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multi-particle Coulombic systems is real analytic away from the nuclei
and from the diagonal x = y.
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1. Introduction

The objective of the paper is to study analytic properties of the one-particle
density matrix for the molecule, consisting of N electrons and N0 nuclei de-
scribed by the following Schrödinger operator:

N∑

k=1

(
−Δk −

N0∑

l=1

Zl

|xk − Rl|

)
+

∑

1≤j<k≤N

1
|xj − xk| +

∑

1≤k<l≤N0

ZlZk

|Rl − Rk| ,

(1.1)

where Rl ∈ R
3 and Zl > 0, l = 1, 2, . . . , N0, are the positions and the charges,

respectively, of N0 nuclei, and xj ∈ R
3, j = 1, 2, . . . , N are positions of N

electrons. The notation Δk is used for the Laplacian w.r.t. the variable xk.
The positions of the nuclei are assumed to be fixed, and as a result the very
last term in (1.1) is constant. Thus, in what follows we drop this term and
instead of (1.1) we study the operator

H = H(0) + V, H(0) = −Δ = −
N∑

k=1

Δk (1.2)
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with

V (x) = V C(x) = −
N∑

k=1

N0∑

l=1

Zl

|xk − Rl| +
∑

1≤j<k≤N

1
|xj − xk| . (1.3)

This operator acts on the Hilbert space L2(R3N ), and it is self-adjoint on the
domain D(H) = D(H(0)) = H2(R3N ), since V is infinitesimally H(0)-bounded,
see, e.g., [20, Theorem X.16].

Let ψ = ψ(x) be an eigenfunction of the operator H with an eigenvalue
E ∈ R, i.e.,

(H − E)ψ = 0. (1.4)

For each j = 1, . . . , N , we represent

x = (xj , x̂j), where x̂j = (x1, . . . , xj−1, xj+1, . . . , xN ),

with obvious modifications if j = 1 or j = N . The one-particle density matrix
is defined as the function

γ̃(x, y) =
N∑

j=1

∫

R3N−3

ψ(x, x̂j)ψ(y, x̂j) dx̂j , (x, y) ∈ R
3 × R

3, (1.5)

see [10]. This function is one of the key objects in the multi-particle quantum
mechanics, see, e.g., [5,6,18,19] for details and further references. If one as-
sumes that all N particles are fermions (resp. bosons), i.e., that the function
ψ is antisymmetric (resp. symmetric) under the permutations xj ↔ xk, then
the definition (1.5) simplifies:

γ̃(x, y) = N

∫

R3N−3
ψ(x, x̂)ψ(y, x̂)dx̂,

where we have denoted x̂ = x̂1, so x = (x1, x̂). Our objective is to study the
regularity properties of the function γ̃(x, y) in the general form (1.5) without
any symmetry assumptions.

Regularity properties of solutions of elliptic equations are a classical and
widely studied subject. For instance, it immediately follows from the general
theory, see, e.g., [13], that any local solution of (1.4) is real analytic away
from the singularities of the potential (1.3). In his famous paper [16], T. Kato
showed that a local solution is locally Lipschitz with “cusps” at the points of
particle coalescence. Further regularity results include [8,11,12]. We cite the
most recent paper [8] for further references.

As far as the one-particle density matrix (1.6) is concerned, in the an-
alytic literature a special attention has been paid to the one-particle density
ρ̃(x) = γ̃(x, x). It was shown in [9] that in spite of the nonsmoothness of ψ,
the density ρ̃(x) remains smooth as long as x �= Rl, l = 1, 2, . . . , N0, because
of the averaging in x̂. Moreover, the same authors prove in [10] that ρ̃ is in
fact real analytic away from the nuclei, see also [14] for an alternative proof.
Paper [10] also claims that the proofs therein imply the analyticity of γ̃(x, y)
for all x, y away from the nuclei. However, the methods of [10] do not suffice to
substantiate this claim. The objective of the current paper is to bridge this gap
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and prove the real analyticity for the one-particle density matrix γ̃(x, y) for all
x �= y away from the nuclei. We emphasize that the condition x �= y is not just
an annoying technical restriction—the function γ̃(x, y) genuinely cannot be in-
finitely smooth on the diagonal. We have no analytic proof of this fact, but we
can present an indirect justification. As shown in [21], the eigenvalues λk(Γ),
k = 1, 2, . . . , of the non-negative compact operator Γ : L2(R3) → L2(R3) with
kernel γ̃(x, y) decay at the rate of k−8/3 as k → ∞. In general, for integral
operators the rate of decay is dictated by the smoothness of the kernel: the
smoother the kernel is, the faster the eigenvalues decrease, see bibliography in
[21]. If the function γ̃(x, y) were infinitely differentiable for all x and y includ-
ing the diagonal x = y (but excluding the nuclei), then the eigenvalues of Γ
would decay faster than any negative power of their number, which is not the
case. To justify the non-smoothness for x = y, we also mention a calculation
presented in [2] (see also [3]) that suggests that γ̃(x, y)− γ̃(x, x) should behave
as |x − y|5 for x close to y. In fact, order 5 of this homogeneous singularity
is consistent with the k−8/3-decay of the eigenvalues, see again [21] and bib-
liography therein. As the anonymous referee has pointed out to the authors,
the non-analyticity of the one-particle matrix on the diagonal is not only of
purely theoretical interest but also has important practical consequences for
the electronic structure calculations as it imposes limits upon the accuracy of
electronic properties computed with finite basis sets, see, e.g., [4].

One should also say that the real analyticity of the density ρ̃(x) = γ̃(x, x),
x �= 0, established in [10], means that the density matrix γ̃(x, y) is analytic
along the diagonal x = y as a function of one variable x, which does not
contradict the non-smoothness of γ̃(x, y) on the diagonal as a function of the
two variables x and y.

Before we state the main result note that regularity of each of the terms
in (1.5) can be studied individually. Furthermore, it suffices to establish the
real analyticity of the function

γ(x, y) =
∫

R3N−3

ψ(x, x̂)ψ(y, x̂) dx̂, (x, y) ∈ R
3 × R

3. (1.6)

The remaining terms in the sum (1.5) are handled by relabeling the variables.
Thus, from now on we use the terms one-particle density matrix and one-
particle density for the functions (1.6) and ρ(x) = γ(x, x), respectively.

The next theorem constitutes our main result.

Theorem 1.1. Let the function γ(x, y), (x, y) ∈ R
3 × R

3, be defined by (1.6).
Then, γ(x, y) is real analytic as a function of the variables x and y on the set

D0 = {(x, y) ∈ R
3 × R

3 : x �= Rl, y �= Rl, l = 1, 2, . . . N0, and x �= y}. (1.7)

As mentioned above, the eigenfunction ψ(x) loses smoothness at the par-
ticle coalescence points. Therefore, a direct differentiation of (1.6) w.r.t. x
and y under the integral will not produce the required analyticity. In order
to circumvent this difficulty, we use the property that the eigenfunction pre-
serves smoothness even at the coalescence points if one replaces the standard
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derivatives by cleverly chosen directional ones. For example, the function ψ is
infinitely smooth in the variable x1 + x2 + · · · xN , as long as xj �= Rl for each
j = 1, 2, . . . , N , l = 1, 2, . . . , N0. In other words, it is infinitely differentiable
with respect to the directional derivative

D =
N∑

j=1

∇xj
.

Such regularity follows from the fact that the potential (1.3) is smooth w.r.t.
D on the same domain. In particular,

D
1

|xj − xk| = 0, for all j �= k.

This approach was successfully used in [10] (or even in the earlier paper [9])
in the study of the electron density ρ(x) = γ(x, x). To illustrate the use of the
directional derivatives in the study of ρ(x), below we give a simplified example.

Assume that N0 = 1 and that R1 = 0. For further simplification instead
of the function γ(x, x), we consider only a part of it. Precisely, let ζ ∈ C∞

0 (R3)
be a real-valued function such that ζ(t) = 0 for |t| > ε/2 with some ε > 0. Let
us show that the integral

F (x) =
∫

R3N−3
|ψ(x, x̂)|2

N∏

j=2

ζ(x − xj) dx̂ (1.8)

is C∞ for all x ∈ R
3 such that |x| > ε. The presence of the cut-off functions

in (1.8) means that all the particles are within a ε/2 distance from the first
particle. Thus, on the domain of integration all variables are separated from
0: |xj | ≥ |x| − |x − xj | > ε/2, j = 2, 3, . . . , N . Rewrite F making the change
of variables xj = wj + x, j = 2, 3, . . . , N , under the integral:

F (x) =
∫

R3N−3
|ψ(x,w2 + x, . . . , wN + x)|2

N∏

j=2

ζ(−wj) dŵ,

ŵ = (w2, w3, . . . , wN ).

Differentiating the integral w.r.t. x, we get:

∇xF (x) = 2Re
∫

R3N−3
(Dψ)(x,w2 + x, . . . , wN + x)

× ψ(x,w2 + x, . . . , wN + x)
N∏

j=2

ζ(−wj) dŵ

= 2Re
∫

R3N−3
(Dψ)(x, x̂)ψ(x, x̂)

N∏

j=2

ζ(x − xj) dx̂.

Now it is clear that by virtue of smoothness of ψ w.r.t. the derivative D, this
relation can be differentiated arbitrarily many times, thereby proving that
F ∈ C∞ for all x : |x| > ε.
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The complete proof of real analyticity of ρ(x) in [10] is more involved.
In particular, it requires the study of various cut-off functions that keep some
of the particles “close” to each other, but separate from the rest of them
(we call this group of particles the cluster associated with the given cut-off ).
Adaptation of the above argument to such cases leads to the introduction of
the cluster derivatives (i.e., directional derivatives involving only the particles
in a cluster), and it is far from straightforward.

As in [10], in the current paper our starting point is again a careful
analysis of the smoothness properties of the eigenfunction ψ with respect to the
cluster derivatives. However, we find the argument in [10] somewhat condensed
and sketchy in places. Thus, we provide our own proofs that contain more detail
and at the same time, as we believe, are sometimes simpler than in [10].

