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Abstract

This thesis develops the quantitative study of quantum entanglement in systems
of identical particles. Understanding this topic is essential for the construction
of quantum information processing devices involving identical particles.

A brief overview of necessary concepts and methods, such as the density
matrix, the entanglement in pure and mixed states of distinguishable particles,
and some common applications of entanglement is given in the introduction.

Some competing methods of calculating the entanglement in bipartite pure
states of indistinguishable particles are examined. It is shown that only the ’site
entropy’ measure introduced by Zanardi satisfies all the criteria for a correct
entanglement measure. A teleportation protocol which utilizes all the entan-
glement carried (in both the spin and space degrees of freedom) in a doubly-
occupied molecular bonding orbital is presented.

The output from an interferometer in a thought experiment described by
Omar et al. is studied as an example to see whether entanglement can be
separated into space-only, spin-only, and space-spin components. A similar
exercise is performed for a doubly-occupied molecular bonding orbital. The
relationship between these results and the application of superselection rules
(SSRs) to the quantification of useful entanglement is discussed.

A numerical method for estimating the entanglement of formation of a mixed
state of arbitrary dimension by a conjugate gradient algorithm is described. The
results of applying an implementation of the algorithm to both random and
isotropic states of 2 qutrits (i.e. two three-dimensional systems) is described.

Existing work on calculating entanglement between two sites in various spin
systems is outlined. New methods for calculating the entanglement between
two sites in various types of degenerate quantum gas - a Fermi gas, a Bose
condensate, and a BCS superconductor - are described. The results of numerical
studies of the entanglement in a normal metal and a BCS superconductor are
reported, both with and without the application of superselection rules for local

particle number conservation.
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Chapter 1

Introduction

This chapter outlines some of the tools needed in the rest of this thesis. First,
the density matrix is discussed. This enables a probabilistic mixture of quantum
states to be described using the quantum formalism. Then some basic concepts
to do with entanglement are introduced, and finally some standard applications
of entanglement are outlined.

1.1 The density matrix

1.1.1 Pure and impure states and the density operator

A quantum state is described as pure if it can be written as a sum of one or

more kets. Eg.

o-) = ) — I (L.1)

1
E(Hl
is pure.

How do we describe a statistical mixture of pure states? For example, one
could imagine a source producing a stream of spin-half particles, with a Stern-
Gerlach experiment at the output of the source to measure the spin-z component
and thus randomly project each particle into definitely spin-z-up or spin-z-down.
An observer positioned beyond the Stern-Gerlach experiment receives particles
whose spin-z component has a definite, but random, value. This is what we

mean by a statistical mixture of pure states.

16



We seek a quantum mechanical way of describing such a statistical mixture.
This may seem a perverse goal, given that it is a classical stream of probabilities
we are describing. But there are good reasons for doing such a thing, as we’ll
see later.

In this example, say the probability of a given spin in the stream having
the definite spin-z value |1) is p7, and the probability of it having the definite
spin-z value ||) is p;. To be analogous to a pure state, a QM description of this
statistical mixture should have the property that the inner product of it with any
pure state yields the probability of that state occuring in a given measurement.

Let’s call such a description a mixed state, and denote it by p. Then we require

(9lplo) = ps (1.2)

where |o) denotes a particular pure spin state in the mixture p. There are two
ways that, in practice, one obtains a mixed state: either by considering some
small part of a larger system which is in a pure state, or by being in receipt
of a stream of pure states emitted by a classical source. However, in principle
one could have a mixed state even in an isolated system, by carefully preparing
a statistical mixture of states of particles that are shielded from all external
interactions.

We can satisfy such a requirement by representing the mixed state as a sum

of projectors onto pure states:
p = polool (1.3)
o

or more generally for any statistical mixture of pure states {|y;)} (ie. not
necessarily spin states):

p = ZP:"‘P:’)(UM- (1.4)

If the {|1:)} are orthonormal, then the p; are probabilities, as required above,
since for some specific |¢;),

Il

(¥31Bl¥5) 2Pl wiles)
Zpiéji(sij

17



p is a sum of projection operators, therefore it is itself an operator: it is
called the density operator, and was independently developed by Landau and

von Neumann [4, 5].

1.1.2 The density matrix

Like any other quantum mechanical operator, the density operator can be writ-
ten as a matrix in some orthonormal basis of pure states. For a density operator
constructed according to equation (1.4) written in some orthonormal basis of

pure states {|k)} where

) = Y cixlk) (16)
k
the elements of this matrix are
b = (k|plK")
= D (Klga)pi(wilk)
i
= Zpic:,kfci,b (1.7)

If the ‘diagonal’ basis of the |¢;) is used, ie. if p is diagonalized, it is clear that
this reduces to

Pk = DPrOkk (1.8)

where the {px} are the eigenvalues of 5. Thus one obtains a density matrix with
the probabilities {p,} on the diagonal and zeros everywhere else. Of course, this
means that the eigenvalues must satisfy 0 < p; < 1.

For our example above, the diagonal basis is

11, 11) (1.9)

. pr O
- 1.10
p (0 pl> (1.10)

If, however, we choose to write this mixture in the spin-x basis

1
ITz) = ﬁ(IT) +11)

yielding the density matrix

1
z) = W(IT)—IL)) (1.11)

18



then the elements of the density matrix prow col are

A = pr{TeT(TIT2) + (T2l ){LT2)
11

1 1 1
:pT_ﬁﬁ+plﬁ—\/_§:§(pT+pl)
prz = pr(TzID{(Tllz) +p (Tl (L)
1

11 1. 1

=P 55 +Pxﬁ(—ﬁ)—§(m—m)
pn = pr{lzN(TT2) + oLzl 1) (UTe)
1

1 1.1
—PTz/—i'\/_-i'*'Pl(—‘\Ti)E—é(PT_Pl)
22 = pr{lzD (T2 + 2Ll (L)
1 1

1 1 1
:pTﬁﬁ +P1(—*\/—§)(—E) = §(PT +py).
(1.12)

Thus the density matrix in the spin-x basis |1;),|lz) is

_ Y(pr+p PPy (1.13)
2\pr—p, pr+p

1.1.3 The density matrix expresses measurement proba-
bilities
Regardless of the basis used, the diagonal elements pir of the density matrix

express the probability of a measurement of the mixed state yielding the pure
state |k), ie.

p(lk)) = Pk (1.14)

In the language of the above example, this is the probability of the member of
the stream of spins that one happens to measure being in the pure state |k).

The density matrix also expresses the normalization of probability, since
tr (p) = 1. (1.15)

1.1.4 The density matrix gives correct measurement av-

erages

A primary justification for the use of the density operator to describe a ‘mixed

state’ is that it gives the correct measurement averages for an operator acting
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on that state. Returning to our example, if the recipient of the spins measures
them using 6., which has eigenvalue +1 for |1) and —1 for ||), it is obvious that
he/she will obtain an average value of p; — p;.

More generally, for any operator A,

(A = D pi(wilAlw)
= przch.k'ci,k(k'lfllk)
1 k k'

z Z(kmlk'){k'lA}k) by using equation (1.7)
k K

= D _(klpAlk)
k
= tr(pA). (1.16)

It is easy to check this result against the above example:

oo = (0 ()
-« ((n 2))

= pr—p (1.17)

as expected.

1.1.5 Distinguishing pure from mixed states

The density matrix provides a convenient way of distinguishing a pure state

from a mixed one:

Pure state: pPr=potr(pP)=1
Mixed state: p? # p .. tr (p%) < 1 (assuming the eigenvalues
are between 0 and 1) (1.18)

For a pure state, one of the eigenvalues of the density matrix is equal to one,

and the others are all zero.

1.1.6 Freedom in the representation of j

There are an infinite number of ensembles of pure states which will generate

a given p. These are known as pure state decompositions of 5. One can use
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a unitary transformation to move from one of these decompositions to another

that generates the same p:
W) = D Uslés) (1.19)
J

where {U;;} are the elements of a unitary matrix, and the {|19:)} and {|$j)} are

subnormalized states defined by

[¥i) = Py l¥i),
16;) = Pa 1)) (1.20)

Thus, “'Z:)} and {|<$3)} both generate p:
po= D W@l =) 1)l (1.21)
i i

Ui; does not have to be a square matrix. The number of rows equals the number
of pure states in the existing decomposition, and the number of columns equals

the dimension of the Hilbert space.

1.1.7 The reduced density matrix

Suppose one is in possession of a density operator describing the joint state of
several systems: A, B, and C. What is the density operator that describes the
state of just one of those systems, and how does one obtain it? The density
operator describing the state of one subsystem of the entire system is known as
the reduced density operator. It is obtained by a procedure known as the partial

trace, or tracing out.

The partial trace

For a bi-partite system AB in the state

Wap = Y awl)a®lu)s (1.22)
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the reduced density operator for system A is obtained by ‘tracing out’ the states
of system B:

pa = trpp=tre(|Y)aBaB(¥|)
> aiua,li)a alil
1,04

> Blulv)as aB(¥In) - (1.23)

m

Thus, one sums over all inner products of the projector |¥) ap ap(¥| with the

basis states of system B. The symbol trg denotes ‘trace out states of system
B.
Justification for using the partial trace

We choose the partial trace because it gives the correct measurement statistics

for any observable M4 acting only on system A. To achieve this, we require:

(Ma) = tr(Mapa)
= tr(MagpaB) (1.24)
where
Map = MaQ®lIp (1.25)

is the observable for the same measurement performed on system AB. The
partial trace

pa = tre(pan) (1.26)

is the only function satisfying this condition [6].

Example of the reduced density operator

Consider the following state. We shall see below that it is ‘entangled’, i.e. not

factorizable into states of particles A and B:
[¥)ap = al0)4l0)p + b|1)4l1)s5. (1.27)
The density operator for it is
p = |¥)aBaB(¥|
|a}?|0) 410) B B(0|4(0| + ab*|0)4l0) s B(1|a(1] +
a*b|1) |1) B B(0[a(0] + [b]%[1) al1) B B(1] (1. (1.28)
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Performing the partial trace yields the reduced density operator for particle A:

pa = la’|0)a a(0l+ [b*|1)a a(1]

2
- (ICI)I I;]|2> (1.29)

in the |0) 4,|1) 4 basis. This p4 is identical to the p4 for a classical mixture of

[0) 4 and |1) 4: this equivalence is one way of looking at entanglement.

1.2 An introduction to entanglement

A pure quantum state of two systems is described as entangled if it cannot be
factored into a product of pure states of those two systems. For example, if we

have electrons A and B, the joint spin state

Ix11) = [Ta)lTB) (1.30)

is not entangled as it is a product of the spin-up states of the two electrons. On
the other hand,

Xoo) = %umum —La)Ta)) (131)

is entangled, as it is not possible to choose basis states of systems A and B such
that

Ix00) = |aa)|bs). (1.32)

This can be seen as follows. Suppose we could find |a4) and |bg) that
satisfied this condition. Each would be a superposition of up and down states
on their respective sites:

plTa) +4qlla),  Ipl* +g* =1,
rita) +slla),  IrP+[s? =1. (1.33)

laa)

|bs)

Then the singlet state could be rewritten

(pT4) + qlla))(r|TB) + s|lB))
pritT) +ps|Tl) +ar|lT) +gs|il). (1.34)

[x00)
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To achieve equality between the expressions for |xgo) in equations (1.31) and

(1.34) clearly requires

pr = ¢gs=0 and
1
s = —qr=—, 1.35
p =7 (1.35)
which is not evidently not possible. Therefore it is impossible to choose basis

states of system A and system B in which |xo¢) can be expressed as a product.

1.2.1 The qubit and the ebit

The qubit The qubit is a parallelised equivalent of a classical bit, and can in
principle be implemented using any two-state quantum system. It makes use
of the fact that a quantum system may be prepared in a superposition of its
possible states. A qubit is defined thus:

¥) = a]0) +b]1), [a®+|b% =1. (1.36)

The ebit The ebit is a unit of entanglement. It is most naturally defined as the
amount of entanglement required to transmit one qubit of quantum information
from one two-state quantum system to another. This can be achieved with a

protocol called quantum teleportation, described in section 1.3.2.

1.2.2 The Bell states

Bell-states are a complete orthonormal basis for the state of any pair of 2-state
quantum systems. Any pair of 2-state quantum systems will either be in one
of the Bell-states, or in some superposition of them. There are four Bell-states,
and they are:

9E) = %ummziunmz)

*
1272

It

%m)lmz £ [l)2) (137)

They are useful in the context of entanglement because each Bell state contains

exactly one ebit of entanglement between the two subsystems.

24



1.2.3 Von Neumann entropy

Suppose the possible values of a random variable X occur with probabilities

P1,---,Pn- The Shannon entropy of X is defined:
H(X):=H(p1,...pn) = — »_ pilog, p; (1.38)
i

The von Neumann entropy of a quantum state is defined as the Shannon entropy

of the eigenvalues {);} of that state’s density matrix:

S(B) = ~Tr(plog,p)
= =) Alogyh
i
with 0 log,0 := 0. (1.39)

If a state is pure, as defined previously, its density matrix has a von Neumann
entropy of zero. If it is impure, the von Neumann entropy will be non-zero.

In section 1.2.9, we shall see that one of the most important applications of
the von Neumann entropy is that it provides a way of quantifying the degree
of entanglement in arbitrary (pure or mixed) quantum states. For example, the
reduced density matrix for one system of a pair of a systems that are in a Bell
state has a von Neumann entropy equal to one, and thus the Bell states are said
to each contain one ebit of entanglement.

The von Neumann entropy of p4 is a maximum if g4 is completely mixed,

ie. if
pa = 1/d (1.40)
where d is the dimension of the Hilbert space. In that case,

S(p) = dx —(1/d)logy(1/d) = log,d. (1.41)

1.2.4 Other properties of the von Neumann entropy
Von Neumann entropy has some other interesting properties (7, 8]:

e If p; are probabilities, and the states p; have support on orthogonal sub-

spaces, then

S(Zp.ﬁ,-) = H@)+ YopS() (1.42)
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e Joint entropy theorem If p; are probabilities, |i) are orthogonal pure
states for system A, and p; is any set of density operators for another
system B, then

S(pr|i><i|®pi) = HE)+ Y pS() (1.43)

1.2.5 Wootters tangle

Wootters [9, 10, 11] considers a general spin-state of two distinguishable parti-

cles:

|9} = alTT) +blTL) +cliT) +dlL]),
1.

lal? + [bf? + |c|* + |d|* = (1.44)

The Wootters entanglement is simply a reexpression of the von Neumann en-

tropy of pp, and is defined as

E=h[%(l+\/1—7')], (1.45)
where
h(z) = —(zlogyx + (1 — z)log,(1 — x)) (1.46)

and the quantity 7 is known as the ‘tangle’ and is defined by

7 = 4|ad — be|%. (1.47)

1.2.6 Pure state concurrence

The tangle is an example of a more general entanglement measure called con-

currence, defined by Hill and Wootters [10] for a pure state |¢) as

C(¥) := |(¥|¥)] (1.48)

where 9 is the ‘spin-flipped’ state. For a pure state |#r4) of a single qubit, this
is defined as

[Ya) = oy|¥%). (1.49)

This is due to the fact that the time reversal operator 8 for a spin-half system

must be antiunitary [12]:

0 = —in(%)[\’ (1.50)
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where K is the complex conjugation operator and 7 is an abitrary phase. A

suitable choice of 7 therefore gives
8 = o,K (1.51)

and hence the above definition of |1ﬁ ). For a general state |¢y4p) of two qubits,

the spin-flipped state is
[YaB) = o ®@cBlynp). (1.52)

For some pure state 14 g of two qubits, the entanglement between the two qubits
is

E(YaB) = £(C(¥aB)) (1.53)
where
£(C) = h(1—+— “;‘02) (1.54)

and h(z) is the binary entropy function:

h(z) := —zlogyxr — (1 — z)log,(1 — x). (1.55)

1.2.7 Entanglement monotones

As first described by Vidal [13], an entanglement monotone is a function that
satisfies:

. LOCC “
For p =" {pipi}

then E(p) 2 ZpiE(ﬁi)' (1.56)

Vidal put it this way: ”"monotonicity under local transformations is proposed
as the only natural requirement for measures of entanglement”. LOCC means
‘local operations and classical communication’, ie. the combination of operations
performed locally on the two subsystems, and classical signals sent between
those two subsystems. A non-entangled state can be prepared through LOCC,
whereas an entangled state can’t. If one defines a pure-state entanglement

function

fltrsl)(@]) = E(|¥)) (1.57)

with the properties:
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o Local unitary transformations on subsystem A leave it invariant:

f(UapUY) = £(p) for all local unitary operations {Us}. (1.58)

e It is concave:

fOpr+ (1 =X)p2) > A(H)+ (1 =NF(p2)
for all p;,p2,0 < A< 1. (1.59)

Then the convex-roof extension of F is an entanglement monotone:

E(p) := dec%iglpsijE(W)j). (1.60)
J

There are many possible entanglement monotones. One example is the en-
tanglement of formation, which is described in section 1.2.9. Another example is
the quantum relative entropy. The monotonicity of relative entropy under com-
pletely positive mappings was proven by Uhlmann and is known as Uhlmann’s
theorem [14, 15].

1.2.8 Quantum relative entropy

The relative entropy of a quantum state p with respect to the quantum state &
is defined by

S(pll6) = tr plogyp —tr plog,d. (1.61)
The quantum relative entropy is non-negative:
S(p||6) > 0 with equality iff p = & (Klein’s inequality). (1.62)

The quantum relative entropy can be thought of as a ‘distance’ between density

operators.

1.2.9 Entanglement of formation

A well-known example of an entanglement monotone is the entanglement of
formation, which is the convex roof extension of the von Neumann entropy.
The von Neumann entropy is a convenient measure of entanglement for bipartite

pure states, but it cannot provide an answer for the entanglement between two
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subsystems which are in a mixed state. Instead, it gives the entanglement
between one of the subsystems and ‘everything else’ (the other subsystem plus
the environment). However, the entanglement of formation turns out to be a
particularly natural measure of entanglement between two systems which are
jointly in a mixed state.

If m copies of a (pure or mixed) state p are produced from n Bell states, then
the entanglement of formation of g is the number of Bell states n/m required
to produce each copy of p as the supply of Bell states n — oo. This process is

known as entanglement dilution [16].

Entanglement of formation for a pure quantum state

If § is a pure quantum state, then the entanglement of formation equals the von
Neumann entropy. This can be seen as follows. If an entangled state |1) has a

Schmidt decomposition

W) = Y vVr@leales) (1.63)

(1.64)

For the next step, it is necessary to define the concept of a 'typical sequence’.
This is a sequence of m symbols from an information source which has a fraction
g of the symbols equal to 1, and a fraction 1 — q equal to zero. The probability

of such a sequence is
p(zy..xm) ~ 2 mHX) (1.65)

where H(X) is the Shannon entropy of the source. An e-typical sequence is one
for which the Shannon entropy of the source satisfies this relationship to within

a tolerance of e, ie.
2~mHO+) <y xy,) < 27MHE)=, (1.66)

It can be shown that for any € > 0, the maximum number of e-typical sequences
is (17

no. of sequences < 2mH(X)+eo) (1.67)
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We now discard all the terms in the sum where the coefficients

p(z1)p(z2)...p(xm) are not e-typical, giving

[m) == D VP@)P(@2)-P(Tm)|T14T24. Tma)|T18T28. - TmB)
r€e—typical

(1.68)

and renormalize it:

[¥m)
VW m)

Now by the result in equation (1.67), the maximum number of terms in equation
(1.68) is

) (1.69)

om(H(p(z))+e) _ om(S(ha)+e) (1.70)

where p4 = trg|¢)(1|. How close is |1,,) to [¢)®™? As m — oo it becomes

very close indeed as measured by the fidelity:

F({)®™, [m)) — 1. (1.71)
Consider this entanglement dilution procedure:
e Alice and Bob have n = m(S(pa) + €) Bell pairs shared between them.
e Alice prepares the state |, ).

o Alice teleports Bob’s half of |,,,) over to him using the Bell pairs, by fol-
lowing the protocol to be defined in section 1.3.2. Note that this protocol

requires the use of classical communication.

The entanglement of formation of the state obtained through this procedure is

m(S(pa) +€) _

n/m = S(pa) + ¢ (1.72)

One can make € as small as is required, so the entanglement of formation of
[4.,) for € — 0 tends to

Er(|¢m) = n/m— S(ha). (1.73)

As m — oo, |¢,,) becomes equal to |))®™, and thus this result becomes true

for |¥)®™ as well.
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If the joint state of two systems A and B is not pure, systems A and B
are, in general, themselves entangled with another, unspecified system (‘the
environment’). In this case, applying the above procedure does not give the
entanglement of system A with B, but instead the entanglement of system A
with system B plus the environment. To calculate the entanglement of formation
between A and B we need to use a different procedure, outlined in the next

section.

Entanglement of formation for a mixed quantum state

A particular pure state decomposition of a mixed state p shared between sub-
systems A and B can be written

p = Zpiﬁi = ZP:‘IU&')('M = Z |9:) (] (1.74)

T

where the {|¢;)} are subnormalized states defined by [18]

|9:) == V/Bilthi)- (1.75)

The average entanglement of the decomposition, in ebits, is

ZpiEi

— > pTraplog,p7' (1.76)

Eau({l¥:)})

where E; is the entanglement of |¢;). The entanglement of formation of § is

defined as the minimum of E,, over all possible decompositions of p:

Ep(p) := min E,, (1.77)
{ivi)}

The decomposition which gives the minimum is described as ‘optimal’. It is
possible to make unitary transformations between different decompositions of a

given mixed state [18]:
) = 3 Usslds). (1.78)
J

Although these decompositions all generate the same mixed state, they have

different values of the average entanglement.
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Wootters formula for entanglement of formation of two qubits

Wootters [11] derives a formula for the entanglement of formation of a mixed
state of two qubits, or any other pair of two-level quantum systems. It is
analogous to the concurrence-based entanglement measure derived by Hill and

Wootters for a pure state of two qubits (see section 1.2.6), and is given by

E(p) := E(C(p))- (1.79)

The convex function € is the same one as defined in equation (1.54).
The mixed-state concurrence is defined by

C(p) = max{O,Al - /\2 — /\3 — )\4} (1.80)
The Ms can be viewed as either:

e The eigenvalues in decreasing order of the Hermitian matrix

R:=\/\/pb/p. (1.81)

e The square roots of the eigenvalues of pp (which is non-Hermitian).
Here, p is the ‘spin-flipped’ mixed state, and is defined by
p = (oy®0y)p*(oy ®0y) (1.82)

which follows from the expression for |{13 AB) given previously in equation (1.52).

Postulated additivity of entanglement of formation

An open problem in quantum information theory is whether the entanglement
of formation is additive [19]. For the tensor product p of a pair of bipartite

density operators p, p2,

p = p1®py (1.83)

where p; and p, are each shared between Alice and Bob, it is possible to show
that EF is subadditive [20]:

Er(p) < Er(p1)+ Er(p2). (1.84)
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This can easily be seen as follows. Let

proi= ) [Wn (¥l and

b = 3 [U5)a(¥;] (1.85)
J
be optimal decompositions of p; and p, respectively. Then
p o= pi®pr=_ [Yihlt;)aa(t;ls (¥l (1.86)
ij
is a decomposition of p that is not necessarily optimal. It has an average entan-
glement
Eay = Y _piE(ps) (1.87)
iJ
where
pij = |Yin|¥id22 (¥l (¥l (1.88)

(note that these ¢’s are NOT subnormalized). Now

Wi = Vpilvih
SoPiy = PiPj (1.89)

And
E(pij) = E(p:) + E(p;) (1.90)

because the entanglement of pure states is additive. So from equation 1.87, one

gets
Eaw = ) pis[E(p) + E(5))]
= ijE(ﬁsHZmE(ﬁj)
= 1’;(/31)+E(f32)-1 (1.91)

So you can at least get the average entanglement as low as the sum of Er(g,)

and Er(p2), and therefore

Er(p) < Er(p1)+ Er(ps). (1.92)
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But it is not known whether ‘<’ can be replaced by ‘=’, ie. whether equality
applies for all mixed states. However, Vidal et al have proven additivity for
several families of bipartite mixed states [20].

The open question of the additivity of the entanglement of formation matters
because, in the words of K. Vollbrecht, it is ”crucial to settle the interpretation
of Er as a resource quantity. The typical kind of tensor products appearing in
the theory are pairs created by (maybe different) sources of entangled states,

and kept for later use.” [19]

1.2.10 Entanglement of distillation

Entanglement of distillation describes the reverse of entanglement dilution (this
is also known as entanglement concentration, or entanglement purification). If
one starts with m copies of the pure or mixed state p and, using LOCC only, one
produces n Bell pairs from them, the distillable entanglement of p is the fraction
n/m as n — oco. This fraction is also known as the efficiency of the distillation
process. If p is a pure quantum state, then the distillable entanglement can
be shown to equal the von Neumann entropy, and thus the entanglement of
formation [21].

For mixed states, the entanglement of distillation is bounded from above by

the entanglement of formation:
D < Ep. (1.93)

Thus for mixed states, distillation is an irreversible process - if you distill a cer-
tain number of Bell pairs from a mixed state, you will require extra Bell pairs in
order to reconstruct that mixed state using dilution. There are thus two types
of entanglement, ‘free’ entanglement which is distillable, and ‘bound’ entangle-
ment which is not. Indeed there are some states, the ‘bound entangled’ states,
which contain only bound entanglement and from which no useful entanglement
can be distilled [22, 23]. For certain classes of mixed states, the inequality in
equation (1.93) can be shown to be strict [24].

1.3 What can entanglement do?

Why are people interested in entanglement? Here are a few reasons:
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e It reveals quantum non-locality.
e It can be used to achieve secure communications.

e It plays a role in allowing quantum mechanical techniques to be used to

process information.

The following sections describe more fully these motivating applications of en-

tanglement.

1.3.1 Bell’s theorem
Preamble

Einstein, Podolsky, and Rosen’s famous paper [25] argued that quantum me-
chanics could not be a complete, realistic theory without the addition of ’hidden
variables’. These were supposed to be additional parameters that completely
specified the state of a quantum system and in doing so restored locality to the
theory.

In 1964, Bell showed [26] that such a theory, however formulated, will not
produce results consistent with experimental observation.

The validity of Bell’s theorem is a pre-requisite for the validity of much
of quantum information theory. If it is not valid, it is possible that quantum
mechanics is a local theory, and QIT protocols such as quantum teleportation
cannot possibly work. This is because, for example, the states of the spins in a
singlet pair would be determined when the pair was produced, and there would

be no possibility of using their states to transmit information.

Nomenclature

Consider a pair of spin-half particles in a singlet state, which have been spatially
separated. Their spins are denoted oy and og2. We can use Stern-Gerlach
apparatuses to measure their spins along arbitrary axes: say those specified by
the unit vectors & and b. For a singlet state, if o1 - & = +1 then a subsequent
measurement along the same axis on g2 must give o2 -a = —1.

Suppose that, as Einstein and his coworkers would have preferred, there
is no action-at-a-distance. In that case, it must be that the results of our
measurements were set at the time the singlet pair was formed. So from the

point of view of the local realist camp, there’s nothing mysterious about the
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fact that measurements on the two spins always give opposite results even when
the spins are spacelike-separated: this only seems ‘weird’ because we do not
understand the extra physical parameters or ‘hidden variables’ which govern

the spin values assigned to the spins at the time they interacted.

Introduce a hidden variable

Let’s denote the hidden variable or hidden variables by A. This (these) vari-
able(s) can be discrete or continuous - we’ll treat A as the latter. If A is the
result of measuring oy - & and B is the result of measuring o2 - b then now we

have

A@,\) = +1
B(b, )) +1 (1.94)

Il

where under the Einsteinian definition of ‘locality’ we insist that A # A(b),
and B # B(a). In other words, the only way in which the measurement results
depend on each other is in the original preparation of the state, and not in the
way in which the measurements are subsequently performed.

Denote the probability distribution of A when a large number of systems are
prepared in an apparently identical fashion by us by

/ p(N)dA = 1 (1.95)

I say ‘apparently’ because of course we have no understanding or control of the
hidden variable(s). By integrating over this probability distribution, we can

obtain a classical expectation value for the product of o4 - & and o3 - b:
P(a,b) = / dX p(A\)A(a, \)B(b, \) (1.96)

The expectation value which is predicted by quantum mechanics (and which

has been experimentally observed) is given by
E(ab) = (01-4x0z-b)=—a-b. (1.97)

In this discussion, the symbols FE and P are used to denote quantum mechanical
and classical expectation values respectively. The following sections describe
how Bell shows that hidden variable theories lead to an inequality between

expectation values which experimental observation shows to be incorrect.
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Hidden variables are consistent with the results of measurements on
a single spin

Although the real issue here is whether a hidden variable theory can accurately
describe the results of measurements on a pair of spins, it is first worth checking
whether such a theory can work for the results of measurements on a single spin.
Clearly, that is a prerequisite. Consider a spin-half particle in a pure spin state
with polarization p. In this case it will be convenient to represent the hidden
variable(s) by a unit vector A which has a uniform probability distribution over
the hemisphere X p>0.
Let the result of measuring - & be

sign X - &’ (1.98)

where &’ is related to & and P in an arbitrary way. However for this exercise,
we shall set the angle between &’ and P to be 8’. Thus if a is the polar angle
(see Figure 1.1 ) then

-

O<a<m—6 : X-&a>1
a>m—6¢ : Xa<1 (1.99)
and averaging over \ gives this expectation value:

(5-a) = /sign:\-:«'i' di
A

- L ” d<¢>l /r (sign A - &')da

2'” ¢=0 m a=0
_ l =0 _ m
- T ( IO aln—o’)
. -0 —(n—(x-40"))

T

20’

- 1-= (1.100)

where r and ¢ are the redundant radial and azimuthal spherical coordinates.
Now we specify the exact relationship between &’, 4, and p. It is this: we

obtain & by rotating & towards p until

’
1- 2 = cosf (1.101)
s
So we get
(6 -8) =cos 8 (1.102)
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sign A.a' = -1

Figure 1.1: Geometry for a spin-half particle in a pure spin state with polar
ization p, and one or more hidden variable(s) represented by A, which has a

uniform probability distribution over the hemisphere A*p>0.

which is the correct quantum mechanical result since by the definition of spin

polarization, p = (a), and 0 is the angle between p and a.
Hidden variables are not consistent with the results of separate mea-
surements on two spins in a singlet state

So, hidden variable theories are capable of satisfying the prerequisite condition
of correctly describing the results of measurements on a single spin. Now, one
now needs to consider whether they are capable of performing the task their
proponents claim they are able to perform, ie. correctly describing the results

of 2-spin measurements. First, note that:

* The probability distribution p is normalized:

J dXp(X) | (1.103)

+ Since the two spins are in a singlet state, measuring them along the same

axis always gives opposite results:

Afa, A= -Bfa, A (1.104)
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Now we introduce a third axis for spin measurement: €. What’s the differ-
ence in P(a,%) between measuring the spin of particle 2 along axis & = b and

along axis % = ¢7

P(a,b) — P(a,&)

/ p(N) [A(é, M) B(b, \) — A(a, \)B(&, ,\)} dX

/ p(A)A(a, \)B(b, ) [1 - B(b,\)B(&, )\)J dA
since B(b,\)? =1
= - / p(M\)A(a, N A(b, ) [1 + A(B,/\)B(é,,\)} dA

using equation 1.104. (1.105)
Now,
A = H£1,
p(N) > 0, (1.106)

and thus the maximum value of the integrand occurs for A(a, A) = A(b, A) = +1
for all A. Thus one gets the inequality

|P(a,b) — P(a,8)] < / p(\) [1 + A(b, \)B(&, ,\)] d»  (1.107)
ie.

|P(a,b) - P(a,&)] < 1+ P(b,¢). (1.108)
Any hidden variable theory, regardless of how physically reasonable it is in
other respects, must produce expectation values that satisfy this inequality for

all &,b,¢.
If this condition is not satisfied, we must conclude that hidden variable theo-
ries cannot accurately describe the results of spin measurements along arbitrary

axes on two spins that are in a singlet state. We arrived at this conclusion in a

very general way - by assuming:

e Measurements made along the same axis on spins 1 and 2 must always

give opposite results.

e There are one or more hidden variables, each of which has a definite initial

value for a given singlet pair. The value of each variable may evolve up
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until the time of the measurements in a way we are indifferent to. The
addition of these hidden variables absolutely determines our measurement

results on the individual spins.

o The hidden variables are distributed according to a probability distribu-
tion p(A) for a large number of systems which we believe we have prepared

identically.

In fact, it is easy to find a choice of the directions &, B,é that violates this

inequality, as is shown in the next section.

A choice of measurement axes which violates Bell’s inequality

Choose &, b, & such that they all lie in the same plane and the angle between
a,bis /4, and the angle between b, & is also w/4. The angle between &, ¢ is
thus 7 /2.

Using the quantum mechanical result in equation (1.97) for the expectation

value of the product of o1 - & and o3 - b, one obtains

. T T 1
E@a,b)-FE@,8)| = |- z T -0
|E(a,b) (a,2)| | — cos ) + cos 2| | 7 +0| =0.707
(1.109)
and
14+ E(b,E) = 1—cost=1- -1 —0.203 (1.110)
b 2 - ﬁ . .
and hence Bell’s inequality is violated:
|E(a,b) — E(a,&)] > 1+ E(b,8&) (1.111)

Bell’s theorem and entanglement

Bell’s theorem is inherently relevant to entanglement theory because, as shown
above, it is an entangled state of two quantum systems (ie. the singlet state)
which violates Bell’s inequalities. Testing for a violation of Bell’s inequalities
has thus become the standard method for demonstrating the existence of en-
tanglement in a system [27].

