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Abstract: In this paper, the optimal design of a multi-speed transmission system in terms of gear ratio,
number of gears and gear shifting strategy is investigated for a parallel hybrid electric vehicle. The
design procedure starts with the optimization of the transmission configuration to identify the optimal
gear ratios for a specified number of gears. In order to avoid solving a complex co-optimization problem
that involves numerous control variables for hybrid powertrain energy management (EM), gear ratios and
gear shifting, the gear ratio optimization is properly decoupled from the co-optimization problem, while
the optimal gear shifting strategy for the optimized gear ratios is determined jointly with the powertrain
EM. The separation of the co-optimization makes it possible to solve individual problems by dynamic
programming (DP), which guarantees global optimality. To show the impact of optimally designed and
controlled transmission on fuel savings, the fuel economy solution of the proposed scheme is compared
with the traditional EM and gear shifting optimization method that applies non-optimized gear ratios.
Simulation examples verify the effectiveness of the proposed methodology and show the fuel savings
incurred by the configuration optimization of the multi-speed transmission system.

1. INTRODUCTION

Due to the increase of CO2 levels and consumption of the
finite supply of oil, the automotive industry is experiencing
an inevitable paradigm shift from conventional powertrain to
electrified powertrain. One of the viable solutions is the hybrid
electric vehicle (HEV), which has been developed rapidly in
the past two decades. HEVs as opposed to conventional ve-
hicles are powered by multiple power sources, which enable
extra dimensions in the powertrain control, as the power split
between energy sources can be freely optimized in terms of
fuel consumption and tailpipe emission. The problem of finding
the proper power split for HEVs is referred to as energy man-
agement (EM) control problem, which has been investigated
substantially in the literature (Sabri et al., 2016; Shabbir and
Evangelou, 2016; Hou et al., 2014; Liu et al., 2017; Zeng and
Wang, 2015; Kim et al., 2014; Chen et al., 2019).

Based on the arrangement of the hybrid powertrain compo-
nents, hybrid electric powertrains can be categorized into series,
parallel, and series-parallel topologies. In the case of the par-
allel architecture, the internal combustion engine (ICE) is me-
chanically connected to the wheels via a gearbox, and therefore,
the operating points of the ICE do not only depend on the ener-
gy source power split but also depend on gearbox configuration
and working pattern.In (Ngo et al., 2012), it has been shown
that the optimally designed transmission system can further
improve the performance of the EM strategies in terms of the
fuel economy. However, most of EM strategies in the literature
are developed for predetermined gearbox configurations and
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gear shifting policies, which are usually non-optimal (Sabri
et al., 2016; Li and Evangelou, 2019; Hou et al., 2014; Zeng
and Wang, 2015). As such, these EM methods tend to yield
suboptimal solutions.

Previous research has also considered the transmission op-
timization for parallel HEVs. For instance, a transmission-
actuated EM strategy is proposed in (Sundstrom et al., 2009),
where the equivalent consumption minimization strategy (ECM-
S) is extended to offer the optimization solution of the gear
shift strategy. In (Ngo et al., 2015), the energy losses of the
gearbox are investigated for HEVs, where both EM and gear
shift are jointly optimized. More recently, a distributed opti-
mization approach is developed in (Joševski and Abel, 2016)
aiming to solve the co-optimization problem of the EM and
gear shifting control in two steps to reduced the computational
complexity. The aforementioned works only focus on the gear
shifting optimization. However, the optimization of the gear
ratio and the number of gears, which are neglected, could alter
the optimal gear shirting policy. Therefore, the present work
investigates the optimization of all the mentioned aspects.

The investigation carried out in this paper is based on a typical
parallel HEV with the through-the-road (TTR) powertrain ar-
chitecture. Nevertheless, the ideas that are presented also have
relevance to other parallel HEV architectures. The developed
method is formed by two steps. First, an approach based on
optimization and classification techniques is proposed to deter-
mine the number of gears and the corresponding gear ratios.
Subsequently, a joint optimization of energy management and
gear shifting is formulated and solved by dynamic program-
ming (DP) (Sundstrom and Guzzella, 2009) to find the optimal
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Due to the increase of CO2 levels and consumption of the
finite supply of oil, the automotive industry is experiencing
an inevitable paradigm shift from conventional powertrain to
electrified powertrain. One of the viable solutions is the hybrid
electric vehicle (HEV), which has been developed rapidly in
the past two decades. HEVs as opposed to conventional ve-
hicles are powered by multiple power sources, which enable
extra dimensions in the powertrain control, as the power split
between energy sources can be freely optimized in terms of
fuel consumption and tailpipe emission. The problem of finding
the proper power split for HEVs is referred to as energy man-
agement (EM) control problem, which has been investigated
substantially in the literature (Sabri et al., 2016; Shabbir and
Evangelou, 2016; Hou et al., 2014; Liu et al., 2017; Zeng and
Wang, 2015; Kim et al., 2014; Chen et al., 2019).