To obtain bounds for the derivatives of γ(x, y), we use again cluster
derivatives, but the method of [10] is ineffective if applied directly. It has
to be reworked taking into account the presence of two variables (i.e., x, y) in-
stead of one. At the heart of our approach is the concept of an extended cut-off
function that depends on the variables (x, y) ∈ R

3 × R
3 and ˆx ∈R

3N−3. Any
such function Φ(x, y, x̂) has two clusters associated with it, whose properties
are linked to each other (see Subsect. 4.2). This enables us to apply the cluster
derivatives method to integrals of the form:

∫

R3N−3

ψ(x, x̂)ψ(y, x̂)Φ(x, y, x̂) dx̂, (x, y) ∈ R
3 × R

3. (1.9)

At the last stage, we construct a partition of unity on R
3N+3 which consists

of extended cut-offs, and split γ(x, y) in the sum of terms of the form (1.9).
Estimating each of them individually, we get the desired real analyticity.

The paper is organized as follows. In Sect. 2, we state Theorem 2.2, in-
volving more general interactions between particles, that implies Theorem 1.1
as a special case. This step allows to include other physically meaningful po-
tentials, such as, for example, the Yukawa potential. An important conclusion
of this section is that the claimed analyticity of the function γ(x, y) follows
from appropriate L2-bounds on the derivatives of γ(x, y), enunciated in Theo-
rem 2.3. The rest of the paper is devoted to the proof of Theorem 2.3.

Section 3 is concerned with the study of the directional derivatives of the
eigenfunction ψ. The main objective is to establish suitable L2-estimates for
higher-order derivatives of ψ on the open sets, separating different clusters of
variables. Here our argument follows that of [10] with some simplifications. In
Sect. 4, we study in detail properties of smooth cut-off functions including the
extended cut-offs Φ = Φ(x, y, x̂), x, y ∈ R

3, x̂ ∈ R
3N−3, and clusters associated

with them. In Sect. 5, we put together the results of Sects. 3 and 4 to estimate
the derivatives of integrals of the form (1.9) with extended cut-offs Φ. These
estimates are used to prove Theorem 2.3 with the help of a partition of unity
that consists of extended cut-offs. This completes the proof of Theorem 2.2,
and hence that of the main result, Theorem 1.1. Appendix contains some
elementary combinatorial formulas that are used throughout the proof.
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We conclude the introduction with some general notational conventions.

Constants. By C or c with or without indices, we denote various positive
constants whose exact value is of no importance.

Coordinates. As mentioned earlier, we use the following standard notation
for the coordinates: x = (x1, x2, . . . , xN ), where xj ∈ R

3, j = 1, 2, . . . , N .
Very often it is convenient to represent x in the form x = (x1, x̂) with x̂ =
(x2, x3, . . . , xN ) ∈ R

3N−3.

Clusters. Let R = {1, 2, . . . , N}. An index set P ⊂ R is called cluster. The
cluster R is called maximal. We denote |P| = cardP, Pc = R\P, P∗ = P\{1}.
If P = ∅, then |P| = 0 and Pc = R.

For M clusters P1, . . . ,PM we write P = {P1,P2, . . . ,PM}, P∗ = {P∗
1,P

∗
2,

. . . ,P∗
M} and call P, P∗ cluster sets. Clusters P1,P2, . . . ,PM in a cluster set

are not assumed to be all distinct.

Derivatives. Let N0 = N∪{0}. If x = (x′, x′′, x′′′) ∈ R
3 and m = (m′,m′′,m′′′) ∈

N
3
0, then the derivative ∂m

x is defined in the standard way:

∂m
x = ∂m′

x′ ∂m′′
x′′ ∂m′′′

x′′′ .

This notation extends to x ∈ R
d with an arbitrary dimension d ≥ 1 in the

obvious way. Denote also

∂m = ∂m1
x1

∂m2
x2

· · · ∂mN
xN

, m = (m1,m2, . . . , mN ) ∈ N
3N
0 .

A central role is played by the following directional derivatives. For a cluster
P and each m = (m′,m′′,m′′′) ∈ N

3
0, we define the cluster derivatives

Dm
P =

(∑

k∈P

∂x′
k

)m′( ∑

k∈P

∂x′′
k

)m′′( ∑

k∈P

∂x′′′
k

)m′′′

. (1.10)

These operations can be viewed as partial derivatives w.r.t. the variable∑
k∈P xk. Let P = {P1,P2, . . . ,PM} be a cluster set, and let m = (m1,m2, . . . ,

mM ), mk ∈ N
3
0, k = 1, 2, . . . , M . Then, we denote

Dm
P = Dm1

P1
Dm2

P2
· · ·DmM

PM
.

Supports. For any smooth function f = f(x), we define the set supp0 f =
{x : f(x) �= 0}. Note that this set is open and its closure supp0 f gives the
standard definition of the support supp f . For supp0 f , we immediately get the
useful property that

supp0(fg) = supp0 f ∩ supp0 g. (1.11)

Furthermore, for any m ∈ N
3N
0 , |m| = 1, we have

supp0 ∂mf ⊂ supp0 f, if f ≥ 0. (1.12)
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2. The Main Result

2.1. Main Theorem

The main theorem 1.1 is derived from the following result that holds for more
general potentials than (1.3).

Let Vk,l,Wk,j ∈ C∞(R3\{0}), l = 1, 2, . . . , N0, k, j = 1, 2, . . . , N , be
functions on R

3 such that for all v ∈ H1(R3) we have

‖Vk,lv‖L2 + ‖Wk,jv‖L2 ≤ C‖v‖H1 , (2.1)

and for every ε > 0, we have
N∑

k=1

N0∑

l=1

max
|x|>ε

|∂m
x Vk,l(x)| +

N∑

k,j=1
k �=j

max
|x|>ε

|∂m
x Wk,j(x)| ≤ A

1+|m|
0 (1 + |m|)|m|,

(2.2)

for all m ∈ N
3
0 with some positive constant A0 = A0(ε). The condition (2.2)

implies that the functions Vk,l and Wk,j are real analytic on R
3\{0}. Instead

of the potential V C defined in (1.3), we consider the potential

V (x) =
N∑

k=1

N0∑

l=1

Vk,l(xk − Rl) +
N∑

k,j=1
k �=j

Wk,j(xk − xj). (2.3)

The Coulomb potentials Vk,l(x) = −Zl|x|−1 and Wk,j(x) = (2|x|)−1 satisfy
(2.1) in view of the classical Hardy’s inequality, see, e.g., [20, The Uncertainty
Principle Lemma, p. 169]. Furthermore, the bounds (2.2) can be deduced from
the estimates for harmonic functions, established, e.g., in [7, Theorem 7, p. 29].
Thus, the potential (1.3) is a special case of (2.3). Working with more general
potentials allows one to include into consideration other physically meaning-
ful interactions, such as, e.g., the Yukawa potential. This generalization was
pointed out in [10].

We need the following elementary elliptic regularity fact, which we give
with a proof, since it is quite short.

Lemma 2.1. Suppose that V is given by (2.3). Then,

‖V v‖L2 ≤ C‖v‖H1 , (2.4)

for all v ∈ H1(R3N ).
If v ∈ H1(R3N ) and Hv ∈ L2(R3N ), then v ∈ H2(R3N ) and

‖v‖H2 ≤ C
(‖Hv‖L2 + ‖v‖L2

)
. (2.5)

The constant C depends on N and N0 only.

Proof. The bound (2.4) immediately follows from (2.1).
For v ∈ H1, Hv ∈ L2, it follows from (2.4) that

−Δv = Hv − V v ∈ L2. (2.6)
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Consequently, in view of the straightforward bound

‖v‖H2 ≤ C1

(‖Δv‖L2 + ‖v‖L2

)
, (2.7)

the function v is H2, and hence, (2.4) implies that

‖V v‖L2 ≤ δ‖v‖H2 + C̃δ‖v‖L2 , (2.8)

for all δ > 0. Together with (2.6) and (2.7), this leads to the bound

‖v‖H2 ≤ C1

(‖Hv‖L2 + δ‖v‖H2 + (C̃δ + 1)‖v‖L2

)
.

Taking δ = (2C1)−1, we easily derive (2.5) with a suitable constant C > 0.
�

Note that the estimate (2.8) shows that the potential (2.3) is infinitesi-
mally H(0)-bounded, so that the operator H defined in (1.2) is self-adjoint on
the domain D(H(0)) = H2(R3N ).

Theorem 1.1 is a consequence of the following result.

Theorem 2.2. Let the potential V be given by (2.3), with some functions Vk,l

and Wk,j, satisfying the conditions (2.1) and (2.2). Let ψ be an eigenfunction
of the operator (1.2), and let γ(x, y) be as defined in (1.6). Then, γ(x, y) is
real analytic as a function of the variables x and y on the set (1.7).

For the sake of simplicity, we prove this theorem only for the case of a sin-
gle atom, i.e., for N0 = 1. The general case requires only obvious modifications.
Without loss of generality, we set R1 = 0. Thus, (2.3) rewrites as:

V (x) =
N∑

k=1

Vk(xk) +
N∑

k,j=1
k �=j

Wk,j(xk − xj), Vk = Vk,1, (2.9)

and the stated analyticity of γ(x, y) will be proved on the set

D0 = {(x, y) ∈ R
3 × R

3 : x �= 0, y �= 0, x �= y}.

This result is derived from the following L2-bound on the set

D = Dε = {(x, y) ∈ R
3 × R

3 : |x| > ε, |y| > ε, |x − y| > ε}, ε > 0. (2.10)

Theorem 2.3. Let ε > 0 be arbitrary. Then, for all k,m ∈ N
3
0, we have

‖∂k
x∂m

y γ( · , · )‖L2(Dε) ≤ A|k|+|m|+2(|k| + |m| + 1)|k|+|m|, (2.11)

with some constants A = A(ε), independent of k,m.

The derivation of Theorem 2.2 from Theorem 2.3 is based on the following
elementary lemma.