However, it is now known that although all states which violate Bell inequali-
ties must be entangled, the converse is not true. In fact, all pure entangled states
violate Bell inequalities, but, as shown by Werner, some mixed entangled states
do not [28, 29].
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1.3.2 Quantum teleportation

Until 1993, physicists believed there was a very good reason why one could not
transmit unknown quantum states from one location to another. That reason
was the collapse of the wavefunction. How could one transmit a quantum state,
it was reasoned, when attempting to measure that state inevitably destroys
most of the information carried by that state?

In 1993, Bennett et al [1], developed a method of transmitting quantum
states that circumvents this objection. At no point is a measurement made that
will destroy the information in the quantum state that is being transmitted.
They called this method ‘quantum teleportation’, an inspired choice of name as
the inevitable association with ‘Star Trek’ guaranteed widespread media cover-

age of their new paper.

Summary of the teleportation protocol

The protocol is summarized graphically in Figure 1.2.

Let Alice be the sender, Bob the recipient. Alice prepares two quantum
systems in a maximally entangled state: the ‘carrier pair’. Alice sends one of the
two entangled systems to Bob: call this the ‘target system’. Now Alice performs
a Bell-state measurement on the joint system composed of the quantum system
whose state she wishes to teleport (the ‘source system’) and the local half of the
carrier pair: call this the ‘local pair’.

Alice’s Bell-state measurement projects the target system into a quantum
state related to the original state of the source system by a simple unitary
transformation. Which transformation depends on which Bell-state the local
pair was projected into by the measurement. Alice sends by classical means the
result of the Bell-state measurement to Bob, who can then apply the appropriate
transformation to bring the target system into a state identical to the original

state of the source system.

Description of the teleportation protocol

Bennet et al described the protocol in terms of spin-1/2 particles, but it is
equally applicable to teleporting the state of any 2-state or N-state quantum
system. First, Alice prepares two spin-1/2 particles (particles 2 and 3) in an

41



Figure 1.2: Outline of the Bennett et al. teleportation protocol [1].
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EPR singlet state:

95) = \%amu)s ~1Dalt)s) (1112)

Here, |1) represents the spin-up state |T) and |]) the spin-down state |]). The
entanglement in the singlet pair will transmit the quantum-mechanical part of
the state that is to be teleported. Alice then sends particle 3 to Bob, who can
be any distance away. Alice is also in possession of particle 1, the particle whose

unknown quantum state she wishes to teleport. This state is represented by
|#1) = alf)1 +bli)1 where |a|* + [b* = 1 (1.113)
The joint state of the three particles is

|W123) [#1)[¥23)

(alf)s + b|l)1)%(|T)2|l)3 C1Dal)s)

I

5—5(”)1”)2'”3 M1l)2]T)3) + \/—(Il)llT 2/l)s = [I1l1)2lT)3)
(1.114)

This state contains no entanglement between particle 1 and the EPR pair, so no
measurement we can make on the EPR pair can obtain any information about
the state of particle 1. Instead, make a joint measurement of particles 1 and
2. The effect of this is most obvious if one rewrites |¥;23) in terms of the Bell

states of particles 1 and 2: Starting from equation (1.114) one obtains:
|W123) = —lﬁ(—almmzma + | hT)2ll)a) +
Z5(alMhlTalb)a = b1 I1alDs)

= 3| ZMilba — niMa)(=alt)a — bi)a) +
—(|T>1|l>2 +[lN2)(=alT)s + bll)s) +

-5l

7(lT>1|T>2 = [D1ld)2)(all)s +b]1)3) +

—('T>1|T>2 + [D1ll)2)(all)s — b|T)s)

S
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Table 1.1: Relationship between Alice’s Bell state measurement result, the state
of Bob’s particle after her measurement, and the correction Bob needs to apply
to it

Bell state | State particle 3 is | Transformation Bob needs to
measured | projected into by | apply to particle 3 to repro-
by Alice Alice’s measure- | duce |¢;)
ment

|¥52) - |¢1) None

+ -1 0 o . ,
125 0 1 [o1) 180° rotation about z axis

_ 01 . .
28] (1 0> |1) 180° rotation about x axis

. 0 -1 , ,
|972) 1 o |¢1) 180° rotation about y axis

= ‘;‘ [|‘I’1—2>(‘0|T)3 ~b|{)3) + L) (—alT)s + bl1)a) +

85,3 (all)s + B{T)s) + [933) (alL)s - bn>3)]
~ (- (b)) +1uh) ('01 ‘1’) (b) + o) (‘1) (1)) (b) v
0 -1 a
|97) (1 o) (b)] (1.115)

So if Alice performs a Bell-state measurement on particles 1 and 2, particle 3
will be projected into one of four states, each of which is related to the original
state of particle 1 by a simple unitary transformation (a sign change, or a 180
degree rotation around the z, y or z-axes), as summarized in table 1.1.

To ensure that Bob has the correct teleported quantum state, all Alice now

has to do is transmit via classical means the result of her Bell-state measurement
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to Bob. In other words, Alice uses a classical signal to tell Bob which Bell
state the joint system comprising particles 1 and 2 was projected into by her
measurement. Bob then applies the appropriate transformation to particle 3,
and brings it into a state identical to the state of particle 1 prior to teleportation.

Particle 1 has been completely disrupted by the teleportation protocol. Alice
is left with particles 1 and 2 in one of the four Bell states. These are maximally
entangled states that yield maximally random results for measurements on either
particle 1 or 2 separately. This is consistent with the no-cloning theorem [30]:
quantum information cannot be copied from one system to another, it can only
be moved.

Significance of the teleportation protocol

By using entanglement as a channel to move a qubit from one quantum system
to another, quantum teleportation makes explicit the role of entanglement as a
resource for QIT. It also provides a fundamental test for the existence of useful
entanglement: if a system is claimed to contain entanglement, can one devise a

variant of the teleportation protocol to exploit it?

1.3.3 Quantum key distribution

The term ‘quantum cryptography’, although widely used, is somewhat mislead-
ing. The cryptographic use of quantum information theoretic techniques does
not occur during the transmission of the encoded data itself. Rather, quantum
techniques are used during the distribution of the one-time key which ensures
the security of the data. For this reason, I prefer the more precise term ‘quantum
key distribution’ (QKD).

QKD actually revives the oldest form of classical cryptography, private key
cryptography. Before the invention of public key cryptography, this was the
only form of cryptography. Its great virtue is that it is provably secure. Its
great drawback is that there is no provably secure method of transmitting the
one-time key it uses over a public telecommunications channel. QKD exploits
the peculiarities of quantum mechanics to provide just such a method.

In private key cryptography, before sending the encrypted data to Bob, Alice
sends him (via some physically secure means such as a carrier pigeon, etc) a

random bit string of equal length to the data string. Alice then adds (modulo
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2) the key bit string to the data bit string, and transmits the result to Bob.
Bob simply performs the reverse of this procedure to recover the original data
bit string.

Private key cryptography can thus be performed using completely non-
electronic techniques, such as a book of one-time keys sent via a trusted courier,
and encoded messages printed in a newspaper advert. QKD provides the best
of both worlds - far more convenient key distribution over a public fibre optic
network. But these keys may still be used to decode messages sent through the
post!

Below I describe the original QKD distribution protocol, known as BB84

after its inventors and year of publication.

The BB84 QKD protocol
Bennett and Brassard [31] describe the following protocol:
1. Alice and Bob communicate using one of two non-orthogonal bases:

‘The rectilinear basis’:

Ir1) = (1,0)
Ira) = (0,1)
‘The diagonal basis’:
d) = (5 —5) = (in) + )
1 = (\/5’\/5 = \/5 Irl) T2)

1 1 1
|d2) = (75,—%) = 7§(|7‘1) — |r2))(1.116)

It is the non-orthogonality of these bases that provides QKD with its
security.
2. Alice chooses

e The key - a random bit string that will act as the one-time key that
she wishes to transmit.

e The base string - a string of equal length that will provide security

for the transmission of the key.

3. Alice encodes each bit from the key as either 0 = |r1),1 = |rg) or 0 =
|d1),1 = |d2) depending on the value of the entry in the base string at the

same position, and transmits the qubit to Bob.
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4. As Bob receives each qubit, he randomly decides whether to measure it in
the rectilinear or diagonal basis. The corresponding bit of his measured
key is set according to his measurement result. Since Bob only measures
in the correct basis half the time, only approximately half the bits in his
received key are correct. This fraction is further reduced by imperfections

such as attenuation of the signal or detector inefficiencies.

The remainder of the protocol can be performed over a classical communi-
cations channel that is assumed to be subject to eavesdropping. However this
channel should be immune to an eavesdropper - who we shall cunningly call Eve

- inserting her own messages or modifying existing ones:

5. Alice and Bob exchange messages to determine which qubits Bob success-
fully received, and which of those was measured in the correct basis. This
necessarily involves transmission of the base string, but by now it doesn’t
matter as it is too late for an eavesdropper to use the base string to eaves-
drop on transmission of the key. At the end of this step, Bob knows which
bits in his key string should be correct.

6. Suppose Eve makes a measurement on a qubit as it passes from Alice to
Bob. One can show that:

o Any such measurement made by Eve, followed by her subsequently
learning the correct basis in which she should have measured the
qubit, will yield no more than % a bit of information about the key
bit encoded by the qubit. This is intuitively obvious, as Eve will only

measure in the correct basis half of the time.

e If Eve then retransmits that qubit to Bob, in the hope of concealing
her eavesdropping from him, if she obtained b < % bits of information
about the key bit then with probability /2 Bob’s measurement of
the qubit will disagree with the state originally chosen by Alice.

e Therefore, in the optimal case, Eve intercepts and measures all qubits
in the rectilinear basis, obtaining a correct result for half of them, and
causing Bob’s measurement of the retransmitted qubit to disagree for

a quarter of them.

7. Therefore, Alice and Bob can detect eavesdropping by publically compar-
ing a certain fraction of their key bits. By doing this, they of course make
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these unsafe to use. The positions of the bits should be randomly chosen

so that any eavesdropping will be detected.

8. If all of the sample key bits agree, then Alice and Bob can conclude that
there has been no eavesdropping, and it is safe to use the remaining,
undisclosed, key bits as a one-time pad for private key cryptography over

a public channel.

9. Although Alice and Bob now know there has been no eavesdropping, trans-
mission errors may have led to disagreements between the remaining key-
bits. Therefore they perform two procedures on these keybits: i) infor-
mation reconciliation, and ii) privacy amplification, in order to generate
a subset of bits for use as a private key. There is not the scope to de-
scribe these protocols in detail here. But information reconciliation is
essentially error correction performed over a public channel. Eve can in-
evitably obtain some information about the key bits from the information
reconciliation protocol. Thus, privacy amplification is then performed,
which reduces Eve’s information about the key bits to below an accept-
able threshold.

The EPR QKD protocol

The BB84 protocol does not exploit the properties of entanglement in any way,
although one could certainly use entangled qubits in it. In 1991 Ekert [32]
showed how entangled states could be used to generate the key bits. His scheme

relies on the strange properties of entanglement for its security. Here it is:
e A source located between Alice and Bob creates singlet pairs.

e Alice and Bob measure their respective halves of each singlet pair along
unit vectors which, for simplicity, lie in the (z,y) plane. They are ex-

pressed below in spherical polar coordinates (7,0, ¢).

o Alice’s vectors are:

. ™
ai = (lagvo)
T T
a = 17_3_
a2 37
T T
a - 17_»— .
a3 1,5.3) (1.117)
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Bob’s vectors are:

. T T
bl = (17 512)
N T T
b2 = (lv -2'a 5)
o~ T 37
by = (1,5,7) (1.118)

For each measurement, Alice and Bob choose randomly from one of the

above vectors.

Each measurement result is :t%, and potentially reveals one bit of infor-

mation.

Let us denote the probability that Alice’s measurement along a; gives +1

and Bob’s measurement along f)j gives 1 by

P (a;, b)) (1.119)

Then the correlation coefficient of Alice’s and Bob’s possible measurement

results is:

E(a;,b;) = Pyy(a;,b;)+ P__(a;,b;) - P._(a;,b;) - P_,(a;,b))
(1.120)
But quantum mechanics tells us that
E(a;,b;) (01 -4 o2 -by)

= —&-by (1.121)

If Alice and Bob measure along the same axes, their results are perfectly

anticorrelated. Hence

E(az, b)) = E(as by)=-1 (1.122)

Clauser, Horne, Shimony, and Holt [33] define this quantity:

S = E(a;, b)) — E(a),bs) + E(a3,b,) + E(a3, b3)
(1.123)
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As you’ll see shortly, evaluating this quantity will enable Alice and Bob
to detect any tampering with the singlet pairs that are used to generate

the key bits. Evaluating S quantum mechanically we obtain:

S = -4 -b;+4a;-b3—az-b; —as- bz

—cos (¢} — ¢%) + cos (¢4 — ¢%) — cos (¢} — ¢3) — cos (6§ — ¢3)

—cos z——0 + cos 3_7r_0 — cos T_r — cos EE—E
4 4 4 2 4 2

V2
4
- - 5= —-2V2 (1.124)

e After the pre-agreed number of qubits have been measured by Alice and
Bob, they inform each other over a public channel of the directions they
used for each measurement. From this discussion, they divide their mea-

surement results into three categories:

1. Measurements for which Alice and/or Bob failed to measure any par-
ticle at all. These results are discarded.

2. Pairs of measurements made along the same direction: This group of
results is a source of correlated classical random bits, which will be

used as the key for encrypted messages.

3. Pairs of measurements made along different directions: This group of
results are uncorrelated classical random bits, so are not suitable for
use in the key. But instead, and ingeniously, Alice and Bob can use
them to verify that no substitution of the genuine singlet pairs with
qubits prepared with known spins by an eavesdropper has occurred.

First we need to consider the question of straightforward eavesdropping.
This is impossible, as the information which constitutes the key does not come
into being until Alice and Bob make their measurements. The flying qubits of
the singlet pairs do not carry any information about the key. They just carry
the ability to make the key when Alice and Bob make their measurements. It is
a curious feature of this QKD technique that, although superluminal transmis-
sion of a predetermined classical message over a quantum channel is provably

impossible, Alice and Bob can create a string of classical data which is a useful
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resource (ie. the key) simultaneously, even though they may be separated by a
spacelike interval.

Although eavesdropping is doomed to failure, measuring the qubits en route
could aid an eavesdropper in that the resulting projection onto a definite spin
direction would enable the eavesdropper Eve to forge her own key. Subsequent
use of the forged key by Alice and Bob would of course be insecure. We deal
with this attack next.

Alice and Bob can use the measurements in category 3 to detect forgery as
follows. They simply calculate S as given above in equation (1.123). If no tam-
pering has taken place, it should yield the value given in equation (1.124). If Eve
has measured the qubits of the singlet pairs, or subsituted them with her own
specially prepared qubits, one can show that S will have a value incompatible
with equation (1.124).

Suppose that Eve measures the qubits destined for Alice and Bob along her
own axes N, and fp, where i, and 0, also lie in the z — y plane and have
azimuthal angles a, 3 respectively, and p(fi,, fip) is the normalized probability
distribution for the axes that Eve measures along for a given pair of spins. Then

the S calculated jointly by Alice and Bob becomes
s = / p(fia, ftp)dfigdiis [(al +11g) (b1 - fip) — (& - fia)(b3 - fip)

+(8a - Bia) (By - i) + (&g - fia) (Bs - fu,)]

= /P(ﬁa, fip)di,diip [COS (¢ —0)cos (8 — g) — cos (a — 0) cos (8 — 3%)
+cos(a— 3)con (9~ §) -+ cosar - J)cos (s - )|

= /p(ﬁa, iy )dil,diyy [cos (a)71-§(cosﬁ + sin 8) — cos (a) %(sin B — cos 3)

+ sin (a) %(cos B + sin 3) + sin (a)\/ii(sin B — cos ,B)]

PN | . .
= /p(na, np)didiy, — [cosacosﬂ + cosasin 3 — cosarsin 3 + cos a cos 3

V2

+sinacos 3 + sinasin 3 + sinasin 8 — sinacosﬁ}
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2
/p(f)a, fip)di,diiy — | cos a cos B + sin asin 3

V2
/ p(fig, ip)di,ditp V2 cos (8 — @)

I

I

/ (g, fip)dhigdity[V2h, - fip)
— —V2<85<V2 (1.125)

Thus, you can see that regardless of the axes Eve measures along, the value of
S subsequently determined by Alice and Bob in their discussion cannot possibly
equal the value of —21/2 they would obtain if no tampering had taken place.
Ekert’s QKD protocol is provably secure against this, the simplest type of attack.

A more sophisticated attack would be for Eve to forge entangled states of
three spins, keeping one of the spins as an auxiliary. The idea is that she
measures its spin state after Alice and Bob have made their measurements, by
which point her spin will have already been projected into a definite spin state
which will tell her the result of Alice and Bob’s measurement. Ekert points out
that using such a state will mean that Alice and Bob’s two particle state will be
mixed, rather than pure as it would be if it were the genuine singlet state. He
makes the conjecture that whatever 3-spin state is chosen, Alice and Bob will
be able to detect the tampering via their measurement of S.

Aschauer and Briegel have now shown that, with a few minor modifications,
the standard two-way entanglement purication protocols are sufficient to make
Ekert’s protocol perfectly private. They show that the final state of the protocol
factorizes into a product state of Eve on one side, and Alice and Bob on the

other side - Eve has been ‘factored out’ [34].

1.3.4 Quantum computing
Overview of quantum computing

The qubit There are certain computing problems that are intractable using
conventional computers. Quantum computing exploits some of the distinctive
features of quantum mechanics to provide a big enough speed-up to make these
problems computable.

The speed-up is provided by using qubits rather than bits. The qubit is a
parallelised equivalent of the bit, which makes use of the fact that a quantum

system may be prepared in a superposition of its possible states. A qubit is
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defined thus:
@) = a|0)+b|1), |a|>+|b®?=1. (1.126)

An input register made up of n qubits may thus be prepared in a superposition
of all 2™ possible values of an n-digit binary number. With sufficient care, it
is possible to preserve this superposition whilst applying a quantum algorithm
to the input values. The output register will also be in a superposition of
states. Measuring the state of the output register will of course collapse this
superposition to just one of the possible output values. However, this does
not make the exercise pointless, as the type of problem for which a quantum
computer is suited is one where it is easy to check whether the answer given is
the correct one. Factoring a large number is an example of such a problem. If
the answer is wrong, one runs the algorithm again. The speed-up provided by
the quantum parallelism outweighs the overhead of having to run the algorithm

many times before obtaining the correct answer.

Quantum gates A classical gate takes one or more input bits, performs an
operation on their values, and produces one or more output bits. A quantum
gate performs the same function with the superposition of values carried by its
input qubits. An example of a quantum gate is the CNOT. It has two input
qubits, A and B. A is the control line, B is the data line. For each state
in the superposition of states of the complete system AB, it flips the state of
qubit B if and only if the state of qubit A in that superposition equals one. An
important feature of a quantum gate is that it must be reversible, that is to say,
it must be possible to reconstruct the input data to the gate from its outputs.
As a consequence, a quantum gate must have an equal number of inputs and

outputs.

Quantum computation requires a universal unitary transformation

Any function f can be regarded as a transformation taking n bits to m bits, ie.
f:4{0,1}* — {0,1}™ (1.127)

To achieve this on a classical computer requires a set of classical gates which are
universal. The equivalent statement in quantum computing is that any quantum

computation can be regarded as a unitary transformation taking a state of n
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qubits to a state of m qubits. A universal set of quantum gates are a set that

may be used to construct a completely arbitrary unitary transformation.

A universal set of quantum gates must have at least one entangling

gate

Bremner et al [35] show that any entangling two qubit gate is universal for
quantum computation, when it is assisted by one qubit gates. A similar exercise
[36] shows that the same result holds for an entangling two qudit gate assisted

by one qudit gates. Here, only the simpler two-qubit case is considered.

Lemma: A two-qubit gate U is universal iff its action generates

entanglement.

Outline of proof

e Bremner et al define a gate U as primitive if it is a product of one-qubit
gates or if it is equivalent to the SWAP gate. Otherwise, it's imprimitive.

e They show that any imprimitive gate U together with one-qubit gates can
be used to implement W = exp(i¢Z ® Z) where 0<|¢|< 7.

e Then they show that one can produce the CNOT gate by combining W
with one-qubit gates.

e .. since CNOT is universal, W and ... U must be universal.

e Since any universal gate is entangling and any entangling gate is imprim-
itive, the class of entangling gates is the same as the class of imprimitive

gates.

Details of proof In the following, the symbol equév v is used to denote equiv-
alence between two unitary transformations. If, by applying one qubit gates to
the two-qubit unitary gate U, one can reach the two-qubit unitary gate V, then
U and V are said to be equivalent.

1. Define

vy,

(1.128)

V = expli(0; X®X+6,YRY +6,Z2Q2)
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2. For an imprimitive gate, at least one of the 8, is non-zero.

3. First consider the two special cases where one or two of the 6, is 7 and

the others are zero:

(a) Special case 1: 6, = §,0, =6, = 0. Then V = exp[i{Z ® Z] and so
the desired W has been obtained.

(b) Special case 2: 6, =6, = §,0, = 0. Then:
VeliXelyr _ e TVX®IV! _ ifY®Z _ ,ii202Z (1.129)
and again the desired W has been obtained.

4. Now consider the more general case, 6, # . Now

I®Z)XX)I®Z) -(X®X)
I®Z)(YRY)I®Z) —-(Y®Y)
I®Z2)(Z®Z2)I®Z) = +(ZK2Z)

Il

(1.130)
thus:
I®Z)WIRZWV = e I®2)i(0: X®X+6,Y®Y+0.202Z)(I82)y/
ei(—O,X@X—GyY®Y+0,Z®Zv
e210:20Z _ i0Z®Z _ (1.131)

The aim now is to get from W to a CNOT. First, one expresses W in

a more convenient form

5. A rotation of a qubit about the z-axis is given by (cf. eg. Nielsen and

Chuang page 174):

R(8) = ei%/2
= cos(0/2)I —isin(6/2)Z
e—i0/2 0
= ( 0 ei"/?) (1.132)
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So with a little manipulation, you can see that W is equivalent to a con-
trolled rotation about the z-axis:

ei®Za®Zp  _  Za®idZs
_ v ZavisZor
- - n!
)" )"

= Y ———(d’? (Za®ZB)+ Y (d")

n odd n: n even n:
= cos¢p+isingd(Z4®Zp) (1.133)

Then
4(0]eZ2a®6eZm)|0) , =  ,4(0|cos¢ +isingd(Z4 ® Zp)|0)a

= cos¢+ising(a(0/Z4|0)a ® Zp)
= cos¢+ising(l ® Zp)

= ¢'%Zs (1.134)
and similarly
a(1]eZ48GeZR)|1) . = cos¢ —isingZp = e %8 (1.135)
Thus
974828 = 10)44(0| ® €7 +|1) g a(l| @ €797
= 10)44(0| ® I+ [1)aa(l] ® e*I91Z8 (1.136)

6. Introduce the following notation for a controlled rotation about an arbi-

trary axis n:

equ'_l_v U

U, [0)(0| ® I + |1)(1| ® ei™(X:¥:2), (1.137)
So Ujo,0,2/¢|) is the symbol for the controlled rotation in (1.133).

7. One can apply one-qubit gates to the second qubit to change the azis of
rotation but not the angle of rotation. So one can always find a one-qubit

gate A to go from n to n’:
(I® AUL(I® A = Uy. (1.138)
Now, apply one-qubit gates to turn W into a CNOT:
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8. The target gate is CNOT, defined by

Uoomry 2 CNOT. (1.139)

You can see that CNOT is reachable from this as follows:

Uoorrzy = 0001+ 1){1}® ei(m/2Z
in/2
e 0
= |0>(0|®I+|1)<1|®( 0 e—i'n/2>
(1 000 00 0 0
0 000 0 0 ein/2 0
\0 0 00 00 O e—im/2
(1 00 0
010 O
- (1.140)
0 0 72 O
\o 0 0 —i

where equation (1.132) has been used.

It is easy to reach CNOT from this: one simply applies the identity
HZH = X to qubit B, where H is the Hadamard gate:

(Ia ® Hp)U(0,0,x/2)(1a ® Hp)

1 10 o\/100 o 1 1 0 0
1|1 -10 0oflo10o of1]1 -10 o0
“V2lo o1 1|loo i ol V2]o 1

0 0 1 -1/\0o 00 —i 0 1 -1

1000
lo1 0 0
“lo 0 0 i

00 i 0

(1.141)

All that is needed to reach CNOT now is to apply the phase gate

1 0
S = (0 1) (1.142)
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to qubit B:

(Ia® SB)(Ia ® HB)U(0,0,x/2)({a ® Hp) =

10 0 0\ /1000 1000
01 0 offorool fo100| .o
00 —i o||l0o o0 0 i 000 1
00 0 —i/\0 O i O 0010

(1.143)

9. So in fact, the goal is to reach Ug o x/2):

o First, use Ug 9,24y @ number of times q = %%2'.

o If 2|¢| doesn’t exactly go into n/2, an extra gate is needed for the

remainder:
Um where 0 < |m| = % — 2gl¢| < 2|¢. (1.144)

¢ To obtain Uy, the following controlled rotations are useful:

Uoo0 = Uo26)U0,0,-20)

Uooa4ie) = Uw0,0,2160U(0,0,21¢1)

e If n is chosen such that |n| = 2|¢| then
Un = U2 (1.146)

and thus one obtains another Uy, from
Un = Uw0.26)Un- (1.147)

In this Up,, |m| varies continuously as a function of n, so by the Inter-
mediate Value Theorem it must pass through all the angles between

0 and 4|4|. So a suitable choice of n gives |[m| = § — 2q|4|.

e So, since U(g 0,jm|) = Um, one gets
Uoor/2y = Uoaend® AUmI ® A" (1.148)
where A is an appropriate one-qubit gate.

10. Hence, CNOT can be implemented using a combination of any entangling
U and one-qubit gates.
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Quantum logic gate model of the teleportation protocol

It is possible to model the teleportation protocol, which was described in section
1.3.2, as a quantum logic gate circuit. This has the advantage that Alice does
not have to perform a Bell state measurement. Under this model, Alice performs
a CNOT on qubit 1 (the qubit whose state is to be teleported) and her half of
the Bell pair (qubit 2), using qubit 1 as the control line. This has the following
effect on the state of all three qubits from equation (1.114):

|W123)" = Ulkor|¥123)
= %(IT)lll)ﬂl)a = ThilN2ITs) + %(ll)l”hll)s = D1l)2(T)3)
(1.149)
She then performs a Hadamard transform on qubit 1:
M = 25D+ 1)
= D=1 (1.150)

hence
Wiza)” = By = 210+ [0 LDelbds = D)
21 = 10Dl ~ Dal1)s)
= 5 (Inuima(altia + o) + 11l - D) +

|unnx—mn3—mwa+¢nunxmns+wn9)
(1.151)

One can see that this is the same as equation (1.115), except that Alice’s qubits
are in a pure product state rather in Bell states. These are considerably easier
for Alice to measure. Thus, Alice measures which pure product state her qubits

are in, and she and Bob complete the protocol as described previously.

1.4 Conclusion

This chapter has outlined some of the necessary tools and concepts in quantum

information theory, and some of its most common applications. The following
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chapters consider how these methods can be a

pplied to describe quantum states
of indistinguishable particles.
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Chapter 2

Entanglement of

indistinguishable particles

2.1 Introduction

As shown in chapter 1, the peculiarly non-local correlations exhibited by the
states of quantum systems are key to the implementation of quantum infor-
mation processing technologies, such as quantum computation and quantum
teleportation. However, it is easily shown that the correlations due to the
(anti)symmetrization of the states of indistinguishable bosons (fermions) are
not themselves a physically useful resource for quantum information technologies
(QIT): for example, there is no measurement one can make locally on a fermion
in a localized state which is affected by the existence of identical fermions in
other parts of the universe [37]. However, it is possible to produce entanglement
that is a resource for QIT by suitable preparation: for example, by producing
a |¥)~ Bell state of the spins of two fermions. Indeed, in practice, all potential
implementations of QIT involve identical particles (such as photons, electrons,
or protons) as ‘carriers’ of entanglement.

For example, any proposal for a solid state implementation of quantum com-
puting will almost certainly use states of indistinguishable particles to carry the
qubits. Examples of such proposed implementations are the Kane computer [2],
and Loss and di Vincenzo’s proposal [38]. It is therefore important to be able to

quantify the degree of ‘useful’ entanglement in a system of identical particles.
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Figure 2.1: Positioning of ‘A’- and ‘J’-gates relative to donor nuclei in the Kane

quantum computer (reproduced from [2]).

A-Gates b
J-Gate
1

2.1.1 Why the focus on fermions?

There is a particular focus on one particular class of indistinguishable particles
in this chapter - fermions. Why is this?

Fermions are the matter particles of our universe - protons, neutrons, and
electrons (which are of special relevance to QIT) are all fermions. Also, ap-
proximately half of all atomic nuclei are fermions. We thus need to understand
entanglement between fermions to understand entanglement in metals, liquid
3He, and cold, degenerate gases.

Plus, entanglement in bosons is better understood, as photons are bosons
and their entanglement has been well studied by the quantum optics community.
Also, the canonical two-state system used to study entanglement is the spin-half,

which due to the spin statistics theorem, must be a fermion.

2.1.2 The Kane proposal

Kane proposes a solid-state quantum computer in which the qubits are carried
by spins of 3'P donor nuclei (spin 3) in a ?8Si (nuclear spin 0) substrate. The
hyperfine interaction couples the spin of a 3P nucleus to its excess electron
(which is localized because the system is kept cool). The nuclei and associated
gates are arranged as in Figure 2.1.

Single-qubit operations (such as the Hadamard transform) are performed by
‘A’-gates positioned above the 3! P nuclei: these perform single-qubit operations

on them by manipulating the associated electron. The coupling is thus
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hyperfine
electron =" nucleus

Two qubit operations (such as the CNOT gate) are performed by ‘J’-gates
positioned above the midpoint between pairs of 3!P nuclei. These control the
strength of the exchange coupling between their associated electrons, and thus
the strength of the coupling between the nuclei. The coupling is thus

hyperfine exchange hyperfine
nucleus =" electron “—°° electron t——"¢ nucleus

Uswap is achieved by exploiting the energy difference between two different
entangled nuclear spin states: |10 + 01) can be (controllably) raised with respect
to |10 — 01) by hv;. Hence

10(t)) = e7* (™2™ + 1)|10) + (e7>"*¥* — 1)[01)] (2.1)

so by allowing evolution for t = %J— we swap |10) to |01). So the implementation
of the swap gate (and hence of the CNOT gate) in the Kane computer explicitly
depends on being able to entangle the spin states of nuclei.

To read qubit values, one transfers the nuclear spin polarization to the elec-
tron and determines the nuclear spin state by its effect on the orbital wavefunc-

tion, via capacitance measurements.

2.1.3 Why is quantifying entanglement between indistin-
guishable particles a problem?

Discussion of the entanglement between pure states of indistinguishable particles
has previously been dealt with almost as a separate topic from that of distin-
guishable particles. It is the aim of sections 2.3 through to 2.7 to show that the
entanglement of pure states of either type of particle can be described within
the same theoretical framework. This framework involves the von Neumann
entropy of the reduced density matrix for the subsystem whose entanglement
with the rest of the system we wish to find, expressed in an occupation number
basis [39]. This also allows us to understand better the division between spin
and spatial entanglement in systems where both may exist, and the manner in
which entanglement may be transferred between spin and space. It is important
to emphasize that in sections 2.3 to 2.7 only pure states of the full system are
considered. It is already known that for such states the von Neumann entropy
provides the correct measure of entanglement between two distinguishable sub-

systems [40]. The case of an overall mixed state, for which (as discussed in
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section 1.2.9) the definition of an entanglement measure is more subtle [41], is
not addressed.

In section 2.3 the partitioning of Hilbert space that is implicit to any mean-
ingful definition of entanglement is discussed. In section 2.4 some requirements
for a successful entanglement measure are reviewed, and in sections 2.5, 2.6,
2.7 the extent to which three potential definitions meet these requirements is
considered. In section 2.7 it is demonstrated that one of these definitions, the
site entropy measure due to Zanardi, passes all the tests, and can be related
to the conventional definition of entanglement in the limit where the exchange
symmetry of the particles is irrelevant.

Finally, the entanglement predicted by Zanardi for one particular system,
the doubly-occupied bonding molecular orbital, is justified in section 2.9, which
presents a teleportation protocol capable of teleporting two qubits. This is

consistent with the entanglement value of two ebits predicted by Zanardi.

2.2 There is no entanglement due to the overall

symmetry of the wavefunction

This section shows that the (anti)symmetrization of the wavefunction of two
indistinguishable particles, which may be in remote locations from one another,
does not lead to any measurable entanglement. What does ‘remote’ mean in
this context? Broadly speaking, the length scale of the measuring apparatus
required to perform a given quantum measurement defines what is ‘remote’ for
that particular measurement. For example, if A represents a measurement that
cannot be performed with equipment bigger than one metre, then a state |¢x)

localized more than one metre away is ‘remote’.

