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Abstract

This thesis examines free surface flows in electrohydrodynamics under forcing in the
form of a moving pressure distribution or topography. The ideas from examining free
surface flows with forcing and those ideas and methods coming from examining solitary
waves within electrohydrodynamics are combined to study free surface flows under
forcing in electrohydrodynamics. Chapter 1 gives a brief introduction to the ideas and
work that have gone into investigating free surface flows and solitary waves in general
and gives an idea of what will happen in the thesis. Chapter 2 formulates the general
problem for the full nonlinear case and then examines the linear solution for both a
moving pressure distribution and topography and presents profiles of the free surfaces
and then shows that the solutions are nonuniform by examining the deep water case.
Chapter 3 introduces the scaling for the weakly nonlinear problem and produces an
equation which there is no nonuniformity and the amplitude of the free surface is finite.
The case when the Bond number is around a 1/3 is also examined. Stokes analysis is
performed to look for Wilton ripples. Chapter 4 examines conducting fluids adhering
to an upper surface, the basic equations are set up and then the dispersion relation is
derived to examine the existence of linear waves for certain values of the wavenumber
k. A set of weakly nonlinear equations are examined and then solved numerically with
examples of periodic profiles presented. A Stokes analysis is carried out for small
amplitudes to look for Wilton ripples. An analysis is carried out for the approximation
of long wavelength but finite depth, where the wave amplitude is the depth of the fluid.
Chapter 5 considers surface flows and generalised the results from chapters 2 and 3
from two dimensions to three, linear free surface profiles are calculated and plotted and

the weakly nonlinear equation is derived for the cases where the Bond number is close



to 1/3 and not close to 1/3 giving a 5th order (Kadomstev-Petviashvili) (KP) equation.

Chapter 6 is the set of conclusions and avenues of future research.
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Chapter 1

Introduction

The mathematical study of solitary waves began with the paper of Korteweg and de-

Vries when they derived their famous equation:

on  on  Pn
a ot o =0 b

This equation was for shallow water and small amplitude along with surface tension.
Since this paper, a number of modifications have been made to the modelling to try and
include as many physical effects as possible. One of the most important extensions to
the modelling is the modelling of interfacial waves where one of the mediums is shallow
compared to the other regions. This was carried out by Benjamin and Ono ([28],[29])
without surface tension and then by Benjamin ([30]) with surface tension. With more
phenomena modelled, the solutions become more and more complicated, the solitary
waves in ([30]) having slowly dying oscillatory tales which was completely different
to previous solitary waves discovered which were waves of elevation ([2]). The type
of interfacial wave which will be considered for this thesis will be for fluids which are
electrically conducting. These have various technological applications, which include
coating and curtain coating processes! to obtain the coating patterns and hence product

quality.

When trying to model waves, it is always necessary to make some simplifications.
These are usually the assumption of small amplitude and/or the absence of disturbances.

It is possible to include these in the modelling as topography and as an external pressure

! Another potential application has been the application of electrohydrodynamics to aerodynamics



distribution. These will result in what are known as forced equations and the resulting
waves are not solitary waves in the technical sense. These forced waves will be the
primary focus of this thesis. There has been much work on flow in the presence of dis-
turbances such as topography and moving pressure distribution ([1],[2],[4],[17],[21]).
Linear and nonlinear theories can be developed, the linear theory being a perturbation
from a steady state. If the size of the disturbance (either pressure distribution or height
of the topography) is ¢, then as € — 0, all the nonlinear solution should converge
to the linear ones. This is usually the case but the solutions rely on other parameters
such as the Bond number, electric Bond number and the capillary number. This leads
to non-uniformities as the parameters approach critical values (which can be obtained
from the linear analysis) and manifest in having unbounded amplitudes for linear free
surface profiles. An example of this was shown in ([1]) with the infinite depth case
when the capillary number tended to 1/4. The equivalent condition for the inclusion
of electric field will be derived in chapter 2. When deriving the KdV equation one has
a term (which can be scaled away) of (B — 1/3) where B is the Bond number and if
B is close to 1/3, a different analysis is needed. This leads to a fifth order equation
Korteweg de Vries equation. It was first investigated in the plasma physics literature
[19] and then it was proposed for water waves by Kawahara in [24] and then formally

derived using asymptotic analysis in [13] by Hunter and Vanden-Broeck.

The electric field complicates matters when integrating it into the hydrodynamics. The
approach which is taken is to use the Maxwell stress tensor ([6],[7]) which is then made
a part of the general stress tensor in the Navier-Stokes equations. This in general consti-
tutes a coupled nonlinear problem which must be solved numerically. This is not really
noticed in the main equations but has to be taken into account in the interfacial stresses,
where the Maxwell stresses do change the usual hydrodynamics stresses. However,
the coupled systems of equations may be reduced by making some assumptions. The
disturbances are small enough to perturb from a uniform flow (as in the linear case).
Another simplification of the problem is to look for travelling waves which are station-
ary given a suitable frame of reference. The electric field acts in the plane and extends

to a constant at infinity. It is assumed that there are no charges inside the fluid and none

12



on the interface either.

There has been a great deal of work done in the area of solitary waves in many settings,
namely in the forced and unforced cases. Work has also been done on solitary waves
with electric fields without any forcing, but as yet there has been no work done on
forced waves in shallow water with long wavelengths and electric fields. This is the
problem that this piece of work will address. The method of investigation will combine
the analysis for forced waves without an external electric field with the methods for
examining wave with electric fields and no forcing. The scope of this body of work
will cover the basic extension of the KdV equation with electric fields and a moving
pressure distribution and will then move to the case where the Bond number B is around
1/3. The analysis will cover both linear and weakly nonlinear cases in two and three

dimensions, generalising the KdV, Kawahara and KP equations.

13



Chapter 2

Formulation and Linear Theory

2.1 Formulation

The problem of consideration is the flow down a channel of a perfectly conducting
inviscid and incompressible fluid (referred to as fluid 1) over a fixed surface. The
configuration is assumed to be two-dimensional (three-dimensional flows will be con-
sidered in Chapter 5). Cartesian co-ordinates (x,y) are introduced, with y pointing
vertically upwards and denote the equation of the fixed surface by y = f(x). The ve-
locity vector is given as u = ui + vj + Ok. The incompressibility condition implies
that V - u = 0. The other key assumption is that the fluid is irrotational, which means
that V x u = 0, which implies the existence of a scalar function, ¢, called the velocity
potential, defined by u = V. Combining the notions of the velocity potential and

incompressibility shows that:
Pp D

7 T oy = 0. 2.1)

There is an interface with the incompressible fluid with another fluid which (known
as fluid 2) is a perfect dielectric, and in fluid 2 there is an electric field E, as can be
seen in figure 2.1. For simplicity it is assumed that fluid 2 is a perfect dielectric. On
the surface y = f(x), as there is no fluid flow across the boundary, the impermeable

boundary condition is used:
D

=y~ f(x)) =0. 2

The boundary condition is then
9 _Opdf

dy  Oxdx 3)



u=20
E#0
Z/:U(fax)
\ u#0
E=0
y=—h

Figure 2.1: Set-up of Wave Problem

For simplicity, it is assumed that the electric field is not moving and so there is no
magnetic field to be concerned about. Maxwell’s equations then imply V x E = 0. It
is then possible to introduce a potential, V', such that E = —VV. Furthermore since
there are no charges within the fluid, V - E = 0 and the potential V" satisfies Laplace
equation

PV PV
Fr i 0. (2.4)

The reference point V' = 0 is chosen on the fixed surface y = f(z). Since the lower
fluid is a perfect conductor, V' = 0 everywhere in it. A vertical electric field is imposed

by requiring V' ~ —Eyy as y — oo, with Ej constant. The equations of motion are:

ou

p5+pu-Vu:—pg+V~T (2.5)
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Here g = gj is the acceleration of gravity and 7' is the stress tensor made up of the

hydrostatic pressure and of the Faraday tensor:
Ti; = —poij + Xij (2.6)
where J;; is the Kronecker symbol and
1

where ¢, is the dielectric constant. Computing the divergence of the Faraday tensor

gives
(V-T); = 0T
= —0i;0;p + 0i%;;

1
= —5ij8ip + ep&- <EZE] — §5z]EkEk>

1
= —Opte& az(EzE]) - §8J(EkEk)>

1
- 50,

ov

oV oV W
8:ck

- —0. a@ -
]p+€p 8:6@ 8.’,13']‘

2)
1
= —0p+6|a0VOV+o,VY RV — 59

)

Therefore the electric field does not come into the equations of motion (2.5) and the

ov

a{L‘k

)

2
1

DRt

ov
8.’172‘

1

ov
— 53].

Oy

= —8jp —+ €p

only coupling between the potential functions ¢ and V' comes through the boundary
conditions. The only other boundary condition in which such coupling can occur is the
Bernoulli equation. The equation of the interface between the two fluids is denoted by
y = n(t, x). The function (¢, x) is unknown and has to be found as part of the solution.
For this reason the interface is referred to as the free surface. Defining F' := (¢, x) —y,

the kinematic boundary condition on the free surface can be expressed as

DF—O (2.8)
Dt '

16



where

D 0
E = a -+ u.V (29)

is the material derivative. The condition (2.8) expresses the fact that particles which are

on the free surface remain on the free surface. Expanding (2.8) shows that:

on on

The main result for free surfaces is the Young-Laplace equation which states that
f-T-d)f =0V-n (2.11)

where o denotes the surface tension. The notation |[. .. ]? denotes the difference of the
values of a quantity across the interface. The vector normal to the free surface is given
by n = VF = (9,1, —1). Therefore the unit normal to the free surface is then given

by:
IVE| (14 (0:m)*)?

A simple calculation shows that the divergence of the unit normal vector is given by

voa = 2 0wl
0w\ (14 (0em)?)?

n=

2.12)

9zn

— 1+ (@) + 0undu (1 + (9r)*)"/?
6%” 2\—3/2 2
9zn (0m)*92n

T+ @2~ (L+ 0.
Ee (6”)2]

_ 02n

= 0T @ -

The geometric interpretation is that V - nn is the mean curvature of the free surface.

Using (2.6) to obtain
n-T-n = nTn;
= n;(—pds; + Lij)n;
= —pin; + N0,
= —p+6(RTT11 + 21N + N5 Y90) (2.14)
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where

o 0:m

(RN CAIDEE

o 1

N (e GRS

S o= %”((@V)z—(@yV)Q) (2.15)
212 = EPamvayV (216)
Yoy = —%’((axvf—(ayvf). (2.17)

Inserting (2.13) and (2.14) into (2.11) gives

2 2 2
2 (0um)? Sl L %1
—2U | 2| —5—% T | = '
PR T @ “]1 T+ @2 2] T @2 T T+ @)D
(2.18)

As before the brackets mean to take the difference of the quantity at each side of the
interface. The electric potential on one side of the interface is zero, which is why the
brackets can be dropped. This can be substituted into the unsteady Bernoulli equation
to obtain a boundary condition for the free surface, via the pressure term. The unsteady
Bernoulli equation is:

Iy

1 2 P
x4z Z — r(t 2.19
Y +2|V<p\ +p+gn r(t) (2.19)

It is usual to incorporate 7(t) into ¢ via the transformation ¢ — ¢ + [ r(s)ds, which
will turn the function of time on the right hand side of (2.19) into a constant.

By analogy with problems without electric fields, the solutions are expected to be
qualitatively independent of the type of disturbance used (submerged object, surface
piercing object, pressure distribution, etc). Therefore attention is restricted to one type
of disturbance, namely a pressure distribution and the bottom surface is taken to be flat
(i.e. f(z) = —h where h is the constant depth). Problems with f(x) not being constant

are considered in Section 1.6. More precisely, write
pa = P(t,x) (2.20)

where P(t,x) is a given function with a bounded support. Using (2.18) to obtain

o0;n

p1= P(t,r) - (1+ (3177)2)3/2

(0:1)*S11 + 20,m512 + Soo | +

18



This expression for p; is then inserted in (2.19) evaluated on the lower side of the

interface. This gives

P(t,x) 1 1

1 2 2
— _t - - b 2.22

o 0?
+ 20,mX19 + Xoa) +gn = — 7

pu+«@m%W2+C

where Y1, 212 and Xy, are defined by (2.15-2.17) with V' denoting the electric po-
tential in the upper fluid. Across an interface the tangential part of the electric field is
continuous, SO:

[E-t] =0 (2.23)

where t is the unit tangent vector to the interface y = n(t, z). In a perfect conductor,
there is no electric field, and so E vanishes in fluid 1, so in terms of V' and 7 the

continuity equation (2.23) becomes

o, ooV
Oor  Or Oy

Similarly 1, 312 and Y99 vanish in the conducting lower fluid.

In summary the basic nonlinear equations are

*V. PV
AT 2.24
9z g 0 o0 y >t ) 2.24)
o O
@‘i‘a—yzzo on —héyéﬁ(@l’) (2'25)

on  O0pdn Oy
- _Zr = 2.2

72((8#7)2211 + 20,12 + X9o) (2.27)

+C on y=n(tx)

— +——L—=0 on y=n(tn) (2.28)
Y



— =0 on y=—h (2.29)
9y
ov
— = —Fy y— (2.30)
Ay

In order to calculate the constant C, use the conditions where there is no moving pres-
sure distribution and have a constant flow of fluid at a speed U in the x direction and the
electric field is constant in the y direction. For simplicity let the E field be E = — Ej.
These conditions will be in general satisfied as |z| — oo. The free surface will then
be a horizontal line at y = 0 and the bed is at a depth y = —h. The velocity potential
will be ¢ = Uz and as the surface is flat, the potential of the undisturbed flow will
be independent of z, hence 82\/ = 0, which integrates to VV = ay + b. The potential
at y = 0 is zero which shows that b = 0, computing 9,V and letting y — oo shows
that « = —FE)y. Inserting the values for the undisturbed case will give the value of the

constant C', doing this shows that:

2.31)

2.2 Non-dimensionalisation

The nondimensionalisation is carried out according to:

. (2.32)
o =16 V=ELV, P(tx)="7p
p

where L is a typical length scale. In the lower fluid (which is conducting), E = 0, so

V' = constant, so expanding the boundary conditions (2.23) out shows that:
E-t =0 (2.33)
The electric field is scaled as EE = EOE, then the equation (2.23) is scaled as:

E-t =0 (2.34)



The Faraday tensor can then be scaled as:

The Bernoulli equation is then scaled as:

L1 5 5 50 A .
0p+ 5((0:0)° + (950)°) + P(4,2)+ B
Ey
—————((0:0)* My, — 20;7M M.
+ 1+(8fcﬁ)2(( )" M Mz + M)
9i1)

- draae T (2.36)

where

E,=¢,E2Ljo, B=gLp /o (2.37)

The equation (2.30) is scaled as:

ov
- = -1 y— o0 (2.38)
9y
Equation (2.29) is scaled as:
G .
P 0 §=—h (2.39)
9y

The other equations remain the same but with hats. To compute K, take an undisturbed
solution with u = P = 7 = 0 and take V = —g, these values show that K = E,/2.
The next question is to examine the stability of the undisturbed solution. For brevity
the hats will be dropped. The level y = 0 will be associated with the undisturbed level
of the fluid when P = 0. Equations (2.24) to (2.30) will be known as the basic system,

and will be referred to in this chapter. For brevity, the nondimensionalised basic system

will be referred to as the nondimensional system.

2.3 Linear Theory

The distribution of pressure is moving at a constant velocity, U and a frame of reference
is chosen where the pressure distribution is stationary and hence the flow is stationary.
An exact solution of the nondimensionalised system is given by n = 0, V = —y

and ¢ = Uz when P = 0. The linear theory is progressed by setting the pressure

21



distribution P(x) to be small. Therefore seek a solution which is a perturbation about

the exact solution in the following way:

P = ep1+o(e) (2.40)
n = em +o(e) (2.41)
V = —y+eVi+o(e) (2.42)
o = Uzx+ep+o(e) (2.43)

Inserting equations (2.40)-(2.43) into the nondimensional system shows that the per-

turbed quantities must satisfy the following:

o*Vy  0*V,
072 + EIE = 0 ony>0 (2.44)
52% 52%
= —h<y< 2.4
8x2+8y2 0 on h<y<O0 (2.45)
87’/1 8@1
a2 = 2.4
U&aj Dy on y=20 (2.46)
1 % 82771
om  oVi B
_%+% = 0 ony=0 (2.48)
dy
% — 0 y— o0 (2.50)
dy

In order to solve the above set of equations an extra term, j11 has to be added to (2.47),
w1 and this is called Rayleigh viscosity which will allow the solution to be computed
numerically for values of U which are above the minimum in the dispersion relation.
The solution will then be obtained in the limit as ;z — 0. Such an approach was used

before by Rayleigh in [31] for problems without electrical fields. So (2.47) will have to

be replaced by:
dp1 oy OPm
U—+B E,— — =0 =0. 2.51
B + By + pi(x) + By oy 0n? + per on y (2.51)
Writing ¢, as a Fourier transform:
01 = / F(k,y)e™dk (2.52)
R
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and inserting this into the equation (2.45) shows that:

O*F
—kF = 2.
oy 0 (2.53)
8—F = 0 on y=—h. (2.54)
dy

The general solution of equation (2.53) is F' = A(k)e® + B(k)e™*¥, the boundary

condition equation (2.54) shows that B(k) = A(k)e*", which gives the solution as:
F(k,y) = A(k) coshk(y + h) (2.55)
on absorbing the function of & into A. The velocity potential can be written as:
p1 = / A(k)e™ cosh k(y + h)dk. (2.56)
R

Write the perturbed potential as a Fourier transform:

Vi = / G(k,y)e*dk (2.57)
R
and inserting it into (2.44) and using the boundary condition (2.50) shows that:
0*G
— — kG = 0 2.58
57 MG (2.58)
0
im 29 _ . (2.59)
y—oo QY

The general solution of equation (2.58) is G = C'(k)e*+D(k)e™", using the boundary
condition at infinity (equation 2.59) shows that C' = 0 and forces k to be replaced by

|k| and the solution becomes G' = D(k)e~I¥I¥, The solution for the potential becomes:
V= / D(k)e Klveike ;. (2.60)
R
The distributed pressure may also be written as a Fourier transform:

pi(z) = / E(k)e™ dk. (2.61)
R

The pressure is an input to the problem, so it is specified beforehand. For ease of
computation functions like exp(—x?) and sech(z) will be used because their Fourier
transform is well known. Let F(k) be the Fourier transform of the pressure distribution.

Write the free surface in terms of a Fourier transform.

m = / H(k)e™dk. (2.62)
R
23



Using (2.46) shows that:

/ ikUH (k)e™™ — kA(k)e™™ sinh(kh)dk = 0 (2.63)
R
this shows
H(k) = —éA(k) sinh(kh). (2.64)
Using (2.48) gives:
k 4 4
/ —EA(k;)em sinh(kh) + ik D(k)e**dk = 0 (2.65)
R
which implies:
D(k) = —%A(k) sinh(kh) (2.66)
In summary:
01 = / A(k)e™ cosh k(y + h)dk (2.67)
R
Vo= / — L A()e M sin(kh) dk (2.68)
R
m = / —%A(k:)e“m sinh (kh)dk. (2.69)
R

The next task is to relate A(k) to E(k), this is done by differentiating (2.51) with respect

to x and inserting the expressions (2.67) - (2.69). Differentiating (2.51) shows that:

P o1 om | Op PV Py Do
Ox? B% + Oz + Eb@x(’?y 013 G or 0 2.70)

U

inserting all the above shows that:

Ak) = — iE(k)
~ —kU cosh(kh) + (BU-! — E,U~1k| + k2U-1) sinh(kh) + ip cosh(kh)

(2.71)

This can be written in the form:
Ak) = — 2.72
(k) —kU cosh(kh) + f(k)sinh(kh) + iy cosh(kh)’ 2.72)

where:

f(k)=BU™ — B,U k| + KU (2.73)
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To compute the linear dispersion relation, write:

01 = Ae* coshk(y + h) (2.74)
vV, = —%Ae*““‘ye"kxsinh(kh) (2.75)
mo= —éAe”“sinh(k;h) (2.76)

Upon taking y = ¢ = p; = 0 and inserting into (2.70) shows that:
U?(—k cosh(kh)) + (B — Ey|k| + k*)sinh(kh) = 0, (2.77)
which gives the dispersion relation(k > 0) as:

U? = (% — By + k:) tanh(kh). (2.78)

Plotting U? against kh there will be one of two situations, 1) the graph will be mono-
tonically increasing or 2) the graph will have a unique minimum which will happen at
the point U,,;,. Computing the free surface for values of U above U,,;, will result in
two singularities which is why the Rayleigh viscosity is added to the equation. It is

useful to divide both sides by Bh to obtain the relation:

F? = (k_lh —a+ Bkh) tanh(kh), (2.79)

where F? = U?/Bh, a« = E,/Bh and 8 = 1/Bh*. Now the variable is kh and
there are two free constants to play with. It is simple to show that (2.79) always has
a minimum, the idea is to use Rolle’s theorem. Clearly F'? — oo as kh — oo. The

gradient of F? is:

1

tanh(kh) + sech?(kh) (2.80)

ahy ~ | " e TP

dF? 1
(kh)?

If it is possible to show that at kh = 0, F'? is a decreasing function then it is possible to
use Rolle’s theorem to show the existence of a minimum. For this the power series of

both tanh and sech are required:

tanhz = x—

sechx = 1-—



Writing the derivative in series form:

dF? (kh)? 1
. kh — — kh|[1 — (kh)?
dkh [ e P o e L GO
1 kh 1
= —E+Bkh+?+ﬁ—a—kh+5kh+0(k3h)

= —a+ (25 — g) kh + o(kh).