Lemma 2.4. Let Ω ⊂ R
d be an open set, and let f ∈ C∞(Ω) be a function such

that

‖∂s
xf‖L2(Ω) ≤ B2+|s|(1 + |s|)|s|, (2.12)

for all s ∈ N
d
0, with some positive constant B. Then, f is real analytic on Ω.
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Proof. Let x0 ∈ Ω, and let r > 0 be such that B(x0, 2r) = {x ∈ R
d : |x−x0| <

2r} ⊂ Ω. We aim to prove that

|∂s
xf(x)| ≤ CR−|s|s!, (2.13)

for all s ∈ N
d
0 and for each x ∈ B(x0, r), with some positive constants C and

R, possibly depending on x0 and r. According to [17, Proposition 2.2.10], this
would imply the required analyticity.

Let β ∈ C∞
0 (Rd) be a function supported on B(x0, 2r) and such that

β = 1 on B(x0, r). Denote

g(x) = β(x)∂s
xf(x).

By the standard Sobolev inequalities, see, e.g., [7, Theorem 6, p. 270], for
l > d/4 we can estimate

‖g‖L∞(Rd) ≤ C‖(1 − Δ)lg‖L2(Rd),

with a constant C depending on l. Now it follows from (2.12) that

‖g‖L∞(Rd) ≤ C ′B|s|+2l+2(|s| + 2|l| + 1)|s|+2l.

By (7.2), the right-hand side does not exceed

C̃(Be)|s|+2l+2(|s| + 2l)! ≤ C̃(Be)|s|+2l+2e2l(|s|+2l)|s|!
According to (7.5),

|s|! ≤ d|s|s!.

Consequently,

‖g‖L∞(Rd) ≤ C̃(Be)2l+2e4l2(Be1+2ld)|s|s!.

This bound leads to (2.13) with explicitly given constants C and R. The proof
is now complete. �

Proof of Theorem 2.2. According to Theorem 2.3 and Lemma 2.4, the function
γ(x, y) is real analytic on Dε for all ε > 0. Consequently, it is real analytic on

D0 =
⋃

ε>0

Dε,

as required. �

The rest of the paper is focused on the proof of Theorem 2.3.

2.2. More Notation

Here we introduce some important sets in R
3N and R

3N−3. For ε ≥ 0 introduce

XP(ε) =

{
R

3N for |P| = 0 or N,

{x ∈ R
3N : |xj − xk| > ε,∀j ∈ P, k ∈ Pc}, for 0 < |P| < N,

(2.14)

The set XP(ε), ε > 0, separates the points xk and xj labeled by the clusters P
and Pc, respectively. Note that XP(ε) = XPc(ε).
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Define also the sets separating xk’s from the origin:

TP(ε) =

{
R

3N , for |P| = 0,

{x ∈ R
3N : |xj | > ε,∀j ∈ P}, for |P| > 0.

(2.15)

It is also convenient to introduce a similar notation involving only the variable
x̂:

T̂P∗(ε) =

{
R

3N−3, for |P∗| = 0,

{x̂ ∈ R
3N−3 : |xj | > ε, ∀j ∈ P∗}, for |P∗| > 0.

(2.16)

For the cluster sets P = {P1,P2, . . . ,PM}, P∗ = {P∗
1,P

∗
2, . . . ,P

∗
M} define

⎧
⎪⎪⎨

⎪⎪⎩

XP(ε) =
⋂M

s=1 XPs
(ε) ⊂ R

3N , TP(ε) =
⋂M

s=1 TPs
(ε) ⊂ R

3N ,

UP(ε) = XP(ε) ∩ TP(ε),

T̂P∗(ε) =
⋂M

s=1 T̂P∗
s
(ε) ⊂ R

3N−3.

(2.17)

Now we introduce the standard cut-off functions with which we work. Let

ξ ∈ C∞(R) : 0 ≤ ξ(t) ≤ 1, ξ(t) =

{
0, if t ≤ 0,

1, if t ≥ 1.
(2.18)

Now we define two radially symmetric functions ζ, θ ∈ C∞(R3) as follows:

θ(x) = ξ

(
4N

ε
|x| − 1

)
, ζ(x) = 1 − θ(x), x ∈ R

3, (2.19)

so that

θ(x) = 0 for x ∈ B
(
0, ε(4N)−1

)
, ζ(x) = 0 for x /∈ B

(
0, ε(2N)−1

)
.

3. Regularity of the Eigenfunctions

In this section, we establish estimates for the derivatives Dm
P ψ of the eigenfunc-

tion ψ, see (1.10) for the definition of the cluster derivatives. Our argument
is an expanded version of the approach suggested in [10], which, in turn, was
inspired by the proof of analyticity for solutions of elliptic equations with an-
alytic coefficients, see, e.g., the classical monograph [13, Section 7.5].

The key point of our argument is the regularity of the functions Dm
P ψ for

all m ∈ N
3M
0 on the domain UP(ε) with arbitrary positive ε. As before, in the

estimates below we denote by C, c with or without indices positive constants
whose exact value is of no importance. For constants that are important for
subsequent results, we use the notation L or A with indices. The letter L (resp.
A) is used when the constant is independent of (resp. dependent on) ε.

We begin the proof of the required property with studying the regularity
of the potential (2.9).
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3.1. Regularity of the Potential (2.9)

The next assertion is a more detailed variant of [10, Part 2 of Lemma A.3]
adapted to the potential (2.9).

Lemma 3.1. Let V be as defined in (2.9), and let P = {P1,P2, . . . ,PM} be an
arbitrary cluster set. Then, for all m ∈ N

3M
0 , |m| ≥ 1, the function Dm

P V is
C∞ on UP(ε), and the bound

‖Dm
P V ‖L∞(UP(ε)) ≤ A

1+|m|
0 (|m| + 1)|m| (3.1)

holds, where A0 is the constant from the condition (2.2).

Proof. Without loss of generality, we may assume that m = (m1,m2, . . . , mM )
with all |mj | ≥ 1. Indeed, suppose that m1 = 0 and represent P = {P1, P̃}
with P̃ = {P2,P3, . . . ,PM}. Then, denoting m̃ = (m2,m3, . . . , mM ), we get

‖Dm
P V ‖L∞(UP(ε)) = ‖Dm̃

P̃
V ‖L∞(UP(ε)) ≤ ‖Dm̃

P̃
V ‖L∞(UP̃(ε)).

Repeating, if necessary, this procedure we can eliminate all zero components
of m, and the clusters, attached to them. Thus, we assume henceforth that
|mj | ≥ 1, j = 1, 2, . . . ,M .

For the clusters P1,P2, . . . ,PM introduce two disjoint sets of index pairs:

Ns = {(j, k) : j ∈ Ps, k ∈ Ps, j �= k} ∪ {(j, k) : j ∈ Pc
s, k ∈ Pc

s, j �= k},

Ms = {(j, k) : j ∈ Ps, k ∈ Pc
s or k ∈ Ps, j ∈ Pc

s}, s = 1, 2, . . . , M.

so that Ns ∪ Ms = {(j, k) ∈ R × R : j �= k}.
If |m| = 1, then a direct differentiation gives the formula

Dm
Ps

Vk(xk) =

{
0, k ∈ Pc

s,

∂m
x Vk(x)|x=xk

, k ∈ Ps.

This function is C∞ on UPs
(ε), and further differentiation gives the same for-

mula for all |m| ≥ 1. Similarly,

∣∣Dm
Ps

Wk,j(xk − xj)
∣∣ =

{
0, (k, j) ∈ Ns,∣∣ ∂m

x Wk,j(x)|x=xk−xj

∣∣, (k, j) ∈ Ms.

Consequently,

Dm
P Vk(xk) =

{
0, k ∈ ∪sP

c
s,

∂m1+m2+···+mM
x Vk(x)|x=xk

, k ∈ ∩sPs.

and
∣∣Dm

P Wk,j(xk − xj)
∣∣

=

{
0, (k, j) ∈ ∪sNs,∣∣ ∂m1+m2+···+mM

x Wk,j(x)|x=xk−xj

∣∣, (k, j) ∈ ∩sMs.
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By the definition (2.17), for x ∈ UP(ε) we have |xj | > ε for all j ∈ ∩sPs,
and |xj − xk| > ε for all (j, k) ∈ ∩sMs. Thus, the functions above are C∞ on
UP(ε), and, by the definition (2.9), it follows from (2.2) that

‖Dm
P V ‖L∞(UP(ε)) ≤ A

1+|m|
0 (1 + |m|)|m|.

This bound coincides with (3.1). �

Now we proceed to the study of the derivatives Dm
P ψ.

3.2. Regularity of the Derivatives Dm
P ψ

As before, let ψ ∈ H2(R3N ) be an eigenfunction of the operator H, with the
eigenvalue E ∈ R, i.e., HEψ = 0, where HE = H−E. Let P = {P1,P2, . . . ,PM}
be a cluster set, and consider the function um = Dm

P ψ with some m ∈ N
3M
0 . As

an eigenfunction of H, the function ψ is H2(R3N ), and, by elliptic regularity, it
is smooth (even analytic) on the set S = {xk �= 0, xk �= xj : j, k = 1, 2, . . . , N}.
Our objective is to show that the function ψ has derivatives um of all orders
|m| ≥ 0 on the larger set UP(0) ⊃ S, and that um ∈ H2(UP(ε)) for all ε > 0.

Let us begin with a formal calculation. Since HEψ = 0, by Leibniz’s
formula, we obtain

HEum = [HE ,Dm
P ]ψ = [V,Dm

P ]ψ

= −
∑

0≤s≤m
|s|≥1

(
m
s

)
Ds

PV um−s = fm. (3.2)

Thus, um is a solution of the equation HEum = fm. The next assertion gives
this statement a precise meaning.

First we observe that by Lemma 3.1, ‖Ds
PV ‖L∞(UP(ε)) < ∞ for every

s : |s| ≥ 1, and all ε > 0. Therefore, if um ∈ L2(UP(ε)) for all m : |m| ≤ p,
then fm ∈ L2(UP(ε)) for all |m| ≤ p + 1.

Lemma 3.2. Suppose that um ∈ L2(UP(ε)) for some ε > 0 and all m ∈ N
3M
0

such that |m| ≤ p with some p ∈ N0. Then, um is a weak solution of the
equation HEum = fm, that is, it satisfies the identity

∫
umHEηdx =

∫
fmηdx, (3.3)

for all η ∈ C∞
0 (UP(ε)) and all m : |m| ≤ p.