2.2.1 Definition of a ‘remote’ state for any measurement

More generally, the state |¢px) located at site X is ‘remote’ with respect to
site A if [|A|¢x)|| is vanishingly small for any operator A, where A represents a
quantum test performed at a location near to site A. Using Schwarz’s inequality,

one has

Kov|Adx)> < (ovov)(Adx|Adx)
(dv|oy)l|Adx]I*. (2.2)

Il
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Thus since ||A¢x|| is vanishingly small, any matrix element of the inner prod-
uct of Al¢x) with some other state |¢y), which may not be remote, is also

vanishingly small.

2.2.2 Entanglement and overall symmetry

The overall (anti)symmetrization of the wavefunction for two bosons (fermions)
applies to any two such particles in the universe. However, it’s easy to show
that this has no effect at all on any measurements one makes on just one of
those particles [37]. Suppose that Alice and Bob each possess a particle of the
same type (fermion or boson). Alice prepares her particle in the state ¢4 and
Bob prepares his in the state ¢p. Then, the overall state of the two particles,
which are labelled ‘1’ and ‘2’ will be

Uy = %[d’A Qdépt dp® dal (2.3)

where the first state in each tensor product is that of particle 1, and the second
state is that of particle 2.

Now suppose that Alice can perform a measurement of an observable A. In
order that this operator is agnostic as to whether it is particle 1 or 2 in Alice’s

possession, it must be written
A9I+I®A (2.4)

where the same ordering convention as above has been used for each tensor
product. Nielsen and Chuang [42] give the following identity for linear operators

A and B acting respectively on |v) and |w):
(A® B)(|v) ® |w)) = Alv) ® Blw). (2.5)

Thus the expectation value of this operator in the state ¥;5 is

(U] AQT+1® A|¥,,) =

—\};(wulx«im ® ¢p + ¢p ® Aa)
= —\};(%[dm ® ¢5 + ¢p ® da]|lAda ® ¢p + d5 ® Aga)
= 5 ((@aldioa) 3 05100 + @sl05) & (0allon) )
= (®alAlga)- (2.6)
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So the expectation value of Alice’s observable A has not been affected in any
way by the fact that the joint state of her and Bob’s bosons (fermions) is
(anti)symmetrized. The entanglement of an indistinguishable particle with any
other indistinguishable particle in another, possibly remote, location has no

measurable consequences.

2.3 Methods of partitioning Hilbert space of two

entangled spinful particles

Implicit to any measure which attempts to describe the entanglement of two
subsystems is an assumption about the correct manner in which to partition
the total Hilbert space. This section considers the requirements for a correct
partitioning, and looks at how this is actually performed by existing entan-
glement measures. It will frequently be necessary to talk about the states of
internal degrees of freedom of particles. Therefore, for brevity any states of such

internal degrees of freedom will henceforth be referred to simply as ‘spin states’.

2.3.1 Requirements for partitioning
Tensor product structure

In order to express entanglement between two components of an entangled sys-
tem, some kind of partitioning of their Hilbert space is necessary to identify the
‘components’. The aim is to quantify the entanglement resource shared between
parts A and B of a composite quantum system. These parts may be identified
with particles (in the case of a state of the system where the particles are lo-
calized), with sites (in the case of a state of the system where the particles are
delocalized over sites), or with some arbitrary subdivision of an experimental
apparatus (as will be examined in section 3.4.4). For the purposes of the greater
part of this thesis, subsystems of a system will be considered to be synomymous
with sites. But it is important to emphasize that the conclusions made here are
more general: they apply to any division of a system into subsystems.

For entangled states of distinguishable particles (or particles which are ef-
fectively distinguishable because of their localization) one would normally use a
tensor product structure H = H 4 ® Hp where H4 and Hp are Hilbert spaces
for states of particles in parts A and B. It is important that we correctly par-
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tition the Hilbert space because this ensures that basic operations such as the
partial trace pp := trpp (defined in section 1.1.7) are valid. The partial trace is
the correct and only way to describe the properties of one part of a composite
quantum system when nothing is known about the other parts, as it gives the
correct measurement statistics for observations on that subsystem [6].

But if one attempts to use the tensor product structure partitioning for

entangled states of indistinguishable particles, two problems are encountered:

e The Hilbert space of two indistinguishable particles is a symmetric or

antisymmetric product, not a direct product.

o There is no correspondence between the particles and the subsystems used

in the partitioning.

Delocalization

For spin-only entangled states of distinguishable particles—i.e. states where we
have unambigously given one particle to Alice, and the other to Bob—the phrase
‘the states of Alice’s spin’ is completely equivalent to the phrase ‘the states of
Alice’s particle’. There is no ambiguity about which particle Alice has in her
possession at any time, and therefore there is no logical difference between a
one-site (local) unitary transformation, and a one-particle (possibly non-local)
unitary transformation. Thus when deciding on a basis in which to describe the
spin-only entanglement of a system of distinguishable particles it may seem a
matter of taste whether spin states should be assigned to particles, or to sites.

However, it is perfectly possible to write down states in which each particle
is shared between Alice and Bob. An example of such a ‘spin-space entangled
state’ is obtained if particle 1 is put into VIE(A 7 +B 1) and particle 2 into
\_}‘E(A | +B }), where A, B are site labels, ie.

W = (400 BN 14D 18 D)
(D@ +IBD@+ AN+ D) @)

Indistinguishability

When the entangled particles are indistinguishable, one can no longer be sure

which particle Alice has in her possession. The distinction between one-particle
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unitary transformations, and one-site unitary transformations becomes relevant.
Entanglement should be invariant under one-site unitary transformations, but
not necessarily under one-particle unitary transformations, which may generate
entanglement if they involve both subsystems. An entanglement measure which
works successfully for indistinguishable particles must respect this distinction.
The natural way to achieve this distinction is to use a basis which assigns

spin states to sites rather than particles.

2.3.2 Partitioning used by existing entanglement measures

When partitioning the total Hilbert space of two entangled quantum systems,

we need to ask ourselves:

e For indistinguishable subsystems: to what extent can my system be re-
garded as a symmetric/antisymmetric product of the single-subsystem

states?

¢ For distinguishable subsystems: to what extent can my system be regarded

as a direct product of the single-subsystem states?

In most descriptions of entanglement, the tensor product structure is used,
for example in the entanglement measure introduced by Wootters [9]. This mea-
sure is suitable for spin-only entanglement of localized distinguishable particles.
However, it does not describe which site a particle occupies, so is not suited
to describing either entangled indistinguishable particles, or entangled states of
distinguishable particles where the ‘particle’ and ‘subsystem’ divisions do not
coincide.

One example where indistinguishable particles have been treated is by Schlie-
mann et al. [43] [44], who explicitly consider the antisymmetric product space
belonging to two fermions, each of which inhabits a four-dimensional one-particle
space. They write a general state in the six-dimensional two-particle Hilbert

space as

lwy=" Y wacleyl0) (2.8)

a,be{1,2,3,4}

where a,b run over the orthonormalized single particle states, and Pauli exclu-

sion requires that the 4 x 4 coefficient matrix w is antisymmetric: wap = —wpq.

68



It may seem that Schliemann’s partitioning is indeed in terms of sites rather
than particles, since the single particle states are labelled by sites. But, as
we shall see later, Schliemann’s measure is derived by considering the num-
ber of elemental Slater determinants needed to expand the entangled state. It
is therefore actually a particle-based, rather than a site-based, description of
entanglement. As a consequence, as will be shown later in this document, it
suffers from a number of serious flaws; in particular, it is possible to devise
one-site (i.e. local) transformations which generate ‘entanglement’ according to

the Schliemann measure.

2.4 Desirable properties of any entanglement mea-

sure

What are the desirable properties of an entanglement measure?

2.4.1 Invariance under local unitary transformations

If a measure is correct, it should not be possible to generate ‘entanglement’
using only unitary transformations local to a particular site (as expressed by
equation 1.56).

2.4.2 Non-invariance under some non-local unitary trans-
formations is not an undesirable property

Conversely, it should be possible to find non-local (i.e. multisite) unitary trans-

formations which change the entanglement.

2.4.3 Correct behaviour as distinguishability of subsys-
tems A and B is lost

A correct measure should also reflect the fact that entanglement is affected when
the distinguishability of the subsystems involved is lost. A simple example of
this is as follows. For two fermions whose spin degrees of freedom are maximally
entangled, we require that as the overlap of the single-particle spatial wavefunc-

tions approaches unity the entanglement should asymptotically approach zero.
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This is easily seen by considering the full expression for the Bell basis states in

terms of Slater determinants.

Behaviour of |¥)* Bell states

If the two fermions are localized, one in site A and one in site B, then the [¥)*

Bell state can be written

1

|B)* = —(IT1) £ |11)) (2.9)

S

2

where the full expression for |T]) is

- L[0T @ e L)

V2{94(2)1(2) ¢5(2) 1 (2)

Here, ¢4 and ¢p are the spatial states corresponding to sites A and B, and 1

. (2.10)

and 2 are the particle labels. When the two fermions are brought together to
occupy the same site, the spatial parts of the two single-particle states coincide,

i.e. p4 — ¢p, and we have

1

#(1) 1) ¢(1)1(1)
[T4) — 7

6(2)1(2) $(2)1 ()
_ 8@ |10 1(1)
12 12

7 (2.11)

where ¢ is the same spatial state for sites A and B.

A similar result is obtained for || 1), but with an exchange of columns and
therefore the same result applies for it as for |1]) but with an overall minus
sign. Hence |1]) and || 1) are now linearly dependent, and the behaviour of the
entangled Bell state is:

e Smge L G0R)

M), [HD T(l))
2] |12 12

(1)¢(2)(T(1)l(2)— (W1)

©-

L(L(1)1(2) - r(m@))) (2.12)
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and hence

(1) U1

)T —
)™ — ¢(1)9(2) 1@ 1@

(2.13)

up to a normalization factor, whereas |¥)* — 0.

Thus the one ebit of entanglement present in a |¥)* state should be de-
stroyed as the spatial overlap of the two fermions’ wavefunctions asymptotically
approaches unity—in the case of |¥)* because the state itself is destroyed, and
in the case of |¥)~ because the entangled Bell state becomes a non-entangled
product state. (At least, this is the case if neither Alice nor Bob can measure
with spatial resolution sufficient to determine the substructure of the spatial
state ¢.) A correct entanglement measure should reflect this fact.

For a pair of bosons in the |¥)* state, exactly the same loss of entangle-
ment would occur, although the behaviours of [¥)* and |¥)~ are exchanged,
due to the change of sign introduced by the use of permanents rather than

determinants.

Behaviour of |®)* Bell states

Both the |®)* and |®)~ Bell states are destroyed as the spatial overlap of the
two fermions’ wavefunctions asymptotically approaches unity. This is readily

seen by considering the behaviour of the determinants for the individual kets:

T i TOREOREORYCY

V2|9a(2) 1(2) ¢8(2)1(2)
o(1)T(1) (1) 1(1)
#(2) 1(2) #(2)1(2)
= 0 (2.14)

baA—dB
—

and similarly for |||). It is therefore easy to see that the |®)* Bell states are
both destroyed as the spatial overlap increases:

1
V2
s LY (2.15)

@)= = (ESIN)
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2.5 Wootters measure for distinguishable parti-
cles (tangle)

In his definition of entanglement, described in section 1.2.5, Wootters considers
a general spin-state of two distinguishable particles where it is implicit that the
particles are effectively made distinguishable by occupying definite and orthog-
onal spatial states. Since the tensor product decomposition of H allows us to
define a reduced density matrix pp describing the mixed state of system B,
the von Neumann entropy of pp is a natural measure of entanglement. The
Wootters entanglement is simply a reexpression of this.

Since Fwootters €Xpresses the entropy of a single site, there is no single-site
operation which can affect it.

The Wootters measure applies only when the particles are totally distin-
guishable by virtue of occupying distinct sites. But our aim is to describe more
general states in which each particle occupies a superposition of sites—what
happens if we simply go ahead and use the Wootters measure regardless? Since
the Wootters measure does not depend on the nature of the spatial states, there
is no way its value can change. So for example, there is no way that the Woot-
ters entanglement of a |¥)* Bell state will ever be affected by the spatial overlap

of the single-particle wavefunctions of the constituent particles.

2.6 Schliemann measure for fermions

Schliemann et al. [44] define the entanglement of spin states of a pair of fermions
by

n(w) = [{w|w)|, (2.16)
where the dual w of w is defined by

~ 1
Wap = Ee“b"dmd (2.17)
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and the coefficients w,; are as defined in equation 2.8. The inner product is

expressed as

({@w) = ) Wapwea(Olescactch|0)
abed

= Z fadewabwcd
abcd
= 8(wi2w34 + Wi3Wa2 + WiaW23). (2.18)

A similar definition was introduced for a pair of bosons by Paskauskas and
You [45]. However, their equivalent of Schliemann’s w-matrix is symmetric,
rather than antisymmetric as Schliemann’s is. This permits non-zero entries on
the diagonals - these correspond to the doubly-filled states which are of course
forbidden by the exclusion principle in a system of two fermions.

A comparison with Hill and Wootters’s pure state concurrence, in equation
(1.48), shows that Schliemann’s measure is motivated by the desire to find an

analogous measure for fermions, with the dual w as the ‘spin-flipped’ state.

2.6.1 Slater decomposition form

It is possible to relate the Schliemann measure n to the number of elemen-
tary Slater determinants that are required to construct the entangled state.
The Hilbert space for a two-fermion, K-site system is the antisymmetric space
A(C?X ® C?X). Any vector in this space can be represented in terms of single
particle functions fl( i which are members of the single-particle space C2K, by
the Slater decomposition

1 K

|¥) = T Zzifll(,-)flg(,-)lo) (2.19)
V2iz1 |2i]? =1

This is reached from equation 2.8 via a suitably chosen unitary transformation
= D Us(fy) (2.20)
b
which implies that in the new basis
w =UwUT. (2.21)

The number of non-zero coefficients z; required to construct |¥), i.e. the number

of elementary Slater determinants, is known as the Slater rank of the entangled
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state. Then for a two-fermion two-site system, |¥) has Slater rank 1 (consists

of a single Slater determinant) iff n(|¥)) = 0.

2.6.2 Behaviour as overlap of single particle wavefunctions

is increased

This entanglement measure behaves in the following way as the overlap is in-
creased between the single-particle wavefunctions of the particles, as is shown
in Figure 2.2. As the fermions are brought together, the basis states

11,110, 141, 111)} are no longer orthogonal. Thus, orthogonalization was
necessary, and this was achieved using Léwdin’s method [46, 47]. The orthogo-

nalized version of w is given by

Worth = MuwM! (2:22)
where the M matrix
cosh(6/2) 0 sinh(8/2) 0
1 2 .
M = (1-8%3 0 cosh(6/2) 0 sinh(6/2)
sinh(6/2) 0 cosh(6/2) 0
0 sinh(6/2) 0 cosh(8/2)
(2.23)
in the Schliemann basis
and
S = [(¢ald)l
sinh(8) := LA
T Vi-82
1
cosh(f) := = (2.25)

You can see that the M matrix mixes together the spatial but not spin parts of
the wave function, e.g. it connects A T with B 1, but not with A | or B |.
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Figure 2.2: Schliemann entanglement 7 of all Bell states vs overlap S = {(¢a|®s)|

of single particle states.
n
1

0.8

2.6.3 Relation to Wootters measure

Let us consider how the Schliemann measure works for the class of states con-
sidered by Wootters:

[#) = a|1T) +b|TL) +¢c[LT) +d|ll),
la)> + b2 + ]2 +]d)> =1 (2.26)

In the representation used by Schliemann, we can write the w-matrices for the
two-particle basis states in the A T,A |, B 1, B | basis as

(0 0 § o) (0 0 0 o)
w0 00 Of 0 0 o0 %
T7-1 00 0o " 0 0 o0}

\0 0 0 0) \0 -1 0 0/

(000%\ (0000\
w0 000  fo o 1o
"Tlo oo of T ]o -1 0o

\-1 0 0 o \0 0 o0 0

(2.27)

Therefore the state considered by Wootters,
l9) = alTT) + b[T1) +c[lT) +d|l]),
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|a|® + || + |c|® + |d|? = 1, has the coefficient matrix

0 0 a b

110 0 ¢ d

w=Z 2.28

2|l -a —-¢c 0 O (2.28)

-b —-d 0 O
and thus we obtain the relation
[(@lw)| = |e***wapwed|
= |8(w12w34 + Wizwa + Wiswa3)|
= 2|ad — bc| = /7. (2.29)

Hence for the state of two distinguishable particles considered by Wootters,

the Schliemann measure 7 is related to the Wootters ‘tangle’ 7 by

n= T (2.30)

2.6.4 Non-invariance under local unitary transformations

We can however easily show that there are local {(one-site) unitary transforma-
tions that generate ‘entanglement’ by the Schliemann measure. Consider this

two particle state:
1 1
[¥) = —\75(021 + CET)E(CLL +cj))I0).- (2.31)

The physical interpretation of this state is that it describes a doubly filled ‘molec-

ular orbital’
|4) +|B)

2.32
7 (2.32)
where |A),|B) are the spatial states for sites A, B respectively.
Its antisymmetric coefficient matrix is
1 1

11 1 -1 -1
w=-——=— 2.33
2VEva| . 1 . (233)

-1 -1

giving a Schliemann entanglement of 7 = 0 (no entanglement, since it is a single

Slater determinant).
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Now consider applying the infinitesimal one-site two-particle unitary trans-
formation (1 —ieH) with H = Un41na). This purely local operation transforms
the w-matrix to

1—eU . 1

which gives a Schliemann entanglement of n = 8|%‘U| = 2¢U which is non-zero
to first order in e. We have succeeded in generating Schliemann ‘entanglement’
via a purely local unitary operation, something that it should not be possible
to achieve.

2.6.5 Invariance under non-local unitary transformations

Although the conclusion does not necessarily indicate a problem with the Schlie-
mann measure, for the sake of completeness we now consider whether an in-
finitesimal two-site one-particle unitary transformation has any effect on Schlie-
mann entanglement. This example is generated by a Hamiltonian describing
intersite hopping accompanied by a spin-flip:

H= t(CInCBl + chchT). (2.35)
(The spin-flip is introduced so that our state is not an eigenvector of H). The
Hamiltonian’s action on our example state is
t
2

Hence applying the infinitesimal unitary transformation (1 — ieH) with this

t
H|y) = ~5chicp;10) + 5ch el 0). (2-36)

operator to our example state |1)) = %(CLT + CLT)VI—;(CL s c}; 1)10), we obtain

a w matrix with extra terms +iet in the AT B 1 and B | A | locations:

0 1 —det 1
1] -1 o -1 —iet
w— = v (2.37)
4| 4iet 1 0 1

-1  4iet -1 0

which has a Schliemann entanglement
1

n= 562t2 = O(?). (2.38)
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Thus, to first order in ¢, the Schliemann entanglement of our example state

is unaffected.

2.6.6 Understanding the anomalous behaviour of the Schlie-

mann measure in terms of the Slater decomposition

The Slater decomposition representation of an entangled two-fermion, two-site
state described earlier provides a particularly simple way of understanding why
the Schliemann measure does not behave correctly under either two-site one-
particle or one-site two-particle unitary transformations.

According to Schliemann et al., a two-fermion two-site state is entangled
iff it has a Slater rank greater than one. It is well-known that a one-particle
unitary transformation applied to a Slater determinant will produce another
Slater determinant, whereas a two-particle transformation will produce a su-
perposition of Slater determinants. Therefore any one-particle two-site unitary
transformation will not affect the Slater rank of a state and so will not change
the Schliemann entanglement, despite being a non-local transformation. Sim-
ilarly, all two-particle one-site unitary transformations will modify the Slater
rank of a two-fermion two-site state, and therefore will change the Schliemann
entanglement, even though they are local. Schliemann’s measure therefore fails
to behave as we expect. The entanglement measures introduced in [45] and [48]
suffer from analogous problems, since both are based on the rank of the state.

2.7 Zanardi measure

Zanardi [39] considers the Fock space of N spinless fermions in a lattice with L
sites. The state space Hp(N) for this system is given by

Hy(N) :=span{|A)/A € P}} (2.39)

where the antisymmetrized state vector |A) is given by the Slater determinant

)= o= 3 (D 8 ) (240)

" PeSN

and where P is a permutation chosen from the symmetric group Sy which
contains |P| transpositions and thus has parity (—1)!P!, P} denotes the family
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of N-site subsets of the site labels, and [¢,,,,) is the single particle state for the
j* site where j is a member of the subset P .
For some |¥) € Hy(N), the local density matrix for the ;" site is given by

pj = tr;| ) (¥| (2.41)

where tr; denotes the trace over all but the j‘h site, and therefore the von Neu-
mann entropy of p; is a measure of the entanglement of the 4t site with the
remaining N-1 sites. We will now show that, unlike the other candidates, Za-
nardi’s measure possesses all the desirable features of an entanglement measure
that we have listed above. This is due to the fact that Fock space (to which this
representation maps the Hilbert space of a set of indistinguishable particles) has

a natural product structure.

2.7.1 Behaviour as overlap of single particle wavefunctions

is increased

Section 2.6.2 considered how the Schliemann entanglement of a |¥—) Bell state
of two fermions is destroyed as the overlap is increased between the single-
particle wavefunctions of the fermions. What happens to the Zanardi entangle-
ment of this state when the same process is performed?

To evaluate this, the same Lowdin orthogonalization code was used as in
section 2.6.2, and the orthogonalized w-matrix was then converted to the occu-
pation number representation.

To perform the conversion, one runs over the elements that lie above the
diagonal, and for each one calculates the corresponding location in the Fock
space vector. For example, the A T A | element in the w-matrix, wyo, is the

coefficient in the term
w2 cLTcLlIO) (2.42)

in the summation in equation 2.8, and thus is the |1100) element in the Fock
vector. This element is set to twice the value in the w-matrix, due to the

commutativity of single particle operators for fermions.
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This process yields the following ket:

___S
V2(1+59)

0

0

1
;;2(1+SZ)

0

I\I’—)orth = 0 (2.43)

1

—;72(1+sz)

0

0
s

V201457

0
0

\ o)

in the usual occupation number basis
{lnarnaynpging))} = {0000}, ,OOOI), ey [1111) ). (2.44)

The results are shown in Figure 2.3. As § — 1, the Zanardi entanglement
actually increases to 2 ebits. The cause of this can be readily understood by
referring to the orthogonalization M matrix given in equation 2.23. The orthog-

onalization procedure produces these two single particle spatial basis states:

cosh (8/2)| A) + sinh (6/2)| B) (2.45)
sinh (6/2)| A) + cosh (6/2)| B) (2.46)

You can see from equation (2.25) that S, the overlap between the single particle

states, and 6 are related as follows:
S—1 . -0 (2.47)

Thus as § — 1 these states will tend to an equal mixture of |A) and |B). It
therefore becomes equally likely that one will find either no particles, a single
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Figure 2.3: Zanardi entanglement F of a |¥—) Bell state of two fermions vs

overlap S = [(¢aq|ds)| of single particle states.

Zanardi E ebits
2

=
N b Oy

spin-up particle, a single spin-down particle, or two particles on a given site.
This situation corresponds to two ebits of Zanardi entanglement, as has been

seen previously.

2.7.2 Application to an example state

This section investigates further the properties of Zanardi’s ‘site entropy’ entan-
glement measure. For example, for the (fermionic or bosonic) state considered

in a previous section
Lot oty Lot oo
= —=(cyay + cpy) —=(cy, +cp))I0) (2.48)

V2 V2

the density operator for the full system is

%)

. 1
p=(chy +chp)(chy +ep)I0)0N(eas +e)(ear +epr).  (2:49)
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One can now express this density operator as a density matrix in the binary

{na1,nay,npt1,nB|} occupation number basis, ordered in binary number order:

p = i(|1100) +]1001) — |0110) + |0011))((1100| — (0110 + (1001| + (0011|)
(0 00 0 00 0 0O O OO O 0O 0\
000 0 0O O 0O O 0O O 00O
000 0 00O O OO O 0O O 0O00O
000 1 00 -1001 001 000
000 0 00O O 0O O 00 0 000
000 0 00 O OO O 0O O 0O0O
000 -100 1 00 -100-10200

1000 0 00 0 00 0 00 0 000
~“ 4000 0 00 0 00 0 00 0 00 O
000 1 00 -1001 001 000
000 0 00O O 0O O 0O O 00O
000 0 00O O 0O O 0O O 0O O
000 1 00 -1001 001 000
000 0 00 0 0O O 0O O 00O
000 0 00 O 0O O 0O O 00O
ko 00 0 00 0 00 O 0O O 00O O0)
(2.50)
in the basis
{lnarnainging)} = {lnarna)} ® {Inping)}
= {|00),|01),[10),[11)}®*
= {|0000), |0001), |0010), |0011),
[0100), [0101), [0110), [0111),
|1000), |1001), |1010), |1011),
|1100),1101), [1110), |1111)}.
(2.51)

Note that this basis is a tensor product of the occupation number bases for site
A and site B, and is thus suited to expressing the entanglement between those

two sites. As will be seen later, in section 6.4.4, if instead one were to take the
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tensor product of two single-spin, two-site bases

{lnainpinaine;)} = {lnanet)} ® {|lnainp))}, (2.52)

the density matrix obtained would contain sign changes from the above density
matrix. These sign changes correspond to the action of the (anti)-commutation
relations for fermions (bosons). However, using the above density matrix ex-
pressed in equation 2.51, one can reduce the matrix to site B by tracing out
states of side A using combinations of na1 = 0,1 and na; = 0,1 since the
number of particles on site A is 0,1 1,1 |, or 2. Thus one performs
pB = z
nar=0,1,n4;=0,1

(nar,nai|(nr,nplplng;, n'g|)|nAt, Aay),

(2.53)
giving
1 0 00
110 1 0 0
o = — 2.54
PB =7 001 0 ( )
0 0 01

in the {np1,np;} = {0,0}, {1,0}, {0,1}, {1,1} basis. The von Neumann entropy
of this is
1

A . . 1
S(pp) = —tr(pp log, pp) = —4(; logy ) = 2. (2.55)

Therefore, according to Zanardi’s site entropy entanglement measure this
example state contains two ebits of entanglement. By contrast, as has been seen
above, the Schliemann measure gives zero entanglement for this state. Section
2.9 gives an explicit construction showing that two qubits may be teleported
using this state, further supporting the entanglement value given by the Zanardi

measure.
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2.7.3 Behaviour under unitary transformations
One-site two-particle (local) unitary transformations

As before, one applies the infinitesimal one-site, two-particle unitary transfor-

mation (1 — ieH) with H = Unainga|. The result is
1+ €2U?

(2.56)

|-
(==

1

Hence, unlike the Schliemann measure, to first order in € the site entropy mea-
sure is invariant under one-site two-particle unitary transformations. This is the
correct behaviour for an entanglement measure: one cannot generate or destroy

entanglement through a purely local unitary transformation.

Two-site one-particle (non-local) unitary transformations

Let us apply the transformation generated by
H = t(cly;cn) +chjcar) (2.57)

to the doubly-filled molecular orbital |¢) = \—/l—i(cin + CLT)V%(CL Lt cg )10).
Tracing out site A, we obtain the reduced density matrix for site B,

1 . .
1 —2iet

2.58
+21et 1 ( )

Rl
o]

I
e e

1

in the {npr,np;} = {0,0},{1,0},{0,1},{1,1} basis. To first order in € this is
not equal to the untransformed pp. Therefore, two-site unitary transformations
can modify entanglement in the site entropy picture, even if they only operate on
one (delocalized) particle. This conclusion is as we would expect. The reduction
in Zanardi entanglement caused by this non-local U is plotted in Figure 2.4, for

the allowed values of et.
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Figure 2.4: Zanardi entanglement E of the doubly-filled molecular orbital after
the application of the non-local unitary transformation generated by equation

(2.57).
2t

2.7.4 Site entropy measure applied to a completely gen-
eral state

Bosonic particles.

Let us now apply the site entropy description of entanglement to completely
general two-particle, two-site states. Since the case of bosonic particles does
not have the additional complication of the exclusion principle, we consider it

first. The state can now be written in terms of the w-matrix as

)= > wablb}l0) (2:59)
a,b€{1,2,3,4}
where 1,2,3,4= A1,A |,B 1, B | label any set of internal degrees of freedom,
and w is now a symmetric coefficient matrix.
Transforming this to the site-spin occupation number basis {na1,na;,nB1, "B}
and tracing out the states of site A, we obtain a reduced density matrix for site B

of block diagonal form, where each block corresponds to a particular occupancy
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(0,1, or 2 bosons) of that site.
PB,o .
pEMe=1 . bpa - (2.60)
pB,2
This is a 6 x 6 matrix, rather than the 4 x 4 g we previously obtained for the
two-fermion state, because Bose-Einstein spin statistics permit the extra site-B

double-occupancy states BT BT and B | B |.
The ‘zero particles on site B’ component is

ﬁB,O = |1U11|2 + |'LU22|2 + 4'1012'2 (261)
The ‘one particle on site B’ component in the B T, B | basis is

pp = ( 4|w13|2 + 4|’UJ23|2 4wyzwiy + 4’LU23U)54)
1=

* * 2 2 (262)
4w13w14 + 411]2311)24 4|w14| + 4|w24|
Finally, the ‘two particles on site B’ component in the

{B1B|,B1B1,B| B |} basis is

4|1U34|2 2w34w§3 2w34w24
ﬁB,2 = 2w§4w33 |U)33|2 w33w24 (263)

2
2w§4w44 w§3w44 |w44 |

Fermionic particles

Obtaining an expression for g g for a completely general fermionic state is simply
a matter of applying the Pauli exclusion principle to p%°°"¢. Under Fermi-Dirac
statistics, the only possible two-particle state on site B is B | B |, meaning
that the two-particle part of gp is reduced to the 1 x 1 submatrix

(P2,B)termionic = (4|w34|?) (2.64)

Similarly, the only possible two-particle state on site A is A T A |, meaning
that the probability of zero particles on site B is given by 4|w;2|2. Hence the
zero-particle part of p3%°m¢ is

(ﬁO,B)fermionic = (4'w12|2) (265)

The one-particle part of ﬁ‘g’“"ic is by definition not affected by Pauli exclu-
sion, and therefore (91,B)fermionic has the same form as (91,8)bosonic,; as given
in equation 2.62, although the actual values of the {wy,n,} are not necessarily
equal.
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2.7.5 Relationship to Wootters tangle

The origin of the Wootters entanglement measure is now readily understood. It
is simply the von Neumann entropy of the one-particle part pf of the reduced
density matrix in the occupation number representation for site B. Wootters’s

‘general state’

|#) = alTT) +b|T1) +c|lT) +d|ll),
la|® + > + |c? + |d|* = 1 (2.66)

where the kets represent |o4 og), can be rewritten in the occupation number

basis [nga T na | np T np ) as
a|1010) + b|1001) + ¢|0110) + d|0101). (2.67)

Tracing out site A yields the following reduced, correctly normalized, density
matrix for site B in the B T, B | basis:

. (]al2 +|c|? ab* + cd*)
pB =

2.68
a*b+c*d |b? + |d|? (2.68)

with eigenvalues

%(1 — /T 4jad = beP), %(1 + V1= 4ad = be). (2.69)

Applying the simplifications 7 = 4|ad —bc|? and = = %(1 + /1 — 7) these reduce
to 1 — z,z. Thus the entropy of pp is

S(pB) = —(logyz + (1 — x)logy(1 - 7)) (2.70)
which is identical to the Wootters result for entanglement given by

E=hz(1+VT=7)] (2.71)

2.7.6 Relationship to ‘mode’ picture of entanglement

The Zanardi measure is consistent with the ‘mode’ picture of entanglement

developed by van Enk [49]. According to him,

"In the quantum theory of light, which is a second-quantized the-
ory, it is not the ‘particle’, the photons, that form systems, but
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rather the EM field modes... the amount of entanglement depends
on the definition of the modes... Entanglement between two partic-
ular modes and the very definitions of the modes are only useful if

one can perform measurements on those modes”.

He describes how unitary transformations may be made between different ‘def-
initions’ of modes. Then he shows that for two photons occupying a system
of four modes, the minimum entanglement is Ey i, = 1, and the maximum is
Fax = 2. Clearly, this value of Fpax is consistent with the value found in
section 2.7.2 for the Zanardi entanglement in the doubly-occupied molecular
bonding orbital.

It is also completely consistent with the study in section 2.7.1 of the be-
haviour of the Zanardi entanglement of a |¥'—) Bell state as the overlap between
the single-particle wavefunctions of the fermions is increased. It was found that
the entanglement actually increases from one ebit at zero overlap to two ebits
at maximum overlap. Thus, the orthogonalization of the basis states used in
that exercise is equivalent to van Enk’s method of performing unitary transfor-
mations between different modes.

Hines et al.[50] have used van Enk’s mode entanglement picture to study
the entanglement between two tunnel-coupled Bose-Einstein condensates, and
between the two chemically distinct components of the atom-molecule Bose-
Einstein condensate. According to them, ”the entanglement is only meaningful
if the system is viewed as a bipartite system, where the subsystems are the two
modes”.

2.8 Vaccaro’s accessible entanglement, Ep

Vaccaro and co-workers have investigated the question of how much Zanardi or
mode entanglement is actually available for use.

Vaccaro and Wiseman [51] point out that in order to make full use of the
mode entanglement, it is necessary to change the number of particles at sites A
and B. In other words, fully exploiting Zanardi entanglement will violate local
particle number conservation.

Consequently, they propose a new measure called available entanglement,
Ep, which quantifies the entanglement available to Alice and Bob if they can

only perform operations which respect local particle number conservation. Ep
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thus gives the mode entanglement under an SSR for local particle number con-
servation. SSRs are discussed in chapter 4, and section 4.3 finds that the value
obtained for the Zanardi entanglement of the doubly-occupied bonding orbital
under the SSR for local particle number conservation is the same as the value
of Ep.

