
1 
 

 
Explicit finite element analysis of slope stability by strength 

reduction  
 

Morteza Naeij1,2, Hussein Ghasemi3, Danial Ghafarian2 ,Yousef Javanmardi4* 

 

1 Lyles School of Civil Engineering, Purdue University, West Lafayette, IN 47907, USA 
2 Department of Civil and Environmental Engineering, Amirkabir University of Technology (Tehran Polytechnic), 

Hafez Ave., Tehran, Iran 
3 School of Civil Engineering, College of Engineering, University of Tehran, Tehran, Iran 

4 Department of Mechanical Engineering, University College London, London, UK 

(Received              , Revised            , Accepted ) 

 

Abstract. The construction of stable slopes and vertical cuts is an important step in many geotechnical 

projects. Limit equilibrium methods (LEMs) are well-accepted procedures to compute factors of safety 

(FoS); however, they fail to provide any information about the distribution of the field variables within the 

soil mass because they do not include any stress-strain relationship in their formulation. On the other hand, 

the iterative finite element method (FEM/I) can estimate the field variables, but in the current study, we 

show that, for steep slopes and vertical cuts, it underestimates the FoS compared to the LEM. To overcome 

the obstacles that exist in this method, this study proposes a new approach to define the initiation of 

instability based on an abrupt change in the kinetic energy of the system. We also suggest a procedure to 

calculate the minimum FoS based on the explicit finite element method (FEM/E). Comparison of the 

results obtained from the proposed method, LEM, and FEM/I revealed that the FoS computed by the 

proposed method is in good agreement with the results of the LEM for a wide range of material parameters, 

geometries and external loading conditions, while no assumption regarding the critical slip surface needs to 

be made.  

Key words: Factor of safety (FoS), Kinetic energy, Explicit finite element method (FEM/E), Strength 

reduction method (SRM) 

 

1. Introduction 

Analysing slope stability and determining the factor of safety (FoS) are some of the most prevalent 

geotechnical problems. The limit equilibrium method (LEM), a conventional and well-established 

method for assessing the FoS of slopes and geotechnical structures, is routinely used by geotechnical 

engineers and researchers. Although the LEM is well accepted by many engineers to calculate the FoS 

for common geotechnical practices, this method does not consider the stress-strain relationship and 
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progressive failure of the soil (Morgenstern and Price 1965). In other words, it is assumed in this 

method that no deformation occurs in the soil mass before the failure conditions, and as soon as the 

failure conditions on the slip surface are met, the deformations on this surface will be unlimited. 

Under failure conditions, the shear strength on the slip surface is fully generated. Due to the 

indeterminate nature of the problem, assumptions have to be made for estimating the distribution of 

stresses on the slip surfaces and in the soil mass. Furthermore, the geometry of the slip surface needs 

to be assumed in the LEM. 

Increasing calculation speed of desktop computers and progress in their computational capabilities 

provided opportunities for researchers to calculate the FoS based on distributed stresses in the soil 

domain with the aid of the finite element method (FEM). Zienkiewicz et al. (1975) proposed a 

strength-reduction procedure for the FEM to calculate the FoS of soil structures, in which the strength 

parameters of the soil are reduced gradually until the slope fails. Then, the FoS is computed by 

dividing the initial strength parameters by the reduced parameters (Tu et al. 2016a,b, Kaveh et al. 

2018). This methodology has been extended for various geotechnical problems, such as embankments, 

slopes, and mines (Griffiths and Lane 1999, Cheng et al. 2007, Abusharar and Han 2011, Li et al. 

2012, Dyson and Tolooiyan 2018). Despite the LEM, applying the stress-strain relationship in the 

FEM determines the critical slip surface based on elastoplastic constitutive models, and progressive 

failure is captured (Zhao et al. 2017). Considering the stress distribution in the soil domain provides an 

opportunity for researchers to include the variation in field data in their slope analyses (Liu et al. 2017, 

Dyson et al. 2019). Additionally, the FoS in non-heterogeneous soil can be calculated (Xu et al. 2006, 

Zhu et al. 2015). 

 Researchers have suggested various criteria for calculating the minimum FoS of slopes and 

proposed different ways to define the critical slip surface based on the strength-reduction method 

(SRM) using the iterative finite element method (FEM/I). Matsui et al. (1992) suggested that the slip 

surface should extend from the toe of the slope to its top surface and that plastic strain should govern 

through this surface. Many researchers (Zienkiewicz et al. 1975, Griffiths and Lane 1999, Cheng et al. 

