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ABSTRACT. We consider a stabilized finite element method based on a spacetime formulation, where the
equations are solved on a global (unstructured) spacetime mesh. A unique continuation problem for the wave
equation is considered, where a noisy data is known in an interior subset of spacetime. For this problem,
we consider a primal-dual discrete formulation of the continuum problem with the addition of stabilization
terms that are designed with the goal of minimizing the numerical errors. We prove error estimates using
the stability properties of the numerical scheme and a continuum observability estimate, based on the sharp
geometric control condition by Bardos, Lebeau and Rauch. The order of convergence for our numerical
scheme is optimal with respect to stability properties of the continuum problem and the interpolation errors
of approximating with polynomial spaces. Numerical examples are provided that illustrate the methodology.

1. INTRODUCTION

We consider a data assimilation problem for the acoustic wave equation, formulated as follows. Let
n € {1,2,3}, T > 0 and Q C R™ be an open, connected, bounded set with smooth boundary 9. Let u be
the solution of the initial boundary value problem

Ou = 0?u — Au = 0, on M =(0,T) x Q,
(1.1) u =0, on X = (0,T) x 09,

ult=0 = ug, Qpult=o =u1 on .

The initial data wug,u; are assumed to be a priori unknown functions, but the measurements of u in some
spacetime subset O = (0,T) X w, where w C (2 is open, is assumed to be known:

(1.2) ulo = uo.

The data assimilation problem then reads as follows:
(DA) Find u given up.

The existence of a solution to the (DA) problem is always implicitly guaranteed in the sense that the
measurements uo correspond to a physical solution to the wave equation (1.1). On the other hand, assuming
that

(1.3) T > 2max{dist(z,w) |z € Q},

with dist(z,w) defined as the infimum over the lengths of continuous paths in Q, joining « and a point in
w, it follows from Holmgren’s unique continuation theorem that the solution to (DA) is unique. Although
uniquely solvable, (DA) might have poor stability properties if only (1.3) is assumed. We will require the
(DA) problem to be Lipschitz stable, and for this reason we make the stronger assumption that the so-called
geometric control condition holds. This condition originates from [BLR88, BLR92] and we refer the reader
to these works for the precise definition. Roughly speaking, the condition requires that all geometric optic
rays in M, taking into account their reflections at boundary, intersect the set (0,7) x w.
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We recall the following formulation of the observability estimates appearing in [BLR92, Theorem 3.3] and
[LRLTT17, Proposition 1.2]. For the explicit derivation of this version of the estimate, we refer the reader
to [BFO20, Theorem 2.2].

Theorem 1. Let w C Q, T > 0 and suppose that (0,T) x w satisfies the geometric control condition. If
u(0,-) € L*(Q), du(0,-) € H1(Q), ul(0,1)x00 € L*(E), and Ou € H~*(M), then

we CH[0,T); H-H(Q)) N C([0,T); L*(2)),
and
tGSE%PT](U(t’ M2y + [[0u(t, ')||H1(Q)> < C ([ull 2oy + 1B3ull -1 omy + lull2¢sy) »

where C' > 0 is a constant depending on M and w.

Let us remark that the geometric control condition is sharp in the sense that Theorem 1 fails to hold if
the geometric control condition does not hold on the set (0,7T) x w [BLR&8].

The objective of the paper is to design a stabilized spacetime finite element method for the data assimila-
tion problem (DA), which allows for higher order approximation spaces. The method will also allow for an
error analysis exploiting the stability of Theorem 1 and the accuracy of the spaces in an optimal way. To the
best of our knowledge this is the first complete numerical analysis of the data assimilation problem for the
wave equation, using high order spaces. The statement of our main theoretical result appears as Theorem 2
in Section 4.

1.1. Previous literature. Spacetime methods for inverse problems subject to the wave equation were in-
troduced in [CM15a] with an application to the control problem in [CM15b]. In those works however, the
required H? regularity of the constraint equation was respected on the level of approximation leading to
an approach using C'-continuous approximation spaces in spacetime. Herein we instead use an approach
where the approximating space is only H'-conforming and we handle instabilities arising due to the lack
of conformity of the space through the addition of stabilization terms. This approach to stabilization of
ill-posed problems draws on the works [Burl3, Burl4], for the elliptic Cauchy problem. In the context of
time dependent problems, unique continuation for the heat equation was considered in [BO18, BIHO18],
with piecewise affine finite elements in space and finite differences for the time discretization. Finally using
a similar low order approach, with conventional, finite difference type time-discretization, the unique con-
tinuation and control problems for the wave equation were considered in [BFO20] and [BFO20] respectively.
Another strategy requiring only H!-regularity consists in reformulating the second order wave equation as
a first order system; it is examined in [MM19] for the corresponding controllability problem.

Let us mention that the earlier works [BFO20, BFO19] studied the numerical implementation of data
assimilation and control problems for the wave equation using the similar idea of implementing numerical
stabilization terms in the discrete Lagrangian formulation. These earlier works are based on a first order
finite element method in the space variables and a finite difference scheme in the time variable. Analogously
to the theory here, the error estimates in these works are only based on the stability properties of the
continuum problem along with the numerical approximation errors. The main aim of the authors in the
works [BFO20, BFO19] was to show that even under a first order approximation scheme and with the
simple time-stepping discretization in time, it is possible to obtain optimal rates of convergence for the
numerical solutions to the (DA) and control problems. In contrast, the current work uses a mixed spacetime
formulation, having the key advantage that it easily generalizes to higher order approximation spaces while
still obtaining optimal error bounds, without resorting to C'-type approximation spaces.

There are several works that approach the data assimilation problem (DA), or its close variants, by solving
a sequence of classical initial-boundary value problems for the wave equation. Such methods have been
proposed independently in [SU09], in the context of a particular application to Photoacoustic tomography,
and in [RTW10], based on the so-called Luenberger observers algorithm first introduced in an ODE context
in [ABO5]. An error estimate for a discretization of a Luenberger observers based algorithm was proven in
[HR12], giving logarithmic convergence rate with respect to the mesh size. Better convergence rates can be
proven if a stability estimate is available on a scale of discrete spaces. Such discrete estimates were first
derived in [I’ MO05] and we refer the reader to the survey articles [Zua05, £Z12] and the monograph

[EZ13], as well as the recent paper [EMZ16] for more details. Optimal-in-space discrete estimates can be
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derived from continuous estimates [Mil12], however, spacetime optimal discrete estimates are known only
for specific situations.

The data assimilation problem (DA) can also be solved using the quasi-reversibility method. This method
originates from [LL67], and it has been applied to data assimilation problems subject to the wave equation
in [KM91, KR92], and more recently to the Photoacoustic tomography problem in [CK08]. We are not aware
of any works proving sharp convergence rates for the quasi-reversibility method with respect to mesh size.

The data assimilation problem (DA) arises in several applications. We mentioned already Photoacoustic
tomography (PAT), and refer to [Wan09] for physical aspects of PAT, to [KK08] for a mathematical review,
and to [AM15, CO16, NK16, SY15] for the PAT problem in a cavity, the case closest to (DA). Another
interesting apphcatlon is given in [BPD19] where an obstacle detection problem is solved by using a level set
method together with the quasi-reversibility method applied to a variant of (DA).

