LOWER BOUNDS FOR STEKLOV EIGENFUNCTIONS
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ABSTRACT. Let (£2, g) be a compact, analytic Riemannian manifold with analytic boundary
0Q = M. We give L?-lower bounds for Steklov eigenfunctions and their restrictions to
interior hypersurfaces H C 2° in a geometrically defined neighborhood of M. Our results are
optimal in the entire geometric neighborhood and complement the results on eigenfunction
upper bounds in [GT19).

1. INTRODUCTION

Let (€2, g) be an n + 1-dimensional, compact C*° Riemannian manifold with boundary M
and corresponding unit exterior normal v. By some abuse of notation, we also let v denote
a smooth vector field extension and vy, : C°(2) — C°(M) be the boundary restriction map.
Let D : C*®(M) — C*°(M) be the associated Dirichlet-to-Neumann (DtN) operator defined
by

Df == vy, u (1.1)

where u solves the Dirichlet problem
Agu(z) =0, z €, ul(q) = f(q), ¢ € M. (1.2)

The operator D is an ellptic, first order, self-adjoint pseudodifferential operator (see for
example [Tay11], Section 7.11]) with an L?-normalized basis of eigenfunctions ¢;;7 = 1,2, ....
It is useful to work in the semiclasscial setting from the outset. Choosing h~! € Spec D, the
corresponding eigenfunction ¢;, then satisfies the semiclassical eigenfunction equation

hDyy, = op.

The harmonic extension, u, € C*°(Q), of a DtN eigenfunction ¢, is called a Steklov eigen-
function. Throughout the article, we will use the notation wu;, for these Steklov eigenfunctions
which have L? normalized boundary restriction.

There has been a substantial amount of recent work devoted to the study of the asymptotic
behaviour of the DtN eigenvalues and both DtN and Steklov eigenfunctions, including the
asymptotics of eigenfunction nodal sets (see for example [BL15, IGP17, [GPPS14, HLO1,
PST15, [Sha7ll, SWZ16| [Zel15, [Zhulbl [Zhul6] and references therein).

For large eigenvalues, Steklov eigenfunctions possess both high oscillation inherited from
the boundary DtN eigenfunctions and very sharp decay into the interior of 2. As a conse-
quence, even though Steklov eigenfunctions decay rapidly, the oscillation implies that the
nodal sets have intricate structure. It has been conjectured [GP17] that the analogue of Yau’s
conjecture [Yau82, [Yau93| for nodal volumes holds in the Steklov case. This was recently
proved for real-analytic Riemann surfaces in [PST15]. In the case of smooth manifolds, the
recent work [Dec21bl [Dec21a] gives the best available polynomial upper and lower bounds

on the nodal volume. Despite these bounds on the nodal volume, it is likely that a typical
1
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high energy Steklov eigenfunction exhibits regions of fixed sign with inner radius uniformly
bounded from below [BG20].

The question of decay of Steklov eigenfunctions into the interior of M when (M, g) is real
analytic was first raised by Hislop—Lutzer [HLO1] where they conjecture that the Steklov
eigenfunctions decay into the interior as e~®92/" In the special case where dim Q = 2 and
() is analytic, exponential decay with respect to d(z,d2) was proved in [PST15], the case of
general dimension and analytic €2 was handled in [GT19] where the authors prove that

sup |a?uh(x)|ed(:p,&Q)—Csup(Q)dQ(x,aQ)/h <C, (13)
z€Qy(e0)
where Qy(g¢) is a tubular neighbourhood of the boundary of width gy = €o(Q2, M,g) > 0
and Cyy,;, is a constant depending on the second fundamental form of the boundary. Here,
gp > 0 is an h-independent positive constant that depends on the analyticity properties of
the boundary and is difficult to quantify explicitly.

In this article, we consider the complementary question of lower bounds on Steklov eigen-
functions. As in the case of [GT19], we restrict our attention to the case of analytic Q2
and M. Our first result is a lower bound for L? restrictions of eigenfunctions in a small
go-neighbourhood of the boundary. In analogy with we prove

Theorem 1. There exist a neighbourhood, Qy(eg) of M = 082 and constants Cj(g¢) > 0;j =
1,2 such that for any connected component, N, of the boundary and any € > 0 there are
C > 0 and hy > 0 such that for h € (0,ho(e)] and 0 <t < ey, and H; :=={z : d(z, N) = t},

€t+01(60)t2/hHuhHL?(Hz) > Ce—Cz(so)s/hHuhHLQ(N) _ 016_1/(h01)||uhHL2(M)-

Here gy = €o(M,Q,g) > 0 is a possibly small constant (but independent of h) that is
the same in both the upper bounds and lower bounds in Theorem (1| and is difficult to
quantify precisely.