Based on the arrangement of the hybrid powertrain compo-
nents, hybrid electric powertrains can be categorized into series,
parallel, and series-parallel topologies. In the case of the par-
allel architecture, the internal combustion engine (ICE) is me-
chanically connected to the wheels via a gearbox, and therefore,
the operating points of the ICE do not only depend on the ener-
gy source power split but also depend on gearbox configuration
and working pattern.In (Ngo et al., 2012), it has been shown
that the optimally designed transmission system can further
improve the performance of the EM strategies in terms of the
fuel economy. However, most of EM strategies in the literature
are developed for predetermined gearbox configurations and
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gear shifting policies, which are usually non-optimal (Sabri
et al., 2016; Li and Evangelou, 2019; Hou et al., 2014; Zeng
and Wang, 2015). As such, these EM methods tend to yield
suboptimal solutions.

Previous research has also considered the transmission op-
timization for parallel HEVs. For instance, a transmission-
actuated EM strategy is proposed in (Sundstrom et al., 2009),
where the equivalent consumption minimization strategy (ECM-
S) is extended to offer the optimization solution of the gear
shift strategy. In (Ngo et al., 2015), the energy losses of the
gearbox are investigated for HEVs, where both EM and gear
shift are jointly optimized. More recently, a distributed opti-
mization approach is developed in (Joševski and Abel, 2016)
aiming to solve the co-optimization problem of the EM and
gear shifting control in two steps to reduced the computational
complexity. The aforementioned works only focus on the gear
shifting optimization. However, the optimization of the gear
ratio and the number of gears, which are neglected, could alter
the optimal gear shirting policy. Therefore, the present work
investigates the optimization of all the mentioned aspects.

The investigation carried out in this paper is based on a typical
parallel HEV with the through-the-road (TTR) powertrain ar-
chitecture. Nevertheless, the ideas that are presented also have
relevance to other parallel HEV architectures. The developed
method is formed by two steps. First, an approach based on
optimization and classification techniques is proposed to deter-
mine the number of gears and the corresponding gear ratios.
Subsequently, a joint optimization of energy management and
gear shifting is formulated and solved by dynamic program-
ming (DP) (Sundstrom and Guzzella, 2009) to find the optimal
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gear shifting strategy and power split for the optimized gearbox
configuration obtained in the first step. The fuel economy so-
lution of the proposed method is benchmarked against two ap-
proaches: a) a conventional EM method with fixed gear shifting
policy and gear ratios, and b) the same two step optimization
mechanism but with an idealized stepless gearbox, where the
latter is expected to be better than the proposed method due
the flexibility offered by the stepless gearbox. The comparative
results show the effectiveness of the proposed method and fuel
savings against the benchmark solution.

The rest of the paper is organized as follows. Section 2 intro-
duces prelinimaries of the study, including the HEV powertrain
model and test driving cycles. In Section 3, the gear ratio opti-
mization approach is presented, while the joint optimization of
energy management and gear shifting is described and tested
in Section 4 by comparisons with the benchmark solutions.
Finally, Section 5 draws the conclusions of this work.

2. PRELIMINARIES

2.1 Powertrain Architecture and Modelling

The TTR HEV powertrain used in this study is illustrated in
Fig. 1. The powertrain includes an electric path and a fuel
path, which drive two axles separately. The fuel path is formed

  









Fig. 1. Powertrain architecture of TTR HEV. B: battery, DC: D-
C/DC converter, M: motor, I: DC/AC inverter, G: gearbox,
T: fixed transmission; FW: front axle, RW: rear axle.

by an ICE that converts chemical fuel power to mechanical
propulsion power. The ICE is connected to the front axle
through a stepped transmission. On the other hand, the electric
branch is powered by the battery that provides the power to
the electric machine to drive the rear axle when the electric
machine is motoring, and the battery can regenerate kinetic
energy by turning the electric machine into a generator during
braking.

According to the vehicle longitudinal dynamics, the total driv-
ing power demand Ppl requested to follow a given driving cycle
can be evaluated by

Ppl = (m
dv
dt

+ fT mg+ fDv2)v (1)

where m is the vehicle mass, v is the vehicle speed, fT is the
rolling resistance coefficient and fD is the aerodynamics drag
coefficient. The requested driving power is met by the power
outputs of both branches and the possible mechanical braking
power, expressed as

Ppl = Pmt +Peg +Ph (2)
where Pmt and Peg represent the final driving power delivered by
the electric and ICE branches, respectively, and Ph denotes the
mechanical braking power directly applied to the wheels. The
electric branch allows the regenerative braking that conveys
braking power (negative Ppl) up to the battery. In the present

work, it is assumed that the power regeneration is only restrict-
ed by the battery charging power limit, and when the limit is
reached, mechanical brakes are actuated to provide the rest of
the braking power.