As the next section points out, in the case of bosons, one can circumvent
the objections of Vaccaro et al. by using a coherent state as a source/sink of
particles. Local particle number conservation is therefore not violated, as the
complete state of site A is a product of the coherent state plus Alice’s half of
the system that contains mode entanglement between sites A and B.

A subsequent paper by Vaccaro and Anselmi considers what role the phase
plays when using this coherent state technique [52]. They argue that the lack
of a shared reference phase between Alice and Bob results in the entanglement
being reduced to the value Ep; we shall return to this point in section 2.9.4

below.

2.9 Teleporting two qubits using an example de-

localized state

2.9.1 Protocol design.

Consider again the delocalized state
1 1
[¥) = —\5@11T + c}m)%(ciu +cl))10). (2.72)

Since the Zanardi measure says it contains two ebits of entanglement, we should
be able to teleport two qubits of quantum information using it. The standard
teleportation protocol was described in section 1.3.2. Clearly, since the two ebits
are spread across spin and spatial degrees of freedom, we shall need to modify
the original protocol somewhat. How can this be done?

The key to teleporting via the delocalized state (2.72) lies in recognizing
that the two ebits in the delocalized state are equivalent to two pairs of qubits,

each of which is maximally spin-entangled (‘channel pairs’), and making the
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following isomorphism:

{O'QO'ﬁ} = “TT)a ]Tl)? HT)’ lll)}

{natna,} = {|00),[11),[10),[01)}. (2.73)

This connects the occupation numbers of the single particle states of Alice’s site
to the states of Alice’s channel-pair qubits a and 3 in the spin-only representa-
tion.

Recall that a CNOT performs

T = 1D = 1T LT = [ L) — 1L (2.74)

i.e. we flip the second qubit in a basis state iff the state of the first (control)
qubit in that basis state is ‘up’. What does a CNOT on one of Alice’s two
channel-pair qubits look like after applying the above isomorphism? Using this
basis for the states of one of the source qubits (C) and Alice’s site (A):

{Inctncinarnay)} = {|1000),]1010), 1001}, |1011),
[0100),[0110), [0101), |0111)}
(2.75)

we obtain the following unitary transformation for the first ‘virtual’ qubit, which

we call a:
/01 00000 0\
1 000 0 00O
00010000
Uaz 0 01 00 00O
0 00 01O0O0TO0
00000100
000 0O0O0OT1O0
\0 0 0 00 0O 1)
(2.76)
The action of this is thus:
[1000) < |1010), |1001) « |1011),
|01na1na;) unchanged. (2.77)
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Referring to the isomorphism in (2.73) we see that this U flips the first ‘virtual’
qubit « in Alice’s half of the delocalized state iff the control qubit C is spin-up.
Similar considerations lead to a similar unitary transformation for the second
‘virtual’ qubit 5. We also note that since we are teleporting two qubits, we need
to send four classical bits to complete the protocol.

2.9.2 Protocol implementation.

The two CNOTs described above will clearly allow us to exploit the two ebits
of entanglement present in the delocalized state. However some consideration
needs to be paid to how we can implement these CNOTs. Considering again
the first ‘virtual’ qubit, the Hamiltonian we can use to generate equation (2.76)
is
Ha = [10)co(10](100)aaf10] +
1044(00] + [11)4(011 + 1014 11

1
= ‘2‘(0'7,,0 + 1)(C,TAT + CAT)

[0 0 00 0100
1[{1 o 1 0 1000 0000
=5[(0 ~1>+(0 1)]®[0000+(0001
\0 0 1 0 0000
(01000000
10000000
0100 00010000
:(10)®1000=00100000 (278)
00 000 1 000000000
0010 000000000
00000T0O0O0 O
\0 0 0000 0 0

in the usual occupation number bases for the single spin matrices, and double-

spin matrices respectively. U, can then be obtained through a straightforward
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exponentiation:

/010000 0 0

1 0 000 0 00O

0 0010 O0O0TO0

N N 0 01 00 O0O0OTO
Uso = —iexpliHy= ) = 2.79
¢ p( 2) 00001000 (2.79)

0 000 0100

0 00 O0OO0O0OT1O0

\0 0 00000 1/

The first expression given above for ﬁa used the bases

]ncTncl) and InATnAl). (2.80)

In the second expression for H,, the projectors for the occupation number
state of site A were reexpressed in second-quantized notation. Similarly, the

Hamiltonian generating a CNOT on the second ‘virtual’ qubit is
- 1
Hz = 5(0’;,(] +1) (CLTCLL + CALCAT) . (2.81)

Neither of these Hamiltonians conserves particle number, thus we need to
introduce a coherent source/sink of particles to the system. We shall see in a
moment that we can easily do this for bosons. Introducing a system D which

acts as a particle source/sink, H, becomes
Hy, = [10)cc(10] (CLTCD + c})cm)- (2.82)

At this point we face a problem. By changing the number of particles in
system D as a consequence of our CNOT, we are introducing new correlations
between the states of subsystems A and D. This is thus a type of decoherence
affecting the entanglement of the ‘carrier-pair’ AB. This is clearly unavoidable
in a real-world system, but we can show that for bosons, by choosing a suitable
initial state for subsystem D we can minimize this decoherence to a negligible
level. We seek to put system D in an approximate eigenstate of the creation
and annihilation operators, so that they leave it unchanged and no decoherence
of the entanglement in the AB carrier pair occurs. A suitable choice is the

coherent state

@) = expl—3lal") ¥ 57z ) (28)
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It is well known that this state is an eigenstate of the annihilation operator, a fact
which suits our requirements perfectly, but it is not an eigenstate of the creation
operator. However, as the mean number of particles |a|? in the coherent state
asymptotically approaches oo, the state asymptotically approaches an eigenstate
of the creation operator.

In a real-world system, how does the decoherence introduced to the system
relate to the number of particles in the source/sink system? Ozawa [53] has
looked at implementing a Hadamard gate using the standard spin-up, spin-
down computational basis, with a control system coupled via a rotationally
invariant interaction such as the Heisenberg exchange interaction. He finds
that the decoherence caused by the control system due to conservation of total
angular momentum is significant. Specifically, if the control system comprises
n spin-half systems, then the gate error probability has this lower bound:

1

P, > —.
~ 4+ 4n2

(2.84)

2.9.3 Applicability to fermionic systems

It is important to note that this method for coherently producing a non-number-
conserving interaction applies to bosons only. For fermions, Pauli exclusion
prevents us using such a simple approach and there is no analogue of the coherent
state available within the Hilbert space.

However, it would be possible to produce H s for fermion pairs, by using an S-
wave superconductor. Such a superconductor acts as a reservoir of Cooper pairs
with net momentum zero, and is to an excellent approximation an eigenstate of
cLTcTD \» and cprepy. If one were to construct a tunnel junction between Alice’s
system and such a superconductor, and allow Cooper pairs to tunnel across it,

then one would be able to construct an Hy along these lines:
o= : 1)( clypet beet 2.85
g = 2(‘7::,0 +1){ cyrca eD1eDy +Cacarepcp, |- (2.85)

2.9.4 Phase considerations due to the use of a coherent
state

Vaccaro and Anselmi have studied what role the phase plays when using this
coherent state technique [52]. They find that the lack of a shared reference
phase between Alice and Bob results in the entanglement being reduced to the
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value Ep. The phase difference arises because, using their model of transfer-
ring the mode entanglement to quantum registers, both Alice and Bob require
coherent states to act as sources/sinks of particles in order to make a full set of
transformations and make use of the full entanglement. However, even without
the quantum register approach, it can readily be seen that the use of a coherent
state introduces the need for a reference phase in the teleportation protocol, by
considering the state of the full system consisting of the qubit being teleported,
the shared state (doubly-occupied bonding orbital), and the coherent state(s)
at the end of the protocol.

Vaccaro and Anselmi argue that a shared reference phase can only be estab-
lished non-locally, by transporting particles between sites A and B, and hence
should be regarded as an additional non-local resource needed to make use of

the entanglement.

2.10 Conclusion

This chapter has examined the use of the Zanardi measure to evaluate the
entanglement between two indistinguishable particles. It relies on the fact that
when an occupation number basis is used to express the overall state of the
particles, their Hilbert space is a direct product of the Hilbert spaces of the
two particles. The von Neumann entropy can then be used as a measure of the
entanglement between the particles. However, the Zanardi entanglement is an
overestimate, due to the need to use non-local resources to establish a shared
reference phase. Vaccaro and Anselmi’s accessible entanglement quantifies the
reduction in the Zanardi entanglement due to this requirement.

Later in this thesis, chapter 4 discusses how entanglement between indis-
tinguishable particles is affected by applying superselection rules, that is con-
straints on the operations allowed on a quantum system. Clearly, that discussion
would not be possible without the Zanardi measure. The concept of an SSR
allows one to clarify issues such as the impossibility of constructing a coherent
source of fermions, due to Pauli exclusion, as has just been discussed.

Chapter 5 looks at a conjugate gradient algorithm to estimate the entangle-
ment of formation in mixed quantum states. This algorithm is combined with
the Zanardi measure in chapter 6 to study entanglement in degenerate quantum

gases, specifically a Bose-Einstein condensate, the Fermi sea, and a BCS super-
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conductor. These all involve indistinguishable particles (bosons or fermions)

and thus the existence of the Zanardi measure was a prerequisite for this study.
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Chapter 3

Spin-only, space-only,

spin-space entanglement

3.1 Introduction

We have seen suggestions in the previous chapter that entanglement can exist
both within the spatial degrees of freedom of a system, and within its spin
degrees of freedom. This chapter attempts to place this concept on a more

explicit footing. It asks these questions:

1. Is it meaningful to talk about entanglement between the space and spin

degrees of freedom of a system?

2. Is it meaningful to divide the total entanglement between two subsystems
of a system into the entanglement carried only in the spin degrees of

freedom, and that carried only in the spatial degrees of freedom?

Since the previous chapter established that the Zanardi measure correctly eval-
uates the entanglement present in pure states of indistinguishable particles, it
will be used when considering the examples of space-only and spin-only entan-
glement in this chapter.

In section 3.4.4 Zanardi’s measure is used to discuss spin-space entangle-
ment transfer. In section 3.3.1 it is shown that a space-only description of an

entangled system may be incomplete: in some sense, spatial and spin degrees
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of freedom can be ‘entangled’ in a system. This is made more concrete by con-
sidering two examples. In section 3.3.3 spin and spatial degrees of freedom are
traced out from a doubly-occupied molecular bonding orbital and the Zanardi
measure is used to evaluate the ‘entanglement’ between space and spin in that
orbital. In section 3.3.5 the same exercise is performed for the Omar appara-
tus, a hypothetical experiment that contains entanglement both in its spin and
spatial degrees of freedom, and which is described in section 3.2.

Finally, in sections 3.3.12 and 3.3.13 an attempt is made to relate the von
Neumann entropy of the reduced space-only and spin-only descriptions of the
doubly-occupied molecular orbital to the mutual information between possible
measurements. The Holevo bound is also obtained, and it is shown that it is
satisfied (but not saturated) by the one-site measurements considered in section
3.3.12.

3.2 The Omar thought-experiment

A particularly interesting system that contains entanglement both in its spin
and spatial degrees of freedom was introduced by Omar et al. [3]. They consider
an apparatus which takes as its input two pairs of indistinguishable particles,
A and B, each pair maximally entangled in some internal degree of freedom
(e.g. spin), and transfers some of that entanglement to the spatial degrees of
freedom of the particles. This is achieved by passing one particle from each pair
through a beam splitter on one side of the apparatus, and doing likewise with
the remaining particles from each pair through another beam splitter on the
other side of the apparatus (see Figure 3.1). The two sides are labelled 1 and 2.
The state of the particles at the beginning of the thought-experiment {‘the
input state’) in second-quantized notation is
%(aj”a}u + aillaLT)ﬁ(aEnaézl + aguang)- (3.1)
where eg. alur is a creation operator for a spin-up particle in arm Al, and the
'+’ sign for each pair of particles depends on whether that pair is in an m, =0
triplet (plus sign) or singlet (minus sign) state.

They draw three main conclusions:

1. By making certain measurements on the output state from the apparatus,
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Figure 3.1: The spin-space entanglement apparatus used in the Omar et al.

thought experiment (reproduced from [3]).
c1

D1

Side 1

Side 2

it is possible to determine whether the particles involved are bosons or

fermions.

2. The output state differs depending on whether both input states to the
apparatus are m, = 0 triplets, or if one is an m, = 0 triplet and the other

a singlet.

3. For the case where both pairs of particles in the input state are my = 0
triplets, some entanglement (they do not determine exactly how much)
is transferred from the spin degrees of freedom to the spatial degrees of

freedom. le. spin-space entanglement transfer is shown to occur.

Conclusion (1) can be achieved by measuring the total spin S for the entire
apparatus along the x-axis (which from the perspective of Alice and Bob on
sides 1 and 2 respectively is a non-local measurement), and then selecting the
S; = O results. If the particles are fermions, the wave function is projected onto
the state

= |00 + B (D) + [B) — 4D —sld)| . (32)
vV21v2 V2 V2 V2
where, for example, |L); represents both particles in the left arm on side 1
of the apparatus (bunching), and |A); represents one particle in each arm on

side 1 (antibunching). On the other hand, if the particles are bosons, the wave
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function is projected onto
1 (1 1 1 1
— | —=(|L —(|L —|A);1—=|A)2].

These states are orthogonal, and so can be distinguished between by a suitable

Y1+ |R) Y2+ |R)2) + (3.3)

measurement. This procedure thus gives a way of determining if the particles
are bosons or fermions.

For (2), we consider measuring the total spin on one side of the apparatus
only along the z-direction. As there are two spin-half particles involved, the
result of measuring S, can take the values 0 or 1 only. As total spin will have
been conserved, the measurement result for the same quantity on the other side
of the apparatus must be 0 or F¥1. Omar et al. show that the ‘++’ case and
the ‘+-’ case have different |5,| = 0 components of the output wave function
following such a measurement.

For (3), consider the entanglement between the two sides of the apparatus
present in the ‘++’ output state for fermions. For the |S,| = 1 component of the
output wave function, Pauli exclusion means that the terms must consist entirely
of anti-bunching spatial states. There can thus be no spatial entanglement
between sides 1 and 2 in this component as the spatial states are identical on
both sides for all terms. However, due to conservation of total spin, the spin
states on the two sides are perfectly correlated and thus there is one ebit of spin
entanglement between sides 1 and 2.

With the |S,| = 0 component, however, Pauli exclusion is not a factor, and
the terms in this component are a mixture of bunching and antibunching spatial
states. This component thus contains one ebit of entanglement between sides
1 and 2, carried both in the spin and spatial degrees of freedom. Omar et al.
do not attempt to quantify how much of this entanglement is spatial, and how
much is spin.

There has thus been a transfer of entanglement between sides 1 and 2. The
input state of two ms = 0 triplets contains two ebits carried only in the spin
degrees of freedom. The output state contains two ebits carried partly in the
spin degrees of freedom and partly in the spatial degrees of freedom. Omar et

al. call this spin-space entanglement transfer.
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3.3 Can space and spin degrees of freedom be

‘entangled’ with one another?

3.3.1 A density operator which gives correct measurement
averages for spatial measurements is also parameter-
ized by spin

For systems which contain spatial as well as spin entanglement, it seems natural
to try to obtain a reduced description of the system in terms of only spin or
spatial degrees of freedom by applying the usual technique of the partial trace.
One would expect this to yield a reduced density matrix which contains infor-
mation about only the spin or spatial degrees of freedom of the system. The
justification for using the partial trace is that it gives a description of a given
subsystem which is in agreement with statistics for measurements made on that
subsystem alone [6].

This section demonstrates that in fact, a density operator which gives the
correct statistics for a spatial measurement will necessarily contain information
about the spin of the system. In other words, it is impossible to obtain a truly
space-only density operator. Put another way, tracing out spin from such a
system will give a mixed spatial state, indicating that the spatial and spin
degrees of freedom are in some sense ‘entangled’ within the system. Converse
conclusions would of course apply to a spin-only density operator.

Consider N fermions occupying 2M single-particle states ¢;; = ¢i(r)a;
where

e ¢;(r) are spatial states withi=1,...,. M

® «; are spin states with j = 1,2

2M
This system is described by ( N ) Slater determinants {|¥ g)}. The expec-

tation value of some purely spatial operator A := fi(rl, ...,TN) between those

Slater determinants is given by (¥ g|A|¥%) =
o 0 unless the set of spin functions is the same in |W¥ g}, |¥%).
e Ap p s where P, P’ denote the set of spatial states in |¥g),|¥%) respec-

tively, and S is total spin.
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Using the {|¥g)} as a basis we can write some general state as

|¥) :=)cr|¥r) (3.4)
R

2
where R labels one of the ( 1]\\74> Slater determinants. Then

(UIAW) = ) cr(Yr|AITr)cr
R.R
= Z A3 p, p3 ps by using the usual result (A) = tr(pA)
P,P'.S
= Y > Appdp (3.5)
S PP

We now wish to write this using continuous indices rather than discrete set
labels. Equation (1.2.21) in [54] gives (A) = tr(Ap) in an arbitrary basis

IT') = |T17'-'7TN> (36)
where |r) is a Slater determinant with particles at rq,...,rn as
(A) = /A(r, p(r',rydNr dNv' (3.7)

where the integral symbol denotes an integration over continuous position vari-
ables, or for the case of discrete variables, a summation, and where the matrix

representations of A and p with respect to |r) are
A(r,r') = (r1, ..., TN|AIT,, o TN
p(r,r’) =D Wi(r)wi T (r') (3.8)
i
So here, we can write
(U|A|P) = Z/d1'1...drNdr;...drijS(rl...rNr'l...r},) x pS(ry...TNT1.TN)
’ (3.9)

' / / ’ ~ ' 4
= /drl...drNdrl...drNA(rl...rer...rN) X Pspatial(T1--TNT1.-.TN)

(3.10)

where

A = Y A% and pupatiar = »_5° (3.11)
S S
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and

P5(rhrrrn) = D whp Up(r] ) Th (r1.TN) (3.12)
PP’

Note that since each AS and 5% has a different spatial symmetry,
/ ASpS o bss (3.13)

Thus, the ‘space-only’ density matrix pspatial Which gives the correct statis-
tics for measurements made by the spatial operator A is in fact a sum of density
matrices {5°} which are parameterized by the total spin quantum number S.
In some sense, it is incorrect to say that pepatial is purely spatial, as it includes
information about spin.

It is possible to draw an analogy here with the work of Peres et al [55],
who show that for a single free spin-% the reduced spin-only density matrix is
not covariant under a Lorentz transformation, and therefore the von Neumann
entropy of the spin-only density matrix is not relativistically invariant. However,
Peres’s work applies only to a single spin-%, not a system of spins, and therefore

some caution should be exercised with this comparison.

Variable number of particles

If the number of particles N in the system is variable, then p is an incoherent

mixture of pure states, and the expectation value of Ais

(Ay:= Y pPHATE. (3.14)
P,P'.S,N

Example: Side 1 of the Omar apparatus

There are always two particles, i.e. N = 2. For fermions, there are six two-

fermion states:
e 3 spatial x 1 singlet = 3 states: |L),|R),|Ax,,)
o 1 spatial x 3 triplet = 3 states: |Ay, _,),|4x.10)|4x1 1)
using the xs m; notation. So the spatial density matrices are
® ps—0=3x3

.ﬁs=l=1X1
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and the full density matrix is
1
p=Y_p° (3.15)
S=0

Note that these results are different from those obtained for the entire Omar
apparatus in section 3.3.5, because here we are considering only one side of the

apparatus.

3.3.2 Tracing out space and spin

The results of the previous section would indicate that in a system where en-
tanglement is present both in the spatial and spin degrees of freedom, those
degrees of freedom are themselves in some sense ‘entangled’. So in order to
evaluate this ‘entanglement’ between spin and space it would seem logical to
apply the standard method: trace out one set of degrees of freedom and evalu-
ate the von Neumann entropy for the resulting reduced density matrix. We will
now perform this for two systems: the doubly-filled bonding molecular orbital,
and the Omar apparatus.

3.3.3 Showing that the delocalized state |¢) = %(CLT +
c};ﬂ)%(c:‘41 + cgl)|0) is separable into space-only and
spin-only pure states

In order to trace out space and spin for this state, we need to write it in a spin-
space product basis, choosing spin and spatial states that each form a complete

basis for spin and space in the system. These are

e Spin: |xs,ms) = {|x0,0)s [x1,~1) Ix1,0)s IXx1,1)}

o Space: |AA),|BB),|AB-),|AB+) where
— |AA),|BB) denote double-occupancy of sites A,B respectively
— |AB4) := 715 (A(I)B(Z) + A(2)B(1))

In the expansion of this state, it is clear that the double-occupancy terms

correspond to products of doubly-occupied spatial states and the spin singlet
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state, i.e.

chircly 10} = [A4)|x0,0)
chreh 10) = |BB)|x0,0) (3.16)

)

The single-occupancy terms require a little rearranging:

1l . _ 1 (A1) BL(Q)
ﬂ(cmcaﬁcar%l)'(’) - ﬁ(AT(z) B1(2)

1 1
= — (75(/1(1) T (1)B(2) | (2)

B1(1) Al(1)
B1(2) Al(2)

V2
—A(2)1(2)B(1) | (1))

1
+E(B(1) T(DA@2) 1 (2)

_B@) T (@A) | (1)))
— %(A(I)B(2)+A(2)B(1))
—‘}—ﬁ(T(l)l(Q)—T@)l(l))
= |AB+)|xo0,0) (3.17)
So
Lo+ t oy Lt t
lv) = E(CAT+CBT)7§(CA1+CBL)|O)

It

(5144 + 518B) + 251454 ) xoo)
= I'w)spacel"/))spin (3.18)

|} is thus separable in space and spin - there is no ‘entanglement’ between

space and spin degrees of freedom in this state.

3.3.4 Space-spin entanglement of a parameterized version
of the delocalized state |¢)) = %(cfﬁ + CTBT)%(CLI +
1 0)
CBl)l

What happens to the separability of space and spin components in this state if

we introduce a parameter to make the delocalized spin-up and spin-down states
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different? For example, if the state is parameterized thus:
. 1
|¥)param = (cos BCLT + sm@c‘\BT)ﬁ(cLl + c‘;ﬂ)|0)
1 1
V2 V2
1
+-2—|X1,0)(c050 —sin6)|AB-). (3.19)

Il

|x0,0) (cos 6|AA) + sinf|BB) + —(cos 8 + sin 0)|AB+))

If this state is written as a density matrix, and then the spin degrees of freedom

are traced out, the resulting space-only density matrix is

1 2 fsin cos f(cos 8+sin 8)
! cos @ cos 2sm = 0
1 cosfsind sin 62 sin 6(cos O+sin 6) °°‘i/9_+5i" 0) 0
p = . . ) 2v2
'space cosO(c;)s\/0§+sm ) sin 0(cgs\/0§+sm 9) %(1 + sin(20)) 0
0 0 0 (1—2coiesin0)
(3.20)
in the basis
|AA),|BB),|AB+),|AB-). (3.21)

Figure 3.2 shows the von Neumann entropy of this density matrix, plotted
against the parameter #. Its minimum value of 0 ebits is at § = § + nm where

n is an integer. This is because for = 7,

1 E = CO E == _1__
sin 4 = S 1 = \/_2_
1
W = yl0o)(144) +1BB) + VEABH) (322

which clearly contains no entanglement between space and spin. Whereas for
6= %‘1 + nm,

. 37 1 3 1
sih— = —, cos— =

4 V2 4 2
Mhpwam = 300l (<144) +1BB)) - shaollAB-).  (3.29)

which is a state containing maximal entanglement between space and spin.

3.3.5 Tracing out space and spin from the locally antisym-

metrized Omar output state

In this exercise, we will consider only the ++ output state for fermions with
50/50 beamsplitters. As with the doubly-filled bonding molecular orbital, in
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Figure 3.2: Von Neumann entropy of pgpace, traced out from a parameterized

version of the doubly-occupied molecular bonding orbital, versus parameter 6.
S (rho_space)
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order to trace out the space and spin degrees of freedom and obtain spin-only and
space-only (respectively) reduced density matrices, we need to write this state as
a sum of products of space and spin eigenfunctions. Each set of eigenfunctions
should form a complete set. The eigenfunctions are obtained and presented in

Appendix A. Using a product basis of these spin and spatial eigenfunctions:
B30I L)1 |L)2, BY 0| R)1|R)2, BOIL)1 | R)2, 00| R)1] L)z,
BQ0l A+)1]A+)2, 81 1|A-)1]A—)2, 871 A-)1]A-)2 (3:24)
the output state for the entire apparatus can be written

1
Ut hion = 5591LNIL)2 + [R)IR): + [L)1|R)a +|R)1|L)

2 2
—2|A+)1|A+)2) + |A—)1|A—)2(-\/—§<1>‘1’:‘1’ n \/;4,3:?)_

(3.25)
The corresponding density matrix is, after renormalizing,
/1 1+ 1 - 1 L
1 4 1 1 2 V3 V6
1 1 1 1 1 1 1
1 1 4 4 2 V3 v
1 1 1 1 -1 1 1
) 1 1 1 i 2 3 /6
. 1 1 1 1 1 1 1
p=gl7 3 1 3 "1 A 7 (3.26)
_1 1 _1 _1 9 _2 _ \/5
2 2 2 2 V3 3
L1 1 1 _2 4 242
Vi Vi V3 3 V3 3 3
L o 1 o _ 2 23 2
\\/(; V6 V6 V6 3 3 3 )

[
=]
=>}



Spin-only density matrix Tracing out space, the reduced spin-only density

matrix is
1
3 0 0
ﬁspin = tlrspace/; =10 % #5 (327)
o L. 1
3v2 6
in the basis
0,0 50,0 2,0
q’o,o’ (I)l,lv ‘1)1,1 (3.28)

This has eigenvalues 0, %, % and thus a von Neumann entropy S(pspin) = 1.

Space-only density matrix If we trace out the spin degrees of freedom, the

space-only density matrix is

1 1 1 1 1

(i 1 1 & -3 0)

11 1 1 _1 g

4 4 4 4 2

11 1 1 _1 g

ﬁspace = trspinﬁ = ‘11 ‘; i[ ;1 ? (329)

i 1 1 1 —3 0
1 1 1 1

-2 "3 3 —z 1 0

\o o o o o 2

in the basis
|L)1|L)2, |R)1|R)2,|L)1|R)2, |R)1|L)2, |A+)1]A+)2, |A—)1|A—)2 (3.30)

This has eigenvalues 0,0, 0, 0, %, % and thus a von Neumann entropy S(pspace) = 1.
This equals S(fspin) as you would expect. So the space and spin degrees of free-
dom in the full Omar apparatus share one ebit of ‘entanglement’.

3.3.6 Tracing out space and spin from the fully antisym-
metrized Omar output state

We saw in section 3.3.5 that attempting to factor the Omar output state into
a sum of products of space-only and spin-only eigenfunctions, when performed
using basis states which have only been antisymmetrized with respect to ex-
change of particles on each side of the apparatus individually, leads to a spatial
density matrix where the same spatial state is parameterized by different values
of the total spin for the system.

The origin of this problem is that we have constructed the density matrix

from a state which has only been antisymmetrized with respect to the exchange
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of labels of any two particles on a given side, not across the entire apparatus.
To obtain a density matrix which lives up to the claim advertised in equation
(3.11) we need to antisymmetrize the output state with respect to exchange of
any two of the four particles in the apparatus.

Our scheme to do this will be as follows:

e Fully antisymmetrize the Omar output state with respect to exchange of

any two of the four particles.

e Take inner products of this antisymmetrized output state with the previously-
described four-spin-half eigenfunctions {<I>§Am§B} This yields coefficients

of these eigenfunctions which are spatial in nature.

e It turns out that these coefficients are both orthogonal and of defined

symmetry. They thus form a basis for spatial states of the entire system.

3.3.7 Fully antisymmetrizing the output state

We apply the four-particle antisymmetrizer to the Omar output state as given
in equation (A.7). Before we apply the antisymmetrizer to them, the kets rep-
resenting the combined spin and spatial states of sides 1 and 2 are not taken to
be antisymmetrized. Eg. the ket |A 1|}, represents particle a definitely spin-up
in the left arm on side 1, and particle b definitely spin-down in the right arm
on side 1. Similarly, |A T1)2 represents particle ¢ definitely spin-up in the left
arm on side 2, and particle d definitely spin-up in the right arm on side 2. This
state contains 10 terms.

Using Mathematica, we then apply the antisymmetrizer projection operator

1 N
— Y (-1)PP (3.31)
VN!'%
where the sum is over all permutations { P} of the particle labels, and
For an even permutation: (-1F =+1
For an odd permutation: (-1)f = -1 (3.32)

An even (odd) permutation is one where the number of transpositions of particle
labels is even (odd). This produces a state in which the exchange of the labels
of any two of the particles {a, b, ¢,d} will produce the same state, but with the
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sign flipped. The antisymmetrized state contains 10 x 4! = 240 terms, hence the
use of Mathematica.

For example, consider the term

A TI)1]A [T)2 (3.33)

We perform
1 - 1 .
ol ;(—I)PPIA ThlAlT) = 7 ZP:(—l)PP[M(a) 1 (a)R1(b) | (b)
L2(9) | (OR2a) 1 @) (3:34)

3.3.8 Obtaining the coefficients of the four-spin-half eigen-
functions

The four-spin-half eigenfunctions {<I>§’/:"'SSB} obtained in section A.1.1 form a

basis for the spin-state of four spin halfs, and therefore remain a suitable choice

for the spin state of the entire apparatus. The complexity of the fully antisym-

metrized state means it is not possible to reexpress the state in terms of the

{@‘;:'SSB} by inspection. Instead, the approach taken was to take inner prod-
S,ms

ucts of the fully antisymmetrized output state with the {® S, Sy }» again using
Mathematica. Ie if.

ot ion) = D €5,m,|[85™) (3.35)
S,mg,
then
csm, = (@™ |outtt . (3.36)

The only non-zero coefficients obtained are those for
200, 211, 21t (3.37)

The coefficients are all orthogonal, so they look like a basis for spatial states.
Henceforth, we shall refer to them as ‘putative spatial states’, and denote them
by the symbols

Koo, K17, K7 (3.38)
respectively.
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3.3.9 Symmetry projections of the four-way antisymmetrized
spatial states

The symmetry of the putative spatial states was checked by applying to them

the projection operators for the irreducible representations of the S4 symmetric

group (the group of all permutations of four objects). Equation 4.51 in Elliott

and Dawber [56] gives the general expression for the operator which projects

from the vector space L onto the subspace L, as
P@ = %’ 3 X @*(Ga)T(Ga) (3.39)

a

where
e {G,} are the elements of the group G,

e T := {T(G,)} are a set of operators which form a representation of G in

the vector space L,

e T is an irreducible representation of G with an associated vector space
L@ and

e x(®*(G,) is the character of G, in the irrep T(®.

Thus, the projection operator for the irreducible representation [nins...] of

the symmetric group is

plmnz-] - — Z Z x{"1™2-1* (class) T (class member)
classes class
members
= Z Z x[™Mn2 1 (13 15.. )T (class member)  (3.40)
(htz.) mecr:i)sers

The relevant characters are given in Table 17.1 in Elliott and Dawber, which
is reproduced here in Table 3.1. So to project a coefficient onto a given Sy irrep,
the Mathematica code runs through all possible permutations of the particle
labels, applying each permutation to the coefficient, weighting the result by the
appropriate character, and summing the results. The simplest example is the
projector onto the x[1'!!l irrep (the antisymmetrizer projector), in which the

character of each permutation is, as discussed above, its parity.
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Table 3.1: Character table for Sy

S| auny | @ | (22 | 6y | @

x4 1 1 1 1 1
x Bl 3 -1 0 | -1
x[22] 2 0 2 -1 |0
x(2 3 -1 -1 0 1

xi 1 -1 1 1 | -1

We find that the only non-zero projections of the { K SZ"S?B} are:

KR — [22]
K® — [22]
K® — [111]] (3.41)

3.3.10 Calculating the space-spin entanglement from the
fully antisymmetrized output state

The moduli of the non-zero coefficients are

(KoolKoo) = 5/12
(KTTIKDD) = 5/12
(KTIK) = 1/6. (3.42)

So we introduce a new set of normalized coefficients, the {M g;"s‘a} and thus

5
KS) = ([ 1M

write

5
IKID) = 4/ 5IM)
1
i = |/ (3.49
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and thus
5 5 1
o) = | IMEDIB) + [ im0 + [ Eiaie).
(3.44)

The coefficients in this expansion are clearly normalized. Thus we can write the

density matrix for the entire apparatus in the ++ fermionic output state as

ij = lOUt?(;:-mion> (Outa;:-mionl
S S
2 2
- 1] 5 3.45
=5l 3z 3 (3.45)
5 \/E
2 2
using the basis
|Mgo)|®50), M) |@1Y), |MiT) @) (3.46)

Since the four-spin eigenfunctions are an orthogonal set, as are the putative
spatial states, the space-only and spin-only density matrices for the entire ap-

paratus are trivial to obtain:

200
n . 1
Pspace =  Pspin = E 0 % 0 (347)
0 0 1
in the bases, respectively:
|Mgg), IMIY), IMT), (3.48)
|900), [959), |@10). (3.49)

In this sense, the entanglement between spin and spatial degrees of freedom is
S(Pspace) = S(Pspin) = 1.48336 ebits. (3.50)

3.3.11 Calculating the space-spin entanglement in the fully
antisymmetrized input state

We can perform a similar exercise for the input state to the Omar interferometer.