Our second result extends eigenfunction lower bounds to an explicit geometric neighbour-
hood of the boundary. Specifically, we use Carleman estimates to “bootstrap” the local
result in Theorem [1| to the full geometric neighbourhood of the boundary.

To define the geometric tubular neighbourhood more precisely, let N be a connected
component of Q. We consider the map ¢y : N x [0,7) — Q given by

on(z, 1) =expy(—rv), r€0,1), x €N, (1.4)

where exp is the Riemannian exponential map induced by the metric ¢ and —v is the unit
interior normal to 0€). By the collar neighbourhood theorem, for sufficiently small ro > 0.
the map ¢y is a diffeomorphism onto its image ¢ ([0,70)). We let rpaxn be the maximal
choice of ry with this property and set

QN (Tmax,nv) = ©([0, Tmax.n))- (1.5)

We refer to Qun(rmax ) as the geometric neighbourhood of the boundary component N. In
the following, we sometimes abuse notation and just write Qy for Qn (rmaxn). See Figure
for a description of these domains for the annulus.

Theorem 2. Let Q be an analytic manifold with analytic boundary, M = 02, and Qn C Q
(as in (1.5])) be the g Fermi neighbourhood of the connected component, N, of M and 0 <
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t < rmaxn- Then, for any tubular neighbourhood, Uy,, of Hy := ¢n(N,t) and € > 0, there
are hg > 0 and C > 0 such that for h € (0, h],

edn @/ wnll 2w > Ce /M| un|l 2vy — €M lunllz2an),

where
Tn+1 s
wN(anrl) = / efo qup’N(t)dtdsa qup,N(t) = Sup{@(taxlafl) a2l € N, |§/‘gt(3:’) = 1};
0

gt 18 the metric induced on Hy, and Q(t,x', ') is the second fundamental form on Hy; induced
by the inward pointing normal.

The examples of the disk, cylinder, and annulus in Sections [2.1H2.3| show that Theorem 2] is
optimal.

Remark 1. Notice that, although the right hand sides of the estimates in Theorems [1] and
have an error e~ /¢" with a constant C' depending on the analyticity properties of  and M,
these do not cause losses in the estimates when ||u | z2(v) > e™Y/*|jup|ar||z2. Since there
are finitely many boundary components, there are always boundary components where this
is the case.

Furthermore, we may replace N in Theorem [2| by a union of boundary components,
N = UjLle ; by applying Theorem [2| for each N; if we replace vn by ¥ 5.

By Taylor expansion at the boundary M = {z,1; = 0},

sup, 0
UN(Tni1) = Tnp1 + QPTN()I'ELH +0(22.,), (1.6)

where Qsup v (0) is the maximum of the second fundamental form along N C 992. Thus, near
the boundary, eigenfunction decay is given to first order by x,,1 = d(x, M). However, when
the boundary is strictly convex, the quadratic correction in (1.6)) is actually negative and so
the rate of decay in our estimate may be faster than e=4®M)/" The simple example of the
disc (see section [2.1)) shows that this extra decay does occur. Likewise, when a boundary
component is strictly concave, the quadratic correction is positive, producing a sub-linear
rate of decay. This behavior can be seen in the example of the annulus (see section [2.3)).

Our final results concerns lower bounds of the L2-restriction of eigenfunciton Cauchy data
along H C Qy(Tmax,00). We recall that given a hypersurface H C €, the Cauchy data along
H is the pair

CDH(h) = (uh|H, h&,uh]H)

The lower bound in Theorem [2| combined with a potential layer formula in the tube Uy (¢)
allows us prove goodness for CDy(h) for hypersurfaces H potentially far inside €.

Theorem 3. Let Q) be an analytic manifold with analytic boundary, M = 02 and H; :=
waa (08 t). Then for 0 <t < rmaxaq and € > 0 there are C(g) > 0 and ho(e) > 0 such that
for h € (0, ho(e)],

22O (|lug || 2gay) + |hOvun|r2)) = C()e™™|unl r2(an.-

Theorems 2| and [3] are optimal in a sense made precise in the next section.
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(a) Ugg0,1 (B) Ugg o

FiGUurE 1. Steklov eigenfunctions with o ~ 20 on the annulus with rq = 4.
The black line shows the lower bound predicted by Theorem [2l The labels oy, ;

are as in (2.3)).

