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Abstract. It is proved that the one-particle density matrix ~(z,y) for
multi-particle Coulombic systems is real analytic away from the nuclei
and from the diagonal =z = y.
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1. Introduction

The objective of the paper is to study analytic properties of the one-particle
density matrix for the molecule, consisting of N electrons and Ny nuclei de-
scribed by the following Schrodinger operator:

N

1 212y,
Z(“ ka—m) 2 w2 TR Rl

k= 1<j r |
j<k<N 1<k<I<No

where R; € R? and Z; > 0,1=1,2,..., Ny, are the positions and the charges,
respectively, of Ny nuclei, and z; € R3, j = 1,2,..., N are positions of N
electrons. The notation Ay is used for the Laplacian w.r.t. the variable xy.
The positions of the nuclei are assumed to be fixed, and as a result the very
last term in (1.1) is constant. Thus, in what follows we drop this term and
instead of (1.1) we study the operator

N
H=H?+V, HY=-A=-)"A; (1.2)
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with
Ve m Vo= S Ay Ly
|z — Ry ‘ lv; — xp] '
k=1 1=1 1<j<k<N

This operator acts on the Hilbert space L*(R3V), and it is self-adjoint on the
domain D(H) = D(H®) = H*(R3"), since V is infinitesimally H(?)-bounded,
see, e.g., [20, Theorem X.16].

Let ¢ = 9(x) be an eigenfunction of the operator H with an eigenvalue
FE eR,ie.,

(H - E)y =0. (1.4)
For each j =1,..., N, we represent
x = (z;,X;), where X; = (21,...,2j-1,%j41,...,TN),

with obvious modifications if j = 1 or j = N. The one-particle density matrix
is defined as the function
N
e =Y [ o PR A, @) eRxRL (1)

j:1R3N—3

see [10]. This function is one of the key objects in the multi-particle quantum
mechanics, see, e.g., [5,6,18,19] for details and further references. If one as-
sumes that all N particles are fermions (resp. bosons), i.e., that the function
1 is antisymmetric (resp. symmetric) under the permutations x; < zy, then
the definition (1.5) simplifies:

Y(@,y) =N P2, X)(y, x)dx,

R3N-3

where we have denoted X = X1, so x = (z1,X). Our objective is to study the
regularity properties of the function 4(z,y) in the general form (1.5) without
any symmetry assumptions.

Regularity properties of solutions of elliptic equations are a classical and
widely studied subject. For instance, it immediately follows from the general
theory, see, e.g., [13], that any local solution of (1.4) is real analytic away
from the singularities of the potential (1.3). In his famous paper [16], T. Kato
showed that a local solution is locally Lipschitz with “cusps” at the points of
particle coalescence. Further regularity results include [8,11,12]. We cite the
most recent paper [8] for further references.

As far as the one-particle density matrix (1.6) is concerned, in the an-
alytic literature a special attention has been paid to the one-particle density
plx) = A(z,z). It was shown in [9] that in spite of the nonsmoothness of v,
the density p(z) remains smooth as long as  # R;,l = 1,2,..., Ny, because
of the averaging in X. Moreover, the same authors prove in [10] that p is in
fact real analytic away from the nuclei, see also [14] for an alternative proof.
Paper [10] also claims that the proofs therein imply the analyticity of ¥(z,y)
for all z, y away from the nuclei. However, the methods of [10] do not suffice to
substantiate this claim. The objective of the current paper is to bridge this gap
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and prove the real analyticity for the one-particle density matrix 4(x,y) for all
x # y away from the nuclei. We emphasize that the condition = # ¥y is not just
an annoying technical restriction—the function 4(«,y) genuinely cannot be in-
finitely smooth on the diagonal. We have no analytic proof of this fact, but we
can present an indirect justification. As shown in [21], the eigenvalues A, (T),
k=1,2,..., of the non-negative compact operator I' : L>(R?) — L*(R?) with
kernel 7(x,y) decay at the rate of k~8/3 as k — oco. In general, for integral
operators the rate of decay is dictated by the smoothness of the kernel: the
smoother the kernel is, the faster the eigenvalues decrease, see bibliography in
[21]. If the function 4(z,y) were infinitely differentiable for all x and y includ-
ing the diagonal z = y (but excluding the nuclei), then the eigenvalues of I'
would decay faster than any negative power of their number, which is not the
case. To justify the non-smoothness for z = y, we also mention a calculation
presented in [2] (see also [3]) that suggests that ¥(x,y) —J(x, ) should behave
as |r — y|® for x close to y. In fact, order 5 of this homogeneous singularity
is consistent with the k—%/3-decay of the eigenvalues, see again [21] and bib-
liography therein. As the anonymous referee has pointed out to the authors,
the non-analyticity of the one-particle matrix on the diagonal is not only of
purely theoretical interest but also has important practical consequences for
the electronic structure calculations as it imposes limits upon the accuracy of
electronic properties computed with finite basis sets, see, e.g., [4].

One should also say that the real analyticity of the density p(z) = ¥(z, x),
x # 0, established in [10], means that the density matrix §(z,y) is analytic
along the diagonal x = y as a function of one variable z, which does not
contradict the non-smoothness of 4(x,y) on the diagonal as a function of the
two variables z and y.

Before we state the main result note that regularity of each of the terms
in (1.5) can be studied individually. Furthermore, it suffices to establish the
real analyticity of the function

Y(z,y) = Uz, X)Y(y, %) dx,  (z,y) € R? x R®. (1.6)

R3N-3

The remaining terms in the sum (1.5) are handled by relabeling the variables.
Thus, from now on we use the terms one-particle density matriz and one-
particle density for the functions (1.6) and p(x) = v(z, z), respectively.

The next theorem constitutes our main result.

Theorem 1.1. Let the function v(z,y), (z,y) € R3 x R3, be defined by (1.6).
Then, v(x,y) is real analytic as a function of the variables x and y on the set

Do={(z,y) eER*xR*: 2 # R,y # R, 1 =1,2,... Ny, and = # y}. (1.7)

As mentioned above, the eigenfunction ¢ (x) loses smoothness at the par-
ticle coalescence points. Therefore, a direct differentiation of (1.6) w.r.t. =
and y under the integral will not produce the required analyticity. In order
to circumvent this difficulty, we use the property that the eigenfunction pre-
serves smoothness even at the coalescence points if one replaces the standard
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derivatives by cleverly chosen directional ones. For example, the function 1) is
infinitely smooth in the variable x1 + 2 + - -z, as long as x; # R, for each
j=12,...,N, 1l =1,2,...,Ny. In other words, it is infinitely differentiable
with respect to the directional derivative

N
D=) V..
j=1

Such regularity follows from the fact that the potential (1.3) is smooth w.r.t.
D on the same domain. In particular,

1

Diz
|zj — @i

0, forall j#Ek.
This approach was successfully used in [10] (or even in the earlier paper [9])
in the study of the electron density p(z) = v(z, x). To illustrate the use of the
directional derivatives in the study of p(z), below we give a simplified example.
Assume that Ny = 1 and that R; = 0. For further simplification instead
of the function v(z, ), we consider only a part of it. Precisely, let ¢ € C5°(R?)
be a real-valued function such that ((¢) = 0 for |¢| > ¢/2 with some € > 0. Let
us show that the integral

N
Fa)= [ WP [[ot—a,)ax (1.8)

is C* for all z € R? such that || > e. The presence of the cut-off functions
in (1.8) means that all the particles are within a /2 distance from the first
particle. Thus, on the domain of integration all variables are separated from
0: |zj| > |z| — |z —z;| > ¢/2, j =2,3,...,N. Rewrite F' making the change
of variables z; = w; +x, j = 2,3,..., N, under the integral:

N
Fla)= [ Woue b u + o) T ) aw,

j=2
w = (U)Q,’wg,-..,UJN)-

Differentiating the integral w.r.t. x, we get:

V.F(x)= 2Re/ (DY) (x,we + ,...,wN + )
R3N-3

N
X Y(x,we +x,...,wN + T) HC(—wj)dviz
j=2
N
= 2Re /RSN?S(D@/;)(x, X)ih(x, X) jH C(x — ;) dx.

o

<

Now it is clear that by virtue of smoothness of ) w.r.t. the derivative D, this
relation can be differentiated arbitrarily many times, thereby proving that
FeC”foralz:|z]|>e.
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The complete proof of real analyticity of p(x) in [10] is more involved.
In particular, it requires the study of various cut-off functions that keep some
of the particles “close” to each other, but separate from the rest of them
(we call this group of particles the cluster associated with the given cut-off).
Adaptation of the above argument to such cases leads to the introduction of
the cluster derivatives (i.e., directional derivatives involving only the particles
in a cluster), and it is far from straightforward.

