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ABSTRACT

This thesis consists of three chapters. The first two chapters concern lattice points
and convex sets. In the first chapter we consider convex lattice polygons with
minimal perimeter. Let n be a positive integer and || - || any norm in R?. Denote
by B the unit ball of || - || and Pp, the class of convex lattice polygons with n
vertices and least || - ||-perimeter. We prove that after suitable normalisation, all
members of Pp, tend to a fixed convex body, as n — oo.

In the second chapter we consider maximal convex lattice polygons inscribed in
plane convex sets. Given a convex compact set K C R? what is the largest n such
that K contains a convex lattice n-gon? We answer this question asymptotically.
It turns out that the maximal n is related to the largest affine perimeter that a
convex set contained in K can have. This, in turn, gives a new characterisation
of Ky, the convex set in K having maximal affine perimeter.

In the third chapter we study a combinatorial property of arbitrary finite
subsets of R%. Let X C R? be a finite set, coloured with I_E‘%QJ colours. Then X
contains a rainbow subset Y C X, such that any ball that contains Y contains a

positive fraction of the points of X.



Table Of Contents

Acknowledgements 3
Abstract 5
List of Figures 8
Notation 9
Introduction 12

1 The Limit Shape of Convex Lattice Polygons with Minimal
Perimeter 17
1.1 Introduction andresults . .. ... .. ... ... ... ...... 17
1.2 Preliminaries . . . . . . . . . . ... .. 19
1.3 Thecasen=mng. . . . . . . o v i i i i ittt .. 22

1.3.1 The perimeter of Q(ng) . . . . . . . . . . ... 22
1.3.2 The support function of Q(ng) . . . . . . . . ... ... .. 23
14 Thecasem=2m . .. ... .. .. ... .. .. .. ... ... 24
1.4.1 The perimeter of Q(2m) . . .. ... .. ... ... .... 25
1.4.2 The support functionof Q(2m) . . . . ... ... .. ... 26
1.5 Thecasenm=2m+1 . . . .. . ... ... ... .. ... . 27
1.5.1 The perimeter of Q(2m +1) . . . . . .. .. .. ... ... 31
1.5.2 The support function of Q(2m +1) . . . . .. .. ... .. 31
1.6 The limit shape Theorem . . . . . . . .. . ... ... ....... 32



Table of Contents 7

1.7

Proof of Lemma 1.2.1 . . . . . . . . . . . . .. .. ... 33

2 On Maximal Convex Lattice Polygons Inscribed in a Plane Con-

vex Set 38
2.1 Introduction and results . . . . ... ... ... ... .. ..., 38
2.2 Affine perimeter . . . . . . . .. ..o 40

2.2.1 Properties of the map AP:C—-R . ... ... ...... 41
2.3 Maximal affine perimeter . . . . . . .. ... ... ... .. ... . 43

2.3.1 Propertiesof Ko . . . . .. ... ... ... ... ... 44
2.4 “Large” and “small” triangles . . . . . ... .. ... .. ..... 46

24.1 Largetriangles . . ... .. .. ... ... .. ... .... 47

2.4.2 Smalltriangles . . ... ... ... ... ... ..., 49
2.5 Proof of Theorem 2.4.2 . . . . . ... ... ... ... . ...... 49
2.6 Proof of Theorem 2.4.3 . . . . . ... ... ... ... ..... 53
2.7 Proof of Theorem 2.2.1 . . . . . .. .. ... ... .. ....... 56
2.8 Proof of Theorems 2.1.1and 2.1.2 . . . . . .. ... ... ..... 60
2.9 Proof of Theorem 2.3.4 . . . . . . . ... .. ... .. . ...... 61
2.10 Proof of Corollary 2.36. . . . . . . . . .. ... ... .. ..... 65

3 A Combinatorial Property of Points and Balls, A Coloured Ver-

sion 67
3.1 Introduction andresults . ... .. ... ... ... ........ 67
3.2 Proof of Lemma 3.1.2 and Theorem 3.1.1 . . . . . . .. ... ... 70
3.3 Proof of Theorem 3.1.3 . . . . . . . . ... ... . ... ..... 73
3.4 Proofof Theorem3.1.4 . . .. ... .. ... .. .. ... ..... 74
3.5 General families . . . . . . ... ... Lo 7
Bibliography 81

Index 85



List of Figures

2.1
2.2
2.3
24
2.5
2.6

VT > YT+ Vo o oo e 42
The unique representation of 2, = &(z)U + B8(z)V. . . . ... .. 50
The definition of the region A(s). . . . .. . ... ... ... ... 55
The triangles T;_1,T;. . . . . . . . . o o o o o 62
The triangles Ay, Ag. . . . . . L L 63
The corresponding triangles 77,75, . . . . . . . .. .. .. .... 64



Notation

A(Y) Maximal affine perimeter
AP(") Affine perimeter

B The set of Euclidean balls in R?

B, The family of the complements of Euclidean
balls in R¢

b(C) The barycentre of C

C(A) The convex lattice chain in T with set of edges
PNA

C(A,Z;) The Z, lattice chain that corresponds to C'(A)

c* The unique convex body with radius of curva-
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and p, respectively
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Introduction

The topic of this dissertation is combinatorial properties of convex and discrete
sets in Euclidean spaces. We shall be considering three separate problems whose
solutions are presented in three chapters (see also [P1],[BP] and [P2]). In the first
two chapters we deal with convex lattice polygons in the plane and in the third
chapter we study a combinatorial property of arbitrary finite subsets of R¢.

A convez lattice polygon is a convex polygon whose vertices all lie on the
integer lattice Z2. Let n € N be a positive integer and || - || be a norm on the
plane. We consider the set of all convex lattice polygons with exactly n vertices,
that is, convex lattice n-gons and for each fixed number of vertices n, we examine
the n-gons that have the least perimeter with respect to a norm || - ||. In other
words, we look for a polygon with edges 1, ..., z, for which Y ||z;|| is as small
as possible. We denote the class of minimal polygons by Pg,, where B is the
unit ball of the norm.

In the first chapter we show that the polygons in Pp, have a ‘limit shape’.
Namely, as n — 00, all members of Pg,, after suitable normalisation, converge
to a fixed convex body. We also describe this limit shape explicitly in terms of
B.

Inspired by a result of Arnold in [Ar80], Vershik was the first to pose the
question of whether the members of some class of convex lattice polygons have
a limit shape. Jarnik appears to have studied the concept of the limit shape

in [Ja25], where he dealt with a strictly convex curve of length £ — oo.

12
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Limit shape theorems have been the subject of interest of many papers. The
most remarkable results, due to Bérény, appear in [B495] (see also [Si] for a
different viewpoint and [Ve94]) and [B497]. In [B495] it is proved that almost
all convex %-lattice polygons contained in the square [—1, 1]? are close to a fixed
convex body. In [B497], this result is generalised to the case of convex %-lattice
polygons contained in a convex body K C R2.

The class of convex lattice polygons with minimal perimeter was studied by
Stojakovi¢ in [St01] and [St03], for the case of the £,-norm. In [St01] he obtains
the expression for the ¢,-perimeter of the convex lattice polygons having the
minimal £,-perimeter, with respect to the number of their vertices, where p,q
are positive integers or co. In [St03] it is proved that as n — oo, the south-east
arcs of the convex lattice polygons having minimal £,-perimeter converge, after
a suitable scaling, to a curve which is described explicitly in parametric form.
In the first chapter we deal with the case of a general norm. Our approach is
different from that of Stojakovié: in the previous work, the precise formula for
the norm was essential. We avoid this by expressing the support function and
the vertices of the limit shape as an integral over the unit ball of the norm.

In the second chapter, we deal with another limit shape theorem. Let K C R?
be a convex body, that is, a convex compact set with non-empty interior. Consider
all convex lattice polygons that are contained in K and have maximal number
of vertices. We determine the maximal number of vertices that a convex lattice
polygon contained in K can have. To be precise, let Z; = %Z2 be a shrunken copy
of the lattice Z? (where we think of ¢ as large) and define a convex Z; n-gon to
be a convex polygon with exactly n vertices, all belonging to the lattice Z,. Now,
define the number m(K,Z;) to be the maximal number of vertices n, such that
there is a convex Z; n-gon contained in K. In Chapter 2, we begin by determining
the asymptotic behaviour of m(K,Z;), as t — oo. Consider now the set of all

convex bodies S that are contained in K. It is known from [B497] that there
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is a unique convex body Ky C K which has maximal affine perimeter which we
denote A(K). We show that m(K,Z;) and A(K) are related. Moreover, we prove
that as t — oo, any maximiser for m(K, Z;) converges to Ky. With the proof of
this limit shape theorem, we derive a characterisation of the body K,. We also
obtain some side results related to Ko and K.

The problem of estimating m(K,Z,;) goes back to Jarnik’s paper [Ja25] in
which he asked and answered the following question: what is the maximal number
of lattice points which lie on a strictly convex curve of length ¢, as £ tends to co?
His estimate is \/-3%7 - £2/3(1 4+ o(1)). From this bound he concluded that when
~ the strictly convex curve is the circle of radius r, a convex polygon contained
in this circle has at most 3v/27r?*3(1 + o(1)) vertices. This follows from our
estimate as well. Andrews in [An63] showed that a convex lattice polygon P has
at most ¢(Area P)'/3 vertices, where ¢ > 0 is a universal constant, and generally,
a convex lattice polytope P C R with non-empty interior can have at most
¢ (vol P)(4-1/(d+1) vertices, where the constant ¢/ > 0 depends on dimension only.

In the third chapter we consider a problem which is of a different nature from
the first two, in the sense that we are now moving to a combinatorial property
of discrete sets. Here we are interested in finite sets X C R¢ in general position.
Any d points in a d-dimensional space, define a hyperplane. “General position”
means that no d + 1 points of X belong to the same hyperplane. Let us consider
the planar case first. Let X be a finite set of points on the plane with no three
points co-linear. Consider a colouring of the points of X with two colours, say red
and blue. We prove that any such set contains a pair of points, one red and one
blue, with the following property: any disc that contains this pair, contains many
of the points of X. By many we mean a positive fraction of the total number
of points. In general we prove that any finite set X C R? in general position
coloured with |%43| colours contains a rainbow subset, that is a subset which

consists of exactly one point of each colour, with the property that any Euclidean
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ball that contains it, contains a positive fraction of the points of X. We show
that the number of colours is best possible. We also provide an example where all
points in any such ball (except for the points of the rainbow set itself) come from
a single colour. In the final section of this chapter, we show that the result still
holds if instead of Euclidean balls we consider more general families of subsets of
R<.

This “points-balls” problem was introduced by Neumann-Lara and Urrutia
in [NU88]. They proved a planar, non-coloured case, namely, that any finite set
X C R? contains two points such that any disc that contains them, will contain
at least [(n — 2)/60] points of X, where n is the number of points in X. This
expression was improved by Hayward in [Ha89] to [&(n — 2)] and Hayward,
Rappaport and Wenger in [HRW89] showed that if II(n) is the largest number,
such that for every n-point set X on the plane, there exist two points z,y € X
with this property, then |n/27|+2 < II(n) < [n/4]+1. The planar case was later
generalised by Bérany, Schmerl, Sidney and Urrutia in [BSSU89] to the case of
X C R¢, and Bérdny and Larman in [BL90] generalised the d-dimensional result
from the case of Euclidean balls, to the case of ellipsoids and more generally,
quadrics in R9.

Our approach is in some ways similar to and in others different from those that
appear in the previous articles. The planar result uses the facts that among any
five points on the plane, there are four that form a convex quadrilateral IT and in
any convex quadrilateral, one of the diagonals has the property that any disc that
contains it, contains another vertex of II. To extend this to d dimensions what is
used is the Gale transform by which n points in R% are mapped to R*~¢~!. In the
paper [BSSU89], d + 3 points in R? are mapped into the plane. In both cases, a
simple counting argument which we also use, gives the main result. A somewhat
different approach appears in [BL90]. They observed that the family of quadrics
in R% can be induced by halfspaces in R™, by using a family of m = (d+1)(d+2)/2
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functions. Using these functions, a set Z C R? of (m + 1) points is mapped into
R™. With these observations, the final element in their argument is the trivial
fact that Z is linearly dependent.

The coloured version, as it is often the case, requires a stronger tool. In our
case it will be a beautiful result of Vreéica and Zivaljevi¢ which is the following
coloured Tverberg type Theorem from [VZ94]. (For other results of this type, and
especially for the case of d+1 colours, see [BL90] or [ZV92].) Let C1,Cs,...,Ck C
R? be disjoint finite sets (colours), each of cardinality |C;| = 2p — 1, where p is
a prime that satisfies p(d — k + 1) < d. Then there are p disjoint rainbow sets
A, ..., A, C UE C; whose convex hulls have a common point. We will apply
this result for the case when p = 2, which is a coloured Radon type Theorem.

The proof of this result uses topological methods.



Chapter 1

The Limit Shape of Convex
Lattice Polygons with Minimal

Perimeter

1.1 Introduction and results

Let n € N be a positive integer. A convez lattice n-gon is a convex polygon with
n vertices all lying on the lattice Z2. We can define the perimeter of a polygon
with respect to a norm || - || as the sum of the lengths of the edges, where the
length is with respect to the specified norm. We shall consider the class of convex
lattice n-gons having the least perimeter with respect to some given norm. This
class was studied in [St01] and [St03]. In particular, in [St01] an expression for
the £,-perimeter is given, for the convex lattice polygons having the minimal Z,-
perimeter, with respect to the number of their vertices, where p, q are positive
integers or co. In [St03] it is proved that as n — oo, the south-east arc of
the convex lattice polygons having minimal ¢,-perimeter tends, after a suitable
scaling, to a certain curve which is explicitly described in parametric form.