1.2. Outline of the paper. The paper is organized as follows. In Section 2 we introduce a few notations
used in the paper. In Section 3, we start by introducing the mixed spacetime mesh followed by the discrete
representation of (DA) in terms of a primal dual Lagrangian formulation. The Euler-Lagrange equations
are studied, showing in particular that there exists a unique solution to the discrete formulation of (DA).
Section 4 is concerned with proving the convergence rates for the numerical error functions corresponding
to the primal and dual variables. In Section 5, we provide two numerical examples that illustrate the theory
while also making a comparison with the H?-conformal finite element method introduced in [CM15a]. Finally,
in Section 6 we provide some concluding remarks.

2. NOTATIONS

We write V  u = (Qyu, Vu), where Vu € R™ is the usual gradient with respect to the space variables.
The wave operator may be written as

- _vt,w . (Avt,zu)a

where A is the matrix associated to the Minkowski metric in R!*™, that is,
-1 0
[o 2
O,y Ty

with [}, ) denoting the n x n identity matrix. We introduce the notations

T 1
= [ [ utt)otta) ded uls = ()
0JQ
and
T 1
()0 ://u(t,x)v(t,x)dxdt, lullo = (u, w)3,
0 Jw

and use an analogous notation for inner products over other subsets of M, with the understanding that the
natural volume measures are used in the case of subdomains. We also use the shorthand notation

a’(ua Z) = (Avt,ru; Vt,zZ)M,
and note in passing that given any (ug,u1) € H}(Q) x L?(Q), the solution u to equation (1.1) satisfies
a(u,v) =0, Vv € H}(M).

Finally, we fix an integer p, and make the standing assumption that the continuum solution u to (DA)
satisfies

u € HPPY (M) for some p € N.
The index p defined above will correspond to the highest order of the spacetime polynomial approximations

that can be used for the discrete solution to (DA), while still getting optimal convergence for the numerical
€rrors.
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3. DISCRETE FORMULATION OF THE DATA ASSIMILATION PROBLEM

Let us start this section by observing that the solution u to the data assimilation problem (DA) can be
obtained by analyzing the saddle points for the continuum Lagrangian functional J(u,z) that is defined
through

1
J(u,2) = 5w = uoll + alu, 2),

for any
ue€ HY0,T; L*(Q)) N L*(0,T; Hy () and z € HY(M).

Here, the wave equation is imposed on the primal variable u by introducing a Lagrange multiplier z. It is
easy to verify the the solution u to (DA) together with z = 0 is a saddle point for the Lagrangian functional.

Motivated by this example, we would like to present a discrete Lagrangian functional to numerically solve
(DA). It is well-known that a naive discrete approximation of the continuum Lagrangian J (u, z) above will
fail to work, due to the appearance of high frequency instabilities. This was first discovered in a series of
works by Glowinski et al. in a series of works in early 1990s in the context of numerical controllability for
the wave equation. We refer the reader to Sections 6.8-6.9 of [GL94] for a summary of these results. To
remedy the issue of these spurious modes arising at high frequencies, we will use discrete stabilizer (also
called regularizer) terms that guarantee the existence of a unique discrete saddle point. These terms will be
designed with the goal of minimizing the numerical error functions for the primal and dual variables. The
exact form of the discrete Lagrangian will be discussed later in Section 3.4.

We begin by introducing the spacetime mesh in Section 3.1. Then a discrete version of the bi-linear func-
tional a(-,-) is provided in Section 3.2, followed by the introduction of the stabilization terms in Section 3.3.
Finally, we present the discrete formulation of (DA) in Section 3.4.

3.1. Spacetime discretization. In this section we will introduce the spacetime finite element method that
we propose. The method is using an H'-conforming piecewise polynomial space defined on a spacetime
triangulation that can consist of simplices, or prisms. Herein for simplicity we restrict the discussion to
the simplicial case. To be able to handle the case of curved boundaries without complicating the theory
with estimations of the error in the approximation of the geometry we impose boundary conditions using a
technique introduced by Nitsche [Nit71]. See also [Tho97, Theorem 2.1] for a discussion of the application
of the method to curved boundaries.

Consider a family 7 = {7; h > 0} of quasi uniform triangulations of M consisting of simplices { K} such
that the intersection of any two distinct simplices is either a common vertex, a common edge or a common
face. We let hx = diam(K) and h = maxger hi, (see e.g. [EG04, Def. 1.140]). By quasi-uniformity
h/hg is uniformly bounded, and therefore for simplicity the quasi-uniformity constant will be set to one
below. Observe that we do not consider discretization of the smooth boundary dM, but instead we allow
triangles adjacent to the boundary to have curved faces, fitting M. Finally, given any k € N, we let th be
the H'(M)-conformal approximation space of polynomial degree less than or equal to k, that is,

(3.1) VE={ue CM): u|lg € P(K), VK € Tp},

where P, (K) denotes the set of polynomials of degree less than or equal to & > 1 on K.
Next, we record two inequalities that will be used in the paper. The family T satisfies the following trace
inequality, see e.g. [BS08, Eq. 10.3.9],

_1 1
(3.2) lullc2or) S B2 llullce ) + hE [ Vull g2 i)y, w € HY(K),

The family 7T also satisfies the following discrete inverse inequality, see e.g. [EG04, Lem. 1.138],
(3.3) IVullzery S b7 Hullzxy,  u € Pp(K).

Remark 1. We will use the notations A < B (resp., A 2 B) to imply that there exists a constant C' > 0
independent of the spacetime mesh parameter h, such that the inequalities A < CB (resp., A > CB) hold.

Remark 2. It is also possible to consider the space th N CY(M) with k > 2, for the approzimation of the
primal variable. In this case the method coincides with that of [CM15a] and the analysis shows that optimal
error estimates are satisfied also in this case.
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Remark 3. We will use the approzimation space V¥ for the primal variable w. We will also fix an integer
q < p and use the space V! for the approzimation of the dual variable z. As we will see, using our method,
the approximation space of the dual variable can be quite coarse without sacrificing any rate of convergence
for the discrete primal variable (i.e we can take ¢ =1).

3.2. A discrete bi-linear formulation for the wave equation. Since no boundary conditions are im-
posed on the space V)P, the form a(u, z) needs to be modified on the discrete level. For the formulation to
remain consistent we propose the following modified bilinear form on V' x V2,

an(un, zn) = a(un, 2n) — (AVizun - noam, 2n)om — (Vi - noq, up)s.

Here nyrq and ngg are the outward unit normal vectors on OM and OS2 respectively. The last term in the
right hand side is added to make the weak form of the Laplace operator symmetric even in the case where
no boundary conditions are imposed on the discrete spaces. Depending on how the stabilizing terms are
chosen below, this term is not strictly necessary in this work, but becomes essential if the formulation must
be consistent also for the adjoint equation.

Observe that, using integration by parts, there holds

(3.4) an(u, zn) = (Ou, 1) m — (Vi - nog, w)s = (Ou, 21) m
~————
=0
for all u € H2(M) N L%(0,T; HL(2)).