As in [10], in the current paper our starting point is again a careful
analysis of the smoothness properties of the eigenfunction ¥ with respect to the
cluster derivatives. However, we find the argument in [10] somewhat condensed
and sketchy in places. Thus, we provide our own proofs that contain more detail
and at the same time, as we believe, are sometimes simpler than in [10].

To obtain bounds for the derivatives of v(x,y), we use again cluster
derivatives, but the method of [10] is ineffective if applied directly. It has
to be reworked taking into account the presence of two variables (i.e., x,y) in-
stead of one. At the heart of our approach is the concept of an extended cut-off
function that depends on the variables (z,y) € R? x R? and x €R3N =3, Any
such function ®(z,y,%) has two clusters associated with it, whose properties
are linked to each other (see Subsect. 4.2). This enables us to apply the cluster
derivatives method to integrals of the form:

/ Yz, %) (y, X)®(z,y,%x)dx, (2,9) € R® x R, (1.9)

R3N-—3

At the last stage, we construct a partition of unity on R3*¥+3 which consists
of extended cut-offs, and split vy(z,y) in the sum of terms of the form (1.9).
Estimating each of them individually, we get the desired real analyticity.

The paper is organized as follows. In Sect. 2, we state Theorem 2.2, in-
volving more general interactions between particles, that implies Theorem 1.1
as a special case. This step allows to include other physically meaningful po-
tentials, such as, for example, the Yukawa potential. An important conclusion
of this section is that the claimed analyticity of the function ~(z,y) follows
from appropriate L?-bounds on the derivatives of ~(x,y), enunciated in Theo-
rem 2.3. The rest of the paper is devoted to the proof of Theorem 2.3.

Section 3 is concerned with the study of the directional derivatives of the
eigenfunction . The main objective is to establish suitable L-estimates for
higher-order derivatives of 1) on the open sets, separating different clusters of
variables. Here our argument follows that of [10] with some simplifications. In
Sect. 4, we study in detail properties of smooth cut-off functions including the
extended cut-offs ® = ®(z,y, %), ,y € R?, % € R3* =3 and clusters associated
with them. In Sect. 5, we put together the results of Sects. 3 and 4 to estimate
the derivatives of integrals of the form (1.9) with extended cut-offs ®. These
estimates are used to prove Theorem 2.3 with the help of a partition of unity
that consists of extended cut-offs. This completes the proof of Theorem 2.2,
and hence that of the main result, Theorem 1.1. Appendix contains some
elementary combinatorial formulas that are used throughout the proof.
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We conclude the introduction with some general notational conventions.

Constants. By C' or ¢ with or without indices, we denote various positive
constants whose exact value is of no importance.

Coordinates. As mentioned earlier, we use the following standard notation
for the coordinates: x = (z1,22,...,2n), where z; € R?, j = 1,2,...,N.
Very often it is convenient to represent x in the form x = (z1,%X) with x =
(9, 3,...,2N5) € R3NS3,

Clusters. Let R = {1,2,...,N}. An index set P C R is called cluster. The

cluster R is called mazimal. We denote |P| = card P, P® = R\P, P* = P\{1}.
If P =g, then |P| =0 and P¢ =R.

For M clusters Py, ..., Py we write P = {Pq,Po, ..., Py}, P* = {P7,P3,

.., P/} and call P, P* cluster sets. Clusters Py, Ps2,..., Py in a cluster set
are not assumed to be all distinct.

Derivatives. Let Ng = NU{0}. If & = (2/,2”,2"") € R® and m = (m/,m"”",m"") €
N3, then the derivative 97" is defined in the standard way:

! 1"
8;?7, - ;T/L 8;7}/ 8‘,:}// .

This notation extends to z € R% with an arbitrary dimension d > 1 in the
obvious way. Denote also

m mi am m 3N
1o} :8w118m22~-~8INN, m:(ml,mz,...7mN)€N0 .

A central role is played by the following directional derivatives. For a cluster
P and each m = (m/,m”,m"") € N3, we define the cluster derivatives

Dp' = (Z am;)m,<Zaxg>m”(z:axg,>mm. (1.10)

keP keP keP

These operations can be viewed as partial derivatives w.r.t. the variable
> kep Tk Let P = {P1,Py,... Py} be a cluster set, and let m = (my,mo, ...,
mar), my € N3, k=1,2,..., M. Then, we denote

Dj = DDy - DI

Pt

Supports. For any smooth function f = f(x), we define the set supp, f =
{x : f(x) # 0}. Note that this set is open and its closure supp, f gives the
standard definition of the support supp f. For supp,, f, we immediately get the
useful property that

suppyg(fg) = supp f N suppg g. (1.11)

Furthermore, for any m € N3V, |m| = 1, we have

supp, 0™ f Csupp, f, if [f>0. (1.12)
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2. The Main Result
2.1. Main Theorem

The main theorem 1.1 is derived from the following result that holds for more
general potentials than (1.3).

Let Vi, Wi, € CP(R3\{0}), I = 1,2,...,No, k,j = 1,2,...,N, be
functions on R? such that for all v € H'(R?) we have

Viaollz + [Wh ol < Cllollur, (2.1)

and for every € > 0, we have

N No N
S max |97 Via(@)| + Y max |97 Wi (2)] < AT ],
|z|>e — |z|>e

k=11=1 k,j=1
k#j

(2.2)
for all m € N3 with some positive constant Ag = Ag(e). The condition (2.2)
implies that the functions Vj; and W, ; are real analytic on R*\{0}. Instead
of the potential V' defined in (1.3), we consider the potential

N Ny N
V(X) = Z Z Vk,l(xk - Rl) + Z Wk,j(l'k - l‘j). (2.3)
k=11=1 k,j=1

ki

The Coulomb potentials Vj;(z) = —Zj|z|~' and Wy ;(z) = (2|z|)~! satisfy
(2.1) in view of the classical Hardy’s inequality, see, e.g., [20, The Uncertainty
Principle Lemma, p. 169]. Furthermore, the bounds (2.2) can be deduced from
the estimates for harmonic functions, established, e.g., in [7, Theorem 7, p. 29].
Thus, the potential (1.3) is a special case of (2.3). Working with more general
potentials allows one to include into consideration other physically meaning-
ful interactions, such as, e.g., the Yukawa potential. This generalization was
pointed out in [10].

We need the following elementary elliptic regularity fact, which we give
with a proof, since it is quite short.

Lemma 2.1. Suppose that V is given by (2.3). Then,
[Volliz < Clloflp, (2.4)

for all v € H'(R3N).
Ifv e H(R3N) and Hv € L*(R3N), then v € H*(R*Y) and

[vllte < C(I1Hv[l2 + [[0]li2)- (2.5)
The constant C depends on N and Ny only.

Proof. The bound (2.4) immediately follows from (2.1).
For v € H', Hv € L2, it follows from (2.4) that

—Av=Hv—-Vvel? (2.6)
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Consequently, in view of the straightforward bound

[vliwe < Cr(llAv]z + [lvll2), (2.7)
the function v is H?, and hence, (2.4) implies that

Vol < dlfvllne + Csllvll.2, (2.8)
for all 6 > 0. Together with (2.6) and (2.7), this leads to the bound

ol < Ci(IHvlz + dl[vllne + (Cs + Dv]lz).-

Taking § = (2C1)~1, we easily derive (2.5) with a suitable constant C' > 0.
U

Note that the estimate (2.8) shows that the potential (2.3) is infinitesi-
mally H(©)-bounded, so that the operator H defined in (1.2) is self-adjoint on
the domain D(H () = H*(R3N).

Theorem 1.1 is a consequence of the following result.