1.1. Organization of the paper. The proof of Theorem [1| follows first from the existence
of a parametrix for the Poisson kernel modulo analytic errors, and second, from the con-
struction of an approximate inverse for this operator valid at frequencies < h™t. However,
the parametrix construction is only valid in a collar of radius ey = (M, 2, g) that while
h-independent, is possibly smaller than 7« x. The proof of Theorem [1|is taken up in section

The proof of Theorem [2]is given in section [d Here, we use the local result in Theorem
as a control estimate and use Carleman estimates to extend the lower bound in Q5(gg) to
the full geometric neighbourhood Qn(rmax,n) of the boundary. Finally Section |5 applies a
layer potential formula together with Theorem [2| to prove Theorem
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2. EXAMPLES

2.1. The Disk. Let Q = B(0,R) C R?. Then the Steklov eigenvalues are precisely o =
0, . with corresponding Steklov eigenfunctions given by

=[N

1
R

— o= —

V21 RRk 7 R

In particular, letting h = o~ = k7R,

1 , k
u:l: —,r_kte:tlke _ (21)

:t 1

up = _ = Rlog(1=(R=7)/R)|/h iOR/h
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Now, we recall that the metric in Fermi normal coordinates relative to 0B(0, R) (i.e. with
xe = R — 1) is given by

52 ( ) g@a
and hence, the metric induced on H; and second fundamental form on H; are given by
& &
= t,0 = —
|€ | ( t)27 Q( ) 769) (R—t)3
In particular,
1
sup(t) = 5—,

and therefore,
x2
blaea) = [ e @05 = Rlog(1 - %),

Undoing, the change of variables and applying Theorem [3| to obtain a lower bound, we
have that

Cle)e /M < ™M TR || pamry) + 1700 | p2r=re) < C.

In particular, the exponential weight in Theorems [2] and [3is optimal.
The case of spheres in higher dimensions is nearly identical if we replace e**? by a spherical
harmonic.

2.2. Cylinders. Let (M, g) be a real analytic manifold of dimension n without boundary
and Q = (—1,1), x M, with metric ds* + g(z). Then

Let ¢, be an orthonormal basis for L?(M) with
(—AM - Az)g&k =0.
Then the Steklov eigenfunctions are given by
cosh(Ags) sinh(Axt)
COSh()\k) @k(x% ’Uh(l’, 3) Slﬂh()\k) ‘Pk( )

with Steklov eigenvalues o), = A\ tanh(\) and o}, = A coth(\x) respectively. Notice that

up(s,x) =

cosh(x) = L+ O(eH),  sinh(z) = B2 ok 4 O(e),

and
O = )\k(l + O(e*’\")).

It is easy to see that Qsup(s) = 0 and hence, taking N, = {s = —1}, we have ¢y, (s) = 1+s,
and taking Np = {s = 1}, we have 1)y, = 1—s. Combining the lower bounds from Theorem
applied with Ny and Ng, we obtain optimal lower bounds on M. Similarly, we obtain optimal
lower bounds with an application of Theorem [3| but this time the hypersurface is given by
Hy={s=—-1+t}U{s=1—t} and the Theorem is valid for 0 <t < 1.

Remark 2. Notice that a cylinder has the unusual feature that there are Steklov eigen-
functions with non-negligible mass on multiple boundary components. This is why one must
apply Theorem [2| twice (once from the left hypersurface and once from the right) to obtain
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©Q0

B) Qa5(0,1)- C) QaB(0,r0)

) Qaq.

F1GURE 2. Regions of applicability for Theorems , , and |3/ for 2 = B(0,1)\

B(0,rp). The relevant regions are shaded in gray with dashed lines not included
in the region.

the correct lower bounds.

2.3. The Annulus. Now, consider B(0,1) \ B(0,ry) C R% Then a simple computation
shows that the Steklov eigenvalues are the roots of

1 1 2k k2
pk(a)—02—0k< +TO)( +T2k>+—, k=0,1,...

To 1 L) To

with corresponding eigenfunctions
- k—o
+ +ik6 [ .k —k
0) =Cho + . 2.2
U’o’ (r7 ) k7 € (r k r ) ( )

See Figure [1| for graphs of two such eigenfunctions.
It is easy to show that the roots of p, (o) have

k
Ok1 = k + O(lﬂ"gk), Ok2 = 7“_ + O(k‘?"gk) (23)
0
Then,
1 . 1
+ +ik6 (, k 2k\,.—k + k :i:zk@ —k k
ucrk,l - \/ﬁe (T +O(TO )T )7 uO’k’Q - \/F’T’OTO ( + 0(1)7“ )

The case of u,, , is identical to that for the disk when r > 7 + ¢, so we focus on u,, ,. Let
h =055 =rok™ 4+ O(e™*). Then, for r <1 —¢,