3.3. Formulation of the discrete stabilization terms for primal and dual variables. We denote by
Fr, the set of internal faces of T,,. For vector valued quantities u we define the jump across a face F' € Fj, by

[n-ulp =n1-ulg, +no-ulk,-

where K1, Ky € T, are the two simplices satisfying K; N Ky = F' and n; is the outward unit normal vector
of K, j =1,2. Associating an arbitrary but fixed normal nr to each face (ngp = ny or ng = ns), the jump
of a scalar quantity u over a face F' may be defined by

[[UHF = u|K1nF -ny + u|K2nF - No.

The jump of a vector quantity may also be defined by applying the definition of the scalar jump componen-
twise, without modifications of the theory. Below we drop the normal to alleviate the notation. The norm
over all the faces in Fj will be denoted by

Ivll7 = (Z IUIIQF> :

FeFy,

Nl=

and the norm over all the simplices { K} will be denoted by

foll, = ( ) |v||§<> g

KeTy

=

For each K € T}, we define the elementwise stabilizing form

(3.5) sic(un,un) = WOk + 12w Bens + > (B2 [AVeun]]3
FedKNFy,

A dual stabilizer is defined by
(3.6) Sic(ans ) = [ Vewanll + 10~ % 2nl3xnon-

Subsequently, the global stabilizers are defined by summing over all the elements:

* *
SZEsKand8:§sK

KeTy, KeTs

s = s%(2,2)2. Observe that the following stability

and we define the semi norms |ul, = s(u,u)? and |z
estimate holds:

_1
(3.7) [whlse S IVeawnlm + 1B 2wnllopm Ywn € Vi

~
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We also point out for future reference that for a solution to the data assimilation problem u € H?(M) and
all u, € VP, there holds

(3.8) s(u— up,u — up) = s(up, up).
Remark 4. There is some freedom in the choices of the discrete regularization terms that yield the same
error estimates as in Theorem 2 below. The choice is more flexible for the dual variable z since the continuum
analogue for this variable is zero. For instance we can define the following stabilization term for the dual
variable:

* 1 1
(3.9) 87 (2ns 2n) = sk (zn, 2n) + |07 2 2nlloxnoans) + 1h2 0cznll3 xn@an )

It is also possible to use a stabilization that is exclusively carried by the faces of the computational mesh
provided q € {p — 2,p — 1,p}. In this case we define

1 2 3 2 —1 9
(3.10) sclunun) = > (IR AV seun]l + 1A2[Ous]lE) + 15 3 un s
FedKNFy
In the second jump term we are allowed to split the operator in the time derivative and the Laplace operator
(or second order derivatives in space) without sacrificing stability or consistency since
Ih 2 [Ounllif < 1hz[07un]llF + [hE[Aus]ll-

Weak consistency of the right order still holds since for a sufficiently smooth solution u

3 3

Ihp[07ulll + 1hp[Au]ll = 0.
3.4. The discrete Lagrangian formulation for the data assimilation problem. Our finite element
method is defined by the discrete Lagrangian functional
L:VPxVI-R,

through

*

1
(3.11) L(u,2z) = §||u — o3 + % s(u,u) — % s*(z,2) + ap(u, 2),

where 7,v* > 0 are fixed constants. Here,
o = uo + due,

with uo denoting the restriction to the subset O of a continuum solution u € HPT'(M) to (1.1) and
Suo € L?(0) denoting some experimental noise in our observable data.

The corresponding Euler-Lagrange equations read as follows. Find (up, z,) € V¥ x V;? such that for all
(v, wp) € Vi’ x V! there holds

(3.12) ap(up,wp) — v s™(zn, wp) =0,
(3.13) (uh, Uh)O + 'ys(uh, Uh) + ah(vh, Zh) = (ﬂo, Uh)O-
To simplify the notation we introduce the bi-linear form

Anl(un, zn), (Vn, wn)] = (un, va)o +vs(un, vi) + an(vh, 2n) + an(un, wn) — 75" (2h, w).
The discrete problem (3.12)-(3.13) can then be recast as follows. Find up, 2z, € V' x V;? such that
(3.14) Anl(un, z1n), (0n, wp)] = (o, vn)o, Y(vp,wy) € VP x VL
Note that by definition,

Anl(un — u, 21), (vn, wn)] = (un — u,vn)o + ys(un — w,vn) + an(vn, 2n) + an(un — u, wr) — "™ (21, wh).
By (3.4), ap(u,wp) = 0. Together with (3.8) we can simplify the above expression to obtain
Anl(un — u, 21), (v, wn)] = (un — w,vn)o +vs(un, vr) + an(vh, 2n) + an(un, wn) — s (2n, wh).

Finally, applying (3.12)—(3.13) and the fact that u|o = ue, we conclude that
(3.15) Ah[(uh —u,zp), (’Uh, wh)] = ((Suo7 ’Uh)(g.

Define the residual norm

Il 21§ =l + ulf + 1213,
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and a continuity norm
1 _1
[ull« = [Veaullm + 22 AVigu - nlloa + A2 u]s.
For the purpose of our error analysis later, we also introduce a family of interpolants ﬂ',’f, that are required
to satisfy
Assumption 1. 7} : H*(M) — V¥ preserves Dirichlet boundary conditions and additionally satisfies

||U_7TZU||Hm(M) S AT ull ey for allw € HY (M) with s =0,1,...,k+1 and m=0,1,...,s.

An example of such an interpolant is the Scott-Zhang interpolant [
notations:

|. For brevity, we will use the

7, =7 and I, = .
We have the following lemma regarding the residual norm. We remind the reader that the notation < is as
defined in Remark 1.

Lemma 1. Let u € HPTY(M). There holds:
(e = Tpw, 0)ll[s < AP llull e+t (ag).
Proof. Note that
I(w = pu, 0)[lls = [lu = Mpullo + |u — Tpuls.
For the first term we immediately see that
lu = Mhullo < flu = Tapul ae S APl goss ).

To bound the contribution from the stabilization term, recall by definition that

_1 1
ju =Myl = ) (HhD(u — )5+ 175 (u = Tnw)Frns + Y Ih*[AVew(u - Hw)]]ll%) :
KeTy, FedOKNFy

We proceed to bound the three terms on the right hand side. For the first term, we note that
DO -k S Y [1Vee(u = Thw)llF S A% [ulfm -
KeTn KeTh

For the second term, we define Ap = {K : KNF # 0}, Ap = {K : KN Ap # 0} and use (3.2) to write

_1 —
1h=2 (u = Tyu) [ S b~ u = Mpul[3, + [ Vea(u = )3, < R [ulf 0 4,

By collecting the above local bounds and using the fact that Ap have finite overlaps, we conclude that

_1
S = ) B € Bl s,
KeTy,

For the last term, observe that using (3.2) again, we have:
DAV = Tl 3 (Ve Tl + R2DE 0~ Tl ) S W27l s
KeAr

where th’z denotes the Hessian matrix consisting of second order derivatives in space and time variables.
The claim follows by collecting the above local bounds analogously to the second term above. (|

Next lemma is concerned with approximation properties of the continuity norm || - ||« defined earlier. The
proof is analogous to the proof of the previous lemma and follows from the Definition of the interpolant ITj
together with (3.2) and is therefore omitted.

Lemma 2. Let u € HPTY(M). There holds:
[ = Mpull« S hP[lull ger oy,

where we recall that ) )
[ulls = [[Vegullm + 102 AV zu - nlloam + |B7 2 ul)s.

