymptotic expansion
of Appendix A up to the first order

/RZ dx 1A pa(x —y1) - 1pa(x — ym)

=[LANG1+LA) N1 +y2+LA) NN (Y + LA)|
=|LA| = |[LA\ (LAN (1 +LA) N (v +y2+LA) N -+ N (3 + LA))|

m
= L*|A| - L/aA dA(x) max {0, (yilny), (v +y2lne), .o, (ymlne) ) + W(Z Iy ||2) :
j=1

3.7)

as L — oo. Here, A is the canonical arc-length measure on d A and n, is the inward unit
normal vector at the point x € dA and W is a linearly bounded function on the positive
half-line. We scale y by B~'/2 and A by B!/, Then we can set from now on B = 1 in
the function f,, and replace LA by v/ L2B A. The parameter that tends to infinity in our
asymptotic analysis is thus effectively v/ L2B.

For a given point on the boundary curve, x € d A, we decompose each vector y; € R?
into a component parallel and a component perpendicular to the tangent (line) T, (0 A) =
R atx € dA according to

vi=—zidny+tin,, i=1,....m—1, (3.8)
with the real numbers #; := (y;|n,) and z; 1= —(y;|Jny) so that [|y;||> = zl-2 + tiz. Then
we get

Lelyil?/2g2(0) = Le((@F +17)/2)g (@) (1) (3.9)
and

2Zyjldyl+1 i: 2 Sijtj = (z|St), (3.10)
i=1 j=1

=1 j=l1

to be used on the right-hand side of (3.6). Here, z := (z1,...,z5—1) and t =

(t1, ..., tu—1). Moreover, Sis the (m — 1) x (m — 1) matrix with entries
—l1ifi<j
Sij=43 0 ifi=j . (3.11)
1 ifi>j

By setting 7 := 0 the maximum in (3.6) can now be written as follows

max {0, (y1[me), (1 + yalna) ... (v 4+ ymoilng)} = max er = M(1).
0<g<m-—1
(3.12)
Let us now introduce new variables (71, ..., T,,—1) by the sums
m—1
T, =) Sijt;. (3.13)

We also define T, :=0,t, ;=11 +---+t,_1,and z,, ;=21 +-- -+ Zm_1.
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The change (3.8) from the (global) variables y; to the x-dependent (local) vari-
ables (z;, t;) corresponds to a translation and a rotation of the coordinate system. This
implies that dy; = df;dz; which is shorthand for the underlying invariance of the multi-
dimensional Lebesgue measure. Once the integration with respect to all the variables
z; and ¢; is done, the result will turn out to be independent of x € d A and the remain-
ing integration with respect to x along the boundary curve d A simply yields the factor
L/BJ3A)|.

By combining (3.5), (3.6), (3.8), (3.9), (3.10), and (3.12), and by referring to the
Fubini-Tonelli theorem we get for the time being

tr Pe(A)™ =fR Cdeg@n) - g tm—1)8 tm) I (1)

x(L23|A| —_LVB 5 dA(x)M(t))+(’)(1), (3.14)

with
Ln(t) = /qu dz jm]:[lgTj,,j @) (3.15)

and
8r.4(2) = Lo((Z +17)/2) g(2) exp(3T2). T.1.z€R. (3.16)

[When it comes to integration we do not switch from the 7-variables to the 7' -variables;
moreover, we note that det S = 0, resp. = 1 if m is even, resp. odd.] The integral I, (t)
can be viewed as the m-fold convolution product g7, ¢, *- - - * g7, 1,, €valuated at 0. This
suggests to introduce the (inverse) Fourier transform

() = ﬁ /R do g7.1(@) exp(iot)

=5 [ doLi@ s ADexp (- o riTo2 ior)  G17)
R

= % exp[—(& + T/2)%] / do Lo((@ +i(T +26))% +1%)/2) exp(—w?/4). (3.18)
R

If £ = 0, then this integral can be calculated explicitly. But even then it turns out to be
more convenient not to perform this integration at this point.

Therefore, the (m — 1)-fold integral (3.15) can be rewritten as an integral over the
real line according to

de & o
In(t) = m)"/? fR % []ér.,®. (3.19)
j=1
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and the term of the sub-leading order L in (3.14) becomes equal to (using the notation
w:=(01,...,0n))

—L«/Elal\I/Rm_I dt M(t)g(t1) - - - g (tm—1)g(tm) I (1)

:—L\/§|aA|(2n)*m/2/ dw/ E/ dt M(t)
Rm RZTL’ Rm—1

< [Tetnexp (= & +T;/2%) Lo((w) +i(T; +26))* +17)/2) exp(—w? /4) .

j=1
(3.20)
Following Roccaforte [25] we now introduce m(> 2) subsets S, Sy, ..., Sgn—1) of
Rmfl by
S:={teR" ' M(t) > 0} 321
and
q q+p
S, = {teRm_l :Zt, >0forl <s <gand Z t, < 0forl §p§m—1—q]
r=s r=q+1
(3.22)

for 1 < g < m — 1. The sets S, are pairwise disjoint and make up all of S in the
sense that S = U;”;ll S, up to (hyperplane) sets of (m — 1)-dimensional Lebesgue

measure zero. In fact, t € S, implies that M (t) = le t, > 0. And the conditions

for2 <s <gandforl < p <m — 1 — g ensure that the sets Sq are indeed disjoint.

Following again Roccaforte [25] we introduce variables t := (ty, ..., T;—1) adapted
to the just introduced sets. We define
q
o= b (3.23)
r=s
forl <s <gqand
q+p
Tyap = Z 1 (3.24)
r=q+1

forl<p<m-—1-—gq.
On the set S, we have 7/ = A@t'. Here 7’ denotes the column tuple as the transpose

of the (row) tuple 7 and similarly for t’. And the (m — 1) x (m — 1) matrix A@ is defined
in terms of its entries

l1ifl<i<j=<gq
ADG jy={1ifg+l<j<i . (3.25)
0 otherwise

Then we have det A = 1 and on S, the comforting identity
M®) =t li(t) - L@t l-(tg+1) - 1-(Tm—1), tE€ Sy,

using the abbreviations 1+ for the indicator functions on the real line R for its two
half-lines R.
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Now we consider the joint integration with respect to the m variables £ and t
and apply the following changes of variables. Firstly, we change 7441, ..., Tu—1 to

—T441, ..., —T;m—1. Clearly, the 7 integral is now over Rﬁf*l. Secondly, we replace &
by & — (11 + ©,—1)/2, and thirdly we replace & by —&. The negative of the argument in
the product of exponentials in (3.20) then changes according to

m m m
mEP+EY T+5Y TP+51Y e+ E )+ E ). (326)
j= j i=1

Here and in the following we are using the notation ~~ to present the results of changes
of variables efficiently, without the explicit introduction of the underlying mappings. We
prove (3.26) in Appendix B.1. The main advantage of the quadratic form (3.26) over that
in the t-variables is that there are no mixed terms between the 7’s and the exponential
can be factorized. The resulting term does not depend on ¢g. This turns out to remain true
with the Laguerre polynomials included as we will see next.