2007, Griffiths and Marquez 2007) applied iterative finite elements and suggested that due to a 

reduction in soil strength parameters, when the instability starts in the slope, the numerical model fails 

to converge. Therefore, the magnitude of the reduction factor at the beginning of divergence is 

considered as the FoS. In addition, sometimes the FoS, using the FEM/I, is calculated based on 

predefined iteration numbers. On the other hand, Crisfield (1997) argued that non-convergence does 

not necessarily mean the collapse of structures and Nie et al. (2019) proposed a new method which 

relies on the convergence in solution and Wei et al. (2020) applied a procedure to calculate FoS based 

on slope geometry. Dawson et al. (1999) and Dawson et al. (2000) proposed a procedure based on 

strength reduction for the finite difference method (FDM) to calculate the FoS in slope stability 

analysis and implemented their method in the FLAC program (Itasca 2000). They suggested that the 

FoS can be calculated by monitoring the trend of out-of-balance force in the nodes of the finite 

difference model. The out-of-balance force increases significantly due to instability in the model, 

which could be a sign of failure in the soil mass. 

In contrast to the available FEM/I approach, which performs many iterations to simulate the 

unstable condition, a new criterion based on kinetic energy is employed in the current study to define 

the failure condition. Furthermore, despite the FEM/I, we adopt an incremental approach based on an 
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explicit finite element method (FEM/E). To compute the minimum FoS for soil slopes, 

ABAQUS/Explicit (Systèmes 2014) is used, and an implemented Mohr-Coulomb constitutive model 

(VUMAT), in addition to a PYTHON script, is developed (https://doi.org/10.5281/zenodo.4498843). 

The ability of the new strategy is evaluated by modelling different geometries and various external 

loading conditions, i.e., a surcharge and pseudo-static earthquake load, using a wide range of strength 

properties for the soil. Then, the results are compared with the existing methods (LEM and FEM/I). 

This demonstrates that the FoS computed using the proposed procedure is consistent with that 

calculated using the LEM in all cases, whereas no assumption about the slip surface needs to be made, 

while the field variables, such as displacement or strain, are computed in the soil domain at the same 

time. This comparison also shows that for vertical cuts, the computed FoS using the FEM/I is not in 

great agreement with the results obtained from the LEM, which is an accepted method by researchers 

and engineers to calculate the FoS, while the new procedure proposed in the current study does not 

suffer from such a deficiency. 

 

2. Numerical procedure 

For many years, a strength-reduction strategy in the FEM/I was applied to calculate the minimum 

FoS of geotechnical structures. In this method, the strength parameters (cohesion and friction angle) 

are reduced by dividing their initial value by strength reduction factor (SRF). Due to excessive 

deformation, convergence could not be achieved after many iterations and the SRF relates to the 

minimum FoS in the soil mass. On the other hand, FEM/E has proven its eligibility for simulations 

with possible severe distortion or models with extremely deformable materials. Therefore, it is almost 

impossible to apply non-convergence methodologies in the FEM/E for calculating the minimum FoS 

of slopes and another criterion needs to be applied. To comprehend the proposed method, a brief 

explanation of the FEM/E and its modelling procedure is presented in the following section. 

 

2.1. Finite element analysis 

The finite element explicit procedure executes the numerical modelling through a large number of 

small-time increments. In ABAQUS/ Explicit, an explicit central-difference time integration rule is 

used. The explicit dynamics analysis procedure is based on the implementation of an explicit 

integration rule together with the use of lumped mass to reduce the cost of simulation (Systèmes 

2014): 

𝑢̇
(𝑖+

1
2
)

𝑁 = 𝑢̇
(𝑖−

1
2
)

𝑁 +
∆𝑡(𝑖+1) + ∆𝑡(𝑖)

2
𝑢̈(𝑖)
𝑁  

Eq. (1) 
𝑢(𝑖+1)
𝑁 = 𝑢(𝑖)

𝑁 + ∆𝑡(𝑖+1)𝑢̇
(𝑖+

1
2
)

𝑁  

where ∆𝑡 is a critical time increment, 𝑢𝑁is a degree of freedom and the subscript i refers to the 

increment number in an explicit dynamic step (N). The central-difference integration operator is 
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explicit in the sense that the kinematic state is advanced using known values of 𝑢̇
(𝑖−

1

2
)

𝑁  and 𝑢̈(𝑖)
𝑁  from 

the previous increment. The explicit procedure requires no iterations. The internal force vector is 

assembled from contributions of the individual elements such that a global stiffness matrix does not 

need to be formed (Systèmes 2014). The central-difference operator is conditionally stable (Bathe 

2006), and the stability limit for the operator with no damping is given in terms of the highest 

frequency of the system as follows: 

∆𝑡 ≤
2

𝜔𝑚𝑎𝑥
 Eq. (2) 

where 𝜔𝑚𝑎𝑥 is the highest frequency of the system. An approximation to the stability limit is often 

written as the smallest transit time of a dilatational wave across any of the elements in the mesh 

domain. Therefore, the stable time increment relates to the material elastic parameters and mesh 

dimension. To obtain results close to the static condition, the ratio of the total kinetic energy to the 

total internal energy of an executed model should be kept less than 5% throughout most of the 

simulation (Systèmes 2014). 