1
+ —ro log[14+(r—ro)/r0]/h —c/h
u- (r,0) > e 008 1+ 0(e .
(0] = (1+0(™/")
Using exactly the same computation as for the interior of the disk, one again sees that the
lower bound in Theorem [2| is optimal for u,, ,. Indeed, ||us, ,||r2@B(0m) = 1 + e~¢/" and

Y(r) =rolog(l+ (r —mr)/70)-

3. LOWER BOUNDS SUFFICIENTLY CLOSE TO THE BOUNDARY

The main goal of this section is the proof of Theorem [I| As we already indicated in the
introduction, here g9 = £o(M, €2, g) > 0 is a possibly small constant that depends on the
analyticity properties of M. As such, it is difficult to quantify.
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3.1. Notation for pseudodifferential operators. Below, we will need notation for semi-
classical pseudodifferential operators. We say that a € C(T*M) is a symbol of order k,
and write a € S¥(T*M), if

\8§8§a(x,f)\ < Caﬁ<£>kflﬁ|7 (€) = (1 +|€]?)V2.

Note that, a may implicitly depend on the small parameter h. We also define the set
of semiclassical pseudodifferential operators of order k, W*(M) as in [Zwol2, Chapter 14]
or [DZ19, Appendix E]. Note, in particular, that semiclassical pseudodifferential operators
of order —oo are smoothing, but their norms do not vanish as A — 0. We also define the
elliptic set of a pseudodifferential operator as in [DZ19, Definition E.31].

3.2. Analytic symbols. In this section, we will need the notion of a classical analytic
symbol, which we recall from [Sj682] (see also [SUL6]). We say that a is classical analytic

of order k and write a € S% , if there exist Cy > 0 and functions a; analytic on a fixed

neigbhorhood of 7*M \ {0}, homogeneous degree j, satisfying

a; (x, %)‘ <O+ 1),

and for every C > 0 large enough, there is C'; > 0 such that

a@ & = Y an (@ <G g =1,

0<5<[¢]/Ch

The key fact that we will use about such symbols is that, after rescaling & — £/h, it is
possible to deform contours away from |£| = 0 modulo errors of order e~1/“".

We also recall the notion of a semiclassical, classical analytic symbol. We say that
a € Sy, provided there are a; € S*7(T*M), h independent and analytic in a conic
neighborhood of T*M, and Cy, C' > 0 such that

002D a0 = Oy gy (€M),

‘a— 3 hjaj(x,f)‘ < CemO/Ch gy < CoCg1(EY.
0<j<|¢l/C

—1/Ch

Contours can, again modulo errors of the form e , be readily deformed when this type

of symbol is involved.

3.3. A geometric FBI transform. We also recall a particular Fourier-Bros-lagolnltzer
(FBI) transform on M. Define the operator 7' : C*°(M) — C*°(M) by

1 i({exp(z i@ z,y)2
Tu(r.€) = g [ OO I ale Eputydy. (5)

where a € S,Zﬁa, which is uniformly bounded from L?(M) — L*(T*M), and has a left inverse
S L*(T*M) — L*(M) given by

1 —i({exp?! —i@ z,y)?
Sv(z) = W/e (e W= (2, € y)o(x, €)dudé, (3.2)

for some b € S,?’/(ja, which is also uniformly bounded. As in [GT19, Theorem 2|, the FBI
transform and its left inverse will be useful when localizing modulo exponential errors.



8 JEFFREY GALKOWSKI AND JOHN A. TOTH

3.4. Preliminaries on the Poisson Operator. Let P : C*(92) — C*(Q2) be a parametrix
for the Poisson operator modulo analytic errors of the form

1 . e '
[P f](z) = @ / e W@t =D g (g, 0 2! € f(y)dy'dE. (3.3)

that is, there is K, an operator with analytic kernel such that
Ay(P+K,)=0in Q (P+ K,)loa = f.

Such an operator exists by [SUL6] (see also [Lebl8| [Steldl [Zel12) [(Gui97]). In addition, a is
classical analytic of order 0 and 1 € C*°([0,¢) x T*M \ {0}) satisfies,

835”“1/1 —1 V T(l’, @ww) = 07 ¢(0> l‘/, 5/) = <CL’/, £/>7 (34)

where, in Fermi normal coordinates, the symbol of —A, is &2 + r(x,£’).

Let t > 0 and define the smooth hypersurface

Hy:={(2/,t) | ' € 0Q}

In the following, we identify C'*(92) with C*°(H;) under the diffeomorphism 0 > 2’ —
(.T,, t) € Ht-

Let ¢ € C°(0,00) with ¢(z) = 1 near {x = 1} consider the family of operators Fj, :
L2(0) — L*(09) given by

1
(2mh)"

Let also vy denote the restriction operator from 2 to {H,}.