We end this section by proving that the solution to (3.14) exists and is unique.

Proposition 1. The Euler-Lagrange equation (3.14) has a unique solution (up, zp) € Vi x V,1.
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Proof. Since equation (3.14) defines a square system of linear equations, existence is equivalent to uniqueness
and we only need to show that for up = 0, the solution (up,zx) = (0,0) is unique. Indeed, suppose that
equation (3.14) with up = 0 holds for some (uy, z,) € V¥ x V;1. First observe that

[uns 20ll% < An((un, 21), (un, —21)) = 0.

This means that |z;|s+ = 0. Consequently, z;, = 0 follows immediately by the Poincaré inequality. Next,
considering u;, we immediately have that and up|o = 0 and up|x; = 0. Using the definition of the stabilization
(3.5) we see that by partial integration, followed by the Cauchy-Schwarz inequality and the trace inequality
(3.2) there holds for all w € Hg (M)

a(un,w) = (Cun, w)g, + Y (AVigun - norc, war S b~ ([B0unl7, + B2 [AVwun]ll7) 0]l -
KeTy,

-0 -0
As a consequence
1Cun g1y = sup  alup,w) =0.
weH (M)
Hw”Hl(M):l
By construction up € C°(M) N H' (M) and in particular up(0,-) € L*(Q), 0yun(0,) € L*(Q), unom)xo0 €
L?(X). We conclude that uj; vanishes thanks to Theorem 1. 0

4. ERROR ESTIMATES

We will consider the derivation of error estimates in three steps. First, we will establish the continuity

of ap( ) with respect to ||| - ||ls and || - ||« on the one hand (see Lemma 3) and then a continuity for the
exact solution with respect to ||| - [[|s and H! norms (see Lemma 4) on the other hand. Then, we will prove
convergence of the error in the ||| - |||s norm. Finally, we will use these results to prove a posteriori and a

priori error estimates based on the observability estimate of Theorem 1. We remind the reader again that
the notation < in this section is as defined in Remark 1.

Lemma 3. Let v € H*(M) + V' and wy, € V}1. Then there holds

|an (v, wp)| S (ol «|wn s
Proof. First, observe that by (3.2), (3.3) there holds
(4.1) 12 AV, qwp - nlls S || Vigwn] g

Next, using the Cauchy-Schwarz inequality we write:

1 _1 1 _1
lan(v,wn)| < |[VeavlmlVizwnlam + [[22Vizv - nllomllh™2whllom + A2 Vigwn - nls|[h™20]|s.

The claim follows by combining the previous two bounds.
|

Lemma 4. Let u € HPTH(M) be the exact solution of (1.1) satisfying (1.2) and let (up,zn) € VP x V,1 be
the unique solution of the discrete Euler-Lagrange equation (3.14). There holds

18w = un)llz-romy = sup  a(un,w) < [l (un, zn)|lls-
weH (M)
HwHHl(M)zl
Proof. First observe that
||D(u—uh)||H71(M) = sup a(u — up,w).
wEHG (M)
”“’HHI(M):l

Since Ou = 0, we have a(u,w) = 0 for all w € H}(M) thus establishing the first equality in the claim. Using
(3.12) we see that,

(4.2) a(up,w) = alup, w — Tpw) + alup, THw) — ap(up, TRwW) + 8" (2, THW).
Using integration by parts in the first term of the right hand side we see that

a(up, w — Tpw) + a(up, Tpw) — ap(up, Thw) = (Oup, w — TW) T, + Z (AV¢ gup - Nok, W — THW) oK
K€7-h
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+ (AV¢ gup, - noam, Thw)om + (up, Vrpw -n)s = I + 1T + 11T + IV.
For the term I we have
1] = |(Oup, w — myw) 7, | < |hBun|7, (A Hlw — mpwll7,) S [1hOu |7, [[w] g om-

Observe that the term I17 is absorbed by the same quantity with opposite sign in 17, eliminating all terms
mpw on the boundary. Since also w|gar = 0, we see that

IT+ 111 =] Y (AViaun - nok,w — mhw)axoml < 182 [AV, wun]l| 2, ]| 2 ()
KeTh,

where we are using (3.2) and the definition of the interpolant 7. Finally, for the term IV we use the
Cauchy-Schwarz inequality to get the bound

1 1 1
(V] =|(Viamnw -1, un)s| < A7 2un|s |h2 Viemw - nlls S A7 2unlls [[w]lar i,

where we used the bound (4.1) in the last step.
Collecting the above bounds we have that

alun, w = mw) + a(un, ww) = an(un, mrw) S ([hun |7, + (B [AV w7, + |h~ 2 unlls)l|wl o aa)-
Using the definition of ||| (un,0)]||s, we may rewrite this as
a(up, w = mhw) + alun, Tw) = an(un, Thw) S [l (un, 0)lllsllwll a1 (o)

For the remaining term in the right hand side of (4.2) we observe that by Cauchy-Schwarz inequality

8" (zn, mpw) < [|[(0, z5)|ll s [mhw

5%

We can now use (3.7) to deduce

_1
s S IViawllm + (R 2mpwllom < llwllmr (v

|7rhw

We now prove convergence in the residual norm.

Proposition 2. Let u be the solution to (1.1), satisfying (1.2). Let (up,zn) € Vi¥ x VI be the solution of
(3.14). Then

1(w = un, 2)llls S PP[ull e+ vy + [[duollL2(0)-
Proof. Let up, — u = up — lpu+Iu — u = ep + ery. Using the triangle inequality we write
—_—  ——
€p €ernr
l(un —w, 26)ll[s < [l (e, 0)llls + [l (ens 2n)lls-
Recalling Lemma 1 we only need an estimate for |||(ep, zp)]||s- There holds
Clli(ens za)lIl5 < Anl(en, 2n), (en, —2n)],
where C' > 0 only depends on v and v*. Using (3.15) we have
Anl(en, zn), (en, —2n)] = —Anl(em, 0), (en, —2zn)] + (duo, en)o-
Clearly,
[(duo, en)o| < llduollollenllo < [|duollolll(en, zu)llls-

Also, by definition

Anl(em, 0), (en, —2zn)] = (em, en)o +ys(em, en) — an(em, zn)-

As a consequence, applying the Cauchy-Schwarz inequality in the two first terms in the right hand side and
the continuity of Lemma 3 in the last term we get the bound

|An[(em, 0), (en, —2zn)]| S (llenllo + lenls + [[enll«)(lenllo + lenls + [2n]s+)
S (lenllo + lenls + [lenll«)ll[(en, zn)ls-

Collecting the above bounds and applying Lemmas 1-2 we conclude that

l(ens zn)llls < llenllo + lenls + llenll« S AP ullgrr (a) + [16uollo-
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We are now ready to state our main theorem as follows.

Theorem 2. Let p,q € N, let M = (0,T) x Q and w C Q be such that the set O = (0,T) x w satisfies the
geometric control condition. Let u € HPT1(M) solve the continuum equation (1.1) subject to some unknown
initial data ug, uy and assume that up = u|o is a priori known modulo some observable noise Sup € L*(O).
Let the discrete Lagrangian £ : VP x Vi — R be defined by (3.11). Let (up,zp) € VP x V;! be the unique
solution to the Euler-Lagrange equations (3.14). Then we have the a posteriori error estimate

sup (Il(u —un)(t, )l L2 @) + 10 (w — un)(t, ’)||H—1(Q)> S < > n%)

te[0,T] KeT
where
nie = llun — volldar + sk (un, un) + sk (zn, zn).