Taking the limit as kh — 0 is well defined, so dFQ/dkh — —« as kh — 0. This shows
that ' is a decreasing function at kh = 0 but F? — oo as kh — oo. So this shows
that there must be a turning point on the interval (0,00). If &« = 0 and F still has a
chance of being decreasing, if 5 < 1/3 then for small values of kh > 0, the derivative
will still be negative. What was not proven was that the turning point (which would
be a minimum) is always above the F' axis. Indeed, in some cases it lies below the I
axis indicating a region of instability. The next point to examine is where 2 = 0 for
kh > 0 as this will show when the dispersion relation will cross the F' axis and the
flow will be unstable. As tanh is an increasing function, there are no points kh > 0
such that tanh(kh) = 0, so the possibility for F'? to have zeros is if there exists a kh
for which:

1
o —a+ fkh =0 2.81)

This is the quadratic, 3(kh)* — akh + 1 = 0, the solutions to this are:

_at/a?—4p
kh = 7 . (2.82)

These solutions will be real if o® > 403, or in original variables £} > 4B.

In order to examine the free surface, take the profile for the pressure to be p; =
exp(—2?) because the Fourier transform is known to be E(k) = /7 exp(—k?/4) and
so finally, the free surface is given by:

(2) = / ﬁe‘geikm tanh(kh)
= ] TRU + (BU-T — ByU-1k| + k2U-1) tanh(kh) + in

dk. (2.83)

Typical profiles for values of U above and below the minimum U,,;, are shown in
figures 2.3 and 2.2 with h = 3, Ej, = 2, B = 1.5 respectively. The profile of figure 2.2

is symmetric respect to x = 0 and has decaying oscillations in the far field. The profile
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of figure 2.3 is characterised by a train of waves of constant amplitude as * — +o0.
Solution for U < U,,;, are obtained by taking ;# = 0 in (2.83) and when U > U,,;,, =
0.67, it is necessary to take p > 0

The damping of the waves is dependent upon the value of i (see figure 2.4). As p
decreases, so does the amount of damping until it gets to a point where the solution
itself becomes unstable. The free surface profile changes dramatically depending upon
the value of U, there is a cross over when the value of U reaches the minimum of
the dispersion relation from both above and below. It should be noted that as ¢ — 0
the problem is ill-posed because the dispersion relation will have zeros which will
make the integral in the expression of the free surface diverge. As the value of p is
decreased, the poles get closer to the y-axis and therefore cause problems when trying
to numerically evaluate the integral which can be seen by the examination of figures
(2.4 (a) and 2.4 (b)) where the height of the peaks are seemingly random in height
where higher values of 1 makes the peaks decrease in height in a monotonic way. So
this numerical experiment shows that there is a minimum which beyond which it is

impossible to get meaningful results.

2.3.1 Induced Charge on the Interface

Although surface charge was not part of the model, there will be some induced charge

on the surface, the expression for the induced charge is given by:
Yo =¢en-VV (2.84)

In order to find the correct scaling for Y., non-dimensionalise the RHS of equation

(2.84) to obtain:
Yo = n-VV
= &(=0m,1)-(8:V,9,V)
= (=0, 1) - (Eg0;V, Ey0;V')
= e Em- vV.
So the following scaling is adopted for the surface charge:
Yo = 6,E0g (2.85)
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0.6

n,(9)

Figure 2.2: Free Surface Profile, n;(x), U = 0.6325 < U, = 0.67

n, ()

-10 -8 -6

4 6 8 10

Figure 2.3: Free Surface Profile, n;(z), U = 0.8 > U,,;, = 0.67
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(c) u=0.013 (d) 1= 0.015
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Figure 2.4: Different values of x in (a)- (f),h =3, E, =2, B=1.5,U = 0.8

So the scaled equation becomes:

™
QO

Il

=>

<

<>

(2.86)

The induced charge from the exact solution, n = p = 0, ¢ = Uzr and V = —FEjy

can be computed to obtain X = —¢,E,. The induced charge on the interface can be
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computed, inserting the expansions (2.41) and (2.42) into (2.86) to obtain:
Yo = n-VV
= (_563[:7717 1) ’ (681“/7 _15831‘/1)
= —14¢e0,V1+o(e).

At O(1), the previous result of the trivial exact solution is obtained and the O(¢) term

is the next approximation. So:

ov
o) = 2= 2.87
0 =3 (2.87)
y=0
It is a simple matter to compute this and is given by:
k| E(k)e™** tanh hk
28’:_/ k| E(k)e™™ tan 2.88)
r —U%k + (B — Ey|k| + k?) tanh hk
Note that the Fourier symbol of the induced charge is given by:
006 T T T T T T T
0.04}
0.02}
FI
:,;E -0.02}
S
-0.04F
-0.06
-0.08 : : : : : : :
—20  -15  -10 -5 0 5 10 15 20
X
Figure 2.5: Induced Surface Charge
So = |kln (2.89)

The operator with the Fourier symbol is 0,77 . This suggests that the same expression

for the induced charge will be valid for the weakly nonlinear theory also.
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2.3.2 Blow Up of Profile

The linear theory whilst being able to give perfectly reasonable results for the majority
of parameters, does not give a perfectly uniform profile for all parameter values and
therefore will introduce a nonuniformity into the asymptotic expansion. To see how
this happens fix a set of parameters (B, £;,) and gradually take the limit as the uniform
speed U reaches the minimum of the dispersion relation from below as can be seen

in figure 2.6. Similar results are found for U > U,,;, but it is the necessary to take

15 T T

10 b

In, )l

. ‘ )

0 0.5 1 15
U/

min

Figure 2.6: Value of 7, (0) with B =12, Fy =1.5and h = 1

w different from zero. Therefore a different approximation must be sought for a com-
pletely uniform description of the wave, for this one can either go to the full nonlinear

equations or one can take a weakly nonlinear approximation as is done in chapter two.

2.3.3 The Free Surface in the Far Field

It is possible to analytically compute the shape of the free surface in the far field by the
use of Cauchy’s residue theorem of complex analysis provided a quarter-circle contour
(figure 2.7) is chosen. The analysis is a generalisation of that developed by Rayleigh

[31] in the absence of electric fields. For symmetric distributions of pressure (p(—x) =
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p(x)), then the free surface is given by:

\/%e_% e* tanh(kh)

= 2R dk 2.90
m(z) 6/0 —kU + (BU' — E,U-'k + k2U-1') tanh(kh) +ipn (250)

where U > Uy, this is why iz was added to the denominator. Depending on the sign

of x, the relevant contours are given in figure 2.7. The complex contour integral is then:

(2) = % E(z)e™* tanh(hz)
hA®) = L —Uz+U-YB — Eyz + 2%) tanh(hz) +ip

dz (2.91)

where p is small. The poles in  correspond to the zeros of the denominator. The free
surface in the far field will be calculated by taking the limit as 4 — 0. The contours
of figure 2.7 are chosen so that there is no contribution from the quarter-circles as the

radius tends to infinity. The residues correspond to the zeros of the denominator. The

x>0 <0

A\ 4

A4

Figure 2.7: Poles of D(z)

zeros of the denominator with i # 0 can be obtained from the denominator with p = 0,
since y is small. Denote the denominator with ;2 = 0 by D(z). The denominator with
i = 0 has two real zeros aq, as, and as p is small then the zeros of D(z) for u # 0
will be a small perturbation from the zeros of D(z) with ¢ = 0. Assume that without
loss of generality 0 < a; < as, the zeros a; and as are the wavenumbers of waves
travelling at the phase velocity U. Write the zeros of D(z) with u # 0 as ay 2 + ().
The denominator in (2.91) can be written as D(z) = 2(—U + U~'c?(z)) where

A(z) = <§ — B, + z) tanh(hz) (2.92)
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Then using Taylor’s series

D(arp+¢e(p) = D(aiz) +e(p)D'(a1)

U e :
= O—U+7+%(2UC/(GLQ))+MZ

= 2e(p)c(ar) + pi

=0
which shows that:
e(p) = — 26,25 o) (2.93)
So the roots to D(z) with u # 0 are of the form:
s=ay — 2;(’”; 5 +oln) (2.94)
2= ay— 2;(’; 5+ olw) (2.95)

Assume without loss of generality that a; < as, ¢/(a;) < 0 and ¢/(az) > 0. It then
follows that the zero (2.94) must lie in the first contour (x > 0) and the root (2.95)
must lie in the contour for x < 0. To calculate the residues using the well known

expression:

Res{ f(z). a} _ 1) (2.96)

The residue is given by:

Res{ /() }  Blay — ipy/2¢ (@) /2 @) gank h(ay — /2 (a))

9(2) D'(ay —ip/2¢ (1))
E(ay)e'™* tanh h
_ <“1)6D/( in ™ in the limit as 1 — 0
a1
E(ap)e"® tanh ha,
2a1c (ay)

The contribution from the positive imaginary axis tend to zero as x — +o00 because of
the factor exp(ixzz) in (2.91). It should be noted that there are also singularities in the
integrand of (2.91) on the positive imaginary axis. The countour in Figure (2.7) needs
then to be deformed by including small half circles to avoid each of these singularities.
The contributions from these half circles (which are half the residues at the singular-

ities) tend also to zero as x tends tends to infinity because of the factor exp(ixzz) in
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(2.91). The approximation to the free surface is:

_E(ay)e"™* tanh ha,
~ Req2
m(r) e{ i 20 ()
mE(ay) tanh ha,

- o) sin(ayz) x>0

Similarly:

mE(ay) tanh ha; .
m(z) = — (ai'(al) Lsin(aiz) 2 <0 (2.97)

Note ’(a;) — 0 and (az) — 0 as U — Uy, therefore linear theory predicts that

waves of unbounded amplitude as U — U,,;,.

2.4 Ignoring the Surface Tension

This section examines the question of the fluid under the influence of the electric field
in the absence of surface tension. Unfortunately this can’t be obtained as a simple limit
from previous work as the velocity potential was scaled using the surface tension and
them formally it would be taking the limit as B — oo which clearly isn’t possible. In
order to carry out the analysis, set ¢ = 0 in equation (2.22) and all other equations

remain unchanged. The scaling is now given by:

h - .
xr=hx, y=hy, n=hn t= \/;t, p=+/gh*p, V =EyhV. (2.98)

The external pressure distribution, ep is scaled in the same way as before: p = pU?p.

The unsteady Bernoulli equation becomes (dropping the hats):

oo 1 ) (0:m)? 20,m 1
TP v B % M. My b= K
o R IVelTey b{1+<aw>2 W e T
(2.99)
Where Ej, in this case is:
E2
B, = 20 (2.100)
gh

The K is the Bernoulli constant and is not important for a linear analysis.
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2.4.1 Linear Theory

To compute the expression for the linear waves, write:

p = Ux+ep
Vi = —y+eW

n = enm.

Inserting the above equations into the unsteady Bernoulli equation and differentiating

with respect to x shows:

0? 0 0 0V,
gl S P gl L

Ox? Jdr  Ox 0xdy
The set of equations is now:

882;21+%2;21 = 0 ony>0

8;;’;1+a;;’;1 — 0 on —1<y<0
U% = %—(Zl on y=20

2 2

—%—l—% = 0 ony=0
%—fj = 0 ony=-1
%—ZI — 0 y—o0.

To solve equation (2.102), write:

Vi = / Ak, y)e**dk,
R

then the following holds:
/R (—k*A+ 0, A)e™*dk

(2.101)

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

which implies 97 A — k*A = 0, the solution to this equation is A(k,y) = ay(k)e" +

as(k)e~*Y, the boundary condition equation (2.108) which means that:

k(ape™ — aze ™) — 0
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As y — oo. Hence:

Ak, y) = alk,y)e . Q2.111)
Considering the velocity potential, equation (2.103), write:
1 = / B(k,y)e™ dk (2.112)
R

Then B satisfies J; B — k*B = 0. The solution to this equation is B = j3;(k)e*¥ +
B5(k)e~*¥. The boundary condition for this is equation (2.107). This gives the relation-

ship between 3; and 3, as 31 + B2e?* = 0, this shows that:
B = B(k) cosh[k(y + 1)] (2.113)

Writing the free surface as:

m = / C(k)e™ dk (2.114)

R
Using (2.104), C(k) can be related to (k). Inserting ¢y and 7, shows that:
/ [ikUC(k) — kB(k) sinh kle**dk = 0
R

which shows that:

C(k) = —% sinh k. (2.115)

Now it is necessary to relate « to 3, equation (2.106) is used for this. Inserting 7; and

/ ( _kB sinh k + ika) e*dk = 0
R U

V1, shows that:

which yields:
B hk (2.116)
a = ——-——8In .
U
The solutions become:
v, = -~ / Be~ My etk ginh kdk @2.117)
U Jr
o = / Be™** coshlk(y + 1)]dk (2.118)
R
m o= —— / Be sinh kdk (2.119)
U Jr

Write the pressure as:

p(z) = /R D(k)e™** dk
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It is now possible to relate S to D using the Bernoulli equation. The required derivatives

are:
o = — / k%Be*® cosh kdk
R
1 .
Opih = — / kBe™® sinh kdk
U Jr
1 .
0.0,V1 = —— / |k|kBe™™ sinh kdk
U Jr
Opp = / ikDe™**df.
R

Inserting the above into the Bernoulli equation shows that:

—iD(k)

b= —kU coshk + U=tsinh k — U= E,|k|sinh k

The full solutions are then:

D(k)e™ e~y tanh k

= — 2.120
Y r —kU? + (1 — Ey|k|) tanh k& ( )

—ikD(k)e™® cosh|(1 k
801 — / ? ( )6 . COs [( + y) ] . (2121)

r —kU cosh k + U~tsinh k — U= E|k| sinh k
D(k)e™*® tanh k
= — 2.122
n /R—k:UQJr(l — BEy|k|) tanh k 2.122)
The next task is to calculate the dispersion relation, to do this set:
” ‘
v, = %e*'k‘yem sinh k (2.123)
o1 = Ae*®cosh(y + 1)k (2.124)
.

m = —%ellm sinh k, (2.125)

where A is constant independent of k. Inserting the above into the linearised unsteady

Bernoulli equation shows that:

. A E,Alk
U(—kAe™ cosh k) + Eelkx sinh k& + bU| | sinh & (2.126)

Which reveals the dispersion relation as:

tanh k
k

U? = (1 — Ey|k|) (2.127)

The dispersion relation has no minimum as U? is unbounded below.
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2.5 Solutions in Conducting Fluids of Infinite Depth

Taking the limit as h — oo allows for a more in-depth investigation of the problem as

it simplifies much of the algebra and therefore simplifies much of the problem. The

analysis of this section follows [1], section 4.2.2. The equations are as before but the

lower boundary condition is replaced by:

The expansions used are as before:

i
— 0
dy -

ep1 + o(e)

Yy — —00

Uz + ey + o(e)

en + o(e)

—FEoy + Vi + o(e)

(2.128)

Inserting these expansions into the basic nonlinear equations yields the following linear

equations:

D1
UL
ox + P

EpE(] 8V1

82(p1
0x?

0*V;
ox?

U

o 0%

p Oy

p 0x?

82@1
Oy?
0%V,
0y?
om
0X
ovi
Or
Jipy
Oy
ovi
oy

+ ppr

91
dy

0, y<0
0, y>0
91
oy’
6’171
B2
Oax7
0 y=0
0, y=0
0, y=0

(2.129)

(2.130)

=0 (2.131)

y = 0(2.132)
(2.133)

(2.134)

(2.135)

0 y— —oo (2.136)

Where 1 is the Rayleigh viscosity. Writing the perturbed velocity potential, ¢, as:

]' ~  _dkx
@1:—/901€kdk
21 Jr
38
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Equation (2.129) becomes:
0?py
dy?

Along with the boundary condition equation (2.136). The solution of the equation is:

— k*p, =0, (2.138)

1

:§R

1 A(k)elFlvetke g

Likewise, writing the perturbed electric potential as:

1 ~ tkx
Y= — / pre*edlk
2 Jr
reduces equation (2.130) to:
0*Vy
dy?
Which shows that the perturbed velocity potential as:

— E*V, =0, (2.139)

1

:%R

Vi B(k)e Flveike g

Using equation (2.131) and representing the free surface as:

1

771:% .

C(k)e™*dk

shows that:

C(k) = —=sgn(k)A(k)
Using equation (2.132) shows that:
B(k) = —i—sgn(k)A(k)

Writing the pressure as:

1 .
P = —/ﬁe’lmdk
2m Jp

It is possible to express A(k) as:

J ok? e, e -
Ak) = —— {l{: — —sgn(k) — —=sgn(k) + on sgn(k)|k| +ip| .
p

If the pressure function is symmetric, (p(—x) = p(z)) the integral for the free surface

can be reduced to an integral from 0 to co:

2 00 pezkm
m=he [k (2.140)
P 0 - U W —+ pU2 + (7%
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So the equation for the free surface is the same as equation 4.58 in [1]. Choose a

pressure distribution of the form.

The Fourier transform is then:

2172 2,
ﬁ:pU rU ech(ﬂU )

2 5g 10g

So:

wU%k ik
B TU? 00 sech( 109 ) e o
= 5g ‘ g _ ok | eBik

0 + oz T

U2 pU?2

Now make a change of variable v = U?k/g to obtain:

U? oo givgaU?gach (T2
m== Re/ (10), dv (2.142)
5¢ 0o v—1—av?+ Bv+im
Where:
w29 g ob
pU* pU?
Let & = gzU~2 and 7] = gnU 2, then the scaled free surface is:
e o0 e"sech (1%)
() = —R L d 2.143
n(#) 5 6/0 v—1—av?+ Bv+iw v ( )

If 1 + 8 = 24/« then the denominator of (2.143) can be written as
v—1—ar’+pr=—(ar? —-2v/a+1) = —(vav —1)* (2.144)

So the free surface will have an unbounded amplitude when 1 4+ 5 = 2,/a. This is a

direct generalisation of equation equation (4.72) in [1].

2.6 Topography
The analysis will now move from examining a moving pressure distribution to topog-

raphy on the bottom. The topography will be given in the form:
y=f(t,x) = —h+ Leg(t, x), (2.145)

where ¢ is assumed to be very small. The set of fully nonlinear equations is given by:

o*v  9*V
== + a7 =0 on y>ntz) (2.146)
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Figure 2.8: Problem Set-Up

Pp  Dp
>t 73 ~h<y< ‘
o2 + dy? =0 on h<y< n(tax) (2.147)
oy  Opdn _ 0 B
ot Yorar — gy oM YT (2.148)
dup + 5IVel? — (9 (2.149)
(2 2 2 P 1 + (axn)2 z1] 11 .
02n

ag
20,5 + T _ 2
iz ) 0= T e

+C on y=n(tx)

oV onav
%+%a_y_0 on y=n(t,x) (2.150)

of _0fop Oy _ -
of " oror oy D O y=f(t ) (2.151)

ov — —Ey y— o0 (2.152)
Oy

The process will now be nondimensionalisation and perform a analysis of the linear

theory. The nondimensionalisation will be done according to:

loL .
¢ = L3, y—Ly,n—Ln,t_\/ c ¢ V=ELV f=Lf



According to the nondimensionalisation, the equations become:

0V PV N

522 + e =0 on y>n(ta) (2.153)
Pp 0 S
957 + 972 =0 on —h<y<n(tz) (2.154)

U T 2.155)

1 E,
0:p + = |V |2 —— ((0:7)* M 2.156
021 .
— 28537]M12 + M22) + B?7 = (1 T (85377)2)3/2 + K on Yy = 77(t, .CU)
oV 9oV .
-0 j = n(t, 2 2.157
05 0z 0) on §=ilt7) (2157)

af  9fop 0¢
f f90+<p

_9f 01 0¢ _ = (i 2 2.1
of oior Tay 0 onY It 7) (2.158)
ov
SN RN (2.159)
dy

Upon performing a Galilean transformation to a references frame where the topography

is stationary. A simple solution of the above equations is 1) = 0, V= 9, p = Uz and

f = —h. Drop the hats for convenience and write the following for the linear theory:
f(z) = —h+eg(x) (2.160)
v = Uzr+ep (2.161)
V = —y+eV; (2.162)
n o= &m (2.163)

The linearised equations then become:

2 2
88;1 + 88?3/21 =0 on y>0 (2.164)
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Ox? Jy? =0 —hsys
U%—%—? ny=>0
U% + By Eb%—‘; = %2;1
%—%:O on y=20
- j—i %—?:0 on y=—h
%—H) Yy — 00

dy

(2.165)

(2.166)

(2.167)

(2.168)

(2.169)

(2.170)

As before the equations (2.164)-(2.170) are solved via Fourier transform, write:

©1 :/A(k,y)eikxdk:
R

Then inserting this into (2.164) shows that:

0*A

C L _RA=0.

Oy?

Which shows that

A(k,y) = oz(k)eky + B(k)e_ky.

Write

Then inserting (2.171) into (2.169) shows that

/ —~U(ik)G(k)e™*™dk + / e* 0, (a(k)e + B(k)e™)dk

R

/R —U(ik)G(k)e™*™ dk + / ke (a(k)e ™ — B(k)e*")

R

/ k(—UiG(k) + a(k)e ™ — B(k)e*™)e* dk

43

= a(k)e”

kh

(2.171)

(2.172)

(2.173)

(2.174)

B(k)e" + UiG(k)



which shows that:

alk) = iU G (k) + B(k)e**" (2.175)

which after inserting back into (2.173) shows that:

Alk,y) = [iUG(k) + B(k)e* "M + B(k)e
UM G (k)i + B(k)ervT2r 1 g(k)e™
Uek(y+h)G(k)Z~ + ekhﬁ(/{?) (eky—i-kh + e—ky—kh)
= UG (k)i + e (k) (FWH1) 4 e=Futh)
= UM G(E)i 4 2¢¥ B(k) cosh(k(y + h))
The solution for ¢ is then
01 = / [UeFY MG (k)i + 2" B (k) cosh(k(y + h))]e**dk (2.176)
R
The next point is to solve the equation for the electric potential, write:
Vo) = [ Clkg)etar 2.177)
R
Then Laplace’s equation becomes the following:
0*C
~ — k0 =0 2.178
5 (2.178)
Then the solution to this equation is:

C(k,y) = y(k)e™ + 6(k)e ™

The boundary condition is 0V, /0y — 0, then this shows that y(k) = 0 when & > 0
and 0(k) = 0 when k& < 0. The solution is:

Vi = /R 5(k)e~Hveike g (2.179)
Now write the free surface as
n = /R D(k)e™**dk (2.180)
Inserting (2.176) and (2.180) into (2.166) yields:
/R kUG (k)i + 2" B(k) sinh(kh) — iU D(k)]e**dk = 0
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which in turn shows that:

. k;h .
D(k) = *G (k) — 2ie ﬁ(k[)]smh(kh) 2.181)
Then,
. .
m = / [eth(k)— 2ie” (k)Usmh(kh) * e (2.182)
R

Inserting the values for 7; and V/; into (2.168) to show that:

B 2ie*" B(k) sinh(kh)

§(k) = D(k) = "G (k) i

Then the expressions are:

m = /R{eth(k) - 2iekhﬁ(/€()]sinh(kh)} e dk

Y1 = /R[Uek(erh)G(k)i + 2" B(k) cosh(k(y + h))]e* ™ dk

- kh :
- / {eth(k) _ 2ie ﬁ(k()]smh(kh)} T
R

Then to find S(k) in terms of G(k), we insert everything into (2.167). Inserting the
above into (2.167) shows that:

[kU? — B + Eylk| — kUG(K)i

k) = 2.183
Bik) —2U? cosh(kh) + 2B sinh(kh) — 2Ep| k| sinh(kh) + 2k? sinh(kh) ( )

To compute the dispersion relation, write:

i = %eklyeikm sinh(kh)
.
mo= —%e”“ sinh(kh)

¢1 = AeMe* cosh(k(y — h))

Computing the required derivatives:

0Py = —k*Ae Me™* cosh(k(y — h))
Ox?