[Epu) () = / =R ENR (1 o uly')dy'dE. (3.5)

Remark 3. Note that, because we include the compactly supported cutoff ¢ in the am-
plitude of the integral defining Ej,, Ej, is well-defined as an operator on L?(92). It would,
however, be possible to define a left inverse for P acting on sufficiently analytic functions as
in e.g. [Gui97], but this is not necessary here.

Lemma 3.1. LetT and S be the F'BI transform and its left inverse from (3.1)) and (3.2)). There
is €9 > 0 such that for 0 < t < eo, Ay = EpxyuPSe([€'|,)T € U=2(02) . Moreover, A is
elliptic on

{(@,¢) - |5,|g(0,z’) =1}
Proof. We start by computing the kernel of EyyyPSe(|1|,) :

[ExynPSe(|n'19))(', y', 1)
b / (@ ) (62 &) 117 )~ (s )~ (exp ()2 )2)
(27h)2nt3n/4
a(t, 2", &' /1) ([ |g@))b(y', 1", 8" )0 gy ) ds'dw'dz'dE.
We start by formally computing the critical points of the phase in 2/,w’, s’. Let

q) — <Ilﬁ'/,£/> . w(t’ Z/,S/) + w(t,z’,w’) o <8/,U.)/> o <eXp;1(y’),77’> 4 @d(y', S/)2.
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Then, using Fermi normal coordinates centered around ¢’ in the s’-variables to compute
0x® =0 (¥(t, 2, 0) —¥(t,2,{)), 0P =0,y 2 w) -5,
Oy ® =1 —w' +i({)(s' = ¢).
Now, observe that implies that

0 I 0 O(t) O(t) 0
s in®= {1 0 =1 |+ 0@ o) o (3.6)
0 —1I «n) 0 0 0

and hence that the phase is non-degenerate for ¢t small. Moreover, by Taylor expansion,
0.0 =I+tAt 2, &) (W -8,

for some A € C*. In particular, denoting the critical points by (w., 2/, s.), we have w! = &

for ¢ small enough and hence s, = ' +i(n') ' (nf — &), and z. = s/, + O(t). Thus,
i(n’
B, €, 2l stotf ) = 0, €) + (o — €)= {y'0) + "Lty 1)
{
= (@' =y &)+ 5 (€ =)
< 307)

We will need to deform the contour to a good contour in order to perform complex station-
ary phase [Sj082, Theorem 2.8]. However, before doing this, we must show that the region
near w’ = 0 can be neglected. Since the integrand is supported on |n'| > ¢ > 0, this can be
done by deforming the contour in s’ alone by s’ — s' +id(r/) 1 (W — 7).

Next, we need to find a good contour for the phase. That is, we want to find a contour,
I, on which the critical point, p. = (w., 2., s.) lies and Im ®|r(p) > ¢|p — pc|>. To do this, we

cr~e) Tc

use the Hessian (3.6 to choose a contour such that
Im (97

2l w8

)(I)|Pc U7U> 2 C’U|27 V=0 Pc pel.

For this, let x € C*(R;[0,1]) with x = 1 near 0 and deform the contour to I'y, with T,
defined for r € [0, 1] by

/

/ / / / Z(sw / ! . ! / ! . I\ — / ! — I\ — li /
L, (2,8 — (z +7‘(zc+<w—,>), W'+ +irdZ s+ +ir(n) " (' =€) x (6 ) ' =¢|)

77/_6/ —1/ =1,/ /
g (L= X@H ) =€),

First, note that for |w'| > 1, r € [0,1], Im ®|r, > c|w’|. Thus, the terms coming from infinity
in w’ vanish and the contour deformation from I'y = R3" to I'; is justified.
Moreover, for |¢" — 7| < 6, the phase satisfies

50 N o2
Z<:)U> yw' 102"y + (s W +i0z) + i—<77 >2|3 |

10w’

(W)

+ iro(

]

2(n')

Dlp, = (o' =y, &) + & =7+ (=+

+ O(t(|' 4362 |* + |2 + 1),
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and for |¢' — 7| > J, Im®|p, > ¢d. In particular, for ¢t < 4, I'y is a good contour for & and
we may apply the method of analytic stationary phase in (z/,w’, w') to obtain

[EnyuPSe(|n'la)] (' ')