Finite element explicit method has proven its eligibility for simulations with possible severe 

distortion or models with extremely deformable materials. Therefore, it is almost impossible to apply 

non-convergence methodologies in the FEM/E for calculating the FoS of slopes and another criterion 

needs to be applied.  

 

2.2. Constitutive model 

In the FEM/E, as a finite element procedure, the stress-strain relationship is used to calculate the 

stress and strain in the model. Using an elastic-perfectly plastic constitutive model provides the 

advantage of quick transition from the elastic condition to fully plastic behaviour  in the soil (Dawson 

et al. 1999). Therefore, the reduction in the soil strength parameters initiates the failure condition in 

the weakest surface, where the mobilised shear stress surpasses the shear resistance. In this study, we 

employed the Mohr-Coulomb model using the code developed by Naeij et al. (2019) and Naeij and 

Soroush (2021) in favour of access to constitutive model parameters 

(https://doi.org/10.5281/zenodo.4498843). The code was implemented into ABAQUS/Explicit as a 

VUMAT sub-routine. Here, we used the associated flow rule without considering softening/hardening. 

 

2.3. Strength-reduction procedure 

The FoS in the strength-reduction method is defined as follows: 

𝐶𝑓𝑎𝑖𝑙𝑢𝑟𝑒 =
𝐶𝑖𝑛𝑖
𝑆𝑅𝐹

 

Eq. (3) 

𝜑𝑓𝑎𝑖𝑙𝑢𝑟𝑒 = 𝑡𝑎𝑛−1(
tan⁡(𝜑𝑖𝑛𝑖)

𝑆𝑅𝐹
) 
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FoS=SRFat failure 

where 𝜑𝑖𝑛𝑖 and 𝐶𝑖𝑛𝑖 are the initial values of the friction angle and cohesion, respectively, and 𝜑𝑓𝑎𝑖𝑙𝑢𝑟𝑒 

and 𝐶𝑓𝑎𝑖𝑙𝑢𝑟𝑒 are the friction angle and cohesion, respectively, that cause imminent failure. To obtain 

the minimum value of the FoS, the FEM needs to change the SRF factor gradually (decrease SRF 

when FoS>1 and increase SRF if FoS<1). 

 

2.4. Calculation of the FoS 

ABAQUS could not calculate the FoS automatically, and it does not have a built-in section to 

change the material parameters and apply the SRF. Therefore, a code based on PYTHON was written 

to change the Mohr-Coulomb strength parameters (see supplementary data). After each change in 

strength parameters, the model with the new parameters executes automatically with the aid of the 

PYTHON code. At the end of each execution, the maximum kinetic energy during gravitational 

loading is obtained from the output database file and compared with the kinetic energy after loading. 

Due to the dynamic nature of the explicit finite element, applying an external load to the model 

abruptly may cause shock wave generation. To conduct quasi-static analysis, it is necessary to apply 

gravitational load to the model smoothly and in a few seconds. Fig. 1.a shows the loading procedure. 

According to this figure, gravitational acceleration is applied smoothly in 5 seconds (simulation time), 

and this load remains constant from 5 to 5.5 seconds. 

The basis of the proposed procedure in this study is monitoring kinetic energy (Eq. 4) in the time of 

applying gravity (0 to 5 seconds) and checking the magnitude of kinetic energy slightly after this time 

with no change in loading conditions. If a part of the model (a block of soil on the slip surface 

corresponding to the minimum FoS) experiences instability, the term of kinetic energy shows a drastic 

increase at the end of the simulation (Fig. 1(e)). In Fig. 1(e), a sharp increase in the magnitude of 

kinetic energy after loading indicates that there is significant movement in a block of the model. The 

reduced (or increased) soil strength parameters that led to the initiation of instability are used to 

calculate the FoS. The SRFs for the stable and failure conditions in Fig. 1(f) are 1.16 and 1.17, 

respectively (for a 1 H-1 V slope with c=4 kPa, φ=39º, γ=19 kN/m3, E=20 kPa and ν=0.2). The 

magnitude of kinetic energy during gravitational loading (0-5 seconds) is the same, but at the end of 

gravity loading, the trend of kinetic energy shows different directions for stable and failure conditions. 

This means that with a small change in the SRF of two successive executions, the trend of kinetic 

energy shows a dramatic difference for the failure condition. 