The detailed powertrain model has been presented in previous
work (Li and Evangelou, 2019), where the ICE and electric
motor are modeled by steady state efficiency maps with respect
to the toque and angular speed, while other powertrain com-
ponents are simply modeled by constant efficiency factors. For
the sake of brevity, let us define the efficiencies of electric and
fuel paths respectively by ηmt(Tlm,ωm) = ηdcηtηiηm(Tlm,ωm)
and ηeg(Te,ωe) =ηgηe(Te,ωe), where ηe, ηm, ηg,ηdc,ηi,ηt are
the efficiencies of the ICE, motor, gearbox, DC/DC converter,
DC/AC inverter and fixed gear transmission, respectively, Te is
the ICE torque, ωe is the ICE speed, and Tlm and ωm are the
torque and speed of the electric motor respectively. The overall
powertrain system dynamics are given by

d
dt

(
m f

SOC

)
=




Peg

ηeg(Te,ωe)QLHV

− Pmt

(ηmt(Tlm,ωm))
sign(Pmt )VbQmax


 (3)

where m f represents the fuel mass, SOC denotes the battery
state-of-charge, QLHV is the gasoline lower heating value, Vb is
the battery voltage, determined by

Vb =Voc − ibRb

with Voc the battery open circuit voltage, Rb the battery internal
resistance and ib the battery current assumed positive during
the discharge phase. The engine speed ωe is coupled with the
vehicle speed via the stepped gearbox, as follows:

ωe =
ge,ig f d

rwheel
v (4)

where ge,i represents the ith gear ratio, g f d is the final drive
ratio, and rwheel is the wheel radius. The HEV powertrain
parameters are listed in Table 1.

Table 1. Main Vehicle Model Parameters

symbol value description
m 1770 kg vehicle mass
fT 0.01 rolling resistance coefficient
fD 0.47 aerodynamics drag coefficient
r 0.305m Wheel radius
gm 2.9 motor transmission ratio
Qmax 5.65 Ah battery capacity
Rb 0.2056 Ω battery internal resistance
Voc 230V battery open circuit voltage
Pb,min/b,max 27/−15kW max/min battery power
ηi 0.96 efficiency of inverter
ηdc 0.96 efficiency of converter
ηt 0.96 efficiency of motor transmission
ηg 0.96 efficiency of the gearbox
Pe,max 120kW maximum ICE power
Te,max 300Nm maximum ICE torque
Pm,min/m,max 27/−27kW max/min motor power
Tm,min/m,max 200/−200Nm max/min motor torque

2.2 Driving cycles

In this work, the co-optimization problem of energy manage-
ment and gearbox ratios as well as gear shifting strategy are
investigated by numerical optimization in which the vehicle
follows defined speed profiles according to specific driving
cycles. The WLTP (worldwide harmonized light vehicles test
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policy and gear ratios, and b) the same two step optimization
mechanism but with an idealized stepless gearbox, where the
latter is expected to be better than the proposed method due
the flexibility offered by the stepless gearbox. The comparative
results show the effectiveness of the proposed method and fuel
savings against the benchmark solution.
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model and test driving cycles. In Section 3, the gear ratio opti-
mization approach is presented, while the joint optimization of
energy management and gear shifting is described and tested
in Section 4 by comparisons with the benchmark solutions.
Finally, Section 5 draws the conclusions of this work.
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Fig. 1. Powertrain architecture of TTR HEV. B: battery, DC: D-
C/DC converter, M: motor, I: DC/AC inverter, G: gearbox,
T: fixed transmission; FW: front axle, RW: rear axle.

by an ICE that converts chemical fuel power to mechanical
propulsion power. The ICE is connected to the front axle
through a stepped transmission. On the other hand, the electric
branch is powered by the battery that provides the power to
the electric machine to drive the rear axle when the electric
machine is motoring, and the battery can regenerate kinetic
energy by turning the electric machine into a generator during
braking.

According to the vehicle longitudinal dynamics, the total driv-
ing power demand Ppl requested to follow a given driving cycle
can be evaluated by

Ppl = (m
dv
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+ fT mg+ fDv2)v (1)

where m is the vehicle mass, v is the vehicle speed, fT is the
rolling resistance coefficient and fD is the aerodynamics drag
coefficient. The requested driving power is met by the power
outputs of both branches and the possible mechanical braking
power, expressed as

Ppl = Pmt +Peg +Ph (2)
where Pmt and Peg represent the final driving power delivered by
the electric and ICE branches, respectively, and Ph denotes the
mechanical braking power directly applied to the wheels. The
electric branch allows the regenerative braking that conveys
braking power (negative Ppl) up to the battery. In the present

work, it is assumed that the power regeneration is only restrict-
ed by the battery charging power limit, and when the limit is
reached, mechanical brakes are actuated to provide the rest of
the braking power.