1 i@~y &)+ 5 (€' —')?]/h Il / ’ A
=—= [e€ RO a(t,z., & /h o )by ' W,
ey (alt, 1€ IYR1€ o 1o Bl 1 )
+ O(h)ow)dE + O(e™ /).
Here, we crucially use that a(t,z’,w’/h) is uniformly bounded with all derivatives when
lw|" > ¢ > 0.
Finally, we precompose with 7" to obtain the phase
= i i(n')
b= (+ —w. ¢ I N2

is a good contour, we may perform (analytic) stationary phase in

(w/ o y/)2 + <’LU/ _ y,777,>

and, using that ]R%&
w',n to obtain
1

By PSp€l) TN v) = s / VWGl €) dE' + OB,

where a € C2° and |a(2,2',£')| > ¢ > 0 on |£'|, = 1. In particular, EyygPSp(|¢'],)T is a
semiclassical pseudodifferential operator of order zero which is elliptic as claimed. 0

n')

3.5. Lower bounds in a fixed non-geometric neighborhood: Proof of Theorem [1]

Proof. Recall from [GT19, Theorem 2] that, with 7" and S as in (3.1)) and (3.2)) respectively,
for p € C2°((0,00)) with ¢ =1 near 1,
ulog = Se(I€'ly) Tulon + O(e ) 1.
Next,
uly = (P + Kao)uloa = v (P + Ka)S¢(|€']) Tuloa + O(e™ ™) 2.

Now, we have
KoSe('])T

i -1 / / -1 / ! i Y @ !
_ (%hl)%m / Ko(a!, w)eh (95 ()€ lexply! (gl V3000 ) 10y arqel
Since K, is analytic, we may deforming the contour in w’ to w’+id¢’, and use that |¢'| > ¢ > 0
to obtain
KoSp(€]g)T = O(e™") 12, 12,
and hence
uly = yaPSe(|€|y) Tuloa + O(e™") 12

Now, note that Ej, naturally decomposes into a sum of operators acting on from L*(N;) —
L*(N;) where M = UN; and N, are the connected components of M. We assume that
H; = on,(No, t) with ¢n, as in and write the component of Ej acting on Ny as EJ.
Therefore, with Ej, as in (3.5]) and ¢ € C°(0, 1+¢) with ¢ = 1 near 1, we have by Lemma3.1]

Ep(ulu,) = Epyu PSe(I€|y) Tuloa = Auln, + EJO(e ") 12
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where A is a semiclassical pseudodifferential operator on 02 that is elliptic on
{(l‘/7§,) . |§,|g(07x/) = ]_}
In particular,
||AU|N0 H < HE2||L2%L2(HU‘Ht ”LQ(Ht) + O(G_C/h))

<C. sup ™ VIl gy, || 2,y + O(e”9™) 12)
€[]y, <1+

Now, since
WFh(ulag) C S*&Q,
and A is elliptic on S*0€), we have by e.g. [DZ19, Theorem E.33]
[ullL2(vg) < Cell AullL2(vg) + OB [l L2 (o)
In particular, for A small enough

ull L2 (vg) < CellAul|p2(ng) < Ce sup Y EDM (| gy, || 2o,y + O(e79M) 12).
IEthlnl‘gHt§1+€

Therefore, for ¢t small enough, the proof is complete. O

4. CARLEMAN ESTIMATES UNDER CONTROL ASSUMPTIONS: PROOF OF THEOREM [2

Although the collar neighbourhood U in which the Poisson representation in is valid
is fixed independent of h, the size of U is difficult to make precise and could be quite small
since it depends in a complicated fashion on the analyticity properies of (€2, M, g). Our aim
in the next section is to “bootstrap” the lower bounds in Theorem [I| further into the interior
of Q. To set notation, we let N be a connected component of 92 and H = ¢x(N,t) with
0 <t < Tmaxn and @y as in (1.4).

Proof. Let (2, 2,41) : Qy — R"XR be the Fermi coordinates above adapted to the boundary
component N = {z,,41 = 0} and let Qy := {0 < 2,41 < maxn} be the maximal Fermi tube
containing the hypersurface Hs, = {z,41 = do} with dp < Tmax -

Remark 4. We note here that Fermi neighbourhood €y of the boundary depends only
on the geometry of geodesic flow inside €2 and not on the analytic modulus of the data
(092, H, g). As such, it is often comparatively easy to determine the maximal tube width
do > 0 in Theorem [I]

4.1. Definition of cutoff functions. Let € > 0 to be chosen small later such that
< min(%, 8o, Tmax.vs —00), (4.1)

where we recall that Hs, = {Zn41 = do} C Qn(Tmaxn) and g = e9(M, 2, g) is the radius for
which Theorem [ holds.
Let xI € C*(R; [0, 1]) with

suppIxT, C {x € Qn;0 < 2,41 < €}
and
X:(xn—i-l) =1, Zpq1 > 2e, X:(xn—i-l) =0; x4 <e
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We let x- € C*(R;[0,1]) be another cutoff be localized around the hypersurface H =
{$n+1 = 50} with

suppOx.,C {0g — & < Tpy1 < dp + €}
and
Xe (Tng1) =1 xpgr < do — 2e, Xe (Tnt1) =0;  xppq > do + 2e.