Proof. As noted before the lemma, fm ∈ L2(UP(ε)) for all |m| ≤ p + 1, so
that both sides of (3.3) are finite. Throughout the proof we use the fact that
Ds

PV ∈ C∞ on UP(ε) for all s : |s| ≥ 1, see Lemma 3.1.
We prove the identity (3.3) by induction. First note that (3.3) holds for

m = 0, since ψ is an eigenfunction and f0 = 0. Suppose that it holds for all
m : |m| ≤ k, with some k ≤ p − 1. We need to show that this implies (3.3) for
m + l, where l ∈ N

3M
0 : |l| = 1. As um+l = Dl

Pum, we can integrate by parts,
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using (3.3) for |m| ≤ k:
∫

um+lHEηdx

= −
∫

umDl
PHEηdx = −

∫
umHEDl

Pηdx −
∫

um

(
Dl

PV
)
ηdx

= −
∫

fmDl
Pηdx −

∫
um

(
Dl

PV
)
ηdx. (3.4)

Integrating by parts and using definition of fm (see (3.2)), we get for the first
integral on the right-hand side that

∫
fmDl

Pη dx =
m∑

s:|s|≥1

(
m
s

) ∫ (
(Dl+s

P V )um−s + (Ds
PV )um+l−s

)
η dx.

Standard calculations involving binomial coefficients show that
∫

fmDl
Pη dx =

m+l∑

s:|s|≥1

(
m + l

s

)∫
(Ds

PV )um+l−sη dx −
∫

(Dl
PV )umη dx

= −
∫

fm+lη dx −
∫

(Dl
PV )umη dx.

Substituting this in (3.4), we obtain that
∫

um+lHEη dx =
∫

fm+lη dx,

which coincides with (3.3) for m+ l. Now by induction we conclude that (3.3)
holds for all m : |m| ≤ p, as claimed. �

Theorem 3.3. Let E be an eigenvalue of H and let ψ be the associated eigen-
function. For each ε > 0, the function um = Dm

P ψ belongs to H2(UP(ε)) for
all m ∈ N

3M
0 .

Proof. For brevity throughout the proof, we use the notation Hα
ε = Hα(UP(ε)),

α = 1, 2, L2
ε = L2(UP(ε)).

The claim holds for m = 0, since ψ ∈ H2(R3N ) is an eigenfunction and
f0 = 0. Suppose that it holds for all m : |m| ≤ p ∈ N0. We need to show
that this implies that um+l ∈ H2

ε, for all ε > 0, where l ∈ N
3M
0 : |l| = 1 and

|m| = p.
Since um ∈ H2

ε, we have um+l ∈ H1
ε ⊂ L2

ε for all ε > 0. Thus, by
Lemma 3.2, um+l satisfies (3.3) with fm+l ∈ L2

ε. In order to show that um+l ∈
H2

ε, for all ε > 0, we apply Lemma 2.1. To this end let η1 ∈ C∞(R3N ) be
a function such that η1(x) = 0 for x ∈ R

3N\UP(ε/2) and η1(x) = 1 for
x ∈ UP(ε). Thus, by (3.3),

HE(um+lη1) = η1HEum+l − 2∇η1∇um+l − um+lΔη1

= η1fm+l − 2∇η1∇um+l − um+lΔη1.
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Since um+l ∈ H1
ε/2, the right-hand side belongs to L2(R3N ). Therefore,

H(um+lη) ∈ L2(R3N ), and by Lemma 2.1, um+lη1 ∈ H2(R3N ). As a conse-
quence, um+l ∈ H2

ε, as required. Now, by induction, um ∈ H2
ε for all m ∈ N

3M
0 .

�

3.3. Eigenfunction Estimates

Apart from the qualitative fact of smoothness of um = Dm
P ψ, now we need to

establish explicit estimates for um. As before, we denote HE = H − E with
an arbitrary E ∈ R.

Lemma 3.4. Let v ∈ H2(UP(ε)) and let m ∈ N
3N
0 , |m| ≤ 2. Then, for any

ε > 0, δ ∈ (0, 1) we have

δ|m|‖∂mv‖L2(UP(ε+δ)) ≤ C0

(
δ2‖Hv‖L2(UP(ε)) + max

j∈N
3N
0

|j|≤1

δ|j|‖∂jv‖L2(UP(ε))

)
,

with a constant C0 independent of the function v, constants ε, δ and of the
cluster set P.

Proof. Let |m| ≤ 1. Since UP(ε + δ) ⊂ UP(ε), we have

δ|m|‖∂mv‖L2(UP(ε+δ)) ≤ max
j∈N

3N
0

|j|≤1

δ|j|‖∂jv‖L2(UP(ε)),

so that the required bound holds.
Assume now that |m| = 2. Without loss of generality assume that all

clusters Ps ∈ P, s = 1, 2, . . . , M , are distinct. Let ξ be the smooth function
defined in (2.18). For arbitrary ε, δ > 0 define the cut-off

η(x) = ηP(x) =
M∏

s=1

∏

k∈Ps
j∈Pc

s

ξ

( |xk| − ε

δ

)
ξ

( |xk − xj | − ε

δ

)
.

Then, supp0 η ⊂ UP(ε) and η = 1 on UP(ε + δ). It is also clear that

max
P

‖∂kη‖ ≤ Ck|δ|−|k|, ∀k ∈ N
3N
0 ,

with some positive constants Ck independent of ε and δ, where the maximum
is taken over all sets P of distinct clusters. Estimate, using the bound (2.5):

‖∂mv‖L2(UP(ε+δ)) ≤ ‖∂m(vη)‖L2 ≤ C
(‖H(vη)‖L2 + ‖vη‖L2

)

≤ C
(‖ηHv‖L2 + ‖vΔη‖L2 + 2‖(∇η)∇v‖L2 + ‖vη‖L2

)

≤ C̃
(‖Hv‖L2(UP(ε)) + (δ−2 + 1)‖v‖L2(UP(ε))

+ δ−1‖∇v‖L2(UP(ε))

)
,

with constants independent of ε, δ. Multiplying by δ2, we get the required
estimate. �

Let E be an eigenvalue of H and ψ be the associated eigenfunction. Now
we use Lemma 3.4 for the function v = um = Dm

P ψ ∈ H2
(
UP(ε)

)
, ε > 0.
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Corollary 3.5. There exists a constant L2 > 0 independent of the cluster set P
and of the parameters ε > 0, δ ∈ (0, 1), such that for all m ∈ N

3M
0 , k, l ∈ N

3N
0 ,

|k| + |l| ≤ 2, we have

δ|k|+|l|‖∂kDm+l
P ψ‖L2(UP(ε+δ))

≤ L2

(
δ2‖fm‖L2(UP(ε)) + max

j∈N
3N
0

|j|≤1

δ|j|‖∂jDm
P ψ‖L2(UP(ε))

)
. (3.5)

Proof. Apply Lemma 3.4 to the function v = um and estimate

‖Hum‖L2(UP(ε)) ≤ ‖HEum‖L2(UP(ε)) + |E|‖um‖L2(UP(ε))

= ‖fm‖L2(UP(ε)) + |E|‖um‖L2(UP(ε)).

�

Now we use the bound (3.5) to obtain estimates for the function um with
arbitrary m ∈ N

3M
0 . Let A0, L2 and L3 be the constants featuring in (3.1),

(3.5) and (7.3), respectively. Define

A1 = 2A0 + L2(L3A0 + 1) + max
j:|j|≤1

‖∂jψ‖L2(R3N ). (3.6)

Thus, defined constant depends on the eigenvalue E and ε > 0, but is inde-
pendent of the cluster set P and of δ ∈ (0, 1].

Lemma 3.6. Let the constant A1 be as defined in (3.6). Then, for all m ∈ N
3M
0 ,

all k ∈ N
3N
0 , |k| ≤ 1, and all ε > 0 and δ > 0 such that δ(|m| + 1) ≤ 1, we

have

‖∂kDm
P ψ‖L2(UP(ε+(|m|+1)δ) ≤ A

|m|+1
1 δ−|m|−|k|. (3.7)

Proof. The formula (3.7) holds for m = 0. Indeed, since δ ≤ 1, we get

δ|k|‖∂kψ‖L2(UP(ε+δ)) ≤ max
j:|j|≤1

δ|j|‖∂jψ‖L2(R3N ) ≤ A1.

Further proof is by induction. As before, we use the notation um = Dm
P ψ.

Suppose that (3.7) holds for all m ∈ N
3M
0 such that |m| ≤ p with some p. Our

task is to deduce from this that (3.7) holds for all m, such that |m| = p + 1.
Precisely, we need to show that if |m| = p and l ∈ N

3M
0 is such that |l| = 1,

then

‖∂kum+l‖L2(UP(ε+(p+2)δ) ≤ Ap+2
1 δ−p−|k|−1, (3.8)

for all δ > 0 such that (p + 2)δ ≤ 1.
Since |l| + |k| = 1 + |k| ≤ 2, it follows from (3.5) that

δ|k|+1‖∂kum+l‖L2(UP(ε+(p+2)δ)) ≤ L2

(
δ2‖fm‖L2(UP(ε+(p+1)δ)

+ max
j∈N

3N
0

|j|≤1

δ|j|‖∂jum‖L2(UP(ε+(p+1)δ))

⎞

⎟⎠ .

(3.9)
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By the induction hypothesis, the second term in the brackets on the right-hand
side satisfies the bound

max
j∈N

3N
0

|j|≤1

δ|j|‖∂jum‖L2(UP(ε+(p+1)δ)) ≤ δ−pAp+1
1 . (3.10)

Let us estimate the first term on the right-hand side of (3.9). First we find
suitable bounds for the norms of the functions um−s, 0 ≤ s ≤ m, |s| ≥ 1,
featuring in the definition of the function fm, see (3.2). Denote q = |s|. Since
|m − s| ≤ p, we can use the induction assumption to obtain

‖um−s‖L2(UP(ε+(p−q+1)δ̃)) ≤ Ap−q+1
1 δ̃−p+q,

for all δ̃ such that (p− q +1)δ̃ ≤ 1. In particular, the value δ̃ = (p+1)(p− q +
1)−1δ satisfies the latter requirement, because (p + 1)δ ≤ 1. Thus,

‖um−s‖L2(UP(ε+(p+1)δ)) ≤ Ap−q+1
1 (p + 1)−p+q(p − q + 1)p−qδ−p+q.