Recall that this consists of two pairs of particles which are maximally entangled
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in some internal degree of freedom: eg. two electron singlet pairs. One finds as

before, the non-zero coefficients are
K, KT, K (3.51)

but this time their moduli are

1
(KRS =
1
(KRKY) =
2
(RBKE®) = L (352)

Thus, introducing the normal basis of the {M SS;';?B ,

KGo)|®30) + KD @Y) + |KiT)|@30)

\f Ml + \/imainiatt) + |2y

|lnfermlon)

(3.53)
and thus written in the basis in (3.46)
ﬁ = llnfermlon> (ln;:efmlonl
1 1
6 6
= l l (3.54)
\ / l \ / 2
18 3
Tracing out the space or spin degrees of freedom yields
1
s 00
ﬁspace = ﬁspin =10 é 0 (355)
0 0 2

using the bases in (3.48) and (3.49). Thus the entanglement between space and
spin is

2
21og25 =1.25 ebits  (3.56)

5 . 1 1
S(pspace) = S(Pspin) = 2. — Z;.]og2€ -3

This result is not as surprising as it may seem. Although in the input state
the entanglement between sides 1 and 2 of the apparatus is carried entirely in

the spin degrees of freedom, there are correlations between the spin and spatial
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states of the particles. For example, measuring S? = 1 tells us that the spins
on side 1 of the apparatus are in a spin triplet state (symmetric) and therefore
the spatial state must be antisymmetric to preserve the overall antisymmetry

of the state on side 1.

3.3.12 Mutual information between measurements on |¢)) =
1 (.t f oy 1 ot {
7—5(%7 + CBT)E(CM + CBi)|0>
Consider a two-site two-fermion system in the delocalized state
Lot ety Lt o4t
75(%7 + CBT)E(CAl + ¢p))10).
(3.57)
One-site measurements

Consider the results of an experiment to measure total charge, and total spin-z,
at one of the sites A and B. The former could be achieved using a single-electron
transistor scanning electrometer (SETSE) [57], the latter using a Stern-Gerlach-

type experiment. The possible measurement results are
e z := spin results = {0,—1, 7} (total m,)
e y := charge results = {0, 1,2} (number of particles)

Let’s suppose we perform the y (charge) measurement first. How much in-
formation about the spin states of the fermions will we gain from this spatial
measurement? The answer is given by the mutual information H(X : Y) be-
tween the probability distributions X and Y of z and y, defined by

H(X:Y) = H(X)-H(X|Y) (3.58)
Let us consider measurements made at site A. The expansion of the delo-
calized state is:

v ¢+ e ¢ Ly ¢ 14 4
Yy = (ECATCAl+§cATCBl+§cBTcAL+'2'CBTCBL |0)

1 1 1 1 1 1

= 3lea=0+35lea=3)+3lza=—35)+5lea=0)
1 1 1 1

_ — = — :1 — = — = .
5lva=2)+clya=1+3lya=1)+5lya=0) (3.59)
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So the probability distributions X and Y are

X = (@)} : p-3)=1.00) = 5.0(3) = 1

1 1 1
Yi={p(y)} : p(0)=p(1)=35,p(2)=; (3.60)
and have a Shannon entropy given by
H(X) = =) pclogp:
x

1 1 1 1

= —510g2—2- - 2zlog22
= -2' =H(Y) (3.61)

Note that H(Y) = H(X) because y has an identical probability distribution to
z. Using

p(z,y) = p(x)p(ylz) (3.62)

we obtain the joint probabilities for measurements of £ and y shown in Table

3.2. We hence obtain a conditional Shannon entropy of

H(X|Y) (~logop(zly)) = — Y _ p(z, y)log,p(ly)
T,y

(contributions from y = 0,2) + (contributions from y = 1)

1 1 1
2x—x0+Zx2x(—log2§)

4
-1 (3.63)
= 3 .
The mutual information between X and Y is now readily calculated:
HX:Y) = H(X)-HX|Y)= g _ % — 1 bit (3.64)

so when we make a charge (i.e. spatial) measurement at site A, we gain one bit
of information about the total spin-z projection at site A. The same conclusions
apply to measurements at site B, of course.

It is worth noting that this discussion is possible only because the S, and
charge operators commute - by rotating the spin axes we can always choose
a representation in which p is diagonal. The above treatment would not be

possible if we e.g. were considering position and momentum measurements.
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Table 3.2: One site measurements: joint probabilities

y | x P(Y) [ P(x 1Y) | P(x5¥)
010 i 1 i

1 1 1
012 -2 |1 0 0
1]0 3 0 0
N 1 1

2 2 2 2 4
2|0 i 1 i

1 1 1
2|23 |1 0 0

Two-site measurements

Now consider making a joint classical (two-site) measurement on the entire

system A + B. One possible (non-optimal) set of spin and spatial measurement
results is

o z={(msa,msB)} =(3,—3);(—3,3);(0,0) spin measurement results
e y = AA, BB, AB space measurement results

The probability distributions are

X = {p(@) : p(é,%)— e ;; 30,0 =3

Y = {p(y)} : p(AA)=—,p(BB) ,p(AB)

=
N

1
2 (3.65)

with a Shannon entropy of H(X) = H(Y) = £ as calculated in equation (3.61).
The joint and conditional probabilities are given in Table 3.3.
Thus the conditional entropy H(X|Y) is

H(X|Y) = (-logyp(zly)) = — 3 p(x,y)log,p(zly)
z.y
= (contributions from AB results)

+(contributions from AA and BB results)
- —2%]og2% - 2%log21
_ —zi(—l) - 2%(0)
% (3.66)
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Table 3.3: Two site measurements: joint probabilities

y |x P(y) | P(x 1Y) | P(%y)
AA | 0,0 | % 1 i
1 1 1
1
AA | -3,3 | % 0 0
BB |0,0 |} 1 :
BB |i,-1|14 0 0
11 1
AB | 0,0 |1 0 0
AB | 4-3 |3 |4 :
1
aB-3ils |4 :

So the mutual information is

H(X:Y) = H(X)-HX|Y)
3 1

22
= 1 bit (3.67)

3.3.13 Holevo bound on mutual information between mea-
surements on

l¥) = %(CLT + Ctm)%(cfu + 0;31”0)
One-site measurements

Let’s try to relate our discussion of the mutual information between one-site spin

and charge (i.e. spatial) measurements discussed above, to the Holevo bound.

Holevo bound: If Alice prepares px with probability px where X =0,...,n
and Bob then performs any POVM {E,} with result Y then

H(X:Y) < S(p) =Y pS(pa) =x (3.68)
where p= 3" p.p:
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Accessible information: Bob’s accessible information is defined as the

maximum of the mutual information H(X : Y') over all possible measurement

schemes, (i.e. it is the optimal mutual information).
Written in the occupation number basis
Inatna)) = |00),]10),01), |11) (3.69)

the reduced density matrix for site A in the delocalized state we are considering

is

1

%(|00)<00| +110)(10] + |01)(01] + |11>(11|) (3.70)

Imagine that Alice performs a spin-z measurement, and then passes the state
that the delocalized state is projected into to Bob. We can say that she ‘pre-
pares’ px by her spin measurement. The accessible information is the optimal
information that Bob can obtain about the result of Alice’s spin measurement
through any measurement he performs on px. The mappings between Alice’s

measurement result and the projected state are given in Table 3.4.

Alice passes the projected state px to Bob: he receives

1514 = mes.éms
my
1 0 . 0
11 0 L1 1 L1 0
o272 0 4 0 4 1
1 0 0
1
: -
1
- 4 :
1
r
1
4
= pa (3.71)
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Table 3.4: Projection outcomes corresponding to Alice’s measurement results

Alices measures | ...with probability | ...and projects
mg = DPm, =: ﬁX:
1 0 0O
0 . o000
2 210 0 0 ©
0 0 01
0 0 0 O)
1 1 0100
2 4 0000
000 0
0 0 00O
1 1 0 00O
2 4 0010
000 0
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Now

X(Ba) = S(B) = D Pm.S(hm.) (3.72)
mg
where
S(py) =2
A 1 1 1 1
Pm,=0S(Pm,=0) = 3235 logy 5 = 3
. 1
pm,:%s(pms=%) = Z -1 lOg21 =0
Prnye-3S(Pmyy) = 0 (3.73)
hence L 3
=92 - = == .74
X 5=3 (3.74)

In the discussion in section 3.3.12 of one-site spin (X) and charge (Y') mea-
surements, we obtained a mutual information between them of H(X :Y) = 1
bit. So for this particular example of the mutual information between measure-
ments, H(X :Y) < x and thus the Holevo bound is satisfied.

3.4 Can space and spin degrees of freedom carry
entanglement between two parts, and how
do they contribute to the total entangle-

ment?

3.4.1 Space-only and spin-only entanglement

Previous sections have shown how to obtain reduced descriptions of a system
that contains a mixture of spin and space entanglement in terms of only the
spin or space degrees of freedom. So it would seem natural to seek to quantify
the entanglement between two physical subsystems of the system that is carried
solely in the states of the spin or space degrees of freedom. This entanglement
will be called ‘spin-only’ and ‘space-only’ entanglement, respectively. Although
such a characterization seems natural and desirable, it is necessary to proceed
with caution and define exactly what is meant by the terms.

As will shortly be shown, there are certain systems (such as the Omar ap-
paratus) where ‘spin-only’ entanglement seems an entirely natural and non-

problematic quantity. In the case of the Omar apparatus, this is specifically
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because it is constrained always to contain two particles on each side of the
apparatus. Thus, ‘spin-only’ entanglement between the two sides is an easy and
unambiguous quantity. However, imagine that Alice and Bob share a number
of spins. The ‘spin-only’ density matrix, obtained by tracing out the spatial
degrees of freedom as above, is unaffected by whether Alice has all, some, or
none of the spins. Yet Alice and Bob certainly cannot share any ‘spin-only’

entanglement if Alice possesses none of the spins.

Definition of spin-only entanglement. This is the amount of entanglement
Alice and Bob can make use of when performing a teleportation experiment in
which they can only make spin measurements. What is meant here by a ‘spin
measurement’? After all, it would be perfectly possible for Alice to make a
set of spin measurements which gave information about the spatial state of
her subsystem, ie. measurements that had spatial resolution. For example,
measuring S, = 0 indicates she has 0 or 2 spins in her possession, but not 1.
So ‘spin measurement’ means that one does not allow magnetic field gra-
dients that are more localized than Alice’s subsystem. In other words, the
characteristic length scale of the magnetic field gradients used:
1B

~ 1B (3.75)

is of the order of the spatial dimension of Alice’s subsystem.

It should be noted that any operation Alice makes that respects the in-
distinguishability of the particles must commute with Pj2, the operator that
exchanges the particles. And consequently, that operation must also commute
with $2, since, for a system of two spin-1/2 particles, 52 can be expressed as
$? = h2(1312 + 1). So, for example, if we restrict Alice to spin-only operations,
she can’t transform between the singlet and triplet states, as to do so would
require a change in the spatial state. This is of course all a consequence of the
fact that the total Hilbert space is not a direct product of the spatial and spin
Hilbert spaces.

Definition of space-only entanglement. This is somewhat easier to define
rigorously than spin-only entanglement. Arbitrarily accurate measurements of
position within Alice’s side of the apparatus are allowed, but Alice is not allowed

to use any magnetic fields when making her measurements, or performing the
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operations necessary for her CNOT. She thus has no access to information about

the spin state of her subsystem.

A spin-only basis from which we can trace out a physical subsystem

(site). Consider the spin-only density matrix with elements

ps""mszo:avsiotm;‘m,a/ (376)

where « is a label which distinguishes between eg. ®3) and 9.
Trivially, this can be rewritten in terms of a basis from which site A or B

can be traced out, thus:

pSAmSAaySBmsBﬁ,qumg,A- (377)
This is p in a basis of eigenfunctions of

(84,54 ® (85,85B). (3.78)

3.4.2 Available entanglement in the doubly-filled bonding
MO under spin-only and charge-only measurement

restrictions

What happens to the entanglement available in the doubly-filled bonding MO if
restrictions are placed on the type of measurements that Alice can make when
performing the teleportation protocol? Not surprisingly, the effect is to reduce
the available entanglement, as Alice can no longer perform a completely reliable
Bell-state measurement. The following sections quantify this reduction.

As is discussed later in section 4.3, a more severe restriction is to limit the
types of operations that Alice can perform when carrying out the teleportation
protocol. Restricting the possible operations corresponds to imposing a super-
selection rule, a concept discussed in chapter 4. This causes an even greater
reduction in available entanglement than the measurement restrictions, as Alice
is also not able to perform her CNOT correctly, as will be shown in section 4.3.

The isomorphism used for teleportating two qubits using the doubly-filled
bonding MO

[¥) = 5(ch + )75 ey +cbI0) (379)
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was given in equation (2.73):

{oaos} = {11111, 1D}

—

{ranai} {100),11),[10),|01)} (3.80)

This connects the occupation number state of Alice’s site A with the spin state
of ‘virtual’ qubits & and 3. Virtual qubits a and 3 thus play the role of Alice’s
half of the singlet pair in the original description of the teleportation protocol by
Bennett et al. The variant of the protocol described in section 2.9 means Alice
does not have to perform a measurement in the Bell basis on the qubit whose
state she wishes to teleport and her half of the virtual singlet pair. Instead, she
only needs to measure their state in the z-basis. Clearly, the measurement of the
source qubit’s state is straightforward. Now, suppose Alice can only perform
spin measurements. More specifically, suppose she can only make the particular

spin measurement
S:lnatnal) = mPnanay), (3.81)

ie. she has a magnet that can put a field along the z-axis, allowing her to
perform a Stern-Gerlach experiment. What effect does this have on the amount
of information she can teleport using the delocalized state? Let us rewrite the
states of Alice’s ‘virtual’ qubits in terms of the eigenvalues of Alice’s commuting
observables that they correspond to. These are the number of particles N,
measurable via a charge measurement, and the total S, eigenvalue mttal and

this rewriting is shown in Table 3.5.

Available entanglement in the doubly-filled bonding MO when Alice

can only measure spin

total
s

qubit that she is trying to teleport, assuming it was encoded as a spin state. For

If Alice is restricted to measuring m:°**', she can still measure the state of each
each of Alice’s measurement results on site A, the possible corresponding states
of each virtual qubit are shown in Table 3.6. In the protocol for teleportation
using a given virtual qubit, after Alice performs her CNOT and Hadamard gates,
she measures the states in the z2-basis of the qubit v whose state she wishes to
teleport, and the virtual qubit a or 8 which will be used for the teleportation:

loyoasg) = {ITTL 1T, 1D, 1L} (3.82)
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Table 3.5: The states of Alice’s ‘virtual’ qubits in terms of the eigenvalues of
Alice’s commuting observables that they correspond to

natna, | 0.0 | |N;miotal)

|00) Iy |0; 0)
|11) It 2;0)
10) WO | 15+3)
|01) 1L | 15-3)

Table 3.6: The states of Alice’s ‘virtual’ qubits in terms of Alice’s mt°t3! mea-

surement results on site A

m'°t?! result | Possible states of qubit a | Possible states of qubit 3

0 T T 11)
+1/2 1 T
—1/2 11 1)
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What effect does the restriction to only measuring mt°?! have on her use of the

teleportation protocol?
e For |0,04) she can always unambigously determine the product state.

o For |0,03) she will only correctly identify the state 50 percent of the time,
ie. when she measures m, = +1/2. When she measures m; = 0 she has

no idea if the ‘spin’ of virtual qubit 3 is up or down.
Thus
e Alice can teleport a qubit using virtual qubit o with 100 percent reliability.

e But she can only teleport a qubit using virtual qubit 8 with 50 percent
reliability.

total
s

So on average, if Alice is restricted to measuring m'°*®') she can teleport 3/2
qubits using the doubly filled bonding MO. Interestingly, this result is consistent
with the Shannon entropy of the probability distribution of spin-only measure-
ments on the doubly-filled bonding MO, calculated in section 3.3.12. But it’s

not clear if this connection holds in general.

Available entanglement in the doubly-filled bonding MO when Alice

can only measure charge

If Alice is restricted to only measuring particle number (ie. charge) on site A,
and if we suppose that she is still allowed to measure the spin state of qubit ~y
(the qubit she wishes to teleport), then we obtain the same result of 3/2 qubits,

as shown in Table 3.7.

3.4.3 Available entanglement in the doubly-filled bonding
MO under a charge-only measurement restriction,
calculated from the reduced density matrix

In the above section, we considered the effect that restricting the types of mea-

surement Alice is allowed to make has on the amount of information she can

teleport to Bob. We did so by explicitly looking at the effect that such a re-

striction has on her ability to distinguish different states of the virtual qubits

used by the teleportation protocol. If we describe this restriction instead in the
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Table 3.7: The states of Alice’s ‘virtual’ qubits vs Alice’s charge measurement
results

N result | Possible states of qubit « | Possible states of qubit 3

0 IT) Im
1) 1T 14)
2 T 1))

language of the density matrix and the tracing-out operation, do we get the
same answer?
First, we recall the result of equation (3.18) in order to write the overall

state as a product of space-only and spin-only functions:

)

(3144 + 5185 + Z514B4) ) oo
= Wj>space|w)spin- (383)

The spatial state looks in some ways like a system of two spinless bosons, shared

between sites A and B:

(ch + cb)?

5 —10) (3.84)

where the following equivalences apply, using kets [n4npg):

|A4) = |20
|IBB) = [02)
|AB+) = |11). (3.85)

The boson analogy is chosen here because |9)space €xplicitly violates Pauli ex-
clusion. The above pure state of two bosons can be written in this basis as the

density matrix

1 1 1
4 4 2V2
ﬁspace = % % 2;\/5 (386)
1 1 1
2v/2 2v/2 2
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Site B can then be traced out as follows:

n 1
B<O|pspa.ce|0)B = Z|2>AA(2|
R 1
B(llpSpace|1>B = '2"1)AA(1l
o 1
B(2|Pspace|2)B = 1 10}.4.4(0| (3.87)

and thus the charge-only density matrix for site A is

100
Pspace,a = |0 % O (3.88)
0 0 1
in the basis
0)4, 1) 4, [2) a- (3.89)

The entanglement available under a charge-only measurement restriction is
thus

R 1 1 1 1
S(pspace, A) = _2~Z 10g2z - ’2" 10g2§
1 1 3
= —2.-(-2)—=(-1)= = 3.90
JCD -3 =3 (3.90)
which is consistent with the result obtained in section 3.4.2.

3.4.4 Spin-space entanglement transfer in the Omar thought

experiment

The Omar apparatus was first introduced in section 3.2 as an example of a
system which contains entanglement both in its spin and spatial degrees of
freedom. But furthermore, the action of this thought experiment is actually
to transfer some entanglement from the spin degrees of freedom to the spatial

degrees of freedom. This section considers that transfer process.

Side 1 of the apparatus.

First, let us consider the input state to the apparatus, and its entanglement

according to the site entropy measure. This state is
1 1
+ o+ + o+ + o+ + o+
ﬁ(amra,«m + aAllaA2T)E(aBlTa'B21 *+ ap ap,)- (3.91)
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Henceforth we follow Omar et al. in arbitrarily choosing the case where all
four particles are fermions, and the above product state consists of triplets
(described as the ‘++ case for fermions’ in [3]). If we write this in the occupation
number representation, and then trace out side 2 of the apparatus, we obtain
the following reduced density matrix for the state of side 1 of the apparatus
before the passage of the particles through the beamsplitters:

(0 - )

0 .
i

Prin = S (3.92)

Z .

1

. i -
\ 4/
using the reduced basis for side 1
|nL1TnLllananl) = {|1100), '0011),

{0110}, |1001),|1010), |0101)}. (3.93)

This state has two ebits of entanglement. Examining equation (3.92), we see
that this entanglement is carried entirely in the bottom right part of the density
matrix, which corresponds to single-occupancy states which differ only by the
spin. Therefore, this entanglement is purely spin entanglement.

It is a straightforward exercise to show that the site entropy measure gives
the same total entanglement between sides 1 and 2 of the apparatus (two ebits)
for the input and output states. This must be so since the operation of each
beamsplitter is local to its side of the apparatus. The unnormalized output state

for 50/50 beam-splitters for our input state is given in [3] as
1 1
—5|D1lL)2 = S|Rh|R)2
1
=5(L1|R)2 + |R)h|L)2)
1
+(A T4 IT)2 + A I11]ATl)2)

LA TIIA T2 + 1411114 11)2)
+(ATThIA D2+ A LD1]ATT)2) (3.94)

where for example, |L); indicates both fermions on side 1 of the apparatus

have passed into the left arm and thus necessarily have opposite spins, and
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|A T1)1 indicates that each particle on side 1 of the apparatus has passed into
a different arm, with the particle occupying the left arm being spin up, the
particle occupying the right arm being spin down.

If we rewrite this in the occupation number representation

|nL1tMLI MRITRRI L2t N2 RR2I U R2) ), (3.95)

trace out side 2 of the apparatus, and renormalize, we obtain the following

reduced density matrix for side 1 of the apparatus:

(§ 3 0 0 0 0)
£ 3 0 0 00
00 { -1 oo
A 8 8
Prout = (3.96)
00 -3 % 00
00 0 o0 1o
\0 0 0 0 O H

which has entropy S(f1,0ut) = 2, showing that the total entanglement is unaf-
fected by the operation of the apparatus. However, we can see from the fact
that the double-occupancy top-left sector of this matrix is now non-zero that
the system now contains spatial entanglement, because this state is now mixed

in arm-occupancy number as well as spin.

Single-occupancy and double-occupancy entanglements are additive.

Since in (3.96) there are no non-zero off-diagonal elements connecting the double-
occupancy and single-occupancy sectors of the matrix, we can unambigously
assign each eigenvalue to one sector, and hence divide the total entanglement

into double-occupancy and single-occupancy parts. In this case, the double-

) (3.97)

InLlTnLllannml) = {|1100>,|0011)} (398)

occupancy sector

~double occup __
1,out -

Q0| 00|~
o= 0oj

in the basis

has eigenvalues %, 0 and hence contributes 0.5 ebits to the entanglement.
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The single-occupancy sector

1 1
g§ 8 00
1 1
-z z 0 0
e =1 2 8 3.99
1,out 0 0 i 0 ( )
1
0 0 0 3
in the basis
|nL11nL11anTnml) = {|0110), |1001), |1010), |0101)} (3.100)

has eigenvalues of 1,0, §, § and hence contributes 1.5 ebits.

It is clear from these definitions that the single-occupancy and double-
occupancy entanglements will always sum to the total entanglement, provided
that the off-diagonal elements connecting the two sectors are zero. The single-
occupancy entanglement is a form of spin entanglement, since the single-occupancy
states do not differ in the spatial distribution of particles between the arms.
Likewise, the double-occupancy entanglement is a form of space entanglement,
since the double-occupancy states do not differ in their m; values. However it
is not obvious that these are the most general forms of spin and space entan-
glement, since for example, the double-occupancy entanglement does not take
account, of the spatial states in which each arm contains one particle.

The distinction between spatial and double-occupancy entanglement is fur-
ther clarified by the procedure suggested by Omar et al. for their output state.
They suggest making a projective measurement of S, and they show that with
probability % the result S; = 0 is obtained in which case the spatial state is
projected onto

11 1 1 1
7 E(IL) 7 7§|A>1%|A)2

where the ¥ sign is negative for fermions, and positive for bosons. This output

1+ [R)1)—=(L)2 + |R)2) ¥ (3.101)

state involves a superposition of both double- and single-occupancy components,
and can easily be seen to contain one ebit of spatial entanglement between sides 1
and 2, since this state was obtained by a projective measurement of the system’s

spin state.
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Left arm of side 1 of the apparatus.

It is instructive now to reduce further the input and output density matrices to

those for just the left arm of side 1 of the apparatus. For the input state, this is

0

PlL,in = (3.102)

=
[T

in the basis

InLinen) = {|11),100),101), |10)} (3.103)

which has entropy S(p1L,in) = 1. In the same basis, the reduced density matrix

for the output state is

00|

PrLow= | * L (3.104)

e J 7]

3
8

which has entropy S(pir,out) = 1.81, showing that the action of the beamsplitter
on side 1 of the apparatus has introduced an additional 0.81 ebits of entangle-
ment between the left arm of side 1 and the rest of the system, in addition to

the 1 ebit of entanglement already present between those two subsystems.

Operator-sum representation for spin-space entanglement transfer.

It is possible to find an operator-sum representation for the spin-space entan-
glement transfer within the left arm of side 1 of the apparatus that we have
discussed above. An easy way to do this is to make the following isomorphism
between the spin states of two qubits A and B, and the occupation numbers for

the spin-up and spin-down single particle states of the left arm:

{oaos} = {110,111, 111), 111}

{rictmary} = {|00),(01),]10),|11)}. (3.105)

We then find that the action of the Omar interferometer in transforming g1, in
to p1Lout Can be represented by the action of the depolarizing channel [40] on
piL,n With probability p = 2.
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3.4.5 Calculating space-only and spin-only entanglement

between sides 1 and 2 of the Omar interferometer

We calculated in sections 3.3.5 and 3.3.10 the entanglement between the space
and spin degrees of freedom in the full Omar apparatus. But how much entan-
glement between the two sides of the apparatus is carried only in the space or
spin degrees of freedom? In other words, what is the ‘spatial entanglement’ and

what is the ‘spin entanglement’ between the two sides of the Omar apparatus?

Spin-only entanglement between the two sides of the Omar apparatus

The spin-only density operator for the entire Omar apparatus is given in equa-
tion 3.27. Calculating the spin-only entanglement between the two sides of the
Omar apparatus is thus a question of calculating the entanglement of formation
of this density operator with respect to a division of the Hilbert space between
spin eigenfunctions of sides 1 and 2.

From the block-diagonal form of this density matrix, one obvious pure-state

decomposition of pgpin is

~ L o0 1 4A.\.B
_ —(b’ _ —
[41) \/5| o,o) ﬂIX0,0HXo,O)
~ 1 1 1 1 1
lpo) = —=l07D) + —=—=I2]) = ZIxf_DIxEy) + shdt)IxE_y)
/3 V32 2 2

(3.106)

where the tildes indicate that the pure states are ‘subnormalized’. The average
entanglement of this decomposition can be easily seen to be equal to % ebits,

since

1 1 1
Eav = Zp,’Ei=§XO+§X1=§
1

(3.107)
ie. the first state in the decomposition is a pure product state with zero en-
tanglement between sides 1 and 2, and the second state in the decomposition
has one ebit of entanglement between sides 1 and 2 and occurs with probability
half. Application of the code for calculating the entanglement of formation indi-
cates that this decomposition is in fact optimal: ie. the spin-only entanglement
between the two sides of the Omar apparatus is % ebits.
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Space-only entanglement between the two sides of the Omar appara-

tus

The space-only density operator for the entire Omar apparatus is given in equa-

tion 3.29. An obvious pure-state decomposition of this is:

) = 2L+ IRW(L)2 + R)2) — 5|A+|A+):
W) = —slA-nld-)s (3.108)

Here, the first state contains 1 ebit of entanglement between sides 1 and 2,
and occurs with probability half. The second state is a pure product state and
contains no entanglement between sides 1 and 2. The average entanglement of
this decomposition is thus half an ebit. Again, we find that this decomposition
is optimal: the space-only entanglement between the two sides of the Omar

apparatus is % ebits.

An argument for the optimality of the space-only decomposition

This argument is due to V. Vedral. One can see why the pure state decomposi-
tion in equation 3.108 is optimal, ie. why the entanglement of formation must

equal the average entanglement of that particular decomposition, as follows:

Lower bound. [¢;) and |¢,) are distinguishable via local measurements at
site A. So if Alice measures |'¢Z1) (non-destructively) at site A, she knows she
can distill 1 ebit’s worth of Bell states from it. If she measures the pure product
state |¢2) she knows she can’t distill any Bell states from it. Now p(|¥1)) =

p(l{b})) = % So on average, Alice can distill at least 0.5 ebits from pgpace.

Upper bound. Ef can’t be any greater than 0.5 ebits because, by definition,
Er(p) < Eov(p)-

Conclusion. From these lower and upper bounds, it is clear that Er = 0.5

ebits for Pspace-
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Chapter 4

Entanglement and

super-selection rules

4.1 Introduction to superselection rules

The superposition principle is a fundamental tenet of quantum mechanics. So
it can be a surprise to learn that there are limits to its applicability. For exam-
ple, no-one has ever prepared a particle such that its mass is a superposition of
different values. Neither has anyone prepared a particle such that it is simul-
taneously a boson and fermion. The reason for this is that both the mass and
parity quantum numbers are subject to a superselection rule (SSR) - a prohi-
bition on preparing a quantum system so that it is in a superposition of states
with different values of these quantum numbers. Because of this, one normally
regards mass and parity as being immutable parameters of a particle, rather
than quantum mechanical operators. The concept of an SSR was invented by
Wick [58], who used it to explain the impossibility of preparing a superposition
of bosonic and fermionic states.

It seems reasonable to suppose that if Alice and Bob share two parts of
an entangled state, restricting the local operations they can carry out on their
respective systems will reduce the entanglement that is available to them to use
for teleportation. This turns out to be the case, as will be seen later in this

chapter.
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4.1.1 Definition of a superselection rule (SSR)

A review paper by Cisneros et al [59] offers the following definition:

A superselection rule induced by G operates in a quantum system if

in that system:

e G commutes with every observable O in the system (eg. p, g,

and possibly spin)

e And Gisnot a multiple of the identity

Note that G is a constant of the motion, since it commutes with every

operator and therefore commutes with H.

4.1.2 Showing that a superposition of eigenstates of G
with different eigenvalues is not possible

o First, suppose one could produce such a superposition:

|u) = Zumlgm;am> (4.1)

where g, labels an eigenvalue of G and a,, signifies every other quantum

number needed to specify |gm;am).

o G commutes with every other observable in the system, so |u) is an eigen-
state of every other operator in a given complete set of commuting observ-

ables (CSCO) :

Oslu) = o5|u)
= osZumlgm;am) (4.2)
m
where
{0,}, s=1,..,N (4.3)

is the CSCO. The definition of a CSCO is the largest set of commuting

observables which can be found for a given system.

135



e But as G commutes with Os, |gm; am) is also an eigenstate of OS:

Oslgm;am) = 0|gm;m)

. Osu) Zum03|gm;am)

Il

m
> Um0 |gm; om). (4.4)
m

e The {|gm;am)} are all linearly independent, so comparing equation 4.2

with equation 4.4, one sees it must be that:
oy'=0, Vm. (4.5)

If this were not so, there would be more than one possible expansion of
fu) in the same basis. This is only possible with linearly dependent basis

vectors.

¢ Consider
|u) = Z Urn €™ | gy Otm) (4.6)
m

ie. |u) with the relative phases of its components modified by arbitrary

phases. Applying O, to it gives:

Olv') = OSZumewm |gm; am) = os]u’) 4.7

m

e The quantum numbers {o,} for the states |u), |u’) are identical .". the rel-
ative phases {€*~} are experimentally inaccessible. There is no measure-
ment one can perform to distinguish |u) from |u). This inaccessibility of

relative phases is precisely what leads us to call a mixed state ‘incoherent’.

e So, the conclusion is that if a superposition of eigenstates of G were pos-
sible, then it would be impossible to perform any measurement upon it
which would distinguish it from another such superposition with different
relative phases. |u) thus cannot be regarded as a coherent pure state (since
in such a state the relative phases must be experimentally accessible) and

thus the superposition in equation 4.1 is not possible to realize.
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SSRs and the density matrix

If a particular operator induces an SSR in a system, then certain entries in the
density matrix describing the state of that system will necessarily be zero. For
example, suppose that Alice has a two-spin system whose state is written in the

basis
{lowa2)} = {110,110, 11, 11D} (4.8)

Now, suppose that she doesn’t have a suitable means for transforming the spin-z
state of her system, and thus cannot produce a superposition of total S, states,
and thus an SSR for total S, is in force. (This view of an SSR as a restriction
on operations is key to understanding the effect an SSR has on entanglement,
as will be seen shortly).  Because of the SSR, the density matrix describing
her system, written in the above basis, will have a block diagonal form:
pn 0 0 O
0 p22 pa3 O

PAlice = . (4.9)
e 0 p32 p3s O

0 0 0 pa

To see this, suppose Alice could prepare a superposition of states of different
total S’z. To achieve this, the elements of the density matrix connecting such
states would have to be non-zero. For example, for the p12 element at |TT) to
be non-zero, Alice would have to be able to prepare a superposition of |11} and
|T1) states:

l¥) = <snip > 4ert|T1) +er]Tl)+ < snip > . (4.10)

Then a mixed state which contained |¢) in its pure state decomposition would

contain the contribution

[)(l = <snip > +epreq (TN + eqreny [T+ < snip >, (4.11)

and thus p;2 might be non-zero (depending on the contributions from other pure

states in the decomposition).

