LONDON
MATHEMATICAL .y
SOCIETY I0P Publishing

EST. 1865

Nonlinearity @

PAPER « OPEN ACCESS

Large time behavior for a compressible two-fluid model with algebraic
pressure closure and large initial data

To cite this article: Yang Li et al 2020 Nonlinearity 33 4075

View the article online for updates and enhancements.

This content was downloaded from IP address 144.82.114.179 on 04/05/2021 at 13:34


https://doi.org/10.1088/1361-6544/ab801c

OPEN ACCESS Made open access 9 October 2020
IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 33 (2020) 4075-4094 https://doi.org/10.1088/1361-6544/ab801c

Large time behavior for a compressible
two-fluid model with algebraic pressure
closure and large initial data

Yang Li', Yongzhong Sun? and Ewelina Zatorska®*

' School of Mathematical Sciences, Anhui University, Hefei 230601, People’s
Republic of China

2 Department of Mathematics, Nanjing University, Nanjing 210093, People’s
Republic of China

3 Department of Mathematics, University College London, Gower Street, London,
WCIE 6BT, United Kingdom

E-mail: lynjum@ 163.com, sunyz@nju.edu.cn and e.zatorska@ucl.ac.uk

Received 15 December 2019
Accepted for publication 16 March 2020
Published 2 July 2020
CrossMark
Abstract

In this paper, we consider a compressible two-fluid system with a common
velocity field and algebraic pressure closure in dimension one. Existence,
uniqueness and stability of global weak solutions to this system are obtained
with arbitrarily large initial data. Making use of the uniform-in-time bounds for
the densities from above and below, exponential decay of weak solution to the
unique steady state is obtained without any smallness restriction to the size of
the initial data. In particular, our results show that degeneration to single-fluid
motion will not occur as long as in the initial distribution both components are
present at every point.

Keywords: compressible two-fluid model, weak solutions, large time behavior
Mathematics Subject Classification numbers: 76T10, 35D30, 35B40, 74G25.

1. Introduction

In multi-component flows the presence of topologically complex interphase separating the
components is a great difficulty from physical as well as mathematical point of view. How-
ever, in most of engineering applications precise description of motion of each component of
interphase are not rarely needed and only the averaged macroscopic description is important.
We will focus on the averaged two-component model derived in the monograph of Ishii and
Hibiki in its in viscid form [1]. We refer the interested reader to [2] for concise overview of
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various modelling and mathematical aspects related to such models. In the present paper we
immediately assume that the two components of the flow share a common velocity field and that
their pressures are equal (algebraic pressure closure). We obtain the following one-dimensional
system of partial differential equations:

Oi(as0+) + Ox(ag01u) = 0, (1.1)
Il(ayor + a0 Jul + dl(aroy +a o )]+ Oup = pdgu, (1.2)
ay+a_ =1, as >0, (1.3)
p=p+=p-, (1.4)

with the space variable x € 2:=(0, 1) and the time variable ¢ € (0, 7). Here, o and o are
the volumetric rates of the two fluids; o4+ and o_ are the two mass densities; u is the com-
mon velocity field, and p > 0 is the viscosity coefficient. The two internal pressures are given
by

pr=o0\", p-=0", (1.5)

for adiabatic exponents v+ > 1. The algebraic closure (1.4) is only one of possible choices,
but it seems to be well accepted in the physics community. For more thorough discussion on
this and other choices we refer to [1, 2].

We restrict ourselves to the case of Dirichlet boundary conditions for the velocity:

u|x:0,1 =0. (16)
Following [3], we introduce the notation
R=at0+, OQ=a-o0, Z=yp4, (1.7)

and reformulate (1.1)—(1.5) to

O:R + 0.(Ru) = 0, (1.8)
9,0 + 0,(Qu) = 0, (1.9)
IR + Qul + AR + QuPl + 0.2+ = pdt, (1.10)

again supplemented with the Dirichlet boundary conditions (1.6) for the velocity and the initial
conditions:

(R3 Qa u)‘t:() = (ROa QOa MO)'
Without loss of generality, we may assume that
[ @+ ooxne = 1. (1.11)
Q

Due to the algebraic closure (1.4), Z is an implicit function of R and Q interrelated by

0= (1—9 7, =1t (1.12)
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R<Z. (1.13)

The same model, but in semi-stationary Stokes regime, has been recently investigated by
Bresch, Mucha and the third author in the three-dimensional setting. They proved the global-
in-time existence of weak solutions without any restriction on the initial data. Similar result
for the general Navier—Stokes system, with generalized equation of state was later obtained
by Novotny and Pokorny [4]. Earlier results in this spirit concern existence of weak solutions
to very particular two-component models including the fluid model of atmospheric flow with
transport of potential temperature [5], and the hydrodynamic limit of Vlasov—Fokker—Planck
system modelling suspension of the particles in the compressible fluid [6]. For other related
results in case of one-dimensional two-fluid models, including density dependent coefficients
or the so-called drift-flux model, we refer to [7], to the works of Evje et al [8—12] and to the
recent overview paper [13].