The detailed powertrain model has been presented in previous
work (Li and Evangelou, 2019), where the ICE and electric
motor are modeled by steady state efficiency maps with respect
to the toque and angular speed, while other powertrain com-
ponents are simply modeled by constant efficiency factors. For
the sake of brevity, let us define the efficiencies of electric and
fuel paths respectively by ηmt(Tlm,ωm) = ηdcηtηiηm(Tlm,ωm)
and ηeg(Te,ωe) =ηgηe(Te,ωe), where ηe, ηm, ηg,ηdc,ηi,ηt are
the efficiencies of the ICE, motor, gearbox, DC/DC converter,
DC/AC inverter and fixed gear transmission, respectively, Te is
the ICE torque, ωe is the ICE speed, and Tlm and ωm are the
torque and speed of the electric motor respectively. The overall
powertrain system dynamics are given by
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where m f represents the fuel mass, SOC denotes the battery
state-of-charge, QLHV is the gasoline lower heating value, Vb is
the battery voltage, determined by

Vb =Voc − ibRb

with Voc the battery open circuit voltage, Rb the battery internal
resistance and ib the battery current assumed positive during
the discharge phase. The engine speed ωe is coupled with the
vehicle speed via the stepped gearbox, as follows:

ωe =
ge,ig f d

rwheel
v (4)

where ge,i represents the ith gear ratio, g f d is the final drive
ratio, and rwheel is the wheel radius. The HEV powertrain
parameters are listed in Table 1.

Table 1. Main Vehicle Model Parameters

symbol value description
m 1770 kg vehicle mass
fT 0.01 rolling resistance coefficient
fD 0.47 aerodynamics drag coefficient
r 0.305m Wheel radius
gm 2.9 motor transmission ratio
Qmax 5.65 Ah battery capacity
Rb 0.2056 Ω battery internal resistance
Voc 230V battery open circuit voltage
Pb,min/b,max 27/−15kW max/min battery power
ηi 0.96 efficiency of inverter
ηdc 0.96 efficiency of converter
ηt 0.96 efficiency of motor transmission
ηg 0.96 efficiency of the gearbox
Pe,max 120kW maximum ICE power
Te,max 300Nm maximum ICE torque
Pm,min/m,max 27/−27kW max/min motor power
Tm,min/m,max 200/−200Nm max/min motor torque

2.2 Driving cycles

In this work, the co-optimization problem of energy manage-
ment and gearbox ratios as well as gear shifting strategy are
investigated by numerical optimization in which the vehicle
follows defined speed profiles according to specific driving
cycles. The WLTP (worldwide harmonized light vehicles test

procedure) corresponds to the latest test procedure adopted by
industry and it is therefore utilized in the present work. As
shown in Fig. 2, the WLTP profile is a single driving cycle with
four stages, defined by their speed: low (WL-L), medium (WL-
M), high (WL-H) and extra high (WL-E). Each of the stages
can be considered on their own as independent driving cycles.

Fig. 2. Speed profile of the WLTP with four different stages
according to the average speed.

3. GEAR RATIO OPTIMIZATION

This section presents a method to identify the optimal gear
ratios of the stepped transmission. To isolate the gear ratio opti-
mization from the gear shift and EM optimization problems, let
us first neglect the electric path by considering a conventional
powertrain with only the fuel path as shown in Fig. 1.

3.1 Gear ratio optimization

In view of (3), the system dynamics of a conventional power-
train can be expressed as

d
dt

m f =
Peg

ηeg

(
Te,

ge,ig f dv
rwheel

)
QLHV

(5)

where Peg = max(0,Ppl) as Peg ≥ 0, whereas the negative power
is met by mechanical brakes. As such, the gear ratio ge,i now
becomes the only control variable. Since both the number of
gears and the gear ratios are unknown, we initially assume the
gearbox is stepless, such that the gear ratio is enabled to achieve
any value within the permissible set [ge,min,ge,max]. In this work,
the maximum and minimum gear ratios are set to 3.54 and 0.53,
respectively (Li and Evangelou, 2019).