4.1.3 Example of an SSR: Wick’s description of the SSR
for parity
The original paper by Wick et al [58] was less general than the above treatment

of SSRs. In it, the authors defined SSRs by considering a specific example: the
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impossibility of producing a superposition of integer and half-integer angular
momentum states. Their proof of the necessity of SSRs differs somewhat from
the above treatment by Cisneros et al. Wick demonstrated that unless an SSR
exists for parity, a state which should be invariant under a particular operator
(double time reversal) will actually be transformed by that operator into another
state with different relative phases. In Wick’s example, G= T2 ie. the operator
that commutes with all observables is the square of the time reversal operator.
In the words of Wick et al:

One must introduce a superselection rule between at least two subspaces of the
whole Hilbert space if one wishes to preserve the relativistic invariance of this
space. The first of these subspaces, A, contains the states in which the total
angular momentum of the system is an integer multiple of h, the second

subspace B contains the states with half-integer angular momenta.
Their proof goes like this:

e Consider the action of the parity operator, denoted by I, on a state vector
|F):

|F'y = I|F). (4.12)

e Then for a pseudoscalar field (ie. a field whose field function is odd), I is
of the form

I|F) = w x (=1)No+Na+Nato oy (4.13)

where

— N is the number of particles with angular momentum !/, and

— w is an arbitrary phase factor.

For a single particle, an SSR operates between fermionic and bosonic states.
Wick shows that, if this were not the case, a superposition of half-angular mo-
menta and integer angular momenta state vectors would not be invariant under

double-time-reversal. Suppose

® fa,ga,-.- are the state vectors of the integer angular momentum subspace
A,
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e fB,9B,... are those of the half angular momentum subspace B.

Applying time inversion ¢ — —t twice to any state vector should give a result
indistinguishable from the original state vector. In fact, applying time inversion
twice to

fa+fB (4.14)

gives
const(fa — fB). (4.15)

The only way to avoid a contradiction is to make the relative phases between
fa, fB experimentally inaccessible, ie. to introduce an SSR between A and B.
Then (4.14) and (4.15) are indistinguishable as required.

On the other hand, as seen in section 4.1.2, Cisneros et al show that if it
were not the case that an SSR exists for an operator G that commutes with
all observables, it would be possible to prepare two different superpositions of
eigenstates of that operator with different relative phases which had identical

eigenvalues when measured with any operator.

4.2 Superselection rules and entanglement

As described above, superselection rules prevent a superposition of particular
quantum numbers. This restriction can also be viewed as a restriction on the
operations that can be performed on a system, ie. an SSR for a particular quan-
tum number on a particular system is equivalent to a prohibition on performing
the operations which would enable such a superposition to be prepared.

A straightforward example, which happens to be relevant to the ‘site-entropy’
picture of entanglement, is to consider restricting Alice and Bob to number-
conserving local operations. This prevents Alice and Bob from creating or
destroying particles at their sites, and thus creates an SSR for local particle
number.

Thus, Bartlett and Wiseman [60] make the following definition of an SSR:
An SSR is a restriction on the allowed local operations on a system,
and is associated with a group of physical transformations.  This
is a restatement of the definition of an SSR given in section 4.1.1: the only
operations allowed are those that commute with the operator G that defines
the SSR.
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This allows them to define operations which are allowed under a particular
SSR as follows. For a particular local quantum system with Hilbert space H, the
set of possible operations on the system is given by the semigroup of completely
positive trace-preserving maps {€cp}. If G is a group of operations acting
on H through a unitary representation 7', then some operation O € {Ecp} is

defined to be ‘G-covariant’ if
O[T(9)pT'(g)] = T(9)0lpT (9) VgeGandV p. (4.16)

Then, the SSR associated with G, denoted by G-SSR, is defined thus. G-SSR
is a restriction on the allowed operations on the system to those CP
maps {O¢_ssr} C {€cp} that are G-covariant. It’s now possible to

define the G-invariant state, which for finite groups is
Gl = (dim G)™' > T(g) p T'(9). (4.17)
geG

It’s so-called because it’s invariant under the action of G: ie.
T(9)G[AIT (9) =Glp] V g€G. (4.18)

And it turns out (I won’t reproduce the proof here) that the usable en-
tanglement Eg_ssr(p®?) that Alice and Bob can obtain from the state 5% by
using LOCC when they are restricted by G-SSR is given by the entanglement
E(G[p?®]) that they can produce from the state G[3?*] by LOCC when G-SSR
is not in force. Here, E is what Bartlett and Wiseman describe as ”a standard

measure of entanglement”.

4.3 Effect of superselection rules on entangle-
ment of the doubly-filled bonding MO in the

site entropy picture

Sections 3.4.2 and 3.4.3 discussed how restricting the measurements Alice can
make at her site limits the entanglement available from the doubly-filled bonding
MO. However, a more severe restriction is to limit the operations that Alice
can perform, i.e. to apply an SSR to the system. This limits the available

entanglement still further, as this section shows.
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Table 4.1: CNOT on virtual qubit «

Incineinatnay) Incine oa0s)
[1000) « |1010) [1071) & |10 L1)
[1001) « |1011) |10 ||) < |10 1))
|01n41n4)) unchanged | |0lo403) unchanged

4.3.1 By explicit consideration of possible quantum oper-

ations

The protocol outlined in section 2.9 for teleporting two qubits using the doubly-
filled bonding MO requires local, non-number conserving operations in order to
perform the CNOTs involving virtual qubits a and 3. If we restrict Alice to only
using local, number-conserving operations on site A - ie. operations which only
involve spin-flips at site A - what is the effect on the amount of entanglement
she can exploit?

If Alice can only perform spin flips at site A, she is restricted to performing

unitary evolutions generated by Hamiltonians of the form
aCLTCAT + ﬁCLchl + ’YCTATCAJ, + ’Y*CLlCAT. (4.19)

Recall from equation (2.73) that the protocol uses this isomorphism between
the occupation number states of Alice’s site A and the spin states of two virtual

qubits a and 8:

{oaog} = {ITHLITLL 1D, 11D}
{narnai} = {]00),11),]10),]01)} (4.20)

CNOT on virtual qubit a@ The effect of CNOT on virtual qubit « is to
flip a iff the control qubit < is spin-up. Its action is thus as shown in Table
4.1 where |nct,nc)) is the state of the control qubit v located at site C in the
occupation number basis. Both of the flip operations of virtual qubit « in this
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Table 4.2: CNOT on virtual qubit 3

Incinoinatnay) Incincioaos)

i) |1000) <> |1011) [10 11) & |10 1)

i) [1001) > [1010) 110 |]) < |10 |1)
iii) |01natnay) unchanged | |0lo,03) unchanged

CNOT thus involve changing the number of particles at site A - a non-number
conserving operation. So this CNOT cannot be performed using only spin-
flips. The restriction on the type of operation Alice can perform thus means
she cannot use virtual qubit « for teleportation; we might guess that this would

reduce the entanglement available in the state from two ebits to one.

CNOT on virtual qubit @ The action of the CNOT on virtual qubit 3 is
shown in Table 4.2. Clearly, operation (ii) can be produced using only spin-flips
at site A. On the other hand, operation (i) changes the number of particles
at site A and is thus impossible. Thus, the restricted version of the CNOT on
virtual qubit 3 is simply the unitary matrix that expresses the operation (ii),

and is written

(1 0 00 0 0 O 0\

0 01 000 OO

01 0 0 0 0 O0DO

A . 0 0 01 00 0O
Urestrlcted — 4.21
A, ONOT 000071000 (421)

0 0 000100

0 0 00 0 0 1O0

Ko 000000 1

in the basis

{/1000), |1010), |1001), |1011), |0100), [0110), |0101), |0111)}. (4.22)
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Performing the teleportation protocol using the restricted CNOT on
virtual qubit 8 Under this restriction, it seems intuitively obvious that if
virtual qubit « is unusable for teleportation, and if only one of the two operations
which make up the CNOT for virtual qubit 3 is possible, then it should only be
possible to teleport % X 2 = % qubits using the protocol. Let us write out the

teleportation protocol using U5 gicted to verify this guess.

First, we write out |¢)¢c|¥) 4B, and apply U sestiissd to the CA system, then
the Hadamard to the C system. Now

[¥)ap = \/%(CLT + c};T)%(c;l +c))Io)
= 5 |104100)5 + 11041015 + [01)4]10) 5 + [00) al11) 5 |(4.23)
and the state we wish to teleport is
l¥)e = all0)c +b0L)c. (4.24)
So the action of U§=ticsed is
Ustsilv)clv) as =
(X'): %GUO)C [|11>A|00)B +(01) 4|01) 5 + |10} 4|10} g + |00)A|11>B]

(¥"): +35blon)c [|11>A|oo>3 +110)4[01) & + [01) 4|10 5 + |oo>Afu>B]

(4.25)
Performing the Hadamard on |¢)¢ has this effect:
1
10 —(|10)¢ + |01
[10)c — \/ﬁ(l ) +101)¢)
1
01 - —(|10)¢ — |01 4.26
[0L)c ﬁ(l Yo —10L)¢) (4.26)
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And the result of this on U 593(‘3’1{1°(t)‘31‘"|1/))0|¢>/13 is

(|10)c +]01)¢) x (‘X' )+ [10)c — [01)¢) x ('Y”)

\/—(
= ;—=10)c [a(|11>A|00)B +101) 4|01) g + [10) 4|10)  + |00) 4|11) B)

v—tloln—ﬂ
-5l

5(111)AI00) 5 + [10) 4]01) & + 01 4|10} 5 + |oo>A|u>B)]

+——\-/-=|01> [ (|11>A|00>B + IOI)A|01>B + IlO)A'].O)B + IOO)A|11>B)

—b(|11) 4|00} g + [10) 4|01} B + |01) 4[10) B + |OO>A|11>B)]

= 375 [0+ B0, +
[10)¢c|01) a(a|01) g + b|10} B) +
[10)c[10) a(a|10) B + b|01) ) +
110)¢100) aa + B)[11) 5 +
0L)cl11) aa — B)[00) 5 +
101)c101) A (alOL) 5 — Bl10)3) +
101)c]10) A (a]10) 5 — bl01) 5) +
)

|01}]00) a(a — b)|11) B)|. (4.27)

It is clear from the last expression that only 50 percent of measurement results
on the pure product state of the system C A will result in the occupation state of
site B being projected into a state which contains a single particle which is in the
original state of system C up to a local unitary transformation. Thus telepor-
tation with the virtual qubit 8, when Alice is restricted to number-conserving
local operations, can only be achieved with 50 percent efficiency. Therefore our
intuition that only half a qubit can be teleported with the doubly-filled bonding

MO under such a restriction is correct.

4.3.2 By application of Bartlett and Wiseman’s approach
SSR for local particle number conservation

A simpler way to evaluate the impact of an SSR for local particle number

conservation on the entanglement in the doubly-occupied bonding molecular

144



orbital is to apply Bartlett and Wiseman’s result. One simply zeros out those
elements of the density matrix that connect states with different occupancies
of site A with each other, and/or of site B with each other. Doing this to the
density matrix given in equation (2.50) yields

(000000 0 00 0 00000 0)
0000O0OO0O 0O O 0O0UO0OGOO
000000 O 0O O 0O0UOOUOO
000 %00 0 00 O0 0O0OTO0GOO
000000 O 0O O 0O0UO0OUOO
000000 0 0O O 0O0OOGOO
0000O0O0O 3 00 -000000
) _fooo0oo000 0 00 0 000O0O0O0O
PlocatNSSR = 1000000 0 00 0 000000
000000 -300 3 000O0O0TO
000000 O 00 O O0O0O0O0OO
000000 0 0O O 0OOOGO 0O
000000 0 0O O 0O IXo000
0000O0DO0O O 0O O 0O0OTUOUO OO
000000 0 0O O 0O0UOTOUO OO
\000O0OOO 0 00 0 00000 O0)
(4.28)
in the basis

{lnarnaineine;)} = {|0000),]0001),]0010), |0011),

|0100), |0101), |0110), [0111),

|1000), |1001), |1010), |1011),

|1100), |1101), |1110), |1111)}.
(4.29)

This state has tr(p?) = % and is thus impure, and has an entanglement of

formation of
Ep(procal-N-ssr) = 0.5 ebits (4.30)

which is consistent with the result obtained by a more laborious analysis in the

previous section.
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SSR for local particle number conservation modulo 2

Performing the same exercise but with an SSR for local particle number con-
servation modulo 2 (ie. that allows two particles to be created or destroyed at

either site), gives the density matrix

Plocal-N-mod-2-SSR =

(000000 0 00 0 00000 0)
0000000 0O O 0O0O0UOTOO
0000000 0O O 0O0OUOTO OO
000 %00 0 00 0 003000
000000 O0C 0O O 0O0O0UOUO OO
000000 O 0O O 0O0OO0UOO OO
000O0O0OO ¥ 00 -3000000
000000 O 0O O 0O0OO0UOOO
000000 O 0O O 0O0O0UOTO OO
000O0O0OO-2003% 000000
000000 O 0O O 0O0OOUOTO OO
000000 0O 0O O 0O0OOUOUO OO
000%00 0 00 0 00 3 000
000000 0 0O 0 0O0O0UOTOO
000000 0 0O 0 0O0OUOTO OO
\0000O0OOO 00 0 000OCO O0)

(4.31)

in the same basis as for the previous SSR. This state has tr(5%) = 1 and is thus
impure, and has an entanglement of formation of

Er(Procal-N-mod-2.8sR) = 1 ebits. (4.32)

Applicability to fermionic and bosonic systems

When does an SSR for local particle number conservation apply? As was seen
in section 2.9.2, coherent sources of particles are only available for bosons. For
fermions, due to the non-availability of coherent sources, any attempt to change
the occupancy of a site in the doubly-occupied molecular bonding orbital in-

evitably decoheres the system.
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An attempt to use the fermionic version of this system for teleportation,
therefore, willl be restricted to using operations that preserve local particle
number. On the other hand, with the bosonic system, the availability of coherent
sources means that all possible LOCC can be used.

One would thus expect the above value of the entanglement of the doubly
occupied molecular bonding orbital under an SSR for local particle number
conservation (0.5 ebits) to describe the usable entanglement of the fermionic
system, whereas the full value of 2 ebits describes the usable entanglement of

the bosonic system.

147



Chapter 5

Numerically estimating the

entanglement of formation

5.1 Introduction

The entanglement of formation Ef characterizes the amount of entanglement
present in a mixed state p. The definition of Er is known: it is the average
entanglement of the pure states {|¢;)} in the decomposition of 4 minimized over
all possible decompositions {p;, |¢:)} of p. However, except for the special case
of two qubits [11], no formula for Er has been found, nor a prescription for
obtaining the decomposition which realizes the minimum.

This chapter describes the development of a gradient for the average entan-
glement E,,, and a conjugate gradient algorithm that uses it to calculate Er
numerically. The algorithm successfully minimizes the average entanglement
of random two qutrit (3 x 3) mixed states within a few hours on an ordinary
desktop computer. The algorithm has been tested against the known result for
general states of two qubits, and against exact results for Er for the special
class of ‘isotropic’ mixed states of two qutrits. Although the examples discussed
in this paper involve a division of the Hilbert space into subspaces of equal di-
mension, the algorithm works equally well for any division of the Hilbert space.
For example, it could be used to study the entanglement between a qutrit and
quqit (d=4 system) whose joint state is mixed.

After publishing a preprint on this work, it was brought to our attention
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that the algorithm had already been developed, and a paper published on it, by
Audenaert et al. in 2001 [61].

The code developed by Audenaert et al. to implement their algorithm is
heavily used in chapter 6, in order to study the entanglement in various de-
generate quantum gas systems such as the BCS superconductor. These states
are rarely pure and therefore the conjugate gradient algorithm is invaluable for

studying the entanglement they contain.

5.2 Introduction to the conjugate gradient algo-

rithm.

We seek to minimize a cost function f(p) in a situation where we can easily

compute v f(p).

5.2.1 What’s wrong with steepest descent

This is the simplest method, and at first glance would appear to guarantee
success. As we shall see, that is not so. Starting from pg, as many times as
we need to, move from p; to p;,; by minimizing along the line from p; in the
direction of the local downhill gradient — 7 f(p;).

The definition of a line minimization is that, starting at point P, one seeks

the scalar p that minimizes

F(P + un) (5.1)

along the straight line n.
The problem with the steepest descent method is that the new gradient g, , ,
at p,,, is perpendicular to the direction h; that one has just travelled along, ie.

hi . gi+1 = 0 (5.2)
where
h; = g;=-vf(p)
Biy1 = —V f(pi+1) (5.3)

and so the algorithm must make a right-angle turn after each line minimization.
In general, this does not lead directly to the minimum. Instead, the method

tends to make many small steps going down a long narrow valley.
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5.2.2 Conjugate gradient minimization

This method uses ‘non-interfering’ or ‘conjugate’ directions to avoid the prob-
lems with steepest descent. If P is the origin of the coordinate system with

coordinates x then

fx) = fP)+ z; g—i}xi + % . gg%xixj + ...
= c—b-x+-;—x-A-x (5.4)
where
2
c=f(P), b=- va, [Al;; = c‘hiéij . (5.5)
A is known as the ‘Hessian matrix’ of f(P), ie.
vf = A-x-b (5.6)

and thus one can obtain y7f = 0 by solving A - x = b. So as we move along

some direction, we have

o(vf) = A-(0%) (5.7)

If one moves along u to some minimum, and then one decides to move along
another direction v, in order that one doesn’t ‘spoil’ the minimization along u
it is necessary to choose v such that the gradient stays perpendicular to u, ie.

such that the change in gradient is perpendicular to u: ie.
0 = u-é(vf)=u-A-v (5.8)

This equation defines what it means for directions u and v to be ‘conjugate’. A
conjugate set of directions {u} are a set for which this equation holds for any
two members.

Fletcher-Reeves conjugate gradient algorithm

The Fletcher-Reeves algorithm is an efficient conjugate gradient algorithm. It
removes the need to know the Hessian matrix A. Each choice of conjugate

direction is made solely on the basis of:

e the previous direction h; along which line minimization was performed,
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e the gradient g; = —<7 f(p;) at the start of that previous line minimization,

and

e the gradient g; ., = Vf(p;;;) at the beginnning of the new line mini-

mization.

Starting at p, one chooses the initial g-vector and initial direction as

g0 -V f(Po) (5.9)
hy = g (5.10)

and proceeds along the initial direction to the local minimum at p;, where one

sets the new g-vector to the negated gradient at that point:

g = —vfp) (5.11)

However, the new direction is a linear combination of the current gradient and
the previous direction, rather than just the current gradient as in the steepest

descent method:

h; = g; +7vho (5.12)
where
gi+1 8it+1
v o= 5.13
: g ' 8; ( )

It can be shown that the g-vectors and direction vectors thus chosen are both

orthogonal and conjugate to each other:

g:'g; = 0 (orthogonality of successive gradient vectors)
g;-h; = 0 (orthogonality of current gradient to previous direction)
h;-A-h; = 0 (conjugacy of successive directions) (5.14)
for all j < 1.

Fletcher-Reeves in full

The Fletcher-Reeves algorithm makes use of a clever shortcut. Strictly speaking
the g-vectors, although suggestively represented by g, are not simply the negated
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gradient at the start of each line minimization. Instead, one should use this
expression for the next choice of g-vector:

8i+1 = 8 —AMA-h; (5.15)
with

h;-A-h; h;-A-h;

But this requires the user of the algorithm to know the Hessian matrix A.

A = g8 gi-hi (5.16)

However one can get away with simply setting the g-vector to the negated

gradient, ie. using

giy1 = —V f(Pz'+1)~ (5.17)
This is because:
vi(x) = A-x-b
.8 = Vf(Pi)=A-p;+b (5.18)

and hence if we choose y such that it takes us to the minimum along h;,
g1 = —VI(Pit1)
= —A-pjs+b
= —A-(p;+ph)+b
= g, —uA-h; (5.19)

But at the minimum along some direction h;, the gradient is always perpendic-

ular to that direction, ie.

h;-vf = -h;-g;, =0. (5.20)

Solve equations (5.19) and (5.20) for u:

-hi g, = -hi-(g;—pA-hy)
= —hi'gi‘l”lllhi'A‘hi:O
. _ g - h; .
Sop = —_——hi-A-hi =\ (5.21)

where ); is as given in equation (5.16). So equation (5.19) becomes

8i4y1 = & —XA-h;
equation (5.15) . (5.22)
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Ie. simply using the negated vector gradient as the g-vector at the start of each
new line minimization gives the same gradient as if one uses the full expression

in equation (5.15), without the need to know or store the Hessian matrix A.

5.3 A gradient for the average entanglement.

As was explained in section 1.2.9, one can make unitary transformations between
different decompositions of the same density matrix: we have unitary freedom
in the choice of decomposition for a given mixed state. Recall that the average

entanglement of a decomposition, in ebits, was defined in equation (1.76) as

Eav({l@i)}) = ZpiEi

1
=S piTralpflog,p?] (5.23)
i

where E; is the entanglement of |¢;), and that the entanglement of formation
of p is defined as the minimum of E,, over all possible decompositions of p.

For convenience, this derivation works with natural logs. First, write
U = exp(ief) (5.24)

where U is the unitary transformation between decompositions, as defined in
equation (1.78), € is a real parameter, and 6 is a Hermitian matrix. All deriva-

tives are evaluated at € = 0. The gradient of 5{! is easily obtained:

dpf _ 1d SN Ldp -
de = ,;a(“Bﬂ’/’z)%D)—pg D)Wl (5:25)

The gradient of Tra[p# In 5] requires a little more work. If a labels an
eigenvalue A2, of p#, and |a;) is the corresponding eigenket,

d A sa) _ 4 A A
deTrA[Pi In p7] = de;/\m In Ay

~A
= Tr,,( In ﬁ;‘%‘) (5.26)

where we have made use of the invariance of Tr(5{!) and the Hellman-Feynman

theorem [62, 63, 64]. Now we can calculate the promised expression for the
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gradient:

dEg,

“togae 3 (P Telpfnf] + piTin o 221
de 2V L\ de L ' de

1

d -~ o~
—logze Y Tra [Inﬁfa‘;Trﬂwi)(wil] (5.27)

The result can be further simplified by calculating the gradient of p;pf! =
Tr(|9:)(%;i|) and making use of equation (1.78):

— ich . i . — 0. .
U = Uy =ity
.4 ry _ 4 Uil "
..&(Pzpz) o = a(; 13|¢]>)<¢z|+
-~ d ~
|¢1>E(Z(1/}j|(UT)ji)
J
= i) (Bl (Wil — 65li) (Y1) (5.28)
J
o S | togepf i 30 Tra )
“de = i A 20 ; 15 LIBIW; /(Wi

—ejmm%)(%n}]
= —izaijTl‘A[(logzﬁf— 10g2ﬁf)ﬂ3|@zj>(7zi|]
i,J
= Zé’ijgji (5'29)
i,

where g is the matrix of gradient elements with respect to the space of generators
{6}. Note that:
e g;; = 0 so simple changes of phase
i) — €labs) (5:30)
in the states in the decomposition have no effect.
e g is Hermitian.

As shown in Figure 5.1, another consequence of equation (5.29) is that if a

new state |1,Zi) is introduced to the decomposition with initially zero amplitude,
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Figure 5.1: Introducing a new state |1Z,) to the decomposition doesn’t make any
difference when its amplitude is small, as the gradient of F,, with respect to

the amplitude of |,L.) is zero at that point.
EF Possible

<vilvp
0
EF Not possible
< "4_’ il ‘I‘ Iid

and its amplitude is gradually increased, then at first the new state makes no
difference to the average entanglement. This is because if the amplitude of the
new state is zero, and therefore the subnormalized state is zero, the trace over

system B in equation (5.29) is also zero.

5.4 Existence of local and global minima

In general, a conjugate gradient procedure will converge to a local, rather than
a global, minimum. However, Prager [65], has shown that any local minimum
of EF is also a global minimum. We have encountered points (presumably local
maxima or inflexion points) other than the optimal decomposition at which the
gradient is zero: when this occurs we find we can restart the conjugate gradient

algorithm after a small number of random moves.
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5.5 Using the gradient to minimize the average

entanglement.

The code described here uses the conjugate gradient algorithm to minimize F,,
with respect to the space of all possible unitary transformations between some
initial decomposition of 4 (the choice of which is entirely arbitrary) and the
current decomposition. The initial decomposition is chosen without prejudice
to be the ‘eigenstate’ decomposition of p, ie. consisting of pure states which are
the eigenvectors of g and probabilities which are the eigenvalues. We write U =
exp(¢H) and move through the space of Hermitian matrices {H} by constructing
conjugate gradient moves from the gradient information provided by g. The
initial unitary transformation is the identity I, whose corresponding H is the
null matrix 0.

The standard formulation of the conjugate gradient algorithm [66] operates
upon vectors. Therefore the point in H-space used is the ‘flattened’ vector con-
sisting of the unique elements of H. The gradient matrix is flattened in the
same way. Conjugate directions are chosen according to the Fletcher-Reeves-
Polak-Ribiere algorithm [67]. The gradient information is also made use of by
the modified version of Brent’s method [68] that performs the line minimiza-
tions. The end result of the algorithm is the unitary transformation which
takes us from the ‘eigenstate’ decomposition to the optimal decomposition. An
heuristic test for convergence is performed after the algorithm terminates by
running a pseudo Monte Carlo algorithm against the final decomposition, using
an exponentially wide range of step sizes in random directions through unitary
transformation space: we fail to find further steps down to within the target
precision. This does not prove that the optimal decomposition has been ob-
tained, but is strongly suggestive of that conclusion. Note that the gradient
for E,, is constructed with respect to small unitary transformations of the cur-
rent decomposition, and therefore the unitarity of U is preserved to machine

precision throughout the execution of the conjugate gradient algorithm.

5.6 Performance against two-qubit mixed states

For randomly generated mixed states of two qubits, the algorithm’s estimate of

Er converges with the Wootters Er to 14 decimal places typically in less than
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100 iterations. The Wootters EF is defined in equation (1.79).

5.7 Performance against two-qudit isotropic mixed

states

A qudit is a quantum system of dimension d. The |¥)* state of two qudits is
defined as

Uy = % 3 i (5.31)

For example, a |¥)* state of two qutrits is
1
)t = —(|00) + |11) + |22)). 5.32
%) \/g(l ) +111) +(22)) (5.32)

An isotropic mixed state is a convex mixture of the maximally entangled

Bell state |¥)* and the maximally mixed state p; = L:

b= (L (W) + FIOY (] (533)
Unlike for more general mixed states, a formula for Er exists for isotropic states
of two qudits [69]. These states are thus well-suited as a check for the results of
the algorithm. In the case of two-qubit isotropic states, a particular difficulty
arises which is that E,, generally has a stationary point at the eigenvector
decomposition. It is thus necessary to move the initial decomposition away
from this stationary point with a few random Monte Carlo moves, after which
the conjugate gradient algorithm successfully obtains the correct minimum. For
two-qutrit isotropic states we observe perfect correspondence between the results

of the algorithm and the value given by the formula.

5.8 Performance against two-qutrit random mixed

states.

The convergence behaviour when minimizing a sample random general mixed
state of two qutrits (ie. dim(#) = 9) is shown in Figure 5.2. It can be seen that
convergence is linear, with approximately 600 iterations required per significant
figure. We have found a few examples of states with highly degenerate eigenvalue

spectra (e.g. isotropic states) for which convergence may be slower than linear.
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5.9 Modelling locally depolarized Bell states of

two qutrits.

An example of a previously intractable yet conceptually simple problem is local
depolarization of one qudit involved in an entangled state. Consider a |¥)* state
of two systems of dimension d (qudits), as defined in equation (5.31). If one qudit
- say qudit A - decoheres with a certain probability p, the entanglement of the
overall state is reduced in a non-trivial manner. This corresponds to a physical
situation in which one party (Bob) prepares two qudits in an entangled state,
then passes one qudit to Alice via a noisy channel. How much entanglement do
Alice and Bob now share?

In this exercise, three possible types of decoherence are considered: the bitflip
channel, the depolarizing channel, and both channels in succession with the same
probability. (As the operations commute in this case, the order of bitflip and
depolarization operations in the last case is irrelevant.) The results for a |¥)*
state of two qubits can be readily calculated using the Wootters formula. They
are shown in Figure 5.3. For the depolarizing channel, the results are consistent
with the well-known separability of mixed states in the neighbourhood of the
maximally mixed state [70].

How does one perform the same exercise for a |¥)* state of two qutrits
(d=3)?

5.9.1 Bit flip for qutrits

When one is dealing with 3-state systems, it is not immediately obvious how

one 'flips’ a qutrit. One solution is to use this operator sum representation:
V1 -7pl

D
N
\/gxdow,, (5.34)

where p represents the probability of a flip.

The operators X,,p and Xgown respectively raise and lower a basis state, and
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are defined as follows:

(0 1 0
Xdownlt) = |(i—=1)modd)=|0 0 1
\1 0 0
(0 0 1
Xuwli) = |(i+1)modd)=|1 0 0 (5.35)
\0 1 0

in the |0), |1}, |2) basis. These operators are unitary since eg. for Xgown:

010\foo01 100
XaownXiown = |0 0 1]|1 0 0]=]0 1 0 (5.36)
1 00/\010 00 1

5.9.2 Depolarizing channel for qutrits

[71] provides an operator-sum representation of the depolarizing channel for

qudits, which we can therefore use for qutrits by setting d = 3:

v1-pI

vpg —1E; ; (5.37)
where
E,; = X'Z/, i,jeF,
X|i) = Xdown = |(i — 1) mod d)
Zlj) = wl5) (5.38)

and w’ is a d’th root of unity raised to the j:
W o= ¥/ j=0,1,2,..,d-1 (5.39)

The results of applying these operations (tensored with the identity on qutrit
B, which does not decohere) are shown in Figure 5.4. The results are plotted
in etrits (1 etrit = log,(3) ebits) to facilitate comparison with the results for
qubits. (Note that for the depolarization-only case, the results can also be
obtained using the formula for Ef for isotropic states - we have found they are

the same). They are similar to those for qubits, however it can be seen that
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Figure 5.2: Convergence of min(FE,,) for a random two-qutrit mixed state using

conjugate gradient algorithm.
Iterations

0 1000 2000 3000 4000 5000 6000

o T T T T 1 1

log10(difference between successive iterations)

for all types of channel, the proportionate reduction in entanglement at a given
probability is lower for qutrits. It thus appears that qutrit entanglement is more
robust with respect to these types of decoherence than qubit entanglement. This
conclusion has potential significance for the design of quantum computers and

communication channels.
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Figure 5.3: Entanglement of formation (ebits) of |¥)* of two qubits vs probabil-
ity of qubit A depolarizing through various channels (calculated using Wootters

formula).

EF in ebits

T prob per event

_— bit flip of qubit A
R depolarization of qubit A
-— bit flip then depolarization of qubit A

Figure 5.4: Entanglement of formation (etrits) of |[¥)* of two qutrits vs probabil-
ity of qutrit A depolarizing through various channels (calculated using conjugate

gradient algorithm).
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Chapter 6

Entanglement in degenerate

quantum gases

6.1 Introduction

This chapter is concerned with ‘natural’ entanglement in degenerate quantum
gases. Natural entanglement is entanglement that is present in naturally oc-
curring states of quantum systems. In other words, this is potentially useful
entanglement which occurs in such systems without us having to perform any
special preparation on those systems.

‘Degenerate quantum gas’ is a generic term to describe a Fermi sea, a Bose
condensate, or a BCS superconductor. A quantum gas becomes ‘degenerate’
when the interatomic distance becomes less than the de Broglie wavelength of
the atoms, ie. a << Ar. At this point, the de Broglie waves associated with
each atom overlap. Since the de Broglie wavelength increases as the atoms are
cooled, cooling a quantum gas will make it degenerate.

Bose condensates and Fermi gases behave differently because of the different
particle statistics of the particles involved. When a gas of bosonic atoms is
cooled to just above absolute zero, all of the atoms condense into the same
ground state. With a gas of fermionic atoms, this is not possible as the Pauli
exclusion principle prevents more than one atom occupying a given quantum
state. Instead, the atoms sequentially fill the lowest energy states available.

A BCS superconductor is an extension of the Fermi gas concept. In the Fermi
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sea, fermions move as independent particles, with no correlations between the
spin-up and spin-down particles. Correlations between fermions with the same
spin direction do exist of course, because of the Pauli exclusion principle. In a
BCS superconductor, a weak attraction between the electrons causes a pair of
excited electrons with opposite spins, whose individual kinetic energies are near
the Fermi surface, to form a bound pair whose combined energy is lower than
2Ep. This is because their combined energy has been lowered by the attractive
potential between them.

In 1956 Cooper showed that if an attractive interaction between electrons
exists in a Fermi sea, however weak that interaction is, at least one bound pair of
electrons will form [72]. What is the origin of the attractive interaction? What
happens is that one electron polarizes the superconductor’s lattice by attracting
positive ions. The other electron is then attracted to this excess of positive ions,
and hence an effective interaction between the electrons arises.

Since all three types of degenerate quantum gas involve indistinguishable
particles, to calculate the entanglement between sites in any of them requires
the use of the Zanardi (site entropy) entanglement measure, and thus requires
them to be described using an occupation number representation. Very simple
models will be used for all three types: non-interacting bosons and fermions for
the bose condensate and fermi sea respectively, and the BCS ground state at
T = 0 for the superconductor. Note the entanglement in the Fermi sea is subject
to an SSR for local particle number conservation, as discussed in Chapter 2.

6.2 Natural entanglement in spin systems

Before considering natural entanglement in degenerate quantum gases, it is use-
ful to review what is already known about natural entanglement in condensed-
phase systems. This has been most thoroughly studied for the case of spins, ie.
the Ising model, the Heisenberg model, and the XY model.

6.2.1 The Ising model
1D Ising model at T =0

Gunlycke et al [73] study the entanglement in a one-dimensional Ising model

in an external magnetic field, applied in an arbitrary direction. For a two-spin
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system at zero temperature, they find that the entanglement is greatest for B-
vectors which are almost (but not quite) parallel to the Ising direction, and zero
for B-vectors which are perpendicular to the Ising direction.