We perform the same changes of variables in the arguments of the Laguerre polyno-
mials. For instance, if ¢ = 1, then

(0+iQE +T)) +17 = (0 +iQE — 1y_1)) + 17
(0 —iQE + 1)) + 1}
= w? — 2w (2& + 1) — (26)* — 41y .
Next we change 11 to 7] — &€ so that the last expression equals
w? = 2iw (€ +11) — 461 = (0 — 2i8)(w — 2iT]) .
Similarly,
(0 +i(2& +T2)) +13 ~ (@ — 2iE) (@ — 2im),
(0 +i(2& +T3)) +13 ~ (@ — 2i) (0 — 2i73) ,
(0 +i(2& +T)) +13 ~ (@ — 2iT3) (@ — 2ita) ,

(0+iQE + Ty 1))* +12_) ~ (@ = 2iTp_2) (@ — 2iTy 1),
(0+iQ8 + T)) + 12 ~ (@ — 2iTy_1) (@ — 2iT) .

For general ¢ > 2, see Appendix B.2. In the end, the product of the Laguerre polynomials
equals

[T £e(w;—2itp@; —2ir)/2) []  Le((w; —2itj_)(w; - 2it))/2)
1<j=gq-1 q+2<j<m

x Lo((wg — 2i) (g — 2itg)/2) Lo ((@g+1 — 2iE) (g1 — 2iTg41)/2) (3.27)
X Cg((wq —2it))(wg — 2i1'm_1)/2) .
The following remarkable identity will be proved in Appendix B.3,
dow L ((0 — 2i€) (@ — 2i7)/2) exp(—*/4) = V2240 " He (£) He () .
(3.28)

7 .
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After performing the m-fold integration with respect to @ we obtain
22T HZ ()N T HE (1) - - - R4 T HE (t1)

To summarize, the boundary-curve term of the order L equals —L/B|dA|/(27)
times

(m — 1)(y/m2ten™! /R d& H}(£) exp(—&?) /S dri (71 — &) HE (1) exp(—t)re (§)" 2
- / d& (m — DALEAE)™? /E dr(t — £)Hf (v) exp(—1?)

f i Lo - fé dr(t — &)HE (v) exp(—1?)

dg
- [(u@)’"“ -1 f dr(r — s>H5<r)exp<—rz>}
+ /R dg (he(®)" "' — 1)—5 dr(t — £)H7 (v) exp(—1?)

- /R d& (e (&)™ = Dae(®).
Finally, we turn to the leading area term of the order L?in (3.14),

BN [ dtg) - gusn) 10,

Here, we use (3.19) for I,,,(t) and switch to the variables 7y, ..., t;,—1 from (3.23) and
(3.24) for ¢ = 1, in all of R”~!. We perform the same shifts in & and in the 7’s. Then
the area term turns into

A
LZB% ( fR de (ﬁz%z)‘HE(é)exp(—s%) =L’B

IA]
2
by the normalization of the Hermite functions. Alternatively, the leading term can be

obtained by replacing the x-integral in (3.5) by | A|. The remaining y-integration yields
B/(2m). This finishes the proof of Lemma 5. O

The next lemma provides the basis for the proof of Theorem 2.

Lemma 6. Under the same assumptions as in Lemma S we have for any n € Ny

trP<,,(LA)'"_LzBu(n+1)+Lf|aA| / [ K —tr K g1 +O(1), (3.29)

as L — oo.

Proof. By the same arguments as in the beginning of the proof of Lemma 5, the projection
P, (A)™ is a trace-class operator and its trace can be calculated by integrating the
diagonal of the m-fold iterated integral kernel of P<,(A). Again, the case m = 1 is
then obvious and we only need to consider the case m > 2. We recall that P, (x, y) =
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>0 <t<p Pe(x, y). Soin the proof of Lemma 5 we simply have to replace £¢ with L<, =

205 t<n Ly = L,gl). For instance, expression (3.27) is replaced with the expression

]_[ L<p((@) = 2i1))(@; — 2i7j11)/2) ]_[ L<p((@) = 2it;_1)(0j — 2it})/2)
I<j=<gq-1 q+2<j<m

X L<p ((wq - 215)(50{1 - 2ifq)/2)£'§n ((wq+l - Zi";:)(wqﬂ - 2ifq+l)/2)
x L<p((0g — 2it) ) (g — 2iTy—1)/2) .

We multiply this expression by (27) /2 ]_[7’:1 exp(—w j2 /4) and integrate with respect
to @ over R” by using (3.28). This yields

22 T Y @Y Hy ety e T Zzw, "He, (rj_ D) He, (7))

1<j=q—1£;=0 q+2<j<m—1¢;=0

n n
—1 -1
x 30 (Mg Heyy ) Hey () D (25 ) Heyyy ©) oy, (241
£g=0 4+1=0

n
-1
x Y (2" Hy,, (1) Hy,y (1) -
tn=0

To pause for a moment, the term of the order L equals —v/BL[dA|/(27) times

m—1

d o0 o0 o0
Z/ Tg eXp(*é2)/ dry (1 — £) eXp(*flz)/ dr eXP(frzz)‘-~/ dty_1 exp(=12_))
q=1 R 4T & é 3

a2 T S @Y HyapH ey [T Y QUe)  He (-0 He, (1))

1<j<q—1¢;=0 q+2<j<m—14£;=0

x Z 200,0) " Hy ) H, (7)Y (21 0gn)) ™ Heyy §)Hey, (7ga)

£,=0 £441=0

x Z (2% 6w!) ™" He,, (11) Ho,, (t-1)
=0

We include the factors of 7 into the terms (2££1)~1/2, split them in halves, and combine
them with each corresponding factor Hy. In accordance with that we define

htp; (6) = /s dr (Va2tie) P He (o) (Va2 1) T P Hy, (0) exp(—12).