Theorem 2.2. Let the potential V' be given by (2.3), with some functions Vi
and Wy, ;, satisfying the conditions (2.1) and (2.2). Let ¢ be an eigenfunction
of the operator (1.2), and let v(x,y) be as defined in (1.6). Then, v(x,y) is
real analytic as a function of the variables x and y on the set (1.7).

For the sake of simplicity, we prove this theorem only for the case of a sin-
gle atom, i.e., for Ny = 1. The general case requires only obvious modifications.
Without loss of generality, we set Ry = 0. Thus, (2.3) rewrites as:

N N
V) =Y Vilm)+ Y Wijze —25), Vi = Vi, (2.9)
k=1 k:];]#:jl

and the stated analyticity of v(z,y) will be proved on the set
Do={(z,y) eR3xR3: 240,y # 0,z #y}.
This result is derived from the following L%-bound on the set
D=D.={(z,y) ER*xR3: |z| > ¢,y >¢, |lx—y|>c}, £>0. (2.10)
Theorem 2.3. Let ¢ > 0 be arbitrary. Then, for all k,m € N3, we have
1050+, < lzp.y < AFFIIF2(1K] 4 ) 4 1)/FHHIm] (2.11)
with some constants A = A(e), independent of k,m.

The derivation of Theorem 2.2 from Theorem 2.3 is based on the following
elementary lemma.

Lemma 2.4. Let Q C R? be an open set, and let f € C°(Q) be a function such
that

102Nl 2 ) < B¥IEI(1 4 |s])le, (2.12)

for all s € N&, with some positive constant B. Then, f is real analytic on €.
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Proof. Let zo € ©, and let r > 0 be such that B(zg,2r) = {z € R?: |z — x| <
2r} C Q. We aim to prove that

|05 f(z)] < CR™Pll, (2.13)

for all s € N¢ and for each x € B(zg,), with some positive constants C' and
R, possibly depending on zy and r. According to [17, Proposition 2.2.10], this
would imply the required analyticity.

Let 3 € C5°(R?) be a function supported on B(zg,2r) and such that
0 =1 on B(zg,r). Denote

g9(x) = B(x)0; f (x).

By the standard Sobolev inequalities, see, e.g., [7, Theorem 6, p. 270], for
[ > d/4 we can estimate

lglli=zay < Cll(L = ) gllizma),
with a constant C' depending on [. Now it follows from (2.12) that
Igllioe may < C"BIIF2E2(|s| 4 201] + 1)ls1+2,
By (7.2), the right-hand side does not exceed
C’(Be)ls‘+2l+2(|s| +2)! < C’(Be)‘S|+21+2621(|5|+2l)|s|!

According to (7.5),

st < dlls!.
Consequently,

lgllie ey < C(Be)™ 2t (Be 21 ) s,

This bound leads to (2.13) with explicitly given constants C' and R. The proof
is now complete. O

Proof of Theorem 2.2. According to Theorem 2.3 and Lemma 2.4, the function
~(z,y) is real analytic on D, for all € > 0. Consequently, it is real analytic on

Do = |J P,

e>0

as required. O
The rest of the paper is focused on the proof of Theorem 2.3.

2.2. More Notation

Here we introduce some important sets in R3N and R3V=3, For ¢ > 0 introduce

Xo() = R3N for |P]=0 or N,
P (xeR¥WN: |z; —ay| >e,Vj€P,keP}, for0<|P|<N,
(2.14)

The set Xp(e),e > 0, separates the points xj and x; labeled by the clusters P
and P¢, respectively. Note that Xp(e) = Xpe(e).
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Define also the sets separating x’s from the origin:

R3N for |P| =
Tp(c) = ’ , or [P =0, (2.15)
{x e R :|z;| >¢,VjeP},  for |[P|>0.

It is also convenient to introduce a similar notation involving only the variable

X

~ R3N-3 for |P*| =0
Tp«(e) = ’ ’ 2.16
P (©) {{ieR3N—3 o > e, VjEP*, for |[P*| > 0. (2.16)

For the cluster sets P = {P1,Pa,...,Py}, P* = {P7,P3,... P}, } define

Xp(e) =MoL, Xp.(6) CR¥®N, Tp(e) = N2, Tp,(e) C RV,
Up(e) = Xp(e) NTp(e), (2.17)
Tp-(e) = MaL, Tp: () C R3N3,

Now we introduce the standard cut-off functions with which we work. Let

0, if t <0,

2.18
1, ift>1. (2.18)

EeC®@): 0<E(t) <1, {(t)z{

Now we define two radially symmetric functions ¢, 0 € C*(R3) as follows:

9@;):5(4?@—1), C(z)=1-6(z), zeR, (2.19)

so that

0(z) =0 for z€B(0,e(4N)™"), ((z)=0 for =z ¢ B(0,e(2N)™").

3. Regularity of the Eigenfunctions

In this section, we establish estimates for the derivatives Dp'y of the eigenfunc-
tion 1, see (1.10) for the definition of the cluster derivatives. Our argument
is an expanded version of the approach suggested in [10], which, in turn, was
inspired by the proof of analyticity for solutions of elliptic equations with an-
alytic coefficients, see, e.g., the classical monograph [13, Section 7.5].

The key point of our argument is the regularity of the functions Dg't) for
all m € N3 on the domain Up (¢) with arbitrary positive e. As before, in the
estimates below we denote by C, ¢ with or without indices positive constants
whose exact value is of no importance. For constants that are important for
subsequent results, we use the notation L or A with indices. The letter L (resp.
A) is used when the constant is independent of (resp. dependent on) e.

We begin the proof of the required property with studying the regularity
of the potential (2.9).
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3.1. Regularity of the Potential (2.9)

The next assertion is a more detailed variant of [10, Part 2 of Lemma A.3]
adapted to the potential (2.9).

Lemma 3.1. Let V' be as defined in (2.9), and let P = {P1,Ps,... Py} be an
arbitrary cluster set. Then, for all m € N3M |m| > 1, the function DBV is
C* on Up(e), and the bound

IDBV [l (e < A" (Jm] + Dl (3.1)
holds, where Ay is the constant from the condition (2.2).

Proof. Without loss of generality, we may assume that m = (m1,mo, ..., mu)
with all |m;| > 1. Indeed, suppose that m; = 0 and represent P = {P;,P}
with P = {P3,P3,...,Pa}. Then, denoting m = (mz,ms,...,mu), we get

IDEV [l (e (e)) = IDEV L= o)) < IDEVlLe (g (o)

Repeating, if necessary, this procedure we can eliminate all zero components
of m, and the clusters, attached to them. Thus, we assume henceforth that
Imj| >1,5=1,2,..., M.
For the clusters Py, Ps, ..., Py introduce two disjoint sets of index pairs:
Ns={0.k):j€Ps,k€Ps,j#k}U{(j,k):j€PkeP;j#k},
Ms={(j,k):jEPs,k€PS or kePsjeP}, s=1,2,...,M.

so that Ny UM, ={(j,k) e Rx R:j #k}.
If |m| = 1, then a direct differentiation gives the formula

0 ke Pg,

DTnV — ’
P Vilex) {a;”vk(x)l ke P,.

T=x

This function is C* on Up, (), and further differentiation gives the same for-
mula for all |m| > 1. Similarly,

O, (k7]) S Nq,
R W ) {Wmmﬂmrumw (k.j) € Ms.
Consequently,
o 0, k e UsPg,
Dp Vk(l’k) = {am1+m2+~~+7nMVk(3;)| ke ngP
i e shs-

and
IDE W j (wk — )|
_ 07 (ka.j) € USN57
|| agpmatetmanyy ()| (k,J) € NMs.

T=T—Tj |’
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By the definition (2.17), for x € Up(c) we have |z;| > ¢ for all j € NPy,
and |z; — x| > e for all (j, k) € NgM,. Thus, the functions above are C* on
Up(g), and, by the definition (2.9), it follows from (2.2) that

m 1+|m m
IDEV |l e (o)) < ApT™/ (1 + ).

This bound coincides with (3.1). O

Now we proceed to the study of the derivatives DB'1).