The present paper is, as far as we know, the first attempt to provide some more information
about quantitative properties of weak solutions to this system. In order to investigate the large
time behavior of solutions, we furthermore rewrite (1.8)—(1.10) in Lagrangian coordinates. To
do this, we make the change of variables

y= /0 R+ 0O), ndg, s=t.

Observing that y is nondecreasing with respect to x and, in light of (1.8), (1.9) and (1.11),

/Q (R + Q)(E.1)dE = /Q (Ro+ Q0)(©)dé = 1,

we find that y € [0, 1] when x € [0, 1]. Based on this property, we deduce from (1.6) that the
velocity obeys the Dirichlet boundary conditions in the Lagrangian coordinates as well.
As a consequence,

o = O, (1.14)
(Q7) =0, (1.15)
Oyu :
Ou =0, p— —ZR, Q)+ |, (1.16)
T
wherey € Q,¢ € (0,T) and
1
Ti=—
R+Q

It follows readily that R satisfies
O(RT) = 0.
By introducing the two time-independent quantities

Ry Do
Ro+ Qo' -0)= Ro+ Qo'
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which are called concentrations of the components, we realize then the pressure takes the form

() C(Y)) .

T T

p=py,7)=2"" (

Hence, we may reformulate (1.14)—(1.16) in a more convenient form

o = Oy,

Bu = 0, {ﬁ;‘” e (W,C@))]. (1.17)

T T

The equation (1.17) are reminiscent of 1D viscous, barotropic, compressible Navier—Stokes
system with pressure depending on both the specific volume and the Lagrangian mass coordi-
nate. In [14] Zlotnik showed the existence, uniqueness and Lipschitz continuous dependence
on the initial data of weak solutions to 1D barotropic (or heat-conductive) flow in Lagrangian
mass coordinate; regularity of weak solutions was also considered therein. We refer to [15]
for asymptotic behavior of weak (or strong) solutions to the two-scale equations of a viscous
compressible barotropic medium. The main ideas, in particular the asymptotic analysis, of the
aforementioned papers play a crucial role in our model system.

The equation (1.17) are supplemented with the initial and boundary conditions as follows:

(1, u)|i=0 = (70, o), (1.18)
u|y:o,1 = 0, (119)
and we denote
! (1.20)
To = . .
" Ro + Qo

This paper is mainly devoted to the large time behavior of weak solutions to (1.17)—(1.19)
with large initial data. Existence, uniqueness and stability of weak solutions are obtained by
making full use of the specific structure of the equations. Unlike in the three-dimensional
regime [3, 4], we prove the existence of weak solutions by approximation based on the strong
solutions. Then the stability of weak solutions is verified by adapting the arguments for single-
fluid equations [16, 17]. The key step in the asymptotic analysis is to show uniform-in-time
bounds on the densities from above and below. Due to the complicated form of the pressure,
classical methods used in [18—-22] cannot be applied here. However, thanks to the structure of
the pressure, we are able to adapt the argument from [23] so as to obtain the two-sided bounds;
see lemma 4.1. Based on these bounds, we show the exponential decay of weak solution by
choosing suitable test functions in the momentum equation and making another use of the
structure of the pressure.

Notation. We denote 2, := X (0, £); L” stands for the Lebesgue space L”(2) with the norm
|| - ||zr; H' denotes the Sobolev space W!2(Q). H} is the subspace of H' with vanishing trace.
Further we denote

L>(0,T;L?) = {f :(0,T) — L* strongly measurable : ess sup ||f(-,7)|;2 < oo} .
1€(0.7)

For f = f(y, 1), we define

Hf||V2(Qr) = Hf”Lm(o,T;B) + ||anyL2(QT)~

4078



Nonlinearity 33 (2020) 4075 Y Lietal

Before stating our main results, we specify the meaning of weak solutions.

Definition 1.1. Let Ry, Qo, uy satisfy

0 < Ry <Ry < Ry < o, (1.21)
0< Qo< Q< Qo< 0o, (1.22)
uy € L. (1.23)

A triple (R, Q, u) is said to be a weak solution of (1.17)—(1.19) on Q7 provided that
e (R, Q,u) belongs to the spaces

0 <R(y,1), O(y,1), ae.in Qr,

11
R -, = L>*(Q
( ’Q,R,Q>e ( T)a

(OR,8,0) € L*(Ur),  u € Va(Q),
e The initial-boundary conditions

(Ra Q, u)|ti0 = (ROa QO, uO)a u‘y:O,l = 0,

are satisfied in the sense of traces,
e The equation

O = Oy,
makes sense in L2(€)y) and the equalities
R= ) 0-— o _ 1
T T R+Q

hold true a.e. in Qr,
e The momentum equation is understood in the sense of distributions, i.e.,

/ {u@,gb — [M% — 77+ <c+_(y), C_(y)>} Bydy} dyds = 0,
Qr T T T

for any ¢ € C2°(Q2r).
Remark 1.1.  Given (R, Qp) in (1.21) and (1.22), we tacitly assume that Z; satisfies

R0> .
—(1-20) 7,
% ( Zy)™ (1.24)

Ro < Zo.