𝐸𝐾𝐸 =
1

2
∫ 𝜌𝑈̇𝑇𝑈̇𝑑𝑉
𝑉

 Eq. (4) 

Although the whole model shows a stable condition, the kinetic energy of the model increases only 

due to movement of a block of soil. This block slides on a surface, which is known as the critical slip 

surface. For stable conditions, due to the stability of the soil mass, the kinetic energy decreases slightly 

compared to its maximum value during loading. In other words, the decrease in the magnitude of 
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kinetic energy at the end of the loading period means that the strength parameters are sufficient to 

keep the whole model stable, and further reduction in their value is required to initiate the instability. 

If the kinetic energy shows smaller magnitudes at the end of execution compared to its maximum 

value during the gravity loading period, the PYTHON code changes the strength parameters in the 

next execution. For cases suffering from instability at the beginning (i.e., FoS<1), a large number (i.e. 
1

𝑆𝑅𝐹
⁡when⁡𝑆𝑅𝐹 < 1) is applied to the strength parameters to provide stability for the model at the 

beginning of analysis. Then, similar to the models with initial stable conditions (FoS>1), these 

parameters decrease gradually. Finally, at a specific SRF, the magnitude of the kinetic energy 

increases suddenly, and the model will experience instability. The SRF at the beginning of failure is 

considered as the FoS again. Fig. 2 shows flow diagram of the proposed procedure.  

All models in this study were prepared by applying nonlinear geometry (the geometrical coordinates 

of nodes were updated according to their computed displacement). The ratio between the internal 

energy and the kinetic energy is less than 1% (in the stable model) to maintain the simulation under 

static conditions. Due to employing the associate flow rule, elastic constants, the stress path, stage 

construction, and initial stress have no effect on the FoS (Dawson et al. 2000) and were not addressed 

in this study. 

Liu et al. (2018) showed that applying full integration or reduced integration elements has a 

negligible effect on the minimum FoS of slopes. In all models in this study, unstructured, reduced 

integration quadrilateral element (CPE4R) for 2D (plane strain) simulation were applied, and an 

average mesh size of 0.5 meter was selected and the effects of mesh size will be discussed later. Side 

boundaries were fixed in the X direction only, and the base of the models was fixed in both directions. 
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Fig. 1 Schematic representation of the strength reduction method: a) At the first step, simulation is carried out 

using the original strength parameters of the soil. b) Then, the strength parameters are reduced by dividing the 

initial values by the SRF. c) This reduction continues until the failure initiates. d) For dynamic explicit 

simulations, the gravitational load amplitude increases linearly within five seconds and then becomes constant 

(e and f). Kinetic energy slightly decreases for no failure conditions (a and b), while it increases abruptly 

immediately after initiation of the failure (c) 
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Fig. 2 Flow diagram of proposed procedure for calculating the minimum FoS of slopes in FEM/E  

3. Results 

To investigate the potential of the presented procedure for calculating the minimum FoS of soil 

slopes, the results of the FEM/E from ABAQUS/Explicit were compared with the results of the LEM 

based on the Morgenstern-Price method (Morgenstern and Price 1965) using Slope/W (Geo-slope Ltd. 

2012) and FEM/I from PLAXIS (Brinkgreve et al. 2014).  

Slopes were simulated with slope angles ranging from 33.6º (1.5 H-1 V) to 90º (i.e., excavation). 

The range of the soil internal friction angle was from 0º to 45º and cohesion ranged from 2 to 55 kPa. 

In addition, surface loads from 10 to 60 kPa and three pseudo-static horizontal seismic accelerations 

(0.2 g, 0.25 g, and 0.3 g) were applied and compared with two conventional methods. 

 

3.1. Slope 1.5 H-1 V 

Fig. 3 presents the calculated minimum FoS for slopes with 1.5 H-1 V based on changing the 

magnitude of the kinetic energy in the model and its comparison to the LEM and FEM/I. For this 

slope, the results show good agreement between the three methods, and the minimum FoSs of these 

three methods are approximately the same. Fig. 4 shows that the shear strain contour represents the 

critical slip surface for the FEM/E and the critical slip surface based on the LEM analysis. From this 

figure, there is good agreement between the shape of the slip surface and its depth in the FEM/E and 
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LEM. Therefore, in addition to good agreement for minimum values of the FoS, the shape of critical 

slip surfaces in the FEM/E are similar to those in the LEM. 