In this paper, we consider the case of a general norm. Let | - || be any norm on

17



Section 1.1. Introduction and results 18

R? and let B denote its unit ball. For n a positive integer Pp , denotes the class
of all convex lattice n-gons with least perimeter with respect to || - ||. We will call
every member of Pp, a minimiser. The perimeter of a minimiser Q(n) will be
denoted by per(n). As we will show in Remark 1.4.1, per(n) is increasing. Since
the perimeter is invariant under lattice translations, we shall always consider
minimisers that are centred at the origin, if they are centrally symmetric. In the
case that n is odd, the minimisers cannot be centrally symmetric but we shall
show that asymptotically their centres of mass can also be taken to be the origin.

In this chapter we are dealing with the following question: As the number of
vertices n tends to 0o, do all sequences of minimisers, after suitable normalisation,
converge to a fixed convex body? In other words, do the members of the class
Pp . have a limit shape?

Denote by hy(-) the support function of a convex body K (the definition
will be given in the next section). In Theorems 1.1.1 and 1.1.2, the unit vectors
u € R? are vectors of length one with respect to the Euclidean norm. We prove

the following limit shape theorem.
Theorem 1.1.1. Let u € R? be a unit vector. If Q(n) € Py, for alln,

|z - uldz,

. _ 1 T
nlinc}on 3/2hQ(n)(U) = Z—__—G(Area I /eB

where the integration is taken over the unit ball B of the norm.

It is sometimes more ‘convenient’ to express a polygon as the convex hull of

its vertices. The vertices of Q(n) satisfy the following limit shape theorem.

Theorem 1.1.2. Let u € R? be any unit vector and let z(u) be the vertez of a

minimiser Q(n) which satisfies u - z(u) = max{u -z, z € Q(n)}. Then

lim n~%%z(u) = l—————7T——/ zdz.
n—00 2 ,/6(Area B)3 JzeB

z-u>0

Both theorems say that the members of Pp, have a ‘limit shape’. We prove

only Theorem 1.1.1. Theorem 1.1.2 can be proved using similar arguments. Note
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that the result of [St01] can be recovered from Theorem 1.1.2 when the integral
is taken over the unit ball of the £, norm.

The proof is composed of four steps. We first obtain an expression for the
perimeter of a minimiser, when the number of vertices n belongs to a certain
subsequence (ng)5, of N. We then extend the result to include any even number
and then any odd number of vertices. We finally obtain the limit shape of a
minimiser Q(n), for n € N. The cases of nx-gons and 2m-gons are straightforward.
Most of the difficulty arises in the case when n is odd.

It is worth mentioning that other limit shape theorems have also been ob-
tained, for example in [B495], [Si] and [Ve94]. It is proved that, as n — oo almost
all convex %22 lattice polygons contained in the square [—1,1]? are very close
to a fixed convex body. The proofs of this result are essentially different from
ours and are more involved: in our case, when the number of vertices belongs
to (n)g2,, the minimiser is unique. The size of the class of convex 1Z2 lattice

polygons contained in [—1, 1] is asymptotically exp cn?/3.

1.2 Preliminaries

Let P be the set of primitive vectors z € Z2, i.e. lattice points whose coordinates
are co-prime. If P is a convex lattice n-gon we can regard the edges of P in
the obvious way as a sequence of distinct integer vectors whose sum is 0. Our
aim is to find n distinct, non-zero lattice vectors 1, ..., z,, which sum to 0 and
with > ||z;|| as small as possible. In the case when n is even, we may restrict
our attention to primitive vectors. In the case when n is odd this is not always
possible. In Remark 1.2.3 at the end of this section, we discuss the case when n
is odd.

Let K C R? be a convex body, that is, a compact, convex set with non-empty

interior and let u € R? be a unit vector. The support function hi(-) of K is given



Section 1.2. Preliminaries 20

by
hg(u) =max{z-u : = € K}.
A zonotope Z C R? is a convex body which is the Minkowski sum of finitely many

line segments,

m

Z = Z[wi,yi] = {Z 2 2 € [xi,yi], i1=1,... ,m}.

i=1 i=1

Let tq, to, ... be the possible norms of primitive vectors, taken in increasing order
and let ny be the number of primitive vectors with norm at most ¢,. Then ny is the
number of primitive vectors contained in ¢; B and there are no primitive vectors
in the interior of tx.1B\txB. It is easy to see that since the set {p : p € PNt B}
consists of the shortest n, integer vectors which sum to zero, for the case of the
ng-gon, the minimiser Q(n;) will be the zonotope

Q(le)= Z [Oap]v (11)

pEPNt B

whose edges are the primitive vectors in £, B. Note that in this case, the minimiser
is unique (up to lattice-translations). For convenience only, we will be treating

Q(ng) as the 0-symmetric zonotope

aw-1 3 [44

which is a translated copy of (1.1). This is not necessarily a lattice polygon but
it has the same perimeter as (1.1).
We will need to know the size of P N ¢tB and more generally, of sums of the

form Z f(p), for certain functions f. Let K C R? be a convex body and

pEPNtB
denote by w(K) the lattice width of K, that is

w(K) = we%l\g{o} max{w-(z—y) : z,y € K}. (1.2)

It is well known that the density of P in Z2 is asymptotically 6/72. Thus, one

would expect that
6
PN K|~ — Area(K).
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This is indeed the case when w(K) is large enough. We state in Lemma 1.2.1
below a slightly more general result which we will need. The proof of Lemma 1.2.1

is given in Section 1.7.

Lemma 1.2.1. Let K C R? be a 0-symmetric convez body with w = w(K) > 3.
Let f : R?2 — R be a homogeneous function of order a > 0, i.e. f(Az) =
IA|*f(z), A € R. Assume that |f(z)| < ¢, for z € K, (for some constant ¢) and
that f varies by at most V on any unit square @ intersecting K. Then

> f0) -5 [ fe)is

pePNK

< Area(K) (_z_v + 42(c+V) logw) '

An immediate consequence of Lemma. 1.2.1, for the case when f = 1, is a well
known estimate for ny = |P NtxB| (see for instance [Ja25] or [BT04]). In this
case, V = 0 and the lattice width w = w(tB) is within constant times ¢. For

convenience, we will be using Landau’s big ‘oh’ notation, O(-).

Lemma 1.2.2. The number n, of primitive vectors contained in t, B, t, > 0 is

PN t,B| = t2 {%AreaB—l—O (logt’“>}.
T tk

Remark 1.2.3.

In Section 1.4 we will see that a minimiser Q(n), where n is even, with ny <
n < Ng41, contains all n, primitive vectors from ¢, B as edges and does not contain
any edges longer than t;,;. Thus, an integer vector 2z € Z2\P, with ||2|| < tx41
cannot appear as an edge of Q(n), as it will contain a primitive vector p that has
been used.

In Section 1.5 we will see that this is not necessarily true for a minimiser Q(n),
when n is odd. In this case, not all primitive vectors from ¢, B are necessarily used
as edges of @(n) and there can be minimisers whose edges are not all primitive
vectors. It is not hard to see that these can only come from the set of edges that

appear ‘alone’, i.e. z is an edge Q(n) but —z is not. Indeed, if there is a pair
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of edges v from Z2\P, then it contains a pair of edges +p from PP, of shorter,
primitive vectors that have not appeared as edges. Replacing +v with +p gives
a polygon with smaller perimeter. Hence, the only possible non-primitive edges
come from the set of edges that appear alone and in Section 1.5 we will prove

that these are few and short.

1.3 The case n = ny

1.3.1 The perimeter of Q(ny)

We saw in the previous section that for the subsequence {n;}$, of N, the min-

imiser is Q(nx) = Z [—g, g] Thus, the perimeter of Q(ny) is

pGPnth

per(n) = S Ipll

pePNt B

Applying Lemma 1.2.1, for f(z) = ||z||, we get

Proposition 1.3.1. The perimeter per(nx) of Q(n) is

6 logt
per(re) = {55 [ Jaflaa+ 0 (RE%) ], (13)
T JzeB bk
or in terms of the number of vertices,
_3/2 i / (log nk)
er(ng) =n —_—_— z||dz + O . 1.4

Proof. The expression (1.3) follows immediately if we apply Lemma 1.2.1 for the
case f(z) = ||z||.
For (1.4) we have that ny = O(t2) and t; = O(n,lc/z) from Lemma 1.2.2.

Namely, from the expression for ny, it is easy to see that

1/2

n, | < clogny,

T
e ——
k /6 Area B

S0,

tk=n1/2{——L—+O(IOgnk)}.
* \v6AreaB N
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Now, by replacing ¢ in (1.3) we get

™ logn 6
per(ng) = nz/2 (m +0 (%)) = / llz|ldz + O (ny log ny)

326 log ny

- W/Hxndx (1+o(\/_k

))iomk log e)

32 m

=y ||z||dz + O (nk log nk) .

\/‘W /zeB

Thus,

per(nk) = nk { \/_Are_B/ ||z||dz + O (l%’c) } .

1.3.2 The support function of Q(ny)

As before, hg(,,)(u) denotes the support function of Q(ny), for u € R? a unit
vector, Ao, (u) = max{z-u : z € Q(ng)}. For a zonotope Z = ¥ . S,
where S; = [—a;v;, o;v;], the support function is given by hz(u) = zle a;lu - v

(see [Sch93]). Since Q(nx) is a 0-symmetric zonotope, we have the following

Proposition 1.3.2. The support function of the minimiser Q(ny) is given by

(6 logt
hQ(nk)(u)=f{p/68|x'UIdm+O( tkk)},

or in terms of ng,

log ny
h n =n3/2 7 / -uld +O< ) )
Qe (4) =} {4 ey !

for all u € R2.

Proof. We have that

pGPI’ltSB pePNt, B
puz

t { 6 / (logtk)}
== = z-uldr + O )

where again we applied Lemma 1.2.1, for f(z) = |z - u|. O
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Since we have determined the asymptotic behaviour of the support function

of @Q(nx) we have determined the asymptotic behaviour of Q(ng) itself, i.e.

Q(le) = {.’E € R2:-z-u < hQ(nk)(u),U c R2, IIUI|2 _ 1}

1.4 The case n =2m

Our aim now is to reduce the case in which n is an even, positive integer 2m
say, to the case already discussed. There is a k € N such that ny < 2m < ng4s.

We can construct a convex lattice 2m-gon, Q(2m), with minimal perimeter by
adding to the set of edges of Q(ni) any disjoint set of (2m — ny) primitive vectors
from tx,; B whose sum is zero. Since the shortest available vectors are used, the
polygon will have minimal perimeter. As an even number of vertices is missing,
we may obviously choose a union of pairs {g, —q}, ¢ € tx+1B. These are not the
only choices, but whatever minimiser we consider, all primitive vectors from ¢, B
will be used and no edge will be longer than ¢;,;. These facts, combined with a
bound on |ng4+1 — nk| will show that as long as the required number of primitive
vectors sum to 0 and come from at most tx1 B, the results obtained for perimeter
(and the support function) can be extended to any even number. Clearly, in this
case the minimiser @Q(2m) is not unique, since the choice of a set of (2m — ny)
primitive vectors from at most ¢, B is not unique. Passing, as before, to the

0-symmetric zonotope, we have that

Nk 2m

Di Di 4 95
= 30 [22]e 5 [2%).
Qem)= Y [-5.5]+ 22
i=1 J=ni+1
p;EPNtL B q; €EPNbd(ty 41 B)

Our problem is to show that, although there are many minimisers, they all have

essentially the same shape when n is large.
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1.4.1 The perimeter of Q(2m)

To extend the results of the case n = n; to any even number of vertices, we will

need the following two remarks.
Remark 1.4.1. Let n be any positive integer. Then, per(n) < per(n + 1).

Proof. Indeed, let Q(n+1) be a convex lattice (n+ 1)-gon with perimeter per(n-+
1). If we remove any one of its vertices and take the convex hull of the remaining
n, we get a convex lattice n-gon with perimeter say per’(n). Obviously, per'(n) <
per(n + 1). Since per(n) is the least perimeter of a convex lattice n-gon, we have

per(n) < per’(n). Hence, per(n) < per(n + 1). O

Note that equality in Remark 1.4.1 can only hold if the specified norm is not

strictly convex.
Remark 1.4.2. |ngp1 — ngl = O(trq1).

Proof. From the definition of the sequence ny it is clear that |ngy; — ng| is the

number of primitive vectors on the boundary of 4,1 B. Therefore,
|nk+1 - nkl = I]P N bd(tk+1B)| S |Z2 N bd(tk+1B)| S Ctk+1,

where the constant ¢ > 0 depends on the perimeter of the unit ball B. So,

k41 — | = O(tk1)- O
Proposition 1.4.3. The perimeter of Q(n), for n = 2m is
logn
er(n) = n%/? ———7—L——/ xd:c—f—O(—) :
per(n) g ., %
Proof. From the previous remarks we have,

| per(nk+1) —per(n)| = |(per(nk) +[nks1 — nkltki1) — (per(nw) +|n — neltes)|

< kg1 = nfterr < kg1 — Nt < Cti+1~
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So, per(n) = per(niy1) + O(tz,,). Therefore, for n even, the perimeter in terms

of n is

per(n) = n¥/? {\/6(+_?B)_3_ /EB |z||dz + O (10%) } . (1.5)

O

1.4.2 The support function of Q(2m)

Proposition 1.4.4. The support function of any minimiser @Q(n), for n = 2m

s given by

logn
howm () = 132 ™ / .d.,_o(g),
() =n {4\/6(AreaB)3 zeB @ - ulde Vvn

for all unit vectors u € R?.