Clearly, the positive lower bound of Z follows from (1.24), and moreover Ry < Z a.e. in {2 in
accordance with (1.24),. To get the upper bound of Z, we again make use of (1.24);. Indeed,
suppose on the contrary that Z, > max {ZR_O, (ZQO)l/ 7’}, then we would have

R 1 —
Q0>Q0:<1_Z_2>Z62528>Q0’
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which is a contradiction. Therefore Zy must be bounded from above, more precisely

Zy < max {ZR_o, (2@)1”} -

The main results of this paper are the following two theorems. The first one is concerned
with Lipschitz continuous dependence on the initial data of weak solutions.

Theorem 1.1.  Let . > 1 and (1.21)—(1.23) be satisfied. Then there exists a unique global-
in-time weak solution to (1.17)—(1.19). Moreover, if (R, Q, u) and (R Q u) are two weak solu-
tions on Q corresponding to the initial data (Ry, Qo, uy) and (Ro, Qo, uy), respectively, then

(IR = Rllxin + 110 = ll~p) + llu = Elvsco

< € (JIRo = Rolle + 110 = Qolle + 1o = o2 (1.25)

where C is a positive constant depending on the lower and upper bounds of (R, Qo, kvo, @),
the L?>-norms of (ug, o), ft, Y+, and T.

The second theorem gives the large time behavior of weak solutions. More precisely, we
show the asymptotic decay of weak solutions to (R, Ono, U~ )—the unique steady state for
problem (1.17)—(1.19) given implicitly by

—1 —1
Ow =0T, Ro=ci7,

Too = (Roo + Qoo)ila

Uy, =0, 23 =0,
(1.26)

R
oo — 1_7 Z’) Roogzoo,
o= (1-2)

/Toody = /Tody.
Q Q

Here, C, is the positive constant uniquely determined by Ry, Qo, v+ and the conservation of
mass (1.26)s.

Theorem 1.2. Let (R,Q,u) be the unique weak solution to (1.17)—(1.19) provided by
theorem 1.1. Then, for any t > 0, it holds

[(R = Roo, @ — Qoo, t — )| 12 < Cy exp(—Cat). (1.27)

Here, C| and C, are positive constants depending on the initial data, (1, 7+, but independent
of time.

Remark 1.2. Given suitably regular initial data, i.e.,

(R07 QO) € LOO’ (ayROa ayQO) € LOO’ Up € Héa

0 <Ro(y), Qo(y), foranyye
it can be shown, adapting the arguments from [23, 24], that

H(R - Rooa Q - Qoo’u - uoo)”Hl < Cl CXP(—CZI)~
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Remark 1.3. Theorems 1.1 and 1.2 are obtained based on the hypothesis that the two compo-
nents of flows share the same velocity field. However, it is not straightforward how to generalise
these results to system with two different velocities. First of all, it is not clear how to transform
such system from Eulerian to Lagrangian coordinates. Secondly, the pressure term in the two-
velocity system would not be in the conservative part, causing that the energy estimates and
all the good properties of the pressure would be much harder to obtain.

The rest of this paper is structured as follows. In section 2.1 we show global existence
and uniqueness of strong solutions to (1.17)—(1.19). In section 2.2 we prove the existence of
global weak solutions via approximation based on regular solutions corresponding to regular-
ized initial data and the weak convergence method. In section 3 we verify the stability of weak
solutions. In section 4, we obtain the exponential decay of weak solution to the unique steady
state in L*>-norm with large initial data.

2. Global existence of weak solutions

2.1. Global well-posedness to (1.17)—(1.19)

In this subsection, we prove global existence and uniqueness of strong solutions to
(1.17)—(1.19) with large data. This will be useful in construction of weak solutions. Through-
out this section, we denote by C a generic positive constant depending on the initial data, y, v
and 7.

Proposition 2.1. Let (1.21) and (1.22) be satisfied. Assume that
(Ro, Qo) € H', uy € Hy. Q2.1

Then there exists a unique global strong solution (R, Q, u) to (1.17)—(1.19). Furthermore,
Jorany 0 < T < oo, it holds that

C' <R,0,00.0.Z(y.1) < C,  forany (y,1) € Qr, (2.2)
el po0.7:22) + 10yul| 1200y < C, (2.3)
10R 1200y + 110 Qll 1202y < C- (2.4)

Local-in-time existence and uniqueness of strong solutions to (1.17)—(1.19) is proved by the
classical method based on the linearization of the problem and Banach fixed point theorem.
We refer to [25, 26] for similar calculations. Therefore, it remains to derive sufficient global a
priori estimates so as to extend the local solution globally.