 
Fig. 3 Results of the FEM/E, LEM, and FEM/I for 1.5 H-1 V slope 

 

  
Fig. 4  ha       h        a           a            w  h φ=  º,  =10 kPa  a   EM     =2.2   and      EM/E 

(FoS=2.27) 

3.2. Slope 1 H-1 V 

Fig. 5 shows the calculated minimum FoS for a slope with a gradient of 45º (1 H-1 V) with a 

homogenous single layer and based on the proposed method and its comparison with the LEM and 

FEM/I. For this slope, the results show excellent agreement between the three methods. The friction 
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an     φ   han  d from 30º to 39º in three-degree intervals in Figs. 5(a) to 5(d), and the cohesion (C) 

changed over a wide range to show the ability of the proposed method to compute the minimum FoS 

in a wide range of soil strength parameters. The magnitude of C was changed in 1 and 5 kPa intervals 

     a h        d φ. Th  m n m m          ma   and  a    changes in the magnitude of C shows that 

the proposed method could calculate the minimum FoS with enough accuracy even with small 

changes in the magnitude of the strength parameters. 

 
Fig. 5 Results of the LEM, FEM/I and FEM/E for 1 H-1 V slope 

Fig. 6 presents the shear strain contour related to the minimum FoS for the FEM/E and the critical 

slip surface based on the LEM analysis. From this figure, there is good agreement between the shape 

and depth of the critical slip surface based on the proposed method and the LEM. 

  
Fig. 6  ha       h        a           a            w  h φ=39º,  =20 kPa  a   EM     =1.90  and      EM/E 

(FoS=1.91) 

3.3. Slope 1 H-2 V 

Fig. 7 compares the minimum FoS for the 1 H-2 V slope based on the proposed method, LEM and FEM/I. The 
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and 30 kPa. According to Fig. 7, the results of the proposed method show a smooth increase in the minimum 

FoS without any fluctuation. Fig. 7 illustrates that the minimum FoS based on the FEM/I is usually smaller than 

the minimum FoSs of the two other methods and the difference between FoS values for FEM/E and FEM/I 

generally increase with friction angle. Fig. 8 presents the contour of the shear strain related to the minimum FoS 

   m  h   EM/E and  h        a           a    a  d  n  h   EM ana               w  h  =2  kPa and φ= 0º. Th   

figure shows that the shape of the critical slip surface in the FEM/E is similar to the critical slip surface in the 

LEM. 

  

  
Fig. 7 Results of the LEM, FEM/I and FEM/E for 1 H-2 V slope 
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Fig. 8  ha       h        a           a            w  h φ= 0º,  =2  kPa  a   EM     =1. 3  and     EM/E 

(FoS=1.64) 

 

3.4. Vertical cut (Excavation) 

Fig. 9 demonstrates the minimum FoS for a vertical cut based on the proposed method and its 

comparison with the results of the LEM and FEM/I. For this geometry, the results show good 

agreement between the proposed method and the LEM, while a drastic drop is observed in the results 

of the FEM/I with respect to the two other methods. In other words, Fig. 9 suggests that it might not be 

economically efficient to rely on the FEM/I results for a vertical cut. To demonstrate the potential of 

the FEM/E for calculating the minimum FoS of a vertical cut as an extreme condition, the cohesion of 

the soil was changed from 45 to 55 kPa in 5 kPa intervals in Figs. 9(a) to 9(c).  

The results in Fig. 9 show that iterative or implicit finite element fails to predict true FoS for steep 

slopes or (near) vertical slopes. From Fig. 9 and Fig. 11, one could deduce that by increasing the slope 

angle, the difference between FEM/I and LEM increases. Nie et al. (2019) stated that the criterion for 

slope failure associated with SRM is controversial, and divergence exists while approaching to the 

limit equilibrium state of slopes. Fig. 9 demonstrates although the most commonly used failure 

criterion is non-convergence of the solution that says when a slope arrives at the limit equilibrium 

state, non-convergence would occur in FEM/I, Crisfield (1997) argued the criterion is not objective 

enough because non-convergence does not necessarily mean the collapse of a continuum domain.     

With regards to potential of the proposed method, all examples of Tu et al. (2016a), Dyson and 

Tolooiyan (2018), Griffiths and Fenton (2004), Zhu et al. (2015) relate to slope angle less than 53° 

with FoS bigger than 1. In this section, slopes with angle 30° to 90° (vertical cut) and compared to 

their FoS with LEM (Morgenstern and Price1965) with good agreement. This especially provides us a 

powerful tool to numerically analyse problems such as excavations.  

 

 a    
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Fig. 9 Results of the FEM/E, LEM, and FEM/I for a vertical cut 
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It is common in geotechnical research and engineering to consider multi-layer soil profiles and 
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that for a two-layer embankment, the magnitude of FoS obtained from LEMs are varying from the 

results of FLAC (Itasca 2000). 