For the derivatives of V , we use (3.1), so that

‖Ds
PV ‖L∞(UP(ε+(p+1)δ)) ≤ ‖Ds

PV ‖L∞(UP(ε)) ≤ Aq+1
0 (q + 1)q.

Using the definition of fm, see (3.2), and putting together the two previous
estimates, we obtain

‖fm‖L2(UP(ε+(p+1)δ))

≤
p∑

q=1

∑

|s|=q

(
m
s

)
Aq+1

0 (q + 1)qAp−q+1
1 (p + 1)−p+q(p − q + 1)p−qδ−p+q.

In view of (7.4), the right-hand side coincides with

A0A
p+1
1

p∑

q=1

(
p

q

)(
A0A

−1
1

)q(q + 1)q(p + 1)−p+q(p − q + 1)p−qδ−p+q.

Estimate the coefficient
(
p
q

)
, using (7.3):

‖fm‖L2(UP(ε+(p+1)δ))

≤ L3A0A
p+1
1 δ−p

p∑

q=1

(
A0A

−1
1

)q((1 + p)δ)q ≤ L3A0A
p+1
1 δ−p

p∑

q=1

(
A0A

−1
1

)q
,

where we have taken into account that (p+1)δ ≤ 1. By (3.6), we have A0A
−1
1 ≤

1/2, so that the sum on the right-hand side does not exceed 1. Since δ ≤ 1, we
can now conclude that

δ2‖fm‖L2(UP(ε+(p+1)δ)) ≤ L3A0A
p+1
1 δ−p+2 ≤ L3A0A

p+1
1 δ−p.

Substituting this bound together with (3.10) in (3.9), we arrive at the estimate

‖∂kum+l‖L2(UP(ε+(p+2)δ) ≤ δ−p−1−|k|Ap+1
1 L2

(
1 + L3A0

)
.

By the definition (3.6), the factor L2(1+L3A0) does not exceed A1. This leads
to the bound (3.8), and hence proves the lemma. �
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Corollary 3.7. For any ε ∈ (0, 1], there is a constant A2 = A2(ε), such that
for all cluster sets P = {P1,P2, . . . ,PM} and all m ∈ N

3M
0 , we have

‖Dm
P ψ‖L2(UP(2ε)) ≤ A

|m|+1
2 (1 + |m|)|m|.

Proof. Use (3.7) with k = 0 and δ = (|m| + 1)−1ε:

‖Dm
P ψ‖L2(UP(2ε)) ≤ ε−|m|A|m|+1

1 (1 + |m|)|m| ≤ A
|m|+1
2 (1 + |m|)|m|,

with A2 = ε−1A1, where we have taken into account that ε ≤ 1. �

4. Cut-Off Functions and Associated Clusters

4.1. Admissible Cut-Off Functions

Let {fjk}, 1 ≤ j, k ≤ N , be a set of functions such that each of them is one
of the functions ζ, θ or ∂l

xθ, l ∈ N
3
0, |l| = 1, and fjk = fkj . We work with the

smooth functions of the form:

φ(x) =
∏

1≤j<k≤N

fjk(xj − xk). (4.1)

We call such functions admissible cut-off functions or simply admissible cut-
offs. For any such function φ we also introduce the following “partial” products.
For an arbitrary cluster P ⊂ R = {1, 2, . . . , N} define

φ(x;P) =

⎧
⎪⎨

⎪⎩

∏
j<k

j,k∈P

fjk(xj − xk), if |P| ≥ 2;

1, if |P| ≤ 1.

Furthermore, for any two clusters P,S ⊂ R, such that S ∩ P = ∅, we define

φ(x;P,S) =

⎧
⎨

⎩

∏
j∈P,k∈S

fjk(xj − xk), if P �= ∅ and S �= ∅;

1, if P = ∅ or S = ∅.
(4.2)

Note that

Dl
Pφ(x;P) = Dl

Pφ(x;Pc) = 0, for all l ∈ N
3
0, |l| ≥ 1. (4.3)

It is straightforward to see that for any cluster P the function φ(x) can be
represented as follows:

φ(x) = φ(x;P)φ(x;Pc)φ(x;P,Pc). (4.4)

Following [10], we associate with the function φ a cluster Q(φ) defined next.

Definition 4.1. For an admissible cut-off φ, let I(φ) ⊂ {(j, k) ∈ R × R : j �= k}
be the set such that (j, k) ∈ I(φ), iff fjk �= θ. We say that two indices j, k ∈ R,
are φ-linked to each other if either j = k, or (j, k) ∈ I(φ), or there exists a
sequence of pairwise distinct indices j1, j2, . . . , js, 1 ≤ s ≤ N − 2, all distinct
from j and k, such that (j, j1), (js, k) ∈ I(φ) and (jp, jp+1) ∈ I(φ) for all
p = 1, 2, . . . , s − 1.

The cluster Q(φ) is defined as the set of all indices that are φ-linked to
index 1.
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It follows from the above definition that Q(φ) always contains index 1.
Note also that the notion of being linked defines an equivalence relation on R,
and the cluster Q(φ) is nothing but the equivalence class of index 1.

For example, if N = 4 and

φ(x) = ζ(x1 − x2)θ(x1 − x3)θ(x1 − x4)∂l
xθ(x2 − x3)θ(x2 − x4)θ(x3 − x4),

with some l ∈ N
3
0, |l| = 1, then Q(φ) = {1, 2, 3}.

Let P = Q(φ). If Pc is not empty, i.e., P �= R, then by the definition of
P, we always have fjk(x) = θ(x) for all j ∈ P and k ∈ Pc, and hence the
representation (4.4) holds with

φ(x;P,Pc) =
∏

j∈P, k∈Pc

θ(xj − xk). (4.5)

The notion of associated cluster is useful because of its connection with the
support of the cut-off φ. This is clear from the next two lemmata. Recall that
the sets XP, T̂P are defined in (2.14) and (2.16), respectively.

Lemma 4.2. For P = Q(φ) the inclusion

supp0 φ ⊂ XP

(
ε(4N)−1

)
(4.6)

holds.

Proof. If Pc = ∅, then, by definition, XP = R
3N , and hence (4.6) is trivial.

Suppose that Pc is non-empty. The inclusion (4.6) immediately follows
from the representation (4.4), formula (4.5) and the definition of the function
θ. �

Lemma 4.3. If j ∈ Q(φ), then |x1 − xj | < ε/2 for all x ∈ supp0 φ. Moreover,

supp0 φ(x1, · ) ⊂ T̂P∗
(
ε/2

)
, (4.7)

for all x1 : |x1| > ε.

Proof. Let x ∈ supp0 φ. By the definition of ζ and θ, if (j, k) ∈ I(φ), then
|xj − xk| < ε(2N)−1. Thus, if j and k are φ-linked to each other, then

|xj − xk| ≤ |xj − xj1 | +
s−1∑

p=1

|xjp
− xjp+1 | + |xjs

− xk|

≤ ε

2N
(s + 1) <

ε

2
.

In particular, for j ∈ Q(φ) we have |x1 − xj | < ε/2, as claimed.
Proof of (4.7). Suppose that x ∈ supp0 φ and |x1| > ε. By Lemma 4.3,

for each j ∈ P∗ we have |x1 − xj | < ε/2, so that

|xj | ≥ |x1| − |x1 − xj | >
ε

2
,

as claimed. �
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To summarize in words, on the support of the admissible cut-off φ the
variables xj , indexed by j ∈ P = Q(φ), are “close” to each other and “far”
from the remaining variables.

Let φ be of the form (4.1), and let P = Q(φ). For each l ∈ N
3
0, the function

Dl
Pφ has the form:

Dl
Pφ(x) = φ(x;P)φ(x;Pc)Dl

Pφ(x;P,Pc), P = Q(φ), (4.8)

where we have used the factorization (4.4) and property (4.3). By the definition
(4.2), Dl

Pφ = 0 if Pc = ∅.

Lemma 4.4. Let P = Q(φ) and l ∈ N
3
0, |l| = 1. If Pc �= ∅, then the function

(4.8) is represented in the form:

Dl
Pφ(x) =

∑

s∈P,r∈Pc

φ(l)
s,r, (4.9)

where each φ
(l)
s,r is an admissible cut-off of the form:

φ(l)
s,r(x) = φ(x;P)φ(x;Pc)∂l

xθ(xs − xr)
∏

j∈P,k∈Pc

(j,k) �=(s,r)

θ(xj − xk). (4.10)

Moreover, P ⊂ Q(φ(l)
s,r) and |Q(φ(l)

s,r)| ≥ |P| + 1.

Proof. The representation (4.9) immediately follows from the definition (4.5).
It is clear from (4.10) that φ

(l)
s,r has the form (4.1), and hence, it is admissible.

Due to the presence of the derivative ∂l
xθ, in addition to all indices linked

to index 1 by the function φ, the new function φ
(l)
r,s links the indices r and s as

well, and hence its associated cluster Q
(
φ

(l)
r,s

)
contains P and |Q(

φ
(l)
r,s

)| ≥ |P|+1,
as claimed. �

In what follows a special role is played by the factorization (4.4) with
P = {1}, so that

φ(x1, x̂) = ω(x1, x̂)κ(x̂) with ω(x1, x̂) = φ(x1, x̂; {1},R∗), κ(x̂) = φ(x;R∗).
(4.11)

We call the functions ω and κ the canonical factors of φ. In the next corollary,
we find the canonical factors for the cut-offs φ

(l)
s,r defined in (4.10).