To determine the optimal gear ratios, the following optimal
control problem (OCP) is formulated

min
ge,i

m f (t f ) (6a)

subject to :
d
dt

m f =
Peg

ηeg

(
Te,

ge,ig f dv
rwheel

)
QLHV

(6b)

0 ≤ Peg ≤ Peg,max (6c)
ge,min ≤ ge,i ≤ ge,max (6d)

where the objective is to minimize the fuel consumption at the
end of the mission with t f the duration of the mission and
Peg,max = ηgPe,max. The OCP (6) is solved by DP for the four
stages of the WLTP cycle, respectively. To emulate the con-
tinuous variable transmission system, the control variable ge,i
is uniformly gridded within [ge,min,ge,max] with a sufficiently
large number N:

Ug =

{
ge,i : ge,i = ge,min +

i−1
N

(ge,max −ge,min), i = 1, . . . ,N
}

(7)

where the set Ug includes all possible gear ratio values for a
given N. For illustration purpose, the optimal trajectories of the
gear ratio with N = 1000 for WL-M and WL-E are shown in
Fig. 3.
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Fig. 3. Variations of the optimal gear ratio when driving WL-M
and WL-E.

3.2 Data clustering

By collecting the optimal gear ratios solved for all four WLTP
driving cycles, the next step is to cluster the data to determine
the stepped gear ratios for specified numbers of gears. In the
present work, k-means clustering method is applied to classify
the collected data (Lloyd, 1982). Given a data set (x1,x2, ...,xn)
with xi ∈ Rd , the k-means clustering method partitions the
given data set into k(≤ n) sets S = {S1,S2, ...,Sk} so as to
minimize

arg min
S

k

∑
j=1

∑
x∈S j

‖x−µ j‖

where µ j is the mean of points in S j.
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Fig. 4. Clustering of gear ratios by k-means.

For illustration purposes, Fig. 4 shows the clustering result for
a 6-speed transmission, and the corresponding gear ratios are
the mean values of each group, which are presented in Table 2.
Similarly, the gear ratios for 4-, 8- and 10-speed transmissions
can be calculated (In the present work, we just consider even
number of gears for illustration purpose). The results are also
summarized in Table 2. In order to determine the number of
gears, the discretized gear ratios in Table 2 will be applied to
the parallel HEV model, which will be specified in the next
section.

4. JOINT ENERGY MANAGEMENT AND GEAR
SHIFTING OPTIMIZATION

In parallel HEVs, in addition to the gearbox configuration, the
gear shifting policy, that determines the gear ratios at each time
instance, will also affect the operating points of the powertrain,
and thus the fuel economy. To explore the impact of gear
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Table 2. Optimized gear ratios for different trans-
mission systems

4-speed 6-speed 8-speed 10-speed
1st gear ratio 3.4892 3.5138 3.5160 3.5330
2nd gear ratio 2.2407 2.6317 2.8151 3.1856
3rd gear ratio 1.3032 1.9850 2.3843 2.6459
4th gear ratio 0.4924 1.4129 2.0145 2.1754
5th gear ratio 0.9942 1.7001 1.8060
6th gear ratio 0.4659 1.3168 1.4101
7th gear ratio 0.9342 1.1369
8th gear ratio 0.4645 0.8634
9th gear ratio 0.5719
10th gear ratio 0.4376

shifting optimization on fuel savings, this section aims at joint
optimization of energy management and gear shifting.

4.1 Gear shifting dynamics

The gear position dynamics is expressed by the following
discrete equation

ng(k+1) = ng(k)+ug(k), k ∈ Z+ (8)
with ng(k) being the gear position and satisfying ng(k)∈ [1,Ng]
with Ng > 1 being the number of gears. In the present work,
for the reason of acceptable driveability, the gearshift control
variable is set as ug(k) ∈ {−1,0,1} to avoid dramatic changes
in engine speed.

4.2 Joint optimization formulation

Given a predefined driving cycle with the time length t f , the
objective of the optimization is to find an optimal control
law u∗ = [P∗

eg,P
∗
mt ,u

∗
g] such that the fuel consumption over the

entire driving cycle is minimized. The optimization problem is
formulated as follows

min
u

m f (t f ) (9a)

subject to : ẋ = f(x,u), (9b)
ng(k+1) = ng(k)+ug(k), (9c)
Ppl = Peg +Pmt +Ph, (9d)
0 ≤ Peg ≤ Peg,max, (9e)
Pmt,min ≤ Pmt ≤ Pmt,max, (9f)
SOCmin ≤ SOC ≤ SOCmax, (9g)
SOC(0) = 0.65, SOC(t f ) = SOC(0), (9h)

where the dynamic model (9b) has already been specified in
(3) with x = [m f ,SOC]. k in (9c) represents the sampling time
being set to 1 in simulations. Pmt,min and Pmt,max represent
the minimum and maximum power of the battery branch at
the transmission, respectively, and the two limit values can
be calculated from Pb,min and Pb,max (see Table 1) through the
equation

Pb = (ηdcηiηm (Tm,ωm)ηt)
sign(−Pmt ) Pmt .

The maximum and minimum battery state of charge SOCmax,
SOCmin are set to 0.8 and 0.5, respectively.