We start by giving the conservation of mass and the elementary energy inequality. To
simplify the expression, we define

a=—. 2.5)

Lemma 2.1. Let (R, Q, u) be a smooth solution to (1.17)—(1.19) on Qr with regular initial
data (2.1), then we have

/T(y, fdy = /To(y)dy, for any t € [0, T], (2.6)
Q Q
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sup / (luz 4 e oyt LT g a)T]—’Y‘H) dy
o \2 v+ —1 yo—1

0T
8~ 2
i O s < 2.7)
Q T

Proof. (2.6) follows from (1.17); immediately after integration over Q2. To show (2.7), we
adopt to the Lagrangian coordinates the technique of pressure decomposition in [3]. One
deduces from (1.4), (1.7), and (2.5) that

¥ =
()
« 1—«

Thus we can decompose the pressure as

7+ :a(R> - +(1—o¢)<Q>’. (2.9)
o 1l -«

Multiplying (1.17), by u and integrating by parts yields

1d u)*
0= 7—/u2dy—/Z’+3vudy+u/ @dy
2dt Jq Q i Q T
2
— li/142dy— /Z’+8,Tdy+u/ (ay—u)dy. (2.10)
2 dt Q Q Q T

The second term on the right-hand side of (2.10) can be computed, with the help of (2.9),
through

¥ -
_/Z%raﬂ'dy: —/a<R> +8;Tdy— /(1 —Oé)<Q> Oyrdy
o o \a Q -«
I _ SR R
= /Q(on) ad;rdy /Q<(l—a)7> (1 — a)dyrdy
= _/ (ci)wr@,(ar)dy—k/ (Ci)wrr@tozdy
Q T O \NaT
c_ - ‘- "
_/Q<(1—a)7-> at[(l—a)T]dy+/§z<(1_Oé)7_> T@;(l—a)dy
__ / (&)”axm)dy— / <c>’8,[<1—a)ﬂdy
o\ar o\ (I —a)T

_d e ey L
S dt oy — 1 P 1[(1 )] =T dy, (2.11)

d
—1++1g el
(ar) y + dt/Q

where we have used (2.8) in the fourth equality. Thus, combining (2.10) and (2.11) gives rise
to (2.7). This finishes the proof of lemma 2.1. U

By virtue of lemma 2.1 and the specific mathematical structure of the equations, we are
able to show the upper and lower bounds for R and Q. This plays a crucial role in the proof of
proposition 2.1.
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Lemma 2.2. Let the assumptions of lemma 2.1 be satisfied. Then

C' <R, 0,00,0,Z(y,0) < C,  forany (y,1) € Q. (2.12)

Proof. We observe first that the positiveness of R and Q follow from the method of charac-
teristics and the regular initial data. Given positive R and Q, there exists a unique Z satisfying
(1.12) and (1.13). This fact can be justified easily and we refer to lemma 2.1 in [3] for the
details. That is, Z can be regarded as a function of R and Q. Furthermore, due to R = % and

Q = -, Zcan be also seen as a functionof y and 7, i.e.,Z = Z (#, C*—(’))

T

Rewriting (1.12) as

—1
el = (1 — C*;) 7. (2.13)

Differentiating both sides of (2.13) with respect to 7 leads to
—c. T =~2""10.Z - (c+7_1(fy —1)2720,Z — c+7'_ZZ“’_l) ,
or equivalently,

T4 c+7’2Z"”1
VT = e i =2

0.7 = (2.14)

The denominator is positive as we have
V2 — et (v = D2 =292 — (v = DRI
=2"2[W(Z—-R+R>2R >0, (2.15)
due to (1.13), assumption about the smoothness of the solution, and remark 1.1. Therefore,
0-(Z+) =~ 2+710,Z < 0, (2.16)

which means that the pressure is decreasing with respect to 7. Based on this crucial observation,
the two-sided bounds of 7 are proved by the same method as Zlotnik [14] (see also Antontsev
et al [27]). The details are omitted here. The two-sided bounds of Z follows in the same manner
as remark 1.1. O

With lemma 2.2 at hand, high-order energy estimates are obtained in a routine manner. Thus,
the local-in-time solution can be extended globally. Uniqueness of solutions is proved by the
classical energy method. This finishes the proof of proposition 2.1.