Moreover, the following a priori error estimate holds for the primal variablet

. (n(u )t ey + 100 — an)(, ->||H1<m) < WPllullioss ay + 600 ]lo
telo,

Proof. Taking the square of the inequality of Theorem 1 we see that with e = u — uy,

tS[tépT](He(t, Wz + 10t Ma-1@)? < lelld + 10l -1 pg) + llellz-
€lo,

First we observe that
lelld = > llun — uollbnx
KeT
and
1
lellf: = > Munldng < Y I 2unllfnk < lual?-
KeTh KeTh
Applying Lemma 4 we see that
0l S D 1k
KeThn
which proves the first claim.
For the a priori error estimate observe that by definition and by (3.8) we have

1

< > ni) < llello + [l (e, za)lls

KeTy

and we conclude by applying the error bound of Proposition 2 to the right hand side. This concludes the
proof. O

Remark 5. Tracking the influence of the stabilization parameters on the hidden constants in Theorem 2
leads to factors of the form 'y%, 'y_%, (7*)%, (7*)_%, showing that the present analysis does not allow
either parameter to vanish or to become too large. The sensitivity to the parameter choice is explored in the
numerical section.

Remark 6. Theorem 2 can be used to make a number of observations. Firstly, the discrete algorithm
is stable in the presence of the noise dup. Secondly, when the size of the noise is comparable to hP the
method converges optimally with respect to the approximation order of the finite element spaces that are
used. Finally, this latter observation suggests that in cases where some a priori knowledge of the sizes of the
physical solution and the noise is known, the mesh size h should be taken to be of order ||duo|lo/||ull gr+1(aq)-

Remark 7. Observe that the preceding analysis shows that the order of the discretization space for the dual
variable zp, namely q, can be taken to be one without sacrificing any rate of convergence for the primal
variable up. This is advantageous since then the system size only grows with increasing p.

L The convergence for the dual variable zj is given by Proposition 2.
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5. NUMERICAL EXPERIMENTS

We implement the stabilized finite element method introduced and analyzed in the previous sections with
p > ¢ and assuming no noise in the observed data, that is to say dup = 0. We also discuss the rate obtained
according, notably, to the regularity of the initial condition to be reconstructed in the case n = 1. The re-
sults are compared with those obtained with the H>2-conformal finite element method introduced in [CM15a]
which reads as follows:

Find (u,z) € V x L?(0,T; H}(Q)), with V = {u € L*(M),0u € L*(0,T; H~'(Q2)}, solution of

T T
(U,U)O + ’)// (Du, DU)Hfl(Q)dt + / (Z, DU)Hé(Q),H71(Q)dt = (UO,U)O, Yv € VY,
(5.1) 0 0

T
/ (’LU, DU)Hé(Q)’Hfl(Q)dt =0, Ywe L2(0,T; H&(Q)),
0

where (-, ) g1 (0),m-1(q) denotes the dual pairing between H}(Q) and H(9) so that

(2, 00) g3 0, 1r-1(2) = (V2, V(=AT'0w)) Vz € Hy(Q),ueV.

L2(Q)’
For any + > 0, this well-posed mixed formulation is associated to the Lagrangian
L:V xL*0,T; H}(Q) - R

defined as follows
~ 1 v T
(52) Bu.2) = g u=volls + J10ulzqry — [ (D)o oy

At the finite dimensional level, the formulation reads: find (up, z5) € Vi, X Py, solution of

{ (un,vn)o +vh*(Oup, Ovp) m + (21, Ove) i = (uo,vn)o, Vo € Vi,

(5.3)
(wh, Duh)/\/[ =0, Ywy, € P}“

where V}, C V and P, C L2(0,T; H}(Q)) for all b > 0. Asin [CM15a], we shall use a conformal approximation
Vi, based on the C! triangular reduced HCT element (see [BH81]). Concerning the approximation of the
multiplier z, we consider P, = {z € C(M) : u;x € P*(K),VK € T,}. This method does not enter the above
framework, however if a dual stabilizer as in (3.6) is added, the above theory may be applied and leads to
error bounds also in this case.

The experiments are performed with the FreeFem++ package developed at the University Paris 6 (see
[Hecl2]), very well-adapted to the spacetime formulation.

Remark 8. The cases where p < q were included in the numerical study. Although the expected convergence
rates were observed, such methods turned out to be very sensitive to the choice of stabilization parameters.
This locking phenomenon lead to unsatisfactory results and the results are not reported here.

5.1. Example 1. For our first example, we take simply Q = (0,1) and first consider an observation up
based on the smooth initial condition (ug(z),u1(z)) = (sin(3wz),0) completed with T'= 2 and w = (0.1, 0.3).
Observe that the corresponding solution is simply the smooth function

(Ex1) wu(t,x) = sin(3wx) cos(3nt).

In view of Theorem 2, we expect a rate equal to p for the primal variable u when approximated with elements
in V. Tables 3, 4, 5, 6 provide the norms

v = unllz2omy/llullzomy, 11w = un)(0,)[[20,1) /w0, )l L20,1), (v = un)e(0, )l r2(0,1)
with respect to h for the primal variable and the norm ||2x| 120,711 (0,1)) With respect to h for the dual
variable. These are obtained from the formulation (5.3) based on a conformal approximation with v = 1073
and from the formulation (3.14) based on a non conformal approximation with p,q € {1,2,3}, p > ¢ (see
(3.1)). For the latter, we use the dual stabilizer (3.6) with v = 1073, 4* = 1. The linear system associated
to the mixed formulation (3.12)-(3.13) is solved using the multi-frontal LU direct solver UMFPACK.
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Concerning the primal variable u, we obtain the following behavior
[l = unllL2vy /llull L2 = B x BT
with
=40 7 =1.66,
=l 7 =3.06, c V2 x V!,
=e"1% 7 =4.06, eVl x V,

B (un, zn) € Vi X Vi,
B ( )
B ( )

(5.4) B=e"8 7=335(un,z) €V x V2,
B ( )
B ( )
B

— MO g1, eV x V2,
— 21— 408, e V2 x V3,
=92 7 =367, (up,zn) € HOT x V},

in agreement with Theorem 2. We observe actually a super convergence in all cases, very likely due to
the regularity of the solution to be reconstructed. Figure 1-Left depicts the evolution of the relative error
lw — unllL2(a) /| ull L2y with respect to h for the approximation Vi’ x Vi!, p € 1,2,3 and for the HCT
element based on a H?(Qr) approximation. We notice that the case p = 3 produces similar results than
the H?(Qr) based approximation HCT x V;I. We also observe that the value of ¢ does not affect the rate
in agreement with Remark 7 (see Figure 1-Right). Table 2 collects the CPU time observed for various
discretization and indicates that the use of the space Vh2 X Vh1 seems very appropriate.