% — geikm sinh(kh)

?;2731 _ %kge"kx sinh(kh)
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Inserting the above into the (free surface equation2.167) shows that the dispersion re-

lation is:
tanh(kh
U? = (* — Ey|k| +B)an7() (2.184)
The free surface is given by:
kUZ?e*2sech (kh)G (k
= _/ UreTsech (kh)GIR) ___ (2.185)
r —kU? + (B — Ey|k| 4+ k?) tanh(kh)

The topography in this case is g(z) = sech (z). If the topography is symmetric about
x = 0, then the profile itself will be symmetric as exp(ikxz) = cos kx + isin kz is the
sum of an odd and even function and the rest of the integrand is an even function, so
integrated over a symmetric domain (which the real line is), the result will be and even
function. The following free surface profiles are taken with B = E, = h = 2, the
minimum of the free surface profile is at U = 0.9069, and the first set are taken when
U is above the minimum using Rayleigh viscosity and the second set are taken below
the minimum with no Rayleigh viscosity.

As can be seen the numerical evaluation does indeed show that the profiles in

figure 2.10 are symmetric.
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Chapter 3

Weakly Nonlinear Wave Theory

As was shown in the previous section, certain values of parameters can lead to an
unbounded free surface, and to overcome this failing of the modelling an extension of
the modelling is considered. The idea is to consider the typical horizontal length scale
L to be large in comparison to the height of the fluid h, so the ratio h/L < 1, this
is called the long wavelength approximation. The small amplitude approximation is
still kept, so a/h < 1, where a is a typical height of the waves involved. Using these
approximations it is possible to derive a nonlinear equation that overcomes the problem

of blow up that was encountered in the first chapter.

3.1 Moving Pressure Distribution

The basic equations of interest are:

RV 0V

o2 T =0 on v alte) D
P D*p
. —_ T = —h<y<K .
o2 - Oy? 0 on —h<y<te) (3-2)

on  Opon _ ¢ _
ot " orow Dy on y =n(t,z) (33)

1 1
DT (@ O+ 20 V) G

+ =2 +C on y=n(tx)
MW 0P o



%jua_xa_y =0 on y=n(tx) (3.5)
% _0 on y=—h (3.6)
dy
ov — —Ey y— o0 (3.7)
dy

The governing equations are scaled in the following manner:

L. L R R
v=Li, t="f n=ai @= %sﬁ, yO =hg, y? =LV, V=LEV.

(3.8)

There are two different scalings for y depending on which region is of interest, the

perfect conductor or the dielectric. Define the parameters:

a h?
= — = — 39
The governing equations scale as:

Pp  10%
— =0 3.10
032 B og? (3.10)

V0PV
—— = 0. 3.11
02 T oy G.11)

The scaling of the unsteady Bernoulli equation is carried out as follows, for the velocity

potential

Oy ap Oy dp Oy adp

— =, — =/ ——. 12

ot 9% or T VY% 5y T VI oy G-12)
The pressure scales as:

P(t,z) = pgaP(i, &). (3.13)

The free surface derivative scales as:

on o

— . 3.14

o o/ (3.14)
The components of the Faraday tensor scale as:

Tij — eaE2T;;. (3.15)
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For brevity denote:

E = 5((126(8@77)2 —1)

~ 2 ~ 2 ~ ~
oV oV oV oV

~ 2 e 1

<a:z=> +<ay> + 2a+/B0 o7 (3.16)

The unsteady Bernoulli equation scales as:

2 2
op 1 0P a0p 1 EE Lo BBO27
—=< — — _ P — €
8t+2[a<8£>_+5<3@>]%7%1+a%%@ﬁy+ D= G B
(3.17)

where the constants are:
a2 o
E, = , B= . (3.18)
pgh pgh?

The Bernoulli constant can be found be setting ¢ = 7) = P=0andV = —Y to find

that C' = —E},/2a. The free surface condition scales as:

8ﬁ+aﬁ¢@_l8¢
ot 0z 0% B Oy

on y = an. (3.19)

The interfacial conditions for the electric field scale as:

ooV oV B
O‘\/Ba:z»%_ 5 = 0 on y=0 (3.20)
1% on v
R +a\/5% 5 = 0 on y=0. (3.21)

Applying the scaling to the expression for induced charge on the surface shows that:

. 1 onov v
2“77?@%(”@%%*@) (322

3.2 Canonical Korteweg de Vries (KdV) Scaling

Choose the usual scalings for the KdV equation by setting « = § = ¢ < 1, also change

the co-ordinates to a moving set of co-ordinates by:

~

T = ¢ (3.23)

X = &—1, (3.24)

which makes the differential operators become:

0 0 0

% = Sor  ax (3.25)
0 0

95~ ax (3.26)
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The two equations which this transformation of co-ordinates affects are the unsteady
Bernoulli equation and the free surface condition. Use the principle of least degenera-
tion for the pressure and scale it as P = £"p, where n is to be determined later. They

become:

87) on &p 87) 1 8g0
1 _ 1 2
“or “ox " “oxox  :op (3:27)

2 2
eBO% 1 B, _ 0p 0p 1| (09 0P
.k X
Ao 2 car ax ta2|\ax) Tlag) | TEPO) it
~ 2 ~
E, 1 1, o oV oV
| Z(040)? -1 ~ —
e |10 | (55) + (57
+ 23204 av oV (3.28)
Tox ov
1 200V 9V
Ny = 2
A TERAE ( 8x8x+8y> (3:29)
Upon dropping the hats, write:
o(T,X,y) = ¢o(T, X,y) +ep1(T, X, y) (3.30)
V(T,X,)Y) = =Y +&2V(T,X,Y) (3.31)
T}(T,X) = nO(T7X>+5771(T7X) (332)

The asymptotic expansion of V; deserves an explanation. Write the expansion for V;

as V = —Y + 6(¢)V] and insert this into (3.21), showing that:

oy 3291 an oy
5(6)8X+ X —1+4(e )8Y

Which shows that 6(¢) = £3/2. Note that the terms of order 1/¢ cancel. The governing

equations reduce to the following:
g = 0 (3.33)
BXVI+0EVE = 0 (3.34)
On y = —1, the boundary condition is 9, = 0 which readily reduces to d,¢, = 0 on

y = —1. The largest term in the free surface boundary is of order 1/ which means that

Oypo = 0 on y = e1, upon using a Taylor series expansion:

Aypo(T, X, eno) = dyo(T, X,0) + enodipo(T, X,0) = 0 (3.35)
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So 9,9 = 0 ony = 0. The final boundary condition to find is from the unsteady

Bernoulli equation, it is a simple matter to see that:

—Oxpo+1m0 =0 (3.36)
The interface condition shows that
20x Vi + ¥20xno(1 +edyVi) on y=0 (3.37)
which shows that:
OxVi+0xn =0 on y=0 (3.38)

This is now a system which can be solved. The solution of the governing equation
for o shows that oy = A(T,X) + B(T, X)y, the boundary conditions show that
B(T,X) =0, and so ¢y = ¢o(7, X). Inserting this into the other boundary conditions

shows that:

Oxpo = No (3.39)

oxVi = —0xno (3.40)

Now consider the O(e) case. The governing equation for ¢ becomes:

82900 i 82901
0X?  0y?

=0 (3.41)

The boundary condition at y = —1 is Jy¢1 (7, X, —1) = 0, integrating (3.41) once

shows that
O __ P
oy Joxe

Using the boundary condition at y = —1 shows that 0 = 0%y + A(T, X) and so

+ AT, X) (3.42)

A(T, X) = 0% o, and hence:

(y + 1)2 9%pg
2 0X?2

+ B(T, X) (3.43)

Yr ==
Examining the free surface boundary condition at O(1) shows
Oytpo + €0yp1 = £(Ox 1o + €0xm)

= e0xno + o(e)
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So the O(1) free boundary equation is:

dpr Oy
y e 0 on y=0 (3.44)

The leading order terms for the unsteady Bernoulli equation are:

Ey
5

1 30N

5 Y (3.45)

On examining the O(¢) terms in the equation it makes sense to scale F}, as £, = Eb\/g
to get the electrical field term into the equation, likewise appealing to the principle
of least degeneracy, choose n = 1 to keep as many terms in the equation. The O(¢)

unsteady Bernoulli equation becomes:

2
.V, 0?
) +p(X) + 1 — B = B2

(3.46)

or  0X ' 2 oy — T oxz

90 Op1 L[ 0p0
0X

It is possible to obtain an expression for 77; by using (3.44) to obtain at y = 0,

2
62"70 &po 183@0 0B 1 &po ~ 8\/1
=B — - — ——| = | —pX)+ Ey— 3.47

m=Ba%e T %r “aaxs Tax a\ax ) P Thgy o GAD
The idea is to obtain an expression for 7y, and in order to do this the next order in
the perturbation must be considered. The free surface condition (3.27) has the O(&?)

expansion as:

Ono O | Do Ong Py Ops
P I T _ o2 — 4
ar ~ox Taxox _ Paxz T oy oy 0 G4
y=
The governing equation at O(g?) becomes:
P P
= 4
oxz t g 7! (5:49)
Hence:
Doy (y+1)2 g 0’B
= — T X .

The boundary condition at y = —1 is the usual d,¢p, = 0, this gives C (T, X) to be
C(T, X) = 0% B, the solution is now:

Doy (y+1)2 0% 0°B
w6 oxt WHlgp

(3.51)
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Inserting (3.51) into (3.50) shows that:

Oy Om | Dpgdng  Pyy 10"y O*B
o ~ax T oxox ~ Max: Tgaxt  axe (3.52)

Inserting (3.47) into (3.52) and rearranging shows that:

3

ax®  axoy Tdx

1 O P
200 g, 0o ( B)a% [N

The next task is to find V}, the appendix on Hilbert transforms states that:
9y f (0, y0) = H(0uf) (@0, yo) (3.54)
Applying this to the case in hand shows that:
Vi = A (9x V1) (3.55)

and hence that:

Ox Oy Vi = (O3 V1) (3.56)

The term in the Hilbert transform can be related to 7, by the use of (3.40) which shows

that:
Vi no
T,X,0)=— .
75z (1 X,0) = — 5= (3.57)
Inserting this into the original equation:
dx Oy Vi(T, Xo,0) = H(0%n0) (3.58)

The integral transform ¢ (f) is known as the Hilbert transform of f. The equation is
then:

87]0 8?70 1 837]0 ~ 2 dP

2— 4+ 3= (——B)— Ey77 (0 — =0 3.59
or T3max T3 7 B)axs T B Om) + g (3:59)
Converting back into the original co-ordinates and putting the dimensions back into the

equation shows that:

Co ’ N
A (n) + 305" (z) =0 (3.60)

on on 3¢y On /1 h?cy 3n  Eyh 0?
Py S 29,90 (- g
8t+008x+2hn8x+(3 ) 2 8x3+ 2 Ox?

When E, = 0 and p/(x) = 0 equation (3.60) reduces to the classical Korteweg de Vries

equation. The electric field introduces a nonlocal term in the Hilbert transform similar

55



to the Benjamin Ono equation ([28],[29]) which describes an interfacial wave, and the
relevant equation in the literature is called the Benjamin equation [30]. The analysis has
been expended to include a forcing term (in this case a moving pressure distribution).
However when B = 1/3, the dispersive term disappears and the equation has shock
wave solutions. The idea for the next section will be to derive a generalisation of the
equation in [16] to include a forcing term. A different scaling is required to obtain the
equation, moreover the Bond number B will also have to be expanded. This analysis is

carried out in the following section.

3.3 Scaling around B = 1/3

Clearly from (3.60) when B = 1/3 the dispersion term disappears and the equation
reduces to modified Burgers equation which can contain shock wave solution. The task
then is to obtain a dispersive equation that will be valid for B close to 1/3. In this
derivation, take the scaling to be & = €2 and 8 = ¢, also make the transformation of

co-ordinates as:

T = &% (3.61)

m

X = 2—t (3.62)
The Parameter B in the governing equation is expanded as:

1
B:§+€Bl+5232+-~- (3.63)

The analysis follows very similarly to the previous case. The variables are expanded in

the same way:

n = no+en +e’n+o(e?) (3.64)
© = @o+epr+eipy+edps +o(e?) (3.65)
Vi = Y+ +o(e3?) (3.66)
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The equations that will be used for this case are:
200 00, 500 00 109
ar o0X 0X 0X €0y

eBIXN _@_&_2&@ op 1
(14 e3(0xn)2)3/2 22~ 9T 00X = 2

S [1@5(6)27?)2 )

214 e5(0xn)? | 2
oV oV
+ 2620 ¢ ———— 3.68
X ov (368
o 10%p
- =0 3.69
oxz Tz o (3.69)
V0PV
= 7
X2 + B 0 (3.70)
v ., 00 dV
Z 220277 71
ox ¢ axay G-71
From here on in, the hats are dropped. To first order the following holds:
deo
= = 72
o= e (3.72)
o = ¢o(T,X) (3.73)
*Vvy  9*
= 74
X2 + oy 0 (3.74)
1)29°
o o= —WED 0y (3.75)

2 0X2
Where the function A(T, X) is found later. Examining the unsteady Bernoulli at O(¢)
shows that:
—Oxp1+m = %aino on y=0 (3.76)

Inserting the expression for ¢; and re-arranging gives 7,
m = —é po+Ox A (3.77)
Moving on to the O(£?) terms. The governing equation for ¢ shows that:
85@ = 0% (3.78)

Along with the boundary condition d,p, = 0 on y = —1. Integrating once and using

the boundary condition shows that:

(y+1)°
6

Dyp2 = Ixeo — (y+ 1)0XA(T, X) (3.79)
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Integrating once more shows that:

(y+1)*
Y2 = o1 831(800 -

(y+1)°

5 0% A(T, X) + B(T, X) (3.80)

The unsteady Bernoulli equation has terms of O(¢?) but there has to be some scaling by
the principle of least degeneration. Take n = 2 to include the pressure term, and scale
A multiplying the electrical term as E, = ¢%2E}, to include terms from the Faraday

tensor. The O(&?) part of the unsteady Bernoulli equation is:

1 - 1
Orpo — Oxp2 + 5(3)(@0)2 + 1+ p(X) + Eydy Vi = Bidino + gagﬂh on y=0
(3.81)
The free surface equation has an O(£?) term. Extracting the O(g?) terms of the LHS of

this equation shows:
LHS(¢*) = drpo — dxns + Oxpodx o (3.82)

The O(e?) terms on the RHS are somewhat more complicated to derive. As there is a

1/e term multiplying the derivative on the RHS, the expansion has to go to O(g?).

1
8@1()0(T7 Xa 5277) =

g 8@1()0(T7 X? 0) + 5778390

N =M=

(yp1 + €0y 02 + €20y p3) + €% (10 + em ) (D1 + €0 p2)
The £? free boundary equation becomes:
Arpo — Oxii + Oxpodxno = Byps + Modopr on y =0 (3.83)

Going to O(£?) in the governing equation shows that:

82903 82<p2
oyr  0X? (3.84)
Integrating once and using the usual boundary condition at y = —1, gives:
des  (y+1° 0  (y+1)°9'B 52D
dy 120 9X° oyt~ Wt lae (3.85)

Differentiating the unsteady Bernoulli equation yields:

N 1
OrOx po— 0% pa+0x podx po+0xna+p (X)+Eydx Oy Vi = Blag(%‘i‘gag’ﬂh (3.86)
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Inserting everything into (3.86) shows that:
1 .
20rmo + 4—58}5(770 + 3n00xn0 + EyOx 0y Vi + p/(X) — B19%m =0 (3.87)

As before it is possible to transform the electrical term as a Hilbert transform of the

free surface, so:
1 .
20rmo + Eai’mo + 3n00xn0 + Ey0% 7 (o) + p'(X) — B19%m =0 (3.88)

In terms of the original variables, the equation is

1 3¢ 1 1 1 /
at77+008177+%00h48277+§ﬁoﬁ&m—5 (B_§> Cohzagn‘i‘éEthOai%(T})—'—Co 2];9 =0
(3.89)

The Induced surface charge can be expanded as:

Yo =

1 307 1% N 1%
1+e2(0;7)2 \" 0z 01 ' 9y
v
dy

y=0
3 0V)

— _1+526—y +0(€%)

y=0

- . (O

_ 2 Ono 3
= —1+5 %(a—X)+O(€ )

Which aligns with linear theory. To compute the linear dispersion relation, ignore the

nonlinear terms, set p’ = 0 and write (¢, ) = « cos(kx — wt) to obtain:

1 1 1 B, hk? k
w = cok + ol + (B _ §> coh2k® — =2 C;Sg“( ) (3.90)

Write w = kc to obtain:

c 1 1 1 Eyhksgn(k)
Sl (k) + = B = = | (hk)? — 2RSS 3.91
<=1 oo >+2< 3>< 2 - 2 39

The dispersion relation (equation 3.91) is illustrated in figure 3.3 where the values of

F = ¢/cq versus kh for B = 0.35 and Ej, = 0.2. To find the shape of the free surface
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18

Figure 3.1: B =0.35, E,=0.2

in the linear theory, the nonlinear terms are ignored and the resulting ODE is solved by

Fourier transform. Write n = f(z — ct), inserting this into (3.89), shows that:

/

1

=0
3

1
_Caazf + COaJ:f + _COh482f - % <B

o )M@f+%&mm&%q)ﬂhp

2pg
(3.92)

This equation can be immediately be integrated w.r.t. x to yield:

_° 1oy, 1 IR R PEP 1 p
(1 Co>f+90h 9, f 2<B )h amf+2Ebhaxjf(f)+2pg_o (3.93)

3

Now write:

f= / alk)e*dk, p= / B(k)e**dk (3.94)
R R
Inserting the Fourier expansions in the above equations shows that the integrand must
satisfy:
c 1 1 1 Eyhalk| g

1—— —pkta+ o B— S |2k — =2 =0 (395
( c0>o‘+90 O‘+2< 3) “ > T (3:95)

Solving this for a shows that:

B(k) c R 1 1\ .., Ephlk]
A | B-- -
a(k) 0 3 5 |17k .

-1

(3.96)
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3.4 Integrating the Weakly Nonlinear Equation

In this section solutions of equation (3.89) are found numerically. To find travelling

wave solutions substitute 7 = f(z — ct) in (3.89) to obtain:

3 1 1 E,h '
N (5) L L (3) b " r
(1 —>f+ h' f +—2hff 2<B 3>hf +- ff(f)+2pg_0(3.97)

The equation to solve is given by:

d*f 3 1 d? f Eb df
4 £2 2
(1__>f+90h —d4+ﬂ _§<B 3>h dx daz 2 <dx> 2pg =0 (.98)

This is done via finite differences, the finite differences for the derivatives are the fol-

lowing:
FO () flx +20x) —4f(x+0x) +6f(x) —4f(x — dx) + f(x — 207)
(0x)*
D) = [z +dx) —2f(x) + f(z — o)

(0z)?

The way forward will be to take the midpoints for the main finite difference (black
dots) and the Hilbert transform will be evaluated at all the integer points (white dots).
At the end of the algorithm, the solution will be translated back to the integer points,

by taking the average of the two neighbouring points.

' 1+
O o O
The trapezium rule is used to compute the integral:

b ox 5:6 =
/ f(@)ds ~ f(zo) = + flan) 7 + Z f2,)0 (3.99)
The Hilbert transform is then written as:

N-—1 / 1
%<ﬁ> — Méw (3.100)
dx ,

The derivatives are estimated as:

(3.101)



Inserting this in the definition of the trapizium rule, shows that:

<df> fonﬂ ) ) (.10
n+— Li

An alternative way of computing the Hilbert transform is via its Fourier transform,

note:

o — ~

H(f)(€) = —isgn (&) f (3.103)

This has been proven to work quite well.

Write f(z 4+ ndx) = fiin, for convenience and write the ODE as:

d'f ), & f
a1f+a2d 1 +a3f —CL4F+CL5% —|—a6p:0 (3104)

The obtained equations are then:

0 = afi+ c(five —Afin1 +6fi —4fia + fio) + as f}

aq

oy

(556’)
5 (fiv1 — 2fi + fic1) + aeps
N-—1

tas Z f(@ny1) — f(zn)

This is in a form which can be solved via Newton’s method. The generic form of
Newton’s method for a system F;(fi,..., fnv-1) = 0,7 =1,..., N — 1 is that of an
iteration of the form:

J(F,z)(zp1 —xn) = —F(x) (3.105)

Where J(F, x) is the Jacobian of F'. A resulting typical free surface profile is shown in
figure (3.2) The pressure was chosen to be p(z) = exp(—z?) with B = E, = 0.2 and

h = 1. It is quantitatively similar to that in figure 2.2.