2.2. Existence of weak solutions

The main task of this subsection is to construct global-in-time weak solutions to (1.17)—(1.19)
using approximation based on regular solutions. We start from regularizing the initial data
(Ro, Qu, up) in such a way that {(R, 05, uj) }->o satisfy

(R5, Q5) € C(), C' < R;, Q< C, uy € CA),

(Ry» Qg» ug) — (Ro, Qo, up) strongly in [* as e — 0.
Moreover, we define

=R+ 0)". =R 40"
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Therefore, it follows from proposition 2.1 that there exists a unique global strong solution
(Rz, Qc, uc) to (1.17)—(1.19) with initial data (Rj, Oy, ug). Furthermore, from proposition 2.1
we conclude the following uniform-in-¢ estimates:

c'< R.(y,1),0.(y,t) < C, forany (y,1) € Qr, (2.17)
el oo r2) + 1Ovtte] 22y < (2.18)
|0R: 200y + 101 Qc 1202y < C- (2.19)

From (2.17)—(2.19) it follows that there exists a subsequence of {(R:, Q., u.) }.~0, not relabel-
ing, such that as ¢ — 0,

(R., 0.) — (R, Q) weakly — in L®(Q7), (2.20)
u. — uweakly — % in L>(0, T; L?), (2.21)
(OiR-, 0,0, Oyu=) — (OR, 8,0, dyu) weakly in L*(Qp), (2.22)

for some limit triple (R, Q, u), and we infer from (2.17)—(2.22) that

C'<R,D,00,0<C, forae. (y,1) € Qr, (2.23)
H”HLOO(O,T;H) + ||ay“||L2(QT) <G, (2.24)
10R 120y + [10:Qll 1202y < C- (2.25)

The weak convergence results (2.20)—(2.22) are not sufficient to pass to the limit in
(1.17)—(1.19), in particular, in the strongly nonlinear pressure function. For the moment we
only know that Z is the unique solution of

R.
=(1-Z=)2, R <Z.
o (1-%)z nez

€

To identify the pressure term, it suffices to verify that the pointwise limit of {Z.}.-¢ is the
unique solution of

R
=(1-2)2", R<Z

for which we need the strong convergence of the sequence {Z.}.~o. In fact, since Q. =
Qi7" R. = Ry7s7- !, Z. can also be regarded as Z. = Z.(Q5, R, 75, 7-). Therefore the
strong convergence of {Z.}.-o will follow from that of {7.}.-¢. The necessary compactness
property in space is provided by the following lemma.

Lemma 2.3. Forany0 < h < 1, there holds
AT o.:22) < CUARR |12 + 7[| AnQoll 2 + B), (2.26)
where ALF(y) .= F(y + h) — F(y) is the translation in spatial variable with the step h.
Proof. By setting
Oyl

O = p—— _'Zg+}
Te
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it follows that

7. =D, <75 + % / D' (v, s) (1:227) (v, s)ds> , (2.27)
0

D.(y,t) = exp (l/ o-(y, s)ds) .
HJo

By definition it holds that

where

Apre(y, 1) = ApD-(y, 1) <Tg(y +h)+ % / D' (n.Z27) v+, s)ds>
0

+D.(v.1) (Ahrgcy) + i / Dy + o)A (1 22%) (o, s)ds)
0

—D.(y,1) (; /o t D'y +h, 9D (v, 5) (1227 (v, ) AnD-(y, s)ds) . (2.28)
Thanks to (2.17), we have
C'<Z@y,n, D.(y,n<C, forany (y,1) € Q. (2.29)
The delicate issue is to compute Ay, (7.Z."). In fact,
Ay (7227) = Z Ay + 7oy + o D AGZET (2.30)
Furthermore,
ApZe = (0g; Z:)AnQy + (Or: Z)ApRy + (0r: Z)Ap1g + (0r. Z) Ape.

Subsequent differentiations of (2.13) with respect to Qg, Rg, 75, and 7. give rise to

-1

TST:
a 5Zg — 0'e ,
O T T Ry - D2
£ 7IZ'\,71
8R5Z5 ToTe €

T R (- 02

Qor. ' + Ry 2!

a €ZE - 9
Oz R (- 122
0.7 — QT+ Ry 270!
Tete —

V21 = Ryrgr Ny — D2
In view of (2.15), (2.17) and (2.29), it follows that

| (%ng,8Rng,BTgZE,E)TEZE) e < C. (2.31)

Consequently, we conclude from (2.17) and (2.18) and (2.28)—(2.31) that
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[Aw7=(:Dll2 < € (12D DI,z + | An7G 2

1
+/ (2D, )l 2 + 18870 )12 + [ 20D l2 + | ARG 2) dS>
0

t
<c (h| — illmors + 18051 + 18Rl + [ 1284, s>|des)

t
<C (h + [|ArQoll 2 + || AnRol| 2 —|—/ 1AL (y, s)||des> . (2.32)
0
Finally, (2.26) follows from (2.32) immediately by invoking Gronwall’s inequality. The proof
of lemma 2.3 is thus finished. U

Based on lemma 2.3, the relation 0,7. = Jyu. and (2.18), we see
1
17+ s+ 9) = 7oy < € (180002 + [ AuRoll2 +h+ 51,
forany 0 < h < 1,0 < s < T. This particularly implies the strong convergence of {7 }.~¢ to