Proof. The support function of Q(n) is,

N p 2m q
_ i J
howm@ =3 [Fou[+ 3 [2f (19
i= J=ng+1
pi€EPNLL B q; EPNbd(ty 41 B)
Pi-u20 q;-u20

For the second sum, since any two norms on the plane are equivalent, we may

assume that ¢1]|g;ll2 < ||g;j]| < e2llgjll2- Thus we have,

2m q; 1 2m 1
S |E w25 Y gl lulls < - 12m - neftiss < enaa.
. 2 4 4cy
j=ni+1 J=ng+1
q;€PNbA(ty 1 B)
95 u20
So,
2m .
E %’ u' = O(ng+1) = O(n).
J=ng+1
q;€PNbd(ty 41 B)
qj-uZO

The first sum in (1.6) is the support function of Q(nk). So hg(n,) and hg.) differ

by at most O(n). Therefore, for n = 2m

__3/2 ™ z - uldz logn
hogm (w) = n¥/ {4WLGB| d +o(\/ﬁ>}. (1.7)

O
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1.5 Thecasen=2m+1

Let n = 2m + 1 be a positive odd number. As before we choose k£ € N to
be such that ny < n < mgy1. Since ng,ngyq are even numbers, we have that
ng<n—1<n<n+1< ng;. No minimiser Q(n) (as n is an odd number)
can be centrally symmetric. There is no immediately obvious choice of a set of
2m + 1 vectors which sum to zero to give Q(n) as there is in the case of an even
number. We saw that for an even number 2m with n, < 2m < ng4, all edges
are primitive vectors, all primitive vectors from ¢y B are used and no primitive
vectors longer than tx,; are used. In the present case it may be that none of
these statements is necessarily true. Some of the edges that appear ‘alone’, that
is, edges p for which —p is not an edge may not be primitive vectors. It may be
that not all of the n; edges of Q(ny) are used and some edges may not belong to
tk+1B. Therefore we need to know an upper bound for the lengths of the edges
used. We also need to estimate the number of edges of a minimiser Q(n) that

appear alone. We estimate these quantities in the next three lemmas.
Lemma 1.5.1. The length of each edge of a minimiser @Q(n) is at most 2ty ;.

Proof. Suppose there is one edge of Q(n) longer than 2tx,;. Then, from the

definition of the minimiser for an even number of vertices we have
per(2m + 2) = per(2m) + 2tx41 < per(2m + 1).
So, per(n + 1) < per(n). From Remark 1.4.1, this is impossible. O

Our aim is to find how many of these vectors do not come from ¢; B. For this,
we will first need an upper bound for |J|, the number of edges of a minimiser

that appear alone.

Lemma 1.5.2. The number of vectors not chosen in pairs is bounded above by

en®/%\/log n, where c is a positive constant.
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Proof. Let {£u;,i € I}, {v;,j € J} be the edges of a minimiser Q(n). So there
are 2|I| primitive vectors that appear in pairs and |J| single integer vectors, all
of length at most 2¢.1, which sum to zero, with 2|I| + |J| = n. Consider the

following sets of vectors:
U1 = {:}:U,',i € I} U {:*:'Uj)j € J}, U2 = {:‘:Ui,i € I}

The vectors in both sets sum to zero and the sum of their lengths is obviously

2per(n). Using Remark 1.4.1 we have,

2per(n+1) > 2per(n) = Y |lull + Y |l

uel; =
> per(2(|1| + |J])) + per(2|1])
= per(n +|J|) + per(n — |J]).
Thus we have
2per(n + 1) > per(n — |J|) + per(n + |J|). (1.8)
Since in (1.8) the numbers n + 1,n — |J|,n + |J| are all even, we can use the
expression (1.5) for the perimeter for an even number of vertices and obtain an
upper bound for |J|. In (1.5), set D = WLGB |z|ldz and A for the
constant implied by the O notation. We know that |J| < n, but we need a slight

improvement of this. From (1.8), we have,
1
2(n+1)*D(1 + pE) 2 per(n—|J]) + per(n +|J])
1
> per(n+|J|) = (n+ |J))¥*D(1 + BEz),

where E), E, are the error terms. For n sufficiently large and since (5/3)%2 > 2,
this gives,

5\ 32 ”

3" D > (n+|J|)*D

and hence |J| < (5/3 — 1)n = 2n. Inequality (1.8) can be written

2(n +1)%2 {D+ A%&—"gl—%} > (n—|J))*? {D - A%}

+(n+ 1272 { D - 4B
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={(n—1I)*?+ (n+|J)**} D
— A{(n — |J]) log(n — [J]) + (n + | J|) log(n + |J]) }. (1.9)

Using the fact that 0 < |J| < 2n we get,

5 5
(n — |J]) log(n — |J}) + (n + |J|) log(n + |J]) < nlogn + gnlog 3"

< 3nlogn.
Combining this with (1.9) we get,
2D (1 + %)f 2‘41(\)57? > {(1 - I_Z_I)f (1 + %)3/2}1) - SAIC\)ET_?
and hence
{(1 - '—TJZ—I> Sf (1 + %)3/2}D <2D (1 + %) e + 5,41‘35;
Using the Taylor expansions of the functions (1+z)%2 and (1—x)%2, for z € (0, 1)

3/2 3/2 2
1—1—‘Zl + l-i-l—‘—]—| > 2 1+3|JI
n n 8 n?

and (1+ 1) <1424 L <143 So

3P 3 5 logn
(1+8n2 D <D 2A\/_

we get that

from which we finally get
|J| < en®/44y/logn. (1.10)

d

Write E, = {+w;, ¢ € I} U{v;, 7 € J} for the set of edges of Q(n) and
E

s = P Ntr1 B for the set of edges of Q(nk+1). In the next lemma we show

that the size of the symmetric difference of E,, and E,,, . is small.

k+1

Lemma 1.5.3. |E,,,,AE,| < 2|J|+ ¢/nrg1 < 3en®*y/logn.
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Proof. Write I as the disjoint union I = [j,s U Iy, where [;,s are the edges that
appear in pairs and that come from inside ¢, B and I,,; are the edges that
appear in pairs and come from outside tx+; B. We distinguish two cases.
Suppose Iy, # &. This implies that for each pair of vectors {—p, p} from tx1,
either one of the vectors —p and p or both, appear as edges of @(n). Indeed,
if we suppose that neither —p nor p has been used, then by replacing a pair
+p;i,i € Iy with {—p,p} we produce a polygon with smaller perimeter which
is impossible. Thus only single vectors from inside ¢x; B are missed. But since
tk+1B is symmetric, the number of single vectors missed from t;,1B is equal to
the number of single vectors used from ¢, B. But the total number of single
vectors that are used as edges of Q(n) is |J|. So, at most |J| vectors from ;1B
do not appear in E,. Therefore |E,,, \E,| < |J|. Moreover, this implies that
at least |ng+1 — |J|| edges of @(n) come from inside ¢, 1B and therefore at most

|n — (nk4+1 — |J|)| remain to be used from outside. So,

|En\Eniyi| < 0= (igr = [J))] < Iigr = ] + |J] < s — ] + |J]

< dynegr +|J)

Thus in this case,

| Bt AE| < 2|J| + ¢ \/nieg1 < 3en®44/logn.

Suppose Iy = &. Then no pair of edges of Q(n) comes from outside tx41B.
Therefore only the edges of Q(n) that appear alone can come from outside ¢y, B,
which implies that |E,\E,,,,| < |J|. Also, all |I| pairs of edges of Q(n) come
from inside tx41B, so, at least 2|I| of the vectors of tx,.1B appear as edges in

Q(n). Therefore at most |ng41 — 2|I|| vectors are missed out, i.e.

1B \Enl < regr — 2] = g1 — (n = |J|)| < |ngr — | + ||

< Cy/Mp1 + |J|
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Again, in this case,

| Byt AE,| < 2J| 4+ ¢ \/Mieg1 < 3en®4y/logn.

1.5.1 The perimeter of Q(2m + 1)

We are finally in a position to compute the asymptotic behaviour of the perimeter
for n odd. We have that |E,,,, AE,| < 3cn**y/logn and the length of each edge
of a minimiser @Q(n) cannot exceed 2tx,1. So, for the perimeter of @Q(n) we have,

per(ngs1) —per(n)| < Y- |Ipll < |Enyyy AEn|2tkr1 < 6%/ logn.

PEEn,  AEn

Therefore,

per(n)—n3/2—t3—m—B/||x||dx < 'n%*\/logn,

z€B

and so,

per(n) = n%/?2

m\/——_—é-/uxudﬁo (‘/1‘1’?)

1.5.2 The support function of Q(2m + 1)

Since a minimiser (n) has an odd number of vertices, it is not centrally sym-
metric. We shall show however that asymptotically there is a natural translate
of each minimiser, whose centre of mass is close to the origin and that these
translates converge to the same (0-symmetric) limit shape as the minimisers for
even n. Indeed, @(n) may be taken to be the Minkowski sum of the 0-symmetric
zonotope Z1 = ), +u; and the polygon P, = 3. ;q;. If we choose P; so that

the edges {v;,j = 1,...|J|} are numbered in increasing order according to their
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slopes and place v; at the origin, then it is easy to see that P, is contained in a
ball of diameter at most |J| - /n < cn®%y/logn. Once we apply the appropriate
normalisation 1/n%2, what we get for the centre of gravity xo of a minimiser Q(n)
is ||zo|| < % Therefore, for the support function of a minimiser Q(n) for the

case n odd we have,
< dnlogn + ¢"n®*\/logn

< en®*y/logn.

|z - uldz

h n _ n3/2 n /
2 (®) 41/6(Area B)3 JzeB

Therefore, for n = 2m + 1 odd

ni/4

Y 7r . Viogn
hQ(n)(u) = {4\/fm /;GB| |dz + O (—) . (1.11)

O

1.6 The limit shape Theorem

We can now prove Theorems 1.1.1 and 1.1.2. All minimisers, after the appropriate
normalisation, converge to a fixed convex body, as the number of vertices n tends

to 0co. We prove only Theorem 1.1.1; Theorem 1.1.2 can be shown similarly.

Proof of Theorem 1.1.1. From the expressions 1.7 and 1.11, for any n € N we

have,
hom () _ - / |z - uldz| < c’—l—@.
n3/2 4./6(Area B)3 JzeB = nl/
Therefore,
lim n=32hgm)(u) = 1—7r——/ | - u|dz.
neo 4/6(Area B)® Jocn
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1.7 Proof of Lemma 1.2.1

In this final section we give a proof of the crucial Lemma 1.2.1 which we used

throughout the preceding sections. We will use the Mobius function

1, ifd=1
p(d) =14 0, if p?|d, for some prime p
(—1)%, if d = pips - - - pk, where p;’s are distinct primes
We mention here two equivalent forms of the Mobius inversion formula, which

will be used in the proof of Lemma 1.2.1 below. From the second form we will

only need the s = 2 case. For details see [HW79] or [Ap76].

1, k=1
d) = , 1.12
2[;#( ) 0, otherwise ( )
E M = > ) (1.13)

where ((-) denotes the Riemann zeta function, ¢(s) = Zdi,

Proof. Let us be reminded that our aim is to prove that, the sum of the values
of a function f : R? — R, over all primitive vectors in a plane convex body K
can be approximated by the integral of f over K times the density of P in Z2,
provided that f is bounded on K and it does not vary much over a unit square
that intersects K.

We may assume that K is in standard position. This means that the lattice
width of K, w(K) = w, is obtained for w = (0, 1) in (1.2). Write [-v/2,v/2] for
the intersection of the z-axis with K. Once we have fixed K so that the lattice
width occurs in the direction (0,1) we may further assume that after a suitable
shear, the tangent to K at the point (v/2,0) has slope between 1 and co. Using
the fact that the width of K in the directions (1,1) and (1,0) is at least w, we
have that 2v > w. Denote by P(K) and Area(K) the perimeter and area of K
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respectively. Under these assumptions, we get

—U2—W < Area(K) <vw (1.14)

and
Area(K)

P(K)<2u+4w<10v <10 -

(1.15)

The method is standard: we use the Mobius inversion formula (1.12) and re-write

Z f(p) as follows.

peEPNK

o = D). f@D wd=> ud D fk
d=1

pePNK z=(k,1)€eZ?NK dlk,d|l z=(kl)€Z?NK
dlk,d|l

Lw]

= D ould) D fldw),
d=1 weZ?niK
which gives,
Lw)
D)= u@dd > f(w), (1.16)
pePNK d=1 weZzﬂi-K

by the homogeneity of f. As the sum is now over all lattice points in Z2? N %K ,
we shall approximate it with the integral over %K . In order to do so, let us write
Q(w) for a unit square intersecting 1K and centred at w € Z2. We call w inside
and write Wins, if Q(wins) lies entirely in the interior int(éK ) of éK , boundary
and write wyq, if wpy € int(5K) but Q(wee) N 1K°® # @ and outside, Wour, if
Wout & 3K but Q(wour) N3K # @. In the next claim we compare the second sum

on the right hand side of (1.16) with the integral of f over éK .
Claim 1.7.1.