It is now shown that the blow up of linear theory is removed by introducing nonlinearity.
Results are first presented based on the linearised “KdV”, equations (3.94) and (3.96).
Values of |f(0)| versus the Froude number F' = ¢/¢, for B = E}, = 0.2 are presented
in figure 3.4. In figure 3.3 the corresponding result for the complete weakly nonlinear
KdV (equation 3.89) are presented. They show that the unbounded displacements have

been removed by introducing nonlinearity.
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Figure 3.2: Wave Profile, B = E, = 0.2, h=1
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Figure 3.3: Weakly nonlinear
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Figure 3.4: Blow Up in the Linearised Theory

3.5 Weakly Nonlinear Profiles

From examination of figure 3.3, we can examine some of the profiles with large dis-
placements. The profiles of different amplitudes share very similar characteristics, they

are shown in figure 3.5. The profiles in figure (3.5) are responses to localised forcing.
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(a) F = 0.5116 (b) F = 0.3046
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Figure 3.5: Profiles of Solitary Waves with B = F}, = 0.2

3.6 Topography
In this section the linear analysis of section 1.6 is extended by developing a weakly

nonlinear theory. A frame of reference where the flow is steady and in which the

topography moves from right to left with velocity U and
y=f(t,z) =—h+g(t,z) (3.106)

The condition on the bottom can be expressed as:

dp _0g  0pdg

D
E(y—f(t,x))zoéa—y— T (3.107)
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Nondimensionising the boundary condition, the function g is scaled as g = vg, the

equation becomes:

[2adp 95 adpdg
St AR 3.108
Zv0)  of | hoiod (3.108)

Using the scaling around B = 1/3 of section 2.3 and dropping the hats, shows that:

Lade 0y, 4000

cvdy ot ° 9rox (3.109)

Choosing the scaling a/v = 2 and now specifying that ¢(¢, ) = g(z — Ut), where:

UL, U, A
x—Ut:L:@——t:L(:@——t):L(:&—Ft) (3.110)
Co Co

~

so §(t,2) = §(& — Ft). Equation (3.109) becomes:

0 _ apdy | 50p dy

3111
gy - ax T axdx G-11D)

This will enter the boundary condition for (3, however this method of analysis is only

valid around F' = 1, so write F' = 1 + €F} so the boundary condition for ¢3 becomes:

a /
3%3 = —g'(X). (3.112)
Then:
Odps  (y+1)° 3  (y+1)°0*B ”2D
oy - 10 oxot ¢ oxi Wl dX) G113

Equation (3.113) replaces equation (3.85), inserting this into (3.86) shows that:
1 .
28T8)(<,00 + Eag(tpo + 38)“008?(@0 — g' — Blag)(no + Ebaxay‘/l =0 (3114)

As previous, it is possible to use the Hilbert transform to get rid of electric potential

term to obtain the equation:

1 .
2070 + 4—58§no + 3n00xm0 — §' — B10%mo + Ey A (05%m0) = 0 (3.115)

To convert back into dimensional variables note that:

o 1[0 0 o L
— === — === 11
or &2 <8t * a:z) ot ot (3.116)

So the dn/0t term becomes

1L ,Ldon h _,L1dn "oy

= —¢ =
a cOt a hcyOt co Ot

(3.117)
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The topography term becomes:

dg dg Ldg Lahdg _45dg
dg _dg _Ldg Lahdg  _45d9 11
dX dt vdr  hradzr c dx (3-118)

The final equation is then:

1 3¢ 1 1 1 c
(‘3,&7 + 008$n+ %coh48§n+ 5%0778357’/ — 5 (B — g) Coh28§n+ §Ebh008§%(n) = Eog/
(3.119)

3.7 Solitary Waves

The results of figure 3.3 show that two different solution can exist for the same values
of F. The one of smaller amplitude is a perturbation of the uniform stream. the one with
the higher amplitude is a perturbation of solitary waves with decaying tails, this can be
shown numerically. The resulting curve is shown in figure 3.6. Profiles of the solitary

waves are qualitatively similar to those in figure 3.5.

Solitary Waves
Waves from a Pressure Distribution

09r

0.8

0 1 1 1 1 1 1 J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Froude Number

Figure 3.6: Weakly nonlinear
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3.8 Stokes Expansion

Properties of periodic waves of the fifth order Benjamin-Ono equation are now studied,

setting p = 0 in equation (3.89)

4
(1 _F)f/+ %fﬂl!l+ %ff,— 1 <B— 1) h2fm+ @%(f/l) =0 (3120)

2 3 2
Write:
f = efi+efato(e) (3.121)
F = Fy+eF +&*F+o(e?) (3.122)
The O(e) equation is:
ht 1 1 Eyh
(1 —Fo)fi + %f{”” -3 (B — g) R f) + 7*’%”( =0 (3.123)

Now look for a symmetric wave of the form:

fi = a,cos(nkz) (3.124)
n=1
This results in:
an |[Fy—1— i(h/<;)4n4 _ Bk 1N BRRY (3.125)
" 90 2 3 2 |- '

Taking without loss of generality a; # 0, shows that:

(hk)*  (hk)? 1 Eyhk
Fy=1 B—=-|— 12
0=t g T 3 9 (3.126)

which is the usual dispersion relation. There are two possibilities: the first possibility

is that,
1 (hkn)? 1 Eykh
F—1—— it — B— = . 12
0 9o (k) 2 < 3) t=- 70 (3.127)
The second possibility is:
1 (hkm)? 1 Eykh
Fy—1— —(hk)*m* - B— = = 0. 12
0 go (k) m 2 ( 3) ey =0 (5-128)

for some integer m, this allows that possibility for a,, to be different from zero. Using

the dispersion relation (3.126), (3.127) can be simplified to:

kh(n = 1) [ (RR)® |2 4 o8 hk(n 1) (B - %) " Eb} £0 (3.129)

2 45
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Assuming that (3.129) holds then, a,, = 0 for n > 2 and:

f(z) = aycoskx (3.130)
Now define:
f(z) = Z ay,(g) cosnkz, (3.131)
n=1
where «,, = 804511) + 6204%2) + ---, then if a = «; then define ¢ = ak and this shows

that a; = k~!. Now suppose there is an m € N such that a,, # 0, The second order

equation for this is:

h* 1 1 Eyh 3
(1—Fy)fy+ %fé”” - = <B — —) h?fy) + Tb%( 5) = Fysinkx + — sin 2kx

2 3 4kh
(3.132)
As before, let:
f2 = by cos(nkz) (3.133)
n=2
and substitute into (3.132) to obtain two equations,
(hk)*  (hk)? 1 Eyhk
Fr,—-1)— — B— - kby = F 134
[( 0o—1) 90 2 3 + 5 1 1 (3.134)
2°h k> 23n2k3 9 3
{Q(FO -1k — 0~ 39 + 2E,hk } by = oy (3.135)

and b, = 0 for n > 3. So the second of these equations gives a unique definition for bs.

BpAE5 9323
920

+ 2B, hk> B 3
b 4hk

by = {Q(FO — k- (3.136)

From the definition of ¢, by = 0 and this shows that F'; = 0, so this defines the second
expansion uniquely. To calculate the higher order term for the Froude number, for this

let:

F = Fy+e°F+o(e?) (3.137)

f = efi+efot+efato(e?) (3.138)

The task is to compute the O(&?) equation, as before write:

fs=>_ cocosnkx (3.139)

n=2
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The sum starts from n = 2 due to the definition of €. So examining the inhomogeneous
part of the equation and setting the coefficient of the sin £z to 0 will yield the required

information. The inhomogeneous term is:

3 b
—ﬁ(flfé + fof]) — Faf] = f(—Zk cos kx sin 2kx — k cos 2kx sin kx — Fyok sin kx

= —by(3sin3kx + sinkx) — kFysin kx

So:
by
F=——= (3.140)
k
Suppose now that (3.129) does not hold, for n = m. Then (3.129) implies::
hk)3 1
Eb:%(1+m+m2+m3)+hk(m+1) (B—g) (3.141)
where a,, is arbitrary. The analysis will be presented for m = 2:
hk)3 1
E, = ) +3hk (B — < (3.142)
3 3
The general solution will be:
fi1 = aqycoskx + ascos 2kx (3.143)
Write:
f o= eh+efot - (3.144)
F = Fy+ek (3.145)
Then the equation shows that:
h* 1 1 Eyh 3
(1—Fo)fs + %fﬁw —3 (B - g) W fy' + — y) =Ifl - %flf{ (3.146)
The RHS of (3.146), is given by:
RHS = Fi(—ajksinkz — 2kaysin 2kz) —
— ﬁ(al cos kx + as cos 2kx)(—ay k sin kx — 2kag sin 2kx)
. . 3 [(ak . 5 .
= Fi(—ajksinkx — 2kay sin 2kx) + op | =g sin 2kx + kaysindkx | +
3
+ o (2kayag cos kx sin 2kx + ajask cos 2kx sin kx)
3k 3a2
= a2 Fiak ) sinkx + o4 2kao Fy ) sin 2kx +
2 4h
9k 3ka3
2 sin Sk + 2 sin 4k
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Now write f; as:
f2 =" _ by cos(nkz) (3.147)
n=1
The LHS of (3.146) becomes:

4

LHS = (1-Fp) Z —(nk)b, sin(nkzx) + g—o Z —(nk)®b, sin(nkx) —

n>1 n=1

B % (B _ %) Z(nk)%n sin(nkzx) + @ Z(nk)%n sin(nkx)

n=1 n=>1
Taking n = 1 shows that:

(hk)*  (hk)? <B - 1) | Byl

3%&1&2

— Fla k  (3.148)

B 3 9

Fp—1-—
[U 90 2

} kbliz

However it was an assumption that the bracketed term in equation (3.148) is zero and
this implies that:

=22 (3.149)

Likewise the same argument can be used for n = 2 which shows that:

3a?
2kayFy = —* 3.150
Q21'1 m ( )
Conbining this equation with (3.149) shows that:
ay
as = =+ 3.151
2 Wi ( )
and
1
=ay | coskxr £ cos2kx | + -, 3.152
fi=ar (cosho & o cos2ie (.152)

showing the existence of Wilton ripples. A typical profile corresponds to the plus sign
in (3.152) is shown in figure 3.7 Resonance is an important phenomena in physics and
is the explanation for Wilton ripples (first calculated by Wilton). Wilton ripples occur
when there is second harmonic resonance present, when a mode interacts with another

mode of half the original wavelength causing the pattern in figure (3.7).
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Figure 3.7: Wilton Ripples with £ = 2, a; = 0.01, A = 0.1
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Chapter 4

Insulating Fluids Adhering to an

Upper Surface

The problem under consideration in this chapter is the motion the free surface of a
fluid adhering to an upper surface. Without an electric field this problem is unstable
due to gravity, however as it will be seen the fluid can be stabilised by the addition of
a horizontal electric field. The cases of shallow water and shallow water with small
amplitude will be studied. A relaxation of the criterion in chapter 1 is also considered

where the requirement of small amplitude for the waves is no longer required.

4.1 Governing Equations

The set up of the problem is as follows: There are three different mediums involved in

y=n(t )

E — Epi

Figure 4.1: Problem Set-Up



the model, a solid dielectric, a fluid dielectric and a gas dielectric constants denoted by
€s, €7 and ¢, respectively. There are no charges involved, so the governing equations

for the potentials are:

ViVE = 0 4.1)
vivio= 0 (4.2)
VV9 = 0. 4.3)

In the fluid there is no circulation and is incompressible which indicates the existence of

a velocity potential ( for the velocity vector field which satisfies the following equation:
Vi =0, (4.4)

where u = V.

4.2 Boundary Conditions

The next point to address are the boundary conditions. There are two boundaries and
essentially two asymptotic conditions. The boundary at y = h is the boundary be-
tween the solid and the fluid, it is assumed that the normal component of the electric

displacement' is continuous across the boundary, so that shows that:
e ES(x, h) = e, El(x, h). (4.5)

Which in terms of the electric potential, E = —VV shows that:

ove ov/
Esa—y(ﬂf, h) —€fa—y($, h) (46)

The tangential component of the electric field is continuous across the boundary, this
condition reduces to:

Ve(x,h) = VI(x,h). 4.7

The boundary condition for the velocity potential is simply v(z, h) = 0, which in terms
of the velocity potential is:

b _
a—y(x, h) = 0. (4.8)

"Which in this case is just eE
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The other boundary is the fluid/gas boundary at y = 7(¢, x), the normal for the surface
is given by:
1

A= (9,1 4.9
n 1"'_(8177)2( n,1) (4.9)

and the relevant boundary condition for the electric displacement is:
n-(eE%) =n-(¢E). (4.10)

In terms of the electric potential this is:

onovy ov/ onove ove
_aZT 7T ) = - , 4.11
ef( 8x8x+8y) 69( 8x8x+8y) “1D

The other boundary condition regarding the electric field is that the tangential compo-

nents are the same, which says that:

~ ~

t-E°=t-E%. (4.12)

In terms of the electric potential this is:

8Vf+@8\/f _8V9+@%
or  Or 0y  Ox  Ox Oy

(4.13)

The fluid is on an upper surface the Young-Laplace equation must be examined again
as there will be a difference in signs. There is a jump in the magnitude of pressure
towards the fluid which contains the centre of curvature, so the pressure difference is
positive on the side containing the centre of curvature. The Young-Laplace equation is
given by:

h-2- A =oV-h

The boundary condition for the velocity potential is given by the Bernoulli equation:

1 1
;m((@:ﬁﬂgn]g +20,n[Z12)] + [Sa0)))
o 92
- _; (1+ (8x77)2)3/2 +C 4.14)

1
o + §|V<p|2 +gn —

The last boundary condition at y = 7(¢, x) is the free surface condition for the fluid

which is:
oy 260y _ 00

ot oxor oy “.15)
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The two asymptotic conditions are given as:
Vi~ —FEgx y— —00 (4.16)

and

Vi~ —FEgxr Yy — o0 4.17)
The continuity of electric displacement also shows that:
VIi=-Ew+V/ (4.18)

Note that it has been implicitly assumed that there is no charge accruing on the interface

as was the case on chapters 2 and 3.

4.3 Nondimensionalisation

In order to proceed further it is necessary to nondimensionalise the model. Choose the

following scalings:

h3 . h -
v=hi, y=hj n=hi, t=1/22t o=]T2¢, V=EhV .19
o p
The governing equations scale simply as:

2

Vs = 0 (4.20)
vV = 0 4.21)
VY = 0 (4.22)
Vi = 0. (4.23)

Some notation to begin with, denote €, ; = €,/€;. Examining the boundary conditions

at y = h to begin with. The continuity of the electric displacement is given by:

oV ov/ - -
s gy (1) = (1) V(@) =V/(2,1) (424)
and the velocity potential scales as:
99
t,1) = 0. 4.25
TR (4.25)



Moving on to the boundary conditions at the free surface, the free surface condition

scales very simply as:
on 9pon _ 9¢

- = . 4.2
of " 0z0: 0§ (4.26)

The scaling for the Bernoulli equation is rather involved, in order to do this define the

following:

oV ov
M —
12 o0& 09
v (av\ (o)
My = —= -
22 2 (az«) (ag)
The scaling becomes:
0p 1o ., E,Q 0
=+ 2V + Bi+ = 7 + K, 4.27
oi TVl T BT TG e T T @ 27
where
h2 E2e.h
p=9" g _ 2% (4.28)
o o

and the quantity () is defined as:
Q = () (e My — Miy) +20u (€5 My — M) + €5y My — My (4.29)

The continuity of the normal component of the electric displacement at the free surface

onovyi ov/ onovI oV
Ef,g<__?7—+ >:< mor- ) (4.30)

scales as:

o di 0y S 0r 0 0y
and the tangential component scales as:

ovIi ooV ave  9nove

il = L 4.31
o: oz o oz oz op 4.31)
The last part of the scaling is the asymptotic conditions which simply scale as:
/5~ —F > 00 (4.32)
VI ~ —% §— —o0. (4.33)
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4.4 Linear Theory

The first stage in the process is to perform a linear analysis, for this write (upon drop-

ping hats for convenience):

VS = —x+eVP 4 o(e)
Vi = —z+eV +o(e)
V9 = —x+4eVP+o(e)

¢ = epi+ole)

n = &mn.

(4.34)
(4.35)
(4.36)
(4.37)

(4.38)

The form for VV/ comes from the electric displacement continuity boundary condition

on the free surface and the solid interface. The linearised equations then take the form:

VAP = 0 1<y<oo
v/ = 0 0<y<1
VIV = 0 —o0o<y<0
Vi = 0 0<y<1

The linearised boundary conditions become:

I _ 9pn 0
ot dy
0
% = 0 y=1
6favls _ vy =1
> oy dy
o2 o1 6771 92 Vlf 92 Vly B m
Bt E - F = 0 =0
otox + ox +ergte 02 b o2 + o3 y
Om ovil ovy?
—1)—== — — = 0 =0
(€f79 )ax _'_Ef,g 8?/ 8?/ y
vio= v oy=
aavl —- 0 y— o0
T
ovy
8—1 —- 0 y— —o0
T
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(4.39)
(4.40)
(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)
(4.48)
(4.49)

(4.50)

4.51)



The system may now be solved, Writing the variables as:

‘/1 :/‘A/leik:viwtdk’ o1 :/gal@ikmthdk, ﬁ:/ﬁleikxthdk.
R R R

The governing equations are then:

8;;2}3_k2v18 =0
%Q—Zf—kﬂxzf = 0
a;@‘;lg—k?x?f =0
8825;—1{2@1 = 0.

The two limiting conditions for V;* and V;’ show that they can be written as:

V'ls:/Cl(k,)e—ldyeikx—iwtdk ‘/19:/02(k)6k|yeikx—iwtdk.
R R

The electric potential and the velocity potential are seen to be:

pro= /(A2(l€)€ky + By(k)e M)tk
R
v/ = / (A1(k)e™ + By (k)e™)e™***dk
R
Using (4.48) shows that:
Cre Fl = Aje* + Bie™®
The other boundary condition (4.45) on y = 1 shows that:

657f|k:|e*|k‘

2 Cl = Alek — Ble*k

These equations can be solved to find A; and B; in terms of C] to obtain:

|k
A, = L <6|kk _ ﬂ) o

> k:
1 €5 ¢l ke 1kI+h
B o= (€|k+k N %) c

For simplicity, write:

A = 04017 B, = 501
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(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

4.61)

(4.62)

(4.63)

(4.64)



Using the boundary conditions at y = 1, for example (4.49) then:
Cy = (a+B)Ch

The other boundary condition (4.47) shows that:

i(erg — 1k i
C = =
" @A Bk —epghla—p) "

(4.65)

(4.66)

So now all the electric potentials have been found as a function of the free surface, the

next task is to relate this to the velocity potential. Using (4.44) it can be shown that:

A2 = BQG_Qk.
Which makes the velocity potential become:
Y1 = 2/ Bye Fetkr=iwt cosh k(y — 1)dk
R

Now using the free surface condition (4.43) shows that:

iWﬁl

By=—- ——
27 Qke—ksinh k

The potentials are now:

iwﬁl ikx—iwt cosh k(y - ]')
— [ COSURAY = )
71 /R E sinh &

V'lf _ %/(ave_ky+676ky)ﬁleikx_iwtdk
R

‘/’19 — %/(OZ"‘B)’Yﬁle'ky@ikmiwtdk
R

‘/18 — i/,yﬁlekweikmiwtdk
R

m = /f]leikx_iwtdk’.
R

Define:
coth k

k

Inserting these expressions into the Bernoulli equation (4.46) shows that:

5:

iw?kéi + ikBijy — iByep o k*(ay + By)in + 1Bk (ay + B7)in — ik

The dispersion relation for the system is then:

o =B (= DEk(a+ By
)
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(4.68)

(4.69)

(4.70)
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for £ > 0, the following holds:

1
- (11— 5 —2k
o = -
1
p = §<1+€s,f)

€fg — 1
(Tt ) (I+epg) + (1 —€sp)(1 —epg)e
Then define c(k) as the following: w = kc(k), then:
Ey(erg —1)?k(1+ €55+ (1 —€esp)e?) ] tanhk
(Itesp)(Itepg) + (1 =€) (1 —epgle |k

/y:

(k)= |k* - B+ (4.73)

For k = 0 the value of ¢*(k) < 0, showing that linear waves are not possible.