Thus for the conventional choice 2 of Ising direction, the 2-qubit entangle-
ment is greatest when B is almost parallel to 2, and zero when B lies along .
However, when B is actually parallel to Z, the entanglement is zero. Thus there

is an extremely thin line of zero entanglement at B, = 0.

1D Ising model at T > 0

At T > 0, the degeneracy which gives rise to the zero-entanglement line at

B, = 0 broadens, and there is a band of zero entanglement around B, = 0.

6.2.2 The Heisenberg model

Arnesen et al [74] consider the entanglement between two spins in a one-dimensional,
N-spin, closed Heisenberg chain. The Hamiltonian for the 1D Heisenberg chain

in an applied magnetic field B is

N
H = ) (Boi+Jgg) 6.1)

i=1
where the spin vector for the i’th spin is g; := (04,04,40,;). The antiferromag-
netic case is J > 0, the ferromagnetic one is J < 0. They find that there is

never any entanglement in the ferromagnetic chain.

This makes sense because the state of the system at 7' = 0 and B = 0 is
an equal mixture of the three triplet states, which is disentangled. This can be

seen by rewriting the mixture in the form of an isotropic state:

p = 5 lo0noor + Jton) + opious + (10 + iy cu

1

= 3= 30~ noycor - o] (6.2)

Increasing B increases the proportion of {00) in the state - doing this cannot
make the state entangled. And increasing T increases the proportion of singlet
in the state, which can only decrease entanglement by mixing with the triplet.

The antiferromagnetic chain can contain entanglement, however. The max-

imum entanglement occurs for applied field B = 0 and temperature T' = 0.
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Generally, increasing B or T decreases the entanglement. However, for values
of B close to the critical value of B, B, = 4J, it is possible to increase the

entanglement by increasing T.

6.2.3 The hybrid XY and Ising model

Osterloh et al [75] consider a spin-half ferromagnetic chain with an exchange
coupling J in a transverse magnetic field of strength h.

They use a special Hamiltonian which combines tunable amounts of the
Hamiltonians of the XY and Ising models:

J N J N N
H = -3 +7)) oFor, - 5@ —9Y olel, k> o (6.3)
i=1 =1 i=1

where the {0} are the Pauli matrices and N is the number of sites. For vy =1

the model reduces to the Ising model:

N N
H = —-JY ofof,—h) of. (6.4)
=1 i=1

For v = 0 it gives the XY model:

J& g & N
H = —Ezafaizﬂ—gzag"fﬁ—hzaf (6.5)
i=1 i=1 i=1

For their measure of entanglement, Osterloh et al use the two-site concurrence:
C(i,5) = max{ri(s,5) — r2(i,5) — r3(i,5) — ra(i, 5),0} (6.6)

where the r,(i, j) are the square roots of the eigenvalues of the product matrix

R = p{i,5)p(i, j) in descending order, and p is the spin flipped matrix:
P = 0y@oypioy®ay (6.7)

Concurrence is an entanglement measure which was described earlier, in sections
1.2.6 for pure states, and section 1.2.9 for mixed states.
Osterloh et al define a dimensionless coupling constant:
J
A= 2 (6.8)
For N = 0o, the system has a critical point at A, = 1.
They then consider the range of entanglement £g in this model, defined as

the maximum separation between spins for which the concurrence is non-zero.
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v = 1: the Ising model

For the Ising model, the concurrence turns out to be zero unless sites ¢ and j
are next-nearest neighbours, or closer. Surprisingly, this turns out to be true
even at the critical point, where spin-spin correlations have infinite range, and

decay only algebraically.

v < 1: models which are intermediate between Ising and XY

The range of entanglement £g turns out to be a function of 7. As v — 0,
the maximum possible distance between entangled pairs increases, tending to
infinity. In fact, Osterloh et al find that £r goes as y~!. Consistent with this
is their finding that the total concurrence stored in the chain is an increasing
function of ~:

For0<y<1 , 0<) C(n)<02, (6.9)
n

where C(1) is nearest-neighbour concurrence, C(2) is next-nearest-neighbour
concurrence, and so on. Thus, although the range of entanglement increases as
the model tends towards the XY model, (ie. as -y tends towards zero), the total

entanglement in the system tends towards zero.

6.2.4 A star network of interacting spins

Hutton and Bose [76] consider the entanglement present in a star network of
spins, that is to say, one in which each spin only interacts with a central spin
at its hub. If NV is the number of outer spins, they find that for odd N the

concurrence is

Cc = (6.10)

1
N
whilst for even N it is

1 1

There are thus oscillations in the entanglement as N is increased. This is due

to mixedness (ie. 1—tr(4?)) of the zero temperature density matrix for even N.
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6.2.5 A spin chain

Bose [77] studies the transmission of a quantum state through an unmodulated
spin chain. That is to say, the state is transmitted along the chain simply by
being placed in proximity with one end of the chain. The ability to switch
interactions between the spins on and off is not required, nor is the application
of external fields required to modulate those interactions.

Bose finds that for direct transmission of a spin along the chain, short chains
give excellent results. For example, a chain of length 8 gives fidelity F' = 0.994.
In fact, chains as long as 80 exceeds the highest possible fidelity for classical
transmission of the state, in the time interval used in the study.

More recently, Stefanatos et al. [78] describe the relaxation optimized trans-

fer of spin order in Ising spin chains, using NMR control techniques.

6.2.6 A chain of harmonic oscillators

Plenio and Semido [79] have performed similar work for a chain of coupled
harmonic oscillators, which they dub a ‘quantum data bus’ because of its ability
to transfer quantum information and entanglement from one location to another
without having to use active spatial and temporal control.

Specifically, they consider a ring of M harmonically coupled identical oscil-
lators, coupled with two additional harmonic oscillators a and b at arbitrary
positions on the ring. System a is initially entangled with an external oscillator
¢, and the aim is to transfer that entanglement so that system c is entangled
with system b.

They first consider this system for the case of Gaussian continuous variable
states. They find that for a quantum data bus containing 20 oscillators, and
a nearest-neighbour coupling strength of C = 1, then for a situation where a
and c are initially in a pure entangled two-mode squeezed state, the efficiency
of entanglement transfer between oscillators a and b oscillates as a function of
time, with a minimum efficiency of zero, and a maximum efficiency of better
than 0.99.

Plenio and Semido then consider the case where states are restricted to the
basis of a single excitation, i.e. |0) and [1). They show that, in that case, the
system is equivalent to an xy-spin chain. They consider coupling three external

oscillators to the chain, a, b, and ¢. They show that in the limit of large M,
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an initial state which has an excitation in only oscillator a evolves to a W state
of the three external oscillators, which is disentangled from the quantum data
bus. This form of the data bus can thus be used to generate multi particle
entanglement.

A more extensive study of entanglement in systems of coupled harmonic
oscillators is by Plenio, Hartley, and Eisert [80]. They find that for harmonic
oscillators coupled by springs (which corresponds to a phonon model) the trans-
fer efficiency is related non-monotonically to the initial amount of entanglement
- an intermediate amount of entanglement is transferred with the greatest effi-
ciency. On the other hand, for the rotating wave approximation the relationship
is monotonic. They also examine physical configurations of oscillators other than

a ring.

6.3 Entanglement in a BCS superconductor

To model the formation of Cooper pairs above the Fermi surface, one uses
a tight-binding approach. In the tight binding model, the wave functions of
the propagating electrons are made up of linear combinations of localized wave
functions each of which corresponds to a site on the lattice.

In the superconductor, the lowest energy state of the system should have
zero total momentum, so the state of the system is a superposition of fermions

in opposite momentum states:
Yo(ry,r2) = ngeik"‘e'ik'rz (6.12)
k

Since the interaction between electrons is attractive, one expects each pair to

be in a singlet state, hence the overall state is

Po(r1 —r2) = ( Z gk cos (k.(r1 — !‘2))) (@182 — ). (6.13)

k>kr

6.3.1 The BCS ground state

In evaluating the entanglement between two sites in a superconductor, this
chapter models the superconductor using the BCS theory [81]. The following is
based on Tinkham’s treatment [82]. When discussing entanglement generally,

‘site’ means a region of space where Alice/Bob makes her/his measurements. In
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the context of the BCS superconductor, ‘site’ means one atom in the lattice. In
the BCS theory, the ground state takes the form

[Wsos) = [JCu+wckiely))I0) (6.14)
k

where |vy|? is the probability of the pair of momentum states (k 7, —k |) being
occupied, and |uk|? is the probability of non-occupation. Hence

luk)® + || = 1. (6.15)
In a normal metal,

v = 1lfork<kp

v = Ofork>kp (6.16)

and u shows the converse behaviour, of course. In a superconductor, there is
broadening of u,v around kp.

A key feature to note about this state is that it is not number-conserving,
ie. the number of particles N is not fixed. It can vary between zero and 2M
(twice the number of sites). Instead, one has to work with the average number
of particles, N, which is fixed.

What are the coefficients ux and vx? The strategy to determine this is as
follows:

1. Use a ‘reduced’ Hamiltonian, which only contains interactions which scat-

ter a pair of electrons from one momentum Cooper pair state to another.

2. Use the variational method to minimize this Hamiltonian.

6.3.2 The reduced Hamiltonian for the BCS ground state

A~

Hecduced = et + ) + ) Viackely eoien
k k.l

KE + PE (6.17)

This number-conserving, ‘reduced’ Hamiltonian excludes all interactions apart
from those which will scatter a pair of electrons from one Cooper pair state

(k T,—k |) to another. Thus, Vi is the scattering potential for scattering
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a Cooper pair from the momentum state (1 7,—1 |) to the momentum state
(k Tv -k l)
Vi is derived from the most general interaction that preserves total momen-

tum and spin:
ViimChy 41— k.o Ch.o Cm.a'Cla (6.18)
which scatters a pair of electrons from
(lo,mo’) to (ko,(m+1-k)o’). (6.19)

As mentioned before, an undesirable feature of |Upcg) is that it has no fixed
particle number. So one fixes the expectation value of the particle number by
using Lagrange’s method of undetermined multipliers.

The chemical potential u is used as the undetermined multiplier, and N is
the operator whose expectation value gives the function one wishes to fix (ie.
the number of particles). One takes Hieduceq as the cost function, and uN as
the constraint function. Thus, one subtracts uN from the reduced Hamiltonian,

and then seeks to solve
(UBcs|Hreducea — uN|¥pcs) = 0. (6.20)

The effect of this is to set the kinetic energy ‘zero’ at the energy of the Fermi sea,

Er. The single-particle energy of an electron with momentum k thus becomes
ke = e&x—p (6.21)
and equation (6.20) can be rewritten

(mBCS| gk(ﬁkT ; "Alkl) f Lklc;r( Ct_k c—llclTlmBCS> = 0

T 1)
k k,l1

(6.22)

ie. using H,educea but with the energy of an electron with momentum k set to
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& instead of ex. Now, the first term is

(TBos| Y &lfnr + )| ¥Bos) = 2(Tscs| Y et | UBes)
k k
(because the electrons being considered here are all in Cooper pairs

and therefore the number of up and down spin electrons with

a particular momentum is the same).

= 2(¥pcs| Y kol ot | Unes)
k
= 200 [J(uf +vfeonen) Y &efyener [ J(um + vmelarel i )10)
1 k m

=2 Z(Ol(ui + ”ﬁc—kLCkT)kaLTCkT (ux + UkCLTCT—ki)
Kk

X H(uf + vfeoyar)(u + vchTcT_u)|O).
1#k

(6.23)

Consider the expectation value of the 1 # k product (the second term in equation
6.23) in the vacuum state:

Ol [Tt + vic—yenn)( + micfyely)10)

1#k
= (O[T 1wl + wfuicicty, + vfue_nar + lulPe-yaneliel [0)
%k
= |wy2+0+0+|un2=1. (6.24)

And the expectation value of the first term in equation 6.23 in the vacuum state
is
(ol Z(UE + UCoe) Cier )k Oy Coet (e + vicehy el i, )[0)
= (0l Z &cluse el cxt]0) + (01D beugvicharrclrel . [0)
k

UIZSkvkukaCkTIO (O iclvlPe-xcscrelyexrcfrel 1, 10)
k

= <0t2§kluk&2nmo +<0|Z<ku;;vkcLT<1—fm)cf_kltm

+(0] Zﬁkvkuknmlo + (0] Zﬁklvklzc—kl(l — it ) (1 — fuer)el y,[0)
k

= 0+0+0+Z€k|vk|2- (6.25)
k
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So the expectation value of the kinetic energy term in Hiequced — pN is, from

the first term in equation (6.22),

(KE—uN) = > &cl(fxr + fucy)

k
= 2) &lul® (6.26)
k
The expectation value of the potential energy term can be shown to be
(PE) = > Viaukvpujvr. (6.27)
kl

So, if one assumes uy and vk are real, the expectation value of H edyced — uN

is

(UBCs| Hreduced — 1V |¥Bcs) = 2 &evg + ) Viaukokun = 0.
- ) (6.28)
If one sets
ux = sin Gy,
vk = cos b (6.29)

then the normalization condition for uy, vk in equation (6.15) is satisfied. One

can thus write the first term in equation 6.28 as

2 Z{kvﬁ = 2 Zék cos? O
k k

= ) &(1+ cos 26x). (6.30)
k
And one can write the second term as
z Viaukncuiyy = lz Vi sin 26k sin 26;. (6.31)
4
Kkl kl
So
0 N R
= (YBcs|Hreduced — #N|¥Bcs) = 0
06y
2§k sin 26 = Z Vi cos 26y sin 291,
1

Y"1 Via sin 26

tan 20 = %
k

(6.32)
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The quasi-particle excitation energy and the energy gap

Now define two new quantities. The first is the excitation energy for a Bogliubov

quasi-particle whose momentum is ik:

B, = /Al+ée. (6.33)

The second new quantity is the energy gap in the superconductor:
1 .
Ak = - 2 Vklulvl = -—5 Zl: V]d sin 29]. (6.34)

This is the range in energy over which u and v are ‘smeared out’ around kr in the
superconductor. The reason that Ak is known as the energy gap, or minimum
excitation energy, is apparent from the definition of Ex. It is because even at
the Fermi surface, where the energy of an electron relative to the surface is zero,
the energy of a Bogliubov quasi-particle is non-zero: Fx = |Ak| > 0. Although
it’s not obvious from its definition, Ay is in fact a function of k, as can be seen
from equation 6.40 later in this section. However, in an S-wave superconductor,
the dependence is only on the magnitude of k, and not its direction.

Putting the definition of the gap into the expression for tan 26y one gets

A
tan 20 = ——= (6.35)
€k
and thus one gets
A
2uvk = sin 20 = —5, (6.36)
Ex
vE—ui = cos 2= —é—k. (6.37)
k

The choice of signs for the sine and cosine means that one obtains the desired

behaviour that the occupation number v — 0 as & — oo.

The equation for the energy gap and its solutions

With these last expressions, it is possible to finally obtain the equation for the
gap:

1 .
Ak = —§zl:Vk| s1n201
1 Ay
- a2y
1 Ay
= —5513”"—' (6.38)

VAT +¢§
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There are two solutions for Ak: one trivial , one not. The trivial solution

describes the situation in a metal - the energy gap is zero at all energies:
Ay, = 0V &. (6.39)

The non-trivial solution describes the situation in a superconductor - the energy
gap is non-zero in a small energy range around the Fermi surface, and zero

elsewhere:

Ay = A for |£k| < wp, (6.40)
Ax = 0 for || > wp. (6.41)

Note that this non-trivial solution makes explicit the fact that Ay is a function
of k, justifying its subscripted ‘k’. However, in an S-wave superconductor, the
dependence is only on the magnitude of k, and not its direction. The non-trivial
solution is obtained from equation (6.38) by using Cooper’s approximation for
Vi

Via = -V for k states out to a cutoff energy hwp away from Ep,
ie. for |€x| and |&| < Fwp, (6.42)
Vii = 0 beyond hwp (6.43)

where V is a positive constant. Now since Vi is set to Vi3 = V for the range
of interest, one also has Ax = A; = A hence the equation for the gap (6.38)

becomes
1 \%4
1 = = — 6.44

Since V is only non-zero within a range of Aiwp around the Fermi energy, the
summation over k-states can be replaced by an integration between —Awp and
+hwp:

1 o v
b= N°5/_Mmdf

1 [fhwo 1%
= Np=2 S
2% Jy \/A2+£2d§
1 hwp 1

NV b JaiE

(6.45)
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Now set £ = Asinhu, and hence

€2 = A%*(cosh®u—1)
A2+ €2 = A2cosh®u
and d¢ = Acosh(u)du
sinh'l(i‘zﬂ)
" J_V—(I)V = /0 du = sinh 'l—h% (6.46)

where Ny is the density of k-states at the Fermi energy for electrons of a given

spin. Hence the final solution for the gap is

sinhL - @
NV A
hwp 1
= WD _o ——). 6.47
sinh iy P eXp( NOV) (6.47)

6.3.3 Constructing a two-site density matrix for a BCS
superconductor at T=0

To evaluate the entanglement between two sites in a BCS superconductor, it is

necessary to build a density matrix in the basis of the occupation numbers of

those two sites. One can then apply the Zanardi measure to this to obtain the

entanglement.

Expressing the matrix elements as strings of second-quantized oper-

ators

The aim of this section is to construct a two-site density matrix for a supercon-
ductor in the BCS ground state at T=0, expressed in an occupation number

basis. Ie. the elements of the matrix are

P = (napnignjrngilpeos|(nitninjing,)’)

= (nininiin; | Uecs)(¥ecs|(nitninjrn;;)’) (6.48)

This is easily converted to an expectation value of the occupancies in the BCS

ground state by switching the order of the brakets (which of course commute):

P = (¥Bosl(nitninyingy)') (nirninjing | ¥scs) (6.49)
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To make this concrete, consider the example of the specific occupancies

nitninyrn;, = 1111,
(niTnilannjl)' = 0000. (6.50)
Then
priir0000 = (¥acslall 1){all 0|¥pcs)
= (‘I’BCS|CITC:[102TC;1|0ij><01‘j|‘1’Bcs) (6.51)

|0:5)(04;] is the projector onto the vacuum state on sites 3, j only. How does one
get rid of it from the above expression? First, note that it can be obtained by
tracing out all other sites from the set of states
10:;)(0i5] = trn,ylnitnanirng = 0000, {nk})(nitninjrn;; = 0000, {ny}|,
k+#4,j. (6.52)
But one can reexpress the zero occupancies of sites ¢,j by applying the zero-
occupancy projection operator for those sites to the state where they are not
necessarily empty:
[0)0i5] = tringl{neh) (1 = Aap)(1 — 7 ) (1 — 0 )(1 = 75 ) {({nk },
k € all sites. (6.53)

So one can write

(¥BCs|0i5)(0i5|¥BCS)

tT(ne} k4,5 (UBCS|NiT s ) = 0000, {ng})
(nirnaniingy = 0000, {nk}|¥scs)
= tI{n,} keall sites
(TBcs|(1 — Air)(1 — Aa )(1 — A1) (1 — A1) [{ne})
({ne (@ = Aip) (1 = Aa) J(1 — R51)(1 — 725,)|¥BCs)
(6.54)
But

tr{nk},kEallsitesl{nk}>({nk}| = L (6.55)

Hence

(¥Bes|0:5)(0:5| ¥Bes) (¥Bos|(1 — Aip)(1 = 7 ) (1 — 7251)(1 — 725, )| ¥Bos)

= ((1 =)L —Aq)(1 — Ryr)(1 — Ayy)) (6.56)
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Now, invoke the anticommutativity of fermion creation and annihilation opera-

tors:
Nig = c;‘ac,-(,
and {cl ,cc} = 1
(1-fue) = cigcl, (6.57)
Hence
(UBos|0i)(04|¥scs) = (Tpos|eirclienel ejrelicsiel [¥pos)
= (erchaiel eielieiel) (6.58)

The example in equation (6.51) is now easily evaluated. It is

putroooo = (¥scslelef ehrel 10:)(04|¥nes)

= (‘I’BCS1C,TTC;[1C;TC;lCiTCITCilczlchC}chlc;(i|‘I’BCS> (6.59)

Evaluating the matrix elements using Wick’s theorem

The elements of pn, are now expressed as expectation values of strings of
second-quantized single-particle operators. How can these expectation values

be evaluated? Wick’s theorem is the answer.

Wick’s theorem: The average value of a product of creation and
annihilation operators is equal to the sum of all complete systems
of pairings, in which each pairing preserves the original ordering of

the operators in the product. Ie.

(A1 Ay.. A,) = > (A1 Ag)(A3Ayg)...(As_1 A,)
order-preserving permutations

(6.60)

where the sum runs over all permutations of the s indices which
preserve the ordering of the indices in the original product. In other
words, each pairing (fi,-fij) should satisfy 7 < j.

A problem which now arises is the length of some of the products of creation
and annihilation operators to which Wick’s theorem should be applied. For

example, the matrix element p1111,1111 is obtained by evaluating

bttt
(Tsoslelelycliel circlieie esrelies el esiesreieit| acs), (6.61)
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a product with 16 terms. There are in fact 40320 permutations of the operators
in this product that preserve the original ordering, and in which all the pair-
ings are non-zero. Thus a Mathematica program was written to construct the
superconductor density matrix. On an ordinary 800MHz notebook computer it
takes about 15 minutes to produce the matrix, in symbolic form. As the result

is symbolic the program only ever needs to be run once.

Evaluating the pairings using single-particle operators for Bogliubov

quasi-particles

Each matrix element is now in the form of a sum of products of pairings, where
a pairing is the expectation values of a pair of single particle operators. How
does one evaluate each pairing?

The annihilation operators éi and 3_y for the Bogliubov quasi-particles are
defined by

bk = urCkr — Vil

B = ukC_k +vick, (6.62)

In the framework of these quasi-particles, the BCS ground state is the ‘vacuum

state’. Hence the BCS ground state is annihilated by the above operators. For
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example, the action of &x on it is:
6x|¥pcs) = (ukCkt — Ukct_kl)(H(ul + UICITCT_N)IO»
1

= (ukcrr — veel ) (e + vicckpel ) [J(w + wicfiely))l0)

£k
= ] +wcfel ) e — neet i) (ux + veckrely)10)
l#k
= H(Ul + vchch_u)(uickT + “kUkaTCLTCT—kL
l#k

2
_“k”kcf—kl - Uka_kchTCT_kl)lo)
= H(w + vch'ch_l l)(lowering operation on the vacuum
I#k
+ukvkcf_kl|0) - ukvkct_kllo)
—the same raising operation on the vacuum twice)
= H(w + 'vchTcT_u)(O + ukvkcf_kl|0) — ukvkcf_klIO) —-0)
£k
= 0. (6.63)

In a similar way, one can show that B_xk also annihilates the BCS ground state.
Now, one can rewrite the k-state creation and annihilation operators in terms

of the Bogliubov operators as follows:

Ckt uébi + By,

ki = upaf +viBx. (6.64)

Doing so will enable the reexpression of the expectation values obtained using
Wick’s theorem in terms of the non-occupation and occupation amplitudes u

and v.
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Off-diagonal one particle density matrix element for a single spin

direction Consider the pairing (c:.'chT) (where M is the number of sites):
1 —ikRy ik’ R
(chest) = 372 *Me™ Rl a0r)
Kk’

1 i(k’ * A * A 2
= 37 2 MR (ua] + vf B (wedae + v Bly))
kk’

1 (k' R — * ot
= _}\ZE el Ry k'R‘)(ukUk'(‘I’BcslaLak'l‘I’Bcs)+
Kk’

upoe (Upcs|af B 1 | ¥res) + viu (Upcs|B-kéiw |[¥pes) +
v;vk,<wscs|é_k3*_k,|wscs>)

1 -~ PO
= 3 it Ry—kRy) (0 +0+ 0+ vjue (\I’Bcslﬁ—kﬂik/I‘I’BCS))
Kk

1 - s
- = Z i Ry—kR) x5
kk’

1 R
— M Z elk.(Rj R‘)|”Uk|2-
K
= 1. (6.65)
The above uses the fact that the only non-zero terms are those where a creation

operator is acting to the right and an annihilation operator is acting to the left,

ie.

ax|¥scs) =
Gi|¥Bcs) =
(Tpcsléf, =

0
0
0
(TpeslBl = 0

(6.66)

It also uses the fact that the Bogliubov transformation is canonical and thus pre-
serves the commutation relations between fermionic creation and annihilation

operators, ie.

(B, LY = O (6.67)
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Two particle density matrix element for two spin directions The pair-

ing‘(cITc; |} can be evaluated by a similar method. This gives
1 ; -
) = T
_ L Zezk (Ry-Ry)___ Dk
\/A2 + €%

= J (6.68)

where the second line is obtained using equations 6.33 and 6.36.

Number density Since they are expectation values of the number operator,

pairings of the type (c »Cic) can be written in terms of the number density:
(clotia) = (i) = Z el := (6.69)
and

(ciocly) = (1= o) = 22 3 hl? := (1 - ) (6.70)
k

Superconducting pair density Pairings of the type (c zTcIi> can be written

in terms of the superconducting pair density:

1
(crely) 37 D ek =g
k

—g (6.71)

(cireiy)

6.3.4 The full two-site density matrix for the BCS super-
conductor at 7' =0

This density matrix has no coherences between states in which the total number
of particles is odd or even. Thus the density matrix can be written as a direct

sum of two density matrices describing such states respectively:

ﬁ = PANeveneaﬁNodd- (6-72)

A basis for the full 16 x 16 density matrix, expressed as a tensor product of
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the bases for sites ¢ and j, is

Inininging) = {|00),]01),]10),11)}*?

{10000}, |0001), |0010}), |0011), |0100), [0101), |0110}), [0111),

|1000), |1001), |1010), |1011), |1100), |1101), |1110), |1111)}.
(6.73)

However, it is almost impossible to fit the full 16 x 16 matrix on one page.
Therefore, here the even-N and odd-N matrices are given instead. The density

matrix for an even total number of particles is pyeven =
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in the basis

Ingnnjing) = {|0000),[0011),|0101),|0110),]1001), |1010), |1100), [1111)},
(6.75)

and where the symbol H has been used in place of I. The density matrix for

an odd total number of particles is pnodd =
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in the basis

Initnignging) = {]0001),]0010),0100),[0111),1000), [1011),|1101), |1110)}.
(6.77)

As before, the symbol H has been used in place of I.

6.3.5 Calculating the two-site entanglement in the BCS
ground state - results

The Audenaert conjugate gradient code for calculating the entanglement of for-
mation [61] was used to calculate the two-site entanglement of the BCS ground
state, from the density matrix obtained in section 6.3.3. A copy of the code was
kindly supplied by Konrad Audenaert. This exercise was performed for a range
of values of f,g,1, and J.

Some combinations of f,g,I, and J give a density matrix with one or more
negative eigenvalues. Therefore for each combination of parameters, the validity
of the density matrix was checked, and only ’legal’ density matrices submitted
to the conjugate gradient code.

For given values of f, g, the entanglement of formation was calculated across
a fixed grid of values of I and J. The results are shown in Figure 6.1, rearranged
to show EF surfaces of f and I for all possible values of g and J.

In Figures 6.2 and 6.3, the exercise is repeated for the BCS ground state
density matrix subject, respectively, to an SSR for local particle number con-
servation, and an SSR for local particle number conservation modulo two. It
can be seen that, as expected, the reduction in entanglement is greatest for the
local particle number SSR.

6.3.6 Martin-Delgado’s work on entanglement in the BCS
ground state

Martin-Delgado has devised an analytical, concurrence-based entanglement mea-
sure for the BCS ground state [83]. He calls it macrocanonical entanglement of
pairing (MEP), and defines it as

E(BCS) := (FS|FS) — (BCS|BCS) (6.78)
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Figure 6.1: Surfaces for the entanglement of formation in the BCS ground state
plotted against /, /, and calculated for all possible values of g and J. The
maximum is Ep = 2.0at/ =1 =0.5,g=J = 0.
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Figure 6.2: The same exercise as in Figure 6.1, performed subject to an SSR for

local particle number. The maximum is Ep = 0.5at/ =/ =10.5,g=J =0.

9.0-5. J.O
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Figure 6.3: The same exercise as in Figure 6.1, performed subject to an SSR for
local particle number modulo two. The reduction in entanglement is less than
that caused by the SSR for local particle number in Figure 6.2. The maximum
isEp=10at/ =1=05,g=J =0.
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where |BCS) is the BCS ground state, |§5’TS’) is the time-reversed BCS ground
state, and |F'S) and |f§) are the Fermi sea state and the time-reversed Fermi sea
state respectively. Therefore this definition defines the Fermi sea state as having
zero entanglement. The MEP measure suffers from being based on concurrence,
as there is no established relationship between concurrence and entanglement of
formation for systems of higher dimensionality than two qubits. MEP therefore
cannot be used to quantify in ebits the entanglement of the BCS ground state as
a resource (to be used for example in teleportation), unlike the procedure given
above. Furthermore, it cannot be used to calculate the entanglement between
two sites, unlike the above method. On the other hand, it has the advantage of

being analytical and thus much easier to compute.

6.4 Entanglement in a Fermi sea

6.4.1 Fermi sea two-site density matrix for two spin direc-

tions

The ground state for the Fermi sea can be written

Weerm) =[] [] ekol0)- (6.79)
o k<kp

The two-spin two-site density matrix for a Fermi sea can be regarded as

a special case of that for the BCS superconductor. One just has to set the
terms g and J (which are called ‘anomalous’ because they’re only non-zero in
the superconductor) to zero in order to obtain the Fermi sea density matrix.
Since g and J are zero, there are no matrix elements connecting states which
contain a different total number of particles in the system. Thus one can write

the density matrix as a direct sum of n-particle blocks:

po 0 0 0 O
0 pp 0 0 O
PFsij = 0 0 p 0 O (6.80)
0 0 0 p3 O
0 0 0 0 gy

where each block gy is the density matrix for a system containing a total of

exactly N particles. By setting g and J to zero in the superconductor density
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matrix, the {px} are found to be:

in the basis

in the basis

The two-particle density matrix is po =

( (f-1%+H?%)?

(=14 -H)S—
1] HY(-1+f+
H)Y(f+H)
(=1+ ) fH-H3 0
H(f-f2+H?) 0
0 0
\ H? 0
in the basis
Initninjin;) =

Po

QA—f+H)(-1+/+

HY(-1+1)f-H?)

(—1+f—H)H(-1+

J+H)

Initninjrngy)

0

[nitnign;rn;y)

V]

—((=1+f-H)(-1+
SHHY(—1+£)f—

H2))

(—1+f—H)H(-1+

f+H)

(-1+ ) fH-H3

(f-12+H?)?

—H?

(-1+sH-H3

191

(=14 p2-H2p2)

|0000).
(=1+f-HYH(-1+

S+ H)

(=14 M)(-1+
T+HH(~14 )1

H2))

H(f-f?+H?)

0

(—14+f-HYH(~1+

f+H)

(=14 - H)(-1+

SHHY(=1+1) - }

H2))

{0001), |0010), |0100), |1000)}.

- H? 0
(s-12+H2)? 0
(14 f-H)(f -
o H)(-1+/+
H)(f+H)

H(f-§2+H?)

[4]

(6.81)

(6.82)

(6.83)

(6.84)

H? \

(=1+f)fH-H3

H(f-f%2+H?)

(F-12+1%2 }

{|/0011),]0101), [0110),]1001), |1010), |1100)}. (6.86)

(6.85)



The three-particle density matrix is p3 =

~((f-H)(f+H)((-1+

o ~(f2H)+H3 0
NI-H?y)
~(S-H) S+ H)((-1+
0 ) [ ~(f2H)+H3
-H
ni » —((f= )+ ((~1+
~(f2Hy+H3 3 0
Ns-H?%y)
—((f=H)(S+H)((-1+
0 ~(f2H)+H3 0
Ne-H2%))
in the basis
Initnignjin; ) = {|0111),]1011),]1101), |1110)}. (6.88)

The four-particle density matrix (which has only one element) is g4 =

( (s2-n?)? ) (6.89)
in the basis
|n,-Tn,»lannjl) = Illll). (690)

The basis for the full density matrix, expressed as a tensor product of the
bases for sites 7 and j, is

Inininjing ) = {|00),]01),[10),[11)}#?

{/0000), |0001), [0010), |0011), |0100), [0101), [0110), [0111),

1000), |1001), |1010), |1011), |1100), |1101), |1110), [1111)}.
(6.91)

I

6.4.2 Fermi sea two-site density matrix for a single spin

direction

If one uses a similar procedure to that used in section 6.3.3 to build the two-

site density matrix for the BCS ground state, the following density matrix is

obtained.
(1-f2-12 0 0 0
0 1- I? I 0
by = fA-f)+ (6.92)
0 I fA-f)+12 0
0 0 0 -1
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in the basis

Inwnje) = {100),101),]10),|11)}. (6.93)

Off-diagonal one-particle density matrix element in a Fermi sea

For a spherical Fermi surface, the off-diagonal one-particle density matrix ele-

ment I becomes

Now

Thus

Q kr 1
——/ kzdk(27r)/ d(cos 8) exp (ik R cos 6)
0

(2m)3 -1
Q kg 9 1 . 1
(27)3 A k“dk(2m) [ﬁ exp (ikR cos 0)] .
Q [k, 2exp (ikR)
0 4m [k .
W m A k exp (1kR)dk
Q1 kr

272 iR
Q1
2n2 iR
@
2m2
Q1. 1, 1 .
Zﬁ(m) [(kp cos(krpR) — Esm(kpR)) - <0c030 - EsmO)]
Q [sin(kpR)
2m2 R2 R

1 , ke q ,

[ki—R~ exp (ikR) — ./0 TR &P (ikR).1 dk] .
kL exp (ikR) — (L 2exp (kR)|
iR P iR’ P .