S -k /GK f(@)da| < Vs Avea(K) + (c + V) ooy

w€Z2ﬂ%K

Proof. Clearly, the number of lattice points in 5K is the number of w;,, and wy,.
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Using this, we can write for the integral of f over éK ,

/Iel fl@ds = Y f(z)dz + Z/

dK W=Wins Q( ) W=Wphqd

+z/

= > f(:cdx—Z/

weZ?niK Q(w) w=wpg

+ > / f(z)dz (1.17)

W=Wout (w)n 3 K

(w)ﬁ K

(w)ﬁ KC

For the first sum in (1.17) we have,

‘ Q(w)f(:t:)dx— f(w)‘ < /Q(w) 1f(z) — f(w)|dz <V,

from which we get,

S fw- 3 / f@)dz| < vizZEn} K| (1.18)

weZ2niK weZ2NiK
Now we need a bound on |Z? N JK|. This can be obtained as follows,
1Z2 N (—117K| = Z 1= Z Area(Q(w)) < Area (éK) + 1—22,
WEW;n Uy WEWinsUWpg
where the last term comes from (1.15) and is the perimeter of the smallest box

that contains K. Hence,

1Z> N = K| < —Area(K) + lg—q (1.19)

20
The second and third sums in (1.17) are at most =2, Therefore, if we com-

d
bine (1.17), (1.18) and (1.19) we get,

> fw) - @] <

weZ2niK

20v

V—— Area(K) + (c+ V)Zl"_“’

do+2

where we applied change of variables and the homogeneity of f. This completes

the proof of the Claim. a
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Combining Claim 1.7.1 with (1.16) we get,
LWJ

f f(z)dz
Z@)d /x)

pePNK

(w]
< Z V Area(K)

&L u(d)
+dZ (e +V)200,
=1

which yields,

[w]
Y fw)-3 A [ s

peEPNK

[w] [w]
<V Area(K Zd2 c+V20de

(1.20)

~where we used the fact that |u(d)| < 1. Now using the inequalities

Lw]

chi <1+log|w] <1+logw,
d_.

d? w2

6 2 6
pg_;xf(p) - /Kf(:v)dx < - /Kf(ac)dm + FV Area(K)
+20v(c+ V)(1 + log w)
= %Area(lf ) + %V Area(K)

+20v(c+ V)(1 + log w).

From this, using (1.15) we get

Zf(p——/f(fc v

pePNK

< Area(K)% + %V Area(K)

+ Area(K)40(C + V)v(vl + log w).

Now using the fact that w > 3 we get (finally!)

> 10 -5 [ Sy

pEPNK

42(c+ V) logw
- .

< Area(K) (§V+

which is what we were supposed to prove. O
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Remark 1.7.2.

It would be interesting to see whether the result of this chapter holds when B
is not the unit ball of a norm. Suppose B C R? is a convex body, with centre of
gravity at the origin, but not necessarily 0-symmetric. Is there a limit shape for
the convex lattice polygons with minimal perimeter with respect to their vertices,

when the perimeter is taken with respect to B?



Chapter 2

On Maximal Convex Lattice
Polygons Inscribed in a Plane

Convex Set

2.1 Introduction and results

Assume K C R? is a fixed convex body, that is, a compact, convex set with
non-empty interior. Let Z2 denote the (usual) lattice of integer points and write
Z; = }Z*: a shrunken copy of Z2, when t is large. A convez Z; lattice n-gon is, by
definition, a convex polygon with exactly n vertices each belonging to the lattice

Z.. Define
m(K,Z;) = max{n : there is a convex Z; lattice n-gon contained in K}.

In this chapter, we determine the asymptotic behaviour of m(K, Z;), as t — oo.
Let A(K) denote the supremum of the affine perimeters of all convex sets S C K.
(Section 2.2 is devoted to the affine perimeter and its properties.) We now state

the main result of this chapter.

38
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Theorem 2.1.1. Under the above conditions

3
o ,—2/3 _
th_glot m(K,Z;) = CEE A(K).

Let AP(S) denote the affine perimeter of a convex set S C R2. It is shown
in [B497] (see also Theorem 2.3.4 below) that there is a unique Ky C K with
AP(Kp) = A(K). This unique Ky has the interesting “limit shape” property
(see [B497]) that the overwhelming majority of the convex Z, lattice polygons
contained in K are very close to Ky, in the Hausdorff metric. This property
applies to the case of maximal convex lattice polygons as well. Let dist(,")

denote the Hausdorff distance.

Theorem 2.1.2. For any mazimiser Q: in the definition of m(K,Z;),
tlim dist(Q:, Ko) = 0.

The problem of estimating m (K, Z;) has a long history. Jarnik proved in [Ja25]

that a strictly convex curve of length £ in the plane contains at most

\9/% 03(1 + o(1))

lattice points and that this estimate is best possible. When the strictly convex
curve is the circle of radius r, Jarnik’s estimate gives that a convex polygon
contained in this circle has at most 3v/27r%3(1+ 0(1)) vertices. The same bound
follows from Theorem 2.1.1 as well.

Andrews [An63] showed that a convex lattice polygon P has at most
c(Area P)'/? vertices where ¢ > 0 is a universal constant. The smallest known
value of ¢ is (87%)Y/3 < 5 which follows from an inequality of Rényi and Su-
lanke [RS63] (see [Ra93]), but we will not be needing this fact. We will use
Andrews’ estimate when dealing with degenerate triangles T'. In the K, Z; set-

ting, this implies that

m(K,Z;) < 20t*3(Area T)'/3. (2.1)
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Remark 2.1.3.

The lattice points on the curve giving the extremum, form a convex lattice
polygon, which is called Jarnik’s polygon. It is clear that its edges are “short”
primitive vectors. This phenomenon will reappear in the proofs of Theorems 2.1.1

and 2.2.1.
Remark 2.1.4.

Actually, Andrews [An63] proved much more: namely, that a convex lattice
polytope P C R? with non-empty interior can have at most c(vol P)(¢-1)/(d+1)

vertices where the constant ¢ > 0 depends on dimension only.

2.2 Affine perimeter

In this section we collect some facts concerning the affine perimeter that will be
used in the proofs.

Let C denote the set of convex bodies in R?, that is, compact convex sets with
non-empty interior. Given S € C, choose a subdivision zi,...,Z,, Tyt = x; of
the boundary 0S and lines ¢;, i = 1,...,n supporting S at z;. Denote by y; the
intersection of ¢; and ¢;;, and by T; the triangle conv{z;, ¥, z:+1} (and also its

area). The affine perimeter AP(S) of S € C is defined as
AP(S) =2lim » VT,
i=1

where the limit is taken over a sequence of subdivisions with max; ., |z:y1—z:| —
0. The existence of the limit and its independence of the sequence chosen, follow
from the fact, implied by the inequality in (2.4) below, that )", +/T; decreases

as the subdivision is refined. Therefore, the affine perimeter is the infimum,

AP(S) =2inf Y~ ¥/T..
i=1
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It is easy to see that (see also the property in (2.2.1) below) the affine perimeter
is invariant under area preserving affine transformations. Note also that, by the
definition, AP(P) = 0, when P is a polygon.

The same definition applies for a compact convex curve I': a subdivision
Z1,...,Zny1 on I') together with the supporting lines at x;, defines the triangles
Ti,...,T,, and AP(T) is the infimum of 23}, ¥/T:.

Alternatively, given unit vectors dy, . ..,d,+1 (in clockwise order on the unit
circle), there is a subdivision zy,...,Z,+1 on I with tangent line ¢; at z; which

is orthogonal to d;. The subdivision defines triangles T3,...,T,, and
AP(T) = 2inf Y~ ¥/T;
i=1

where now the infimum is taken over all n and all choices of unit vectors
di,...,dn+1. Note that the triangles T; are determined by I' and dy,...,d,41
uniquely (unless d; is orthogonal to a segment contained in I' in which case we
can take the midpoint of this segment for z;). We will call them the triangles

induced by directions d;,...,d,4; on I'.

2.2.1 Properties of the map AP:C —- R

We mention here some properties of the map AP : C — R that will be used

throughout the chapter.
(2.2.1) AP(LS) = (det L)}/3 AP(S), for L : R? — R? linear.
(2.2.2) If the boundary of S is twice differentiable, then

27
AP(S) = /a Sn1/3d3= /O r23de,

where k is the curvature and r the radius of curvature at the boundary

point with outer normal vector u(¢) = (cos ¢, sin ¢).

(2.2.3) Given a triangle T' = conv{po, p1,p2}, let D = D(T') be the unique parabola

which is tangent to pop; and p;ps at po and p, respectively. Among all
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(2.2.4)

convex curves connecting po and ps within the triangle 7', the arc of the
parabola D is the unique one with maximal affine length, and AP(D) =
2v/T. We call D the special parabola in 7.

Let T be the triangle as in (2.2.3) and let ¢, g be points on the sides pop;
and p;p, respectively. Let ps be a point on ¢;¢2 and write 7} and T for the
triangles conv{po, g1, s} and conv{ps, g2, p2} respectively. Then we have,

(see Figure 2.1)

VT > YT, + YTy

Moreover, equality holds if, and only if, q;¢9; is tangent to the parabola D
at the point p; (see [BI23]).

D2

q2

T D3

Do qQ1 Y41

Figure 2.1: VT > YT, + ¥T;

It is clear from the definition of the affine perimeter that, for a polygon K,

AP(K) = 0. This shows further that the map AP : C — R is not continuous

(C is equipped with the Hausdorff metric). It is known however, that it is upper

semi-continuous (see for instance [Lu91]).

The following theorem will be used for the proof of the main theorems. It is

similar, in spirit, to a result of Vershik [Ve94]. Assume I' is a compact convex

curve in the plane. For £ > 0 we denote by U.(I') the e-neighbourhood of T.
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Let m(T', €, Z,;) denote the maximum number of vertices that a convex Z; lattice

curve lying in U.(T") can have.
Theorem 2.2.1. Under the above conditions

3
. . —2/3 —
ll-r»% t1~1—£1310t m(l,e, Z) (2m)2/3

AP(D).
For the proof of Theorem 2.2.1 we will need the following fact which is a

consequence of the upper semi-continuity of the affine perimeter.

Proposition 2.2.2. For every compact conver curve I' and for every n > 0
there ezist € > 0, an integer n, and unit vectors dy, . ..,d,+1 such that for every
compact convex curve I'' C U, (T") the triangles Ty, ..., T, induced by dy, . ..,dn41

on IV satisfy

2> /T < AP(T) +1.

i=1

Proof. Let " be a compact, convex curve and > 0. Suppose the assertion is
false. Then for every &€ > 0, there is I" C U,(T), such that 23", +/T; > AP(T).
As this is true for any choice of unit vectors d, . .., d,+; and any n, we have that
AP(I") > AP(T') + n, for any n > 0. This contradicts the upper semicontinuity
of the functional AP. O

2.3 Maximal affine perimeter

In this section, we shall be interested in the subset of a convex body K, with
maximal affine perimeter. Given K € C, let C(K) denote the set of all convex
bodies contained in K, that is, C(K) = {S € C : S C K}. Define the map
A:C—-Rby

A(K) = sup{AP(S), S € C(K)}.

The following result comes from [B&97].

Theorem 2.3.1. For every K € C there exists a unique Ko € C(K) such that
AP(Ko) = A(K).
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Proposition 2.3.2. The function A : C — R is continuous.

We omit the simple proof.

Theorem 2.3.1 shows that there is a mapping F' : C — C, given by
F(K) = K.

The map F is affinely equivariant, that is, for a nondegenerate affine map L :

R? — R?, we have that F(LK) = LF(K).
Proposition 2.3.3. The mapping F : C — C is continuous.

Proof. Let K,,K € C, such that K,, — K. Choose a convergent subsequence
of (F(K,)) and let us denote by K™ its limit. From the uniqueness of Kj, since
K* is contained in K, it suffices to show that AP(K*) = A(K). For this, by the
definitions of F' and A, it is enough to show that AP(K*) > AP(F(K)). Using

the facts that AP is upper semi-continuous and A is continuous we get,

AP(K*) > limsup AP(F(K,)) = lim A(K,) = AP(F(K)).

2.3.1 Properties of K

The unique F(K) = K, has interesting properties. Clearly, 0K, N 0K # @, as
otherwise a slightly enlarged copy of Ky would be contained in K and have larger
affine perimeter. Since 9Ky, N 9K is closed, 0Ky\OK is the union of countably

many arcs, called free arcs.

(2.3.1) Each free arc is an arc of a parabola whose tangents at the end points are

tangent to K as well.

(2.3.2) The boundary of K, contains no line segment.
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The last statement is made quantitative in [B499]. Assume that Area(K) = 1.
Assume further that the ellipsoid of maximal area, Fy, inscribed in Kj is a circle.

This can be arranged by using a suitable area preserving affine transformation.

(2.3.3) Under these conditions the radius of curvature at each point on the bound-

ary of K is at most 240.

From the proofs of our main Theorems 2.1.1 and 2.1.2 we get a characterisation
of Ky. For C € C, the barycentre (or centre of gravity) of C is defined by

1
bC) = AreaC [,.cc

Define Cy as the collection of all C € C with b(C) = 0. Fix C € C and let u € S?

zdz.

be a unit vector. The radial function, p(u) = pc(u) is, as usual, defined as
pc(u) = max{t > 0: tu € C}.

The condition [, zdr = 0 can be rewritten

/Sl p(u)*du = 0.

(Here du denotes vector integration on S!.) By Minkowski’s classical theorem
(see [Sch93]), there is a unique (up to translation) convex body C* = G(C)
whose radius of curvature at the boundary point with outer normal vector wu, is
exactly R(u) = 3p°(u). The following characterisation theorem describes the sets

F(K) when K € C.