3.2. Regularity of the Derivatives D3t

As before, let ¢ € HQ(RSN) be an eigenfunction of the operator H, with the
eigenvalue F € R, i.e., Hgyp =0, where Hg = H—F.Let P = {P1,Ps,..., P/}
be a cluster set, and consider the function uy, = D& with some m € N3M. As
an eigenfunction of H, the function v is HZ(R3N ), and, by elliptic regularity, it
is smooth (even analytic) on the set S = {zy, # 0,2 # z; : j,k=1,2,...,N}.
Our objective is to show that the function v has derivatives uy, of all orders
|m| > 0 on the larger set Up(0) D S, and that um, € H*(Up(e)) for all £ > 0.

Let us begin with a formal calculation. Since Hgy¥ = 0, by Leibniz’s
formula, we obtain

Hpum = [Hp,Dgly = [V,DEY

- -y (?) DLV Um—s = fon- (3.2)

0<s<m
[s|>1
Thus, uy, is a solution of the equation Hgum = fm. The next assertion gives
this statement a precise meaning.
First we observe that by Lemma 3.1, |[Dp V|| (up(e)) < oo for every
s :|s| > 1, and all € > 0. Therefore, if Uy € L*(Up(e)) for all m : |m| < p,
then fm € L*(Up(¢)) for all m| < p+ 1.

Lemma 3.2. Suppose that uy, € L*(Up(c)) for some e > 0 and all m € N3M
such that |m| < p with some p € No. Then, um is a weak solution of the
equation Hpum = fm, that is, it satisfies the identity

/umHEndx = /fmﬁdx, (3.3)
for alln € G (Up(e)) and all m : jm| < p.

Proof. As noted before the lemma, fm, € L*(Up(e)) for all jm| < p + 1, so
that both sides of (3.3) are finite. Throughout the proof we use the fact that
D3V € C™° on Up(e) for all s : |s| > 1, see Lemma 3.1.

We prove the identity (3.3) by induction. First note that (3.3) holds for
m = 0, since ¥ is an eigenfunction and fy = 0. Suppose that it holds for all
m : |m| < k, with some & < p— 1. We need to show that this implies (3.3) for
m + 1, where 1 € N3M : |1] = 1. As um+1 = Dhbum, we can integrate by parts,
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using (3.3) for lm| < k:
/um+lHE77dX

= —/umDIPHEr]dx: —/umHED};,ndx—/um(DIPV)ﬁdx

—/fm@dx—/um(Dlpv)ﬁdx. (3.4)

Integrating by parts and using definition of fu, (see (3.2)), we get for the first
integral on the right-hand side that

/melpn dx = ) (m) / ((DE*V)um-—s + (DBV)umi1-s)7 dx.
s:[s|>1 s
Standard calculations involving binomial coefficients show that
- m-+1 m +1
[ mdinax= 3" (") [©V i diax - [ OV ymax

s:[s|>1
= —/fm+1ﬁdx—/(DigV)umﬁdx.

Substituting this in (3.4), we obtain that

[ tmiiHdx = [ fammix

which coincides with (3.3) for m 4 1. Now by induction we conclude that (3.3)
holds for all m : [m| < p, as claimed. O

Theorem 3.3. Let E be an eigenvalue of H and let ¢ be the associated eigen-
function. For each € > 0, the function uym = DB belongs to H*(Up(e)) for
all m € N3M.

Proof. For brevity throughout the proof, we use the notation H¢ = H*(Up (¢)),
a=1,2, L2 =L*Up(e)).

The claim holds for m = 0, since 1) € H*(R3") is an eigenfunction and
fo = 0. Suppose that it holds for all m : |m| < p € Ny. We need to show
that this implies that um1 € HZ, for all € > 0, where 1 € N3 : [I| = 1 and
lm| = p.

Since um € 'Hi we have umy) € H; C 63 for all ¢ > 0. Thus, by
Lemma 3.2, up, 11 satisfies (3.3) with fm 1 € £2. In order to show that um 1 €
H2, for all € > 0, we apply Lemma 2.1. To this end let n; € C>(R3*Y) be
a function such that 7;(x) = 0 for x € R*¥\Up(g/2) and n(x) = 1 for
x € Up(e). Thus, by (3.3),

Hg(umm) = mHpum1 — 2V Vum 1 — umAny
= Mfmr — 2V Vumil — tm1An;.
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Since upmy € H;/Q, the right-hand side belongs to L*(R3N). Therefore,

H(umi1n) € L2(R3Y), and by Lemma 2.1, umym € H*(R3V). As a conse-
quence, um 41 € HZ, as required. Now, by induction, uy, € H?2 for all m € N3M.
O

3.3. Eigenfunction Estimates

Apart from the qualitative fact of smoothness of u,, = DB, now we need to
establish explicit estimates for u,,. As before, we denote Hp = H — E with
an arbitrary E € R.

Lemma 3.4. Let v € H*(Up(¢)) and let m € N3V, |m| < 2. Then, for any
€>0,6¢€(0,1) we have

S H|0™ ][ 12 (g (e 16)) < Co <52”HU”L2(UP(5)) + men gl ”ajv”L?(Up(s)))v
i
with a constant Cy independent of the function v, constants €, § and of the

cluster set P.

Proof. Let |m| < 1. Since Up(e + ¢) C Up(e), we have
5|m|||3mv||L2(Up(s+5)) < max 5U|H5jU||L2(Up(s)),
JENy
lil<1
so that the required bound holds.
Assume now that |m| = 2. Without loss of generality assume that all

clusters P, € P, s = 1,2,..., M, are distinct. Let £ be the smooth function
defined in (2.18). For arbitrary e, > 0 define the cut-off

o0 =m0 = [ 1 g('“'{;s)f(”‘f‘gi' ‘5>.

s=1keP,
JePg

Then, supp,n C Up(e) and n =1 on Up(e + ¢). It is also clear that
mlngHaan < O8]~ vk e N3N,

with some positive constants Cy independent of € and §, where the maximum
is taken over all sets P of distinct clusters. Estimate, using the bound (2.5):

10™ 0|2 (U ety < 0™ (on)llL2 < C(I1H (v) |2 + [lon]lL2)
C(llnHovll2 + [[vAn|z + 2[[(Vn) V|2 + [lug]l2)
C(IHv [l 2p (e + (072 + D0l 2w (o))

+ 6 HIVoll2 e (o))

IN

IN

with constants independent of e,§. Multiplying by 62, we get the required
estimate. O

Let E be an eigenvalue of H and 1) be the associated eigenfunction. Now
we use Lemma 3.4 for the function v = uy = D) € H*(Up(e)),e > 0.
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Corollary 3.5. There exists a constant Ly > 0 independent of the cluster set P
and of the parameters ¢ > 0,6 € (0,1), such that for allm € N3M k1€ N3V,
k| + 1] < 2, we have

S OADE Y 2 1 (401

< Ly (52||me2(Up(s)) + max ahl 6ng1/}”L2(Up(e)))' (3.5)
JENg
i<t

Proof. Apply Lemma 3.4 to the function v = uy, and estimate
[Hum|l2(p(e)) < HEUml20p ) + [Eltmll2 e o))

= |[fmllz@we(e)) + [ElllumllLz e e)-
O

Now we use the bound (3.5) to obtain estimates for the function uy, with
arbitrary m € N3M. Let Ay, Lo and L3 be the constants featuring in (3.1),
(3.5) and (7.3), respectively. Define

Ay =240 + La(L3Ao + 1) + i 1992 many - (3.6)
JHI=

Thus, defined constant depends on the eigenvalue E and € > 0, but is inde-
pendent of the cluster set P and of 6 € (0, 1].