1 9 ) Z ] kr
(m) [k exp (¢kR) + ] &XP (sz)] .

— kFp cos (kpR)] . (6.94)

f = DOS per unit volume in k-space for a single spin

x volume of Fermi sphere in k-space

= 5 X3 =
672 f
Q = e (6.95)
3f [
= (’CF—R)‘B sin (kFR) — (kFR) CcOs (k’FR) (696)
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where kp is the Fermi wavevector. In a one-dimensional system
a [Fr
I = — / exp (ikR)dk
2n —kp
a1l . -
37 iR [cos (krR) + isin (krpR) — (cos (kpR) — isin (kpR))
a .
= —gsin (krR)

TR krR
= fsinc(krR) (6.97)

where a is the lattice spacing.

Infinite separations: R — oc

Unsurprisingly, the further apart sites ¢ and j are, the less correlation exists
between them. In other words, as R — oo, I — 0 and the density matrix tends

towards uncorrelated filling of sites ¢ and j.

Finite separations: R < oo

For finite separations of sites ¢ and j, I # 0. The presence of I in the density
matrix in equation 6.92 reflects the exclusion principle. It substracts from the
diagonal elements for |00) and |11), making double occupancy of a site less likely.
On the other hand, it adds to the diagonal elements for |01) and |10), making
single occupancy more likely.

6.4.3 Relationship between two spin direction and single
spin direction Fermi sea density matrices
The spins in a Fermi sea are non-interacting hence in principle the two-spin-

direction two-site density matrix can be constructed from a direct product of

spin-up and spin-down density matrices:

PrsL = P1®py, (6.98)

i.e.
(PPs, 1) (nirmyrnams hint nning b = (O (narmgr ingyng Y (B (nem ol s )
(6.99)
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However, on this point some care must be taken. The density matrix prsij
in equation 6.80 (which was obtained from the superconductor density matrix)
is in a tensor product basis of the individual two-spin bases for sites i and j.
This is suited to calculating the entanglement between sites i and j. On the
other hand, the density matrix prs ) produced by tensoring up the spin-up
and spin-down density matrices is by construction in a tensor product basis of
spin-up and spin-down components, and thus not suitable for calculating the
entanglement between the two sites.

The basis suitable for calculating entanglement between sites ¢ and j is

{lnitniniin; )} = {Inini)} ® {Injim;)} (6.100)
If the above density matrix prg 1) is reexpressed in this basis, it is found to be
equal to the superconductor density matrix with g = J = 0, ie. prs,i; as given
in equation 6.80. In order to do this, it is necessary to invoke the commutation

relations for creation operators thus:
nyngt =11 [nanagn;ing) = —[naninign) (6.101)
nyngt # L1 o |nanagnyingy) = lnangingng) (6.102)

It is only for the basis kets represented by equation 6.101 that a change of sign is
necessary when moving from the {|ni;n;1n; n; )} basis to the {|n;ininjn; )}
basis, since it is only for those kets that one has to move one creation operator
past another (the c;T operator past the cI | operator).

The actual comparison of prs 1, and prs; was performed using Mathe-
matica. First, the density matrix for prg 1| was converted to a symbolic density
operator. Then the commutation relations were invoked by declaring the appro-
priate relations (negation and/or transposition of occupation numbers) between
the symbols representing the kets of the respective bases for prs 1) and prs ;.
Finally the density operator, now in the basis for prs ij, was converted back
to a density matrix. This was equal to the superconductor density matrix for
g = J = 0 as expected.

Since the single-spin-direction two-site density matrix for the Fermi sea was
calculated by hand, and the two-spin-direction two-site density matrix for the
BCS superconductor was generated by a Mathematica program, this equivalence
strongly suggests that both are correct. However, it is not a full check on the
validity of the superconductor density matrix as it doesn’t include the g # 0
and/or J # 0 cases.
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Entanglement of formation results

If one chooses as an example f = 0.5, = 0.25 and of course g = J = 0, then
the following results are obtained for the single spin direction entanglement, and

two spin direction entanglement for the Fermi sea.

EF(p,) = 0.03670 ebits,
EF(prs,1;) = O ebits,
EF(prs,ij) = 0.4019 ebits. (6.103)

The single spin direction result was calculated using the Wootters formula, the
two spin direction results using the Audenaert conjugate gradient code. The
entanglement between the spin-up and spin-down components of the two spin
direction state is zero: this is expected as in a Fermi sea there are no correlations
between the positions of spin-up and spin-down electrons. Ie. the presence of a
spin-up electron at a particular site has no influence on the the probability of
occupation of that site by spin-down electrons.

Note that the single spin direction entanglement between sites ¢ and j is
not additive, as the two spin direction entanglement between sites ¢ and j is

considerably more than twice the single spin direction entanglement.

Graphing the entanglement of formation surfaces for a sea of fermions

(with or without spin)

Figure 6.4 shows the entanglement of formation for a sea of spinless fermions.
Figure 6.5 shows the EF surface for a sea of spinless fermions. And Figure
6.6 shows the excess of entanglement in the spinful Fermi sea compared to the

spinless Fermi sea.

6.4.4 Physicality of Fermi sea parameters

On one point, some care needs to be taken, concerning the maximum value
of I. The above exercise is only physically meaningful if the two lattice sites
under discussion are distinct, i.e. are separated by at least one lattice spacing.
Therefore I cannot get arbitrarily close to f (which is its asymptotic value at
zero separation). For the Fermi sea (9 = J = 0), what is the maximum value of

I for a given f?
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Figure 6.4: Surface for the entanglement of formation in a sea of spinless

fermions. The maximum entanglement is one ebit at f = I = 0.5.

Figure 6.5: Surface for the entanglement of formation in a sea of spinful fermions

The maximum entanglement is two ebits at / = [ = 0.5.



Figure 6.6: Surface for the difference in entanglement of formation between a

sea of spinless fermions and a sea of spinful fermions

Consider a simple cubic system with lattice parameter @ and periodic bound-
ary conditions over length L in all three directions. Let’s assume that the in-
teractions are such that the Fermi surface is spherical (see below for the likely
limitations of this assumption). The number of carriers per spin is related to

the volume of the Fermi sea by

N _ (L

2 “ \27r 3 (6.104)

Remembering that the number of sites is M = (L/a)3, we find the filling factor

34n(kpa)3  (kpa)3

2 M 3 6tt2 (6.105)

Therefore, the lattice spacing ¢ and the Fermi wavevector kp are related by
kpa = w10 (6.100)
Putting / = 1/2 gives fcpa = 3.09. In equation (6.96), we derived
/(*) = [sin(*Ffl) - , (6.107)

fora spherical Fermi surface, so to find the nearest-neighbour 7 all we have to

do is evaluate this function with R = a. The results areplotted inFigure 6.7.
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Figure 6.7: Ijhax(f) plotted versus f at g = J = 0.

Note the likely limitations of the spherical-Fermi-sea approximation; the
Fermi surface is likely to get distorted as soon as it approaches the Brillouin

zone boundary. This will happen when

s

kpza = kpaxmT = f=x-=0524 (6.108)

ol

Figures 6.8, 6.9, and 6.10 are plots of the entanglement in the Fermi sea at
the largest physically accessible value of I for, respectively, no SSR applied, or
with either of the two SSRs in force that were previously considered. These en-
tanglement results were calculated using the density matrix for the BCS ground

state with g and J both set to zero.

Relationship between single-spin and two-spin entanglements

The results obtained for the entanglement of formation are particularly inter-
esting since they show that, when working in an occupation number basis for
fermions, the two-site two-spin entanglement is not equal to twice the two-site
single-spin entanglement.

It was found in equation (6.103) that

EF(prsq;) > 2xEF(po). (6.109)
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Figure 6.8: Entanglement of formation in the Fermi sea plotted against

fiImax(f)-

0.25

EF

Figure 6.9: Entanglement of formation in the Fermi sea plotted against

f+Imax(f), with the SSR for local particle number conservation in force.
0.025 [

0.015 |

EF

0.005 | .
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Figure 6.10: Entanglement of formation in the Fermi sea plotted against
fy Imax(f), with the SSR for local particle number modulo 2 conservation in

force.
0.03 [

0.025

& 0.015 |

0.005

So not only does equality not apply, but the two-site two-spin entanglement is
actually greater than the two-site single-spin entanglement. This is because the
assumptions required for the additivity of EF are not satisfied, because of the
commutation relations expressed by equation 6.101. This is because the overall
Hilbert space is not a direct product of Alice’s (spin up) and Bob’s (spin down)
Hilbert spaces.

If the rearrangement is made without the use of minus signs, then one finds
that the entanglement of formation is still additive. So for the numerical exam-
ple in equation (6.103), one finds that

EF(pfs;;) = 0.07399 ebits
2 x EF(jo). (6.110)

Thus, entanglement of formation is in general not additive for fermionic sys-
tems, because rearranging the tensor product of bases for bipartite systems 1
and 2 into a joint bipartite tensor product basis of system 12 will involve moving
one fermion creation operator past another for certain basis elements, introduc-
ing minus signs. However, it is important to emphasize that this conclusion

represents a special case, and has absolutely no wider significance for the open
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question concerning the additivity of the entanglement of formation for systems

of distinguishable particles.

6.5 Entanglement in a Bose condensate

Another type of degenerate quantum gas is the Bose-Einstein condensate (BEC).
This section constructs a two-site density matrix for this system, then considers
the entanglement between the two sites. Simon [84] has also obtained results
for bipartite entanglement in BECs. His results are consistent with this study,
and are described in section 6.5.5.

What are the elements of the two-site density matrix for sites ¢ and j in a
Bose condensate at T' = 0, written in an occupation number basis? If there are
N bosons in the condensate, and the system contains M sites, then by definition

each element is
not n;,n;

p(ni,njn;,n}) = (n1..ni.nj.npm|¥e)(¥BIny..nj..0)..nar)
j 3
ni...NAf

(6.111)

where |¥p) is the ground state of N bosons at T = 0. What is |¥g)? The
unique feature of a Bose condensate is that all N particles are in their lowest
energy state. It will be convenient to express |¥g) in terms of the occupancies
ny...n;..nj..np. This is achieved as follows. The M-site lowest energy state

can be written

71_1\_2(“{ + ot alp)0). (6.112)

So N particles inserted into this state is written

N

1 1 t
To reexpress this in terms of occupation numbers, one can use the multinomial
expansion:

P!

@+ ta)f = D ———(a1)"...(ar)*,
qy:.--gk'
{q}
k
{g} := a set of positive integers gq;..qx satisfying Z g =P

i=1

(6.114)
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It’s easy to normalize this: one just sets all the {a;} equal to 1, giving

P!

Applying the multinomial expansion to equation 6.113 gives

1 1 N!
Y N al)™. . (a},)"™|0). (6.116
Then, applying the result
@™oy = Vnlln) (6.117)

gives

|¥B)

One can now substitute this into the previous expression for the two-site density

matrix element:

not n;,n;
A e/ ’ _ 12 7
p(ni,nj;ni,n;) = E (n1..ni..nj..nm|¥ ) (¥ B[n1...nj...nj..np)
ni..Np
not n,,n;
_ 1 N')2 Z ! 1
Nt MN Vgl
1
6n.+n,,n:+n'
nl.nilnil.n !
IR AN NN (3 ¥
N! 1
- MN A N/ 1/ 1
n.!n].ni!n]-.
not n;,n; 1
1) . ’
Z VoA Mt Mg ! ot tn;
- RN TR R (7 EN BRI (T B R U TES RN (FV &

(6.119)

The summation can be eliminated by using the result in equation 6.115 for the

normalization of the multinomial expansion:

(1+..+1)F = {z;

)
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P! 1 kP
— = kP —_— =
% q1! Z al.g! P!

1....Qk! {q}
not n;,n; 1 B (M — 2)(N-—(n,-+nj))
wiim mleniatniglong alngalonp! (N = (ni +n;))!
(6.120)

since the use of the expansion here involves all M sites except sites 7 and 7, and

all N particles except the n; + n; particles on those sites. Hence

“(n. ni:n’ n') _ N! (M—2)(N-(ni+n’)) 1 F)
ANy, G5 My, M - MN (N-—(n,+n]))' /n1'n3"n:'n—3' nitn; ni+n)-

(6.121)

If a superselection rule for local particle number conservation is in force,
then clearly this is modified by the addition of further delta function terms:

N! (M — 2)(N—(nitn;)) 1

~ / !
p(ni,nj;ni,n’)ssp =
(ni; ng3 i, m3) MN (N = (i + )T ot i)

><‘sn.~+n,- ni+n) ‘sn.-,ng ‘snj mis

(6.122)

and in the case of an SSR for local particle number conservation modulo two,
(e, s ) NU (M - -mtn)
PNy, Mj5M;, NG )SSR%2 =
RAVERLIRAS ] 2 MN (N — (ni + nj))! /ni!nj!ni!n;‘!
XOn, +n;,ni+n’ 0% (n,,2) % (n!,2)0%(n;,2) % (n’,2)-
(6.123)

6.5.1 Binomial probability form of the Bose condensate

density matrix

It’s possible to reexpress the elements of the density matrix in terms of the
binomial probability P, of finding a total of n particles on sites ¢ and 7. When
conducting a total of ¢ trials, if the probability of success if p and that of failure

is (1 — p) then the probability of obtaining exactly x successes is

P = C(tz)p"(1-p)"

= ;mt_—x)!px(l —p)t-=. (6.124)
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Thus the probability of finding exactly n particles on sites ¢ and j is equal to
the probability of testing whether the site that a given particle is on is either
site ¢ or j for all N particles, and succeeding n times. The probability of success
for each test is 2/M hence

P, = W_;VL_W(%)(F%)N (6.125)

Now if the total number of particles on sites i and j is exactly n = n; + n; then

this probability can be written

P N! (l)ns+n](M_2)N—(n.+nJ)
T (i )N = (i) \M M

2mitni NI (M — 2)(N—(ne4n,))

= 6.126
(ni + le)! MN (N —(n: + n]))‘ ( )
and thus the elements of the density matrix can be written
. n; +n;)! 1
p(niv nj; Tl;, n_’]) = ( 2zni+n-.’) n 6n,~+nj ny+n
? niln;injin’!
(6.127)

One can write p as a sum of density matrices {fn,, } weighted by their re-
spective binomial probabilities, where p, ; is the density matrix for exactly

n; + nj = n;; particles on sites ¢ and j:

N
p = Y Pu,bn, (6.128)

n;; =0

From the above result for p(n;,n;;nj, n;) one can see that p,,. has elements

. ) 1
~ Y A | . (n1+n1)'
pmj(nianﬁni’n]‘) Ea onitn; n ’n"n’|6n.‘+n,.mj5n:+n;,nu'
MM i n;.
7

(6.129)

l.
J

in the bonding ground state

6.5.2  p, (ni,ny;n,n;) is the density matrix for n particles

In fact, pn,; (ni,nj;n;, n}) is exactly the same as the density matrix you get for

n = n; + n; particles placed in the bonding ground state of the two sites, as
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given by equation 6.113:

N
Up) = \;ﬁ(\/—lﬁ(al+...+ah)) 10)

1 1 T 1 ni+n]
—_— | —(a; + a; 0). 6.130
) o e
This can easily be seen since you can get p,,  (ni,n;;n;, J) by setting N =
n;+n; and M = 2 and putting them into equation 6.121, which is the expression
for the density matrix for N particles in an M site ground state.

6.5.3 Limit for large systems

For the binomial probability P, if the expected number of successes is v := tp
then as the number of trials ¢ becomes large, P, tends towards the Poisson
distribution:

vie Vv

P, - (6.131)

x!
Here, t = N and p = 2/M hence v = 2N/M = 2f where f is the filling factor.
In a Bose condensate, the filling factor is f = N/M. Thus for a fixed, finite f,

as the number of particles N and number of sites M become large,

@2f)re=?!

P,
n!

(6.132)
And thus
Z @f)mrme?t

A ’ !
ni,nj;ni,n
Ay mys sy mj) (n,+nj)'

Nij
n ,—0

_ Z (ni +nj)! (2f)ntme %S

oni+n; ('n,1 + n])!

1

—.6‘"{‘*‘"3,"1’]'671(“"”,‘,71;}‘
Anan/in! ! v
n,.n,.ni.nj.
N
— E: ni+n; ,—2 1
= f i le f — 6ni+n:,,ﬂ,j6n:+n;,n.‘j
n;;=0 ,/n,-!nj!ni!nj!

4 ’ 1
_ f"'+m+m+n"/2€_2f—‘sn.+n,-,n;+n; (6.133)

1/n,"n,J'n"n !

ni;=0

Note that the distance between sites i and j does not appear anywhere in this

result. The density matrix is completely independent of the distance between
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the sites. The physical rationale for this is that the system contains no length
scale intermediate between the lattice spacing and the system size. Therefore,

the interaction must have either zero range or infinite range.

6.5.4 Bose condensate density matrix in the limit of small
f

If the filling factor f is very small, the probability of occupancies higher than
1 will be negligible. Thus the density matrix can be accurately approximated

using the basis:
Iin;) = {(00),]01), [10),]11)}. (6.134)

To first order in f

The density matrix in this basis can be calculated to first order in f from

equation 6.133 (assuming that both N and M are large):

R Anidni4n’ /2 — 1
p(ni’nj;n;’n;) _ fn‘+n;+n,~+nj/2e 2f (sng+n,-,n:+n3
\/malnginging!
’ ’ 1
= pretngnian) /20y _
s fﬂ +n;+n +7lJ/ (1 2f+ ...)m&ni+nj,n:+n;
1 0 0 O 1-2f 0 0 O
) 0775 0 o f fO
0 f f 0 o f f 0
0 0 0 f2 0 0 00
to first order in f. (6.135)

The entanglement between sites ¢ and j was calculated using the Wootters
formula (since the two sites form a two-by-two system). It is non-zero, and is
plotted as a function of f in Figure 6.11. On the basis of this exercise, one
would conclude that the Bose condensate does contain entanglement. However

the higher order terms in f which were neglected, above, are in fact important.
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Figure 6.11: Entanglement between two sites in a Bose condensate for small
filling factors f, calculated from the density matrix expressed to first order in

f, using the Wootters formula.
1,

Wootters EF

0 0.1 0.2 0.3 0.4 0.5
Filling factor £

To second order in f

Repeating the above exercise with the second order terms included gives

5 — ni+n;+ni+n’ /2 _ (_2f)2 ____1___ o
po2 = f /(1 2f + 5 +) de,'f'ﬂjv",‘i’ﬂj
- (1—2f+(—§!f)2+...)

/1L O 0 o0 0 0 0 0 0

o f 0 f O 0 0 0 0

0 0 f2/2 0 f2/vV2 0 0 0 0

o f 0 f O 0 0 0 0

0 0 f2/v/2 0o f? 0 f2/V2 o 0

00 O 0 0 f32 0 f32 o0

0 0 0 0 f2/V2 o /2 0 0

0 0 0 0 0 f3/2 0 32 0

\ o0 0o o0 0o 0 0o 0 fYa

(6.136)

208



in the basis
|00), 101}, |02), |10}, |11), }12), |20}, |21), |22). (6.137)

We can now truncate this to the basis given in equation 6.134, and renormalize,

giving the 4 x 4 density matrix:

1 0 0 O

N . 1 o f f O

pov = a+72 o FF oo (6.138)
00 0 j2

The entanglement of this as calculated using the Wootter’s formula is zero for
all f. So for small f, the Bose condensate does not contain any entanglement
between sites.

The above truncation method is rather arbitrary, and therefore a more con-
vincing proof of the lack of entanglement is Peres’s test [85] as to whether all the
eigenvalues of the partial transpose of a two-system density matrix are positive.
The partial transpose is defined by

é"mp.,nv = ﬁny,mu (6.139)

where the indices m,n run over system A, u,v run over system B, and the
non-partially transposed density matrix is pmy n,. The partial transpose of fo2

is

. —2f)?
pET = (1—2f+( 2{) +)
(1 0 0o o f 0o 0o o £
£
0 f 0 0 0 f 0 0 0
o o L 0o 0o 0o o o0 o
2
o o o f o o o L 0
f 0 0o o f2 0 o o0 L
ﬁ 3
o &L o 0o o & 0 0 0
o o 0o o o o L o o
2 3
0 0 0 L 0 0 0 L 0
\& 0 o o & o o o %)

(6.140)
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This has only positive eigenvalues for all f, indicating that g2 is separable and
supporting the above conclusion that the Bose condensate does not contain any

entanglement for small f.

6.5.5 Work of Simon on entanglement in Bose-Einstein
condensates

Simon [84] has obtained results for bipartite entanglement in BECs that are
consistent with this study. He finds that any two regions in the BEC are entan-
gled, irrespective of the distance between the regions. This is true even for two
subsystems which together comprise just part of a BEC, and thus for which the
total particle number is not fixed.

Entanglement only disappears when the BEC contains an infinitely large
number of particles, ie. when the occupation probability tends towards a Poisson

distribution. This is consistent with the findings above.
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Chapter 7

Conclusions

With more and more designs being proposed for quantum computers, especially
involving the use of solid state architectures, the need for an effective method
for quantifying the entanglement between the particles which carry the qubits
in such an architecture, ie. electrons, has become increasingly pressing.

Chapter 2 looked at a number of possible approaches for quantifying bi-
partite entanglement between indistinguishable particles and found that only
the Zanardi ‘site-entropy’ measure is a rational measure, according to the stan-
dard tests for a ‘good’ entanglement measure. Vaccaro and co-workers have
proposed that one should measure the Zanardi entanglement after an SSR for
local particle number conservation has been applied.

With a workable entanglement measure for indistinguishable particles iden-
tified, a natural next step was to look at entanglement in systems of such parti-
cles. A very simple example of such a system is the doubly-occupied molecular
bonding orbital. The Zanardi measure predicts that this contains two ebits
of entanglement shared between sites A and B. However, these two ebits are
spread across spin and space degrees of freedom. To demonstrate that the Za-
nardi measure indeed gives the correct answer, a teleportation protocol was
devised that enables Alice (site A) to teleport two qubits to Bob (site B) using
the doubly-occupied molecular bonding orbital.

Chapter 3 looked at systems which carry entanglement in both their space
and spin degrees of freedom. It considered two questions - i) to what extent are

the spin and spatial degrees of freedom ‘entangled’ with each other, and ii) to
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what extent can entanglement be carried between two physical subsystems only
in the spin degrees of freedom, or only in the spatial degrees of freedom.

First, it was found that for a system of IV fermions occupying 2M single-
particle states, the ‘space-only’ density matrix Pspatial Which gives the correct
measurement statistics for measurements made by a spatial operator on that
system is a sum of density matrices {5°} each of which is parameterized by the
total spin quantum number S.

As regards question i}, it is found that the doubly-occupied molecular bond-
ing orbital is separable into space-only and spin-only states. There is thus no
‘space-spin’ entanglement in this system. However, a parameterized version does
exhibit space-spin entanglement as a function of the parameter. The space-spin
entanglement is calculated twice for the apparatus proposed by Omar et al. [3],
once for a version where each pair of fermions is only locally antisymmetrized
on their respective side of the apparatus, and once for the fully antisymmetrized
state.

As regards question ii), space-only and spin-only entanglements are formally
defined as entanglement which can be exploited by parties who can only perform
spatial or spin (respectively) operations, within the regions of space to which
each party has access.

The effect of limiting only the measurements that Alice and Bob can perform,
but not the operations, is considered for the doubly-filled bonding MO. It was
found that such a restriction means that only 3/2 qubits can be teleported.
The same result was also obtained by drawing an analogy with a system of
two spinless bosons occupying two sites. This enables the spatial state to be
expressed as a density matrix, and thus enables the von Neumann entropy of
the reduced space-only density matrix for site A to be evaluated.

The spin-only and space-only entanglements between sides 1 and 2 of the
Omar apparatus are also evaluated using the locally anti-symmetrized version
of the state.

Chapter 4 looked at the effect that applying a superselection rule for charge
to the doubly-occupied bonding MO has on the amount of useful entanglement
it contains between its two sites. The teleportation protocol developed for this
state requires the use of non-local, non-number conserving operations in order
to perform the CNOTs involving the ‘virtual’ qubits that are used by Alice to

perform the teleportation of two unknown qubits. If Alice is restricted to using
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only local, number-conserving operations at site A, she can only perform spin-
flips at site A. This prevents her producing a superposition of charge states at
site A, and is thus equivalent to imposing a superselection rule for charge. It
was found that the effect of this is to reduce the available entanglement in the
state to 1/2 ebit. This is the value that Vaccaro’s available entanglement Ep
gives for this state.

Chapter 5 developed a conjugate gradient method to numerically estimate
the entanglement of formation. After a description of the generic conjugate
gradient algorithm, a gradient for the average entanglement was developed. A
brief description was given of how the algorithm and gradient were implemented.
Then the results of testing the code against various types of mixed state were
described. These were two qubit mixed states, two qudit isotropic mixed states,
and two qutrit random mixed states. Finally, the code was used to evaluate the
entanglement of locally decohered (ie. decohered only at one site) Bell states
of two qutrits. The types of decoherence examined were the bit flip and the
depolarizing channel.

Finally, chapter 6 examined bipartite entanglement between two sites in a
degenerate quantum gas. First, the existing literature on entanglement between
two sites in a spin system such as the XY and Ising models was described. Then
a two-site density matrix for a BCS superconductor in its ground state was de-
veloped. A version of this describes the Fermi metal. Separately, a two-site
density matrix for a Bose condensate was developed. The entanglement results
from these density matrices were described. A direction for future research
would be an experiment for detecting the entanglement of formation in degen-
erate quantum gases, in order to verify the results predicted by this chapter.
Other areas for future work include studies at non-zero temperature, and with

a larger number of data points.
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Appendix A

Omar 2 x 2 eigenfunctions

A.1 Locally antisymmetrized spin and spatial

eigenfunctions for the Omar apparatus

A.1.1 Locally antisymmetrized spin eigenfunctions

What are the simultaneous eigenfunctions of S, and §? for a system of 4 spin-
%’s? One easy approach is to consider the system as two pairs of spin-%’s,
and combine them using Clebsch-Gordan coefficients. Our basis states are the

eigenstates for a system of 2 spin—%’s, ie.

x00 = %[a(l)ﬂ&)—ﬂ(l)a(?)]

xX1,1 = 0(1)0(2)
10 = %[a(l)ﬂ(2)+ﬂ(1)a(2)]
X1 = BBER) (A1)

where a, 3 are the spin-up,spin-down eigenstates for a single spin-%.

The Omar interferometer consists of two beamsplitters, arranged vertically.
The top beamsplitter is on ‘side 1’ of the apparatus, the bottom beamsplitter on
‘side 2’. Two pairs of maximally spin-entangled fermions are produced halfway
between the beamsplitters (at the interface between sides 1 and 2), and one
half of each pair is combined with one half of the other pair at one of the

beamsplitters.
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We divide the 4 fermions into pairs A and B, where pair A is on side 1 of the
apparatus and pair B is on side 2. Then using the nomenclature @gfgﬂ, where
Sa (SB) denotes the total spin of pair A (B), and S,mg denote the total spin

and spin-z projection of the 4 fermion system, and using the decomposition

QTS = Y. (SaSpms,ms,|SMms)XSams, XSyms, (A.2)

MsSp,Msyg

where the {(SaSpms,ms,|Sms)} are the Clebsch-Gordon coefficients, we ob-

tain:
S=0
0,0 B
‘I)o,o = XéoXo,o
1
0,0 A B
o)) = —=Ixioixti + xiaxt-1 — xtoxtol (A.3)
V3
S=1
1,-1
‘I’l,o = Xﬁ-lX(l)g,o
1,0
cI’1,0 = XfoX(}fo
1,1
(I)l,O = Xf,lx(?.o
1,-1
4’0,1 = X(;‘,OXE—I
1,0
‘I’o,l = X('?,OXEO
1,1
Qo1 = X64,0Xfl
1
7l = [ ANB A B
1,1 ﬁ[XLoXl, 1~ X1, 1X1,o]
1
1,0 A _B
‘1’1,1 = %[Xl,le,—l‘Xf-lXﬁ]
1
1,1 A _B B
‘I>1,1 = E[Xl,le,o—XiA,OXm]
(A.4)
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S=2

2,—-2
4’1,1 = X'14,-1X{3,—1
1
> — A B 4 A B
1,1 ——\/E[XI‘ 1X1,0 T X1,0X1, 1]
1
2,0
7 = __\/E[X{‘,IXE—I +2Xl14,0X{3,0+Xi4,—1X51]

1
2,1
7 = ’\7—'2‘[Xi4,1Xfo+Xi4,0XEl]

x,x A B
(pa:,:r: = X1,1X11

A.1.2 Locally antisymmetrized spatial states

These are products of the following states for each side:

ILL) = L(1)L(2)

IRR) = R(1R(2)
1

ILR+) = —SLORE)+LE)R)]
1

LR-) = —SIL()RE) - LE)R() (A.6)

where 1,2 are particle labels.

A.1.3 Rewriting the 50/50 ++ output state for fermions
as a sum of products of space and spin eigenfns

The unnormalized output state for 50/50 beamsplitters for fermions (++ case)
is (as given in equation 53 in quant-ph/0202051):

~SILIDHIL 10z = SR IR 11z = 5L IDaIR T2 + R 1THIL T1)2)

504 D114 1)z + 14 1114 T12) — 504 TD11A T + 14 LTh1A 11)2)
HATTHIA L)z + 14 LNIA TD)2) (A7)

For the doubly-occupied H state we used

1
E(LTcgwc}ﬂch)lm = |AB+)|x0,0) (A.8)
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Let’s try a similar trick here, taking pairs of ” A” spatial state terms, expanding
the states as Slater determinants, and rearranging the terms such that we have

a sum of products of spin-only and space-only states (a,b,c,d are particle labels):

(IATM|A L2+ A LThIATL)2)

= %(%(M(a) T (@)R1(b) | (b) — L1(b) 1 (b)R1(a) | (a))

—}(Lwc) L (©)R2(d) 1 (d) — L2(d) | ()R2(c) T (¢))

\/—(Ll(a L (a)R1(b) 1 (b) — L1(b) | (b)R1(a) T (a))

[ SRR

E(M(C) T (c)R2(d) | (d) — L2(d) T (d)R2(c) | (C)))

_ i(Ll(a)Rl(b)L?(c)R?(d)
T@I®1E1@+1@1()1(c)](d)
—L1(a)R1(b)L2(d)R2(c)
(T@l®l@t@+l@1®)1(d]1()
_L1()R1(a)L2(c)R2(d)
(TG 1l@lE@1@+1®)1(a)1(c)l(d)
+L1()R1(a)L2(d) R2(c)
T®1l@l@T@+1®)1T(@)T(d] (C)))

Now

Xbo = %m (@1 ()1 (a) 1 (8)) (A.10)
hence

X0,0X0,0 = %(T @ L ®) 1)L d)=T1() L ®) ()T (d)
~L@TOTE@I@+1@TBL(T@) (A1)

and x} ox3 is the same but with exclusively ‘+’ signs. Hence we can rewrite

the underlined part of equation A.9 as

T@Il®LE@T@+1@1T®)T©L(d=xiox}o— xboxso (A12)
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A similar exercise for the other bracketed groups of spin terms in equation A.9

gives

LUATINIA L2+ 1A LThlA T1)2)

1
- 3 (B@RELRD e - Xboro)

—Ll(a)Rl(b)L2(d)R2(c)(x},ox({’_o + X(l),oxg,o)
—L1(b)R1(a)L2(c) R2(d)(x1 0X% 0 + Xb,0X0.0)

+L1(b)R1(a)L2(d) R2(e) (x} 023 o — xa,ox?,,o))

1
- 1 (B@REOVEA

—L1(a)R1(B)V2)A+)2x$ 0X3 0
—L1(b)R1(a)V2|A-)2x} oX3 0

_L1(b)R1(a)\/5|A+>zxé,ox3,o)

1
=1 (\/2_|A—)1\/§|A—>2Xi,oxf,o - \/§|A+>1\/§|A+)2X(1),0X3,0)
1
= 3 (M-l oo - ARG o1
(A.13)
A similar exercise yields
1
([ATIATD2+ A LIT]A LT)2)
2
1
= 5(|A-)1|A—)2x},oxf,o +|A+)1]A+)2x5,0X5,0) (A.14)

So

LA TINIA 2 + [ALTHIA T12) - 504 TRIA Tz + 14 1hl4 1D)2)
= —|A+)11A+)2x0,0X50 (A.15)
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Thus the output state becomes

1 1
|°m)ftr+mion = §|L>1|L>2X(l),0X(2),0+§|R)1|R>2X(1),0Xg,o

1 1
+§|L)1|R)2X(1),0X(2),0 + §|R)I|L>2X(l),0X(2),o
~|A+)1]A+)2xb 0XB 0 + [A-)11A=)2(x1 X3 1 + x1.-1x3 1)

= 008L)IL + IR)1IR)2 + IENIR): + IR 1LY, — |A+0]A+)2)

HA-NIA=Y 200103 1+ X 1x3 ) (A.16)
Now
1 2 1 2 2 00 2. 20
X1,1X1,-1 ¥ X1,-1X11 = %q)l,l + §q)1,1 (A.17)
So
1
lout)tr o = 5‘1’318(|L)1|L>2 + |R)1|R)2 + |L)1|R)2 + |R)1|L)2 — 2|A+4)1|A+)2)
2 2
HA-nlA-)a( =000 + \fgdﬁz‘b (A.18)
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