Theorem 2.3.4. For each K € C, there is a unique C € Cy, such that Kg is a
translated copy of G(C) = C*. Moreover, for every C € Cy the set G(C) = C* € C
satisfies F(C*) = C*.

This theorem immediately implies the following result.

Corollary 2.3.5. Assume K € C. Then F(K) = K holds if, and only if, K
has well-defined and continuous radius of curvature R(u) (for each u € S*) and

+/3R(u) is the radial function of a convez set C € Cy.
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We say that two sets K7, Ky € C are equivalent, if they are translates of each
other. Write K for the set of equivalence classes in {F(K) : K € C}. The two
theorems above show that the map G : Cy — K is one-to-one. It can be shown
that the map G : C; — K is continuous in both directions but we will not need
this fact here.

Theorem 2.3.4 implies the following strengthening of (2.3.3).

Corollary 2.3.6. For any K € C there is a non-degenerate linear transformation
L : R? — R? such that the radius of curvature R(u) of F(L(K)) = (L(K))o at

any point of its boundary satisfies

< R(u) <

W=
w| oo

Remark 2.3.7.

Theorem 2.3.4 and Corollary 2.3.5 may extend to higher dimensions. Unfor-
tunately, the uniqueness of the maximal affine surface area convex set contained

in a fixed convex body in R¢ for d > 2 is not known.

2.4 “Large” and “small” triangles

The key step in the proof of our theorems is a result about large triangles. Though
the proofs may appear to be rather technical, the idea behind them is simple.
Let us give here an informal description.

We are interested in the maximal convex Z, lattice polygons inscribed in a
convex body K, when t is large. This is the same as considering the maximal
Z? lattice polygons inscribed in the blown up copy tK of K. Theorems 2.1.1
and 2.1.2 show that any such maximiser is very close to the subset Ky of K with
maximal affine perimeter. As we saw earlier, the boundary of this body Kj is the
union of countably many parabolic arcs, whose tangents at the end points are

tangent to K as well. These tangent lines to K (and Kj) will define our “large”
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triangles. We will be interested in finding the set of vectors that will build up the
arc of ); within each such triangle 7. We shall prove that each large triangle,
naturally gives rise to a “small” triangle, A, so that the edges of the arc of a
maximiser ); within T are the primitive vectors in A. These connections will

become clearer in the next two subsections.

2.4.1 Large triangles
We start with a definition which is slightly more general than necessary.
Definition 2.4.1.

Let T = conv{po, p1, p2} be a (non-degenerate) triangle in R2. A convexz lattice

chain within T (from the side [po, p1] to the side [p;, po]) is a sequence of points

Zo,- .., Ty such that
(i) the points po, Zo, - - . , Tn, P2 are in convex position
(i) z, =1z, —x;_y €Z% foreachi=1,...,n.

The length of this convex lattice chain is n. Define m(T") as the mazimal length
that a convex lattice chain within 7" can have. For simplicity we denote the area
of T by the same letter T

Assume now that a,b € R? are two non-parallel vectors and t;,t, are almost
equal and large. Setting p; —po = t1a and ps — p; = t2b gives the “large” triangle

T = conv{po, p1, P2}

Theorem 2.4.2. Assume t;,t; — 0o with t1/ty — 1. Then

6

: —1/3 _
limm(T)-T G

Clearly it suffices to show this when t; = {3 = ¢t and ¢ — oo. This will be

done in Section 2.5.
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We shall need this result in the Z, setting as well. So, given a triangle T in
the plane, we define m*(T,Z;) as the length of a maximal Z; lattice chain from

vertex pg to vertex ps within 7. The previous theorem states that

6vVT
: -2/3,
th_glot m*(T,Z,) = @n)A

Now let @; be a maximal Z, lattice chain in 7" (from po to p2). The next theorem

relates Q; to the special parabola D(T') defined in (2.2.3).
Theorem 2.4.3. Under the above conditions
tlim dist(Q¢, D(T)) =0

The proof of this result which is given in Section 2.6 shows the close connection
between maximal convex lattice chains and the inequality discussed in (2.2.4).

From the proof of Theorem 2.4.2 we will be able to give a simple construction
of a convex Z; lattice curve in the triangle 7" which is almost maximal and is
very close to the parabolic arc D(T). This construction will be used in the

characterisation Theorem 2.3.4.
Remark 2.4.4.

It would be interesting to understand the behaviour of m(T'), for general
triangles T, whose areas tend to co. Write w(T') for the lattice width of the
triangle T'. If w € Z? is the direction in which the lattice width of T is attained,
then the lattice points belonging to any translated copy of T are contained in
[w(T)] consecutive lattice lines. Each such line contains at most two vertices

from a convex lattice chain. Thus,
m(T) < 2[w(T)] < 2w(T) + 2.

Hence, if w(T') is much smaller than T/3, the asymptotic estimate

m(T) ~ ﬁ\ﬁ

of Theorem 2.4.2 does not hold.
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2.4.2 Small triangles
Assume now that u, v € R? are non-parallel vectors. Define the triangle A as
A = conv{0, u,v}.

Its area will also be denoted by A and its lattice width by w(A). Again we write
PP for the set of primitive vectors in Z2.
We will need the size of P N A which, as estimated in Lemma 1.2.1 (or

Lemma 1.2.2) is
logw(A)
w(d)

Let T be the “large” triangle of the previous subsection. In our application,

PAA| - %A‘ < 30A (2.2)

u = Aa, and v = Ab with X = t1/3. Thus w(A) is of order t!/3 which is large and
the triangle A is “small” compared to 7.

Any given r € A can be written uniquely as z = a(z)u + B(z)v. Clearly,
a(r) =z -vt/u-vt, and [, a(z)dr = A/3. We state the following result, which

can be derived from Lemma 1.2.1.

Theorem 2.4.5. Assume w(A) is large enough (w(A) > 6). Then

6 log w(A)
p;ﬂ:{l a(p) — = /EEA a(z)dz| < 3OAW
and
logw(A)
- — < 30A———.
PILLEET A w(d)

Notice that the estimate is invariant under lattice preserving affine transforma-
tions.

We are now in the position to begin the proofs of the main results.

2.5 Proof of Theorem 2.4.2

We assume t = t; = ty and set U = ta, V = tb. We shall find an upper and a

lower bound for the maximal length m(T') of a chain in T. For z € R?, there is



Section 2.5. Proof of Theorem 2.4.2 50

a unique representation z = a(z)U + B(x)V. We start with the upper bound.

D2

Po
Figure 2.2: The unique representation of z; = &(z;)U + B(z)V.

Let xo,...,z, be the sequence of vertices of a maximal lattice chain in 7. So
m(T) = n. The vectors z; = z; — z;_; all lie in Z? and all belong to the cone

pos{a, b}. Clearly, since a@(U) = B(V) = 1, the edges z; must satisfy

Z&(Zz') <1 and ZB(%) <1, (2.3)
i=1 i=1
as otherwise the lattice chain would extend beyond ps. Define the norm (essen-
tially an ¢; norm) || - || as follows,
lzl| = |a(z)| + |B(=)!. (2.4)

Since the 2; are non-parallel vectors from Z2 N pos{a, b}, we have

Z (A=l (2.5)

where the second sum is taken over the shortest (in || -|| norm) n primitive vectors
in pos{a, b}. The set of these shortest n vectors from PNpos{a, b} is exactly PNA,
where A = conv{0, Aa, A\b}, for some suitable A > 0.

The proof of the upper bound is based on identifying which A > 0 will make
the sum Y p4 ||p|| almost equal to, but slightly larger than 2. Then, if it were
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such that |P N A| < n, according to (2.5) we would have
Yoaz)+ > Bl =) llal = D el > 2,
i=1 i=1 i=1 pEPNA
contradicting (2.3). So, for the A which we shall identify, [PN A| > m(T) = n.
Using this and the estimate (2.2) for |P N A|, we will derive the upper bound on
m(T).
The computation is as follows. Setting u = Aa, v = Ab,

_ Vi.z vtz A
M= yry = pera T W

Write A for the triangle conv{0, a, b} (and its area). We have A = A2A,, w(A) =

Aw(Ag) and

1 1
/Aa(a:)d:v = /Aﬁ(a:)d:v = —3—A = 5/\2A0.

By Theorem 2.4.5

2 ogw
> abp) = 2 > alp) > % {9—5\—3—30,\%01_5_@_)

pePNA pePNA m* 3 (8)
3
20° Ay 1—15 Jlog w(A) '
w2t w(A)
Now set
o T
A A (1+9),

where § > 0 will be specified. Now A > ¢ -2"—A2%, so, for large enough ¢,

logw(A)  log dMw(Ao)

— < —1/3
w(A) oDy St et

with a constant ¢; > 0 depending only on Ag. Choose § = 3072¢;t~ /3 logt. With

this choice

Z a(p) > (1+ 30n%cit™3logt) (1 — 1572t~ logt) > 1

pePNA
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if ¢ is large enough. Similarly > p~a B(p) > 1 and so > _pepra llPll > 2. Conse-

quently,

logw(A)

m(T) < |[PNA <——A+30A
(T) < |PNA] S A)

= %A (1 + 5w2%)

2/3
< Ll ﬂ—% / Ao(1+6)%3 (1 4 5m%e,t ™3 logt)
- 71'2 2A0

_ 6 1/3 ~1/3

= (27r)2/3T (1+ 0@t logt)). (2.6)

Note that the implied constant depends on Ag only.

For the lower bound we work in a similar manner. We now want to find
which A > 0 makes the sums 3 pna @(p) and 3 cpna B(p) almost equal to, but
slightly smaller than one. Then the primitive vectors in A can serve as edges of
a convex lattice chain in T', so m(T) > |PNA|. For later reference we denote this

convex lattice chain by C(A). The computation is similar to the previous one.

A\ = 13/ ™t (1 —6) and 4 =min (% 15m2cyt™ 1/3'logt>

Thus A > ¢/ =t *t is of order v/t. Consequently —°5-——(—— < cot~3logt for some cy

We set,

(depending only on Ap) for all large enough t. Then § < 1/2, if ¢ is large enough

and so

§ = 15m2ct ™3 log t.

We check that these choices give the desired inequalities Y a(p), > B(p) < 1

_ 6 A log w(A)
alp) = - < + 30A———=
20 E,ZA =% { '3 w(d) ]
2X34 ylogw(A)
3 (1 + 157 —w(A) )

= (1-10)(1+15m%cit™3logt) < 1,
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and similarly for ) cpna B(p) < 1. Hence,

6 log w(A)
> A - o\
m(T) > |PNA|> 7r2A 30A WD)
6 -
> (2W>2/3T1/3 (1- 0@t logt)). (2.7)

Finally, combining (2.6) and (2.7) we get

6 - —
(27r)2/3T1/3 (1- Ot Ylogt)) < m(T) < Gy TV (14 Ot logt)),
which completes the proof. O

Remark 2.5.1.

The preceding proof contains the construction of an almost maximal lattice

chain in T, namely C(A). The edges of this chain are the vectors in PN A. Its

length is
6
P =——-TY3(1 t™3logt)) .
PN A| CEE (1+O( ogt))
The chain C(A) = (zo, z1, . - ., T) almost connects the two special vertices, py an
po, of T':

2 P= (pz d(p)) U+ (pZ B(p)) V.

peEPNA ePnA ePNA

Here the coefficients of U and V are between 1 — O(t~1/3logt) and 1. So setting

To — po = apa and Py — T, ~ (b we have ag, B = O(t*3logt).

2.6 Proof of Theorem 2.4.3

In this section we shall prove Theorem 2.4.3, namely that as ¢ — oo, a maximal
convex Z; lattice chain @); converges, in the Hausdorff metric, to the special
parabolic arc D(T') within T. From the proof of Theorem 2.4.2, we obtained
a construction of an almost maximal lattice chain C(A). Let us call this chain
C(A,Z;), when we refer to it in the Z, setting. We show in Claim 2.6.1 at the end

of this section, that this chain also converges to the special parabolic arc D(T).
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Proof. Now T = conv{pg, p1,p2} is fixed and @ is a maximal Z; lattice chain
within T'. Recall that D = D(T) is the unique parabola within T that is tangent
to pop1 and pipo at the points po and p; respectively and that D has maximal
affine length among all convex curves in 7.

Let ¢ be a line, with fixed direction d, supporting (); at a vertex ps3. Let
q € D(T) be the point where the tangent to D(T') goes in direction d. We shall
prove that ps tends to g.

Assume £ intersects pop; at ¢; and pi1ps at go. Let Ty and T, be the triangles
with vertices po,q1,p3 and ps, g2, po, respectively (see Figure 2.1). (Of course

¢,p3,q1,42,T1, T all depend on ¢t.) Clearly, since ps is on a maximal chain Q;
m*(T, Z;) = m*(T1, Z,) + m* (T3, Z,). (2.8)

Choose convergent subsequences of q,ps3,q2 as t — oco. Assuming on the one
hand that none of the p; and g; coincide in the limit, we may apply the Z,; version

of Theorem 2.4.2. This yields,

m*(Ty, Ze) + m*(Ty, Z) = 27:5)2/3 (VFi + VTs) (1+O(1Oj;>)

< o7 (1 +0 (l‘j;)) = m*(T,Z,),

which, combined with (2.8) gives,

=V + VT

(Note that T and T» denote the limiting triangles.) In view of the property of
the affine perimeter discussed in (2.2.4), this equality is possible, if and only if, ¢
(in the limit) is tangent to the parabola D(T') at the point q. Thus p3 tends to gq.