Since u is a well-prepared solution, we check from Table 3 that the approximation zj, of the dual variable
(which has the meaning of a Lagrange multiplier for the weak formulation of the wave equation) goes to zero
with A for the L?(0,7T; H}(0,1)) norm.

With respect to the role of v and 7*, here taken equal to 10~2 and 1 respectively, we have observed the
following phenomenon: when p is strictly larger than ¢, i.e. when the primal variable is approximated in a
richer space than the dual one, the value of v* has no influence on the quality of the result. In particular
~v* = 0 still leads to a well-posed discrete formulation and provides the same results compared to for instance
~* = 1. This suggests, as least in the one dimensional setting for which d = 1, that the finite element spaces
satisfy an inf-sup condition and that the stabilized term s*(zj, zp,) for the dual variable z is not necessary.
Moreover, in that case, whatever be the value of v*, v must be small but strictly positive; the choice v =0
leads to a non invertible formulation. Still in the case p > ¢, we also observed that the rate of convergence
with respect to h is independent of the value of the parameter «. Small values strictly positive leads however
to better constants as reported in Figure 2. It should be noted that smaller value of v leads to an increasing
amount of CPU time needed to solve the formulation 3.14 through the UMFPACK solver (in view of the
ill-posedeness for v = 0).

On the contrary, when the same finite element space is used for primal and dual variables, i.e. when p = ¢,
we observe that the stabilization of the dual variable, i.e. v* > 0 is compulsory to achieve well-posedness.
In that case, the choice v = 0 provides excellent results (except for p = ¢ = 1 and h not small enough). We
remark that similar qualitative and quantitative conclusions are observed with structured meshes.

mesh g1 2 3 g4 £5
h 157 x 1071 822x 1072 4.03x10°2 229x 102 1.25x 102
card(Tr) 442 1750 7164 29182 116300
fvertices 252 936 3703 14832 58631
card(Vy,) - Py 945 3621 14569 58845 233561
card(Vy,) - P3 2080 8056 32599 132040 524791
card(Vy) - HCT 1449 5493 21975 88509 350823

TABLE 1. Data of five triangular meshes associated to M = (0, 1) x (0,2).

We also emphasize that the spacetime discretization introduced in the previous sections is very well-
appropriated for mesh adaptivity. Using the V;? x V}! approximation, Figure 4-left depicts the mesh obtained
after seven adaptive refinements based on the local values of gradient of the primal variable uy. Starting with
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VT

2 1
Vh, X Vvh

V2 x V2

3 1
‘/}L XVh

3 2
Vh X‘/h

V3 x V3

HCT x V!

3
1.74

4.78

8.46

16.19

19.27

28.59

10.76

TABLE 2. (Ex1); CPU time (in second) to solve (3.12)-(3.13) with the mesh #4.

13

h [157x107"7 822x107% 4.03x10°2 229x107% 1.25 x 10" * |
(5.3) - HCT x VI [9.88 x 10=% 1.22x10~% 1.83x 107" 249 x107% 3.52 x 107
(3.14) - VI x V,} 4.64x 1072 479%x 1072 3.03x 1072 151x 1072 7.76 x 1073
(3.14) - V2 x Vh 6.14 x 1073 1.45x 1073 4.07x 107* 9.96 x 1075 2.64 x 1075
(3.14) - V2 x VI [ 223 x107* 3.02x 107° 4.02x 1075 4.99 x 10~7 6.85 x 1078
(3.14) - Vh2 xVZ 410 x1072 1.16 x 1072 2.68 x 107% 6.49 x 10~7 1.61 x 10~ *
(3.14) - V2 x V2 [ 257 x 1073 3.98 x 107* 4.83x 107° 6.43 x 1075 7.76 x 1077
(3.14) - V2 x V3 19.06 x 1073 1.10x 1073 1.25x 10~% 1.55x 107° 1.92x 107°

TABLE 3. (Ex1); [|znllp2(0,7;m2 (0,1)) W-I-t D

h [157x107" 822x107% 4.03x10°2 229x10~% 1.25x 10 *
(5.3) - HCT x VI [1.32 x 1072 9.24 x 10-% 872 x 107° 837 x 1075 1.20 x 1076
(3.14) - VI x VI 18.07x 1071 4.94x 1071 181 x 1071 4.90x 1072 1.25x 1072
(3.14) - V2 x V! 1 1.00x 1071 941 x 1073 1.23x 1073 2.12x107* 4.03 x 1075
(3.14) - V2 x Vil || 761 x 1072 516 x 107* 4.15x 107° 2.64x 1076 2.63 x 1077
(3.14) - V2 x V2 158 x 1071 127x 1072 121x 1073 2.05x 10" 3.01 x 107°
(3.14) - V2 x V2 [ 6.49x 1073 3.97x107* 321 x107° 229x 1075 2.52x 1077
(3.14) - V3 x V3 [9.07x 1073 531 x10°% 3.92x107° 2.74x 1075 3.01 x 10°7

TaBLE 4. (Ex1); ||u — ’LLh”Lz(M)/HUHLQ(M) w.r.t. h.

h [157x107" 822x10°% 4.03x10°% 229x10~% 1.25x 10 ?
(5.3) - HOT x V; [ 6.64 x 107% 6.23 x 1077 6.55 x 10> 6.25 x 107 1.20 x 10~ °
(3.14) - VI x VI [8.02x 1071 4.94x 1071 1.81 x 1071 4.89 x 1072 1.25 x 1072
(3.14) - V2 x V! |/ 1.04 x 1071 845 x 1073 9.30 x 107* 1.57 x 107* 2.32x 1075
(3.14) - V3 x VI [ 481 x 1073 348 x 107* 3.68 x 107° 2.46 x 1075 1.85 x 1077
(3.14) - V2 x V2 [[1.55x 1071 9.29x 1072 1.03x 1073 1.85x 10~* 2.00 x 1075
(3.14) - V2 x V2 | 422 x 1073 326 x 107% 223 x107° 1.93x107% 1.65 x 1077
(314) - V2 x V3 [[523x107% 352x10°% 287x10° 250x 107° 1.99 x 10~7

TaBLE 5. (Ex1); [[(u —uz)(,0)||z20.0)/[[u(, 0)|| £2(0.1) W.r-t. .

h [157x10°" 822x1072 4.03x107% 229x10°* 1.25x10 |
(5.3) - HCT x VI [ 1.74 x 1071 9.29 x 1072 3.81 x 1072 1.85 x 1072 8.96 x 1073
(3.14) - Vh x VI 285 x1072 457 x 1072 2.68x 1072 148 x10~2 7.09 x 103
(3.14) - V2 x V1 1387 x 1072 856 x 1073 2.03x 1073 4.95x 107* 1.19x 1074
(3.14) - V3 x VI 1610 x 1073 6.71 x 107* 6.32x 107° 6.89 x 1075 8.32 x 1077
(3.14) - V2 x V2 1318 x 1072 820x 1073 2.01x 1073 4.82x 1077 1.14x 1071
(3.14) - V3 x V2 [ 6.82x 1073 6.50 x 107 6.24 x 107° 6.94 x 1075 8.28 x 1077
(3.14) - V3 x V3 [[7.36 x 1073 6.69 x 10~*% 6.26 x 107° 6.87 x 1075 8.26 x 107

TABLE 6. (Ex1); |[(w — up)+(-,

)||H71(O,1) w.r.t. h
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10° 1 10° ]
(
102 ¢ D 102t
10+ 10 ¢
=V x V!
6L <4V <V, 1 100t
10 V2 x v
-©-HCT x V!
8 : 108 :
10 2 1
1072 h 10 10 h 10

FIGURE 1. (Ex1)- Relative error ||u — unl|z2(pm) /|2l L2(aq) With respect to h for various
approximation spaces (see Table 4); v = 1073, vy* = 1.