To investigate a complex condition, a slope with two layers and different slope angles for each 

layer (Cheng et al. 2007,) was considered, and Fig. 10(a) shows the geometry of the model. 

Sometimes in multi-layer geometries, the instability in a slope may occur in the upper layer, and the 
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lower layer remains stable. Therefore, it is necessary to investigate the ability of the proposed method 

for capturing a slip surface in the upper layer and also if the slip surface passes through all the layers. 

Figs. 10(b) and 10(c) present a comparison between the slip surface based on the LEM and FEM/E for 

a condition in which the minimum FoS belongs to the critical slip surface in the upper layer. These 

figures show that the proposed method can capture the slip surface in the upper layer and that the 

shape of the critical slip surface in both methods is similar. Additionally, there is good similarity 

between the computed minimum FoS and the shape of the critical slip surface of the two methods for 

deep-seated failure that passes through all the layers. To provide a comprehensive comparison, Table 

(1) shows the results of the LEM, FEM/I and FEM/E for the geometry of Fig. 10(a) with various 

strength parameters. The results show that the proposed method has enough capability to calculate the 

minimum FoS for complex geometries. 

 
Geometry of complex model 

  
 ha       h        a           a        h         a    w  h φ= º,  =1  kPa and  h    w    a    w  h φ=3 º,  =11 

kPa (b) LEM (FoS=1.03) and (c) FEM/E (FoS=1.07)  
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 ha       h        a           a        h         a    w  h φ=2º,  =1  kPa and  h    w    a    w  h φ= º,  =30 

kPa (d) LEM (FoS=1.07) and (e) FEM/E (FoS=1.11)  

Fig. 10 Various types of critical slip surfaces in a complex geometry 

 

Table 1. Results of the FEM/E, LEM, and FEM/I for a complex geometry (Fig. 10(a)) with various material 

strength parameters for both layers 
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3.6. External Load 

Since state of principle stresses is important for geotechnical engineering practices, the potential of 

proposed procedure need to evaluate for conditions in which the horizontal stresses may alter. The 

stability of slopes due to external loads, such as foundation and vehicle loads, is very important, and 

there is great interest in calculating the minimum FoS based on a stress-strain relationship. Therefore, 

it is necessary to show the potential of the proposed method for calculating the minimum FoS of 
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slopes with various angles and a range of external vertical loads. In addition to external vertical loads, 

slopes may experience horizontal external loads. The stability of a slope subjected to psudo-static 

seismic coefficient will also be examined. Both vertical and horizontal external loads were applied to 

the model to provide a comprehensive comparison between the FEM/E, LEM, and FEM/I. 

 

3.6.1. Surcharge 

To calculate the minimum FoS of slopes bearing external vertical loads at their top surface, a range 

of 10 to 60 kN/m2 pressure load perpendicular to the top surface was applied to a 1 H-1 V slope and a 

vertical cut. For the 1 H-1 V      , φ      n  an      a    a    and  q a   20º, and C was selected as 20, 

30, and 40 kPa; for the vertical cut,  =   kPa and φ=20º were selected. Fig. 11 presents the results of 

the LEM/E, LEM, and FEM/I. 

 
a. 1 H-1 V       w  h φ=20º and  =20, 30 and  0 kPa 
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b. V     a      w  h  =   kPa and φ=20º 

Fig. 11 Results of the FEM/E, LEM, and FEM/I for different slopes with an external vertical surcharge 

 

From Fig.11, one can deduce that similar to the slope without surcharge, the differences in the results 

of three methods are negligible for the 1 H-1 V slope, but in the vertical cut, the FEM/I calculates the 

minimum FoS far lower than those of the FEM/E and LEM. Fig. 12 illustrates that the critical slip 

surface calculated based on the LEM and FEM/E shows good agreement for the vertical cut with 

surcharge. 

 
 

Fig. 12 Critical slip surface of a vertical cut with surcharge (q=60 kN/m2           w  h φ=20º,  =   kPa  a  

LEM (FoS=1.00) and (b) FEM/E (FoS=0.98) 

 

3.6.2. Pseudo-static horizontal acceleration 

   =1

   

 

0 10 20 30  0  0  0

0. 

0.9

1.0

1.1

1.2

1.3

1. 

1. 

 EM

 EM/ 

 EM/E

 
 
 

    a     ad  kN/m 

      



19 
 

In addition to vertical external loads, the ability of the FEM/E to calculate the minimum FoS due to 

applying pseudo-static horizontal acceleration was investigated, and Fig. 13 shows the results of the 

FEM/E, LEM, and FEM/I after applying 0.2 g, 0.25 g and 0.3 g to the 1 H-1 V slope. 