On the other hand, if one of the triangles, say 77, becomes degenerate, then
we may use Andrews’ estimate (2.1). This gives, for the limiting triangles 7 and
T,

\/_<20\/T1+ \/Tz

(2n )2/3 (2 )2/3
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Since T3 is degenerate, it has area 0, so the inequality is impossible since 75 < T'.

This completes the proof. O

In the Z,; setting, the chain C'(A) corresponds to the Z, lattice chain which we
shall denote by C(A, Z;) which is almost maximal and almost connects py to ps

within 7. We show next that this chain, too, is very close to the parabola D(T).
Claim 2.6.1. lim; . dist(C(A, Z,;), D(T)) =0

Proof. For this proof we work in the Z? setting and divide by ¢ in the end. Recall
that A is the triangle conv{0, Aa, Ab}.

Fix a vector d on the segment (a,b), that is, d = (1 — s)a + sb with s € (0,1)
fixed, and let A(s) = pos(a,d) N A. The tangent line to C(A) in direction d goes
through the point ¢ € C(A) (see Figure 2.3.). Now

q—po = (g — Zo) + (z0o — po) = Z p+ (Zo — po)-
PEPNA(s)

Here zo — po is O(t*/%logt)a from Remark 2.5.1. Clearly, the sum of the vectors

in PN A(s) can be estimated in the same way as for PN A in Remark 2.5.1 and

we get that
Z p=stla+d) (1+0(t 3logt)).
PNA(s)
Ab LA
b
Aa
0 a

Figure 2.3: The definition of the region A(s).
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The point st(a+d) is on the parabola D(T) and the tangent at that point has
direction d as one can readily check. Thus ¢ — st(a + d) is at most O(t?*logt).

Dividing by t we get the claim. O
Remark 2.6.2.

Since the primitive points are distributed evenly in a small triangle, instead
of summing them, we could take the integral of the vector  in A. In this case

the triangle does not have to be small. With the previous notation we get,
1 1
2(s) = / zdr = -A(s)(a + d) = -As((2 — s)a + sb).
A(s) 3 3

This is a curve, parametrised by s. It is very easy to see that this curve is exactly
the special parabola inscribed in the triangle A conv{0,a,a + b}. The tangent

to this parabola at z(s) is parallel to d.
Remark 2.6.3.

The moral is that the maximal Z lattice chain in 7', the special chain C(A, Z;)
and D(T) are all very close to one another. Furthermore, the chain C(A,Z;) is
almost explicitly described and the curve z(s) can be computed from A. This is

the main idea behind the proof of Theorem 2.3.4.

2.7 Proof of Theorem 2.2.1

In this section, we prove Theorem 2.2.1 which will be used for the proof of the
main theorems given in Section 2.8. Recall that U,(T) is the e-neighbourhood of
I’ and m(T', &, Z;) is the maximal number of vertices of a convex Z; lattice curve

contained in U.(T).

Proof. The proof consists of two parts. First we show that the limsup of
t=2/3| vert Q|, over a sequence of convex Z; lattice curves Q; C U.(T), can only be

slightly larger than 3(27)~%3 AP(T). Then we construct a sequence, P;, of convex
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Z, lattice polygons lying in U.(T') with almost as many as 3(2mw)~%3t%/3 AP(T)
vertices.

Let n be a (small) positive number, and choose £ > 0 and unit vectors
d1,...,dgs1 for T and n according to Proposition 2.2.2. Let @; (with ¢ — oco) be
a sequence of convex Z, lattice curves in U.(I'). We will show that this sequence
contains a subsequence, to be denoted by Q., such that

3
(27)2/3

lim sup 7~ 3| vert Q.| < (AP(T) + 3n).

This will prove our first goal.

For each t, the directions d; induce triangles T;(t), ¢ = 1,...,k on Q;, with
vertices z;(t). Now we choose a convergent subsequence @, such that lim, z;(7) =
z; for each i. Let @ C U.(T') be the limit of the subsequence Q,. The triangle
T;(7) tends to a triangle T; on @, for each i = 1,..., k (we include the possibility
that some limiting triangle T; is degenerate). From Proposition 2.2.2 we know

that the triangles T;, i = 1,...k on @Q satisfy,
k
AP(Q) <2) VT < AP(T) +1. (2.9)
i=1

Next we estimate | vert @.|. We do this by using the estimate for m*(T;(7), Z,) of
(the Z; version of) Theorem 2.4.2, for all ¢ = 1,..., k. When the limiting triangle
T; is non-degenerate, we get

M (Tr). 2r) < s (VI + 0~ log ),

Since the constant implied by the ‘big oh’ term depends on the triangle T; only,

we may write this as

. 6 93/ n
m (Tz(T))ZT) .<_ (27{')2/37- / (\/51—1+ E) ’

for large enough 7 and non-degenerate 7;. When a triangle T; is degenerate,

Andrews’ estimate works once more. In this case we get,

m*(Ti(7), Zr) < 207 YT < 7P (YT + 1),
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again for large enough 7. Here the triangle in question is degenerate so T; = 0.

Thus for all 7 and large 7 we have
6 2 n
* X < - /3 3 A A
m*(T;(1),Z,) < (27r)2/3T (\/TL + k) ,

So we have, again for large enough 7,

k

k
@l 3020 3 g (V)

i=1

k

3 i 3

= & a2y (VTi+ 7)< Gy (AP(T) +31),
i=1

where for the last inequality we used (2.9).
Next comes the construction of the sequence P,. Assume £ > 0 is small. We
will find a sequence of Z; lattice polygons P, in U(I") such that the number of

vertices of P, is at least
| vert P,| > 3(2m)~%3t*3(AP(T) — 2¢),

provided that t is large enough. The construction is as follows: choose points
z; € I' and lines ¢; tangent to I" at z;, ¢ = 1,...,k so that the induced triangles
T; all lie in U, /5(I"). We assume (for convenience rather than necessity) that the

slopes of the lines ¢; are irrational. By the properties of the affine perimeter

k
2> " Y/T:. > AP(D). (2.10)

For each i there is a Z; lattice square, of side length 1/t, containing x;. Move
¢; to a parallel position /4;(t), that contains a vertex, 2;(t), of this square. Here
2;(t) € Z is chosen so that the whole square and I" lie on the same side of ¢;(t).
Replace each z; by z;(t) € Z; and each triangle T; by the corresponding T;(t).
Note that the z;(t) are in convex position.

Recall that the proof of the lower bound of Theorem 2.4.2 produced an almost
maximal Z? lattice chain C(A) in the triangle T, where the edges of C(A) are

the vectors in PN A. In the Z, setting, this gives an almost maximal Z,; lattice
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chain C(A;(t),Z;) in T;(t). Now fix ¢ and let z(t),yo, y1,- .-, Yn, Zit1(t) be the
vertices of C(A;(t),Z;). Note that y; — y;—1 is in Z; but y; may not be.

We now show how this chain can be changed a little so that it is an almost
maximal Z; lattice chain within T;(¢) with all of its vertices in Z,. For this, note
first that v = (yo — 2i(t)) + (2i4+1(t) — yn) is in Z;. Also, the slope of v is between
the slopes of two consecutive edges of the chain C(A;(t),Z;), say the j-th and
the (7 + 1)-st. Then the vectors

V1= Y0¥~ Y- Y —Yi-10 Y41 — Y- Yn — Yn—1,
in this order, form the edges of a chain from z;(t) to z;;1(¢) within T;(¢) with all
vertices in Z;. Let C;(t) denote this chain. Then C;(t) has at least as many edges
as the chain C(A;(t), Z,).

Since T; C Ug/o(T), both T;(t) and Ci(t) lie in U,(T') if ¢ is large enough.
Thus the union of the C;(t) form a convex Z; lattice curve P, in U.(T"). The
construction of P; is complete. We shall now find a lower bound on the number
of vertices of P;.

The number of edges in C;(t) is at least as large as the number of edges in

C(A;(t), Z;) which is, by Theorem 2.4.2, at least
6 3 1/3
———/Ti(t) (1 — 1
(27()2/3 ( ) ( Ogt))
provided T; is nondegenerate. Note that for such a T;,
YTE) (1 - Ot log ) = YTi - -

if t is large enough. For degenerate T;, we may use the trivial estimate saying

that C;(t) has at least t*/3/T; = 0 edges. So we have

k
| vert P,| > Z (2:)2/3]52/3 (\3/_;__ %)
3
271-)2/3t2/3 Z ( T, — _)

3
(2m)2/3

v

Y]

t23(AP(T") — 2¢),
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where the last inequality comes from (2.10). This completes the proof. O

Remark 2.7.1.

The chain C;(t) is made up of primitive vectors in A;(t) plus possibly one
more vector which we ignore as it is short. So the edges of P; are essentially the
primitive vectors in U¥_;A;(t). In the proof of Theorem 2.3.4 we will need to

show that the set U%_; A;(t) has nice properties.

2.8 Proof of Theorems 2.1.1 and 2.1.2

Using Theorem 2.2.1, we can now give a simple proof of both Theorems 2.1.1 and

2.1.2.

Proof. Let @, be any maximiser in the definition of m(K,Z;) and choose a sub-
sequence @;. We show that @)} contains a further subsequence, to be denoted by

Qr, with 7 — oo such that

3
lim 7723 vert Q.| =

Jim, @y A,

and

lim dist(Q-, Ko) = 0.

This will prove both theorems.

The proof is based on Theorem 2.2.1. Choose a convergent subsequence Q)
from @}, and let S be the limit of Q),. Clearly S C K and S € C. By Theo-
rem 2.2.1,

3
lim 77%/3| vert Q,| = @y

By the definition of A(K), we have that AP(S) < A(K). Assume that AP(S) <
A(K). Then AP(S) + n < A(K), for some positive 7. A slightly shrunken

AP(S).

homothetic copy of Ky, say Kj, can be placed in K so that U.(0K}) C K for
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some positive €, and AP(S) + n/2 < AP(KJ). Now Theorem 2.2.1 implies the

existence of a convex Z; lattice polygon P, in U.(0K}) C K with

| vert Pr| > T3 (AP(S) + n/4).

3
(2m)2/3
This contradicts the maximality of @,. Hence AP(S) = A(K) and S = K,

follows from the uniqueness of Kj. O

2.9 Proof of Theorem 2.3.4

In this section we give the proof of Theorem 2.3.4, which characterises the body

K,.

Proof. We assume first that K is a convex polygon. Then Kj is tangent to the
edges Ei, ..., E; of K at points py, ..., px. We may assume that the boundary of
K is exactly UX_,E; (since we can delete the edges not touched by Kjp). Denote
by v; the common vertex of the edges E; and E;,; and the outer angle at v; by
¢; > 0. Set T, = conv{p;, vi,pi+1}.- Then A(K) = 22:.“:1 J/T; is the solution of

the maximisation problem

X \
1
max (2 E , i/é‘wi(eiﬂ — Ziy1)sin ¢i) )
i=1

where e; = ||E;|| and z; = ||p; — v:]|. (See Figure 2.4.)

The solution is unique (according to Theorem 2.3.1). So, taking derivatives,
we get the necessary conditions for the extremum. As a simple computation

shows, they are

273 (eip1 — Tip1) VP (sin )2 = x5 (es — ;) "3 (sin i) V3,

)

fori=1,...,k. These can be written as

€ —I;

T .
= 1 =
VI, VT’

1,...,k. (2.11)
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Figure 2.4: The triangles T;_1, T;.

Now, for each i, define the triangle

1
A; = ﬁconv{o, Vi — DiyDix1 — Ui}

So T; determines A;. Conversely, A; determines 7; uniquely (up to translation)

in the following way. If A; = conv{0, a;, b;} then
conv{0, A;a;, A;(a; + b;)}

is a translated copy of T;.

Each A; has 0 as a vertex. Note that A; and A;_; share an edge; namely, the
edge going in direction v; — v;_;. This edge has length z;//T; if considered as
an edge of the triangle A; and length (e; — z;)//T;_; if considered as an edge of
A;_1. That they are equal follows from the necessary conditions (2.11) for the

extremum.

Claim 2.9.1. U%_| A, is a conver set.

Proof. Our aim is two show that for two consecutive triangles A;_;, A;, the union
A;_1 UA,; forms a convex set. To simplify the notation we assume that i = 2 and
A; = conv{0,as,b}, Ay = conv{0, az,bo}. Here, as we have seen, b; = a;. We
have to show that the angle, 1 say, at the common vertex b; = as of A; U A; is

less than 7 (see Figure 2.5).
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If 1 + @9 > 7, then ¢ < 7 follows immediately. So assume ¢; + ¢2 < 7. Then
¥ < m, if and only if, A; + Ay > A where A = conv{0, ay, b2}.

As both the convexity of UA; and the affine perimeter are invariant under
linear transformations we may assume that a; = (1,0) and b, = (0, 1), and write
by = ap = (rcosa,rsina) with a € (0,7/2) and » > 0. With this notation

Ay = §sina, Ay = §cosa so our aim is to show that

r(sina + cosa) > 1. (2.12)

Now T; and T, are determined by A; and A, (see Figure 2.6 for notations).

In particular, the lengths of the edges of the triangles 77 and 73 are,

1 T 1 r?
lvy = p1ll = §A1 = gsine, lp2 — v1|| = grAl = g sina,
1 1 2
lve = pof| = §7”A2 = %COS a, |lps = = §7‘A2 = %cos a.

Then,

A = ||lvy — v1]| cosa = (r%/6)(sin o + cos @) cos a,

B = ||vy — v1||sina = (r2/6)(sin a + cos a) sin a.