7 in L*(Qr) and furthermore in L7 (Q7) for any 1 < p < oo. Consequently, it holds that

0. — et R. — ¢ 1 ae. in Qp,
+

which yields

Q=c. 7', R=cym ', ae. inQy. (2.33)

Recalling that Z. = Z.(Qg, Rg, 75, 7-), we find Z. converges to some limit function Z almost
everywhere. Upon passing to the limit in the relations

R
=(1-=1)20, R.<Z,
Qc ( Z) € € €

€

we conclude from (2.29) that {Z.}..( converges to Z strongly in L7(Qy) for any 1 < p < oo
and Z solves exactly

0 (1 - g) 7. rR<Z (2.34)

This finishes the proof of existence of a weak solution.

3. Stability of weak solutions

In the present section, we show Lipschitz continuous dependence on the initial data of weak
solutions, i.e., we prove our first main theorem 1.1. We remark that the proof relies on the
structure of the equations. As a preliminary step, we state the following lemma, the proof of
which is omitted as it is similar to relevant results from [17, 24]. Throughout this section,
various positive constants are denoted by the same symbol C depending on the initial data,
1, v+ and T.

Lemma 3.1. Ler (R, Q, u) be a weak solution to (1.17)—(1.19). Then

T(y,1) = exp (i/o a(y, s)ds)
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' ¢
X (7’0 + l/ exp (—l/ oy, s)ds) (tZ27+) (y, §)d§> , 3.1
HJo HJo

t

/ oy, s)ds = (Z(u — ug))(y, 1) + / (o(-, 5))ds, 3.2)
0 0

and

where

o(y, 1) = (u% - Z”’*) . 1),

y y
TF() = /0 f(£)d£—< /0 f<£>d£>, (f) = /Q FOdy.

To verify the stability estimate (1.25) from theorem 1.1, we follow the arguments in [16,
24]. Let us start from introducing the following notation:

(AT, AR, AQ, Au):=(r —7,R—R,0 — Q,u — i),

(A70, ARg, AQy, Aug) == (19 — 7o, Ro — Ro, Qo — Qo, tto — o),

Ao=o—5, 7= p2E _ Gy,
T

D = exp (;/ o(y, s)ds) s D= exp (;/ o(y, s)ds) s
0 0

0=R+0, Ao=0-0.

Recalling that Q = ¢ 77!, R = ¢ 7!, one has in light of uniform bounds for R, Q from below
and above, i.e., (2.23), that

|AR| < C (|ARy| + |A7o| + |AT]) < C(JARo| + |AQo| + |AT]) 5
|AQ| < C(JAQo| + |ATo| + |AT]) < C(|ARo| + |AQo| + |AT]) . (3.3)

Consequently, in order to estimate L>*({7)-norm of AR and AQ, it suffices to control
| AT ||y This is the key step in proving stability of weak solutions. We follow the idea
in [16, 17] to accomplish this goal.

Lemma 3.2. Let the assumptions of theorem 1.1 be fulfilled, then we have
IAT |z < C ([[ARo || + | AQol[z + || Auol| 2
+ [ Aul| oo 12y + ||8y(A“)||L2(Q,)) 3.4

foranyt € (0,T].

Proof. It follows from (3.1) that

a :D{AT” ol (Z (b o)+ Z—@) ds}
HJo D
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~ T(Z)'\”r
+(D—D) (To-i—lu/o = s>. (3.5)

Similarly to (2.29), it holds that

cl< (Z,Z D,E) 0,0 <C, forae (n1) € Q. (3.6)

Indeed, the upper bound of Z and 7 is derived by the same argument as (2.29). Based on (2.23)
and (3.6), we observe that

‘TZ’+ =72 | < C(IATH || 0:Z| e | AT || gy Z] ) | AQ0)

+ || OroZl| L) | AR+ || Oy Z| Loy | AT0 )
< C(JAT] 4 |ARo| + |AQ0]) (3.7)

where we used a version of (2.31) for the limit functions. Therefore, we deduce from

(3.5)~(3.7) that
t X t

AT < C <|AR0| + |AQy| +/ (’/ Aadﬁ’ + |AT> ds) +C / Aods|;

0 0 0

whence

s t

|AT<-,r>|Lx<c(|ARo||Loo+|AQ0||Loc+| [ Aot + [ |AT<-,s>|Lxds).
0 0

(3.8)

The rest of the proof follows the same lines as [24], and we write down the details only for the
convenience of the reader. First, from the identity (3.2) and Holder’s inequality we obtain