 
Fig. 13 Results of the FEM/E, LEM, and FEM/I for 1 H-1 V slope with pseudo-static horizontal acceleration of 

0.2 g, 0.25 g and 0.3 g 

A comparison among the minimum FoSs of the FEM/E, LEM, and FEM/I for the 1 H-1 V slope after 

applying pseudo-static horizontal accelerations reveals that the proposed method is capable of 

calculating the minimum FoS for the slope when the external horizontal stress applies to the finite 

element model, and its result is consistent with the LEM. According to Fig. 13, the result from the 

FEM/I is slightly smaller than the results from the two other methods for all horizontal accelerations. 

 

4. Discussion 

Due to the dynamic nature of explicit finite element equations (Eq. 1), an abrupt increase in the 

magnitude of kinetic energy shows that failure in the weakest slip surface of the soil mass is initiated. 

Therefore, by monitoring the magnitude of the kinetic energy, the stability or instability of the soil 

mass could be inferred. Duncan and Wright (1980) stated that to have trustworthy comparison 

between different methods, the minimum FoS for a slope should be compared because they may have 

different critical slip surfaces. Therefore, the minimum FoS based on the FEM/E compared with that 

of Morgenstern-P    ’  m  h d (Morgenstern and Price 1965), which satisfies all equilibrium 

conditions, is a good measure for the accuracy of the FEM results with the Mohr-Coulomb 

constitutive model. In addition to the minimum FoS, the shape and location of the critical slip surface 

show good consistency between the LEM and FEM/E. To provide comprehensive investigation, the 

minimum FoS of a commonly used iterative finite element procedure was added. While the accuracy 
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of the results and the ability of the proposed method are presented in previous sections, some issues 

need to be deeply discussed to provide a clear understanding of the simulation procedures, its 

advantages and limitations. 

 
4.1. Model features 

To investigate the effects of mesh dimension, the average dimension of mesh (h) to the height of 

the model (H=10 m) changed from 0.025 to 0.2. Fig. 14 demonstrates the distribution of quadrilateral 

elements for the model with a very fine and very coarse mesh. Fig. 14(a) presents the effect of mesh 

dimension on the minimum FoS calculated based on the strength reduction method in the FEM/E and 

shows that increasing the dimension of the mesh results in a higher value of the FoS (approximately 

8%). A similar effect was detailed using the FEM/I with a triangular mesh (Tschuchnigg et al. 2015). 

By increasing the mesh dimension, the number of Gauss points in the possible critical slip surface 

decreases, and as a result, the accuracy of the simulation decreases. On the other hand, decreasing the 

average dimension of the mesh causes the number of elements to increase and the critical time step to 

decrease, and both increase the execution time. Therefore, adopting an optimum mesh dimension is 

necessary to have sufficient accuracy for the results and to reduce the runtime. Fig. 15(a) shows that 

for a small to medium mesh (h/H = 0.05-0.1), the calculated minimum FoS changed slightly. This 

study selected 
ℎ

𝐻
= 0.05 for all models in the results section, and the calculated data showed that this 

magnitude could provide enough accuracy. 

The explicit method is conditionally stable, and it needs to apply loads incrementally. Therefore, 

the time increment must be effectively small to obtain accurate results. Another effect of the mesh 

dimension in the FEM/E is changing the critical time step of the simulation (Eq. 2). Fig. 15(b) 

demonstrates the effect of the critical time step on the minimum FoS of slopes. This figure shows that 

decreasing the magnitude of the critical time step approximately 100 times has no effect on the final 

result. 

  
Fig. 14 (a) Model with very small mesh (0.25 m) and (b) Model with extra-large mesh (2 m) 
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Fig. 15 Dependency of results (a) to mesh dimension and (b) to critical time step 

4.2.  Constitutive model 

Applying the non-associated flow rule leads to non-uniqueness of the solution (Rice 1976, 

Tschuchnigg et al. 2015 a,b) and may cause numerical instability without indication of the failure 

mechanism (Nordal 2008). However, Cheng et al. (2007) showed that for problems with friction 

angles up to 35º, applying the associated or non-associated flow rule has a negligible influence on the 

minimum FoS, and the results of both approaches are close. In the current study, we applied the 

associated flow rule for the Mohr-Coulomb constitutive model for soil with friction angles up to 45º 

(Figs. 3, 5 and 11), and the results showed excellent consistency between the LEM and FEM/E for 

both the minimum FoS and the shape of the critical slip surface. 

The effect of pore pressure values was neglected in this study because ABAQUS/Explicit could not 

execute multi-phase medium. However, this is not a large concern, as Duncan (1996) stated that the 

magnitude of the pore pressure is usually estimated at the time of slope failure and its accuracy is 

under question. Therefore, for saturated conditions, applying water pressure similar to the external 

load on slope surface(s) (see Griffiths and Lane1999) and using total unit weight could rectify this 

discrepancy. 