Then the summand for ¢ = 1 can be written in the form

@
-y / [< IONAC) [PONC RV
0<ty,..., n<n

0 1/2 1/2
xf dry (o = &) (Va2 ) "2 H, e (Va2 o) TP Hy, (1) exp(—d).
§

(3.30)
For g = 2 we get the term
d
-3 f f he, zz(s)[ b s [ heats ®) 1.0, ©)

0<ly,...bpm=<n

x /Oo dry (1 — &) (Va2 ) ™2 Hy, (o) (Va2 e, ) T2 Hy, (r) exp(—t}) . (3.31)
§
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and similarly for ¢ = 3, ..., m — 1. By summing over all ¢ we obtain

- / & e @ s® 1y 2 ©)]

27 d
0<ly,..4;<n S

x fE dry (1 — ) (Va2ir 1) ™2 He, (o) (W2t €)' Hy,, (1) exp(—1D) .
(3.32)
Inside the derivative with respect to & we subtract the constant Cy, . ¢,
Mgy 0, (—00)Agy 5 (—00) -+ Ay, .4, (—00) so that we can integrate by parts. Then we
get
dé d
/ f ds[kz] N OB N O R
x / V(11— 6)(VA2 ) Hy, (1) (VA2 1) Hey (71) exp(—1d)
3
d.
=— /R % [Fe16@h0s©) Dty 1.0 ©) = Corty [ ©)
_ d¢
= | [ @ran®  r ©re,0 ) = Coptu e, @]
R &0

By (2.7) we know that Cy,, . ¢,, = 8¢;,0,8¢5,05 - * S¢,,_,.6,,- Now we sumover £1, ..., £,
and use the Christoffel-Darboux formula (of the years 1858 and 1878)

1 Ho (v Hpi1 (T) — Hy () Hyg1 (T7)

D QT H (D ) = 2"l

- if v # 1’
prd T—71
and
n
> QU H(0)? = @) T [H (1) — Ha(@) Huo ()] (3.33)
£=0
Then, for instance,
Z A(Z],Zz (g))\b,l’.s (S)
0<tr<n
= (Vr2le) P (Y2t /[E , dmde He (o) Heg ()
x 3 (V2200 Hyy (o) Hey (1) exp(—tF — 13)
0<fly<n
= (Va2 o)A (V2B es) TP (a2t !
Hy (12) Hyt1 (1) — Hy(t1) Hpy (12)
X /[quo)z d‘L’ld‘L’z HZI (Tl)Hg3 (‘52) 2 + _Ll . ! AL Cxp(f‘tlz - ‘E22) .
Performing also the summations over £1, £3, ..., £, yields
ntl s —m 2, Hu(@) Hyr1 (21) — Ha(71) Hpy1 (72)
(V72" 'Y /[s,oow dr exp(—1?%) —
« Hn(T3)Hn+l (IZ) - Hn(TZ)HnH(tS) . Hn (II)HI‘H-I(TIH) - Hn(tm)HiHl (tl)
n—13 Tn — Tl

= hznm(€). (3.34)
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By (3.33) we also find

D Chtnro, = Y 2y f dr He(v)” exp(—7?)

0=ti,.slm=n 0<t<n §
= (Vr2ian™! /E " de [H20(0) = Ha (0 o (0)] exp(—7)
= hen1(§). (3.35)

Now we apply (3.33) directly to the integral kernel of the operator K, ¢ as defined in
(2.11). Then we get

Hyy () Hps1 () — Hn (1) Hy1 (7))

exp(—(r2 +1'2)/2) S
’Cn,g . T/) - ﬁ2n+ln| ) T—1 . # /
. Hy, () — Hy (1) Hpi2(7) ifr=r

(3.36)

whenever T > & and T’ > & and zero otherwise. By comparing this with the just given
definitions (3.34) and (3.35) of A<y » (§) we arrive at the relation A<, ,(§) = tr IC,": £
for all m € N as claimed in Lemma 6 for the sub-leading term of the order L. Finally,
we turn to the leading term of the order L2. It equals

d
L2B|A|/ 2—5 exp(—éz)/ dry exp(—rlz)~-~/ dtm,lexp(—t,%,_l)
R 2T R R

x Y (2T Hy (8)Hey (1) Y (V2P0 T Hey (8) Hey (12) -+

£1=0 =0

X Y (a2, ) Hy, (1) Hy,, (T 1) -

=0

By the orthogonality (2.7) this yields L?B(n+ 1)|A|/(27) as claimed. O

4. From Smooth Functions to the Entropy Functions

In this section we build on Theorems 1 and 2 with a suitable function f to derive the
precise leading asymptotic growth of the local ground-state entropy with arbitrary Rényi
index o > 0. While the case & > 1 is rather straightforward, non-smoothness in the case
o < 1 requires considerable attention. In the first subsection we define the local ground-
state entropies and present our main result and related results. The second subsection
prepares the ground for getting from smooth functions to the non-smooth functions
needed in the case o < 1. Proofs of our results are then given in the third subsection.

4.1. Definitions and results. For a real parameter o« > 0 we define the a-Rényi entropy
function hy : [0, 1] — [0, In(2)] by

ha() = ——In (1T + (1 =0%). a#1,

h1(0) :=h1(1) =0, h1(®) :=—tIn(t) — (1 —)In(1 —¢) ift ¢ {0, 1} 4.1)
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and recall (2.1) as well as (2.3) for the Landau Hamiltonian H.
Then the positive number

Sa(A) i=trhe (IOl —H)Lp) = trhg(P<y(A)) = trLahe(P<y(A) 1A (4.2)

is the local a-Rényi ground-state entropy (with chemical potential © > B), see (2.5) and
[9]. Here, the integer v € Ny is the integer part of (/B — 1) /2 as defined already below
(2.4). In particular, S(A) := S1(A) is the local von Neumann ground-state entropy
mentioned in the abstract. The third equality in (4.2) is due to s, (0) = 0.