25F b

15F b

Figure 4.2: B =1,¢,5 = 0.5, €54 = 3, &, = 50

It is possible to expand (4.72) to obtain the linear part of the weakly nonlinear equation,

for this the following expansions are used:
§ = kK +o(k?

a = %(l—es,fsgn (k)) 4+ o(1)

5 = S+ eupsen () +o()

-1 k
7 — (€f79 )Sgn( ) 4 0(1)
1"— Es,f‘ff,g
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Inserting the above expansions into (4.72) shows that:

Eb(efyg —1)

2
w? = —Bk* + |k|k* 4 k* (4.74)
L+ esrerg

Swapping the operator symbols for the operators themselves:
w—10 k— —id, |k| = =0, (4.75)

The linear PDE which satisfies this relation is:
Pq 0% N Ey(ery — D <8377) N a7

— + B
ot? + ox? 1+ e r€pyg ox3 ox*

=0 (4.76)

4.5 Weakly Nonlinear Theory

It is useful to combine some boundary conditions to obtain another boundary condition
for the solid/fluid interface which will simplify much of the analysis. To do this write
the electric potentials as:

Vi=—z+V? 4.77)
Then V* also satisfies Laplace’s equations, so it is possible to write:
0, Vi(x,h) = —H(0,V*(x,h)) (4.78)
O,V*(x,h) = H(0,V*(x,h)) (4.79)
The boundary conditions for the equation are now:
€0,V (x,h) = ¢;0,V*(x,h)
0.Ve(x,h) = 0,V*(z,h)

Then it is possible to transfer the above equations to V¥ (z, k), from the normal bound-
ary condition:

€.;0,V*(x, h) = 9,V (x, h)
So, multiplying (4.79) through by ¢, ¢, shows that:
O,V (x,h) = e, ;. H(0,V*(x, h))
Upon using the tangent boundary condition, it is possible to write:
O,V (x,h) = e, ;. H(0, V! (x,h)) (4.80)
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This is a global boundary condition for the solid/liquid interface. The reduced poten-
tials V/ satisfy the same governing equation as the main potentials V, therefore the
problem can be restated in terms of the reduced potentials, and this is what is done. For
ease of calculation, set the interface of the solid/fluid interface at y = 0 and the average

level of the free surface to be at y = —h. Use the following scaling:
r=1Lz, y'=Lj =LY y' =hé n=hip (4.81)

3. L )
t=1/P0 o= 220, V =ELV (4.82)
o \ »

where L is a typical horizontal length scale and denote ¢ = h/ L. From here on in drop

tildes and hats. The equations become:

8;;/28+a;;/25 0 0<y<o “4.83)
6;;/2f+€_128;§ 0 —147<E<0 (4.84)
27“52%0 — 0 —1ip<E<0 (4.85)
a;‘;g+%2;/j = 0 —oo<Y<—1+ep (4.86)

The boundary conditions for the electric potential become:

ove 1ov/ ove ov’
€s.f 8?) (ZE,O) = ga—g(xao)a %(l’,()) = a—x($,0) (487)
The scaled velocity potential satisfies:
I
o (@0 =0 (4.88)

Moving on to the free surface, the free surface equation:

o opon 100 _
Ot " owor o ST Lt (4.89)

The normal electric potential boundary conditions become:

omovrt 19v/ onove ove
————t ——— | =t — 4.
Efﬂ( “0r r = 0% ) “or or oy (430)
The tangential equation scales as:
f I 9 9
ov onovy oV on v 4.91)

or " ox 0¢  ox “orov
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The Bernoulli equations becomes:

dp 1 8@2 1 [(0p
'§+§<Gﬁ)*GEC%

Where () is given by:

2
B — -
) ) T T 2w T (T 20m

EyQ ed2n

+K

(4.92)

Q= 52(8x77)2(€f,gM1fl — M) — 258x77(€f79M1fz — Mp) + 6f,g]\@fz — M3, (4.93)

The components of the Faraday tensor for the fluid are given by:

L((aVIN® 1 (ovIN?
2 ox g2 \ 0
10VIiovt

e Or 0§

SESEECS

The quantities are expanded as follows:

o(t, z,§)
n(t, z,§)
Ve (z,9)
Vi, €)

~

VI(x,Y)

= ¢olt,2,§) +%pi(t,2,8) + o(?)
= no(t,z) +*ni(t, x) + o(e?)

= —ax+eVi(z,y)+o(e)

= —x+eV (2,6) +o(e)

— o4V, Y) + ofe)

The global boundary condition is only valid for the perturbed quantity:

e 0€

The equation for ¢ is given by:

f f
10V (2,0) = A (8‘;‘;1 ) (,0) (4.94)
62%
_ 4,
s =0 (4.95)

Integrating twice shows that o = A(t, ) + £B(t, x). Upon using the boundary condi-

tion O (z,0) = 0, shows that ¢y = ¢o(t, z). The equation for ¢ is:

62<P0 62%
0x? 0&?

=0 (4.96)
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Integrating once shows that:

D1 g
— =— Alt
Using the boundary condition at £ = 0 shows that:
£? 0%po
= - Alt 4.97
1=~ 5o +Alt,) (4.97)

Inserting this into the free surface equation shows that:

Oy . Omdpo (o ( &
“or Toror 2 \& gy

After some manipulations the equation becomes:

8?70 0
0y~ =0 4.98
or " az ) (*98)
The equation for Vlf is given as:
o2 Vlf
=0 4.99
5 (4.99)
Integrating once shows that:
8—‘/1f = Ai(x) (4.100)
oy — '

So Oy Vlf is purely a function of x and is independent of £, the boundary condition can

be expanded as:
1
gag(»svlf + Vo4 ) = e p 0DV + 2V ) (4.101)

The boundary conditions are then given by:

vy vy ;
T =0 e = e @), (4.102)

and so A; = 0, inserting the expansion for Vlf into the governing equation shows that:

A
5 522 =0 (4.103)
Integrating once shows that:
ovy
% = Ay(x) (4.104)
Using the boundary condition this is:
ovy
a—g = —e, 1 (0, V), (4.105)
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This can then be inserted into the boundary condition for the normal component of the

electric field to show that:
€190 + €517 (0VIT) = 0o + Oy VY (4.106)
Now write the following:
" :/ﬁoe““dk, v :/f/lfe“””‘dk, vy :/%gemdk (4.107)
R R R

Inserting this into the governing equation for V}?, shows that:

82 ‘/19
Y2

— KV =0 (4.108)

along with the boundary that V; — 0 as Y — —oo, the solution to this equation is
given by:
Vi = Aelt” (4.109)

This can then substituted into the boundary condition for the normal component of the

electric field to get:
ik(efg — 1) — ksgn(k)e, res Vi = |k|A (4.110)

The tangential boundary conditions are:

vy ave
-1 4.111
ox oxr ' ( )
showing that:
vi=A (4.112)
which then shows that:
ik(ery — V)io — ksgn(k)e, per Vi = k| VY (4.113)
Which implies:
Vi — isgn(k)(esy — 1)7o 4.114)
! L+es5€rg
This then translates as:
—1
1 + €s,f€f,g
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The value 0y V?(x, 0) is required for the boundary condition, and hence:

‘/19 — / Z.(efvg + 1>sgn(k>ﬁ0€\k|Yeikxdk: (4116)
R LHesrerg

So that value on the free surface is given when Y = 0, and inserting this into the above

expression shows that:

‘/’19 — / Z.(Ef’g _ l)sgn(k:)ﬁo ezkxdk
R 1 + 687f€f7g

(efg_l) / ik~
= =2 7 [ isen(k)e"*nydk
1+ esrery Ja g ( ) Mo

_ Efg_l /jf zlm
1+€sf€fg

_ %( (Efg ) / ~ zlmdk)
1 + €s,f€f,g

(€19 — 1A (10)
1 + 687f€f7g

So on the free surface the two potentials Vlf and Vlf are the same to order . The next
equation to examine is the Bernoulli equation, the equation required in the O(1) terms.

Differentiation of the Bernoulli equation shows that:

62% o 32300 oo oQ N 8377
gtor or 0z P TP T o

4.117)

There are no O(1) term in (), so in order to include the electric terms, Ej, must be scaled

as By = g_lf?b, these will include two terms in the My, terms, they are:

Q= —L1(1 —2:0,1) + 5(1~ 220.V) + o(2) (4.118)
then:

0Q _ ot _ (g = D% 0

5y = (era = VOV = 2= (0lm) (4.119)

Upon using u = 0.y, the equation becomes:

> 12 2 3
Ou  ou  pon  Ele, =1 (8 770) _ I (4.120)

ot Oz Ox 1+ €5 p€fq 02 o0x3

For the linear theory, expand the variables in the following way.

m=-1+n u=u
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The linearised equations become

on _ou _

ot  O0r
Ou  pon | Eylegg =1 ,(0"n\ _ 0
ot ox 1+ €5, 5€5,4 Or? or3

Upon cross differentiation, the above reduces to one equation:

9 _ . - o 2 3 = 4~
0°1] 33?7 Eylerg —1) <877) 877:0 (4.121)

o ox? 1+ e r€ryg ox3 ox*
This matches up with equation (4.76). To compute the dispersion relation, write 7 =

a cos(kx — wt), this yields a dispersion relation:

Eb(ef,g —1)

2
w? = —Bk* + |k|k* 4 k* (4.122)
1"— Es,f€f,g

Which upon writing w = kc(k) becomes:

Eb(eﬂg - 1)

2
> =—-B+ k| + k2 (4.123)
1 + €s,f€f,g

Now look for travelling wave solutions of the above system, write n(t, z) = f(x — ct),

u = g(x — ct) and & = x — ct to obtain the system:

ef (D) = 0 @2
/ n _1)2

e+ (192) gy Bl V" e o (408
2 L€ r¢1g

The system is solved for 0,7 and u. To solve these equations numerically, choose a
domain z;, where o = 0 and Xy = A\/2. Then let the equations be satisfied at every
point in the domain. Define the mid-point of the interval as:

Ti + Tita
2

Liy

NI

for 1 < ¢ < N. The Hilbert transform is given by the following for periodic function:

H(Pn(z)) = —PV/2 cot(m(x — u))92ndu (4.126)

1
2
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In order to get the integral over the wavelength \, let w = A\~'v and x = Ay, and so:

H(Pn(z)) = —PV/2 cot(m(z — u))d>ndu
—pv [ (e (L)) ot
% AA A
— APV [ cot (;(y - v)) d2ndv
0
— Ty — 20 dy —
= —)\PV/A cot (A(y v)) d:ndv

The Hilbert transform is computed via the trapezium rule over the half points, z, 1

The MATLAB function grad was used to compute the gradients at the half points and
the value of 0,7 was averaged over the two neighbouring points and then the function
grad applied. There are a number of additional constraints, as the wave is assumed
to be periodic and so the gradients are zero at each end of the domain: 0,n(1) =
9,n(N) = 0. The height of the wave is given by (N) —n(1) = h, where h is specified
at the beginning of the code and 7 is obtained from integration of d,7. The two other

constraints are that the average over the wavelength of the velocity is the wavelength:

A
1 3
—/ udx:é
A Jo 2

This equation sets the speed of the wave. The other condition is obtained by averaging

over the wavelength of 7 to give the average height of the wave, z,

A
1 [2 z
- dr = =
A/O"x 2

The only two other unknowns that have to be calculated are the first point of the
free surface 77(1) and the wave speed, c. Equation (4.124) is evaluated at the points

xit =1,..., N — 1 and (4.125) is evaluated at the points z;,2 = 2,..., N — 1. This
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Figure 4.3: Wave profiles from h = 0.09 to h = 0.13

analysis in this section has been about deriving an equation for a thin layer of fluid
where the amplitude of the free surface is of the same order the depth of the fluid. The
resulting equations turned out to be a set of coupled weakly nonlinear partial differ-
ential equations. A numerical scheme was proposed and profiles were produced for a

range of amplitudes shown in figure (4.3).

4.6 Stokes Expansion Analysis

Denote the following:

i = u+c (4.127)
n = 7 (4.128)
B}

5 =0 (4.129)

inserting these into (4.98) and (4.120) shows that:

on ou on
c% + ?7% + u% =0 (4.130)
ou _on P\ | Py
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where:

_ Bylegy — 1)
e = ———>——.
2(1 + €s,f€f,g)
Now expand the variables as:
u = euq+ Uy + - (4.132)
n = —l+ep+en+--- (4.133)
¢ = co+ecy+ e (4.134)
The O(e) equations are:
87)1 Ouy
———— =0 4.135
“or Ox ( )
8u1 om % Pno
R M A (4-136)
The O(g?) equations are:
0 0 0 0 0
Coﬂ_ﬂ = 2 n —mﬂ—m—n@ 137)
Ox Ox Ox
Ouy ony 82772 837)2 aul
~2 .=k A = 4.138
G, TB5 T 52 ) T o —(er )5 - (4.138)

Working with (4.135) and (4.136) for now, it can be easily seen that they can be com-

bined into one equation of the form:

87}1 d’m PP

Assuming that the wave is symmetric, the free surface can be expanded as a Fourier

cosine series:

= Z an cos(knx) w(x) = Z by, cos(knz) (4.140)

n=>1 n=>1
Where £ = 27/ is the wavenumber and ) is the wavelength. Inserting (4.140) into

(4.139) shows that the coefficients must satisfy:
ka, [—(c§ + B)n + epkn® + k*n’] =0 (4.141)
Taking a; # 0 without loss of generality, the term for n = 1 has to be that:

—(c3+ B)+ ek + k=0 (4.142)
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Or that:
c2 4+ B = epk + k? (4.143)

Inserting (4.143) into (4.141) shows that:
En(n—1an(ep + (n+1)k)=0 n>2 (4.144)
So if a,, # 0 for m > 2 for example, this would suggest that
(m+ 1)k = —e

Which obviously cannot be true if ¢, > 0, and so is it possible to conclude that a,, =

b, = 0 for n > 2 and the solutions are:

m = acos(kx) (4.145)
u; = coaq cos(kx) (4.146)
Now let:
=1+ Z a(€) cos(nkx) (4.147)
n>1
and suppose:
an(e) = eall) + 2@ 4 ... (4.148)
Then if:
€=k (4.149)
Then:
% = eail) + 520z§2) + e (4.150)
This demonstrates that a(") 0 for n > 2 and that ag )=, =k'. The equations for
O(e?) are:
0 0
CO£ — % = cysinkzr + C—k? sin(2kx)
0 0 o 0 2
% + B% + ep I < 8;722) + 8:;732 = QC_k; sin(2kx) + ¢i1¢o sin kx
Write:
Ny = Z a(z) cos(nkzx), Z b cos(nkzx) (4.151)
n>=2 n>1
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Inserting (4.151) into the O(g?) equations and examining the n = 1 terms shows that

kbf) = ¢; and —cokbf) = ¢pc; showing that b§2> = ¢; = 0. Computing the the the rest

shows that:
o _ 3CBtakt k) 4152
2 4k (epk + 3k% — B) (4.152)
—Btek+ k2 (—=B+ ek + k%)
pp - Y Break+ (=B+ek+ 1) 4.153)
2h? 12 (ek + 3K2 — B)
and a") = b5 = 0 for n > 3. The O(?) equations are:
0 0 1
CO£ - % = <02 + é(agz)co + bf))) sin kx + g(agz)co + [3) sin(3k

)

o= +B—=—+e
0 Ox?

ox o0x

Ous ons 9713 PP
v ( N Ox3 2

3 2) Cobgz
= —coby’ sin(3kx) + 5 T coc sin kx

For convenience write:

0 ou : .
CO£ - a—; = vy sinkz + vy sin(3k)

Ous Ons 82773 83773 o . .
o + B% + ep I 92 + 5,3 — tasin kx + pg sin(3kx)

Then the two equations can be combined into one equation:
(e 4 B)0ynz + eyt (02n3) + 0213 = (1 + covr) sin kx + (o + covz) sin 3kz (4.154)

Then write:

N3 = Z a® cos(nkz) (4.155)

n=1

Then inserting (4.155) into (4.154), shows that:

Z [—(c§ + B)kn + e, K*n® + n*k?) a® sin(nkx) = (pu14-cory) sin ka+(pgt-covy) sin 3k
n=1

(4.156)

Taking n = 1 shows that:
k[—(+ B) + ek + k2] 0l = iy + com (4.157)

However, it was shown that the bracketed term in (4.157) is zero and hence p; + covy =

0 which means that co must satisfy:

1 o o
co=—\|ay'+—+1B (4.158)
4 Co

The asymptotic solution is defined by 1y, 12, 13, co and cs.
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4.7 Finite Amplitude and Long Wavelength

In this section the case in chapters 2 and 3 are revisited, where an equation for the free

surface was derived under the assumption of shallow water and small amplitude using

asymptotic analysis. Here a system of equations are derived with the long wavelength

and finite amplitude which is of the same order as the depth of the fluid. The main

modelling assumptions are:

1. the flow is irrotational.
2. The fluid is incompressible.
3. The wavelength ) is very long, h/\ < 1.

4. The amplitude of the wave is of the same order as the average height of the fluid,

a/h =O(1).

4.7.1 Basic Set-Up

The relevant equations for the modelling of this are given by the following:

o’V 9?V

Ox? * oz 0 on y>n(t z) (4159)
Pp P
@+a—y2:0 on —h<y<ntz) (4.160)

on  0p0n Oy
RS = 4.161

1 P(x) 11
5) Vol + ——2 — —————((0,0)*211 +20,nE12 + 2 4.162
ts0+2| o|* + P P1+(6a;77)2(( 7)" 211 + 20,mX12 + Yaa) ( )
o 9
+ gn—;(1+(ax?7)2)3/2+0 on y=rn(tx)
ov. — onoVv
Ty e S = 4.1
8:c+8:c8y 0 on y=n(tx) (4.163)
6—¢:0 on y=—h (4.164)
dy



(4.165)

Using the same scaling as in chapter 3, the equations are transformed by the following
scalings:

A . A
l’:)\i’, L= —t, 77:&777 @IM@7
Co C

0
yW=hg, Y@ =AY, V=)AEV.

where A is the wavelength and the fluid speeds are given as u = J,¢ and v = Jyp.
Upon defining

(4.166)

a h?
o{:ﬁj /8:?7 (4.167)
the scaled equations are:
9?0 10% . e
572 B o7 =0 on —1<y<antz) (4.168)
0%V 92V . o
552 + ol 0 on Y >an(tz) (4.169)
on  0p0n 10 o
gl _ = — , 4.1
Py + aafc 9 505 on y = an(t,) (4.170)
06 1| [05)2 05\
% % a [ 0p Ao
— 4= P
8t+2 O‘(a@) +6<8§> + P(&) + 7+
1 E 1 v\’ v\’
R A B N2 4.171)
0 1 i (
Tl v | 2@ e = (%) + <ay>
oV oV BB .
2 Osl)—— L C = an(t, ).
+20/00:5; aY) T+ aB@npye TC on v entd
ov on v o
=0 = t. ). 4.172
% 0 ony=-1 4.173)
o]
m{ -1 Y > (4.174)
Y
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The Bernoulli constant can be found be setting ¢ = 7 = P=0andV = —Y to find

that C = —FE,/2a. Now to formally study finite amplitude wave the parameter « is

set to unity and § < 1, which gives the approximation of long wavelength but still

keeping the finite amplitude. In doing so the equations finally become:

2y 10% o
8@‘2+Ba—ﬁ2:0 on —lgygn(l‘)
PV RV o
072 +ﬁ =0 on Y>77(1‘)

o) 0200 10

of | 0x0r B0y

on y =1.

2
op 1| /0p\> 1[0 S
8f+2 <(%) +5<8g} + P(2) +n+
E 1 o\ [ov
b A\ 2
—B@:7)? - 1) | [ Z d
i p@ay |2 Y (ax> *(ay) ¥

- L
+2\/Baiﬂvav>: BB B

Tor gy ) T (Ut @R 2
VB o e

2‘5:0 on y=—1

gge—l Y — o0

4.7.2 Deriving the Asymptotic Equations

Upon dropping the hats, write:

© = o+ B+ o(B)
V o= Y +/BVi+o(vB)
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(4.175)

(4.176)

4.177)

(4.178)

(4.179)

(4.180)

(4.181)



Inserting the expansion for ¢ into (4.175) shows that:

o1 10%g Py
+68ZL‘2 +Bay2 + 012 =0

82800
0x?

on equating powers of [ shows that:

0*pq — 0
0y?
0? 0*
%o i ! 0
Ox? Oy?
The solution for ¢q is 9 = yA(t,z) + B(t,z), but the boundary condition

Oyp(t,x,—1) = 0 shows that A(t,z) = 0, and so @y = ¢o(t, ), Solving the equa-

tion for ¢, shows that:

(y+1)? 0

1 5 92 + A(t, x) (4.182)
Inserting this into (4.177) shows that:
n  O¢o 377 1 o
— =—| - 1 4.1
ot T orar 5\ Pt G (4.183)
Which after some rearranging shows that:
on 0
— + = Du) = 4.184
Lt ((n+ u) = 0 (4.184)

The other equation to use is the Bernoulli equation and the O(1) equation is sought, the

terms in the equation have the following asymptotic expansions:

(5) - (5) vow

(5 - o

(% ) — o)

B) - o
= £+ 0(p)

1+m m)?
The principle of least degeneracy requires to keep as many terms as possible in the

asymptotic expansion, and so scale the following:

B
B=—2 B=3 (4.185)



to obtain the O(1) Bernoulli equation:

8@0 1 &po 8\/1_ A32
ot +2<8x) +Pn+ By = B

So differentiating this equation shows that:

ou Ou OP 0On . 0*W; . O3
ou i _ B
ot " Yor T or Tar T Mooy on

(4.186)

(4.187)

Not to relate the electric potential to free surface, use equation (4.179), when on ex-

panding:
8V1 on
\[ — VB oz
Upon using the standard expressions for Hilbert transforms:
oVy A%
o -7 (%)

So finally the equation becomes:

2 3
@+u@+a—P+@+Eb%<@):B@

ot or Ox O oxr? ox3

(4.188)

(4.189)

(4.190)

By moving the fixed boundary from —#h to 0, equation (4.184) can be put in the more

recognisable form:

on 0
EﬂL%( nu) =0

Inserting the dimensions back into the equation shows that:

on 0 B
E—F%(u(h—i—n)) = 0
ou Ou 10P  0On Pn\ ., 0n
o o T por gy TINEW (a—) = IBEs

(4.191)

These equations are the shallow water equivalent of the KdV approximations of Chapter

3.
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Chapter 5

3D Waves in a Conducting Fluid

In this chapter the analysis in chapter two is extended from a 1D free surface to a
2D free surface. Sections 5.1 and 5.2 will describe the set-up of the model and the
non-dimensionalisation. A moving pressure distribution is considered and the resulting

linear and weakly nonlinear waves are calculated.