H / Aode|lix@y < (| ZAuo) e+ || TAW |y + A0l 2cy) - (3.9)
0

It remains to bound Ao. Notice that we have

Ao = 6 (Au) + w(Ap)oyu — <Z7+ — (Z)“r)
and so, as for (3.7) we obtain

|Ac| < C (|0y(Aw)]| + [AT|(|0yu] + 1) + |ARo| + [AQy]) -
It follows that

180 2 < € (10(AW]] 20,y + | ARo |2 + [ AQo ]|z

+/0 (||(8yﬁ)(',s)||L2+1)||AT(',S)|Lvods>. (3.10)

Since from (2.24) we deduce that fOT \|8y'12|| ,ds < C, and therefore we can put together (3.9)
and (3.10), and apply Gronwall’s inequality to (3.8) to deduce (3.4). The proof of lemma 3.2
is thus finished. U
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In order to use (3.4) to conclude (1.25), we need the estimates for Au. In fact, standard
energy estimate for parabolic equation [28] gives

Lemma 3.3. Foranyt € (0,T), it holds that
[Aul e 022y + 10 (AW 2,y < € ([[Autoll2 + [[ARo |1 + (| AQo] |
+ I (H(aym("s)nﬂ + 1) ”AT("S)”LDOHLZ((O,t))) . (3.1D

Having this, (1.25) follows by suitable combination of lemmas 3.2 and 3.3. For the sake of
brevity, we omit the details and refer the reader to [24] for similar steps. Clearly, (1.25) implies
the uniqueness of weak solutions and so the proof of theorem 1.1 is complete. (]

4. Large time behavior of weak solution

In this section, we show the exponential decay of weak solution in L?>-norm. The classical
methods to handle the large time behavior of the one-dimensional single-phase Navier—Stokes
equations [20—22] are not readily applicable to our two-fluid model system. In [23], the author
developed a new technique to treat one-dimensional viscous barotropic gas with nonmonotone
pressure. Of great importance in [23] is to obtain the uniform-in-time bounds of the density
from above and below. It turns out that the idea can be adapted to our two-fluid model. As a
matter of fact, it has already been successfully adapted before to the case of one-dimensional
nonresistive magneto hydrodynamic equations [24].

4.1. Two-sided bounds for R and Q

To begin with, we notice that the estimates in lemma 2.1 are uniform-in-time. Then we have
the following lemma, which is essential for the proof of theorem 1.2. Throughout this section
we use C and C; to denote generic positive constants depending on the initial data, i, 4, while
independent of time.

Lemma 4.1. Let (R, Q, u) be the unique weak solution to (1.17)—(1.19) ensured by theorem
1.1. Then

C ' <RGN, Q0 0) < C,  forae. (v,1) € Q. “4.1)

Proof. From (2.33) and the assumptions on the initial data (1.21) and (1.22) one sees that ver-
ification of (4.1) requires only to show the two-sided bounds for 7. By adapting the arguments
in [23] (see also [24]), this follows from lemma 2.1 and the three items below.

0<C1</TZ’+dy<C2<oo,
Q

e 7'+ is sufficiently large if 7 is sufficiently small,
e 7'+ is sufficiently small if 7 is sufficiently large.

As aconsequence, it remains to check that the three items above are satisfied. By the identity
of pressure decomposition (2.9) and (2.33), it holds that

8! 7-
/TZ’”de = / <7a<§> i +7(1 - a)<i> > dy
Q Q a l—a
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- / ()™ (am) 1 4 ey [ — a)r] - +) dy
Q
< G,

where we have used the energy estimate (2.7). Clearly, we conclude from the definition of «,
i.e., (2.5), and Jensen’s inequality that

¥ v-
/TZ"”de = / (TO((E) " +7(1 — a)(—Q ) ) dy
Q Q e} 1 —«

> /a—w++l7-—w++1(C+)w+dy
Q

> C/ T+ Ty
Q

—yg+l
Q

> C.

Suppose now that 7 is small, i.e., R + Q is large and we consider two possible cases. If R is
large, then Z7+ is also large due to R < Z. If, on the other hand, Q is large, then also Z is large.
Indeed, otherwise, we would arrive at a contradiction in the relation

o~ (1-)z

The third item is verified by using similar observation as above. We refer to [23] and lemma 5.3
in [24] for the remaining details. ([l

Remark 4.1. The key observations in lemma 4.1 are as follows. Firstly, the pressure term is
a function with variables y and 7 by virtue of (1.12) and (1.13), tending to infinity as 7 goes
to zero and tending to zero as 7 goes to infinity. Secondly, the two internal pressures satisfy -
laws. This leads to a positive lower bound of the integral fQTZ”YﬂL dy; while the upper bound is
obtained by the energy inequality. In this way, the arguments in [23, 24] are naturally adapted.

4.2. Exponential decay

In this subsection, we prove the exponential decay of weak solution in L?-norm by adapting the
ideas from [23, 24]. It should be emphasized that the structure of pressure function is crucial
for a modification of these arguments to work.