Lemma 3.6. Let the constant Ay be as defined in (3.6). Then, for allm € NgM
allk e N3V, |k| <1, and all e > 0 and § > 0 such that §(jm|+ 1) < 1, we
have

m m|+1c|m|—
|6*Dp Yl 2 (e+(jml+1)8) < A‘l I+ 5=l =kl (3.7)
Proof. The formula (3.7) holds for m = 0. Indeed, since § < 1, we get
S O%P |l 2 (vrp (e a)) < jl_ﬂﬁé(l‘slj‘||8j¢||L2(R3N) < A

Further proof is by induction. As before, we use the notation un, = D).
Suppose that (3.7) holds for all m € N3 such that |m| < p with some p. Our
task is to deduce from this that (3.7) holds for all m, such that |m| = p + 1.
Precisely, we need to show that if [m| = p and 1 € N3™ is such that [1| = 1,
then

0% tum 112 (U (4 (pr2ys) < ATTZ67P KT, (3.8)
for all 6 > 0 such that (p+2)d < 1.
Since [1| + |k| =1 + |k| < 2, it follows from (3.5) that

S 0 U1l L2 (Up (4 (pr2)8)) < L2 (32| famllL2 (U (e (0r1)5)

+ max 6| um iz (wp 4 (p41)9))
JENy
[j1<1

(3.9)
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By the induction hypothesis, the second term in the brackets on the right-hand
side satisfies the bound

max |t |2 (g (e pr1)y) < 5P AT (3.10)
JENg
lil<1

Let us estimate the first term on the right-hand side of (3.9). First we find
suitable bounds for the norms of the functions um-s, 0 < s < m, [s|] > 1,
featuring in the definition of the function fy,, see (3.2). Denote ¢ = |s|. Since
|lm — s| < p, we can use the induction assumption to obtain

g1
Hum*s”LQ(UP(8+(p—q+1)5)) < AT

for all § such that (p—q+ 1)5 < 1. In particular, the value 6 = p+D(p—q+
1)~1§ satisfies the latter requirement, because (p + 1)§ < 1. Thus,

||um—5||L2(Up(s+(p+1)5)) < Ai’*‘I+1(p + 1)7P+Q(p —q+ 1)p7q§7p+q.
For the derivatives of V, we use (3.1), so that
IDSV L (Up (et (0 1)8)) < DBV |Loe () < AFT (g +1)7.

Using the definition of fu,, see (3.2), and putting together the two previous
estimates, we obtain

| fonllL2 (e (e4+(p+1)5))
p

m - - —_ —
SZ Z <S>A8+1(q+1)"A{’ q+1(p_|_1) p+q(p_q+1)p ag pHa

a=1[s|=q

In view of (7.4), the right-hand side coincides with
P
Ao AT <p> (AoAT) (g + 1)U (p +1)7PH(p— g+ 177957 PH,
q
q=1

Estimate the coefficient (5), using (7.3):
| fmll2 (e (e+(p+1)6))
P P
< LsAoATT0 Ty (AoAT!)"((1+p)8)" < LsAoATT677 Y (AoAT")",
g=1 q=1

where we have taken into account that (p+1)8 < 1. By (3.6), we have AgA; " <
1/2, so that the sum on the right-hand side does not exceed 1. Since § < 1, we
can now conclude that

8| frall2 (e (et (pr1ysy) < LaAoART167PF2 < L3 AgAYT 6.
Substituting this bound together with (3.10) in (3.9), we arrive at the estimate
[0 um-s1]|L2 (Up (et pr2ys) < 6 P MATFI L, (14 L3 Ap).

(Up (e+(p+2)9)

By the definition (3.6), the factor Lo(1+ L3 Ag) does not exceed A;. This leads
to the bound (3.8), and hence proves the lemma. O
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Corollary 3.7. For any ¢ € (0,1], there is a constant Ay = As(e), such that
for all cluster sets P = {P1,Pa,...,Pyr} and all m € N3™ | we have

m m|+1 m
IDEW[|2 (0 (20)) < A (1 + ).
Proof. Use (3.7) with k =0 and § = (jm| + 1)~ e
m —|m]| 4|m|+1 m m|+1 m
IDE Y2 (p 2y < € MAPF(A 4 [m)ml < AP 4 ),

with Ay = ¢~ 1A, where we have taken into account that e < 1. O

4. Cut-Off Functions and Associated Clusters

4.1. Admissible Cut-Off Functions
Let {fjx},1 < j,k < N, be a set of functions such that each of them is one
of the functions ¢,0 or 910, | € N3, || = 1, and f;, = fx;. We work with the
smooth functions of the form:
o(x)= [ finla; —an). (4.1)
1<j<k<N
We call such functions admissible cut-off functions or simply admissible cut-

offs. For any such function ¢ we also introduce the following “partial” products.
For an arbitrary cluster P C R = {1,2,..., N} define

[T firlx; —ar),  if |P] > 2
¢(x;P) = j{lfekp
L if |P| < 1.
Furthermore, for any two clusters P,S C R, such that SN P = &, we define
[T fie(z;—aw), fP#0andS#wo;

H(x;P,S) = { jepiics (42)
1 HfP=gorS=ga.

)

Note that
Dho(x;P) = Dbop(x;P¢) =0, forall 1€ N3, |I| > 1. (4.3)

It is straightforward to see that for any cluster P the function ¢(x) can be
represented as follows:

P(x) = o(x; P)p(x; P)p(x; P, PC). (4.4)
Following [10], we associate with the function ¢ a cluster Q(¢) defined next.

Definition 4.1. For an admissible cut-off ¢, let I(¢) C {(j,k) ERx R:j # k}
be the set such that (j,k) € I(¢), iff fjr # 6. We say that two indices j,k € R,
are ¢-linked to each other if either j = k, or (j,k) € I(¢), or there exists a
sequence of pairwise distinct indices j1, jo,...,Js, 1 < s < N — 2, all distinct
from j and k, such that (4,71), (js, k) € I(¢) and (jp,jp+1) € I(¢) for all
p=12,...,5—1.

The cluster Q(¢) is defined as the set of all indices that are ¢-linked to
index 1.
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It follows from the above definition that Q(¢) always contains index 1.
Note also that the notion of being linked defines an equivalence relation on R,
and the cluster Q(¢) is nothing but the equivalence class of index 1.

For example, if N =4 and

d(x) = (1 — 22)0(x1 — x3)0(x1 — u)@i@(mg —x3)0(xe — x4)0(x3 — 14),

with some [ € N3, |I|] = 1, then Q(¢) = {1,2,3}.

Let P = Q(¢). If P is not empty, i.e., P # R, then by the definition of
P, we always have f;r(x) = 6(z) for all j € P and k£ € P°, and hence the
representation (4.4) holds with

o(x;PP) = [ 0z; — ). (4.5)

j€eP, kePe

The notion of associated cluster is useful because of its connection with the
support of the cut-off ¢. This is clear from the next two lemmata. Recall that
the sets Xp,Tp are defined in (2.14) and (2.16), respectively.

Lemma 4.2. For P = Q(¢) the inclusion
supp, ¢ C Xp (5(4N)*1) (4.6)
holds.

Proof. If P = @, then, by definition, Xp = R*" and hence (4.6) is trivial.
Suppose that P¢ is non-empty. The inclusion (4.6) immediately follows

from the representation (4.4), formula (4.5) and the definition of the function

0. O

Lemma 4.3. If j € Q(¢), then |x1 — x| < €/2 for all x € supp, ¢. Moreover,
suppy ¢(1, -+ ) C Tp- (£/2), (4.7)
for all zy : |x1| > €.

Proof. Let x € supp, ¢. By the definition of ¢ and 6, if (j,k) € I(¢), then
|z; — x| < e(2N)~1. Thus, if j and k are ¢-linked to each other, then

s—1
=kl < oy — @ |+ Y g, — @y, + |2, — 2l
p=1
g €
< — 1) < —.
S oylstl<3

In particular, for j € Q(¢) we have |z — z;| < £/2, as claimed.

Proof of (4.7). Suppose that x € supp, ¢ and |z1| > e. By Lemma 4.3,
for each j € P* we have |z1 — ;] < €/2, so that
€
2’

as claimed. O

|zj| = 1| = |21 — 5] >
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To summarize in words, on the support of the admissible cut-off ¢ the
variables z;, indexed by j € P = Q(¢), are “close” to each other and “far”
from the remaining variables.

Let ¢ be of the form (4.1), and let P = Q(¢). For each [ € N§, the function
DL¢ has the form:

Db (x) = ¢(x; P)o(x; P )Dpop(x; P, P), P =Q(), (4.8)

where we have used the factorization (4.4) and property (4.3). By the definition
(4.2), Dbp =0if P° = 2.