5.1 Set Up of the Model

The analysis will consist of examining flows which are incompressible (V - u = 0) and
irrotational (V x u = 0), these assumptions imply the existence of a velocity potential

©, such that u = V, the incompressibility condition implies:
Vi =0 (5.1

The electric potential V' satisfies:

V3V =0 (5.2)

The next task is to examine the boundary conditions, write the free surface equation as

z = n(t,z,y), then the free surface condition is written as:

D on an on
—(z —n(t =0= — — — = 5.3
7 (2~ (t. 2, y)) TR R (5.3)
There is a solid surface at z = —h, which is impermeable and so:
0
0 on z=—h (5.4)
0z

The Bernoulli equation is given by:

oo 1| [/0p\> oo\?  [0p\?
9P LI (P (¥
ot 2 [\ ox dy 0z

+gn+-=C (5.5)




The pressure is obtained through the Young-Laplace equation. To compute the normal
write F' = n(t, x,y) — 2. The unit normal is given by:

VF

n——— 5.6
So VF = (0,1, dyn, —1) and therefore:
-1
f] — (a$777 8@1777 ) - (5'7)
(14 (9am)® + (9yn)?)>
The Young-Laplace equation is given by:
[h-T -ny=0V-h (5.8)
To compute the RHS:
V- -h = g 0u1] |+ g Oy1 -
O | (14 (0em)? + @ym)*)7 | Oy [ (1+ (9am)? + (9ym)2)
B 0zn ~ 0un(0:m0zm + 0y10:0,yn)
- 1 3
(1+(@en)? + (9yn)*)2 (14 (9an)® + (9yn)?)2
N o;m 9y (0yndyn + 0ynds0yn)
(L @) + @m2)7  (L+ (@) + (9,m)?)?
_ I+ 9yn)*) + Oyn(1 + (8em)?) — 20:m0yn0:0y1
(1+ (@) + (9,m)?)2
The stress tensor in this case is given by:
1
T = —péij + € <EZEJ — §5Z]EkEk) (59)
The pressure terms is easily expanded as n - (—plI) - n = —p, the electric terms is
somewhat more complicated, for brevity, write:
1

So the tensor can be expanded as:

~ o A9 PP P
2Ny = Ny + Ny Xig + Mg +
P ~92 P
+ MMy Xg1 + N5en + Ngfizdiaz +
A A a 92
+n1M3Xi31 + NoNgdize + Nydiss
= 2% 2y 72y
= N2 + Noligg + N3luz3 +
+ 2097 D19 + 21 N353 + 2M9N3 Y03
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since the Maxwell tensor is symmetric, this doubles the number of terms of the 1D
case but it is hoped that a number of these fall out upon linearisation, so the full explicit
equations will not be given here but will be examined in the section on linearisation.
For now the terms will just be written as i - 3. - nn for brevity, so with this notation the

pressure term in the Bernoulli can be written:
p=P—-n-¥X-n—oV-n (5.11)
Therefore the Bernoulli equation is written as:

oo 1| [0p\” oo\ oo\ ?
8t+2 [(8:}5) +<8y * 0z

where:

P o1
gt —-a-Nh= Va0 (5.12)
p P P

Ozn(L+ (9yn)*) + Ogn(1 + (9an)?) — 20:00,1a 0y

V-h= 5
(1 +(9:m)* + (Oym)?)>

(5.13)

One of the boundary conditions for the electric field is a direct analogy to the 1D equa-

tion equation (2.12):

V(t,z,y,z) ~ —Epz as z— o0 (5.14)

The final boundary condition is that [f: . EE = (), as the normal vector is one dimen-

sional there will be a 2D tangent space, so there are 2 orthogonal tangent vectors. There

are 2 vectors which are orthogonal:

t, = j+3y?7k

The system {n, t, t>} is a linear independent system but they are not orthogonal, it
is possible to make an orthogonal system via the Gramm-Schmidt process, taking n
and t, as the linear system and we apply the Gramm-Schmidt process to t; and the

following vector is obtained:

ty = —0.n0,ni + (1 + (0.n)*)j + Oynk (5.15)
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So the system {n, t,, t3} is a linearly independent orthogonal system, the two boundary

conditions are then:

ov. onoVv
—+—— = 1
Ox + Ox 0z 0 (5.16)
on on oV on\>\ oV onov
—_— 1 — — +—— = A7
8x8y8x+< +(8x) oy +(’3y 0z 0 517
The basic nonlinear equations are then:
P o Py
= —h<z<K .
G + 522 0 on h<z<ntzy) (5.18)
o?vV 9V 5PV
52 + By + 5.2 =0 on z>n(txy) (5.19)
On  OpOn 0o 00\t ay) (5.20)

ot ordxr  Ooyody 0Oz

dp 1| [0y 2 Op 2 Oy 2 P 1, . O .
Z - - - ——n-Yyn=-V- 21
8t+2 <8x) +<6y + 3, +gn+p pn n pV n+C (5.21)
oV onov
Gr Tawas 0 on 2=ndbay) 22

on On OV am\°\ov oamov B
+<1+<8x) 8y+8y82_0 on z=n(tzy) (5.23)

Ox Oy Ox
9¢ =0 on z=-h (5.24)
0z
V~—FEyz as z— o0 (5.25)

5.2 Nondimensionalisation

The nondimensionalisation is done in the same way as in the 2D case (See section 2.2),

the length scalings are given as:

r=hx, y=hy, z=hz, n=~hn (5.26)



The rest of the variables are scaled exactly in the same way as the 2D case:

ph3
t= p cp, V =EhV, P= E (5.27)

The governing equations remain the same:

0% P ¢
7t T o Tam = 0 (5.28)
yv+yv+yv
0i 02 | 022

= 0 (5.29)

As do many of the boundary conditions:

on [ 0p0n  0pon 0P

= 5.30
ot  0ror 0y 0y 0z (5-30)
oV 9p oV
=0 5.31
9z 9% 02 G0
on On OV on\*\ oV opov
1 — =0 5.32
8x8y8x_%< +_(8£ o5 oy 0z (5-32)
The boundary condition at the bottom now satisfies:
Py
2 -0 on i=-1 (5.33)
0z
The asymptotic condition for the electric field satisfies:
V~—i as 22— o0 (5.34)

The Bernoulli equation is the most complicated one to nondimensionalise. The scaling
of the normal vector is simple as all derivatives of 7 are dimensionless, so the compo-
nents of the Maxwell tensor scales as T;; = eEgMij. The mean curvature term scales

asV-n=h'V. ﬁ, the Bernoulli equation then scales as:

Op Op op\? [0
ad + L4 + 7) 4 (2
ot oz oy 0%
Where K is a dimensionless constant. The other constants are defined as:

h? E2ph
Bt g _ <Eip

o o

+Bi+p—Emn-M-n=V-n+K (535)

(5.36)

In order to calculate the constant K, note that there is an exact solution with no pressure
distribution, 7} = 0, p, ¢ = Uz and V = —2. This exact solution can substituted into
the Bernoulli equation to find that K = 1(U? — E}). From here the hats will be dropped

for ease of notation.
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5.3 Linear Theory I

The theory is now restricted to time-independent cases. As with the 2D theory, a solu-

tion is sought as a perturbation of the exact solution:

ep1 + o(e)
em + o(e)
Uz 4 ep1 + o(e)

—z+eVi+o(e)

The linearised quantities satisfy the following equations.

82@1
ox?

0*V;
ox?

82(p1
+ Oy? + 0z
0?V N 0?V,
0y? 072
87’/1
Vow
0 o
U2 4 By +py + Byt
ox 0z
om
Ox
oW

82(p1

= 0 on —1<2<0
= 0 on z2z>0
8@1
= _— :0
0z ®
82771 82771
= 8x2+8y2 +K on z=0
87’/1
= _ :0
o on =z
0
= dn on z=20
dy
= 0 on z=-1
— 0

(5.37)
(5.38)
(5.39)

(5.40)

(5.41)
(5.42)
(5.43)
(5.44)
(5.45)
(5.46)
(5.47)

(5.48)

The linearised Bernoulli equation requires some extra explanation, the main difficulty

are the electric terms, the only terms that survives the linearisation process are the terms

ninsMys, nians Maes and ﬁ% Mss. The linearised normal vector is given by:

-

on _On
ezl g
5ax’€ay’ )
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The case for n3 Mjs is given by:

L 1
iaMa = (-1)(-) (B - (5 + B2 + B

L ovav 1f(avy (ov\ L (ovy:
0z 0z 2 Ox dy 0z

B avi\® 1 ovi\> ,

To solve the equations write the following:

1 . .
Vi = G / ey Ak 1, 2)dkdl (5.50)
s R2
1 . .
o1 = G / Qelkll‘*“yB(k,l,z)dkdl (5.51)
R
1 . .
m o= e /R 2 ey (K, 1 dkdl (5.52)

Inserting (5.51) into (5.41), therefore:
0’B
—— —(K*+1*)B = .
52 (k* 4 17) 0 (5.53)
along with 0,¢1 (z,y, —1) = 0, shows that:
B = a(k,l) cosh u(z + 1) (5.54)
where © = v/k? + [2. Likewise inserting (5.50) into (5.42) and using (5.48) shows that:

A= Bk, 1)e (5.55)

since 1 > 0. Using (5.43) shows that:

ikUC (k,l) = ausinh p. (5.56)
Hence:
C(k,1) = —%usinh u (5.57)

Equations (5.45) and (5.46) are equivalent to saying:

V(t,z,y,n(t,z,y)) =0 (5.58)
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so expanding this shows that:

Vt,z,y,n(t z,y) = —nt z,y)+eVilt,z,y,n(t z,y)) + o(e)

= —em(t,z,y) +eVi(t,z,y,0) + o(e)
So equation (5.58) becomes:
m(t,x,y) = Vi(t,z,y,0) (5.59)
Inserting (5.50) and (5.52) into (5.59) shows that:
C(k, 1) = B(k,1) (5.60)

The expressions for ¢; and V; then become:

1 )
0 = — / Bk, D)e' ) cosh p(z + 1)dkdl (5.61)
47T2 R2
i B(k, l)e'k=+) 1 sinh p
= — dkdl 5.62
n 42U g 2 (5:62)
i Bk, ) pe~r=e*k+) ginh gy
= — dkdl .
" AU Jge k (5.:63)
Inserting these equations into equation (5.44) and writing the pressure:
1 ~ i(kz+ly)
p=—— [ pe Ydkdl (5.64)
47T2 R2

shows that:

U(ik)S cosh u+B <—ﬁﬁu sinh ,u) +p+Ep <ﬁu26 sinh ,u) = 2 (—#Bu sinh,u) :

(5.65)
This leads to:
3 (z’k:Ucoshu — %,usinh,u + %’ﬁ sinh u) +p= ng;]%h“ (5.66)
Then 5(k, 1) is given by:
B =iU b sechy (5.67)

U2k? — (Bu — Eyp® + p3) tanh g

Then the free surface becomes:

1 luei(k:erly)ﬁ tanhu
_ dkdl .
e y) = 4 /Rz k2U? — (B — Eypp? + p*) tanh 69
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(a) Full Profile

(b) Half Profile

Figure 5.1: Linear Waves Profiles
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Equation (5.68) defines the free surface profile. It is assumed here that U < U4,

so that the denominator of (5.68) is non-zero for k and [. Typical free surface profiles

predicted by (5.68) for £, = 1.5, B = 2 and U = 0.5 in figures (5.1(a)) and (5.1(b)).

These profiles of figure (5.1(a)) has decaying oscillatory in the direction and monotonic

in the direction perpendicular to the direction of propagation. This is most clearly seen

in figure in figure (5.1(b)) where the half of the profile is known.

5.4 Infinite Depth

The difference between the finite depth and the infinite depth is the boundary condi-

tions, these new boundary conditions are given by:

Using the expansion:

¢
oz
9y
0z

— U as z—

— 0 as z — —o0

= Uz +ep; +o(e)
= em +o(e)

= —Eyz+eVi+o(e)

The linearised equations become the following:

v2<P1 = 0
ViV = 0
o o1
U— = —/—
ozr 0z
% om
-t _ g2
Oz P
) P €E,0V; o (Pnm  Pm
=L el Ut hdl
(‘3x+gl Jrp@z p 8x2+8y2
0
& U as z— —0
ox
0
a—f 0 as z — —o0
Upon writing:
1 .
0= @re'Fe ) dledl
T R2
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(5.69)

(5.70)

(5.71)
(5.72)

(5.73)

(5.74)
(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)



to obtain:

- M1 =0 (5.82)

which shows that:

P = Aet* 4 Be™H* (5.83)

Which shows that (upon using (5.80)) B = 0, applying the same kind of reasoning for

V/, shows that:

1 ‘
Vi=-— [ C(k, e ket drql (5.84)
47T2 R2
also writing the free surface as:
1 .
= — [ Dk, e =W dkdi .
Uil (k. l)e (5.85)

Using (5.77) shows that C' = Ey D and using (5.76) shows that:

B=——uA 5.86
ik (5.86)
The variables are then:
1 z i(kx+l
o1 = R/Rz A(k, Der= ekt drq] (5.87)
i /LA z(kx-l—ly)dkdl
= — — 5.88
n 42U /R Kk © (5.88)
iEO ,uA _ ;
i = — ezl gl 5.89
! A2l /R ko © (5.89)
Upon writing the pressure as:
1 )
= — [ pet* W dgd (5.90)
47T2 R2

Then inserting everything into (5.78) to obtain an expression for A:

kUpp~?
A= LR (5.91)
R2U? — g+ —Fp? — Sp°
The expression for the free surface is then:
1 pp ! ,
m=— e eilke+1v) g ] (5.92)
Am? Jre L2172 _gﬂ+€70ﬂ2 _ %M3
Now to make further progress give the pressure as the following:
2 502 (22442
P = £€*459 (o) (5.93)

2
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Then:

R U2 _Utu?
pP= %e g (5.94)
The free surface equation then becomes:
4 2
1 IuefgoT#Q ei(kx-i—ly)

i — dkd (5.95)

- 8n2 2_ g a2 o .3
R k2 — g+ e — St

Make a change of variables in the double integral o« = U%¢g 'k and 8 = U%g~ !l to
obtain the expression:
_9_

2
—r2 i(kz+ly) %
m J / ve ¢  dadB (5.96)
R

= ’12[2 B2
8m2U 2a2_y+;T%V2_ﬂy3

pU4

where v = /a2 + 2. Making some final scalings, & = 2gU 2, § = ygU 2 and

n = gnU 2 to finally obtain the expression:

]_ / ve % ez(ai‘i’ﬁg)

fla oy L dad 5.97
where:
eE? og
_ _ 5.98
:ul pU2 ILL2 pU4 ( )

Figures (5.2(a)) and (5.2(b)) show the waves for infinite depth for values . As with the
one dimensional case for the free surface, the two dimensional linear solution also has
a singularity for certain parameter values and it also coincides with the criterion in the
one dimensional case. Indeed taking the line [ = 0 in Fourier space the criterion for
blow up is exactly the same, In order to see the blow up phenomena the variable ;1; was

varied whilst the variable p15 was kept constant. In figure (5.4), the parameter o = 1.

5.5 Weakly Nonlinear Theory I

As was shown in the previous section that there is a blow up of the amplitude of the
wave, so this section seeks to overcome that. The way forward is to copy the case in two
dimensions to obtain a model which doesn’t blow up. The basic nonlinear equations
are:

Po Py P

ox2  Oy> tgz =0 on —hszs n(t,z,y) (5.99)
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(b) Half Profile

Figure 5.2: Infinite Depth
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Figure 5.3: Demonstration of blow up phenomena

0?V N 0?V N o0?V
ox?  0Oy*> 022

=0 on z>n(tzvy) (5.100)

o deon om0
ot 0rdx Oyody Oz

dp 1 8@2 8@2 8@2
‘%+5Kﬁﬁ'+@% "o

o ooV _
or  Oxr 0z

on z=n(txz,y) (5.101)

P o1
gt ——h.nn=IV.a+C (5.102)
pop p

0 on z=n(tzvy) (5.103)

2
_Onondv <1+ <@) ) %Jr@a—v —0 on z=qltay) (5.104)

Ox Oy Ox ox Oy 0z
9¢ =0 on z=-h (5.105)
0z
V~—FEyz as z— o0 (5.106)

In order to do this, the following scaling is used:

A - A
v=Xp, y=ph t==1, n=—a =22 (5.107)
Co Co
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~ A

V=ME)WV 2U=hz 0=)\Z, (5.108)

where ¢y = +/gh, a is the typical amplitude of the waves, and A is the typical wave-

length. Nondimensionasation of the equations. Define the parameters:

h? A2
b=% 1= (5.109)

The main governing equations scale as:

1020 %9 0%
Gar ot — O (5.110)
02V N 02V . 02V
a2z " Va2 T az2

= 0 (5.111)

To examine the scaling of the boundary conditions,

Do 0y Oy 05 dp 9y O @ 0¢
ot 790 an T Y% 5y, TV G VI G5
(5.112)

This method is the classical method of deriving the weakly nonlinear equation for the

free surface. The following equations are used:

1826 8¢ 8¢
oz o o =0 G119
0%V N 0V N 0%V
a2z " Tagr T 032

= 0 (5.114)
The relevant part of the Faraday tensor is given by:

N 2 N 2 A 2
E, | {0V oV oV
_ () (2 11

The surface tension term scales as:

BB [930(1 + o®By(951)*) + 7057 (1 + a®B(9:1)?) — 20 B304 030411

- —— (5.116)
(1+a?B(9:1)* + o?B7(951)%)?
The free surface equation becomes
10p 0On 0 0N 0 On .
—r _ - = 5.117
5o of Cezor  “agog O FT G117
The equation for the electric field is given by:
oV Y
+ay/BLE =0 on z = ai. (5.118)

oz oz 0y
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The Bernoulli equation scales as:

. E, 0 by
BBV-fi— % = Egntpt hooit
1 Oy 2 Op 0y 2
+§ a(@i) +a’y<ay) +<_8z (5.119)

Now set @ = 3 = v = ¢ and have the following co-ordinate transformation:

~

T = &i (5.120)

>

X = (5.121)

The equations then become (upon dropping hats):

10% 9% o
€ 022 +€8y2 + ox?
0?V N 582V N 0?V
022 oy?  0x?

= 0 (5.122)

= 0 (5.123)

B AVC AN A AAY
Yy = TN (@) N (%) ~c (5—9) (129
Be [8§(ﬁ(1 + 83(ay77)2) + 58577(1 + 83(8)(7])2) — 2538)(?783/7]3)(83177] (5.125)

(1+3(0xn)2 + 3(9,n)2)2

1 &p 877 on 8g0 877 8g0 87)
_ = A2
“9- =Sor " ox Taxax TS ooy M T (5.126)

1% 3 On OV R
ox T ox e TV om el G127
E,  dp Oy L,
eBV - n——2€ = —aT——8X+?7+p+ n-o-n-+

1
_|__

9 o (O 9o\’
(M) b (8—y) +(§)] (5.128)

Using the Akylas method, the solution for ¢ can be written down from previous calcu-

lations which is:

(z +1)2 ¢ L2 (z+ 1'% (2 +1)* Py
2 OX? 0 oxt 2 op

p=po—¢€ ] +o(e?)  (5.129)

114



The O(1) terms in the Bernoulli equation show that:

_ 9o

=X (5.130)

To

The O(¢) terms of Bernoulli’s equation are somewhat complicated, the surface tension

terms:

82770 4 882 62770

eBV i = Beoos 5

+ o(e?)

In order to include pressure in the O(¢) term scale it according to p = £ P, the relevant

IS
-1 i
( +¢€ 8,2)

In order to include this term, scale the electric Bond number as Eb\/EEb and the terms

electric term is:

E
713233 = 7b

in question becomes:

. OV
_pZ
"5z

So the O(¢) term of the Bernoulli equation is:
2 L3 3 1 2
m = B@X — aT(,Oo + 58)(@0 — P + Eb(‘)zV — 5(835@0) (5131)

The O(1) part of the free surface equation just gives dx 1y = 0% o which is a repeat of

previous information. The O(¢e) part of the equation is:

Loy 2 Lo

68)(@0 — 8yg00 — 57’/08)(@0 = 8Tn0 — 8)(771 + anDanT/Q (5132)
Inserting the expression for 7; shows that:

1 1/1 3 A
gai}sf?o — 02ipo = 2070xpo + = (— - B) o+ 0% P+ §8§((n§) + E,0%0,V =0

2\3
(5.133)
In terms of 7y the equation is:
o oy 11 Pny OP 3 dny Ly 82V 182n,
— |l=+zlz—-"B|lz==+=<+ = +— = =0
oX | T T2 (3 )8X3+8X+2n06)(+ 2 ox07| T2 0
(5.134)
Using the standard Hilbert transform identities:
0,V = (0xV) (5.135)
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The boundary condition for the electric field shows that:

v _ Im
0z 00X

So the final equation can be written as:

o oy 1/1 Pny OP 3 Oy E, %o 1821,
— —_pB|=L4L = 4= - =
ox |ar T2 (3 )8X3+8X+ 2oy T2 \axz )| Tage Y
(5.136)
In terms of dimensional variables the equation is:
o [10n 3 677 h? #n  10p K 0%n
- B =L jf - !
Ox LO ot o 2h' O Ty (3 ) Ox3 T pg Oz * 0x? * (5.137)
pLon_
20y2

When £}, = 0 this equation is the classical KP equation. Here electric fields are in-
cluded (£ different from zero) and (5.137) can be described as a Benjamin KP equa-
tion. This equation was derived for interfacial waves in [27]. The next stage is to

look for a travelling wave solution 7(t, x,y) = f(z — ct,y) = f(X,y), the equation

becomes:

0 of 3 . Of 1 Pn 1 0p E 0n

ax |1 Pax T3 f—+3<§‘3)87+ ax T2 \axe) |t
162f
20, "
(5.138)

Where F' = ¢/cy is the Froude number. In order to get an idea of what this wave looks

like, look at the linear part of the above equation, to do this write:

1 A
f(X,y) = f(k: De'*e W dkdl,  p(X,y) = — / Pk, e F=H ) dkdl
47T2 47T2 R2
(5.139)
where p and p are known to find f , carrying out the computation shows that:

A~ kQA h2 1 Eb 12 -1
—K(1-F)+ = (2 —B) k' + = k’sgn(k) — = 5.140
R A ) L R I CA)

5.6 Linear Theory II- Dispersion Relation

It is possible to directly compute the linear part of (5.137). The method of derivation

will be the one in [4], the first stage will be to calculate the dispersion relation and then
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from there move to the equation itself. To begin, the equations are:

Ve, = 0 (5.141)
V3V, = 0 (5.142)
87’/1 . &pl
5 = o (5.143)
ovi,  _ Om
o = P (5.144)
8@1 P EEQ 8‘/1 g 827’]1 827’]1
91 T U S 14
ot +gn1+p+ p 0z p<8x2+8y2 (5.145)
9 _ g =g (5.146)
0z

Writing the expressions for (1, n; and V] as:

o1 = ettty (5.147)
Vi = Veilketly) (5.148)
m = pelketly) (5.149)
Then the solutions are:
¢©1 = asinhu(z 4 h)eFety) (5.150)
Vi = Be rzeilkatly) (5.151)

The boundary conditions show that:

B = Eyi (5.152)
0%*n , Oa
8—15? = psinhps (5.153)

Inserting everything into equation (5.145) shows that:

coth hy 0?7 eE2 o .
’“‘8—;7 +gm — —2 i)+ —p*) = 0 (5.154)
t P P

Upon writing 7) = noe~“*, the dispersion relation is obtained:

E2
W= p (g 0,y 5;3) tanh hu (5.155)
p " p
Upon writing w = cp
E? tanh h
&2 = <g 04 E/ﬁ) s (5.156)
p " p "



Figure 5.4: Dispersion Relation

Figure 5.6 the pictorial representation of the dispersion relation, equation (5.156) for
eaB2/pg = 1.5, 0/pg = 2 and h = 1. It shows that there is a minimum and it is
above zero showing the existence of linear waves. To obtain a linear equation, expand

equation (5.155):

E2
wr = p (g — E—u - U/ﬁ) tanh hju
P

€E2 o, u
M(g_—”JFP )( 3 +)
E? hu)?
rg pg 3

Upon taking square roots:

Q

Ll () )5
w = /g PR 1— L 4.
M( : pg#) ( 3
2\ : B2 o ,\? (hk)>?
= 1 —_— 1__0 . 2 1_ 2
Cok( +k2) ( pg/thg”) ( 6 +O<l))

z?)( B2 o ,\? (hk)?
- k+ 1- = +—2) (1— +Oz2)
( 2k 9" oy 6 “)




Upon re-arranging:

1 2 E? : hk)?
L N Y P (. ey
Co 2 Py Py 6
12 E? hk)?
- (k2 + 5) (1 - ep—;u+ pa—ng) (1 - % +O(?)
2 E2 2 2
— (1& + %) <1 - Ep—;|k| 1— % + %1&) (1 - U’? + O(P))
2 EQ 2
— (k2 + l—) (1 — 0+ ik@) (1 _ (hk)” + 0(52))
2 pg pg 6
l2 E2 h2k4
— k2+§—;7;\k\k2+%k4— -
E? h? 1 12
_ k2—6—0|k’|k‘2+—< 0'2__)]{:4+_
2pg 2 \ pgh 3 2

The linear PDE associated with this dispersion relation can be written down using:
w—1i0, k— —i0, |— —i0, |k|— =0, (5.157)

The PDE is:

O (1dn 0On €E? 0?n h* [ o 1\ &y 10%n
or \ e ot T or 200 2] T — )=+ = 1
Oz <CO o " ou 2/)9% or2) "2 pgh®  3) Ox? + 2 0y? 0 (.158)

Equation (5.158) predicts the linear terms of (5.137). It has been shown that it is pos-
sible to extract the linear part of the governing equation from the dispersion relation
given a particular assumption on the aspect ratio from the transverse and normal direc-
tions. This was only done for the canonical KP scaling and not carried over to the 5th

order KP equation.