Corollary 4.5. Let ω, κ be the canonical factors of φ, and let Pc �= ∅. Then,
the functions φ

(l)
s,r can be represented as follows:

φ(l)
s,r(x1, x̂) = ω(l)

r,s(x1, x̂)κ(l)
s,r(x̂), s ∈ P, r ∈ Pc,

with

ω
(l)
1,r(x1, x̂) = φ(x1, x̂; {1},P∗)∂l

xθ(x1 − xr)
∏

k∈Pc,k �=r

θ(x1 − xk),

κ
(l)
1,r(x̂) = κ(x̂),

(4.12)
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and
ω(l)

s,r(x1, x̂) = ω(x1, x̂),

κ
(l)
s,r(x̂) = φ(x̂;P∗)φ(x̂;Pc)∂l

xθ(xs − xr)
∏

j∈P∗,k∈Pc

(j,k) �=(s,r)

θ(xj − xk), (4.13)

for all s ∈ P∗.

Proof. The claim is an immediate consequence of (4.10). �

4.2. Extended Cut-Offs

Now we are ready to introduce the cut-off functions with which we work when
estimating the derivatives of the one-particle density matrix γ(x, y). These cut-
offs are functions of 3N + 3 variables and they are defined as follows. We say
that two admissible cut-offs φ = φ(x1, x̂) and μ = μ(x1, x̂) are coupled to each
other if they share the same canonical factor κ = κ(x̂) = φ(x;R∗) = μ(x;R∗),
i.e.,

φ(x1, x̂) = ω(x1, x̂)κ(x̂), μ(x1, x̂) = τ(x1, x̂)κ(x̂),

where ω is defined as in (4.11) and τ(x1, x̂) = μ(x1, x̂; {1},R∗). Out of two
coupled cut-offs φ, μ we construct a new function of 3N + 3 variables:

Φ(x, y, x̂) = ω(x, x̂)τ(y, x̂)κ(x̂)

= φ(x, x̂)τ(y, x̂) = ω(x, x̂)μ(y, x̂), (x, y) ∈ R
3 × R

3, x̂ ∈ R
3N−3.
(4.14)

We call such Φ an extended cut-off. It is clear that every extended cut-off
defines a pair of coupled admissible φ and μ uniquely. We say that the pair φ, μ
and the extended cut-off Φ are associated with each other. The representations
(4.14) and identity (1.11) give the equality

supp0 Φ(x, y, · ) = supp0 φ(x, · ) ∩ supp0 μ(y, · ), ∀(x, y) ∈ R
3 × R

3.
(4.15)

From now on we denote P = Q(φ) and S = Q(μ).
Below we list some useful properties of the extended cut-offs Φ and as-

sociated admissible φ, μ. Due to the nature of the definition (4.14), in all
statements involving the functions φ, μ and Φ, the pairs {φ,P} and {μ,S} can
be interchanged.

Lemma 4.6. If P∗ ∩ S is non-empty, then Φ(x, y, x̂) = 0 for all x̂ ∈ R
3N−3 if

(x, y) ∈ Dε.

Proof. Suppose that P∗ ∩ S is non-empty and that (x, x̂) ∈ supp0 φ, (y, x̂) ∈
supp0 μ. By Lemma 4.3, for each j ∈ P∗ ∩ S we have |x − xj | < ε/2 and
|y − xj | < ε/2. Hence, |x − y| < ε, and so

supp0 φ(x, · ) ∩ supp0 μ(y, · ) = ∅, if (x, y) ∈ Dε.

By (4.15), Φ(x, y, x̂) = 0 for all x̂ ∈ R
3N−3 if (x, y) ∈ Dε, as claimed. �

Due to Lemma 4.6 from now on we may assume that P∗ ⊂ Sc.
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Lemma 4.7. Let φ and μ be coupled admissible cut-offs, and let P∗ ⊂ Sc. Then,

τ(x1, x̂) = μ
(
x1, x̂; {1},Pc

) ∏

j∈P∗
θ(x1 − xj), (4.16)

and

supp0 μ ⊂ XP∗(ε(4N)−1). (4.17)

Furthermore,

τ(y, x̂) = μ
(
y, x̂; {1},Pc

)
, if (x, y) ∈ Dε and (x, x̂) ∈ supp0 φ. (4.18)

Proof. Since R∗ = P∗ ∪ Pc, the function τ(x1, x̂) = μ(x1, x̂; {1},R∗) factorizes
as follows:

τ(x1, x̂) = μ
(
x1, x̂; {1},Pc

)
μ
(
x1, x̂; {1},P∗).

As P∗ ⊂ Sc, we have

μ(x1, x̂; {1},P∗) =
∏

j∈P∗
θ(x1 − xj),

which leads to (4.16).
If Pc = ∅, i.e., P = R, then the inclusion P∗ ⊂ Sc implies that Sc = P∗.

By Lemma 4.2,

supp0 μ ⊂ XS(ε(4N)−1).

As XS = XSc , the claimed result follows.
Assume now that Pc �= ∅. Consider separately the factors in the repre-

sentation μ(x) = τ(x1, x̂)κ(x̂). Since

κ(x̂) = φ(x̂;P∗)φ(x̂;Pc)φ(x̂;P∗,Pc),

in view of (4.5) and definition (2.19) we have

supp0 κ ⊂ supp0 φ( · ;P∗,Pc)

⊂ {x̂ : |xj − xk| > ε(4N)−1, j ∈ P∗, k ∈ Pc}. (4.19)

In view of (4.16), by the definition (2.19) again,

supp0 τ ⊂ {x : |x1 − xj | > ε(4N)−1, j ∈ P∗}.

Since Pc ∪ {1} = (P∗)c, together with (4.19), this gives the inclusion

supp0 μ = supp0 κτ ⊂ {x : |xj − xk| > ε(4N)−1, j ∈ P∗, k ∈ (P∗)c}
= XP∗(ε(4N)−1),

as required.
Proof of (4.18). Since (x, x̂) ∈ supp0 φ, by Lemma 4.3 we have |x − xj | <

ε/2, j ∈ P∗. As (x, y) ∈ Dε, this implies that |y − xj | > ε/2 for all j ∈ P∗. By
definition (2.19), θ(y − xj) = 1 if |y − xj | > ε(2N)−1. Therefore, θ(y − xj) = 1
for all j ∈ P∗. Hence, the product on the right-hand side of (4.16) equals one,
which implies (4.18). �
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In the next lemma, we collect all the information on the supports of
the coupled φ, μ and associated extended cut-off Φ that we need in the next
section.

Lemma 4.8. If P∗ ⊂ Sc, then
{

supp0 φ ⊂ XP

(
ε(4N)−1

) ∩ XS∗
(
ε(4N)−1

)
,

supp0 μ ⊂ XS

(
ε(4N)−1

) ∩ XP∗
(
ε(4N)−1

)
.

(4.20)

If (x, y) ∈ Dε, then

supp0 Φ(x, y, · ) = supp0 φ(x, · ) ∩ supp0 μ(y, · ) ⊂ T̂P∗(ε/2) ∩ T̂S∗(ε/2).
(4.21)

Proof. The second inclusion in (4.20) follows from the inclusion (4.6) applied
to function μ and from the relation (4.17). The condition P∗ ⊂ Sc is equivalent
to S∗ ⊂ Pc. Thus, the first inclusion in (4.20) follows from the inclusion (4.6)
and the relation (4.17) applied to the function φ.

Since |x| > ε and |y| > ε for (x, y) ∈ Dε, the inclusion (4.21) follows from
(4.7) applied to φ and μ. �

Similarly to the cluster derivatives (4.8) of the admissible cut-offs, now we
need to investigate the cluster derivatives of the extended cut-offs. As before,
let Φ(x, y, x̂) be an extended cut-off associated with the coupled admissible
cut-offs φ, μ, and let P = Q(φ), S = Q(μ). It will be sufficient to confine our
attention to the derivatives Dl

P w.r.t. the variable x for the cluster P.
Assume that Pc �= ∅. Let φ

(l)
s,r, s ∈ P, r ∈ Pc, be the admissible cut-offs

defined in (4.10), and let ω
(l)
s,r and κ

(l)
s,r be their canonical factors detailed in

(4.12) and (4.13), respectively. Using the factor τ from the canonical factor-
ization μ(x̂) = τ(x1, x̂)κ(x̂) we define a new admissible cut-off

μ(l)
s,r(x1, x̂) = τ(x1, x̂)κ(l)

s,r(x̂).

It is clear that φ
(l)
s,r and μ

(l)
s,r are coupled to each other. Introduce the associated

extended cut-off:

Φ(l)
s,r(x, y, x̂) = φ(l)

s,r(x, x̂)τ(y, x̂) = ω(l)
s,r(x, x̂)μ(l)

s,r(y, x̂). (4.22)

It follows from (4.10), (4.13) and (1.11), (1.12) that

supp0 φ(l)
s,r ⊂ supp0 φ, supp0 μ(l)

s,r ⊂ supp0 μ. (4.23)

Now we can describe the cluster derivatives of Φ. The notation Dl
PΦ(x, y, x̂)

means taking the lth P-cluster derivative w.r.t. the variable x = (x, x̂).

Lemma 4.9. Let Φ = Φ(x, y, x̂) be an extended cutoff associated with the cou-
pled admissible φ and μ and assume that P∗ ⊂ Sc. Let l ∈ N

3
0 be an arbitrary

multi-index such that |l| = 1.
If Pc = ∅, i.e., P = R, then Dl

PΦ(x, y, x̂) = 0 for all (x, y) ∈ Dε.
If Pc �= ∅, then

Dl
PΦ(x, y, x̂) =

∑

s∈P,r∈Pc

Φ(l)
s,r(x, y, x̂), for all (x, y) ∈ Dε, (4.24)
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where the extended cut-offs Φ(l)
s,r(x, y, x̂) are defined in (4.22).

Proof. According to (4.18),

Φ(x, y, x̂) = φ(x, x̂)μ
(
y, x̂; {1},Pc

)
, (x, y) ∈ Dε.

Therefore, if Pc = ∅, then Φ(x, y, x̂) = φ(x, x̂). As Dl
Pφ(x) = 0, we also have

Dl
PΦ(x, y, x̂) = 0, as claimed.