10°

-8 .
10
107 h 107

FIGURE 2. (Ex1)- Relative error ||[u — unl[z2(am)/[|w]|L2(aq) With respect to h and « for the
approximation spaces Vi x V! (Left), V;? x V;! (Right) and V;3 x V}! (Bottom); v* = 1.

a coarse mesh composed of 288 triangles and 166 vertex, the final mesh is composed with 13068 triangles
and 6700 vertices. We obtain the following values: [|zp|p2(y) = 4.32 X 1074 [lu — unll L2 /ull 2oy =
8.42 x 10_3; H(U, — Uh)(O)”[ﬁ(o’l)/H’U,(O)||L2(0’1) = 8.30 x 10_3; ||(’LL — uh)t(O)HHq(OJ) = 147 x 10_3 for a
CPU time equal to 3.01.
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5.1.1. Iterative solution using a conjugate gradient algorithm. Finally, we recall that the mixed formulation
(3.12)-(3.13) associated to the Lagrangian £ defined in (3.11) may be reformulated into an equivalent ex-
tremal problem involving only the dual variable z,: precisely, if (u, z,) € VP x V;? is the saddle-point of £,
then z;, € V;! is the minimizer of the functional J* : V,;7 — R defined by

T (z) = 1(umuz)o + ls(uz,uz) + ls*(z, 2) — ap(Uzy, 2)

2 2 2
where, for any z € V!, u, € V¥ solves, for all v, € V/
(5.5) (uz,vp)o + vs(uz,vn) + ap(vp, 2) =0

and where u., € V! solves, for all v, € V//

(Uzg,v0)0 +V8(Uzy, V1) = (U0, Vn)0-

The minimization of J* may be done iteratively through the conjugate gradient algorithm. Each iteration
requires the resolution of the well-posed problem (5.5), simpler - notably in terms of computational ressource
- than the direct resolution of (3.12)-(3.13). This reformulation is mainly of interest for multi-dimensional
cases for which n > 1. We refer for instance to [CM15a, section 2.2] where this is employed. The conjugate
gradient is initialized with the zero function and stopped as soon as the gradient g, € V;! at the iteration k
satisfies |gr|s+/|go]s» < 107%. Moreover, at each iteration, problem (5.5) is solved with the Cholesky solver.
Once the minimizer z;? of J* is obtained, the corresponding primal solution is defined as u;? = Uzeo + Usg .
We checked that the above stopping criterion ensures a value of |[up —u;? || L2 (a) +yun —uy? [s+7* 120 — 277 | o+
of the order 107°, 107¢ and 10~7 when the approximations V;} x V;!, V;2 x V}! and V;3 x V}! are employed
respectively. Consequently, we simply report in Table 7 the number of iterations of the algorithm for
v* =1and v € {1,1071,1072,1073}. As expected, a larger value of v increases the coercivity property
of the functional J*. In view of Figure 2, the approximation V;2 x V;! combined with v = 1. leads to an
appropriate choice.

y h [157x107"T 8.22x 107 4.03x107% 229x10°% 1.25x107]
(314)- VI XV -7=10"73 98 160 275 496 922
(314) - V2 x V)l -y =1073 69 124 261 561 1257
3.14) - VP x V) -y =1073 49 101 216 474 997

h h
(B14) - VI x V] -7y=107 37 54 92 168 314
(3.14) - V2 x V)l -y =102 50 89 169 338 699
(314) - VP x V)l -y =102 43 82 174 357 682
(314) - VZ XV, -y =10"" 24 41 74 140 280
3.14) - VP x V) -y =10"" 25 46 85 160 292

h h

[ 314 - VP xVl-4=1 ] 11 18 31 58 102 |

TaBLE 7. (Ex1); Number of iterations for the CG algorithm w.r.t. h and ~; v* = 1.

5.2. Example 2. For our second numerical example, we consider the observation uxn based on the initial
condition ug(z) =1 — [22 — 1] € H}(Q), u1(x) = 11/3.2/3)(x) € L*(Q) and T = 2, w = (0.1,0.3), considered
in [CM15a, section 5.1]. The corresponding solution u belongs to H!(M) but not in H?(M) and is given by

u(t,z) = Z (ak cos(kmt) + L3 sin(k:mf)) V2sin(knt),

km
(EX2) k>0
V2 1
U= s sin(nk/2), by = E(cos(wk/ﬁ%) —cos(27k/3)), k> 0.

We define the observation ue as the restriction over (0.1, 0.3) x (0, 2) of the first fifty terms in the previous
sum. Tables 8, 9, 10, 11 provide the norms

lu —unllLzoany/lwllLzagys 1w —un) (0, )lz20,1), 1w —un)e(0, )l z2(0,1)



16 BURMAN, FEIZMOHAMMADI, MUNCH, AND OKSANEN

with respect to A for the primal variable and ||zp ||z g1y with respect to h for the dual variable, obtained
from the formulation (5.3) and from the formulation (3.14) with p € {1,2,3},q € {1,2} and ¢ < p (see (3.1)).
We use again the dual stabilizer (3.6) with v = 1073 and v* = 1.

Figure 3-Left depicts the relative error ||u — up||r2(ag)/||ullL2(m) = B x b7 with respect to h. We get
a convergence rate around one, independent of approximation order or smoothness of the approximation
space. More precisely

B=e920 7=083, (un,zn) € Vhl X Vhl,
(5.:6) B=e"%" 7 =1.02 (up,zn) €VZx V5,
’ B=e 068 =123, (un,zn) € Vh3 X Vhl,

B=e0" 7 =117, (up,z,) € HCT x V;-.

and confirm, in agreement with Theorem 2, that the rate of convergence depends on the regularity of the
solution u. Note that the observed rate also here is better than what is predicted by Theorem 2. We also
check that increasing the order of the space for the dual variable does not improve the accuracy. Moreover,
we observe the same property as the first example with respect to the choice of the parameter v and ~*.
In particular, as depicted in Figure 3-Left, a lower value of v allows to improve the reconstruction of the
solution.