Finiteness of the local «-Rényi ground-state entropy is guaranteed by

Lemma 7. Let A C R? be a bounded Borel set and ;v > B. Then Sq(A) < oo for any
o > 0.

The proof is given in subsection 4.3 after certain preparations in subsection 4.2. The
next theorem gives the precise asymptotic growth. It is our main result.

Theorem 8 (Asymptotics of the local Rényi ground-state entropies). Let A C R? be a
bounded C3-region and let the chemical potential satisfy i > B. Then the local a-Rényi
ground-state entropy (4.2) obeys

Se(LA) = LB [0 A| M<, (hy) +0(L), (4.3)

as L — oo. The asymptotic coefficient M<, (hy) is given by (2.12) with n = v. It is
finite and positive.

The proof is given in subsection 4.3. It builds on Lemma 7, Theorem 2, and Subsec-
tion 4.2.

Remarks 9. (i) The coefficient M<,, (hy) in (4.3) is in general not easy to calculate. The
simplest case occurs when v = 0. Then we have

M<o(ha) = Mo(ha) = / & ha(20(6)) (4.4)
R 2

withAo(&) = 7~ 1/2 /; ;O dt exp(—1?) being 1/2 of the complementary error function.
The coefficient (4.4) was found in [26] for « = 1 and special regions A. The first
proof of (4.3) for« = 1, v = 0 (equivalently, £ = 0 in (4.7)), L?B e N, and general
bounded C*°-regions is due to Charles and Estienne in [4]. A numerical computation
gives Mo (/1) = 0.203.. ., also in agreement with [26].

(i1) In the zero-field case B = 0, the leading term of the local Rényi ground-state entropy
depends on its index « simply through the pre-factor (1+«)/«, see [16]. A numerical
computation shows that in the case B # 0 the dependence on « is not so simple.

We are going to define a local «-Rényi ground-state entropy also for the simpler
situation where the Landau Hamiltonian H is restricted (or “projected”) from the outset to
a single Landau-level eigenspace P;L?(R?) with arbitrary index £ € Ny. This restriction
means that H is replaced with PyHP, and similarly for related operators, confer, for
example, [11]. Then the corresponding local(alized) Fermi projection is in analogy to
(2.5) given by

1AP®(uP 1P, —PyHP,)P 1y = O(u—(20+1)B)Pe(A) = Pe(A), 1> (20+1)B.
(4.5)
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We ignore the case < (2€ + 1) B, because then the local Fermi projection (4.5) is the
zero operator. In analogy to (4.2) we now define for each £ € Ny the positive number

Se,e(A) :=tr ho(TAP®(uP; — PeHP)Po 1 7)) = trhg (Pe(A)) = tr Lpahe (Pe(A))1A

(4.6)
and call it the local a-Rényi ground-state entropy of the £th Landau level (with chemical
potential ;> (2¢ + 1) B). Obviously, we have Sy 0(A) = So(A)if0 < B < < 3B.
Along with Theorem 8 the following result holds

Theorem 10. (Asymptotics of the local Rényi ground-state entropies of the £zh Landau
level) Let A C R? be a bounded C3-region, £ € Ny, and . > (2€ + 1) B. Then the local
o-Rényi ground-state entropy of the Lth Landau level (4.6) obeys

Sae(LA) = LNB A My(he) +o(L), 4.7)
as L — o0. The asymptotic coefficient My (hy) is given by (2.10). It is finite and positive.

The remark immediately below Theorem 8 applies analogously to this theorem when
(2.14) is replaced with (2.13). The proof of Theorem 10 builds on Theorem 1 and repeats
the proof of Theorem 8 in Subsection 4.3 with P<,, replaced by P,.

The next subsection contains estimates being crucial for the proof of the above results.

4.2. Estimates for singular values. We begin by introducing certain operators T, g on
L2 (Rz). To this end, we denote by D(x, R) C R? the open disk of radius R > 0, centered
at the point x € R? and abbreviate 1 := 1p(o,r) and similarly with R replaced by
r > 0. Then we define the operators

Teg =T g :=1,P(1 —1g), Tp0:=1P,, £eNo. 4.8)

Here we assume that the magnetic-field strength has been “scaled out”, so that B = 1
in formula (2.2). We interpret T, g as an operator from L2 (IRZ) into LZ(D(O, r)).

In order to estimate the singular values of T, g we recall the short compilation below
Lemma 4 and a classical result due to Birman and Solomyak, see [1, Theorem 4.7]. We
quote the required fact in a form adapted to our purposes.

Proposition 11. Let Z : L*(R?) — L2(D(0, r)) be an integral operator defined by a
complex-valued kernel Z(x, y) obeying

213

] < 00,

[
N, (Z) —[ / / ‘ Z(x,y)
O<§:<y D(,r) xj 9x)

for some y € Ny. Then the singular values s, (Z) of Z satisfy the bound

1
52(Z) < Cn~ T Ny(2), neN,
with a positive constant C dependent on r but independent of the kernel Z.

Lemma 12. The operator T, o belongs to the Schatten—von Neumann class &, for all
p > 0. Moreover, if R > r, then

IT, &ll, < C exp (— (R —r)?/8), (4.9)

with some constant C dependent on r but independent of R.
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Proof. In order to apply Proposition 11, we estimate for ||x|| < r, and s,¢ € Ny,
0<s,t<y:

Ky t
' S P3| = Cpe(l+ Iy (1 flx = yIH exp (= llx — yI%/4),
2

oxj
with a constant C,, ¢ depending on r. Here we have used the fact that £ is a polynomial
of degree £. For R > r and y ¢ D(0, R) we conclude that

as  at

a@m(x, M| < G+ Iy (L+[lx — yIH)" exp (= (R —1)?/8) exp (— x — y[I*/8).

Thus the integral kernel 7, g(x, y) := 1,(x) pe(x, y)(1 — 1g(y)) of T, g satisfies, for
any y € N, the bounds

Ny(Trr) = Cy, forany R > 0,
Ny (T r) < Cyoexp(— (R—1r)?/8), if R > r,

where the constant C, ¢ is independent of R. For an arbitrary p > 0 we now take

y > 2p_1 — 1. Then by Proposition 11, T, g € &, for all R > 0 and the bound (4.9)
holdsfor R > r. 0O

Lemma 12 is an important ingredient to bound quasi-norms of the operator 17 5 P (1 —
174). Although our main result Theorem 8 is proved for a bounded C3-region A, the
next theorem even holds for a bounded Lipschitz region. Here, the boundary curve 9 A
of A is Lipschitz continuous.