Finally, we set

X Bns1) = X (i) X (Ensr) € O (R [0, 1), (42)
where by Leibniz rule it follows that

supp dx. C supp dxZ U supp x_ . (4.3)
Next, we set
vy = ey, € Cee(Qn),

where ¢ € C>*(Qy) is a weight function that is defined below. As usual, one then considers
the conjugated operator Py(h) := e¥/"P(h)e %/" 1 C(Qy) — C(Qy) with principal
symbol

py(z, &) = p(z, £ +1i0:1)),
where p(z,§) = [€]2. In Fermi coordinates (2, 2n41) : Qn — R,
p(l‘, g) = £r2z + g($, 5,)7 g(I, 5/) - 98(1‘/7 5/) + 2xn+1/€3('r7 gl) (44)

where ¢ is a quadratic form in &’. In the Taylor expansion (4.4)), gy is the dual metric form
on T*0N) induced from the interior and rg(2’, z,11 = 0,¢’) is the second fundamental form
of the boundary.

4.2. Carleman weight. Fix § > 0. We define the putative weight function to be

Un(Tp41) = /0

where f5 € C°°([0, rmax.n]) and satisfies

0 < fJ(t) - sup atg(tvxlagl) < 267 (4 6)

Tyt

1
6% Jo fo(t)dt g Tpny1 € [O,Tmax,N]a (45>

so that
([¥x (@n 1)) = fos(xnir) Wy (@ni1))”
> (s 0 a ) ) (W) + 8 Wy ()
{(a",&"); g(wng1,2',€)=1}
—( sup Oryn9(@nin ', §) ) + 8 (i (@nsn)?
{(@,€"); g(xny1,2" &) =[P (Tni1)]?}
(4.7)
and

a$n+l¢N|$n+1:0 =1, 8£H+I¢N|$n+1:0 - %f(S(O)

The last line in (4.7)) follows since g(z,¢’) is quadratic in the fiber &’-variables.
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To show that the function ¥y in (4.5)) is a legitmate Carleman weight, we compute that
in Fermi coordinates (', Z,+1) : Qn(Tmaxn) — R™ X R,

pl/}N (.73, 5) = (€n+l + i@xn+1¢N)2 + g(ﬂf, 5/>
=&+ 92, &) = (0n, UN)* + 2064100, YN
Since 0y, YN = ¢ > 0 it follows that
Char(pyy ) (2,€) = {(2,€) € T O g(,€)) = (D o), €t = 0} (4.8)

Then, since Repyy = &2, + 9(2,&) — (0, ¥n)? and Impy, = 20, ¥nEny1, a direct
computation gives

{Repyy, Impy, }(z,§)
={G 9@ €) = (O VN, 200, UNEnt1}  (2,6) € Charpy,.  (4.9)
= 200,08 (O [Or O8] = O 9, €))

Then, since 9,,,,¥ny > ¢ > 0, it follows from and that

{Rep¢N7 IIHp¢N}(ZE,f) > Ol<5)|8$n+1¢N|2 > 02((5) >0, (xvf) S Char(pﬂw)‘ (410)

Consequently ¢y is a legitimate Carleman weight in Qx(rmax n) and so, by the subelliptic
Carleman estimates (see e.g. [Zwol2, Theorem 7.5])

1Poy (R)vnllZ2y) = Chllvnll ay)- (4.11)

4.3. Lower bounds: completion of the proof. Since P(h)u;, = 0, it follows that Py, (h)v, =
e¥N/M[P(h), X<Jun. Since [P(h), x.] is an h-differential operator of order one supported in supp
OXe, it follows from (4.11)) and (4.3)), that with Carleman weight ¢y (x,11) in (4.5)),

e P (), Xelunlpp o + 1€ IP(R), Xelunl e = Ch ™" XetnllTy 0, (4-12)

Since x. = 1 on the set I'(do, €) := {2¢ < &1 < dp — 2}, from (4.12)),

e [P (R), XJunl,pp o + €7 P (R), xelunllZ o = CRIE™ M unlf g, ey, (4-13)

and so,

h2<||€wN/h“h”§{}L ) + ||@¢N/h

> ChHewN/huh||§{;(r(50,5))- (4.14)

+ unll3 -
(supp Ox- Hj, (supp Oxe )