Lemma 4.4. Let P = Q(¢) and | € N}, |I| = 1. If P¢ # @, then the function
(4.8) is represented in the form:

Dpo(x)= > o), (4.9)

seP,repPc

where each ¢(gl2« 1s an admissible cut-off of the form:

¢\ (x) = b(x; P)p(x; P)OLO(ws — x) [ O(ay — ). (4.10)
jGP,kEPC
(J,k)#(s,7)

Moreover, P C Q((bgl)r) and |Q(¢gl)r)| > |P|+ 1.

Proof. The representation (4.9) immediately follows from the definition (4.5).

It is clear from (4.10) that ¢§”T has the form (4.1), and hence, it is admissible.
Due to the presence of the derivative 9.6, in addition to all indices linked

to index 1 by the function ¢, the new function ¢>$fl links the indices r and s as
well, and hence its associated cluster Q(qb%) contains P and |Q( gl)| > |P|+1,
as claimed. 0

In what follows a special role is played by the factorization (4.4) with

P = {1}, so that
B, %) = wlzn, )(R) with w(wn, ) = $(an, % {1}, RY), (%) = $(x;R").
(4.11)

We call the functions w and s the canonical factors of ¢. In the next corollary,
we find the canonical factors for the cut-offs qﬁglz defined in (4.10).

Corollary 4.5. Let w, 3¢ be the canonical factors of ¢, and let P # @. Then,
the functions ¢§”T can be represented as follows:

o0 (21,%) = W) (21, %)Y (%), seP,rePe,

s,T
with

Wi (@1, %) = (a1, % {1}, PO —2,) [ Oa1 — ),
kePe k#£r (4.12)
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and

wl)(z1,%) = w(z1,%),

(%) = ok P& P)OLO(w, — ) [[ Oy —an),  (4.13)

jEP* keP®
(4,k)#(s,m)
for all s € P*.
Proof. The claim is an immediate consequence of (4.10). O

4.2. Extended Cut-Offs

Now we are ready to introduce the cut-off functions with which we work when
estimating the derivatives of the one-particle density matrix v(z, y). These cut-
offs are functions of 3N + 3 variables and they are defined as follows. We say
that two admissible cut-offs ¢ = ¢(z1,%) and u = p(x1,X) are coupled to each
other if they share the same canonical factor » = »(X) = ¢(x; R*) = u(x; R*),
ie.,

d(x1,%) = w(xy,X)2(X), plx,x) =7(21,X)52(X),
where w is defined as in (4.11) and 7(z1,%) = p(x1,%x;{1},R*). Out of two
coupled cut-offs ¢, u we construct a new function of 3N + 3 variables:
O(z,y,%) = wlz,X)7(y, %) #(X)
= ¢(z,%)7(y, %) = w(z, X)u(y, %), (z,y) € R3 x R? % e RN -3,
(4.14)

We call such ® an extended cut-off. It is clear that every extended cut-off
defines a pair of coupled admissible ¢ and p uniquely. We say that the pair ¢, u
and the extended cut-off ® are associated with each other. The representations
(4.14) and identity (1.11) give the equality

suppg ®(z,y, - ) = suppy ¢(z, - ) Nsuppy u(y, - ), V(x,y) € R? x R,
(4.15)

From now on we denote P = Q(¢) and S = Q(u).

Below we list some useful properties of the extended cut-offs ® and as-
sociated admissible ¢, u. Due to the nature of the definition (4.14), in all
statements involving the functions ¢, p and ®, the pairs {¢, P} and {x, S} can
be interchanged.

Lemma 4.6. If P* NS is non-empty, then ®(x,y,X) = 0 for all x € R3N=3 4f
(2,y) € D..

Proof. Suppose that P* NS is non-empty and that (z,X) € supp, ¢, (y,X) €
suppg pt. By Lemma 4.3, for each j € P* NS we have |z — z;| < ¢/2 and
ly — x| < e/2. Hence, |z —y| < ¢, and so

SupPg ¢($7 : ) N Suppg IU/(y7 : ) =4, if (l’,y) € D€~
By (4.15), ®(z,y,%x) = 0 for all x € R*N =3 if (2,y) € D., as claimed. O

Due to Lemma 4.6 from now on we may assume that P* C S°.
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Lemma 4.7. Let ¢ and p be coupled admissible cut-offs, and let P* C S¢. Then,

7(21,%) = p(z1, % {1}, P) [] 0(21 — ), (4.16)
jEP*
and
suppg i C Xp-(e(4N)™1). (4.17)
Furthermore,

7(y, %) = p(y, % {1},P°), if (v,y) €D and (z,%) €suppy¢. (4.18)
Proof. Since R* = P* U P¢, the function 7(z1,%X) = p(z1,%; {1}, R*) factorizes
as follows:

T(.’L'l, )A() = M(l‘l?&v {1}7 PC)H(Z’ly 5(7 {1}1 P*)
As P* C S°, we have
(e, %5 {1}, P*) = ] 0(z1 — ),
jeP
which leads to (4.16).
If P° = @, i.e.,, P = R, then the inclusion P* C S°¢ implies that S¢ = P*.
By Lemma 4.2,
suppg i C Xs(e(4N)™h).

As Xs = Xsec, the claimed result follows.
Assume now that P¢ # @. Consider separately the factors in the repre-
sentation u(x) = 7(x1,X)x(X). Since
#(X) = ¢(x; P*)o(x; P)p(%; P, PY),
in view of (4.5) and definition (2.19) we have
suppg » C suppg ¢( - ; P*, P°)
C {x:|z; — x| >e(dN)"',j € P ke PY. (4.19)
In view of (4.16), by the definition (2.19) again,
Supp 7 C {x : |71 — x| > e(4N)"!,j € P*}.
Since P U {1} = (P*)°, together with (4.19), this gives the inclusion
SUppy [t = Suppg #7 C {x: |z; — 1| > (4N)~,j € P* k € (P*)}
= Xp-(e(4N)™1),
as required.
Proof of (4.18). Since (z,X) € suppg ¢, by Lemma 4.3 we have |z — z;| <
€/2, j € P*. As (x,y) € D, this implies that |y — z;| > ¢/2 for all j € P*. By
definition (2.19), 6(y —z;) = 1 if |y — x| > ¢(2N)~!. Therefore, O(y —z;) = 1

for all j € P*. Hence, the product on the right-hand side of (4.16) equals one,
which implies (4.18). O
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In the next lemma, we collect all the information on the supports of
the coupled ¢, ;1 and associated extended cut-off & that we need in the next
section.

Lemma 4.8. If P* C S, then

suppy ¢ C Xp(e(4N)™1) N Xs- (e(4N)71), (4.20)
suppg it C Xs(e(4N)™1) N Xp« ((4N)71). '

If (x,y) € D., then

suppo ®(x,y, - ) = suppy ¢(x, - ) Nsuppg p(y, - ) C Tp-(¢/2) ﬂfsdff)- :
4.21

Proof. The second inclusion in (4.20) follows from the inclusion (4.6) applied
to function p and from the relation (4.17). The condition P* C S€ is equivalent
to S* C P°. Thus, the first inclusion in (4.20) follows from the inclusion (4.6)
and the relation (4.17) applied to the function ¢.

Since |z| > € and |y| > ¢ for (z,y) € D., the inclusion (4.21) follows from
(4.7) applied to ¢ and p. O

Similarly to the cluster derivatives (4.8) of the admissible cut-offs, now we
need to investigate the cluster derivatives of the extended cut-offs. As before,
let ®(z,y,%) be an extended cut-off associated with the coupled admissible
cut-offs ¢, u, and let P = Q(¢), S = Q(u). It will be sufficient to confine our
attention to the derivatives Db w.r.t. the variable x for the cluster P.

Assume that P¢ # @. Let ¢§{l, s € P,r € P°, be the admissible cut-offs
defined in (4.10), and let wng« and %Sl be their canonical factors detailed in
(4.12) and (4.13), respectively. Using the factor 7 from the canonical factor-
ization p(X) = 7(x1,X)%(X) we define a new admissible cut-off

p (21, %) = 721, %)) (%).
It is clear that (bglz« and ugll are coupled to each other. Introduce the associated
extended cut-off:

L) (2,1, %) = o) (2, 0)7(y, %) = W (2, %)) (4, %). (4.22)

It follows from (4.10), (4.13) and (1.11), (1.12) that
suppy ¢'). C suppy ¢,  suppy ul). C suppy . (4.23)

Now we can describe the cluster derivatives of ®. The notation Df;@(x,y,f()
means taking the {th P-cluster derivative w.r.t. the variable x = (z, X).