Theorem 13. Let A C R? be a bounded Lipschitz region and £ € No. Moreover, let
p € (0, 1] and Lo > O finite. Then there exists a constant C, depending only on A and
Lo, such that for any L > Lo,

|L2aPe(L —1p)llh <CL. (4.10)

Proof. We begin with two useful observations. Firstly, we note that |1, AP.(1 —
Toa)lp < ITLrollp by (2.17) with some r > 0, where the operator T, ¢ is defined
in (4.8). Thus, by Lemma 12, for every fixed L the left-hand side of the claim (4.10) is
finite. Consequently, it suffices to prove (4.10) for L > L with an arbitrary choice of
the finite L.

Secondly, denoting A" := LgA, we can rewrite (4.10) as follows:

Lo P —1pa)lp <CL, L=>1,

where C depends on A and the arbitrary L.
Now we can proceed with the proof. We cover A by finitely many disks D(x, ry)
such that either

(1) x; € dA and inside each disk D(x, 8r;), with an appropriate choice of coordinates,
the domain A is given locally by the epigraph of a Lipschitz function (see below),
or

(2) D(xg, ) € A and dist(D(xk, %), AC) > 0, where Al = R2 \ A denotes the
complement of A.
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It is clear that we may assume that all radii 7, are equal to each other. Moreover, by
replacing A with A" = LoA with Lo = r,” I we may assume that r, = 1. This equality
holds throughout the proof. ~

Case (1): We fix one disk D := D(xx, 1) € R?, x; € A, and denote D := D(xg, 8).
Let ® : R — R be a Lipschitz function such that

AND={x=@u"x")eR*: x> d()IND.
By M > 0 we denote the Lipschitz constant for @, i.e.
|®(t) — D) < M|t —u|, t,uelk.
It is clear that
(LANLD) C (LANLD) = {x = (x',x") : x” > &, (x)} N LD,
(1) :=LO¢L™Y), 1eR,

and that the Lipschitz constant for @, also equals M. Without loss of generality we may
assume that D = D(0, 1) and ®(0) = 0.

Now we construct a covering of LA N LD by open disks. Let D j; be a disk of radius
1, centered at the point z; x = (j/2,k/2) € LD, (j, k) € 72, Clearly, such disks form
an open covering for LD. To extract a convenient covering for LA N LD, we define two
index sets:

I = {(j, k) € Z2 1 kJ2 = ®L(j/2) +2(M), zjx € LD}, (M):=~1+M?2,
L:={(j,k) € Z*: |k/2 — ®1(j/2)| < 2(M), z € LD}.

Since @ is Lipschitz, the number of indices in I obeys || < CL with a constant
independent of L. The disks D, (j, k) € I1 U I, form a covering of the intersection
LA N LD. Observe that for every point x = (x’, x”) € LA N LD we have

dist(x, LAL) < min {]®, (") — x|, dist(x,D%)} = |®, (") —x"],
and
dist(x, LA®) > min {(M) = |x” — &, (x")], dist(x, D)} = (M) "|x" — @ (x)],
so that
Rji i=dist(zjx, LA®) > (M) (k/2 = ®.(j/2)) =2, (k) el. (411

Let (pj1) jk C Cgo (R*) bea partition of unity subordinate to the constructed covering.
In the following, we use a superposed hat for the (bounded) multiplication operator
@ on L?(R?) uniquely corresponding to ¢ € Cy° (R?). We estimate individually the
quasi-norms

1@k LaPe(L = TLp)lp s
for p € (0, 1]. Let us consider firstly the set /5. For all (j, k) € I, we have

1@k LaPe(L = Lra)llp < 1@k LeaPellp < I1p;,Pellp .
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The first inequality follows from (2.17). The second inequality holds since @jrln <
Ip;, and hence Ol APl a@jr < 1p, Pelp,, . Using the standard unitary equiv-
alence of the Hamiltonian (2.1) under “magnetic” translations, we conclude that the
right-hand side coincides with |[1pP¢| ,, where D = D(0, 1), as before. By Lemma 12,
this norm is bounded for all p > 0, and hence

1@k LLaPe( —Tpp)llp <C
uniformly in j and k. Applying the p-triangle inequality (2.16) for quasi-norms, we get
> 1@lraPe —1oa)lh < Clh| < CL.
(J.keh
Suppose now that (j, k) € I;. Thus
19kPe(L = 1ra)llp < Ip; Pe(L — Ipe ki)l

with R ik = dist(z g, LAC) > 2. By the translation argument, the right-hand side
coincides with || Ty g, |l p, where the operator T; g is defined in (4.8). Consequently, by
4.9),

1@xPe (L — 1)l < C exp (— (Rje — 1D?/8).
Using the p-triangle inequality again, we obtain that
> @iPe@ —1r)lp <C Y exp(— p(Rjx — 1)?/8). (4.12)
(Jj.keh (j.kel
Employing (4.11), for any fixed j, the summation over k yields the estimate
> exp(—pRux— DY) <Y e =cC.
(j.kyely, j fixed keZ

Since | j| < 2L, the right-hand side of (4.12) does not exceed C L. Putting these estimates
together we obtain

MpleaPe@ —1o)lp < Y I@uPel — 1)l <CL.  (413)
(J.k)eh Ul

Case (2): We fix one disk D = D(xg, r¢) such that dist(D, AG) > ¢, so that
dist(LD, LAC) > cL. We cover LD by unit disks D;, j = 1,..., N with N < CL?
and dist(D;, LAG) > cL. As in the proof of Case (1), we introduce a smooth partition
of unity (¢;); € C§° (R?) subordinate to this covering, and estimate:

- _ 2
1§ Pe(L = TLa)f < Ce
Consequently, by the p-triangle inequality (2.16)