To bound the first term on the LHS of (4.14) from above, we recall the upper bound
from |[GT19]:
|0 un(z)| < Caaexp ([_mn—kl + CSUP(Q)Ii-i-l)]/h) ||U||L2(N) + CG_l/Ch; r € Qn(eo).
Since supp 9xT C {0 < 2,41 < e} and € < gy, it follows that

h2H€¢N/huh”12‘I}1L(5upp8X;’) < hQCgZHe'@l}N/he[*xn+l+CsuP(Q)I$L+1)]/hH%z({0<mn+l<€})HuhH%Q(N) + Qe V/Ch,
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Using that ¥n(Tp41) = Tpi1 + %%\/(O)xiﬂ + O(x?ﬁﬂ)’

h _[—xn Clsup(Q)z2 h|12 0)4+Cloup)e2+Ce3 /h
Helﬁz\l/ elm@n+1+Csup(Q)z5, 1)1/ ||L2({0<wn+1<s}) < C6e(f5( )+Csup)e?+Ce?/ ’

and consequently, for the first term on the LHS of (4.11]),

h2H€¢N/huhH?{i(supan€+) < C(Q)hQG(f(;(0)+Csup)€2+083/hHuh”%Z(N) + Oefl/Ch. (4.15>

To estimate the RHS of (4.14]) from below, we use the local L*-restriction lower bounds in
Theorem 1] which gives that for all 7 € [0, 0] and any §; > 0, then, with h € (0, ho(d1,£0)],

||uh||L2({xn+1:7’}) Z 0(51)6—[(T+%fo(0)72+07—3)(1+61)]/h||uh||L2(N) _ Ce_l/Ch.

Now, let ¢ < &1 < min(é, gp). since {F < zn41 < e1} C (0o, €), for the RHS in (4.14),

h 2
e~/ nll 511 (0 (50.0))

h 2
> HewN/ uhHLQ({%<xn+1<€1}

Z C((Sl) /7':81 627+%f5(0)7'270‘r3/h67(27'+%f0(0)72+073)(1+61))/h dtHuhH%Q(N) o Cefl/Ch

€1

2

T=¢
= 0(51)/ 1 667—2_07—3_61(2T+%f0(0)7—2)/h dTHU’hH%Q(N) _ Ce_l/Ch

—f1

T=¢1
> C(6) / 470 drJup |22y, — Ce /M,

=1
-2

where the last line follows by choosing ¢; < ¢ and d; < 10 and noting that from (4.6]),
f5(0) = fo(0) = 6.
Consequently, the end result is the following lower bound for the RHS in (4.14):

52
e M| sy = CG1)21e 7 [fupl[Fay — e/ (4.16)

By possibly shrinking ¢ > 0 further so that ¢ < /dey, it follows from the upper bound

in (4.15) and the lower bound in (4.16)), that the first term on the LHS of (4.14) can be
absorbed in the RHS. Consequently,

€5 2 ey = CEunlZagy — e/, (4.17)

and that, together with elliptic regularity, completes the proof of Theorem [2]
O

5. EIGENFUNCTION GOODNESS ESTIMATES FOR CAUCHY DATA: PROOF OF THEOREM [3]
Proof. Let 0 < t < Tmaxoq and Hy 1= pgq(02,t) so that in Fermi coordinates (z',z,41)
around 0f2,

Hy = {(«',t)}.
Let Uy, C Q) be the domain interior to 2 bounded by H; and for any fixed ¢ > 0, let
Un,. € Upg, be a compact manifold with boundary, H; ., strictly contained in Uy, with
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< d(H;e, H;) < max yen, .xm, d(x,y) < e. Then, by e.g. [Aub82, Chapter 4], there exists
Green’s function G € D'(Up, x Ug,) satistying

—AG(x,y) =0,(y), (z,y)€ Uy, x Ug,,

with G(-,-) € C*°((Ug, x Ug,) \ {z = y}).
Then, for € Up, . an application of Green’s formula gives

D oo

hup(z) = | G(z,s)hd,up(s)do(s) — h/H Ou(s)G(z, s)up(s)do(s). (5.1)

Hy

Since d(x, H;) > ¢ when z € Uy, . and so, G € C*(Upy, -, H;), differentiation of (5.1)) in
the x-variables gives a similar formula for the derivatives d,, u;,. An application of Cauchy-
Schwarz then implies that

P2lunl3g ) < CCE) (NunlBagary + 1h0sun 2y ) (5:2)

Finally, by Theorem , applied with H;. = {d(x,082) =t + ¢}, for any € > 0,

ull 2, ) > CLel~Yon®=2)/h

which completes the proof.
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