Assume that Pc �= ∅. By (4.23) and (4.18),

Φ(l)
s,r(x, y, x̂) = φ(l)

s,r(x, x̂)μ
(
y, x̂; {1},Pc

)
, s ∈ P, r ∈ Pc, (4.25)

for all (x, y) ∈ Dε. Since the factor μ
(
y, x̂; {1},Pc

)
does not depend on xj with

j ∈ P∗, we have

Dl
PΦ(x, y, x̂) = Dl

Pφ(x, x̂)μ
(
y, x̂; {1},Pc

)
+ φ(x, x̂)Dl

P∗μ
(
y, x̂; {1},Pc

)

= Dl
Pφ(x, x̂)μ

(
y, x̂; {1},Pc

)
.

Using (4.9) and (4.25) we get

Dl
PΦ(x, y, x̂) =

∑

s∈P,r∈Pc

φ(l)
s,r(x, x̂)μ

(
y, x̂; {1},Pc

)
=

∑

s∈P,r∈Pc

Φ(l)
s,r(x, y, x̂),

as required. �

5. Estimating the Density Matrix

The proof of Theorem 2.3 which is given in Sect. 6, uses a partition of unity
that consists of extended cut-off functions, i.e., functions of the form (4.14).
Thus, the objective of this section is to estimate the derivatives of the function

γ(x, y; Φ) =
∫

R3(N−1)
ψ(x, x̂)ψ(y, x̂)Φ(x, y, x̂)dx̂, (5.1)

with an extended cut-off Φ on the set Dε:

Theorem 5.1. Let Φ be an extended cut-off. Then, for all m, k ∈ N
3
0 we have

‖∂k
x∂m

y γ( · , · ; Φ)‖L2(Dε) ≤ A|k|+|m|+2(|k| + |m| + 1)|k|+|m|.

The constant A depends on ε > 0, but does not depend on Φ.

The proof of Theorem 5.1 is conducted by induction, and hence, we have
to involve a more general object than (5.1). Precisely, for cluster sets P =
{P1,P2, . . . ,PM}, S = {S1,S2, . . . ,SK}, and multi-indices k ∈ N

3M
0 ,m ∈ N

3K
0 ,

introduce the function

γk,m(x, y;P,S; Φ) =
∫

R3(N−1)
Dk

Pψ(x, x̂)Dm
S ψ(y, x̂)Φ(x, y, x̂)dx̂. (5.2)

If m = 0 (and/or k = 0), then this integral is independent of P (and/or
S), and in this case we set P = ∅ (and/or S = ∅). Thus, γ0,0(x, y; ∅, ∅; Φ)
coincides with the function in (5.1). Note the symmetry of γk,m:

γk,m(x, y;P,S; Φ) = γm,k(y, x;S,P; Φ̃), Φ̃(y, x; x̂) = Φ(x, y; x̂). (5.3)
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We estimate the function γk,m and its derivatives on the set Dε, ε > 0, de-
fined in (2.10) with the help of Corollary 3.7 by reducing the estimates to the
integrals ‖Dk

Pψ‖L2(UP(ε)) and ‖Dm
S ψ‖L2(US(ε)). To this end we assume that the

admissible cut-offs φ and μ associated with Φ satisfy the following support
conditions:

supp0 φ ⊂ XP

(
ε(4N)−1

)
, supp0 μ ⊂ XS

(
ε(4N)−1

)
, (5.4)

and

supp0 φ(x, · ) ∩ supp0 μ(y, · ) ⊂ T̂P∗(ε/2) ∩ T̂S∗(ε/2), for all (x, y) ⊂ Dε.
(5.5)

Note that conditions (5.4) and (5.5) are automatically satisfied for P = {P},
S = {S}, where as usual P = Q(φ), S = Q(μ). Indeed, (5.4) follows from (4.6),
and (5.5) follows from (4.21).

Recall that the sets X,T, T̂ with various subscripts are defined in (2.14),
(2.15), (2.16), (2.17). For brevity, throughout the proofs below for an arbitrary
cluster set Q we use the notation TQ = TQ(ε/2), T̂Q = T̂Q(ε/2) and XQ =
XQ(ε(4N)−1).

Lemma 5.2. Suppose that Φ is of the form (4.14) and that (5.4) and (5.5) hold.
Then, there exists a constant A3, independent of the cluster sets P,S, and of
the cut-off Φ, such that

‖γk,m( · , · ;P,S; Φ)‖L2(Dε) ≤ A
|k|+|m|+2
3 (|k| + |m| + 1)|k|+|m|,

for all k ∈ N
3M
0 , m ∈ N

3K
0 .

Proof. Let

Ca = max
{

1, max
l:|l|=1

‖∂lθ‖N2
}

,

so that |ω|, |τ |, |κ|, |φ|, |μ| ≤ Ca. Therefore,

|Φ(x, y, x̂)| = |ω(x, x̂)||τ(y, x̂)||κ(x̂)|
= |ω(x, x̂)| 1

2 |τ(y, x̂)| 1
2 |ω(x, x̂)κ(x̂)| 1

2 |τ(y, x̂)κ(x̂)| 1
2

≤ Ca|φ(x, x̂)| 1
2 |μ(y, x̂)| 1

2 .

Now, using (5.5), we can estimate:

‖γk,m( · , · ; P,S; Φ)‖2
L2(D)

≤ C2
a

∫

|x|>ε

∫

|y|>ε

[ ∫

T̂P∗ ∩T̂S∗

|Dk
Pψ(x, x̂)||Dm

S ψ(y, x̂)||φ(x, x̂)| 1
2 |μ(y, x̂)| 1

2

× dx̂
]2

dydx.
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By Hölder’s inequality and by (5.4), the right-hand side does not exceed

C2
a

∫

|x|>ε

∫

T̂P∗

|Dk
Pψ(x, x̂)|2|φ(x, x̂)|dx̂dx

∫

|y|>ε

∫

T̂S∗

|Dm
S ψ(y, x̂)|2|μ(y, x̂)|dx̂dy

≤ C4
a

∫∫

XP∩TP

|Dk
Pψ(x, x̂)|2 dx̂dx

∫∫

XS∩TS

|Dm
S ψ(y, x̂)|2 dx̂ dy.

Since XP ∩TP ⊂ UP(ε(4N)−1) (see the definition (2.17)), and a similar inclu-
sion holds for the cluster set S, by Corollary 3.7, the right-hand side does not
exceed

C4
aA

2(|k|+|m|+2)
2 (|k| + 1)2|k|(|m| + 1)2|m|

≤ A
2(|k|+|m|+2)
3 (|k| + |m| + 1)2(|k|+|m|),

with A3 = C2
aA2. This implies the required bound. �

Let the functions φ
(l)
s,r and μ

(l)
s,r,Φ

(l)
s,r be as defined in (4.10) and (4.22),

respectively. As in the previous section, we use the notation P = Q(φ) and
S = Q(μ). In the next lemma, we show how the derivatives of γk,m w.r.t. the
variable x transform into directional derivatives under the integral (5.2).

Lemma 5.3. Suppose that (5.4) and (5.5) hold. Assume that P∗ ⊂ Sc. Then,

supp0 φ ⊂ X{P,P}, supp0 μ ⊂ X{P∗,S}. (5.6)

Furthermore,

supp0 φ(x, · ) ∩ supp0 μ(y, · ) ⊂ T̂{P∗,P∗} ∩ T̂{P∗,S∗}, for all (x, y) ∈ Dε.
(5.7)

Let l ∈ N
3
0 be such that |l| = 1. If Pc = ∅, then

∂l
xγk,m(x, y;P,S; Φ) = γ(l,k),m

(
x, y; {P,P},S; Φ

)

+ γk,(l,m)

(
x, y;P, {P∗,S}; Φ

)
, (5.8)

and both sides are square-integrable in (x, y) ∈ Dε.
If Pc �= ∅, then for all s ∈ P, r ∈ Pc we have

supp0 φ(l)
s,r ⊂ XP, supp0 μ(l)

s,r ⊂ XS, (5.9)

and

supp0 φ(l)
s,r(x, · ) ∩ supp0 μ(l)

s,r(y, · ) ⊂ T̂P∗ ∩ T̂S∗ , (5.10)

for every (x, y) ∈ Dε. Furthermore, the formula holds:

∂l
xγk,m(x, y;P,S; Φ)

= γ(l,k),m

(
x, y; {P,P},S; Φ

)
+ γk,(l,m)

(
x, y;P, {P∗,S}; Φ

)

+
∑

s∈P,r∈Pc

γk,m

(
x, y;P,S; Φ(l)

s,r

)
, (5.11)

and both sides are square-integrable in (x, y) ∈ Dε.
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Proof. According to (4.20) and the assumption (5.4), we have

supp0 φ ⊂ XP ∩ XP = X{P,P}, supp0 μ ⊂ XP∗ ∩ XS = X{P∗,S},

which coincides with (5.6). Moreover, by (4.21) and (5.5),

supp0 φ(x, · ) ∩ supp0 μ(y, · ) ⊂ T̂P∗ ∩ T̂P∗ ∩ T̂S∗ ,

which implies (5.7) for all (x, y) ∈ Dε. Thus, by Lemma 5.2 the terms on the
right-hand side of (5.8) and two first terms on the right-hand side of (5.11) are
square-integrable in (x, y) ∈ Dε.

Let Pc �= ∅. Then, the inclusions (5.9) and (5.10) are consequences of
(4.23) and (5.4), (5.5). Again by Lemma 5.2, the third term on the right-hand
side of (5.11) is square-integrable in (x, y) ∈ Dε, as claimed.

It remains to prove (5.8) and (5.11). We assume throughout that (x, y) ∈
Dε. Introduce the vector ẑ = (z2, z3, . . . , zN ) such that

zj =

{
x, j ∈ P∗,
0, j ∈ Pc,

and make the following change of variables under the integral (5.2): x̂ = ŵ+ ẑ,
so

γk,m(x, y;P,S; Φ) =
∫

R3(N−1)
Dk

Pψ(x, ŵ + ẑ)Dm
S ψ(y, ŵ + ẑ)Φ(x, y, ŵ + ẑ)dŵ.