5.7 Weakly Nonlinear Theory 11

This section deals with the weakly nonlinear theory around B = 1/3, for this a different
scaling is required:

a=¢? B=¢ y=¢2 (5.159)

and expand the Bond number as:

1
B= 3T eB; +o(e) (5.160)
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Make the transformation:

™
[N
>

T = (5.161)

>
|
>

X = (5.162)

The Bernoulli equation scales very much like the 2D case with the same two parameters

B and Ej,. The equations become(dropping the hats) the following:

1
oL +-—L=0 on —1<z<e™(tay) (5.163)

0PV N , O*V N 0?V
or2 T ° oy? 022

=0 on z>eX(t,xz,y) (5.164)

o ,0p0 dpdny 10

8?t7+ aiaz+€4azaz aaj on z=e’(t,zy) (5.165)
oV onov
ar tangs —0 o 2=<ultay) (3160

The Bernoulli equation is similar to the 2D case and will be directly generalised to 3D.

Soag B 200 09 n £ ;
BV-nJr%2 = €6T 8X+77+5 P+—n-o-n+

€ d¢ 3

+ <8X) +€< ) ( )] (5.167)

To expand the LHS a little bit more:

eBV-n = eB(din+e°0n)

1 1
= £ <§ + EBl) 83(7] + €3 (g + EBl) 85?7

1 1
= —0%noe + <—3§<?71 + Bla§(770) e? +o(e?)

3 3

To begin solving the equations (5.163)- (5.168),

oo, 0%p1 | 20702 5 (Ppo | i\ |1 (0P | o1 0%
- 0
oxz faxz T axz e (83;2 +88y2)+€(8z2 Tege TE 8,22) ’
(5.168)
the O(¢7!) equation of (5.168) is:
o dpo
= — (T, X,y,—1) = 5.169
822 07 82 ( ) 73/7 ) 0 ( )
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Which shows that ¢y = po(T, X, y), that ¢ is independent of z. The O(1) equation is
then:
Py | o
0X?2 022

D1 T X
07 9z ( » N Y, ) ( )

The solution to this equation is:

(2 +1)2 0
21 0X?

+ AT, X, ), (5.171)

Y1 = -

where A is a function of integration, the O(¢) equation is:

Por | Py s
= — -1) = 172

The solution of this equation is:

2+ D)% (2+1)20°A
2T oxe o ax: TOTXY) (5.173)

The solution for ¢ is then:

_ (2 4+ 1)%0%p
p = <Po+€<— o1 8X2+A +

, ((+ 1) (2+1)20%4
e ( 1 oxt =2 oxe ¢ G179
To O(e) the Bernoulli equation is:
102 9,
56)?2 - __8“; +m (5.175)

Inserting in the expression for (; and re-arranging shows that:

1 no

1
M= 3oy §8§(<po + 0x A (5.176)

Working to O(£?) the free surface boundary condition becomes:
Orio — Ox1 + Ox podxno = —ModxPo + Daips (5.177)

To find (3, go to the next term in the governing equation to obtain:

82@2 32300 82303
0X?  0y? 022

=0 (5.178)

Inserting the relevant expressions for ¢; and o shows that:

Doz 1 10'A  PC Py
dz  B5loX6  60X4 0X2  Oy?

(5.179)
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In order to include the electrical term in the O(£?) part of the Bernoulli equation, scale

the following Ej, = £3/2E;, the Bernoulli equation is then:
2 L, 1 2 7
Blaxﬁo + gaxm = aT()OO - 8X<,02 + 12+ P+ 5(8}“00) — Ebaz‘/l (5180)
The free surface equation is then reduced to:

Orno — Ox12 + OxpoOxmn = %0 — M0%Po—

5!

] (5.181)
- éa;*(A + 320 — Dy

Following Akylas, set A = C' = 0 and inserting everything into (5.181) shows that:

1
20710 — B10%no + 3n00xmo + 4—8§(ﬁ0+
D (5.182)

+ 85300 +Ox P + E,0x0.V; =0
The next part to examine the term Ox 0, V], the way to go about this is to compute the
Green’s function for V;, and the problem to solve is the following equation:

9*V; N 9*Vy
0X? 022

=0 (5.183)

with the boundary condition V; = 7; on the plane z = 0. The method of solution is
via Green’s function, the first step is to compute the Green’s function for the half space
and the way to do this to to use the method of images with the Green’s function in free

space. The free space Green’s function for the Laplace operator is:
1
g=—logr (5.184)
2

In order to obtain the Green’s function for the half space, introduce a source at
(X', y', —Z") of strength —0(X — X")d(z + 2’) so the equation for the Green’s function
is given by:

325] 82!] / / / /
aXQ+@—5(X—X)5(z—z)—5(x—x)5(z+z) (5.185)

This can be thought of as breaking up two expressions g = g; + g» where:

2 2

agl+891:5(X—X’)5(z—z’)

0X? 072 (5 186)
8292 8292 / / .
8X2 +W:—(S(X—X)(S(Z—|—Z)
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Which the solutions can just be written down simply as:

1 1
g =—logr_ go=——1Ilogr, (5.187)
47 2T
where:
r_ = \/(X — X2+ (2 —2')?
(5.188)
re= VX=X 4+ 2P
So the Green’s function for the halfspace is given as:
1 1
g=—logr_. — —logr, (5.189)
27 2
The solution is obtained via Green’s second formula:
/ gVu — uV?gdr = / g(t-V)u —u(fh-V)gdS (5.190)
D oD
The solution is:
Vi(z,y,2) = / M00=9|,,_,da’ (5.191)
R
So the term in the 2D KdV equation becomes:
0x0.Vi| = [ O (m0.09)| .yt (5.192)
z=0 R F=E=
Where:
1 1
0,0, = 5.193
g z=2'=0 s (X — X/)2 ( )
Which makes V; the following:
1 Ixmo
0.V = — dX' = 7#(0 5.194
Yoo "7 o X — X7 (9x70) (5.194)

Although it is possible to use the previous Hilbert transform analysis to get the elec-
tric term, the method using Green’s function shows where the Hilbert transform arises

naturally. The equation then becomes:

1
20710 — B10%mo + 3n00x 1o + Eagﬂlo-i‘

(5.195)
To turn the ¢ into an 7, differentiate throughout to obtain:
9 o  L1&m 3 Om _ Bidm
ox |or " 900x7 29X ~ 2 ox?
. 5.196
+Eb% 82?70 4 10P 1827]0 —0 ( )
2 0X2 20X | 20y2
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In dimensional variables the equation becomes:

14 55 2 3
8[1877 on WP 3 877 h<B_1)877+

oz lewot Tor To0o T mor 2 9

Eb 0n 1 dp 19%n
5 (58) o] 20 =

(5.197)

Write X = x — ct and set n(t, z,y) = f(X,y), then the above equation becomes:

0 0 h* 0° 3 .0 h? o?
9 la-pdl I f+——f——B—— 97,
0X 0X 900X° 2h°0X 2 0Xx3 (5.198)
Eb — an + L@ + laQ_f — ‘
0X? 2pg 0X 202
Where F' = ¢/c; is the Froude number and upon writing f = ¢*X*iy_ the dispersion

relation becomes:

4 1 1
F=1+ (k) k*+ 3 (B - g) (kh)? — 5 Mk + 5 (5.199)

Ignoring the nonlinear terms and examining only the linear part, the equation can be

solved via Fourier transforms by letting:

1 ~ . 1 .
X = i(kz+ly) X _ / A i(kz+ly)
FXoy) = 1 /Rgf(k,l)e dkdl, p(X.y)= 1 Rzp(k,l)e dkdl

(5.200)
The expression for f can be found as:
. k% W5 h? 1 Eyh 277
F—1k*— —k——(B— - |+ ==k - — 201
f= 99 {( )k 90/<; 5 ( 3)/<; + 5 ksgn(k) 2] (5.201)

It is thought that despite the analysis carried out in [35], that the analysis presented
here is the first attempt to derive a Sth order KP equation with forcing using asymptotic
analysis. It is conjectured that the same equation is obtained when there is are two
fluids and an interface at y = n(t, z,y) with densities p; » and no electric fields where

the electric Bond number Fj is replaced with with the ratio of densities.
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Chapter 6

Conclusions

This chapter will be a summary of what was shown in each chapter.

6.1 Chapter1

This chapter derived the equations that would be used throughout the thesis. A scaling
is chosen to nondimensionalise the equations and then a small moving pressure dis-
tribution is considered and the system is perturbed around a trivial solution of the full

equations to obtain a linearised set of equations which were then solved.

The results were plotted to see the shape of the waves in the interface. A criterion is
then derived for the existence of waves and is tested. It is shown that the linear model
is not complete in the sense that for certain selection of parameters blow up in the
profile occurs which implies that the need to include some nonlinearity into the model.
An examination of the free surface of the far field is examined and is shown to by
sinusoidal. The amplitude of the sinusoidal waves are unbounded for certain selection

of the parameters which implies that a nonlinear solution is required.

The case without surface tension was also considered with an external electric field
to see if the situation could support interfacial waves and it was discovered that no
linear waves were possible. A full examination of forcing from topography was also
examined with expressions obtained for the free surface which correspond to velocities

above and below the minimum of the dispersion relation.



6.2 Chapter 2

Using the scaling from the basic KdV approximation, a weakly nonlinear equation
was derived and it was seen to be of similar form to the usual KdV equation but with
an extra Hilbert transform term which made it into a Benjamin type equation, it was
noted that if the Bond number was close to a third then the dispersive term disappeared
which means that another perturbation scheme which involved perturbing the Bond
number away from a third to obtain a weakly nonlinear equation which is valid for

Bond numbers close to a third. The equation was called a 5th order KdV equation.

It was shown using the 5th order KdV equation that there was no blow up in the am-
plitude (figure 3.3). The lower branch (with smaller amplitudes) is a perturbation from
a train of waves and the profiles with the higher amplitudes are perturbations from
solitary waves. The solitary wave branch was also plotted (figure 3.6) giving numeri-
cal evidence that solitary waves exist of all amplitudes. The 5th order KdV equation
was modified to include topography rather than a pressure distribution and was seen to

include the topography in the usual way.

Periodic solutions of the 5th order KdV equation were examined via Stokes’s analysis

and the existence of Wilton ripples were shown and plotted for given values.

6.3 Chapter 3

There has been much analysis carried out in the case of two non-interacting fluids in
a rectangular tube. Clearly when one of the sides is taken to infinity there resulting
flow will be unstable but there is one way to introduce a stabilisation, by introducing a

horizontal electric field, [5]. This is what is done in this chapter.

The linear theory is first examined to obtain a dispersion relation, the conclusion of this
section of the chapter is that for k = 0, ¢*(k) < 0 A weakly nonlinear model was them
put forward by making a rescaling of the linear theory, a set of equations were derived
to model with as thin layer and the amplitude of the waves are of the same order as
the average depth of the fluid. Profiles of these waves were then produced. Unlike

the waves in chapter 2, the weakly nonlinear waves are periodic. A Stokes analysis is
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performed to examine the requirements for Wilton ripples and was shown that there are

no Wilton ripples for this situation.

The final part of this chapter is concerned with cases where the amplitude of the waves
are of the same order as the fluid. The analysis shows that such waves are possible and

the resulting equations are of the same form (with sign changes in some of the terms)

6.4 Chapter 4

This chapter is a generalisation of the first and second chapters by going to three dimen-
sions. The linear theory is extended and the solutions are plotted for some values of the
Bond and electric Bond number. The dispersion relation is derived from two different
perspectives and is then used to derive a linear version of weakly nonlinear equation.
The infinite depth case was also examined, the surface profiles were also obtained and

the same condition was found to hold as in the 2D case for blow up.

The weakly nonlinear case was then looked at, two different cases were initially chosen,
when the Bond number, B is away from 1/3 and when B ~ 1/3. In the former case an
equation was derived which was very similar to the equation in [27] but with a different
set of coefficients on the terms. The scaling when B ~ 1/3 was then carried out to
obtain a fifth order forced KP equation which is the first in existence. The case v = 1
was also examined but this isn’t applicable for mediums similar to water but is more

appropriate to plasma physics.

6.5 Future Work

Currently the models that I have worked with have no charge on the interface, This isn’t
physically realistic. According to Maxwell’s equations, the charge will migrate to the

interface, but if the stress tensor is analysed, one finds that for the inviscid theory:
[A-Z-t] =0 (6.1)
including a charge shows that [9]:

[A-Z-t] =¢E-t (6.2)
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So if charge on the interface is considered than it is obvious that one can only consider
viscous flow. The goal of this analysis being to obtain a direct generalisation of the
KdV equation which associated forcing and electric terms. One could alternatively
perform analysis on the interface of two fluids as in the Benjamin-Ono equation as the
equations are exactly the same, the Hilbert transform term modelling the contribution
in the upper fluid in the Benjamin-Ono case or the electric field when there is no upper
fluid. There are several ways that this problem can be analysed, one is to simply write
down The Navier-Stokes equations and scale these thereby examining the equations in
the same limit and look for a free surface that way [32]. In this paper a simple analysis
was carried out using perturbation theory in the long wavelength and small amplitude

approximation to obtain an expression for the Free surface.

Another method that was first covered in ([8]) was to decompose the velocity vector u

as

u=Vp+VxA (6.3)

Then one uses a linear analysis to separate the two quantities (¢, A), where A =

(0,7,0) to:

g W (Y P

In order to close the system of equations another equation must be added to the sys-

tem, the conservation of charge which is applied as a boundary condition across the

interface.[33]

Where V,, is the covariant derivative on the free surface. Some authors have stated that
the effect of viscosity is more important that the nonlinear effect in matching theory to

experiment and that is where current analysis is centred.
The goal of the research will be the following:

1. Extend the analysis in [32] to include charge on the interface and look for travel-

ling wave solutions.
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2. Formulate electrohydrodynamics in terms of the decomposition (6.3) and look

for linear solutions.

3. Add charge to the interface and expand on the model in point 2.

129



Appendix A

Hilbert Transforms

In this appendix, the properties of the Hilbert transform which are used are derived and

calculated. The Hilbert transform is defined as:

# () = ev [ S04 A

Lemma

H () (x) = A (f)(x) (A.2)

Proof. Differentiating:

Ty = Llpy [ 1)y,

7rda: Ry—x

_ lpy 1) 4,

T R(’?:Ey—x

1 f(y)
B WPV/R (y — x)zdy

b {_ f(y)rijlPV/R f’(y)dy

TYooo | y—x|_ y—2x

= H(f)(x)

Suppose the function f(x,y) is an analytic function, so the partial derivatives exist and
also suppose 0, f,0,f — 0as /22 4+ y? — oo. Let g(z,y) = 0, f — 0, f, inserting
this into Cauchy Integral formula, evaluating at zy = x4 ¢ and using a semi-circular

contour of radius R with a semi-circular around x = x of radius r. So:

o f PV =),

A3
271 :c—a:0+(y—y0)i ( )



Figure A.1: Contour for the integral

The integral is taken over a semi-circle of radius R in the upper half plane centred at
(0,yo) (figure A.1). Splitting the integral into three parts, the large semicircle (-, ), the

line y = yo (72) and the small semi-circle -, yields:

f=[+]+] "
v 7 Y2 Yr

Estimating the integral over -y, shows that as /2 — oo this tends to zero and the integral
over v, is left. Now ~, can be split up into three pieces, the integral from —R to xg —r,
the semi-circle of radius r and the integral from x, 4 7, the integral over the small

semi-circle 7, can be calculated as follows:

L/ 8x(x7y) - zﬁyf(x,y)

dz (A.S5)

211 Z— 2
Making the co-ordinate transformation z = zy + re', then dz = rie®do, the integral

becomes:

r—=02mi |z — 2 r—0 271 Z— 29

”
1 0 16 )
= lim—/ wrewdﬁ
r—02m J. ret

r—0 27

10 "
= lim— [ g(z0+re”)db




So the result is:

9. f (w0, yo) — 0, f (20, Yo) 1 / O f (2, yo) — i(?yf(x,yo)dx (A.6)
R

= —PV
2 211 T — X

Which gives:

9o f (20, yo0) — 10y f (20, yo) = %PV/ %] (@ 30) - iayf(x’yo)dﬂf (A7)

R T — T

To find 0, f (%o, yo) and 9, f (xo, yo), all that is done is to take the real and imaginary
parts. So

Ouf(20,90) = —H(0yf(x0,%0))

Oy f(wo,90) = F(0uf(wo,90))

So defining a function:

g(z,y) = H(f)(x,y) +if(z,y) (A.8)

The above equations show that g(x,y) is an analytic function as it obeys the Cauchy-
Riemann equations. A useful Hilbert transform is that of e’k the definition of the

Hilbert transform is:

ikx 1 eiky
H () = Zpy dy (A.9)
s RY — T

To compute this take £ > 0 and use an upper semi-circular contour with a semi-circular

indent at the point (x, 0) similar to (A.1), On =y, it is possible to estimate the integral:
€

1/ etky ' 1/
_ dy < =
s My—x T "1 y—x

1 ™ R —kRsin6
_ _/ L
T Jo R — |zl

2RO

< l/ e
T Jo |R— |zl

_kR6 ™
et
2R - \an

— 0 as R—

iky

dz

The integral around -y, becomes:

1 etky o .
- / dy = / ezlm—l—zkr cos —rk sin Gde
Y T

T),y—z

i [T
— ——/ e*rdl as r— 0
0

™

— iezk:}:
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Figure A.2: Contour for the integral

The other two terms become the Hilbert transform and the total sum becomes:
H () — et = 0 (A.10)

Showing that for k£ > 0

A () = jeth” (A.11)
Now for k < 0 the best way is to compute the Hilbert transform of e=** for k > 0,
the contour is now: This changes two things in the analysis, the estimation of the

integral around -y, and the computation of the integral around +,., the integral around 4

1 —iky 1
FR=LENT
TJyuly—2T TJulYy—2

1 ™ kRsin 6
_ / Re™™R” 1

™ Jor | R — ||

1 /ﬂ' ekasinu
= —— ———du =71+ pu
mJo |R— |z

< 1/7r Re_%%d
< = | e
T Jo |R— |zl

_ kRO 4
(& ™
20T - |a:||]0

becomes:

efzk:y

dz

N

— 0 as R—

The integral over ~,. becomes:

1 e~k e _
_/ dy — ’l/ efzk:vfszCOSGJrrksmGde
Ir s

7 y—x

™

i [T .
— —/ e *rde as r— 0
0

— ie—zlm

Hence:

H(e**) = isgn(k)e™™ (A.12)
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Lemma For periodic functions the Hilbert transform becomes:

H(f)(z) = —PV/2 cot <M> F(u)du (A.13)
-2 A
Where ) is the period of the function f(x).
Proof
) = trv [ ldy

(2n+3))\

1
m
1 o
DI
T — (2n+1)A —x

= % ZPV/AJC n+)\1+)\u+u) y=Mnm+1A+u
T
- ;nzoo /% >\+u—x
= —PV f( ) Z L du
2 = (nt+DAtu—u

So the next stage of the calculation to to compute:

- 1
:Z (n+1 )\+u—x_ Z nA+u— (A1d)

To find this sum, integrate the function:

cotmz

Je) = — (A.15)

around the square with vertices at (+1 +4) (N + 1). Computing the residues, there is

apoleat 2 = (x — u)A\~! and a pole at z = n where n € Z, the residues of these poles

are:
m(x —u) 1
t A.16
e < A ) T onAtu—z (A.16)
respectively. Standard theory shows that the integral tends towards zero as N — oo,
and so that:
m(x —u) = 1
t| ——— ) =— ESr— A.17
e ( A ) z_: nA+u—z ( )
Hence, the Hilbert transform for a periodic function of period A is given by:
o (T
H(f)(z) = —PV/ cot (%) F(w)du (A.18)
A
3
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Appendix B

Numerical Solution of the Full

Nonlinear Equations

This appendix will outline a solution method for solving the fully nonlinear equations.
To start the solution process consider the wave reflected about the y-axis and integrate

around a closed loop. Use the arc-length parametrisation, s for the contour, so that if

plane of symmetry

Figure B.1: The Set up for the Solution

the points on the free surface are given by © = X (s) and y = Y (s). Define the height

of the free surface to be zero at =00 so:

X(s) = /S X'(r)dr (B.1)



Let « be the height of the wave crests, then:

Y(s) =« +/ Y'(r)dr (B.2)
By definition of the arc length:

(X'()* + (Y'(s5))* =1 (B.3)

Let ¢ be the angle between the x-axis and the tangent vector. The curvature of a curve

is given by:
dg

== (B.4)

K

where s is the arc-length. The free surface is given by r(s) = X (s)i+ Y'(s)j, then £ is

given by:
ay  Y'(s)
t = = B.
=X T X(s) (B-5)
So the (plane) curvature is given by:
e
T s
d . [Y(s)
= % tan (X/(S)
- 1 d (Y’(s))
B vis)\2ds \ X'(s
1+ (%) )

The height of the free surface is given by the height co-ordinate Y (s), son = Y'(s) and

the partial derivatives 0,1 are given by:

an _ dY (s) _ Y'(s)
or dX(s) X'(s)

So Bernoulli’s equation can be written in the following form:
Ey

14 (Y'(s)/X'(s))?
—2Y'(s) M1/ X'(8) + M)

((Y'(5)/X(5))* Mz —

%(u2 +v%) + P(x)+BY(s)+

= Y'(5)X'(s) = Y'(s)X"(s) + K (B.6)
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The idea is to apply Cauchy’s integral formula to obtain a solution. Cauchy’s integral

formula is:

fla) = ifg ) 4, (B.7)

271 zZ—a

The complex function in question will be f(z) = u — vi — U where u, v are the hori-
zontal and vertical velocities of the fluid respectively and U is the asymptotic velocity
of the wave, so that f(z) — 0 as |z| — oco. By writing z = X (s) 4+ Y (s)i it is possible

to write:

>dz (B.8)

As the singularity is on the contour C, the factor is 1/(7¢) rather than 1/(27i). Comput-
ing the integral by looking at the four boundaries that make up the contour. The vertical
parts of the integral vanish as |z| — oo asu — U — vi — 0, so the only parts of the
contour integral which contribute are the horizontal parts. Denote a = X (s) + Y (s)i

and z = X(r) + Y(r)i, then the contour integral becomes:

1 -U - '
u(s) —U —wv(s)i = — uz) U(Z)Zdz
i Jo z—a
L [ (up — U =) (X + Y1)
— . T (s d
mi) X vVi-x.—va T

L7 (u, = U+ ) (X7 — Vi)

mi ). X, —Yii— X, +2hitYi

— i / (ur -U - UT)(X;" + K"/i)(er - Y;"si)dr .
T Jr X5+ Y3
1 e = Ut 0d)(Xy = V) (X + (Voo +20)0)
T JRr 27y + (Yos + 2h)?

The last line comes from multiplying the complex conjugate of the denominator. Then

to find out u(s) — U and v(s), the real and imaginary parts are taken. So': It is now

'For brevity of notation, denote that X (r) = X,. and X,.; = X (r) — X (s) etc and use this notation

throughout the rest of this appendix.

137



possible to read off the velocities which are:

u,— U = l/ (ur - U)(ery;/ — Y;SX?{) — Ur(erX; + Y;"Sy;l)dr -
TR X3+ Y2
_l/"wr—UXO%+2MXZ—XﬁK§+v4me4(g$+2ngm

"R X2, + (Yrs + 20)2
e / (r = D) Xro Xy & Vro¥) 40Xy = Yo Xy)
) T Jr X2 +Y2

1 / (up — U)(Xps X!+ (Yes +20)Y)) — 0.((Yys + 20) X — X, Y))
2
R

o XE + (Yos +2h)

The same process can be applied to the electric potential but with a different contour

and the method of images isn’t used. The contour used is The function inserted into

Figure B.2: Contour for the Electric Potential

Cauchy’s integral formula is:
f(z) = =— — —i+ Eyi (B.9)

so to make f(z) — 0 as |z| — oo. This means that the semi-circle part of the contour

does not contribute to the contour integral, hence:

8,V (a) — 0,V (a)i — Eyi = — (2) = 0,V (2)i — Eyi
™ Jo z—a
— i o0 (am‘/r — 8er —+ E()Z)(X; 4 Y;IZ> o

mi) o X,—Xe+ (Y, — Yy

dr

i J oo (X = X+ (Y, —
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dr



Multiplying out and comparing real and imaginary parts shows that

oV, — 1 / * (BoX) = X[0,V, + V[0V ) Xos

T J oo X5+ Y3
(X0, Ve + YO,V, — EgY)Y,s dr
X5+ Y3
1 [~ (X0, V,+Y'0,V, — EgY) X,
o\Vs —Ey = —;/OO( . +X;siyr25 o¥y) +
(BoX, — X10,Vi 4 VIOV)Ys, |
XZL+ Y3

The two integro-differential for the horizontal and vertical velocities are essentially the
same equations, so there is only one equation that comes from the velocities, the case
is the same for electric potential or the electric field. So there are two other equations
that are required for a complete set. The other two equations come from the velocity
potential and electric field across the interface. The equation coming from the velocity

reads:

udyn —v=0=Y'(s)u(s) — X'(s)v =0 (B.10)
The equation for the electric potential is

C;—Z =0= X'(s)0,V +Y'(s)0,V (B.11)
The two integro-differential equations along with equations (B.3), (B.6), (B.10) and
(B.11) give six equations for six unknowns (X (s), Y'(s), u(s),v(s), 0,V (s), 0,V (s)),
so there will be a unique solution. The way to go about solving this is to choose a series
of N mesh points for the arc-length parameter, s;, then the set of equations provide a
series of 6N equations. There are adjustable parameters in the system, there is the
constant K in (B.6), but this is just related to the parameter £}, and there is also the

height of the crest, « that has to be considered, so there is a system of 6N 4 2 equations

which need to be solved via the Newton-Raphson method.

B.1 Infinite Depth

A simplification can be made for the case of infinite depth, they can obtained formally

when taking the limit as 2 — oo. The only equations that this affects are the equations
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for velocity and they reduce to:

1 — I _ AN ’ ,
Ug — U = — / (Ur U)(ery;n Y;’SXT) Ur(erXr + Y;,SY;)dT B
TR X5+ Y3
1 / 2(u, — U)X + QUTYr,d
- T
T JR 4Yrrs
- (= D) (X X+ YY) 0, (X — ¥ X))
v, = — .
w ) X2 412
1 2 _ r_ /
_ / (ur U)Kn QUTXT d’r‘
T JR 4Y;“s
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Appendix C

MATLAB Code

This appendix list the MATLAB code used for the PhD.

C.1 Linear 2D Code

The code used to obtain linear solutions

%$This program will calculate the inverse Fourier transform which
%will give the shape of the free surface.

%Give the initial constants:

h=2;

mu=0;

U=0.7;

E_b=2;

a=1;

b=0.5;

ep=2.0;

$Start the integration
x=-15:0.01:15;
n=length (x);

y=zeros (1l,n);

k=linspace (-15,15,n);



dk=abs (k (1) -k (2));

for m=1l:n
z=top(k,U,B,E_b,h,mu) .*xexp (sqgqrt (-1) xk*x (m) ) ;
y (m)=real (mat_trap(z,dk))/ (2*pi);

end

plot (x,V)

xlabel ("x");

ylabel ("\eta_{1}(x)");

Which uses the following programs, which is the trapezium rule:

function integral=mat_trap (f, dx)

n=length (f);

$Compute thre integral

integral=0;

for i=1:n-1
integral=integral+0.5x (£ (i) +f(i+1)) »dx;

end

The code which inputs the actual equation for the wave is:

function eta=top(k,U,B,E_b,h,mu)
m=length (k) ;
for j=1:m

if (k(J)==0)

D
e
QO
G

I

k(J)+xU"2xexp (k (J) *h) xsqgrt (pi) xexp (=0.25xk (J) "2)
« (tanh (k () «h) =1) ./ (=k (§) *U" 2+ (B-E_lb*abs (k (j) ) +
k () “2) »tanh (k (§) xh) +sqrt (-1) *mu) ;

end

end
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C.2 Weakly Nonlinear Codes

The way that the weakly nonlinear equations were solved was to write the equation
for points as regularly spaced intervals using the usual finite difference equations for
derivatives. This leaves a large set of nonlinear simultaneous equations to solve which

are done via Newton’s method.

clear;

1L=401; %Defines the number of steps, must always be an integer
x=linspace(-6,6,L); %Defines x

B=0.4; %This is the Bond number.

p=0.25+«Bxexp (-x."2); %The pressure distribution

E_b=0.3; %This is the electric Bond number.

f=zeros(1l,L+1);

f(1,1:L)=0.01lxexp(-x."2); %have some small initial guess for the
swave profile

choice=true; %This selects the option to fix the Froude number of
%$the minimum of the wave.

Q0=0.05; %This is the Froude number (choice=true), or the minimum
%0f the profile (choice=false)

f(L+1)=0Q; %this is the Foude number, either an exact value or an
%$initial guess.

%The way forward is to use Newton’s method to reduce the equation
%$down to a linear algebra problem and then use Octave

%to solve the linear algrbra problem.

%$The first step is to compute the Jacobian matrix

%$Do this by diferencing between to close points and dividing
%$through by that difference

df=10"-10;

J=zeros (L+1,L+1); %This will be the Jacobian.
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X=zeros (L+1,1);
error=0.5;
while (error>10"-10)
for i=1:L+1
for j=1:L+1
T=zeros (1l,L+1); %Set all the entries to zero again
T(3)=dE;
J(i, J)=(g(x,£f+T,p,Q,1i,choice,B,E_b)-g(x,f-T,p,Q,1,choice,B,E_Db))
/ (2+xdf); %Calculates the (i, J)th element of the Jacobian
end
end
for m=1:L+1
X(m)=-g(x,f,p,Q,m,choice,B,E_Db);
end
%$Now solve the system of equations
sol=J\X;
error=norm (X)
f=f+sol’;

end

%$Now plot the solution!
plot (x,£(1:L));

xlabel ("x");
ylabel (' £ (x-ct)’);

%$Write the data to a file

$h=1;

o\

B=0.2;
$E_b=0.1;
$file_l=fopen (' fine_mesh_restults.txt’,’'w’);

$fprintf (file_1,"’h=%1.4E\n’,h);
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$fprintf(file_1,’B=%1.4E\n’,B);

=

$fprintf(file_1,’E_b=%1.4E\n’,E_Db);
$fprintf(file_1,'F=%1.4E\n’,Q);

f(x-ct)\n’);

b

Sfprintf (file_1,

$for i=1:L

% fprintf (file_1,’%1.6E $1.6E\n’,x(1),f(i));
%$end

$fclose(file_1);

Which uses the following function which actually contains the equation to be solved:

function r=g(x,f,p,Q,1i,flag,B,E_Db)
N=length (x) ;
h=1;
a_1=1-f (N+1);
a_2=h"4/90;
a_3=1.5/h;
a_4=-0.5%(B-1/3)*h"2;
a_5=0.5«E_bxh;
dx=x(2)-x(1);
ff=f(1:N);
f_ghost=[0 0 ff 0 0]; %Add in the ghost cells for f
%$Prepare for the Hilbert transform
x_half=zeros (1,N-1);
f_half=zeros(1l,N-1);
for k=1:N-1
x_half (k)=0.5*(x(k)+x(k+1));
f_half(k)=0.5«(£f£(k)+£f£f(k+1));
end
grad=gradient (f_half,dx);

if (i<N+1)
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hilbert=trapz (x_half,grad./ (x_half-x(i)));
end
%$Now comes the formulae for the finite
$differencing part of the algorithm.
if (i<N+1)
b_1l=a_1xf_ghost (i+2);
b_2=(a_2/dx"4) + (f_ghost (i+4) -4+f_ghost (1+3)+6*f_ghost (i+2) -
4xf_ghost (i+1)+f_ghost (i)); %Fourth order derivative
b_3=a_3+f_ghost (i+2) "2; %nonlinear term
b_4=(a_4/dx"2)x (f_ghost (1+3) -2«f_ghost (i+2)+f_ghost (i+1));
$Second order derivative
b_5=a_5+hilbert; %Hilbert transform term
b_6=p(i); %Pressure term
r=b_1l+b_2+4+b_3+b_4+b_5+b_6;
else
if (flag==true)
r=f (N+1) -0Q;
else
r=f (14+0.5% (N-1))-0Q;
end

end

C.3 Code for Chapter 3

There are two parts to this program:

lambda=4+*pi; %This is the wavelength.

L=100; %This is the number of points to take

dx=lambda/L;

Xx_1=-0.5+x1lambda:dx:0.5+x1lambda; %This splits the wavelength
%$into L pieces from -0.5xlambda to 0.5xlambda

x=x_1(1:L);
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e_s_f=0.6; %$This is the ration of electric permativities
%0of the solid and fluid
e_f g=0.2; %This is the ratio of electric permativities
%of fluid and gas
E_b=1.0; %This is the electric Bond number
B=0.9; %This is Bond number
mu=E_bx* (e_f_g-1) "2/ (l-e_s_fxe_f_qg);
mu=2+*B;
k=2xpi/lambda;
h=0.3;
c_0O=sgrt (-B+kxmu+k~2) ;
%$The first step is to compute the Jacobian matrix
%$Do this by diferencing between to close points and dividing
%$through by that difference
dw=10"-10;
J=zeros (2«L+1,2*L+1); %This will be the Jacobian.
W=zeros (1, 2+L+1);
Z=zeros (2+«L+1,1);
W(l,1:L)=-1+hxcos(x)/k; $%$Have some non-zero initial state
W(l,L+1:2xL)=c_0O+h*xc_0Oxcos(x)/k; %Have some non-zero initial
%state
W(l,2*L+1)=c_0;
error=10;
while (error>10"-4)
for i=1:2xL+1
for j=1:2xL+1

T=zeros (1,2*L+1); %Set all the entries to zero again

T(J)=dw;

J(i,J)=(float_g(x,W+T,i,B,k,lambda,L, h) -

float_g(x,W-T,1i,B,k,lambda,L,h))/ (2+xdW) ;
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%Calculates the (i, j)th element of the Jacobian
end
end
for m=1:2+L+1
Z(m)=-float_g(x,W,m,B, k, lambda, L, h);
end
%$Now solve the system of equations
sol=J\Z;
W=W+sol’;
error=norm (Z)
end
eta=W(1l:L);
plot (x,eta)
xlabel ("x");
ylabel (" \eta’);

c=W (2+xL+1)

Along with:

function r=float_g(x,W, g, B,mu, lambda, L, h)
c=W(2+«L+1); %This is the value of eta(0) Initial as a guess.
Sc=W (2*L+2);
nu=pi/lambda;
z=-1; %this is the average zero for the wave
%$The array W contains the u and eta_x:
eta=W(l:L);
u=W(L+1:2%L);
dx=x(2)-x(1);
%$The value p will pick out the the equation used.
if (g>=1) && (g<=L)

p=0;
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elseif (g>=L+1) && (g<=2%*L)
p=1;
else
p=2;
end
%$The quantity d will pick the d th component of the chosen
$variable.
d=g-p*L;
if (d==0)
d=L;
end
%$Now obtain the values of eta_x and u at the mid points
x_half=zeros(1l,L-1);
eta_half=zeros(1,L-1);
for k=1:1L-1
x_half (k)=0.5*(x(k)+x(k+1));
eta_half(k)=0.5%(eta (k) +teta(k+1));
end
eta_xxx=zeros(1l,L);
for i=3:L-2
eta_xxx(i)=(eta(i+t2) -2xeta(i+l)+2xeta(i-1)-eta(i-2))
/(2+xdx"3);
end
a_l=(eta(3)-2+eta(2)+2xeta(L)-eta(L-1))/(2%xdx"3);
a_2=(eta(l)-2+eta(L)+2xeta(L-2)-eta(L-3))/(2*dx"3);
a_3=(eta(2)-2xeta(l)+2xeta(L-1)-eta(L-2))/(2xdx"3);
a_4=(eta(4)-2*eta(3)+2*xeta(l)—-eta(L))/ (2xdx"3);
eta_xxx(l)=a_1;
eta_xxx(2)=a_4;

eta_xxx(L-1)=a_3;
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eta_xxx(L)=a_2;

for i=2:1L-1
eta_x(i)=(eta(i+l)-eta(i-1))/ (2xdx);
u_x(i)=(u(i+l)-u(i-1))/ (2*xdx);

end

eta_x(1l)=(eta(2)-eta(L))/ (2*dx);

u_x(1)=(u(2)-u(l))/(2xdx);

eta_x(L)=(eta(l)-eta(L-1))/ (2%xdx);

u_x(L)=(u(l)-u(L-1))/(2%dx) ;

switch p

case O

r=-cxeta_x(d) +tu(d) xeta_x (d) +teta (d) xu_x (d) ;
elseif (d==L)
r=—-cxeta_x(d)+u(d) reta_x(d) +teta (d) xu_x(d) ;
else
r=—-cxeta_x(d)+u(d) reta_x(d) +teta (d) »ru_x(d) ;
end
case 1
for i=2:1L-1
eta_xx(i)=(eta(i-1)-2xeta(i)+eta(i+l))/dx"2;
end
eta_xx(l)=(eta(2)-2xeta(l)+eta(L))/dx"2;
eta_xx(L)=(eta(l)-2*xeta(L)+eta(L-1))/dx"2;
for i=1:1L-1
eta_xx_half(i)=0.5* (eta_xx (1) +eta_xx(i+1));
end
if (d<L+1)
hil_l=mat_trap(eta_xx_half.*cot (nux(x_half-x(d))),dx);

eta_xx_half end=0.5*(eta_xx_half (L-1)+eta_xx_half(l));
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x_half end=x_half (L-1) +dx;

hil 2=0.5%dx* (cot (nu* (x_half(L-1)-x(d)))*eta_xx(L-1)+
eta_xx_half_ endx*cot (nux (x_half_end-x(d))));

hil_3=0.5xdxx* (eta_xx_half_endxcot (nux (x_half_end-x(d)))+
eta_xx_half (1) xcot (nux (x_half(l)-x(d))));

hilbert=(hil_1+hil_2+hil_3)/ (lambda);

end

r=trapz (x,u)/lambda-lambda;
elseif (d==L)
r=trapz(x,eta)/lambda-z;
else
r=—cxu_x (d)+u(d) ru_x (d) +Bxeta_x (d) +muxhilbert+eta_xxx (d)

end

case 2
r=max (eta)-min (eta) —h;

end

C.4 Code for 2D Plot

This is the code for the 2D surfaces in chapter 4.

%This plots the 2D free surface

x=linspace(-15,15,150); %This is the range of x
y=linspace(-15,15,150); %THis is the range of y
dx=x(2)-x(1); %Calculates the difference
dy=y (2) -y (1) ;

n=length(x); %Calculates the length of the vectors.
m=length (y);

U=0.5;
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[X,Y]=meshgrid(x,y); %Sets of the surface plot.

¥pressure=p (x,V);

eta=zeros(n,m); %This is the free surface

k=-6:0.05:6; %$These are the parameters in the
%inverse 2d Fourier transform
1=-6:0.05:6;
[K,L]=meshgrid(k,1);
const=1/ (4xpi~2);
nn=length (k) ;
%$Now compute the inverse tranform.
a=1;b=2;x1i=0;
$A=JM_eta_2d(k,1,U,B,E_b, xi,pressure) ;
A=eta_2d(k,1,U,B,E_b,xi);
$A=mexican_hat (k, 1) ;
v=0;
for i=1:n

for j=1:m

eta (i, j)=real (inv_fourier_ 2d(A,x(i),v(3),k,1));
end

end

surf (X,Y,eta);
shading interp

xlabel ('x’);ylabel ('y");zlabel ('\eta’);
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This prgram relies on the following programs:

function f=inv_fourier_2d(A,x,vy,k,1)
dk=k (2) -k (1) ;
dl=1(2)-1(1);
n=length(A(1l,:)); %This is the 1 wvariable
m=length (A(:,1)); %This is the k variable
%Do the k variable first:
v=zeros(n,1l);
g=exp (sqrt (-1) »xxk)’;
for i=1:n
u=A(:,1);
v(i)=mat_trap(u.x*q,dk)/ (2«pi);

end

%$Next compute the inverse transform in the 1 variable

g=exp (sqgrt (-1) *xy=*1);

f=mat_trap (v’ .xq,dl)/ (2*pi);
Along with:

function y=eta_2d(k,1,U,B,E_b,xi)
n=length (k) ;

m=length (1) ;

for i=1l:n
for j=l:m
mu=sqrt (k (1) "2+1(j) "2) ;
if (k(i)==0.0) && (1(j)==0.0)

y (i, J)=2+pi/ (U 24+2%B);
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else
v (i, J)=pismu.*exp(-0.25xmu"2) +tanh (mu) ./
(k(1).72+xU"2-mu.* (B-E_b*mu+mu. ~2) .+xtanh (mu)
+xi*sqgrt (=1));
end
end

end
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