It is well-known that DP is able to provide the global op-
timum solution to optimization problems. The present work
will implement the DP algorithm developed in (Sundstrom
and Guzzella, 2009). As the DP solves a discrete-time optimal
control problem, the engine fuel consumption dynamics (fuel
mass rate) can be considered into the cost function. Therefore,
for the above optimal control problem (9), there are only two

dynamical constraints. One is the SOC as given in the second
equation in (3), and another is the dynamics of gear shifting.
In the DP algorithm, the dynamics of SOC is discretized based
on the Euler method with a sampling period of 0.1 s. Further-
more, the grid points for the state and input variables are set
to 501 which is reasonably large to ensure the accuracy of the
simulation results.

4.3 Numerical results

In this section, the joint optimization problem expressed in (9)
is solved with different gearbox configurations, which shows
the impact of the optimally designed and controlled transmis-
sion on fuel savings of parallel HEVs in addition to energy
management.

First of all, the impact of the number of gears to fuel consump-
tion will be investigated. For the purpose of comparison, five
scenarios with 4, 6, 8, 10 gears and a continuous gear shifting
case are implemented to the parallel HEV model presented in
Section 2. For the first four cases, the optimized gear ratios are
applied, which have already been presented in Table 2 and the
gear shifting dynamics has been given in (8). For the continuous
gear shifting case, we allow the gear ratio to vary freely in
the interval [0.53,3.54]. The simulation results are presented in
Table 3. For easy comparison, the results are plotted in Fig. 5.
It is obvious that the more the gears, the better the performance
in terms of fuel economy. In practice, however, adding more
gears increases both the manufacturing and packaging cost. It is
thought that the 6-speed gearbox is sufficient to the considered
parallel HEV model with the corresponding gear ratios provid-
ed in Table 2.

Table 3. Comparison of fuel consumptions for joint
optimization with different gearbox configurations

Driving cycles 4-speed 6-speed 8-speed 10-speed continuous
WL-L 0.1025 0.0985 0.0978 0.0973 0.0951
WL-M 0.1632 0.1608 0.1606 0.1567 0.1542
WL-H 0.2546 0.2489 0.2481 0.2451 0.2417
WL-E 0.4062 0.4035 0.4027 0.4009 0.3888
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Fig. 5. Fuel consumption obtained by the optimization with
different gearbox configurations when driving WL-L, WL-
M, WL-H and WL-E. The horizontal axis in each plot
represents the number of gearbox configurations we con-
sidered.
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Table 2. Optimized gear ratios for different trans-
mission systems

4-speed 6-speed 8-speed 10-speed
1st gear ratio 3.4892 3.5138 3.5160 3.5330
2nd gear ratio 2.2407 2.6317 2.8151 3.1856
3rd gear ratio 1.3032 1.9850 2.3843 2.6459
4th gear ratio 0.4924 1.4129 2.0145 2.1754
5th gear ratio 0.9942 1.7001 1.8060
6th gear ratio 0.4659 1.3168 1.4101
7th gear ratio 0.9342 1.1369
8th gear ratio 0.4645 0.8634
9th gear ratio 0.5719

10th gear ratio 0.4376

shifting optimization on fuel savings, this section aims at joint
optimization of energy management and gear shifting.

4.1 Gear shifting dynamics

The gear position dynamics is expressed by the following
discrete equation

ng(k+1) = ng(k)+ug(k), k ∈ Z+ (8)
with ng(k) being the gear position and satisfying ng(k)∈ [1,Ng]
with Ng > 1 being the number of gears. In the present work,
for the reason of acceptable driveability, the gearshift control
variable is set as ug(k) ∈ {−1,0,1} to avoid dramatic changes
in engine speed.

4.2 Joint optimization formulation

Given a predefined driving cycle with the time length t f , the
objective of the optimization is to find an optimal control
law u∗ = [P∗

eg,P
∗
mt ,u

∗
g] such that the fuel consumption over the

entire driving cycle is minimized. The optimization problem is
formulated as follows

min
u

m f (t f ) (9a)

subject to : ẋ = f(x,u), (9b)
ng(k+1) = ng(k)+ug(k), (9c)
Ppl = Peg +Pmt +Ph, (9d)
0 ≤ Peg ≤ Peg,max, (9e)
Pmt,min ≤ Pmt ≤ Pmt,max, (9f)
SOCmin ≤ SOC ≤ SOCmax, (9g)
SOC(0) = 0.65, SOC(t f ) = SOC(0), (9h)

where the dynamic model (9b) has already been specified in
(3) with x = [m f ,SOC]. k in (9c) represents the sampling time
being set to 1 in simulations. Pmt,min and Pmt,max represent
the minimum and maximum power of the battery branch at
the transmission, respectively, and the two limit values can
be calculated from Pb,min and Pb,max (see Table 1) through the
equation

Pb = (ηdcηiηm (Tm,ωm)ηt)
sign(−Pmt ) Pmt .