The special parabolic arc within the triangle T' = conv{py, po, p3s} connecting p;

and p; must intersect the segment [v;, v9] as otherwise, replacing 77 and Ty by T

by = (0, 1) 1
by = ag = (rcosa, rsin )

(07 0) ay = (1a0)

Figure 2.5: The triangles Ay, A,.
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D3

r
8 Cos ¢

V2

P1 §sina (1 A Po

Figure 2.6: The corresponding triangles 77, T5.

would increase the affine perimeter of K. This happens, if and only if,

A S B
A+|lpr—v| = B+|ps—vell

This is equivalent to the statement AB > g—g sin ¢ cos ¢, or
2
(r*/36)(sin o + cos &)® sin ac cos o > 36 sin a cos .
This in turn states that r%(sina + cosa)? > 1, which implies (2.12). This com-

pletes the proof of Claim 2.9.1 O

We now show that the convex set Uf=1Ai has its barycentre at 0. Remark 2.6.2
shows that
1
/ zdr = =Ai(a; + b;) = piy1 — pi-
A 3

This immediately implies that

J;

i=1

k
A rdr = Z(pi+1 —pi) =0.
i i=1

We are almost finished with the proof for the case when K is a polygon. Define

C to be a copy of US| A, rotated clockwise around the origin by 7/2. Let u
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be a unit vector, and let z(u) be the unique point with outer normal u on the
boundary of K. The radius of curvature, R(u) of Ky at z(u) is by definition, the
limit, as v — wu, of the length of the arc of 0K, between z(u) and z(v), divided
by the angle between u,v € S'. We may assume both directions  and v lie in
the triangle A;". Define A(u, 1 e A(u,v) = pos{u,v} N A}. Then
fuas
[ ada~ zpo(wlu=vlu
Auyw) 3

and so R(u) = 3pc(u)®. This proves the first half of Theorem 2.3.4 in the case
when K is a polygon.

Now assume that K C R? is arbitrary, and let P, be a sequence of convex
polygons tending to F(K) = K, with Ky C P,. Then F(P,) — K, as well.
Also, by the previous argument, F(P,) = G(C,) with a unique C, € Cp and
Rr(p,)(u) = p%_(u)/3. By the property (2.3.3) Rp(p,)(u) is bounded. Then one
can choose a convergent subsequence from C,, tending to C € Cy. It is easy to see
that not only the subsequence but the whole sequence (C,,) tends to C implying,
in turn, that pc, — pc and so lim Rpp,)(u) = p¥(u)/3 for each u. It follows now
that Rk, (u) = p&(u)/3.

The second half of the theorem is easy: G(C) = C* € C clearly. Choose a suf-
ficiently dense set of directions dy, . . ., d,+; and consider the induced triangles, T;,
on C*. The corresponding “small triangles” A; are very close to C*Npos{d;, di;1}
where C1 is a copy of C rotated by m/2 (anticlockwise) since Rg-(u) = p2(u)/3.
Then the rotated copy of UA; is very close to C. O

2.10 Proof of Corollary 2.3.6

Proof. Let L : R?> — R? be a nondegenerate linear map. For K € C we have
F(LK) = LF(K). Assume now that C' € Cp is the unique convex set whose
existence is guaranteed by Theorem 2.3.4. We claim that LC is the convex set

corresponding to LK. It suffices to check this when K is a convex polygon. The
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proof of Theorem 2.3.4 shows that U*_ A, is a convex polygon with each A; a
well defined triangle. Since the integral | As(s) Tdx, for s € (0,1) describes the
special parabola in Tj, the integral [, LAKs) xdz describes the special parabola in
LT;. As C is a rotated copy of U | A;, LC is also a rotated copy of Ut LA;.
This proves the claim.

Given K € C and the corresponding C € Co, choose a linear transformation
LR? — R? that carries C into isotropic position. This means (see [KLS95]) that
b(C) = 0 and the matrix of inertia about 0, ;2= [, .o zx7dz is the identity ma-
trix. Kannan, Lovész, and Simonovits [KLS95] prove that, with this positioning,
C contains a circle B(r) and is contained in a circle B(R), both centred at the
origin, with R/r < 2. So, we may take r = 1 and then R < 2. In this position,

the radial function prc(u) clearly satisfies
1 <pre(u) £2.
Since the radius of curvature of F(LK) is R(u) = 3p3c(u), it follows that

< R(u) <

.

Wl
w| oo



Chapter 3

A Combinatorial Property of
Points and Balls, A Coloured

Version

3.1 Introduction and results

Any finite set X of points in the plane in general position contains two points such
that any disc that contains them necessarily contains a positive fraction of the
points of X. This statement was introduced and proved by Neumann-Lara and
Urrutia in [NU88]. They showed that any such set contains two points such that
any disc that contains them, will contain at least [(n —2)/60]| points of X, where
n is the number of points in X. Hayward, Rappaport and Wenger in [HRW89]
showed that if II(n) is the largest number, such that for every n-point set X on
the plane, there exist two points z,y € X with the property that any disc that
contains them, contains II(n) of the points of X, then |n/27] + 2 < II(n) <
[n/4] + 1. This lower bound was significantly improved by Hayward in [Ha89)
where he obtained the expression [g(n — 2)].

The planar case was later generalised by Barany, Schmerl, Sidney and Urrutia

67
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in [BSSU89] to the case of X C R%. They proved that any n-point set X C R¢
in general position contains a subset A with |A| = |1(d + 3)] such that any ball
that contains it contains ¢(d)|X| points, where the constant ¢(d) > 0 is at least
(k' (d — k — 1)!)/d! and k = | 3(d + 3)]. They also showed that the bound on the
number of points of A is best possible.

Bérdny and Larman in [BL90] generalised this result from the case of Eu-
clidean balls, to the case of ellipsoids and more generally, quadrics in R%. They
show that there is a constant ¢(d) > 0 such that any n-point set X C R? contains
a subset Y, with |Y| = |1d(d + 3)], with the property that any quadric that
contains Y contains ¢(d)|X| points of X. In this case c(d) > k~12-*+1  where
k= (d+ 1)(d+ 2)/2. Again it is shown that the bound on the number of points
in Y is best possible.

Here we consider the coloured case. Before stating our results, let us introduce
some notation. Throughout the chapter, k£ will equal L%—Q’J The system of sets
C1,Cy,...,Cx C R* will be k non-empty, disjoint, finite sets (also called colour
classes, or colours) with |C;| = s, s > 3 for all i = 1,..., k. Their union U*_,C;
will be denoted by X and n will be the cardinality of X. We will call X a coloured
set, or equivalently, a set partitioned into m colour classes C;. A set Y C X is
a transversal for the system C,...,Ck, if [Y NC;| =1, foralli =1,...,k. Let
B C P(R?) denote the set of Euclidean balls in R%. Note that for the coloured
case, the assumption that the points are in general position is not necessary. Our

main result is the following.

Theorem 3.1.1. For any d > 1, there is a constant c(d) > 0 such that for any
system C1,Ca,...,Cx C R?, there is a transversal Y C X, such that for any
B € B with Y C B, we have that |BN X| > ¢(d)| X]|.

The constant here is ¢(d) = 5kx. If the sets Ci,...,Cx are thought of as
colours, then Theorem 3.1.1 says that there is a rainbow set Y C X such that

any ball that contains it, contains a positive fraction of the points of X.
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The main tool for proving Theorem 3.1.1 is Lemma 3.1.2 below, the proof of

which uses the following beautiful result of Zivaljevié and Vreéica from [ZV92].

Theorem 3.1 (Vredica and Zivaljevié). Let Cy1,Cs,...,Cx C R? be disjoint
finite sets, with |C;| = 2p — 1, p(d — k + 1) < d where p is a prime. Then there
are Ay, ..., A, C UL C; with A;NA; = @, fori # j, |AiNC;| =1, for all4,j
and ﬁconv A # 2.

i=1
We will apply the p = 2 case of this result in the proof of Lemma 3.1.2. Then

k can be taken to be |43 ].

Lemma 3.1.2. Let X C R? be a finite set, X = C,UCy U --- U Ck, with
CiNCj =@, for all i # j, where k = |4£2] and |C;| = 3. Then there isY C X
with Y| =k, [YNC;| =1, foralli =1,...,k, such that for any B € B with
Y C B, we have BN (X\Y) # 2.

In the next two Theorems, the sets C;, ¢ = 1,..., k can be finite or infinite.
The following Theorem shows that the number of colour classes in Theorem 3.1.1

is best possible.

Theorem 3.1.3. For any d > 1 there is a system C1,Ca,...,Cr_1 C R%, such
that for any transversal Y C X, thereis BE BwithY C Band BN X =Y.

Though we know from Theorem 3.1.1 that we can always find a rainbow subset
Y C X such that any B € B that contains it, will contain a positive fraction of
the points of X, we cannot hope that this fraction will come from many of the
colour classes. In fact, all points (except for the points of Y') might come from a

single colour class.

Theorem 3.1.4. For any d > 1 there is a system C1,Cs,...,Cyk, such that for
any transversal Y C X, there is a ball B € B such thatY C B, |BNC;| =1, for
alli € {1,...,k}\{i0} and |BN Cy| > c(d)| X|, for someio € {1,...,k}.
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In Section 3.5, we show that the result of Theorem 3.1.1 also holds if instead
of the family of Euclidean balls we consider more general families 7 C P(R?),

where F' € F is given by

F= {:L‘ eR? : iaifi(x) < 0} ,
i=1

for fi:R?* - R,i=1,...,m and o; € R not all zero.
Remark 3.1.5.

For the proof of our main Theorem, B. von Stengel (private communication)
suggested that another possible approach could be along the lines of the proof of
Lemma 1 of [BSSU89]. An attempt towards this direction showed that it might
be possible to do so, for the case when d = 2m.

We have Ci,...,Cx C R where k = [#2], X = UL,C;, and each C;,
i = 1,...,k has cardinality |C;| = 3. If d = 2m even, then £ = m + 1 and
n = |X| = 3(m + 1). If we apply the Gale transform to the points of X, then
we have n = 3(m + 1) points in R™*2. By the Centre Transversal Theorem
(see [Ma]), there is a hyperplane ((k — 1)-flat) such that both halfspaces contain
at least de points from each colour. Thus, for the case when d = 2m,
both halfspaces contain at least one point of each colour class.

Unfortunately, this method fails if d = 2m + 1, since in this case we can only

get that both halfspaces contain at least ICi| = %3 points from each C;.

S S
(m+3)—k+2

3.2 Proof of Lemma 3.1.2 and Theorem 3.1.1

In this section, we prove Lemma 3.1.2 and Theorem 3.1.1. We start with the
proof of Lemma 3.1.2. In the proof we use the notation x2? and zy for the squared
norm of z and the scalar product of z,y respectively. The proofs are similar to

the ones given in [BSSU89).
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Proof. By the result of Vreéica and Zivaljevié, for the case p = 2 we have A;, Ay C
X, with A; N Ay = &, |A;NC;| =1, for all 4,5 and conv A; Nconv A; # @.
Suppose there is no subset Y of X that satisfies the statement of the Lemma. In
particular, the subsets A;, Ay do not satisfy it. Then, there are By, By € B such
that A; C By, A2 C By and B; N X\A; = @ and By N X\ A; = &. In particular,
BiNAy =@ and BoNA; = 2. Write B; = {z € R? : (z —¢;)? < r?} and
By={z € R? : (z —cp)? < r2}, for some cy,c; € R?, 71,79 > 0. Then, all of the

following hold:
z? — 21z + cf < rf and z%— 2coz + cg > r%, Vx € Ay,

y? — 2coy + cg < 7‘% and y?— 2c1y + cf > rf, Yy € A,.

Hence,

2ca—ci)r < (ri—r3)+(c2—c}), Vr € A (3.1)

and

2(cg —c1)y > (12 —13) + (c3 — ¢2), Vy € A,. (3.2)

Let 2 € conv A; Nconv A;. Then

2= Y Mo)e =) puy,

zEA YyEA2
for some 0 < A(z), u(y) < 1, with 30 0 Mx) = 3_ 0, u(y) = 1.
Multiply (3.1) by A(z) > 0, z € A; and sum over all z € A; and (3.2) by
u(y) >0, y € Ay and sum over all y € A;. Then,

(rf-r)+(G—c) < 2c—a)z< (7”% - T%) + (c3 — cf .

This means that if the assertion is false for both A;, A, then a point in the
intersection of their convex hulls, will lie in both open half spaces of the hy-
perplane defined by the intersection of the boundaries of B; and B;, which is

impossible. O
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Using Lemma 3.1.2 and a standard counting argument which was also used

in [BSSU89], [Ha89] and [BL90], we can now prove Theorem 3.1.1.

Proof of Theorem 38.1.1. Since for every Z C X with |Z N C;| = 3 there is a
Y C Z which satisfies the properties of Lemma 3.1.2, there is 2 C P(X) and
Y ¢ X, with Y NCi| =1, for i = 1,...,k, such that Y is a subset of every

Z € Z and .

(s
3) _(s=2e-1

k 6k ’
S
1

where |C;| = s, foralli = 1,...,k, S, |Ci| = sk = |X| and k = |4£2].
Let B € B be such that Y C B and write |BN X| = m. From Lemma 3.1.2,

2] >

each Z € Z contains a point of B\Y. So, the number of ways to extend Y to Z,
provided that BN (Z\Y) # @ is at most

k-1
m—k s—1 s—2
. (3.4)
1 2 1

The first term is the number of ways to choose a point of Z from the remaining
m — k points in B. The colour class to which this point belongs, will be extended
by one point, which is the third term. The second term is the number of ways to
extend the remaining k — 1 colour classes by two points. The expression of (3.4)

can be re written as

s—2)F1(s = 1)k1
k-1

(m — k)( (s —2) (3.5)
This is an upper bound on |Z|. From (3.3) and (3.5) we get
1
2.—:3,c'(8 - 1) <m-— k,
or

sk—k
2 T <m—
ok3k =
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Since sk = |X| and m = |BN X| we get [BN X| > 7 |X| = ¢(d)| X]|. O

3.3 Proof of Theorem 3.1.3

In this section, we prove Theorem 3.1.3: namely, that the number of colour classes

in Theorem 3.1.1 is best possible.