Step 1. Let (R, O, Uso) be the unique steady state for problem (1.17)—(1.19) given by
(1.26). Thanks to (1.26)3, we rewrite the momentum equation (1.17), as

Qu+ 0, (2+ — Z3) = pdy <%> . 4.2)

T

Since Z is a function of y and 7, it follows that Z,, = Z(y, 7). Therefore, testing (4.2) by u
and integrating by parts yields

2
s [+ [ @ oo -zeemouty+p [ Ha—o
Zdt [e) Q Q T
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Using the continuity equation (1.17);, one has
/ (Z (v, 7o) = Z7(, 7)) Oyudy = / (Z7 (v, 7o) = 27 (y, 7)) Oy7dy
Q Q

= 7 Gaaooda
i o (0, 7, Too)dy

where we denoted
Gy m0) = / (4 (5. 70) — 27 (. ) .

Thus we obtain

2
i/ <1u2 +G@, T, w) dy + u/ @‘—”)dy =0. (4.3)
dr O 2 o T

Step 2. The key step in obtaining the exponential decay is to show that
C' (T = 7) GO, 7, o) < C(T — 7o)’ (4.4)

The main observation is as follows. By setting

Fr) = — / 27 (3, £)dE,

G(y, T, Too) 1s reformulated as
G(y, T, T0) = F(7) — F(Too) — F'(To)(T — 7). 4.5)

Therefore, in order to deduce (4.4) it is enough to estimate the second derivative of F(7). To
this purpose we use the expression for 0-Z from (2.14) to get

T4 c+7’2Z"”1

I (2+) = —y 20+ 71 .
= i -

(4.6)

As in (2.15) we first observe that the denominator is strictly positive. Moreover, in spirit of
remark 1.1, we infer from (4.1) and the relation Q = (1 — £) Z7 that

C'<Zy,n<C forae (y,0) € Qu, 4.7

which together with lower and upper bound for 7 implies boundedness of the numerator of
(4.6).

The remaining arguments follow largely the ones from [23, 24]. We incorporate the detailed
proof for the sake of completeness.

Step 3. Let0 < e < 1 and

K(y,1):= /0 (T(6 1) — Toe(§))dE.

Testing (4.2) by €K gives rise to

g/ euKdy — 5/ 7+, 1) — Z7(, Too)) (T — Too)dy
dr Jg Q
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- 5/ wrdy + 5/ 22 s ay =0, (4.8)
Q o T
From (4.3) and (4.8) we obtain
d l142—|—G(y7'7')—|—6uK d
dr Jo \2 T Y
(Oyu)? N ,
tp | ———dy—¢e [ 20, 7) =20, Too)) (T — Too)dy
Q T Q
0y
= 6/ uldy — 6/ uﬂ(T — Too)dy. 4.9)
Q Q T
It follows from (4.1), (4.6) and (4.7) that
/ Z 0, 1) =27 (3, T (T — Too)dy > C1/ (T — Too)dy. (4.10)
Q Q
With the help of Cauchy—Schwarz’s inequality and (4.1), we find
0Oy C Oyu)? C
/uﬂ(T—roo)dy < iu/( b¥) dy + —1/(7— o) dy; (4.11)
Q T 2C1 Q T 2 Q
8~ 2
/ WPdy < Cap / Oy (4.12)
Q Q T
Using (4.10)—(4.12), (4.9) implies
4 l142—|—G(y7'7')—|—6uK d
dr Jo \2 T Y
C C O,u)?
+—16/(T S Pdy+ (1- 22 e /Mﬂdy <0 (413)
2 Q 2CH Q T
Step 4. Due to the definition of K, it holds that
€ 2 € 2
cuKdy| < = [ u"dy+ = [ (T — 7o) dy. (4.14)
Q 2/Ja 2/a

Based on (4.14), after choosing ¢ suitably small, we see

1
ClmT—nmé+|w;w§/(2#+6mﬂna+am>®
Q

< CUIT = 7oll72 + llull72),

where we essentially used the property (4.4) from step 2. Combining the above with (4.13)

leads to
|7 = Toclli2 + lul| 2 < C exp(—C),

forany r > 0.
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Step 3. Finally, the exponential decay of ||R — Ry |;2 and ||Q — Qu||;2 is a direct conse-
quence of (4.15) and the relations

Q=c 7!, R=cy7

-1 —1
Ox =c_T, Ro=cy7 .

The proof of theorem 1.2 is complete. (]

Remark 4.2. We observe that the exponential decay of Z follows from that of 7. Indeed,
12, 7) = Z(v, moo)ll12 <[ 07 Z] o[ 7 = Too[l 12 < € exp(=C),
in light of (4.6), (4.7) and (4.15).

Remark 4.3. The strategy adopted in this paper is strong enough to show existence, stability
and exponential decay of global weak solution to two-fluid models with more general form
of pressure considered for example in [4]. In particular, the two-fluid model with pressure
satisfying ~y-laws could be included.
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