Before differentiating this integral w.r.t. x, we make the following useful obser-
vation. For each l ∈ N

3
0 and for arbitrary functions g = g(x) and h = h(x, y, x̂),

due to the definition of ẑ = ẑ(x), we have

∂l
x

(
g(x, ŵ + ẑ)

)
=

(
Dl

Pg
)
(x, ŵ + ẑ), ∂l

x

(
g(y, ŵ + ẑ)

)
=

(
Dl

P∗g
)
(y, ŵ + ẑ)

and ∂l
x

(
h(x, y, ŵ + ẑ)

)
=

(
Dl

Ph
)
(x, y, ŵ + ẑ).

Therefore, for |l| = 1 we have

∂l
xγk,m(x, y;P,S; Φ)

=
∫

R3(N−1)
Dl

PD
k
Pψ(x, ŵ + ẑ)Dm

S ψ(y, ŵ + ẑ)Φ(x, y, ŵ + ẑ)dŵ

+
∫

R3(N−1)
Dk

Pψ(x, ŵ + ẑ)Dl
P∗Dm

S ψ(y, ŵ + ẑ)Φ(x, y, ŵ + ẑ)dŵ

+
∫

R3(N−1)
Dk

Pψ(x, ŵ + ẑ)Dm
S ψ(y, ŵ + ẑ)Dl

PΦ(x, y, ŵ + ẑ)dŵ.

Changing the variables back to x̂, we rewrite the right-hand side as:
∫

R3(N−1)
Dl

PD
k
Pψ(x, x̂)Dm

S ψ(y, x̂) Φ(x, y, x̂)dx̂

+
∫

R3(N−1)
Dk

Pψ(x, x̂)Dl
P∗Dm

S ψ(y, x̂) Φ(x, y, x̂)dx̂

+
∫

R3(N−1)
Dk

Pψ(x, x̂)Dm
S ψ(y, x̂)Dl

PΦ(x, y, x̂)dx̂. (5.12)
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In the case Pc = ∅, we have Dl
PΦ(x, y, x̂) = 0 by Lemma 4.9, so the sum

coincides with the right-hand side of (5.8).
If Pc �= ∅, then by (4.24) the sum (5.12) coincides with the right-hand

side of (5.11) again. This completes the proof. �

Proposition 5.4. Let Φ be an extended cut-off, and let P,S be a pair of cluster
sets such that (5.4) and (5.5) hold. Then, for all m, k ∈ N

3
0 we have

‖∂k
x∂m

y γk,m( · , · ;P,S; Φ)‖L2(Dε)

≤ A|k|+|m|A|k|+|m|+2
3 (|k| + |m| + |k| + |m| + 1)|k|+|m|+|k|+|m|, (5.13)

where the constant A3 is as in Lemma 5.2 and A = 2A3 + N2.

The proof of this proposition is by induction. Lemma 5.2 provides the
base step. Now we need to establish the induction step:

Lemma 5.5. Suppose that for every extended cut-off Φ and every pair P =
{P1,P2, . . . ,PM} and S = {S1,S2, . . . ,SK} of cluster sets such that Φ satisfies
(5.4) and (5.5), the bound (5.13) holds for all multi-indices k ∈ N

3M
0 ,m ∈ N

3K
0 ,

and all k,m ∈ N
3
0, such that |k| ≤ p, |m| ≤ n with some p, n ∈ N0. Then, for

such extended cut-offs Φ and cluster sets P,S the bound (5.13) holds for all
k,m, such that |k| ≤ p + 1, |m| ≤ n.

Proof. Let |m| ≤ n, k = k0 + l with l ∈ N
3
0, |l| = 1, and arbitrary k0 ∈ N

3
0,

such that |k0| = p. In view of Lemma 4.6, we may assume that P∗ ⊂ Sc, since
otherwise the integrand in (5.2) equals zero. Thus, we can apply Lemma 5.3.
Assume first that Pc �= ∅. It follows from (5.11) that

∂k0+l
x ∂m

y γk,m (x, y;P,S; Φ)

= ∂k0
x ∂m

y γ(l,k),m

(
x, y; {P,P},S; Φ

)
+ ∂k0

x ∂m
y γk,(l,m)

(
x, y;P, {P∗,S}; Φ

)

+
∑

s∈P,r∈Pc

∂k0
x ∂m

y γk,m

(
x, y;P,S; Φ(l)

s,r

)
. (5.14)

According to (5.6), (5.7), the function Φ satisfies the conditions (5.4) and (5.5)
for the pair of cluster sets {P,P},S and also for the pair P, {P∗,S}. Similarly,
due to (5.9) and (5.10), the extended cut-off function Φ(l)

s,r satisfies (5.4), (5.5)
for the pair of cluster sets P,S. Since |m| ≤ n and |k0| = p, by the assumptions
of the lemma, each term on the right-hand side of (5.14) satisfies the bound of
the form (5.13). With the notation q = |m|, this gives the following estimate:

‖∂k0+l
x ∂m

y γk,m( · , · ; P,S; Φ)‖L2(Dε)

≤ 2Ap+qA
|k|+|m|+3
3 (|k| + |m| + p + q + 2)|k|+|m|+p+q+1

+ N2Ap+qA
|k|+|m|+2
3 (|k| + |m| + p + q + 1)|k|+|m|+p+q

≤ Ap+qA
|k|+|m|+2
3

(
2A3 + N2

)
(|k| + |m| + p + q + 2)|k|+|m|+p+q+1.

Setting A = 2A3 + N2, we get (5.13) with k = k0 + l, as required.
If Pc = ∅, then the only difference in the proof is that instead of (5.11)

we use (5.8). �
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Proof of Proposition 5.4. Step 1.Proof of (5.13) for all k and m = 0. Accord-
ing to Lemma 5.2, the required bound holds for k = m = 0. Thus, using
Lemma 5.5, by induction we conclude that (5.13) holds for all k ∈ N

3
0 and

m = 0, as claimed.
Step 2.Proof of (5.13) for k = 0and all m. Using the symmetry property

(5.3) and Step 1, we conclude that (5.13) holds for all m ∈ N
3
0 and k = 0.

Step 3. Using Step 2 and Lemma 5.5, by induction we conclude that (5.13)
holds for all k,m ∈ N

3
0, as required. �

Proof of Theorem 5.1. Recall that in the case m = 0,k = 0 we take P = S =
∅, so that the conditions (5.4) and (5.5) are automatically satisfied. Thus, the
required bound follows directly from (5.13). �

6. Proof of Theorem 2.3

First, we build a suitable partition of unity, using the functions ζ and θ, defined
in (2.19). Recall the notation R = {1, 2, . . . , N}.

Let Ξ = {(j, k) ∈ R × R : j < k}. For each subset Υ ⊂ Ξ introduce the
admissible cut-off

φΥ(x) =
∏

(j,k)∈Υ

ζ(xj − xk)
∏

(j,k)∈Υc

θ(xj − xk).

It is clear that
∑

Υ⊂Ξ

φΥ(x) =
∏

(j,k)∈Ξ

(
ζ(xj − xk) + θ(xj − xk)

)
= 1.

For every cluster S ⊂ R∗ define

τS(x1, x̂) =
∏

j∈S

ζ(x1 − xj)
∏

j∈(Sc)∗
θ(x1 − xj).

It is clear that
∑

S⊂R∗
τS(x1, x̂) =

∏

j∈R∗

(
ζ(x1 − xj) + θ(x1 − xj)

)
= 1.

Define

ΦΥ,S(x, y, x̂) = φΥ(x, x̂)τS(y, x̂), (x, y) ∈ R
3 × R

3, ˆx ∈R
3N−3,

so that
∑

Υ⊂Ξ, S⊂R∗
ΦΥ,S(x, y, x̂) = 1.

Note that each function ΦΥ,S is an extended cut-off function, as defined in
Subsect. 4.2. Using the definition (5.1), the function (1.6) can be represented
as:

γ(x, y) =
∑

Υ⊂Ξ, S⊂R∗
γ(x, y; ΦΥ,S).
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Since each function ΦΥ,S is an extended cut-off, we can use Theorem 5.1 for
each term, which leads to (2.11), as required.

As explained in Sect. 2, Theorem 2.3 implies Theorem 2.2, and hence
Theorem 1.1.

7. Appendix: Elementary Combinatorial Formulas

Here, we collect some elementary formulas.

7.1. Stirling’s Formula

It follows from Stirling’s formula

lim
p→∞

p!ep

pp+ 1
2

=
√

2π

that

C−1(p + 1)p+ 1
2 e−p ≤ p! ≤ C(p + 1)p+ 1

2 e−p, (7.1)

for all p = 0, 1, 2, . . . . Therefore,

(p + 1)p ≤ Cep p!, ∀p ∈ N0. (7.2)

The bounds (7.1) also imply for any p = 0, 1, . . . and q = 0, 1, . . . , p, that
(

p

q

)
=

p!
q!(p − q)!

≤ L3
(p + 1)p

(q + 1)q(p − q + 1)p−q
, (7.3)

with some constant L3 > 0, independent of p and q.

7.2. Multiindices and Factorials

For k = (k1, k2, . . . , kd) ∈ N
d
0, we use the standard notation

k! = k1!k2! · · · kd!, |k| = |k1| + |k2| + · · · + |kd|.
We say that k ≤ s for k, s ∈ N

d
0 if kj ≤ sj , j = 1, 2, . . . , d. In this case we

define
(

k

s

)
=

k!
s!(k − s)!

.

Note the useful identity
∑

l≤k
|l|=p

(
k

l

)
=

(|k|
p

)
, ∀p ≤ |k|. (7.4)

It follows by comparing the coefficients of the term tp in the expansions of
both sides of the equality

(1 + t)k1(1 + t)k2 · · · (1 + t)kd = (1 + t)|k|, t ∈ R.

This simple argument is found in [15, Proposition 2.1].



P. Hearnshaw, A. V. Sobolev Ann. Henri Poincaré

And to conclude, the multinomial formula (see, e.g., [1, §24.1.2])

dp =
( d∑

l=1

1
)p

=
∑

k∈N
d
0

|k|=p

|k|!
k!

implies that

|k|! ≤ d|k|k!, ∀k ∈ N
d
0. (7.5)
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