Proof. This is very similar to Theorem 6 in [BSSU89]. Consider the moment
curve y(t) = (t,t%,...,t%). We first deal with the case when d is odd, d = 2m — 1.
Let

eE>t1>te> >ty >0 (3.6)
be positive real numbers and € > 0 to be specified later. We shall find constants

Co, - - - , C24 SO that the polynomials

pt) = (t—c))’ + (=)’ + -+ (7 —ca)® + (' — )’ (3.7)

and
qt) = co+ [(t —t1)(t —t2) -+ (¢ — tw)]r(2), (3.8)
where
r(t) = cay1 + Capot + - - + Coat®™ 2, (3.9)
are identically equal. This implies that when ¢ takes the values t,,...,t,, the

points y(¢;), ¢ = 1,...,m belong to the surface of the ball centred at (cy,...,cq)
of radius 4/co. It is not hard to see that the c;’s can be uniquely determined in the
order cyq,...,co and are polynomial functions of t4,...,¢, with constant terms

given by,
0+ O(e), iodd

=194 1/2+0(e), i€{2,...,d—1}, i even
1+0(), ie{d+1,...,2d}, ieven
and finally
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It is also easy to see that for these values of c441, ..., Co4, the polynomial term
r(t) is positive when ¢ > 0. Choose € > 0 so small, so that ¢y is positive. Let
Ci = Ua(y(s:)) = {7(t), t € [ss —€,s: + €]}, i = 1,...,m to be sufficiently
small neighbourhoods of v(s;), where «(s;) are points taken from the part of the
moment curve with {y(t), ¢t € (0,¢)} and choose 0 < €' < € so small, so that the
Cy’s are disjoint. Set X to be X = U™,C; (or the union of finite subsets of C;).
Then, for any Y C X with |[Y NC;| =1, foralli=1,...m, there is a ball B € B
centred at (cy,...,cq) of radius /co, that contains Y, for which BN X =Y.
The case when d is even, d = 2m can be dealt with similarly. In this case, the
constants ¢;, i = 1,...,2d — 1 are not uniquely defined (c44; € R). In this case,

we may choose cgy1 = 0+ O(€). Then the ¢;’s are given by

(0+O(€), iodd, i € {1,...,d+ 1}, or
ieven, i€ {d+2,...,2d — 2}

1/2+ O(e), ieven, i€ {2,...,d}

\1+O(6)’ iodd, i€ {d+3,...,2d — 1}

and finally

m
Co = 'Z + O(E)

3.4 Proof of Theorem 3.1.4

We now proceed with the proof of Theorem 3.1.4. We shall give a construction of
a finite set X = Uf=1 C;, with the property that for any choice of a transversal Y/,
there is a ball B that contains Y and such that all points in the intersection BNX,
other than the points of Y, come from a single colour class. The construction
involves the (m — 1)-simplex, where d = 2m — 1. The proof for even dimensions

is the same so we only prove the case when d is odd.
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Proof. Here d = 2m —1 and so k = m+ 1. For the first m colour classes, we take
C; = {.’13 S Rd, = (ui,xei) e R™1 x R™, |.’L‘| < E},

for i = 1,...,m and some € > 0. Here u;, ¢ = 1,...,m are the vertices of an
(m — 1)-dimensional simplex, that is, the convex hull of m affinely independent
points in the m — 1 dimensional space R™~!. We choose these vertices to be the

following unit vectors.

u;y = (1,0,0,...,0)
Uy = —U1=(—1,0,0,...,0)

us = (0,1,0,...,0)

un, = (0,0,0,...,1)

The set {e;, ¢ = 1,...,m} is the usual basis of R™. Therefore, for each i =
1,...,m the colour class C; is defined as small segment in the direction of e;, one
for each of the m remaining dimensions. The final colour class will be a small

segment at the centre of gravity of the simplex, (0, #, ce, =0, ,0).

Y m)

We shall show that with this choice of the u;’s, for any Y C U:':l'l C;, transver-

sal, Y = {y; € C;: i=1,...,m+ 1}, there is a ball B, centred at (uo,v0) € R?
of radius R (both to be specified), such that BN C; = {y;}, fori=1,...,m and
Cn+1 C B.

Write up = (uo(1),...,uo(m — 1)) € R™ ! and vo = (vo(1),...,ve(m)) € R™.
By definition of the colour classes, the points y;, ¢ = 1,...,m, are of the form

¥i = (us, zs€;). The ball B with the desired properties must satisfy,
((UO,'U()) - (u,-,xie,-)) . (O, 6,’) = 0 (310)
luo — wi||®> + |lvo — zies||> = RZ, (3.11)

fori = 1,...,m. Equation (3.11) shows that each y; lies on the surface of the ball

and equation (3.10), that each colour class is tangent to the ball at the point y;.
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Note that here we use the same notation || - || for the Euclidean norm in R™~!, R™
and R¢. From the m equations (3.10) we get vo(7) = z;, foralli = 1,..., m. Using

this, the m equations of (3.11) can be rewritten as,

luo —will+ > 22 =R? i=1,...,m, (3.12)
J#i
or
lluo — wil|® + ||wo]|®> = R+ 22, i=1,...,m. (3.13)

The first two equations of (3.13) give

2 _ .2
Ug - U = 2 il (314)
4
Since u; = (1,0,...,0), this yields uo(1) = 3”2_—“”%.
From the first and (7)-th equation in (3.13), for i = 3,...,m we get
2 _ 42
Ug " U; = ! 2 % + up - Uy, (315)
where we also used the fact that ||u;|| = 1, for all ¢ = 1,...,m. From this, using
(3.14) we get,
r? + 72 — 212
UO'Ui=T’, i=3,...,m. (3.16)
Since ug - u; = up(i — 1), for i = 3,..., m we obtain the remaining coordinates of
Uo,
2 1 42 _ 9,2
uo(i-1)=”’1+—“’fl—x—', i=3,...,m. (3.17)

To specify the radius R, we may use any one of the equations from (3.13). Using

say the first, we get

— 2 2 _ 2
Z (:I:1+.’132 +Zx + xl) _ xz 2 xl +1 (318)
=3 i=2

Hence, for any choice of transversal Y = {y;,i = 1,...,m+1}, the ball B, centred

at

12— 22 22 + 22 — 222 z? + 2% — 222,

(u07UO)=( 4 ) 4 PRI 4 ’xl’x%-"’xm)
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of radius R, satisfies (3.10) and (3.11). That is, it is tangent to the intervals
(colour classes) C; at the points y;, for i = 1,...,m and Cpy1 C B. This

completes the proof. O

3.5 General families

The result of Theorem 3.1.1 can be generalised from the family of Euclidean balls
to families of subsets defined by a set of m functions. Given {f; : R - R, i =

1,...,m}, let F C P(R?) be the family of sets of the form
F = {.’L‘ € Rd : Zaifi(x) < O} , (319)
i=1

for some aq,...,am € R not all zero. If T : R — R™ is the map defined by
T(z) = (fi(z),. .., fm(z)), then a typical set F is given by T(z) -a < 0, for some
a=(a,...,an) € R™, a#0. Thus F is induced by the halfspaces in R™ whose
bounding hyperplane passes through the origin. We will see in Remark 3.5.4 an
example of such a family of d 4+ 2 functions which produce the Euclidean balls
(and their complements).

In this case, Lemma 3.1.2 and Theorem 3.1.1 are formulated as follows.

Lemma 3.5.1. Let X C R¢, be a finite set, X = X; UXo U -+ U Xy, with
XiNX; =@, for all i # j, where k = |™2| and |X;| = 3. Then there is a
transversalY C X such that for any F € F withY C F, we have FN(X\Y) # 2.

Theorem 3.5.2. Let F be the family of sets in R? generated by a family of m
functions as in (8.19). Then there is a positive constant c(m) > 0 such that for
any system X1, Xs, ..., Xk, in R with k = L—"l;—éj there is a transversal Y C X,
with the property that for any F € F withY C F, it follows |F N X| > ¢(m)| X].

We only prove Lemma 3.5.1 as the counting argument for Theorem 3.5.2 is

the same as for Theorem 3.1.1.
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Proof. Consider the points T'(z) € R™,z € X. These are in divided in k classes
C(X;),7 = 1,...,k inherited from R?, with |C(X;)| = |X;| =3, ) = 1,...,k,
with k = |_1"2Ls |. From the Theorem of Vreéica and Zivaljevié, there are A;, Ay C
R™, with A; N Ay =@, |A;NC(X;)| =1, for all 4,5 and conv A; N conv Ay # 2.

Write A; = {T(z1),...,T(zx)}, A2 = {T(v1),...,T(yx)}, where z;,y; € X,
j=1,...,k Let Yy ={z1,...,zx} C X and Y2 = {y1,...,yx} C X. We claim
that either Y7 or Y; is the set Y in the statement of the Lemma. That is, either
for any F € F that contains Y;, we have F NY; # & (and therefore F contains
a point of X), or, for any F' € F that contains Y3, we have FNY] # @. Indeed,

suppose both assertions are false. Then there are Fi, F3 € F,

F1={meRd : f:aifi(:r)gO}, F2={a:eRd : iﬁ,-fi(x)SO},
i=1 i=1

for some a;,...,a, € R not all zero, B;,...,8~» € R not all zero, such that
WCF,YoNFi=gand Y, C Fy, Y1 N Fy, = @. This means that there are
a = (a,...,am) € R b= (01,...,0m) € R™, a,b # 0, such that all of the

following hold:
a-T(z;) <0,Vz; €Yy and a-T(y;) >0, Vy; € Ys,
b-T(y;) <0,Vy; €Yy, and b-T(z;) >0, Vz; € Y].
Combining these we get
(a—b) -T(z;) <0, Vz; €Y, (3.20)

and

(b—a)-T(y;) <0, Vy; € Ys. (3.21)

Let w € conv A; Nconv Ay. Then

w= Y Mz)T(g;) = Y Ma)T(x) = > w@)T(w) = > wy)T (),

T(zj)€A1 .’L’jGYl T(yj)GAz yj€Y2

for some 0 < A(z;), u(y;) <1, G =1,...,k 3 ey, M&5) = 22 ey, #(y;) = L.
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Multiply (3.20) by A(z;) > 0, z; € Y7 and sum over all z; € Y7 and (3.21) by

u(y;) > 0, y; € Y, and sum over all y; € Y. Then we get

0 > (a=b)- ) AMzy)T(z)=(a—b)-w=(a—b)- Y nuy)T(y)

z;€N y;€Y2
= —(b—a)- Y u(y;)T(y;)>0.
y;€Y2
This contradiction completes the proof. O

Remark 3.5.3.

The number of colour classes in Theorem 3.5.2 can be improved under certain
assumptions on the functions f;. We may assume that f,, = 1, since the set
{fm(z), z € X} takes positive, negative or 0 values for at least a third of the
points of X. If it is 0, then T maps X to a subspace of dimension m — 1. If it
is positive (or negative) and we replace the functions f; by f;/fm we can map X
to an affine subspace of dimension m — 1. The same is true if we consider sets of

the form .
F= {:v eR? : Zaifi(x) < a},
i=1
i.e the sets induced by all halfspaces in R™~!. In this case the number of colour
classes required is | 2.

Remark 3.5.4.

Let X C R? be a finite set and F C P(R?) the family defined by the following
(d + 2) functions f; : R — R.

fi ¢ (xl,...,xd)H:vi, fori=1,...,d,
fd+1 : (:L‘1,...,.'L‘d)»—>xf+...+m3
fava : (x1,...,24) — 1.

Clearly F contains the family of Euclidean balls and their complements, which we

denote by B.. According to Theorem 3.1.1, if X is partitioned into I_%QJ colour
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classes, we can find Y C X that intersects each colour class in a single point and
so that if B € B contains Y, then B contains a positive fraction of the points of
X. Since B C F, according to Theorem 3.5.2 (and Remark 3.5.3) the number of
colour classes required to partition X is |44 (which, in the case where d is even,
is one more than the best possible according to Theorems 3.1.1 and 3.1.3). It is
easy to see that the proofs of Theorem 3.1.1 and Lemma 3.1.2 apply to the case of
B. as well. But if a family contains both the balls and their complements, |42 ]
colour classes do not suffice. What fails to be true in this case is Lemma 3.1.2.
For example, in the case d = 2, any 6 point set X with 3 points coloured red and
3 blue, must have two rainbow subsets A; = {r1,b;} and Ay = {rs, bo} such that
the segments S; = conv{ry, b1}, Sa = conv{rs, by} intersect. Clearly the points
r1, 79, b1, by form the vertices of a convex quadrilateral II with diagonals Sy, S,.
Then one of the diagonals S;, So has the property that any disc that contains it,
contains at least another vertex of II. Assume that it is the longest one and let it
be S3. Then S; has the same property, for the case of the complements of discs.
Now choose two discs By C Bs, with Sy C B; and S; C B§. Then, for the family
F there are F} = B; € F and F, = B§ € F such that A; C F;, Ay C F, and
AINF,=ANF =2.
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