The maximum and minimum battery state of charge SOCmax,
SOCmin are set to 0.8 and 0.5, respectively.

It is well-known that DP is able to provide the global op-
timum solution to optimization problems. The present work
will implement the DP algorithm developed in (Sundstrom
and Guzzella, 2009). As the DP solves a discrete-time optimal
control problem, the engine fuel consumption dynamics (fuel
mass rate) can be considered into the cost function. Therefore,
for the above optimal control problem (9), there are only two

dynamical constraints. One is the SOC as given in the second
equation in (3), and another is the dynamics of gear shifting.
In the DP algorithm, the dynamics of SOC is discretized based
on the Euler method with a sampling period of 0.1 s. Further-
more, the grid points for the state and input variables are set
to 501 which is reasonably large to ensure the accuracy of the
simulation results.

4.3 Numerical results

In this section, the joint optimization problem expressed in (9)
is solved with different gearbox configurations, which shows
the impact of the optimally designed and controlled transmis-
sion on fuel savings of parallel HEVs in addition to energy
management.

First of all, the impact of the number of gears to fuel consump-
tion will be investigated. For the purpose of comparison, five
scenarios with 4, 6, 8, 10 gears and a continuous gear shifting
case are implemented to the parallel HEV model presented in
Section 2. For the first four cases, the optimized gear ratios are
applied, which have already been presented in Table 2 and the
gear shifting dynamics has been given in (8). For the continuous
gear shifting case, we allow the gear ratio to vary freely in
the interval [0.53,3.54]. The simulation results are presented in
Table 3. For easy comparison, the results are plotted in Fig. 5.
It is obvious that the more the gears, the better the performance
in terms of fuel economy. In practice, however, adding more
gears increases both the manufacturing and packaging cost. It is
thought that the 6-speed gearbox is sufficient to the considered
parallel HEV model with the corresponding gear ratios provid-
ed in Table 2.

Table 3. Comparison of fuel consumptions for joint
optimization with different gearbox configurations

Driving cycles 4-speed 6-speed 8-speed 10-speed continuous
WL-L 0.1025 0.0985 0.0978 0.0973 0.0951
WL-M 0.1632 0.1608 0.1606 0.1567 0.1542
WL-H 0.2546 0.2489 0.2481 0.2451 0.2417
WL-E 0.4062 0.4035 0.4027 0.4009 0.3888
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Fig. 5. Fuel consumption obtained by the optimization with
different gearbox configurations when driving WL-L, WL-
M, WL-H and WL-E. The horizontal axis in each plot
represents the number of gearbox configurations we con-
sidered.

Secondly, to show the potential fuel saving incurred by gear
shifting optimization, we assume the TTR HEV is equiped
with a 6-speed transmission. In contrast to the above joint
optimization results, a benchmark scenario (power-split-only
optimization) is conducted to optimize the power split only with
a fixed gearbox configuration and shifting policy. In this case,
the fixed gear shifting strategy is presented in Fig. 6 with the
gear ratios given in Table 4, which has been applied in (Li and
Evangelou, 2019).
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Fig. 6. Gear ratios and relationship between vehicle speed and
engine speed.

Table 4. Gear ratio values

Gear ratio
1st gear ratio 3.54
2nd gear ratio 1.92
3rd gear ratio 1.28
4th gear ratio 0.91
5th gear ratio 0.67
6th gear ratio 0.53

Final drive ratio 4.35

The simulation results are presented and compared in Ta-
ble 5, where ‘Joint-6-speed’ represents the joint optimization
with 6 optimized gear ratios obtained in Section 3 and ‘Joint-
continuous’ represents the joint optimization with gear ratio
varying freely in the interval [0.53,3.54]. The improvement
in terms of fuel consumption with different driving cycles are
shown in Fig. 7, where it can be seen that with gear shifting
optimization, the final fuel consumption can be reduced by
1.83%− 6.01% by optimizing the gear shifting together with
energy management, with a combined difference (considering
the four driving cycles together) of 3.64%, in comparison to the
power-split-only optimization. Furthermore, we can see that the
joint optimization with the stepless gearbox outperforms the
power-split-only optimization by 5.54%-9.26%, with a com-
bined difference of 7.01%, which implies that the fuel efficien-
cy of parallel HEVs would be improved further significantly if
the number of gears, gear ratios and shifting strategy can be
optimized in a systematic way.