For undrained conditions  φ=0º   n h m   n        ,  h   ha      the failure surface depends on the 

angle of the slope and varies from deep failure for slopes with angles less than 53º to shallow failure 

surfaces for slopes with higher angles (Zhu et al. 2015). The potential of the proposed procedure to 

capture deep failure is demonstrated in Fig. 8. In complex conditions, deep failure may occur only for 

the upper layer or the lower layer, depending on the strength parameters of the layers. 

In the LEM methods, researchers assume that the behaviour of soil is ductile and that the method 

could not provide information about the magnitude or variation in the strains within the soil. 

Therefore, the mobilised shear strength may have different values along the slip surface (Duncan 

1996). On the other hand, the FEM/I performs based on a constitutive model, but it needs to iterate 

based on a predefined iteration number according to user judgement. Therefore, due to 
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excessive/insufficient iterations, the final displacement and shear strain are unreliable. The proposed 

methodology provides realistic information about the stress-strain condition of the critical slip surface 

at the beginning of failure. 

 

4.3. Initial instability 

Geotechnical researchers and engineers may face weak soils or inadequate data for evaluating the 

slope stability condition and should make judgements based on their knowledge or applying the 

random finite element method (RFEM), which could cause initial instability in the slope (Griffiths et 

al. 2004), and it is inevitable to encounter initial instability in their analyses. 

Fig. 16(a) shows that for FoS<1, the results of the FEM/I and FEM/E are very close to the LEM. In 

Fig. 16(b), the FoS of a vertical cut with undrained soil (φ=0º) is presented. From this figure, one can 

deduce that the proposed criterion has enough capability to calculate the minimum FoS smaller than 

one for undrained conditions for vertical cuts, and the results are consistent with the LEM. 

For initial instability, it should be noted that applying extremely low strength parameters may lead 

to excessive mesh distortion and execution abortion or an unacceptable increase in the kinetic energy 

to internal energy ratio, which could result in unrealistic outcomes.  

  
Fig. 16 Results for FoS<1 (a) 1 H-1 V        w  h  =  kPa and     v     a      w  h φ=0º 

 

4.4. Geometry 

This study investigates the applicability of the FEM/E for calculating the minimum FoS of slopes 

with angles from 33.7º to 90º and for multi-layer and multi-angle slopes. The results demonstrate that 

it has enough accuracy to predict the critical slip surface and the minimum FoS for conventional 

complex geometries in geotechnical engineering. However, for unusual shapes or complex geometry, 

local minima may affect the minimum FoS of the model. In these cases, the geometry of the model 
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should be changed by altering the local gradient or by applying superficial higher-strength material 

parameters to the local unstable geometry to find a more general minimum slip surface. Similar to 

other proposed methods for calculating the minimum FoS, it is crucial to understand the procedure and 

keeping its limitations in perspective to have accurate judgements about slope stability or slope failure. 

 

5. Conclusions 

For many years, the LEM and FEM/I have been the most popular methods for calculating the 

minimum FoS and critical slip surface. While the absence of a stress-strain relationship for the LEM 

method caused inadequate information about stress and displacement distribution in the soil, the 

FEM/I method uses constitutive models to overcome this discrepancy. However, the results for 

extremely steep slopes show a gap between the LEM and FEM/I results.  

• In this study, we proposed and examined a methodology based on strength reduction 

method and explicit finite element. The proposed a methodology is based on monitoring 

the kinetic energy in the soil domain. When applying the Mohr-Coulomb constitutive 

model, the minimum FoS can be calculated as the minimum factor required to reduce the 

soil strength for imminent failure. 

• For slope angles 45° or less, there is good agreement among the minimum FoSs of three 

methods, but for steep slopes and vertical cuts (similar to the excavation condition), the 

conventional FEM/I could not predict the minimum FoS and its solution is unrealistic and 

shows significant differences with the LEM, but the proposed method shows excellent 

consistency with the LEM.  

• Calculating the minimum FoS due to change of stress conditions was examined. The 

minimum FoS, for slopes with surcharges or subjected to pseudo-static earthquake loading, 

and the consistency between the results of the LEM and FEM/E showed that this method 

could be used for practical and scientific projects.  

• This study investigates the applicability of the FEM/E for calculating the minimum FoS of 

slopes with angles from 33.7º to 90º and for multi-layer and multi-angle slopes. The results 

demonstrate that it has enough accuracy to predict the critical slip surface and the 

minimum FoS for conventional complex geometries in geotechnical engineering. 
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