We remark that, since the solution u to be reconstructed, develops singularities along characteristic lines
starting from the point 2 = 1/2 (due to the initial position ug) and from the points = 1/3,2/3 (due to
the initial velocity wu;), the adaptative refinement of the mesh mentioned in the previous subsection is of
particular interest here. Using the V;? x V;! approximation, Figure 4-left depicts the mesh obtained after ten
adaptative refinements based on the local values of gradient of the primal variable uy. Starting with a coarse
mesh composed of 288 triangles and 166 vertex, the final mesh is composed with 12118 triangles and 6213
vertices. We obtain the following values: [|zp[|p2(g1) = 5.15 x 107°; [Ju — un || L2 vy /1wl L2y = 1.74 x 1073,
([ (= un) (0, )| 20,1/ 14(0; )| 22 (0,1) = 7-63 x 104 [ (w = up) (0, )| -1 (0,1)/ 1 (0, )| 7210, 1) =293x 107"
for a CPU time equal to 3.13. The final mesh clearly exhibits the singularities generated by the initial data
(ug, u1). On the contrary, the refinement strategy coupled with the HCT element does not permit to capture
so clearly such singularities, in particular the weaker ones starting from the point x = 1/3 and = = 2/3 (see
[CM15a, Figure 1]).

y h [157x107" 822x1072 4.03x107% 229x10°% 1.25x 107 |
(5.3) HCT X V,} 470 x107% 269 x107% 148 x 10-% 880 x 10~° 2.44 x 10~°
(3.14) - VI x Vh 1.41x 1072 9.02x 1073 431x1073 237x10°3 1.43x 1073
(3.14) - V2 X Vh 947 x 107* 527 x107* 3.13x107* 1.64x 107* 9.55 x 107>
(3.14) - V3 x VI [1215x 107 1.23x107* 7.24x 107> 4.70x 107> 6.61 x 107°

TABLE 8. (Ex2); [|znllz2(0,7:m2(0,1)) W-I-t. h

y h [157x107" 822x10°% 4.03x10°2 229x10~% 1.25x 10 *
(5.3) HOT x VE215x1072 9.80 x 1075 470 x 10~% 2.34 x 10~° 4.90 x 10~ *
(3.14) - VI x V,} 1.34x 1071 734x 1072 4.22x1072 2.62x 1072 1.60 x 1072
(3.14) - 2 X Vh 3.84x 1072 2.02x 1072 1.01x 107! 530x 1072 2.68 x 1073
(3.14) - V3 x V1 11210x 1072 9.30x 1073 4.33x 1073 1.88x 1073 1.79 x 1074

TABLE 9. (Ex2); [[(u —un)|lL2a0/llull L2(m) wor-t. h.

6. CONCLUDING REMARKS

We have introduced and analyzed a spacetime finite element approximation of a data assimilation problem
for the wave equation. Based on an H'-approximation that is nonconformal in H?2, the analysis yields error
estimates for the natural norm

<(0,T; L*(Q)) N H*

(0,T;H-

1)
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y h [157x107" 822x1072 4.03x107% 229x10°? 1.25x 102
(5.3) HCT x V[ 1.84x107% 9.08 x 1073 4.20 x 1073 1.96 x 1073 1.33 x 1073
(3.14) - VI x VI 1130 x 1071 6.84 x 1072 4.10x 1072 257 x10"2 1.57 x 102
(3.14) - V2 x VI 1370 x 1072 1.94x 1072 9.69 x 1073 4.88 x 1073 2.36 x 1073
(3.14) - V2 x V! || 1.72x 1072 838 x 1073 3.65x 1073 1.67x 1073 1.73x 1073

TABLE 10. (EXZ) H(U — Uh)( )HLQ(O,I)/HU(" O)HLQ(O,I) w.r.t. h.

y h [157x107" 822x10°% 4.03x10°% 229x107% 1.25x10?
(5.3) HOT x V,E620x1071 428 x10°1 3.68x 1071 3.26 x 107! 454 x 10!
(3.14) - VI x VI [ 6.47x1071 435 x1071 3.63x10°1 3.21x10°! 3.05 x 107!
(3.14) - V2 x V1 13.01 x 1071 2.85x 1071 2.96 x 1071 2.90 x 1071 2.94 x 10~*
(3.14) - V3 x VI |/ 315 x 107! 2.87 x 107! 2.98 x 107! 2.91 x 107! 3.01 x 107!

Tane 11, (Ex2); [|(u— un)e (-, 0l -1 0,1/ 1 (e (-, 0) | ir-1.0,1) Wt .

10-1 L
10—2 L
©-7=1 .
3L B-v=10"
10 v =10"2
-7 =107
-©-HCT x Vh “Fy=10"
10 y=107
107 " . ——
10° h 10° 107 h 107t

FIGURE 3. (Ex2)- Left:Relative error ||u—un||L2(a1) /|1l 2(a1) With respect to h for various
approximation spaces (see Table 9); Right: Relative error ||u — unl|r2(a0)/||ullL2(amq) With
respect to h and v for the approximation V2 x V!

of order 1P, where p is the degree of the polynomials used to describe the primal variable u to be reconstructed.
The numerical experiments performed for two initial data, the first one in H* x H*~! for all k£ € N, the
second one in H' x L?, exhibit the efficiency of the method.

We emphasize that spacetime formulations are easier to implement than time-marching methods, since
in particular, there is no kind of CFL condition between the time and space discretization parameters.
Moreover, as shown in the numerical section, they are well-suited for mesh adaptivity.

In comparison with the formulation introduced in [CM15a], the H'-formulation of the present work
does not require the introduction of sophisticated finite element spaces. On the other hand, the formulation
requires additional stabilized terms which are function of the jump of the gradient across the boundary of each
element, see the definition of s, in (3.5). These kinds of terms are known from non-conforming approximation
of fourth order problems [EGHT02]. So the approach can be interpreted as a non-conforming, stabilized
version of the method in [CM15a]. The implementation of the stabilized terms is not straightforward, in
particular, in higher dimension, and is usually not available in finite element softwares. In such cases one
can apply the so-called orthogonal sub-scale stabilization [Cod00], which can be shown to be equivalent,
but requires the introduction of additional degrees of freedom, one for each component of the spacetime
gradient. Another possible way to circumvent the introduction of the gradient jump terms is to consider
non-conforming approximation of the Crouzeix-Raviart type as in [Burl7]. A penalty is then needed on the
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FIGURE 4. Locally refine spacetime meshes for the example 1 (Left) and the example 2 (Right).

solution jump instead to control the H'-conformity error. For the time discretization one could also explore
the possibility of using discontinuous Petrov-Galerkin methods (see for instance [SZ18, EW19]).

The analysis performed can easily be extended to more general wave equations of the form

ug — div(a(z)Vu) + p(z,t)u =0

witha € L>®(Q, R} ) and p € L>° (M) allowing to consider, through appropriate linearization techniques, data
assimilation problem for nonlinear wave equation of the form uy—Au+g(u) = 0. From application viewpoint,
it is also interesting to explore if a spacetime approach based on a non conformal H!-approximation can be
efficient to address data assimilation problem from boundary observation. We refer to [CM15b] where a H?
conformal approximation -similar to (5.3) - is discussed, assuming that the normal derivative d,u € L?(X)
is available on a part large enough of ¥ = (0,7) x 09Q2. Eventually, the issue of the approximation of
controllability problems for the wave equation through non conformal spacetime approach can very likely be
addressed as well: remember that the control of minimal L?(O x (0,7)) norm for the initial data (zo, 21) €
HE () x L?() is given by v = ulp where u together with z is the saddle point of the following Lagrangian
L:V xL20,T; H:(Q)) - R
T
Eu,2) = Sl + 210l rrsay — [ (20 oyt
’ 9 ) (0,T;H-1()) 0 Hg(Q),H=1()

+ (ue(+ 0), 20) -1 (), m1 () — (u(+,0), 21) 12(0),

very close to (5.2). We refer to [CCM14].
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