Lemma 4.9. Let ® = ®(x,y,x) be an extended cutoff associated with the cou-
pled admissible ¢ and p and assume that P* C S¢. Let | € N3 be an arbitrary
multi-index such that |I] = 1.

IfP¢ =g, i.e., P=R, then D5®(z,y,%x) = 0 for all (x,y) € D..

If P¢ #£ &, then

Dp®(z,y,%) = Y U (,y,%), foral (v,y) €D, (4.24)
seP,repPc
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where the extended cut-offs T(x y,X) are defined in (4.22).
Proof. According to (4.18),
O(x,y,%) = ¢, %)u(y, % {1},P°), (z,y) € D-.

Therefore, if P¢ = @, then ®(x,y,%) = ¢(z,%). As DLp(x) = 0, we also have
DL®(z,y,%) = 0, as claimed.
Assume that P¢ # &. By (4.23) and (4.18),

o) (2,y,%) = o) (x,%)u(y, %; {1},P°), s € P,r €PC, (4.25)

for all (z,y) € De. Since the factor u(y, %; {1}, P°) does not depend on ; with
j € P*, we have

Dp®(z,y,%) = Dpd(x,%) pu(y, %; {1}, P°) + ¢(2, %) Dp. pu(y, %; {1}, P°)
= Dpo(,%) u(y. x; {1}, P°).
Using (4.9) and (4.25) we get

Dpd(x,y, %) = Y. V(@ X)p(y,x{1},P) = > ol)(z,y,%),

seP,repe seP,repe

as required. O

5. Estimating the Density Matrix

The proof of Theorem 2.3 which is given in Sect. 6, uses a partition of unity
that consists of extended cut-off functions, i.e., functions of the form (4.14).
Thus, the objective of this section is to estimate the derivatives of the function

Aes®) = [ e RRRep Rx (51)

with an extended cut-off ® on the set D.:

Theorem 5.1. Let ® be an extended cut-off. Then, for all m,k € N3 we have
1050y ( -, - 5@z (p,) < AFHPIFR(|R] 4 m] 4 1)FFI,
The constant A depends on € > 0, but does not depend on ®.

The proof of Theorem 5.1 is conducted by induction, and hence, we have
to involve a more general object than (5.1). Precisely, for cluster sets P =
{Py,Pa,...,Pa}, S =1{S51,Ss,...,Sk}, and multi-indices k € NgM m € N3X|
introduce the function

Nom P S0 = [ Db (e DGR R (652)

If m = 0 (and/or k = 0), then this integral is independent of P (and/or
S), and in this case we set P = @ (and/or S = @). Thus, vo,0(z,y; 2, J; )
coincides with the function in (5.1). Note the symmetry of ik m:

Ve (2,7 P, S; @) = Yk (v, 7;S,P; @),  ®(y,x;%) = ®(z,y;%).  (5.3)
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We estimate the function vy, and its derivatives on the set D.,e > 0, de-
fined in (2.10) with the help of Corollary 3.7 by reducing the estimates to the
integrals [[DS%||L2(p () and [[DE||L2(g(e))- To this end we assume that the
admissible cut-offs ¢ and p associated with ® satisfy the following support
conditions:

suppy ¢ C Xp (€(4N)™1),  suppy p C Xs(e(AN)™1), (5.4)
and
suppo ¢(, - ) Nsuppy u(y, - ) C Tp«(e/2) N Ts-(/2), for all (z,y) C D-.
(5.5)

Note that conditions (5.4) and (5.5) are automatically satisfied for P = {P},
S = {S}, where as usual P = Q(¢), S = Q(u). Indeed, (5.4) follows from (4.6),
and (5.5) follows from (4.21).

Recall that the sets X, T, T with various subscripts are defined in (2.14),
(2.15), (2.16), (2.17). For brevity, throughout the proofs below for an arbitrary
cluster set Q we use the notation Tq = Tq(e/2), ZA“Q = fQ(s/Q) and Xq =
Xq(e(4N)™h).

Lemma 5.2. Suppose that ® is of the form (4.14) and that (5.4) and (5.5) hold.
Then, there exists a constant As, independent of the cluster sets P,S, and of
the cut-off ®, such that

Iem( s 3P, S; @) 2 (p.) < AFF™ (K| 4 m| 4 1)K+l
for allk € N3™ 'm € N3,

Proof. Let

C, = max {1,lllrl1a |8l6||N2} ,
: 1

|=
so that |w|, |7, |2, |¢], || < Cq. Therefore,

(2, y,%)| = |w(a,%)|[7(y, %)||#(%)|
= |w(@,%)|2|7(y, %)| 2w (@, %) (%) 2|7 (y, %) (%)|2

< Colo(@, %) |u(y, %)| .
Now, using (5.5), we can estimate:
[em( -5 -5 PyS; @)1y
<a [ | [ [ Dbt 0l 0. 0] o 0

lz]>€ |y|>e  Tpx T~

2
X dfc] dydzx.
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By Holder’s inequality and by (5.4), the right-hand side does not exceed

cz | / Dbu(e, ) Plo(e 2)ldxds [ [ DEU) Pl x)dxdy

lz[>e Tpx lyl>e Ty
<ct [[ Psueor axdr [[ 10gvw. 0 asay
XpNTp XsNTs

Since Xp NTp C Up(e(4N)~1) (see the definition (2.17)), and a similar inclu-
sion holds for the cluster set S, by Corollary 3.7, the right-hand side does not
exceed

CHAZ I (k] 4 1) (] 4 1)1
k|+|m m
SA?g(l [+ |+2)(|k|+|m|+1) (I%|+] |)
with Az = C2A,. This implies the required bound. O
Let the functions gbs » and /Lgl;,@gll be as defined in (4.10) and (4.22),
respectively. As in the previous section, we use the notation P = Q(¢) and

S = Q(u). In the next lemma, we show how the derivatives of Yk m w.r.t. the
variable z transform into directional derivatives under the integral (5.2).

Lemma 5.3. Suppose that (5.4) and (5.5) hold. Assume that P* C S°. Then,
suppy ¢ C X¢p,p}, suppyp C Xip~s}- (5.6)
Furthermore,

suppg ¢(z, - ) Nsuppy p(y, - ) C T{P*,P*} mf{p*7s*}, for all (x,y) € D..
(5.7)

Let | € N3 be such that |l| = 1. If P° = @, then
Oy em (2, 9: P, S5 @) = Y(110,m (2,55 {P, P}, S; @)
+7k,(l,m) (xvy;Pa{P*vs};(D)a (58)

and both sides are square-integrable in (x,y) € D..
If P¢ #£ &, then for all s € P,r € P® we have

supp, (bgll C Xp, suppg ug)T C Xs, (5.9)
and
suppo ) (x, ) Nsuppg p)(y, - ) C Tp- N Ts-, (5.10)
for every (x,y) € D.. Furthermore, the formula holds:
O em(z, y; P, S; @)
= Yw.m (7 y; {P, P}, S; ®) + e (1.m) (2, y; P, {P7, S}; @)

+ > Yem(zy;P, S 00)), (5.11)
seP,repe

and both sides are square-integrable in (x,y) € De.
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Proof. According to (4.20) and the assumption (5.4), we have
suppg ¢ C Xp N Xp = X(pp}, suppypu C Xp- N Xs = X(p- gy,
which coincides with (5.6). Moreover, by (4.21) and (5.5),
suppy ¢(x, - ) Nsuppy pu(y, - ) € Tps N T N Ts-,

which implies (5.7) for all (z,y) € D.. Thus, by Lemma 5.2 the terms on the
right-hand side of (5.8) and two first terms on the right-hand side of (5.11) are
square-integrable in (z,y) € D..

Let P¢ # @. Then, the inclusions (5.9) and (5.10) are consequences of
(4.23) and (5.4), (5.5). Again by Lemma 5.2, the third term on the right-hand
side of (5.11) is square-integrable in (z,y) € D, as claimed.