Table 5. Comparison of fuel consumptions with
different gearbox configurations

Driving cycles Power-split-only Joint-6-speed Joint-continuous
WL-L 0.1048 0.0985 0.0951
WL-M 0.1683 0.1608 0.1542
WL-H 0.2614 0.2489 0.2417
WL-E 0.4116 0.4035 0.3888

Furthermore, the variations of gear ratio for both the power-
split-only and joint optimization with 6-speed transmission
when driving WL-L, WL-M, WL-H and WL-E are presented
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Fig. 7. Comparison of fuel consumption for joint optimization
relative to the power-split-only optimization when driving
the WL-L, WL-M, WL-H and WL-E.
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Fig. 8. The comparison of gear ratio variations for the power-
split-only optimization and the joint optimization of ener-
gy management and gear shifting with a 6-speed transmis-
sion when driving WL-L, WL-M, WL-H and WL-E (top
to bottom).

in Fig. 8, from which we can see that the operation of two
different gearbox configurations are quite different. Due to
direct connection of the ICE and the gearbox, the operating
points of the ICE are surely affected by the gear ratios, as shown
in Fig. 9. It is obvious that with the optimized gear ratios and
shifting, the efficiency of the ICE is improved significantly,
as the operating points with efficiency below 0.25 are almost
avoided.

In addition to the engine efficiency, the variation of SOC pro-
files for both the joint optimization and power-split-only opti-
mization are also presented in Fig. 10. It is obvious that with the
joint optimization, the SOC profiles are more steady than the
power-split-only optimization for WL-L, WL-M, WL-H, which
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Fig. 9. The operating points of ICE for different optimization
cases when driving WL-L, WL-M, WL-H and WL-E (top
to bottom).

is influenced by the efficiency characteristics of the battery
branch. For WL-E, the SOC variation of the joint optimization
with 6-speed transmission is even bigger than that of power-
split-only optimization, and the difference between joint opti-
mization with 6-speed transmission and stepless gearbox is also
apparent, which implies that the current gear ratio optimization
approach may not be good enough for all driving cycles, such
as WL-E. Therefore, further investigations on gear ratio opti-
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Fig. 10. SOC profiles of different optimization cases for the
driving cycles WL-L, WL-M, WL-H and WL-E (top to
bottom).

mization of parallel HEVs need to be conducted in future work
by taking the hybrid powertrain into account.

5. CONCLUSION

In the present work, we investigate the optimal design of a
multi-speed transmission system in terms of gear ratio, number
of gears and gear shifting strategy for parallel hybrid electric
vehicles (HEVs). In order to reduce the computational com-
plexity, the gear ratio optimization is conducted firstly by be-
ing properly decoupled from the joint optimization problem of
hybrid powertrain energy management (EM), gear ratios and
gear shifting, after which the optimal gear shifting strategy
with the optimized gear ratios is determined jointly with the
powertrain EM. To show the impact of optimally designed and
controlled transmission on fuel savings, the fuel economy solu-
tion of the proposed scheme is compared with the traditional
EM and gear shifting optimization method that applies non-
optimized gear ratios. Numerical results verify the effectiveness
of the proposed methodology and demonstrate that the gearbox
configuration optimization of the multi-speed transmission will
improve the fuel economy of parallel HEVs significantly. In
the next research phase, further investigations to develop an
approach to optimize the gear ratios by taking the powertrain
characteristics into account would be conducted. Moreover, it
is worthwhile to design an optimized gear shift strategy for
parallel HEVs that can be implemented in real-time.
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is influenced by the efficiency characteristics of the battery
branch. For WL-E, the SOC variation of the joint optimization
with 6-speed transmission is even bigger than that of power-
split-only optimization, and the difference between joint opti-
mization with 6-speed transmission and stepless gearbox is also
apparent, which implies that the current gear ratio optimization
approach may not be good enough for all driving cycles, such
as WL-E. Therefore, further investigations on gear ratio opti-
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mization of parallel HEVs need to be conducted in future work
by taking the hybrid powertrain into account.

5. CONCLUSION

In the present work, we investigate the optimal design of a
multi-speed transmission system in terms of gear ratio, number
of gears and gear shifting strategy for parallel hybrid electric
vehicles (HEVs). In order to reduce the computational com-
plexity, the gear ratio optimization is conducted firstly by be-
ing properly decoupled from the joint optimization problem of
hybrid powertrain energy management (EM), gear ratios and
gear shifting, after which the optimal gear shifting strategy
with the optimized gear ratios is determined jointly with the
powertrain EM. To show the impact of optimally designed and
controlled transmission on fuel savings, the fuel economy solu-
tion of the proposed scheme is compared with the traditional
EM and gear shifting optimization method that applies non-
optimized gear ratios. Numerical results verify the effectiveness
of the proposed methodology and demonstrate that the gearbox
configuration optimization of the multi-speed transmission will
improve the fuel economy of parallel HEVs significantly. In
the next research phase, further investigations to develop an
approach to optimize the gear ratios by taking the powertrain
characteristics into account would be conducted. Moreover, it
is worthwhile to design an optimized gear shift strategy for
parallel HEVs that can be implemented in real-time.
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