1120Pe(l = L)} < Y 18Pt — 12a)7
J
<Y e <crle et < ce (4.14)
J

To complete the proof we add the estimates of the form (4.13) and (4.14) for all disks
covering A, using the p-triangle inequality again. O
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4.3. Proofs of Lemma 7 and Theorem 8. We use the bound
0 < ho(t) < CotP(1=1)F, 1€]0,1], (4.15)

with a positive constant C,, < oo. Here we choose f§ = e if @« < 1, any B € (0, 1) if
o =1,and 8 = lif ¢ > 1. Since A is bounded, we have A C D(0, r) with some r > 0.
This leads to the estimate

Sa(A) < Catt [P, (AP (1 — P, (A)P] < CallLaP<, (1 — 1)1l < Call L, Pyl

Using the B-triangle inequality and Lemma 12, we obtain the estimate (see (4.8) for the
definition of T%)

v
Su(A) < Ca Y ITIf < 00,
=0

as claimed. This proves Lemma 7. O

Now we prove Theorem 8. Since h, satisfies the bound (4.15), it follows from
Lemma 4 that the coefficient M<, (k) is finite. The positivity of M<, (hy) is obvi-
ous from hy > 0, K, ¢ > 0,and iy (1) = 0. If o > 1, then the function A, is C!l-smooth
on [0, 1], and hence the claim follows immediately from Theorem 2.

In order to prove (4.3) for « < 1 we follow the method of [16]. For ¢ > 0 we choose
a smooth function ¢, such that 0 < ¢, < 1 and

1 ifref0.e/21011 —e2.11,
D=0 itrele1—e.

In view of estimate (4.15), we have

|(¢eha)(®)] < CElt (1 =D, ri=7, (4.16)

B
2
and hence

I (Geha) P<y(LA)II < Ce[P<y (LAY (L — Py (LML = Ce™ [ 12aP<y (1 — 122) 130, (4.17)

By Theorem 13, the quasi-norm on the right-hand side does not exceed CL. Conse-
quently,

|tr [(Zeha) (P<y(LA))]| < Ce" L. (4.18)

On the other hand, the function (1 — ¢, ) vanishes in a vicinity of O and 1 and, therefore,
by Theorem 2, we have

tr [(1 = &)ho (P<y(LA))] = LVBIdAIM<, (1 — &)he) +0(L), L — co. (4.19)
By (4.16),

M<, (he) =M<, (1 = Co)he) = M<, (Sehy) < Ce"M<y(87), g() =t(1 —1).
(4.20)

Combining (4.18), (4.19), and (4.20) gives

. trho(P<)(LA))
limsup | ————————

— VBI3AIM<, (hy)| < Cée” .
L—o0 L

Since ¢ > 0 is arbitrary, this yields the claim. O
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5. On an Improvement to Sub-leading Terms

Without going into details, we show here how one can improve the asymptotic expansions
in Lemmas 5 and 6 to

tr f(Pe(LA)) = L*B % f@ + LNB|OA| M¢(f) +o(1), (5.1)
tr f(P<,(LA)) = L’B % m+1)f() + LB |9A| M-, (f) +o(1), (5.2)

where f(t) =t",n =1,2,.... This follows again by proving the corresponding state-
ments for all natural powers of P,(LA). Here, we use the expansion of Roccaforte in
Proposition 14 up to the second order £2. For any vector y = —zJn, +1n, € R?, written
in the form (3.8), we have || y||?> — 2 (y|n,)?> = z> — t>. Then the W-term in (3.7) takes
the form

m—1
Z/S aA@ | dz/Rm_l clt[(zz,-)2 - (er)z] exp(i2 (z/St))
g=1"%4 j

J=1 j=1

x [TLe+15)/28 e +o(1). (5.3)
j=1

If we exchange the z and t variables, the integrand is seen to be almost anti-symmetric
except for the sign in the exponent. This can be remedied by changing, for instance, t to
—t. Hence, the integral in (5.3) vanishes by symmetry.

At present we do not know how to extend the expansions (5.1) and (5.2) to the entropy
function f = hg, but believe that the corresponding term vanishes also in this case. In
other words, there is zero topological (entanglement) entropy, see [12,18].
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A. Roccaforte’s Formula for the Area of Intersections

We recall Roccaforte’s results in [25, Corollary 2.4, Lemma 2.5] for the special case of
the Euclidean plane. Since the boundary curve d A is a one-dimensional manifold, the
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second fundamental form of d A is just its curvature. Therefore, his formula takes the
simpler form given in Proposition 14 below.

In our application we scale out ¢ and identify L+/B = 1/¢. For given points/vectors
v1, ..., vy in R? we denote by A ;== AN (A+¢evy)N---N (A +ev,) the intersection
of A with its r translates.

Proposition 14. Let A C R2 be a bounded C3—regi0n. Then for arbitrary (vy, ..., v;) €
R2 x -+ x RZ, we have

‘|A \ Ag| — e/ dA(x) max {0, (vi|ny), ..., (v/]ny)}
dA

<Ce Y llvil> (A
j=1

with some constant C independent of ¢ > 0 or vy, vy, ..., vy, where ny is the inward
unit normal to the curve d A. Moreover, for all (vy,...,v;) € R2x...xR? except for
a set of 2r-dimensional Lebesgue measure zero we have

A\ Ag| = sf dA(x) max {0, (vi|ny), ..., (v:lny)}
dA

+1e? Z/C dA ) & ()[llvglI* = 2 (vgln)?] +o(e?), e — 0. (A2)
g=1""1

Here, C; = {x € 0A : (vy|ny) = max {0, (vi|ny), ..., (vr|nx)}} and Kk (x) is the
curvature of d\ at the point x € dA.