It remains to prove (5.8) and (5.11). We assume throughout that (x,y) €
D.. Introduce the vector z = (22, 23, ..., zx) such that

x, jeP*,
Zj = 3
0, jePe
and make the following change of variables under the integral (5.2): X = W+ 2,
S0

e (@, y; P, S: @) = / DS (. W + 2)DF0(y W T 2)B(z,y, W + 2)dw.
R3(N—-1)

Before differentiating this integral w.r.t. 2, we make the following useful obser-
vation. For each [ € N} and for arbitrary functions g = g(x) and h = h(z,y, %),
due to the definition of z = z(x), we have

O (g(z,w+2)) = (Dpg)(z, Ww+2), 9. (g9(y, W+
(Db

) = (D 9)(y, W + 2)
and 8i(h(x,y,\?v—|—z) T

Z
) Y, w + z
Therefore, for |I| =1 we have

0y Nem (2, y; P, S; @)

= / DEDS Y (x, W + 2)DE(y, W + 2)®(z,y, W + 2)dw
R3(N-1)

+ [ Db+ )DL DTl + 2)B(a . + 2

+ /RS(N § DY y(w, W + 2)DP0(y, W + ) Dbd(z, y, & + &)dw
Changing the variables back to X, we rewrite the right-hand side as:
... bObute, ST ol 3105
R3(N-1)
- /]R3(N71) Dis¢)(w, %)Db. DR (y, %) & (x, y, %)d%

+ / DYz, £)DT (5, %) Do, , %)dx. (5.12)
R3(N—-1)
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In the case P° = @, we have D5®(z,y,%) = 0 by Lemma 4.9, so the sum
coincides with the right-hand side of (5.8).

If P® # &, then by (4.24) the sum (5.12) coincides with the right-hand
side of (5.11) again. This completes the proof. O

Proposition 5.4. Let ® be an extended cut-off, and let P, S be a pair of cluster
sets such that (5.4) and (5.5) hold. Then, for all m,k € N} we have

10507 Yem( -+ 5P, S; @)l 12(p.)
< AW A2 (k] ] 4 (k] 4 [ 4 1) I 13)
where the constant As is as in Lemma 5.2 and A = 2A3 + N2.

The proof of this proposition is by induction. Lemma 5.2 provides the
base step. Now we need to establish the induction step:

Lemma 5.5. Suppose that for every extended cut-off ® and every pair P =
{P1,Pa,...,Pap} and S = {S1,S2,...,Sk} of cluster sets such that ® satisfies
(5.4) and (5.5), the bound (5.13) holds for all multi-indices k € N3 'm € N3K|
and all k,m € N3, such that |k| < p, |m| < n with some p,n € Ny. Then, for
such extended cut-offs ® and cluster sets P, S the bound (5.13) holds for all
k,m, such that |k| <p+1, |m| <n.

Proof. Let |m| < n, k = ko + 1 with [ € N3, |[| = 1, and arbitrary ky € N3,
such that |ko| = p. In view of Lemma 4.6, we may assume that P* C S°, since

otherwise the integrand in (5.2) equals zero. Thus, we can apply Lemma 5.3.
Assume first that P° # @. It follows from (5.11) that

o0 Ve m (2, P, S; @)
= OO Vi) .m (2, y: {P, P}, S; @) + 050 ne (1m) (2, ; P, {P*, S}; @)
+ > 0 Yem(x,y; P, S 0)). (5.14)
seP,repe

According to (5.6), (5.7), the function ® satisfies the conditions (5.4) and (5.5)
for the pair of cluster sets {P,P}, S and also for the pair P, {P* S}. Similarly,

due to (5.9) and (5.10), the extended cut-off function <I>gl)r satisfies (5.4), (5.5)
for the pair of cluster sets P, S. Since |m| < n and |kg| = p, by the assumptions
of the lemma, each term on the right-hand side of (5.14) satisfies the bound of
the form (5.13). With the notation ¢ = |m/|, this gives the following estimate:

1050 Y m (-5 -5 PLS; @)z,

2Ap+qA\3k\+|ml+3(|k‘ + |m| 4 p + ¢ + 2)/KlHmi+p+at

n NQAp+quk|Hm‘+2(|k| + |m| + p+ g+ 1)/KlFIml+pta
Ap+qA£k\+|m|+2 (243 + N?)(Jk| + [m| + p+q + 2)IKl+Iml+ptatl

Setting A = 243 + N2, we get (5.13) with k = ko + [, as required.
If P® = &, then the only difference in the proof is that instead of (5.11)
we use (5.8). O

IN

IN
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Proof of Proposition 5.4. Step 1. Proof of (5.13) forallkand m = 0. Accord-
ing to Lemma 5.2, the required bound holds for ¥ = m = 0. Thus, using
Lemma 5.5, by induction we conclude that (5.13) holds for all k¥ € N} and
m = 0, as claimed.

Step 2. Proof of (5.13) for k = 0 and all m. Using the symmetry property
(5.3) and Step 1, we conclude that (5.13) holds for all m € N} and k = 0.

Step 3. Using Step 2 and Lemma 5.5, by induction we conclude that (5.13)
holds for all k,m € N3, as required. O

Proof of Theorem 5.1. Recall that in the case m = 0,k = 0 we take P =S =
@, so that the conditions (5.4) and (5.5) are automatically satisfied. Thus, the
required bound follows directly from (5.13). O

6. Proof of Theorem 2.3

First, we build a suitable partition of unity, using the functions ¢ and 6, defined
n (2.19). Recall the notation R ={1,2,... , N}.
Let == {(j,k) e RxR:j < k}. For each subset T C = introduce the

admissible cut-off
H C(zj — ) H O(z; — xp).
(7,k)eY (7,k)exe

It is clear that
Sorx) = [ (Claj— ) +0(x; —2x) = 1.
TCE (4,k)E=E
For every cluster S C R* define
Ts(z1, X HCxl—:c] H 0(z1 — ;).
JES JE(S°)*
It is clear that
Z Ts(x1,%) = H (Clzr = z) + 0(z1 — 25)) = 1.
SCR* JER*
Define
q)TS(xu y7)AC) = ¢T(x7&)75(y75<)7 (3571/) € R3 X R37XA€R3N_37
so that
Z (I)Tﬁ(xv:%f() =1
TCE, SCR*

Note that each function ®y s is an extended cut-off function, as defined in
Subsect. 4.2. Using the definition (5.1), the function (1.6) can be represented
as:

Y@y = Y Az yPrs).

TCE, SCR*
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Since each function @y s is an extended cut-off, we can use Theorem 5.1 for
each term, which leads to (2.11), as required.

As explained in Sect. 2, Theorem 2.3 implies Theorem 2.2, and hence
Theorem 1.1.

7. Appendix: Elementary Combinatorial Formulas

Here, we collect some elementary formulas.

7.1. Stirling’s Formula

It follows from Stirling’s formula

leP
lim 25 = Var
p—00 pp+§
that
C U p+1)PTze? <pl <Clp+1)Ptze?, (7.1)
for all p=0,1,2,.... Therefore,
(p+ 1P <CeP pl, VpeN. (7.2)

The bounds (7.1) also imply for any p =0,1,... and ¢ =0,1,...,p, that
P P! (p+1)°
—_r , 7.3
(q> dp—a)! = g+ 1)i(p—q+ 1) (73)

with some constant Lz > 0, independent of p and gq.

7.2. Multiindices and Factorials

For k = (k1,ka,...,kq) € N¢, we use the standard notation

We say that k < s for k,s € N if ki < sj,7=1,2,...,d. In this case we

define
AN
s)  slk—s)

> (3) = (W) < )

1<k
[l|=p

Note the useful identity

It follows by comparing the coefficients of the term tP in the expansions of
both sides of the equality

A4+t +t)k Atk = +t)* teR.

This simple argument is found in [15, Proposition 2.1].
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And to conclude, the multinomial formula (see, e.g., [1, §24.1.2])

dP:<§d:1)p: > UI%'

=1 kENG
|k|=p
implies that
k|! < d*k, vk e N (7.5)
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