B. Miscellaneous Identities

B.1. Proof of the result (3.26) of a change of variables. The term quadratic in & is
obviously correct and we start with the linear term in &. The inverse of the matrix
A := A@ has the entries

1ifi=j
—lifl<i=j—-1=<qg-1
—lifg+l<j=i—-1<m-2
0 otherwise

A-lG, ) = (B.1)
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and
m—1 - -
> Ti= Z Z
m—1
=Y (A1) (m —2))
j=1
m—1
=Y m—2j)t - Z(m 2/)Tje1 — Z (m —2j)tj_1
j=l1 j=q+2
= (m— 2)11—22t/+2 Z T — (m —2) Ty
j= q+1
W(m—2)‘lfl—22tj—2 Z ‘cj+(m—2)tm_1
j=2 j=q+1
m—2
=m-)(T+Tw-1) =2 _1j.
j=2
In the ~~ line we have reversed the signs of 7441, ..., Tu—1. Now we replace & on the

left-hand side of (3.26) by & — (71 + 7,,—1)/2, which finally yields the linear term

m—2 m—1
—mE(T + Tmt) +§[(m )@ ) =2y ;,-] — 2 Y 1.

j=2

Similarly, since

m—12 ifk=1¢
Z SijjZZ{m_1_2|k_£| itk #¢°

I<j=m—1

we have (T, = 0)

YOTi+ > = ) wmte ) SpSp+ Y i+t

I<j<m—1 1<j<m 1<k l<m—1 I<j<m—1 I<k<m—1
2
== Y (Y w) 42 Y wnln—1-20¢—k)
1<k<m-—1 1<k<m-—1 1<k<t<m—1
2
=m( Y ) -4 Y wu-k
I<k<m—1 I<k<t=m—1

=mm+)’—4 Y ATD®OA DO k.

I<k<t<m—1
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Next, we write

Y. ATDOATDOU-b = Y (=)@ — ) — k)

I<k<t<m—1 I<k<t<q-—1

+ > (= D Tg(g — k)

1<k<q-—1

+ Z (th — T ) Tgr1 (g + 1 = k) + 747441
1<k<q-—1

+ Y @—me)@— )=k

I<k=q—1,q+2<¢

+ ) @-u)@—n)E—k

q+2<k<€<=m—1

+TaTgel + Tg Z (te — 1)l — q)

g+2<t<m—1

T Y (m—we)E—g—1).

g+2<t<m—1

Now we reverse the signs of 7441, ..., T;s—1. To this end, let | :=1@ = diag(l, ..., 1,
e ———
q

—1,..., —1) be the diagonal (m — 1) x (m — 1) matrix that provides this reversal. Then

———
m—1—gq
we get
Z (A 'Y (A D) @) — k) = Z (tk — ka1 (Te — Te41) (€ — k) (B.2)
1<k<€<m—1 I<k<t=q-1
+14 (rl g—1) — Z ‘L'k) (B.3)
2<k=q
~ra(ng— 3 ) (B4)
2<k=q

- Z (tk — ka1 (T¢ — Te—1) (€ — k) (B.5)

I<k<g—1,q+2<¢t

+ Z (tk — Tk—1)(t¢ — Te—1) (€ — k) (B.6)

q+2<k<€<m—1

—nta -t Y, (w—nDl—q) (B.7)
g+2<t<m—1
+T Y (T —g—1). (B.8)
g+2<t<m—1

Recall that & in (3.26) is replaced by & — (71 + t,,—1)/2. That is, on top of the term
é—lt lejfm (sz + t/g) (after reversing signs of 7441, ..., T,,—1) we also have the term

M@+ ) = 3@+ )| = D@+ T =2 Y 7]

2<jsm-2

=@+ )’ (=P +@+Tm) Y, T

2<js=m-=2
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Let B be the (m — 1) x (m — 1) matrix defined as

(T.Br) =2t —tm1)’— Y (A 'DKR)IA DO -

1<k<t<m—1

+ @O ) A=+ @+ o) Y T

2<j<m-2

Then we need to show that B = . We distinguish between certain ranges of indices.

e ip = jo = 1: From the first and last term in the definition of B we get B;; =
Tt -7=1v

e | =ip<jo<gqg—1l:choosein(B.2)k =1, = joork =1,€ = jo— 1. Then we
haveBl’joz1—(j0—i())+(j0—1—i0):0/

e ip =1, jo = g: choose in (B.2) k = 1,£ = g — 1. Then, together with (B.3) and
the last term in the definition of Bwe getBy; =¢—-2—-(¢g—-D+1=0V/

e iop =1, jo=¢q+1:choosein (B.5) k = 1, £ = g +2. Then, together with (B.4) and
the last term in the definition of Bwe get By y11 =g —(¢g+1) -1 =0V
eipg=1,g+2<jo<m—1:choosein(BS)k=1,£=jpandk =1,£ = jo+ 1.
Then, together with the last term in the definition of Bwe get By j, = jo—1—jo+1 =
0v

e 2<iy=jo<g—1l:choosein(B.2)k =ip—1,¢£ =1ip. ThenB;, ;, =1V

e 2 <iy< jo<qg—1:choosein (B.2) k = ip,l = jo,k =ip—1,£ = jo— 1,
k =ip, £ = jo—1,0ork =ip—1,£ = jo. Then B, j, = —(jo —io) — (jo —io) +
(o—1—ip)+(jo—ip+1) =0V

e 2<iy<qg-—1,jo=g¢q:choosein(B.2){ =g —1landk =ipork =ip— 1 andin
(B3)k=1ip.ThenB;y, =g —1—-ip—(g—1—ip+D+1=0/

e 2<iy<g-—1,jo=¢qg+1:choosein (B.4) k = ip and in (B.5) £ = ¢ + 2 and
k=igpork=ip—1.ThenBjj 411 =—1—-(g+2—ip)+qg+2—ip+1 =0V

e 2 <iy<qg-—1,g+2 < jo < m— 1: choose in (B.5) k = ip and £ = jj or
£=j0+1,0rk=io—1and£=joor£=j0+1.ThenBi0,j0 = (Jo —ip) — (Jo +
1—ip)— (o—iop+ D+ (o+1—ipg+1) =0V

e i) = ¢, jo = g: this term appears in (B.3) if k = ¢. Then B, ;, = 1V

e ip=¢q,jo=¢q+1:choosein(B4)k =¢q,in(BS5)k=g—1land? =¢q +2,in
B7)t=qg+2.ThenBy 441 =—-1+(g+2—g+1D)+1—-(q+2—¢9)0V

e ig=qg,q+2<jo<m—1:choosein(BS)k=qg—1landf = joorf = jo+1
andin (B.7) ¢ = joor ¢ = jo+1.ThenB, j, =—(o—g+ D+ (o+1—qg+1)+
(Jo—q)—(o+1—g)=0V

e ig = jo=¢q+1l:choosein (B.8) { =¢q+2.ThenB 411 =1V
eig=qg+1,jo=qg+2:choosein(B.6)k=¢g+2,£ =g+3andin(B.8) £ =¢q +2
or{ =g+3.ThenByy1 g0 =—-1-1+2=0V

e ip=q+1,g+2 < jo <m—1:choosein (B.6)k =g+1andf = joorl = jo+1,
andin (B.8) £ = joorf = jo+1.ThenByi1 j, = (o—qg—1D —(o+1—g—1)—
Go—q—D+Go+l—g—1)=0v

e g+2 <ip= jo<m—2:choosein (B.6) k =ipand ¢ =ip+1.ThenB;,;, =1V
e ig = jo=m — 1: B,,_1 »—1 comes from the first and third one in the definition of
B. Thatis, By—1m-1=5+0-F) =1V

e g+2 <ip< jo<m—2:choosein (B.6) k = ig, L = jo, k = ig+1,£ = jo,
k=i0,€=j0+l,k=i0+1,€=j0+1.ThenB,'0’jO=—(j0—i())+(j0—i0—
D+ Go+1—io) = (o—io) =0V
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e g+2 <iy, jo=m—1:choose (B.6) { =m —landk =ipork =ip+1.In
conjunction with the last term in the definition we obtain Bj; ,,—1 = —(m — 1 —ip) +
m—1—ipg—1H)+1=0v/

Finally, switching & to —& proves (3.26).

B.2. Change of variables in Laguerre polynomials. With T; from (3.13) and 7 =
At, A = A@ from (3.25), we claim that

T —Tj—Tjpsl —Tp—1 f1 < j<qg—1

)0 T — Tl 1f]=6]
Tj= T| + Tyl — Tm—1 if j=qg+1 (B.9)
T+Tj 1 +Tj—Tp—1 fg+2<j<m-—1
To this end, we write
Ti= Y A'nob- > A'nk
1<k<j-1 jl<k<m—1
and assume for example that 1 < j < ¢ — 1. Then, using (B.1)
Ti= Y @m-uw)— Y. A'nk- Y A9k
1<k<j-1 J+1<k=<g+1 J+1<k=g+l
=1 -1 — Y (%= Tke1) = Ty — Tgrl — (Tt — Tgs1)
j+l=<k=q—1
=T — T —Tj+l — Tm—1 -
Also,
T,= Y @G-t —Tgn— Y, (%—T1)
l<k=q-1 g+1<k<m—1
=T — Ty — Tm—1-
The other two cases follow in a similar vein. After reversing the signs of 741, ..., Ty—1,
T —Tj — Tjsl + Tmn—1 ifl<j<gqg-—1
) T — Tg + Tm—1 if j=gq
T o1 = gt + T i =g+l (B.10)
T —Tj—1 — Tj+ Tm—1 ifg+2<j<m-—1

Next, we replace & by & — (71 +7,,—1)/2. So we subtract from 7 the term (71 + T —1) /2.
This leads to
—T;—Tj4 ifl<j<qg-—1
) 7 o._ )T itj=gq
= Ti= g, ifi=g+1
—Tj—1—7Tj ifq+2§j§m—l

(B.11)

Let
Tj — Tj+l ifl<j<gqg-1
s T (1A N _ )T ifj=gq
tj~ti:=1A""1)(j) = - ifi=g+l . (B.12)
T —1; ifg+2<j<m-—1
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Now we replace & by —£ so that
(@ +iQE +T)))* +17 ~ (a)—i(2é§+f,~))2+?}2. (B.13)
For j = g the last expression equals
(@ —1QE+19)7 + 7, = 0" — 2w (2 +1,) — (26)” — 467,

Next, we shift the integration with respect to 7, by &. That is, we replace 1, by 7, — §.
Then we have

w? — 2w (28 +15) — 26)* — 4Ty ~ @ — 2iw(E +1,) — (26)% — 4E(t, — &)
=’ —2iw(E +1,) — 4€1,
= (0 — 2i8) (0 — 2i1,) .

For j = g + 1 we get in the end the expression (w — 2i&)(w — 2it441).
For1 < j <q — 1 we have

(@+1Q2E — T; — Tj41))? + (1 — Tj41)? ~ (@ —1QE + T + Tj41)) + (1j — Tj41)*

~ (o —i(t; + T.j+1))2 +(1j — T./+1)2
= (o — 2i7j) (0 — 2iTj41) .

Similarly, forg+2 < j <m — 1,
(@+i1Q2E —Tj—1 — 1))+ (Tj—1 — 1j)* ~ (@ —iQRE+Tj_1 + 1)) + (1j—1 — T;)?
~ ((,z) — 2i‘c.,~_1)(a) — 2i‘L’j) .
Finally, with 7,, = 0 and 1, = t| + Tjy—1,

(@ +1QE + T)* + (11 + Tno1)? ~ (@ —iQ2E — 11 — T—1))> + (71 — Tw—1)*
~ (w —2it))(w — 2iT—1) .

B.3. Proof of the identity (3.28). We start out with the representation of the Laguerre
polynomial as a contour integral in the complex plane C, namely

1 dr
Lo() = f Y explxt/(1 = D).
r (11—

t)tz+1

Here, the contour I is, say, a circle of radius < 1, centered at the origin 0, and with
counter-clockwise orientation. Then, for any given pair &, T € R, we have

F / dw Eg (w —2ié)(w — 211)/2) exp(— w2/4)
1 dr . .
2n17§r T f dw exp [ — @*/4 — (0 — 2i&) (0 — 2iT)t/2(1 — 1))].

Now we observe

| (0= 2if) (0w —2iT)t 1+1 A(E+1)1N\2 2&tt  12(E+71)?
Jo? - o (e )2 Gt
2(1 —1) 41 —1) 1+t 1—1t 1—1t
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and perform the w-integration. This yields

() e [ - R

By the Cauchy integral formula (of the year 1831) we therefore get

i / dw L¢((@ — 2i€) (@ — 2i1)/2) exp(—w? /4)

1 dr 26Tt 12(E+1)?
=iz g o[- T
“/—2711 T CPlT T T =2

1 dt 1 26Tt 12(E +1)?
fﬂ!dte 1=0 /1 — £2 PIT 1—1¢2

The Mehler formula (of the year 1866)

1 26t PE+T)] o HiE)He(r) 1\

now completes the proof of (3.28).
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